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SUMMARY

F luids in the eye have many important functions, such as regulating the intraocular pres-
sure, delivering nutrients to the avascular intraocular tissue of the cornea and the lens,
and contributing to adhesion forces between the sensory retina and the retinal pigment

epithelium. Failure of these functions may lead to a number of pathological conditions. Studying
fluid flows in the eye is therefore relevant to improve our understanding of the physiology of the
organ and to prevent or treat certain eye diseases.

This thesis consists of two main parts. In the first part we propose mathematical models of
the dynamics of the aqueous humour in the anterior segment of the eye. The problems considered
are in the area of fluid mechanics and our approaches are based on the use of lubrication theory
that is applicable for flows in thin domains. The second part is related to fluid transport across
the retinal pigment epithelium and it concerns a multiphysics problem, which couples fluid and
ion transport. Each part consists of several chapters, which address various projects within these
two topics and are briefly summarised below.

Part I. Aqueous flow in the anterior part of the eye

The anterior segment of the eye consists of the anterior (the region between the cornea and
the iris) and the posterior (the region between the iris and the lens) chambers (AC and PC),
which are connected to each other through a very thin iris–lens channel. These chambers are
filled with aqueous humour, a transparent fluid that has properties similar to those of water.
Aqueous humour is produced by the ciliary body at an approximately constant rate, it flows
through the PC, exits through the pupil into the AC, where it is drained into the trabecular
meshwork. The balance between aqueous production and resistance to drainage governs the
intraocular pressure (IOP). Elevated IOP is closely associated with glaucoma, a world leading
cause of blindness. Aqueous humor is also responsible for delivering nutrients to the cornea and
the lens. Mathematical modelling of aqueous flow can help understanding the mechanisms for
IOP regulation and nutrient transport in physiological and pathological conditions. In chapter 1
we review the modelling literature concerning AH flow.

In chapter 2 we address one of possible pathological states of the eye that occurs when the
iris and lens touch at the pupil (pupillary block). This leads to a pressure build up in the PC,
peripheral axial shallowing of the AC and possible angle-closure glaucoma, i.e. blockage of the
AH outflow path through the trabecular meshwork. This can cause blindness, which may be
prevented by surgically creating an iridotomy, i.e. a hole through the iris, aimed at creating an
additional outflow from the PC to the AC, thus reducing the pressure in the PC. The aim of this
project is to use mathematical modelling to investigate the ideal size and location of an iridotomy.

The model is semianalytical and is based on the assumption that the PC is a thin region. This
allows us to simplify the Navier-Stokes equations that govern fluid flow, using lubrication theory.

v



In our model the iridotomy is treated as a point sink and we assume that the flow through the
hole is proportional to the pressure drop across it. We investigate the effect of iridotomy size
on the pressure value in the PC and the wall shear stress on the cornea, two quantities that
are of clinical interest. We also consider the condition of partial pupillary block, which occurs
when part of the pupil is blocked for the outflow and another part is open. The results suggest
that large values of the pressure are reached only when the pupil is almost completely blocked
and demonstrate that an iridotomy of about 50 µm in diameter is sufficient to avoid excessive
pressure in the PC.

In chapter 3 we propose a theoretical model of the flow induced in the AC by rotations of the
eye bulb. This is a clinically relevant flow, as it has been proven to be the most intense among
other flow mechanisms in the AC and thus it contributes significantly both to the generation
of stresses on ocular tissues and to mixing processes in the AC. Various authors studied this
problem through numerical simulations (Abouali et al., 2012; Repetto et al., 2015). We take
advantage of the fact that the AC is a shallow domain and assume harmonic eye rotations, which
allows us to approach the problem analytically. In this respect our approach is complementary to
the existing numerical works. We predict that the flow filed is highly three dimensional and we
highlight features that had not been observed by previous authors. We also find the existence of a
steady streaming flow, which we describe in great detail, and we show that it is one of the key
players in transport processes in the AC.

Part II. Fluid transport across the retinal pigment epithelium

The retinal pigment epithelium (RPE) is the outermost cell layer of the retina that separates the
photoreceptors from Bruch’s membrane and the choroidal blood supply. It has several important
physiological functions, among which is removal of excess fluid and CO2 from the sub-retinal
space into the choroid. Fluid transport across the RPE is regulated by the epithelial pumping,
failure of which leads to fluid accumulation in the sub-retinal space and is closely associated with
several pathological conditions, such as age-related macular degeneration, macular edema and
retinal detachment. Failure to remove CO2 results in acidosis, which inhibits retinal function.
Identifying and quantifying the mechanisms that are responsible for this transport can suggest
strategies to prevent or treat fluid and CO2 accumulation in the sub-retinal space. In chapter 4
we give an overview of the possible mechanisms for water transport across the RPE, with a
particular focus on standing gradient osmotic flow and electroosmosis.

In chapter 5 we propose a mathematical model that contemplates these mechanisms. Osmosis
is governed by spatial variations in ion concentrations, which we obtain solving the ion transport
problem in the tissue, governed by Poisson-Nernst-Plank equations for three ions: Na+ (sodium),
K+ (potassium) and Cl− (chloride). These ions cross cell membranes through ion channels by
passive and active transport mechanisms. Electroosmosis can occur in the gap between adjacent
cells as a result of interaction between the electric field and the charged fluid in the electrical
double layer (EDL). To model such a flow we resolve the EDL to find spatial charge density and
the electric field is obtained from the solution of the ion transport problem. The resulting system
is nonlinear and fluid and ion transport are fully coupled. Taking advantage of the fact that the
cleft gap is long and thin, we perform asymptotic expansions and reduce the whole system to a
set of ordinary differential equations (ODEs) and algebraic equations.

The model suggests that the distribution of ion concentrations in the gap between two adjacent
cells drives a local osmotic flow, and this flow largely dominates over electroosmosis. Moreover, the
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predicted flow magnitude is close to the measured values of the flow across the RPE, indicating
that osmosis is the main mechanism of fluid transport.

Recent studies suggest that transport of CO2 (carbon dioxide) and fluid are coupled in the
RPE (Adijanto et al., 2009). In order to understand the mechanisms of this coupling, in chapter 6,
we extend the model to account for the presence of CO2. Due to the existence of chemical reactions
in the cell and extracellular space, we add the four following species to the model: CO2, HCO−

3
(bicarbonate), H+ (proton) and H2CO3 (carbonic acid) and the corresponding channels that
transport them across cell membranes. As in three-ion model, a significant reduction of the
system is performed using asymptotic expansions.

With the increased number of species in the model, the problem of parametrisation of the
fluxes of ions across the cell membranes gets more complex. To capture the variations of the
model output induced by changing the parameters and investigate their relative importance, we
perform global sensitivity analysis, using extended Fourier amplitude sensitivity test (eFAST).

We find that, in agreement with the three-ion model, the flow across the RPE is driven
by osmotic gradient in the cleft. In addition to this, the model reproduces in a better way
experimentally observed ion and water fluxes. Moreover, the model provides possible explanations
of the mechanisms behind the functioning of drugs used to treat fluid accumulation in the sub-
retinal space, such as inhibitors of ion channels or CA and indicates how other interventions may
inadvertently impact the retina.
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PREFACE

According to the World Health Organisation (WHO), 36 million people in the world are

blind and 217 million have moderate or severe visual impairment. The leading causes

of visual impairment include uncorrected refractive errors, cataract, age-related macular

degeneration, glaucoma, diabetic retinopathy, corneal opacity and trachoma. Their relative impact

on the population, however, is varying across the countries. For example, cataract is a dominant

cause of blindness in countries with low and middle income, whereas in countries with high

income it is cured by a common surgical procedure. However, in high-income countries, other

eye disorders remain sight threatening, mainly diabetic retinopathy, glaucoma and age-related

macular degeneration (Bourne et al., 2017). Moreover, according to data in Pascolini and Mariotti

(2012) relative to the year 2010, at least 37% of the blinding causes, excluding cataract, are

associated with fluid motion in the eye. Thus, studying fluid flows in the eye from mechanical

point of view is relevant to understand, prevent and/or treat such pathological conditions.

The eye consists of three different layers (Kolb, 2012). The external layer is formed by the

sclera (the white of the eye) and cornea (the transparent thin tissue at the front of the eye),

see figure 0.1. The intemediate layer is divided into two parts: anterior, that consists of the iris

(coloured part of the eye) and the ciliary body, and posterior, that comprises the choroid (the

region that contains the majority of blood vessels in the eye). Finally, the inner layer, or the

Figure 0.1: Sketch of the cross-section of the eye. Drawing by Prof. Federica Grillo.
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sensory part of the eye, includes the retina, a light-sensitive tissue that borders with the choroid

and lines the back two-thirds of the eyeball.

The bulk of the eye is divided into three sections: (i) anterior chamber (AC), located between

cornea and iris, (ii) posterior chamber (PC), which lies between the iris, zonule fibers and the

lens and (iii) the vitreous chamber, that is between the lens and the retina (Kaufman et al.,

2011). The AC and PC are filled with aqueous humor, which is a transparent fluid with properties

similar to those of water. The vitreous chamber is filled with vitreous humor (or vitreous body),

a transparent fluid that has a gel-like structure and can be mechanically characterised as a

visco-elastic fluid.

Fluids in the eye have many important physiologycal functions, such as maintaining the

intraocular pressure and keeping the shape of the eye globe, supplying avascular tissues with

oxygen and nutrients, removing waste products and providing adhesion forces between the

retina and the retinal pigment epithelium. Failure to perform these functions may lead to a

number of eye pathologies. Mathematical models, particularly those based on mechanics, have

proven to be extremely useful tools, both for understanding eye physiology and also for studying

its pathophysiology (Siggers and Ethier, 2012). They can also potentially help diagnosis of

pathological states, improve medical and surgical treatments and the design of prosthetic devices.

In this thesis we address two areas of fluid mechanics in the eye, which are discussed in two

separate parts. Each part consists of an introductory chapter and two chapters describing various

research projects. In the first part we study the flow of aqueous humor in the anterior segment of

the eye under physiological and certain pathological conditions. In the second part, we discuss

the problem related to fluid and ion transport across the retinal pigment epithelium. The thesis

is concluded with a discussion of the main findings and their relevance along with possible future

directions and extensions of the work.
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“All models are wrong, but some are useful.”

– George E.P. Box

Part I

Aqueous flow in the anterior part of
the eye
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OVERVIEW OF MATHEMATICAL MODELS OF AQUEOUS HUMOUR

DYNAMICS

This review chapter is partly based on the book chapter by Dvoriashyna et al., to which we refer

the reader for a detailed description of mathematical models of aqueous flow.

1.1 The aqueous humour

The aqueous humour (AH) is the fluid contained in the posterior (PC) and anterior (AC)

chambers of the eye (see figure 0.1 and figure 1.1). These two chambers are connected

to each other through the pupil and AH can thus flow from one to the other. AH is an

aqueous solution containing a mixture of electrolytes, organic solutes, growth factors and other

proteins (Fautsch and Johnson, 2006). From the rheological point of view AH has properties

similar to those of water and behaves as a Newtonian fluid.

AH is continuously produced by the ciliary processes, at a rate of approximately 3 µl/min

(≈ 5×10−11 m3/s) (Brubaker, 1989, 1991), it flows along the PC, passes through the pupil into the

AC and eventually exits the eye via the conventional and uveoscleral pathways. In the former

pathway, which in humans accounts for the majority of the drainage (Alm and Nilsson, 2009),

AH percolates through the trabecular meshwork, enters Schlemm’s canal and is finally drained

into the venous system through small, roughly evenly spaced, channels. In the uveoscleral (or

unconventional) outflow pathway, AH passes from the AC into the ciliary muscle and then into

the supraciliary and suprachoroidal spaces, and finally exits the eye through the sclera.

One of the main functions of AH flow is to regulate the mean intraocular pressure (IOP), i.e.

the fluid pressure inside the eye, which is the result of a balance between aqueous production and

resistance to aqueous outflow. Physiological values of the IOP range between 12 and 22 mmHg
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Figure 1.1: Sketch of the anterior segment of the eye. Drawing by Prof. Federica Grillo.

(1660–2933 Pa) and it is known that an elevated IOP is correlated with the occurrence of open

angle glaucoma (Weinreb and Khaw, 2004; Kwon et al., 2009), one on the most common causes of

blindness worldwide (Klaver et al., 1998; Rudnicka et al., 2006).

AH also has the role of delivering nutrients to ocular avascular tissues, such as the lens and

the cornea (Gabelt and Kaufman, 2003).

Various mathematical models have been proposed for studying aqueous flow, which signifi-

cantly contributed to our understanding of the underlying physical phenomena. In this section

we briefly review the state of the art of the research regarding aqueous flow modelling. We will

proceed following the AH path, from its production to its drainage out the eye.

1.2 Aqueous humour production

AH is produced by the ciliary body and, in particular, at the ciliary processes, which are a series of

wrinkles that have the role of increasing the surface area available for fluid production (Delamere,

2005). The ciliary processes are linen by a double layer of epithelial cells, which are responsible

for AH production.

There are three mechanisms involved in the process of aqueous production, which are briefly

described below.

Mechanical pressure. A standing pressure drop exists between blood in the capillaries and AH

in the PC. This pressure difference tends to pump fluid into the PC.

Oncotic pressure. Tight junctions connect the cells in the ciliary epithelium and act as a sieve

for large molecules. Since large molecules cannot flow across the double layer of cells into
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the PC an oncotic pressure difference is established across the ciliary epithelium, which

drives water flux from the PC back to the stroma.

Osmotic pressure. Ions are actively transported across the ciliary epithelium and the typical

picture is that ‘water follows the ions’, i.e. water motion occurs in the main direction of ion

transport. The osmotic pressure difference established across the ciliary epithelium is such

to drive water flux from the stroma into the PC.

The most common approach to model the process of aqueous production is to treat the whole

epithelium as a semipermeable membrane (Lyubimov et al., 2007; Kiel et al., 2011; Szopos et al.,

2016). The volumetric flux per unit surface through the ciliary epithelium F (positive if the flux

is from the stroma to the PC) can be written as follows, accounting for the mechanisms described

above,

(1.1) F = Lp
(
∆p−σp∆Πp −σs∆Πs

)
,

where Lp is the membrane hydrodynamic conductivity (measured in the international system

in m2s/kg), p denotes the mechanical pressure, Πp the oncotic pressure and Πs the osmotic one.

The operator ∆ denotes the difference between the value of the quantity it is applied to in the

stroma and in the aqueous. Finally, σp and σs are the reflection coefficients for proteins and

low-molecular components, respectively. Estimates of the values of the various parameters that

appear in equation (1.1) are provided in Lyubimov et al. (2007) and Szopos et al. (2016).

Kiel et al. (2011) improved the above simple model by also accounting for the role of ciliary

blood flow on aqueous production, making use of a lumped parameter model, showing that there

is an interplay between ciliary blood flow and aqueous humour production.

Avtar et al. (2008), proposed a model of aqueous production by the ciliary epithelium based

on the standing gradient osmotic flow hypothesis originally proposed by Diamond and Bossert

(1967), which exploits the role of the cleft gap between adjacent cells. This is a mechanism known

as ‘local osmosis’ that will be dealt with in great detail in chapters 5 and 6 in the context of water

transport across the retinal pigment epithelium.

1.3 Flow in the posterior chamber

AH produced at the ciliary processes flows along the PC towards the pupil, the flow being driven

by a pressure gradient. The PC is a thin region, the thickness of which progressively decreases

towards the pupil, reaching a depth of some microns in correspondence of the iris-lens channel.

Since the AC is much thicker than the PC most of the resistance to AH flow from the ciliary

processes to the trabecular meshwork, and therefore most of the pressure drop, occurs in the PC

and, in particular, in the iris-lens channel.

The first analytical model of aqueous flow in the PC was proposed by Friedland (1978) and was

based on the assumption that the PC has a constant depth. A similar model was also developed by
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Silver and Quigley (2004), who, however, just considered the flow through the iris-lens channel,

which they modelled as a gap of constant height. In chapter 2 we will present a more refined

model of the flow in the PC, that accounts for a realistic geometry of the domain. We will also

consider the flow that can be generated in the PC by changes of the geometry, due for instance to

pupil expansions or contractions, which have not been studied by previous authors.

1.4 Flow in the anterior chamber

We keep following the AH during its flow and, after passing through the iris/lens channel we

enter the AC. AH motion in the AC can be driven by various mechanisms and has been the object

of quite a lot of attention from modellers. The main mechanisms responsible for AH motion in the

AC are: (i) aqueous secretion and drainage; (ii) temperature difference across the thickness of the

AC, that drive flow through buoyancy effects; (iii) eye rotations; (iv) change of the shape of the

AC as a result of iris contraction, dilation or lens accommodation. As for the latter mechanism, to

our knowledge, there are no mathematical models in the literature that address it. Thus, in the

following of this section we review the characteristics and mathematical models of the former

three flows.

1.4.1 Pressure driven flow

The flux entering the AC through the pupil is driven towards the trabecular meshwork by a

pressure gradient. Pressure losses along this path are extremely small. Numerical simulations

by Repetto et al. (2015) show that, in normal conditions, the pressure drop across the AC is as

small as 7×10−7 mmHg. The corresponding velocity in the AC is also very small, of the order of

10−6 m/s.

A numerical model that combines aqueous flow with iris deformation due to a pressure

difference between the PC and AC has been proposed by Heys et al. (2001). Later, Villamarin et al.

(2012) proposed a three-dimensional numerical model based on a real reconstructed human eye

geometry. They coupled the pressure driven flow and the flow induced by temperature differences

across the AC (discussed in the next section). Moreover, they considered flow in the AC, PC,

trabecular meshwork (which they modelled as a porous medium) and Schlemm’s canal.

The fact that the pressure drop due to the pressure driven flow in the AC is so small compared

to the pressure jump across the iris/lens channel suggests that, for most purposes, the flow in the

AC can be studied independently of that in the PC.

1.4.2 Thermally driven flow

The anterior region of the AC is typically at a lower temperature than the posterior region, close

to the iris. This establishes a thermally driven flow produced by buoyancy effects (the fluid in
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the anterior part of the chamber has a larger density). The existence of such a flow was observed

clinically already more than a century ago by Türk (1906).

This flow was studied analytically by Canning et al. (2002) and Fitt and Gonzalez (2006),

under the assumption that the AC can be modelled as a thin domain, which allowed them to use

lubrication theory. The authors showed that the flow consists in a single convection cell, rising

(opposing gravity) in the back of the AC and falling in the front (along the cornea). Moreover,

lateral fluid movement, in the nasal-temporal direction, is very weak (absent in the thin domain

limit). The authors found that the maximum fluid velocity is approximately 2×10−4 (T −T0)

m/s/K, where T1−T0 is the temperature difference across the AC. This means that, when T1−T0

is equal to a few degrees (which is what happens in normal conditions), the velocity generated by

thermal effects is much larger than that produced by aqueous production/drainage.

Heys and Barocas (2002), Fitt and Gonzalez (2006) and Repetto et al. (2015) confirmed the

above analytical results with fully numerical simulations.

Aqueous motion in the AC induced by thermal effects is important since it is one of the

primary mechanisms inducing fluid mixing, at least during daytime. As mentioned above, one of

the key roles of AH is to deliver nutrients to ocular avascular tissues. The existence of relatively

effective mixing processes in the AC avoids the generation of local regions of nutrient depletion

in the AH, which in turn would decrease the efficiency of transport to the target tissues.

1.4.3 Fluid flow induced by eye rotations

Movements of the eye induce motion of AH in the AC. The motion of a rigid body can be

decomposed into a translation and rotation about an axis. In the case of pure translation, of the

AC, there is no fluid motion relative to the domain, and the acceleration is balanced by a pressure

gradient (Fitt and Gonzalez, 2006). Thus, we focus in the following on the motion induced by eye

rotations.

Saccades are rapid rotations of the eyes causing an abrupt change the direction of sight

(Purves et al., 2001). The range of amplitude of such movements is very wide, from small

eye rotations when a person is reading, to large ones when gazing around a room. Rapid eye

movements (REMs) that occur involuntarily during sleep are also a type of saccade. AH motion

in the AC secondary to single and periodic saccades and periodic REM, have been studied with

numerical models by several authors, and we will review such works in this section.

Abouali et al. (2012) first studied with numerical simulations the flow induced in the AC

by single and periodic saccades. They showed that eye rotations generate fluid velocities in

the AC larger than any other mechanisms. The authors computed the wall shear stress on the

cornea produced by this flow and showed that it invariably peaks at the centre of the cornea and

reaches values of the order of 0.1 Pa. For the periodic motion, the authors observed that a steady

component of the flow is generated (steady streaming), owing to the nonlinearity of the governing
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equations. The occurrence this steady flow component is important for mixing processes (Riley,

2001).

Modarreszadeh et al. (2014) used a similar approach to study the flow due to REMs, mainly

focusing on the possible contribution to mixing, and also observed the generation of steady

streaming. When a person is asleep and the eyelids are closed, no thermally driven flow occurs in

the AC and this means that the mixing discussed in previous section cannot take place. It has

thus been hypothesised by Maurice (1998) that REMs are responsible for AH mixing during sleep.

The results of Modarreszadeh et al. (2014) confirm this hypothesis and show that during night

REM is the main mixing mechanism in the AC.

An analytical model of the flow due to eye rotations is presented in chapter 3.

1.5 Aqueous drainage

The AH exits the AC through two outflow routes, which are called the conventional and uveoscleral

routes. In what follows, we will describe each one of them.

1.5.1 The conventional route

In the conventional route AH flows from the AC through the trabecular meshwork and the

juxtacanalicular tissue in the angle of the eye, into the Schlemm’s canal. It then leaves Schlemm’s

canal through collector channels that drain into the venous system. The flow in the conventional

pathway is driven by a pressure drop between the AC and the episcleral veins, which is needed

to overcome the resistance to flow of the tissues in the pathway, and it is known to decrease with

advancing age due to increased resistance of the pathway (Toris et al., 1999; Tamm, 2009).

This pathway has gained major interest in recent years also from modellers, as it is linked

with the development of primary open-angle glaucoma. In this disease, pathological changes

in the drainage tissues gradually increase resistance to the flow of aqueous probably over a

period of many years. This forces the IOP to rise in order to maintain the overall flow of AH,

leading also to a greater flow through the uveoscleral pathway (Johnson and Johnson, 2001). In

turn, an elevated IOP is thought to lead to damage of the optic nerve head and death of retinal

ganglion cells, eventually resulting in vision loss. The location of the increase in resistance to

outflow during glaucoma is not precisely known, but studies have confirmed it is in either the

extracellular matrix of the juxtacanalicular meshwork, the basement membrane of Schlemm’s

canal or the endothelial cells in the inner wall of Schlemm’s canal (Johnson, 2006).

One study that shows what parts of Schlemm’s canal are the main contributors to resistance

is that by Johnson and Kamm (1983). In their work the juxtacanalicular meshwork and the

endothelial lining of the inner wall of Schlemm’s canal are considered jointly as the inner wall,

with the primary intent to study the possible collapse of the canal. Schlemm’s canal is modelled

as a compliant channel with porous walls that is held open by the trabecular meshwork. The
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trabecular meshwork is modelled as a series of linear springs that allow deformation of the inner

wall of Schlemm’s canal in proportion to the local pressure drop across it. Results obtained by

Johnson and Kamm (1983) show that the flow rate Q increases as the pressure drop P between

the AC and the collector channel increases. For small pressure drops Q is a linear function of P ,

indicating that the resistance to flow is approximately constant, which, in turn, means that the

majority of the resistance comes from traversing the inner wall of Schlemm’s canal. When the

pressure drop is large the resistance to flow in the canal increases, since the canal collapses and

becomes narrower.

More recent studies have extended this model by including a better geometrical representation

of Schlemm’s canal (Avtar and Srivastava, 2007), and adding a poroelastic model of the trabecular

meshwork, the porosity of which changes under strain as Schlemm’s canal collapses.

Ethier et al. (1986) analysed transmission electron micrographs of the juxtacanalicular tissue

to estimate its Darcy permeability, and they found that the resistance of the juxtacanalicular

tissue alone is too small by a factor of 10–100 to explain the pressure drop across the tissue. They

proposed that the excess resistance is generated by the existence of an extracellular matrix gel

between the tissues.

Johnson et al. (1992) suggested that, in addition to the extracelluar matrix, the fact that the

high-resistance juxtacanalicular tissue abuts the inner wall of Schlemm’s canal means the AH

has to converge through the juxtacanalicular tissue towards each of the holes in the inner wall.

This leads to the so-called ‘funnelling hypothesis’, in which the total resistance of the combined

tissues is greater than the sum of the resistances of the tissues separately, because the flow is not

parallel in the juxtacanalicular tissue due to the requirement that the flow converges onto the

pores in the inner wall. Johnson et al. (1992) used a mathematical model to study this problem.

In the limit of small pore radius they were able to obtain an analytical solution for the effective

resistance of the combined tissue.

Merchant and Heys (2008) showed that allowing for spatially heterogeneous permeability of

the juxtacanalicular tissue leads to an increased tissue resistance, and furthermore that adding

a model of the pores in the endothelial cells of the inner wall of Schlemm’s canal significantly

increases the resistance of the combined tissue.

1.5.2 The uveoscleral route

The uveoscleral route was discovered in humans by Bill and Phillips (1971). Unlike the posterior

surface, the anterior surface of the iris is not covered by epithelial tissue, and this allows AH to

flow through the iris root and into the clefts between the ciliary muscle bundles, from where it

can pass through the sclera and out of the eye. A comprehensive review is provided by Alm and

Nilsson (2009). The percentage of uveoscleral flow as a fraction of the total outflow varies widely

in different species, constituting up to 60% in primates and as low as 3% in the cat and rabbit. In

humans, reported flows vary widely between about 12% and 54% of the total outflow, and the
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absolute flow generally decreases with advancing age, due to additional connective tissue that

appears in the ciliary muscle, reducing its permeability and decreasing the uveoscleral flow (Alm

and Nilsson, 2009). On the other hand, despite being pressure-driven, the flow has only a weak

dependence on IOP, which is because the main source of resistance is within the ciliary muscle,

and when the IOP increases it increases on both sides of this muscle, meaning the pressure

gradient across the muscle itself stays relatively unchanged (Alm and Nilsson, 2009).

To our knowledge, no mathematical models of the flow in the uveoscleral route exist.

1.6 Contents of this part of the thesis

Part I of the present thesis is concerned with problems related to AH flow.

In chapter 2 we study the fluid mechanics in the anterior segment of the eye in the presence of

an iridotomy. This is a surgically produced hole through the iris, that creates an additional path

for the AH to pass from the PC to the AC. Iridotomy has the role of reducing a pathologically high

pressure in the PC that can induce an angle closure glaucoma, a very serious, sight threatening

condition. The aim of the work is to use mathematical modelling to investigate the ideal size and

location of an iridotomy. To this end we first propose a more refined model of the flow in the PC

than those presented in § 1.3 and then modify it, to account for the presence of the iridotomy.

In chapter 3 we propose a model of the flow induced in the AC by rotations of the eye bulb. The

model is semi-analytical and, in this respect, complements the numerical approaches mentioned

in § 1.4.3. The model allows us to highlight features of the flow not described by previous authors.

We also confirm the existence of a steady streaming flow, and show that it is one of the key players

in transport processes in the AC.
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2
AQUEOUS HUMOUR FLOW IN THE POSTERIOR CHAMBER OF THE

EYE IN THE PRESENCE OF PUPILLARY BLOCK AND IRIDOTOMY

This chapter is based on the publication by Dvoriashyna et al. (2017)

2.1 Introduction

As discussed in the previous chapter, aqueous humour (AH) flows from the posterior (PC)

to the anterior (AC) chamber through the narrow iris–lens channel. When iris and lens

come into contact, a pathological condition named pupillary block may occur, which can

be total or partial, according to whether the entire length of the pupil is blocked or only part

(Liebmann and Ritch, 2002). This means that the iris–lens channel has a greater resistance to

flow, potentially leading to a significant increase in the aqueous pressure in the PC, which can

in turn result in the iris being pushed forward, so that the angle between the cornea and the

iris, where the trabecular meshwork is located, closes and aqueous drainage out of the AC is

impeded (Tarongoy et al., 2009). This is called angle-closure glaucoma and it occurs in about

0.5% of whites and blacks and about 1.5% of Chinese and Indian individuals over the age of

40 (Friedman, 2007). Even though angle-closure glaucoma is less prevalent than open-angle

glaucoma it may be responsible for as much blindness worldwide (Quigley and Broman, 2006).

Angle-closure glaucoma requires immediate surgical treatment, typically by creating an

iridotomy, that is a hole through the iris that connects the PC and the AC, thus alleviating

the large pressure difference between them (Wright et al., 2016). Iridotomies are also normally

created during implantation of iris-fixated and sulcus implanted phakic intraocular lenses in

order to avoid the risk of IOP increase (Dick et al., 2009).

Iridotomy has been demonstrated to be a relatively safe procedure, but it has potential
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complications for the cornea that are discussed in detail by Wang et al. (2014). In particular,

various authors have described the development of corneal decompensation following iridotomy

(e.g. Lim et al., 2006; Ang et al., 2007), which is a result of the failure of the corneal endothe-

lium functioning and might eventually lead to the need of a corneal transplantation. Various

mechanisms have been hypothesised for endothelial damage (see Wang et al., 2014), and among

these is the shear stress on the corneal endothelium due to aqueous humour hydrodynamics

(Yamamoto et al., 2006). In particular, Kaji et al. (2005) used in vitro experiments to investigate

the hypothesis that the jet of aqueous humour entering the AC from the iridotomy could produce

large stresses on the corneal endothelium and found that the number of detached cells increased

with the shear stress exerted by the fluid. This assumption is supported by Marraffa et al. (1995),

who found the loss of endothelial cells to be approximately inversely proportional to the distance

of the iridotomy from the corneal endothelium and the scleral spur. Moreover, Lim et al. (2005)

suggested that iridotomy could be correlated with cataract formation, even though this hypothesis

is not universally accepted (Bobrow, 2008). Hydrodynamic stresses generated on the lens could

contribute to cataract formation in the presence of an iridotomy.

In spite of iridotomy being of standard use in surgical practice, very little is known concerning

the changes it induces in the flow in the PC. In particular, the optimal size and location of the

iridotomy is still an open issue. Understanding the characteristics of flow in the PC and risk

factors associated with laser iridotomy may allow physicians to counsel and treat patients in

a safer and more efficient way. In the biomechanical literature there are very few works that

address these issues. Fleck (1990) proposed a basic mathematical model of aqueous flow through

an iridotomy in the case pupillary block, using the Hagen–Poiseuille formula to calculate the

pressure drop across the iridotomy tunnel. His work suggests that in theory a 15 µm diameter

iridotomy should be large enough to prevent angle closure glaucoma, but that in his clinical

experience larger diameters in the range 150–200 µm are needed. Silver and Quigley (2004) used

a similar approach to consider an iridotomy in their iris–lens channel model, and found that a

diameter of 50 µm would make the pressure difference between posterior and anterior chamber

fall below 1 mmHg. Yamamoto et al. (2006) measured the jet velocity through an iridotomy

experimentally in rabbit eyes, and Yamamoto et al. (2010) studied this flow numerically.

The aim of the present work is to improve our mechanical understanding of the flow in

the PC and its modifications due to pupillary block and iridotomy. We develop a mathematical

model based on lubrication theory for the flow in the PC. This allows us to avoid the numerical

difficulties that would arise as a consequence of the strong spatial variability of the size of the

domain. We consider two mechanisms that drive aqueous flow: aqueous production in the ciliary

body and iris motion due to pupil constriction/dilation (miosis/mydriasis); and show that the

latter mechanism, which was not considered in previous works, can cause a significantly more

intense flow. We also discuss the effect of a partial pupillary block on the flow. We then study how

the flow in the PC is modified by the presence of an iridotomy, which we model as a point sink for
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the flow in the PC. The flux through this sink is set proportional to the pressure and, to avoid the

singularity in the pressure that occurs in correspondence of a point sink, we introduce a suitably

regularised pressure to find the solution. We propose a mathematical theory, which allows us to

solve the problem semi-analytically.

2.2 Methods

2.2.1 Geometry of the posterior chamber

We study the flow in the PC of the eye, considering both the motion produced by aqueous produc-

tion at the ciliary processes and that induced by variations in the pupil diameter. Visualising

the PC is very challenging owing to its small size and to the fact that high resolution optical

imaging techniques, such as OCT, cannot penetrate behind the iris. In this study, in order to

measure the geometrical characteristics of the PC, we employed a high-frequency ultrasound

scan, with a 50 MHz transducer (VuMax 35/50 Sonomed). Examinations were performed under

topical anaesthesia (oxybuprocaine hydrochlororide 0.4%) on a healthy human subject, applying

an eye cup containing physiological saline. Serial transverse and radial scans were performed.

This allowed us to obtain a clear view of the posterior surface of the iris and of the anterior

surface of the lens.

We used the cross-sectional image of the PC shown in figure 2.1(a). This has a resolution of

20–30 µm (axial–lateral), which is sufficient to measure the geometrical characteristics away

from the pupil, but not the thickness of the iris–lens channel (ILC), the narrow part of the PC

nearest to the pupil, which we estimate from the image to have length of approximately 1.14 mm.

In the absence of clinical data, and following Silver and Quigley (2004), we assume that the

minimum depth Hp of the ILC, which occurs at the pupil, is between 3 and 7 µm. We call the rest

of the PC outside of the ILC the bulk posterior chamber (bPC).

We note that even for a single patient, the shape of the PC can change quite substantially with

environmental conditions, but that, aside from in the very narrow ILC, the details of the geometry

in the bPC do not make a significant difference to the flow. Therefore owing to the impossibility

of considering all possible PC geometries, we considered one image as a representative, as we

believe this provides us with a realistic geometry that is sufficient for the purposes of this work.

To describe the shape of our domain and in the mathematical formulation that follows in

§ 2.2.2, we work in a system of spherical coordinates (r,θ,φ), see figure 2.1(b), with the axis θ = 0,π

orthogonal to the equatorial (coronal) plane of the eye (i.e. in the antero–posterior direction)

and passing through the centre of the pupil. We model the PC as an axisymmetric region with

respect to this axis (i.e. independent of φ). We approximate the shape of the anterior surface of

the crystalline lens as part of a spherical surface of radius R, the centre of which is the origin

r = 0 of the coordinate system (which is not the centre of the eye), and we denote the thickness of

the posterior chamber in the radial direction as h(θ), so that the posterior surface of the iris is
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Figure 2.1: (a) Ultrasound scan of the anterior segment of the eye. (b) Sketch of the notations and
coordinate system. (c) Plot of the resulting function h(θ) (in mm) that we use to model the height
of the PC. ILC: iris–lens channel; bPC: bulk posterior chamber; AC: anterior chamber.

given by r = R+h(θ). We use the image to estimate three particular angles as follows: θp is the

value of θ at the pupil (the inner boundary of the ILC); θch is at the outer boundary of the ILC,

which we take to be the last point at which the PC can be distinguished in the image (rightmost

end of the bPC in figure 2.1(a)); and θ = θpc is the location of the outer boundary of the posterior

chamber (left end of the bPC in figure 2.1(a)). To construct a height function h(θ) for the PC, we

used measurements from the image in the range θch ≤ θ ≤ θpc together with h(θ)= Hp at θ = θp

and used a monotonic cubic interpolation to obtain values of h at intermediate values of θ, the

result of which is shown in figure 2.1(c). The PC therefore lies in the region R ≤ r ≤ R +h(θ),

θp ≤ θ ≤ θpc, 0≤φ< 2π.

We estimated the radius of curvature of the lens as R ≈ 8.19 mm, which is in the range of

typical values given by Katz and Kruger (2009), and we measured the maximum height of the PC
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(which is obtained at the outside edge of the PC) as 0.94 mm. The bPC approximately spans the

range 21◦ ≤ θ ≤ 39◦, which corresponds to a length of about 2.57 mm. The characteristic dimen-

sions of the PC (length, depth, volume etc.) corresponding to the resulting height function h(θ) are

in line with published data (Dorairaj et al., 2009), and the relevant geometrical characteristics of

the domain are reported in table 2.1.

2.2.2 Model of aqueous flow

2.2.2.1 Flow in the posterior chamber

We model the aqueous flow as being driven by aqueous production and iris motion, and treat

the fluid as Newtonian and incompressible with density ρ, dynamic viscosity µ, velocity u =
(ur,uθ,uφ) and pressure p. Fluid flow is governed by the Navier–Stokes and continuity equations,

and we neglect gravity, since buoyant effects are negligible in the PC (although they are known

to play an important role in the AC of the eye; see Canning et al., 2002; Heys and Barocas, 2002;

Fitt and Gonzalez, 2006). We assume the pressure in the AC is uniform and equal to the reference

value zero, and thus p is the departure from the hydrostatic pressure distribution and is also

relative to the AC pressure. This assumption is justified by the observation that the width of

the AC is significantly greater than that of the PC, meaning that pressure drops within it are

negligible (Repetto et al., 2015).

Let us now estimate the magnitude of various terms in the Navier–Stokes equations. We

evaluate the aspect ratio of each region of the domain as εi = Hi/L i, with i = bPC, ILC, and where

Hi and L i are the average depth and length of region i. From our measurements we estimated

the following values: εbPC ≈ 0.17 and εILC ≈ 0.01. We base the scale for the velocity U on the

volumetric flux F through the PC according to the following expression Ui = F/A i, i = bPC, ILC,

where A i is the average cross section area of region i. The volumetric flux F has to be estimated

separately for the flow generated by aqueous production/drainage and by iris motion. In the case

of production/drainage, F ≈ 3 µl/s (Brubaker, 1991), giving UbPC ≈ 4.6 µm/s, UILC ≈ 221 µm/s,

which corresponds to the following Reynolds numbers: RebPC =UbPCLbPCρ/µ≈ 0.014; ReILC =
UILCLILCρ/µ≈ 0.34.

The case of iris motion during miosis is trickier. Milton and Longtin (1990) report that pupil

constriction typically lasts less than one second, whereas pupil dilation takes a couple of seconds.

Dorairaj et al. (2009) performed challenging experiments in which they estimated the PC volume

from ultrasound images before and after pupil dilation, showing that, as the pupil dilates, some

eyes have an increase in PC volume while others have a decrease. They report that, in both

the case of pupil dilation and that of pupil contraction, changes in the PC volume ∆V during

iris motion are small and so here we assume ∆V to be a small percentage of the PC volume

V . Since we are interested in the effect of the jet of aqueous through the iridotomy on the

cornea, and the pupil diameter changes faster during pupil contraction than during dilation, we

investigate the worst case scenario by focusing on contraction (miosis) in the case in which the
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Parameter Value Source
Radius of the lens, R 8.19 mm measured from the image
Minimum height of the iris-lens channel, Hp 7 µm Silver and Quigley (2004)
Flux produced by ciliary body, Q 3 µl/min Brubaker (1991)
Volume of the posterior chamber, V 32.4 µl measured from the image
Thickness of the iris, S 0.457 mm Pavlin et al. (1992)
Dynamic viscosity of aqueous humour, µ 0.71 mPa·s Scott (1988)
Density of aqueous humour, ρ 1000 kg/m3

Table 2.1: Geometrical values and fluid properties

Steady iris Moving iris
Region ε ε2 Re ε2Re Re ε2Re
bPC 0.17 2.9 ·10−2 0.014 4 ·10−4 0.51 1.5 ·10−2

ILC 0.01 10−4 0.34 3.4 ·10−5 12 1.2 ·10−3

Table 2.2: Dimensionless parameters in two different regions

PC volume decreases (so that a jet is forced out of the PC towards the cornea). With ∆V = 0.05V

and T = 1 s, we obtain a flux of 106 µl/min, which is significantly larger than the flux due to

production/drainage, and the corresponding Reynolds numbers are RebPC ≈ 0.51 and ReILC ≈ 12.

The parameter values are reported in table 2.2, and, with these estimates, ε2
i and ε2

i Re i

are small (i = bPC, ILC), meaning that lubrication theory is valid in the bPC and in the ILC.

According to this approach, in region i we scale the space in the radial direction with Hi and in

azimuthal and zenithal directions with L i for i = bPC, ILC. Moreover, inspection of the continuity

equation suggests scaling uθ and uφ with Ui and ur with εiUi. With these choices, and neglecting

terms of order ε2
i and ε2

i Re i, the dimensional Navier–Stokes and continuity equations simplify to

∇h p =µ 1
r2

∂

∂r

(
r2 ∂uh

∂r

)
,(2.1)

∇h ·uh +
1
r2
∂(r2ur)
∂r

= 0,(2.2)

where p is independent of r, and ‘h’ is a subscript indicating that only the (θ,φ)-components are

considered. We have neglected the time-derivatives in (2.1) and (2.2), meaning that we solve the

problem in a fixed domain and account for the iris motion by imposing the axisymmetric velocity

field v= (vr,vθ,0) at r = R+h(θ). The choice of the velocity field v is discussed in § 2.2.2.3.

The solution of (2.1), subject to no-slip boundary conditions, is

(2.3) uh = 1
2µ

∇h p
(
r2 +R(R+h)− r(2R+h)

)
+vh

R+h
h

(
1− R

r

)
,

where vh is set to zero in the case with no miosis. Integrating the continuity equation (2.2) with

respect to r and using the no-slip conditions ur = 0 at r = R and ur = vr at r = R+h, we obtain
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the governing equation for the pressure

(2.4)
1

12µ
A(p)= vr + h

2(R+h)
∇h ·

(
(R+h)vh

)
− 1

2
∇hh ·vh

where the differential operator A is defined as

(2.5) A= 1
sinθ(R+h)2

(
∂

∂θ

(
sinθh3 ∂

∂θ

)
+ h3

sinθ
∂2

∂φ2

)
,

and in the above expressions vr denotes the radial component of v and the operator ∇h is

computed with fixed r = R+h. The problem is therefore governed by equation (2.4) together with

boundary conditions at the ciliary processes (θ = θpc) and at the pupil (θ = θp). At θ = θpc we

impose the aqueous production flux Q, which leads to the following condition:

(2.6)
Q

πsinθ
= ∂p
∂θ

h3

6µ
− (R+h)hvθ at θ = θpc.

At θ = θp we impose a constant pressure, equal to the one in the AC, which we set to be 0:

(2.7) p = 0 at θ = θp.

We will also consider the case of pupillary block. Specifically, we study the case in which

the pupil is entirely blocked in certain regions but allows fluid flow in others. This modifies the

condition at the pupil as follows:

(2.8)


p = 0 at θ = θp, 0≤φ<φb,
∂p
∂θ

h3

6µ
− (R+h)hvθ = 0 at θ = θp, φb ≤φ< 2π.

where φb denotes the azimuthal angle at the boundary between the open and blocked regions,

and the condition in the blocked region φb ≤φ< 2π is no flux through the ILC. Pupillary block

is clinically relevant since it induces a persistent increase of pressure in the PC that pushes

the iris forward and occludes the angle between the cornea and the iris, blocking drainage of

aqueous from the AC. As the time scale for the pressure buildup is much longer than the one of

the pressure variations induced by miosis, such variations are neglected in this framework, even

though the equations stated above are for the general case.

2.2.2.2 Flow in the posterior chamber with iridotomy

In this section we consider the effect of creating an iridotomy on the flow and pressure in the PC.

Away from the location of the hole we can use the method developed in § 2.2.2.1 to reformulate

the problem as a second-order differential equation for p in (θ,φ)-space (2.4), but in this case

we require additional boundary conditions at the iridotomy as well as the boundary conditions

(2.6)–(2.7) (or (2.8) in the case of pupillary block). Iridotomy holes are typically less than 200 µm

in diameter (Fleck, 1990), which is small compared to the radius of the PC, meaning the geometry
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Figure 2.2: Sketch of the coordinate systems S and S ′.

of the resulting domain would be much more difficult to discretise than in the case with no

iridotomy. Therefore in this section we formulate a method to reduce the iridotomy to a point

sink of zero size in the (θ,φ)-surface, at which we imposed a boundary condition relating the

volumetric flux into the sink to the pressure. Since such a point sink would give rise to an infinite

pressure there we reformulate the problem in terms of a regularised pressure that avoids the

singularity.

To obtain the correct regularisation for the pressure we model the iridotomy as an approxi-

mately cylindrical hole through the iris, whose central axis is on the radial line θ = θi, φ= 0. For

convenience we also refer to a new system of spherical coordinates S ′ = (r,θ′,φ′), related to the

original coordinates S = (r,θ,φ) by a rotation through the angle θi, such that the axis θ′ = 0 is

the central axis of the iridotomy (figure 2.2). The following relationships link the two coordinate

systems S and S ′ (Meskauskas et al., 2011):

cosθ′ = sinθ cosφsinθi +cosθ cosθi,(2.9)

tanφ′ = sinθsinφ
sinθ cosφcosθi −cosθsinθi

.(2.10)

For simplicity we define the boundary of the iridotomy hole to be the surface θ′ =ψ, where ψ is a

constant, meaning the radius of the hole is approximately Rψ. The volumetric flux entering the

hole is then given by

(2.11) Q i =
∫

Sur f ace {θ′=ψ,R<r<R+h}
u · (−nθ′) dA,

where u is the fluid velocity in the posterior chamber and nθ′ is the unit vector in the direction of

increasing θ′. We obtain

(2.12) Q i =
∫ R+h(θ)

R

∫ 2π

0
u · (−nθ′) rsinψdφ′ dr =

∫ 2π

0

1
12µ

∂p
∂θ′

h3 sinψ− 1
2

v ·nθ′h(R+h)sinψdφ′,

where v is the iris velocity and we have used solution (2.3). Assuming that v and h are approxi-

mately uniform over the area of the hole (owing to its small size), the second term in the integrand
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can be neglected (since v ·nθ′ averages to zero around the hole circumference), and the first term

simplified to give

(2.13) Q i ≈ 1
12µ

h3
i sinψ

∫ 2π

0

∂p
∂θ′

dφ′,

where h = hi is the height of the posterior chamber at the hole.

We note that the singular pressure field

(2.14) p̂ = 6µQ i

πh3
i

log
(

tan(θ′/2)
tan(ψ/2)

)
,

representing a uniform volumetric flux Q i towards a sink located at the centre of the iridotomy,

is the φ′-independent solution of (2.13) such that p̂ = 0 at the boundary of the hole θ′ = ψ.

Thus, assuming the flow into the iridotomy is uniformly distributed in φ′, we can introduce the

regularised pressure

(2.15) preg = p− p̂.

To close the problem we also need a relationship between Q i and the pressure drop across the hole,

and to do this we use the formula developed by Dagan et al. (1982), which is an approximation of

Sampson’s classic formula (Sampson, 1891) for the volumetric flux of a Newtonian incompressible

fluid though a hole in a plate at zero Reynolds number for the case of a plate of finite thickness:

(2.16) ∆P =
(

8l
πa

+3
)
µQ
a3 ,

where a is the hole radius and l is the plate thickness, ∆P is the pressure drop across the hole and

Q is the volumetric flux through the hole. We note that Silver and Quigley (2004) used Poiseuille’s

formula to estimate the resistance of the flow through an iridotomy. The formula proposed by

Dagan et al. (1982) tends to Poiseuille’s one in the limit of long holes and to Sampson’s formula

in the limit of holes of zero length, and represents a better approximation than either of these for

holes of intermediate length. Assuming the anterior chamber is at a uniform zero pressure, the

pressure drop across the iridotomy is given by the value of preg at the hole (which we denote as

preg
∣∣
hole), since p̂ is zero there, and thus we have

(2.17)
(

8S
πai

+3
)
µQ i

a3
i

= preg
∣∣
hole ,

where S is the thickness of the iris.

Therefore, the flow and pressure are governed by (2.4), subject to the boundary conditions

(2.6) and (2.7) or (2.8) and the condition at the hole (2.17). We can rewrite (2.4)–(2.8) in terms of

the regularised pressure using (2.14)–(2.15) and substitute (2.17) to eliminate the unknown Q i,

leading to the problem

(2.18)
1

12µ
∇h · (h3∇h preg)= vr + h

2(R+h)
∇h ·

(
(R+h)vh

)
− 1

2
∇hh ·vh

− a3
i preg|hole

2µπh3
i (R+h)2 sinθ′(8S/(πai)+3)

dh3

dθ
∂θ′

∂θ
,
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r R

A

B B'

Figure 2.3: Sketch of the iris before (solid line) and after (dashed line) pupil contraction.

where the last term accounts for the flux though the hole, subject to the boundary conditions

∂preg

∂θ
= 6µQ
πsinθh3 + 6µ(R+h)vθ

h2 − 6a3
i preg|hole

πh3
i (8S/(πai)+3)sinθ′

∂θ′

∂θ
at θ = θpc,(2.19) 

preg =− 6a3
i preg|hole

πh3
i (8S/(πai)+3)

ln
tan(θ′/2)
tan(ψ/2)

in open regions

∂preg

∂θ
= 6µ(R+h)vθ

h2 − 6a3
i preg|hole

πh3
i (8S/(πai)+3)sinθ′

∂θ′

∂θ
in blocked regions

at θ = θp.(2.20)

2.2.2.3 Velocity of the iris.

The governing equations developed in § 2.2.2.1 are quasi-steady, and so the velocity field at

a given time is fully determined by the iris velocity at that time v(θ), which we assume to be

axisymmetric. In order to prescribe v(θ) we preliminary need to specify the duration T of miosis,

the zenithal angle ∆θ through which the ILC moves and the volume decrease ∆V . Following

Milton and Longtin (1990) we assume T = 1 s throughout the chapter. Since ∆V is small (Dorairaj

et al., 2009) we restrict attention to volume changes of up to 10% of the PC volume. Moreover, we

assume ∆θ = 0.2θp, which corresponds to a change of pupil diameter from approximately 3.68 to

2.95 mm and is consistent with values reported in Dorairaj et al. (2009) for the pupil dilation.

During miosis we assume the tip of the iris at the pupil (the point θp) moves through a

zenithal angle ∆θ = θinit −θfinal over a time T and that the ciliary body (point A in figure 2.3)

remains fixed and the whole of the ILC (the region near point B) moves in the θ-direction only.

Note that this implies that Hp does not change during miosis, which is probably not realistic,

since if the PC pressure builds up too much it will force the iris to move anteriorly, increasing Hp.

Huang and Barocas (2004) developed an axisymmetric model of the flow of aqueous humour in
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the posterior and anterior chambers with the iris modelled as an elastic solid with additional

active elastic terms. They found the steady state position of the iris for both a normal eye and an

eye with primary angle-closure glaucoma, and were thus able to investigate the force required

to induce pupillary block. They did not report the gap at the iris–lens channel, and as they

commented in the paper, it would be useful to extend this study to consider the dynamical

behaviour during miosis. For the present work, owing to the uncertainties about the mechanical

properties of the iris and the high sensitivity of pressure on the ILC height, we believe that it

would be difficult to obtain reliable values of the transient pressure in the PC during miosis, and

so we limit this study to prescribed iris motion.

We choose the zenithal velocity distribution vθ(θ) to be the simplest possible function that

satisfies the assumption that θpc stays fixed and that at θp the iris moves at the average velocity

R∆θ/T, leading to the linear function

(2.21) vθ(θ)=−R∆θ
T

(θpc −θ)
(θpc −θinit)

,

(note the minus sign indicates contraction). The assumptions on the iris velocity imply the

radial velocity vr(θ) takes the value zero both at the ciliary body (θ = θpc) and within the ILC

(θp ≤ θ ≤ θch). We set

(2.22) vr =
 0 for θp ≤ θ ≤ θch,

−A
T

(1− x2)x2 for θch < θ ≤ θpc, where x = (θ−θch)/(θpc −θch),

which is also a continuously differentiable function with a single minimum. We choose the

constant A so that the instantaneous rate of volume change is −∆V /T. The function vr is negative

in the case in which the PC volume decreases, which is the case considered in this chapter. We

also note that the functional form of the iris velocity v given here is only valid instantaneously

and not through the whole duration of miosis.

2.2.3 Solution

In the case of an eye with no pupillary block (axisymmetric boundary conditions), the system

(2.4)–(2.7) becomes an ODE in θ for the pressure, which can be solved using a finite difference

method. For the case of partial pupillary block, the boundary condition (2.8) is not axisymmetric,

and we need to solve a two-dimensional problem. Equations (2.4), (2.6) and (2.8) are solved

using a second-order central finite difference scheme. We introduce the grid ω= {(θl ,φm)| φm =
m ·dφ, θl = θl−1+sl−1, θ0 = θp, m = 0. . . Nφ−1, l = 1. . . Nθ−1}, where dφ = 2π/Nφ, and the length

of the step sl in the θ-direction is constructed to make the distances between neighbouring points

in the θ- and φ-directions approximately equal: we set s0 = dφ sin(θp), sl = dφ sin(sl−1 +θl−1)

for l = 1, . . . Nθ −3 and sNθ−2 = θpc −θNθ−2. Note that in this discretisation we choose only the

number of points in φ, Nφ, and then Nθ is determined by the requirements on the step size sl .
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After discretising the equations (2.4), (2.6) and (2.8) with respect to the grid ω, a linear system

consisting of Nθ ·Nφ equations is obtained, which we solve with the built-in sparse solver in SciPy,

Python.

In the presence of an iridotomy, we discretise the equations as described above. However, in

this case, owing to the presence of the hole, we need to use finer grid, in order to preserve the

fluxes, and this makes it impractical to use a sparse solver. For this reason, we solved the system

by using the method of reduction introduced in Samarskiy and Nikolaev (1978) (pp. 154-157,

in Russian), although we adapted the method to account for the terms in Equations (2.18)–

(2.20) that are associated with the point sink, as terms of this sort were not present in the

equations considered by Samarskiy and Nikolaev. The method requires the number of points in

the discretisation of φ to be an exact power of 2. We combine equations for neighbouring values in

the discretisation of φ to eliminate alternate variables and thus reduce the number of equations

to be solved by a factor of 2 (only every other value of φ appears). We combine the resulting

equations again, which again removes every other value of φ and reduces the size of the system

by an additional factor of 2. We repeat this until there are only two values of φ left (which are 0

and π). At this point the number of equations in the system is small enough to solve it quickly

on a computer. Having solved for preg on φ = 0 and φ = π, it is straightforward to reverse the

algebraic manipulations already performed to find preg for the intermediate values of φ, and

we can then use (2.17) to find the flux through the hole Q i and (2.14)–(2.15) to find the actual

pressure p.

2.2.4 A simple model to estimate the wall shear stress on the cornea

As discussed in the Introduction, the jet through the iridotomy might produce a significant wall

shear stress (WSS) on the corneal endothelium opposite the iridotomy hole, which could be the

cause of corneal damage that is sometimes observed in post-iridotomy patients (Wang et al.,

2014). To check whether this is plausible, we use the idealised axisymmetric model shown in

figure 2.4 to estimate the WSS. It consists of two circular parallel rigid plates at a distance l,

representing the anterior iris with a circular hole that has radius ai representing the iridotomy

(bottom) and the corneal endothelium (top). We impose a normal inflow velocity v jet through the

hole, which is an average velocity through the iridotomy predicted by our model. The outlet is

located at a distance 10l form the symmetry axis, which is far enough to not influence the flow

around the hole. We impose zero pressure at the outlet, and no-slip boundary conditions at the

surfaces of the plates.

We use COMSOL Multiphysics® to find the flow numerically and hence compute the maximum

WSS on the wall representing the cornea (WSSmax). Admittedly, this model is very rough and

less refined than the others presented in this chapter. Since we adopt a fully numerical approach

we could clearly account for a more detailed description of the geometry. This, however, would

necessarily add more parameters and would unnecessarily complicate the interpretation of the
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Figure 2.4: Sketch of the simplified geometry used to estimate the WSS on the cornea generated
by the jet of aqueous through the iridotomy.
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Figure 2.5: Pressure distribution along the PC with fixed iris due to the production-drainage flow
(a) for different length of the iris–lens channel L ILC and fixed height at the pupil Hp = 7 µm and
(b) for different height at the pupil Hp and fixed L ILC = 1.14 mm. Ranges of variation of L ILC
and Hp are similar to those adopted in Silver and Quigley (2004).

results and would be beyond the scope of the present work, for which we just need an estimate of

the order of magnitude of the WSS on the cornea.

2.3 Results

2.3.1 Flow in the PC

2.3.1.1 Flow due to the production and drainage of aqueous humour.

First we consider the case without pupillary block and find the flow induced by production and

drainage. Iris motion will be considered in § 2.3.1.2.

Figure 2.5 shows the pressure profile in the PC along the zenithal direction, with part (a)

of the figure showing the effect of ILC length and part (b) showing the effect of ILC height at

the pupil Hp. Lubrication theory predicts that, for a domain of uniform height, the resistance to
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Figure 2.6: Miosis. Maximum pressure in the PC (a) as a function of ILC length and (b) as a
function of ILC height for different percentage P of volume change in the PC. The legend is
common to both panels and ∆V denotes the change in the PC volume during miosis. In each case
we use the miosis duration T = 1 s and angular change of the pupil ∆θ = 0.2θp, corresponding to
a pupil diameter change 0.73 mm.

flow, and thus the pressure drop across the domain, is proportional to the inverse third power

of the domain height multiplied by the length of the domain. Due to our choice of the height

function to model the ILC, which is not uniform, the pressure drop grows faster than linearly

with L ILC (figure 2.5(a)), while the pressure drop grows less than the inverse third power of Hp

(figure 2.5(b)). As assumed by Silver and Quigley (2004), the pressure is almost constant in the

bPC where the domain height is much greater, meaning the resistance there is comparatively

negligible. In all cases considered here the pressure drop across the ILC is very small compared

to the intraocular pressure, which is about 15 mmHg in normal subjects (Cunningham and Barry,

1986).

2.3.1.2 Flow during miosis.

Figure 2.6 shows the maximum pressure in the PC for different values of ∆V as a function of (a)

L ILC and (b) Hp. The pressures predicted by the model are very large, especially if the ILC is

long and has small height. As discussed in § 2.2.2.3, our model uses an assumption that Hp is

fixed during iris motion, which implies that the pressure values are likely to be overestimated.

Nevertheless, our results clearly suggest that miosis generates significantly higher flow velocities

and pressure than aqueous production and drainage, even if the PC volume change is very small.

We anticipate that similarly large flows would be generated during lens accommodation, although

we neglect this in the present work.
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Figure 2.7: (a) Pressure distribution (shading) and streamlines of the r-average velocity in the
posterior chamber in the case of partial pupillary block with the lower half of the pupil blocked.
In this plot and in figures 2.8 and 2.10(a) the radial distance is given by R sinθ for θp ≤ θ ≤ θpc.
(b) Maximum pressure in the PC as a function of the percentage of blocked region of the pupil for
different length of iris–lens channel L ILC.

2.3.1.3 Partial pupillary block

We model partial pupillary block by imposing zero flux around part of the pupil, using equa-

tion (2.8), and in this section we assume the flow is driven by the production/drainage of aqueous

humour. Figure 2.7(a) shows an example of the resulting flow and pressure distribution with the

lower half of the pupil blocked (π<φ< 2π). As more of the pupil becomes blocked, the pressure

increases without bound as shown in figure 2.7(b), but pressures significantly higher than in

physiological conditions (of the order of several mmHg) are attained only when the block is almost

total.

2.3.2 Flow in the PC with iridotomy

2.3.2.1 Flow due to the production and drainage of aqueous humour.

Figure 2.8 shows the pressure and streamlines of the depth-averaged velocity (averaged over the

thickness of the PC) in the presence of an iridotomy with diameter (a) 60 µm and (b) 120 µm. In

both cases the streamlines are very different from the radial streamlines that would be observed

in the absence of an iridotomy, and for the larger diameter even fluid that starts on the opposite

side from the iridotomy hole ends up draining into the iridotomy.

Figure 2.9(a) shows the flux through the iridotomy as the percentage of the total flux as a

function of iridotomy diameter. The iridotomy diameter has a strong impact on the flow, and for

diameters used in typical surgical practice, which are between about 50 and 150 µm (Fleck, 1990),

most of the aqueous flows through the iridotomy hole, with almost all of it going through the
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Figure 2.8: Pressure distribution (shading) and streamlines of the r-averaged velocity in the PC
projected on the plane in the presence of an iridotomy of diameter (a) 60 µm and (b) 120 µm.
Miosis is not considered in this figure (v= 0) and the iridotomy is located 2/3 of the way through
the bPC towards the ciliary body.

iridotomy for diameters larger than 150 µm. The percentage of aqueous that passes through the

iridotomy also depends on the iris–lens channel length L ILC; greater channel lengths increase

the resistance to flow through the pupil, thus increasing the total flow through the iridotomy,

see figure 2.9(a). In contrast, the location of the iridotomy only changes the total flow by 2%

from an iridotomy placed in the middle of the bPC to one placed peripherally (results are not

shown), which is because the pressure is approximately uniform across the bPC, see figure 2.5.

Henceforth we fix the iridotomy location in our model at 2/3 of the way from the innermost point

of the bPC (corresponding to the value θ = θch) to the ciliary body (θ = θpc).

Figure 2.9(b) shows the average jet velocity through the iridotomy (calculated as flux divided

by cross-sectional area) as a function of the iridotomy diameter. Interestingly, a peak velocity is

obtained for an intermediate value of the diameter: for small diameters the hole has too much

resistance to allow much flow and for large diameters the total flow is almost constant (most

of the aqueous goes through the iridotomy), but it is spread over a larger area so the average

velocity is lower.

Since iridotomy is performed to treat pupillary block with the aim of reducing the pressure

drop from the posterior to the anterior chambers, we now consider the extreme case in which

no fluid exits from the pupil, to find the minimum iridotomy diameter that will maintain the

pressure in the PC within safe levels, i.e. close to physiological conditions. Figure 2.10(a) shows

the flow streamlines and pressure distribution, with no fluid exiting through the pupil. The

maximum pressure in the PC is shown in figure 2.10(b) as a function of the iridotomy diameter,

indicating that if the iridotomy diameter is larger than about 50 µm the pressure drop is less than

1 mmHg, which is comparable with the physiological pressure differences shown in figure 2.5.
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Figure 2.9: (a) Total volumetric flux through iridotomy as a percentage of total flux produced
by ciliary body plotted against iridotomy diameter. (b) Average velocity of the jet through the
iridotomy. Cases with different iris–lens channel length L ILC are shown. The legend is common
to both panels.
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Figure 2.10: (a) Pressure distribution (shading) and streamlines of the r-averaged velocity in
the PC projected on the plane in the presence of pupillary block with an iridotomy of diameter
120 µm. (b) Maximum pressure in the PC with pupillary block as a function of the iridotomy
diameter.

2.3.2.2 Flow during miosis.

As in the case with no iridotomy, see § 2.3.1.2, we predict the flow during miosis to be significantly

more intense than that due to aqueous production alone, even for small changes in the PC volume.

We find that, although the total volumetric flux through the iridotomy is much larger than when

miosis is not occurring, the proportion of the flow that goes through the iridotomy as a fraction
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Figure 2.11: Miosis. (a) Volumetric flux (as a multiple of that produced by the ciliary body) passing
through the iridotomy at the start of miosis. (b) Average velocity of the flow through the iridotomy.
The legend is common to both panels and ∆V denotes the decrease in PC volume during miosis.
In each case we use the miosis duration T = 1 s and angular change of the pupil size ∆θ = 0.2θp,
corresponding to a pupil diameter change of 0.74 mm.

of the total flow out of the PC remains approximately the same. We note that in the limit of

∆T → 0 the total flow induced by miosis is proportional to ∆V . The volumetric flux is shown

as a function of iridotomy diameter in figure 2.11(a) for different values of the volume change

of the PC, and figure 2.11(b) shows the corresponding average velocity in the jet through the

iridotomy. As in the case of the flow due to production/drainage alone, the velocity through the

iridotomy is maximised at an iridotomy diameter of around 70 µm; however, in this case the

velocity magnitudes are much larger. As discussed in § 2.3.1.2, our model might overestimate

the velocity since we assume Hp remains constant, but nevertheless the results suggest that

significant velocities could be generated.

2.3.2.3 Wall shear stress on the cornea in front of the iridotomy

Figure 2.12(a) shows the maximum WSS on the cornea as a function of iridotomy diameter for

different values of the PC volume change during miosis ∆V . The figure suggests that the WSS

peaks for a slightly larger iridotomy diameter than that corresponding to the peak of the average

jet velocity. The iridotomy for which the WSS is maximised are similar to those used in surgical

practice. Figure 2.12(b) shows WSSmax as a function of the iris–cornea separation distance for a

fixed iridotomy diameter. The WSS predicted by these results are consistent with the predictions

by Yamamoto et al. (2010). Furthermore, the WSSmax grows rapidly as the distance between

the cornea and the iris reduces, suggesting that if the iridotomy is located close to the boundary

of bPC it is more likely to cause corneal damage. We note however that in such a case our

assumption that the plates are parallel and have large radii might not be realistic, as the outer
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Figure 2.12: (a) Maximum WSS on the cornea (with the plate separation l = 0.5 mm fixed). (b)
Maximum WSS on cornea (iridotomy diameter 70 µm fixed). The legend is common to both panels
and ∆V denotes the decrease in PC volume during miosis. In each case we use the miosis duration
T = 1 s and angular change of the pupil size ∆θ = 0.2θp, corresponding to a pupil diameter change
of 0.74 mm.

boundary of bPC is close to where the cornea meets the iris. Nevertheless, we anticipate that the

order of magnitude estimate will remain valid.

2.4 Discussion and conclusions

Studying aqueous humour motion in the posterior chamber (PC) of the eye is of clinical and

mechanical interest. In particular the pressure drop from posterior to anterior chamber depends

on the aqueous flow; it is relevant for angle-closure glaucoma because if it is too large the iris

is pushed forward and can block the iridocorneal angle, which is where aqueous drainage from

the anterior chamber occurs. Moreover, knowledge of aqueous flow characteristics is important

to estimate shear forces on ocular tissues. In this chapter we developed a mathematical model

of aqueous flow in the PC and investigated its modification in the presence of partial pupillary

block and iridotomy.

We first presented a model of the flow induced by aqueous production and miosis (pupil

contraction) in the PC. The model is based on lubrication theory, an approximation technique

valid for long and thin domains and aimed at simplifying the governing equations. A similar

approach was used by Friedland (1978) for the flow in PC, which was assumed to have a constant

thickness, and Silver and Quigley (2004), in their model of the flow in the iris–lens channel (ILC).

Our model is an extension of these works, as the PC thickness has a realistic profile and the

effect of miosis is accounted for.

In the case of the flow induced by aqueous production only (i.e. without considering iris
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motion), the pressure drop from the posterior to the anterior chamber ∆p is very small (much

smaller than the IOP). We note, that our estimates of the pressure in the PC are significantly

affected by the geometry of the ILC. Since there are no measurements of ILC height available we

made assumptions on the geometry, and investigated the effect of the tunable parameters on the

results. However, even by varying the ILC thickness and length within a relatively large range we

found that the pressure jump between the two chambers remains below 1 mmHg, suggesting that

∆p < 1 mmHg in physiological conditions. This result agrees with the numerical work of Huang

and Barocas (2004), which was based on a fluid–structure interaction model of the iris. In that

paper they also find that a pressure difference of a few mmHg is required to induce significant

forward bowing of the iris and thus narrow the iridocorneal angle.

In the case of miosis the velocities generated depend on the change in the volume of the

PC, which Dorairaj et al. (2009) suggest is small and significantly variable among subjects. We

found that even for a PC volume change as small as 5% the aqueous flow generated is much

more intense than in the case of the flow due to production/drainage only, with correspondingly

higher pressures produced in the PC. However, we note that such high values of the pressure last

for a short time and are thus less likely to have clinical significance. In this case of miosis, we

were forced to make assumptions concerning the iris motion, owing to the lack of experimental

data, which affect the results from the quantitative point of view; in particular, we assumed that

the minimum height of the ILC remains unchanged during pupil contraction. This implies that

we neglect the possible expansion of the ILC due to PC pressure build up, as also discussed by

Huang and Barocas (2004). To overcome this assumption, a more comprehensive model of this

phenomenon is needed, coupling transient iris mechanics with aqueous flow, which is however,

beyond the scope of the present work.

We also used the model to consider the condition of partial pupillary block, when the iris

touches the lens part of the way around the pupil, blocking the iris–lens channel there. Our

results show the pressure drop only rises to large values (some mmHg) if the blockage affects a

significant region of the pupil.

Laser peripheral iridotomy as well as cataract extraction have proved their effectiveness

in treating angle-closure glaucoma since it prevents the closure of the angle. The possible side

effects of the treatment are mainly related to the size of the iridotomy, and they include structural

zonular damage, corneal endothelium damage, pigment dispersion, double vision, intraocular

haemorrhages (Hu et al., 2017). The second part of this work is therefore focused on studying

the modification of aqueous flow and pressure in the presence of iridotomy with the aim of

understanding the role of the size of the hole. First, the iridotomy hole needs to be sufficiently

large to keep the pressure close to physiological conditions, so as to avoid the iris bowing anteriorly

and blocking the trabecular meshwork. Second, it has been hypothesised that changes in the

aqueous flow secondary to iridotomy might be partly responsible for the corneal decompensation

that affects some post-iridotomy patients. Specifically, Yamamoto et al. (2006) hypothesised that
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increased progressive endothelial cell detachment might result from increased wall shear stress

(WSS) on the cornea opposite the iridotomy. This hypothesis is corroborated by the observation

that corneal decompensation sometimes occurs several years after iridotomy, suggesting the

mechanisms involved act over a long period of time rather than being related to damage sustained

during the surgical procedure. The observation that iridotomy can cause cataract can also be

related to the possible occurrence of large values of the WSS on the lens opposite to the iridotomy

when fluid flow is directed from the anterior to the posterior chamber.

The model allowed us to find the proportion of aqueous flux that passes through the iridotomy

as well as the average jet velocity. To our knowledge, the only previous models are due to Fleck

(1990); Silver and Quigley (2004); Yamamoto et al. (2010). Our model improves on these since we

solve for the flow in the PC and also account for the effect of iris motion. The model predicts that,

for realistic values of the iridotomy diameter, the majority of the flow goes through the iridotomy

rather than through the pupil, owing to the narrowness of the ILC. Moreover, the location of the

iridotomy hardly affects the flow through it, as long as the hole is well away from the narrow ILC.

In the presence of total pupillary block, which is usually treated by iridotomy and represents

the worst case scenario, the model predicts that a minimum hole diameter of around 50 µm

is needed to ensure a pressure in the PC close to physiological conditions. In practice typical

diameters of 100–150 µm are found to be sufficient (Fleck, 1990), agreeing with our results.

Our model also suggests that especially large jet velocities through the iridotomy can be

generated during miosis. Both during miosis and when miosis is not occurring the highest average

velocity in the jet is achieved for a hole of around 70 µm and the highest WSS on the cornea is

achieved for a hole of around 100 µm, which is similar to those used in the clinic. The maximum

WSS drops rapidly for smaller values of the diameter, which, however, soon become clinically

unacceptable as they do not sufficiently decrease the pressure. On the other hand the WSS

decreases relatively slowly as the iridotomy diameter is increased. If the PC volume decreases by

5% our model predicts a WSS of around 0.1 Pa, which agrees with the model of Yamamoto et al.

(2010), even though we find a higher jet velocity, due to their use of a larger iridotomy diameter

(560 µm). For greater volume changes or if the iridotomy is closer to the corneal endothelium, the

predicted WSS is still higher. In particular, this means that if the iridotomy is located next to

iridocorneal angle or the anterior chamber of a patient is shallow, the risk of corneal damage will

be more severe. We note that if the PC volume becomes larger during miosis, the direction of flow

through the iridotomy will reverse and the jet of aqueous will impact on the crystalline lens. In

this case our results on the mechanical stresses on the corneal endothelial surface can also be

applied to the mechanical stresses on the lens.

The level of WSS at which corneal endothelial damage would be sustained is unknown.

However, Kaji et al. (2005) plated porcine corneal endothelial cells on glass slides for 3 hours,

and found significant detachment if the WSS was greater than around 0.1 Pa. In vivo it is likely

that the cells would be more strongly attached, thus necessitating higher values of the WSS. This
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is also confirmed by the numerical simulations of Abouali et al. (2012) and Repetto et al. (2015),

which suggest the maximum WSS generated on the cornea during typical everyday eye rotations

is of the order 0.1 Pa. The fact that corneal endothelial cells do not detach in physiological

conditions suggests that much larger values of the WSS would be required to detach them. Our

model predicts that the WSS in the presence of an iridotomy during miosis can attain values

that are an order of magnitude larger, and hence we cannot rule out the possibility that this

mechanism could play a role in detaching endothelial cells in post-iridotomy patients. To answer

this question would require more clinical data.
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3
FLOW IN THE ANTERIOR CHAMBER INDUCED BY EYE ROTATIONS

This chapter is based on the publication by Dvoriashyna et al. (2019)

3.1 Introduction

Forcing oscillations at a single frequency of a fluid are known to lead to a primary flow that

oscillates with the same frequency as the driver, and secondary flows that are typically

smaller and occur due to nonlinear interactions, oscillating at integer multiples of the

driving frequency. The steady streaming component is the contribution to the flow that has

frequency zero. In a biological context the component oscillating at the driving frequency typically

has primary influence on the stresses generated, since it is the largest, while the steady streaming

component is of interest for mass transport.

In the present work we study the oscillatory and steady streaming flow in the anterior

chamber of the eye (AC) generated during eye rotations. Repetto et al. (2015) showed that, among

the mechanisms that drive aqueous flow in the AC (excluding miosis, see §1.4 in chapter 1),

rotations of the eye produce the most intense flow in the AC, and thus contribute to the majority

of the wall shear stress on the cornea. Moreover, Abouali et al. (2012) showed that periodic

rotations of the eye can produce a steady streaming flow that is intense enough to contribute

to mixing at least as much as the thermally driven flow. When the eyes are closed during sleep,

almost no thermal flow occurs in the AC, meaning that most of the mixing happens due to the

rapid eye movements (REM).

As discussed in §1.4, analytical approaches based on lubrication theory have been extensively

used to study the flow induced by aqueous secretion and the buoyancy driven flow in the AC.

On the other hand, all previous investigations of the flow induced by eye rotations are based on
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fully numerical solutions of the Navier–Stokes equations. Although numerical simulations allow

one to consider complex and very realistic geometries, they require large computational efforts,

especially for time dependent simulations, and make it difficult to obtain a clear picture of the

dependency of the results on the controlling parameters. In this work we propose an analytical

approach to study aqueous humour flow in the eye, which takes advantage of the small thickness

of the AC, and use our results to investigate the parameter space more thoroughly than was

previously possible.

Movements of the eye are routine and take a variety of different forms. Some rotations are

close to periodic oscillations, and approximating them as a pure frequency oscillation has been a

popular simplification in the literature, both in experimental works (Repetto et al., 2005; Bonfiglio

et al., 2013, 2015) and theoretical works (David et al., 1998; Repetto et al., 2010; Abouali et al.,

2012; Modarreszadeh et al., 2014). In this work we also make use of this assumption.

As long as the shape of the AC does not change during an eye movement, the motion can be

decomposed into a translational motion and an instantaneous rotational motion about an axis. In

the case of pure translational motion, there would be no fluid motion relative to the domain, and

the acceleration is balanced by a pressure gradient within the fluid. In this chapter we simplify

the problem to the case of rotational motion, and, furthermore, we assume the axis of rotations

remains fixed. Thus, in principle, our work can be generalised to any motion of the eye, by adding

a pressure gradient onto our solutions.

We model the AC as a thin domain sitting on the surface of a sphere that either has a constant

height (in which case we can solve the problem analytically) or a more realistic shape (in which

case we reduce the problem to a set of ODEs). We investigate both the primary oscillatory flow

and the steady streaming, showing that both have a three-dimensional structure, the full details

of which have not been highlighted by previous authors.

This chapter is organised as follows: in § 3.2 the problem is formulated mathematically and

simplified, and in § 3.3 the solution procedure is described. In § 3.4 we present the results, both

in the constant height domain (§ 3.4.1), and for the more realistic geometry (§ 3.4.2). In § 3.5 we

discuss the physiological and clinical relevance of the results.

3.2 Formulation of the problem

In this study we develop a model to find the motion of the aqueous humour during rotations of the

eyeball. As discussed in the Introduction, the AC is relatively narrow in the anterior–posterior

direction, and is delimited anteriorly by the cornea and posteriorly by the iris and lens, see

figure 0.1 and the parameters given in table 3.1. In this model, we describe the iris and lens as

a single continuous surface, thus neglecting the passage of the aqueous through the iris–lens

channel, and hence also the turnover of the aqueous due to secretion and drainage. We justify

this by comparing the flows found in the present model with those that would be expected due to
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Figure 3.1: (a) Sketch of the eye, showing the eyeball (large sphere) and the domain representing
the AC attached to the sphere on the right. Sketch of the coordinate systems C and C ′. (b) and (c)
cross-sections of the domains considered; (b) idealised constant-height domain; (c) more realistic
representation of the AC geometry.

Maximum height, hmax 2.62 mm (ISO-11979-3 Helmholtz (1909))
Average height, h̄ 1.3 mm
Diameter of the posterior boundary of the AC ≈ 6.2 mm
Radius of the eyeball, R ≈ 12 mm
Zenithal boundary of the AC, θ0 31.1◦

Aqueous humor kinematic viscosity, ν 0.75 ·10−6 m2/s (Beswick and McCulloch, 1956)
Aqueous humor density, ρ 1000 kg/m3

Table 3.1: Geometrical characteristics of the domain and fluid properties.

aqueous turnover (e.g. Repetto et al., 2015), and noting that the flows found in the present model

are much larger.

3.2.1 Geometry of the domain

To describe the eye rotations and the shape of the domain, it is convenient to introduce a

set of Cartesian coordinates and two sets of spherical polar coordinates, which will be used

interchangeably through the chapter, and which are all illustrated in figure 3.1(a). The z-axis

of the Cartesian coordinates is the axis of rotation and the x-axis points through the centre of

the pupil. The set C = (r∗,θ,φ) of spherical polar coordinates is convenient for describing the

rotations, and has origin at the centre of the eye, θ = 0 along the axis of rotation and the centre of

the pupil along the line θ =π/2, φ= 0. Finally the set C ′ = (r∗,θ′,φ′) of spherical polar coordinates

is convenient for describing the geometry of the AC, and is obtained by rotating C through π/2

about the y-axis using right-handed rule of rotations. Thus it has the same origin, with the

line θ′ = 0 through the centre of the pupil and the axis of rotation of the domain along θ′ =π/2,
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φ′ = 0,π. The transformation from C to C ′ can be performed using the following formulae (e.g.

Meskauskas et al., 2011):

cosθ =−sinθ′ cosφ′, cosθ′ = sinθ cosφ,

tanφ= tanθ′ sinφ′, tanφ′ =−tanθsinφ.(3.1)

To a good approximation, the AC is axisymmetric about the anterior–posterior axis (θ′ = 0),

and thus its geometry is independent of φ′. We also assume for simplicity that its posterior surface

(the iris and the lens) is a region of a spherical surface of radius R centred on the centre of the eye,

see figure 3.1(a). In particular we neglect the thickness of the inner boundary of the iris at the

iris–lens channel, which is about 0.4 mm in reality. In addition, the assumption that the centre of

the posterior spherical surface and the centre of the eye coincide is not necessary (in reality the

radius of curvature of the lens is around 1 cm and that of the eye is 1.2 cm), but this allows us to

find an analytical solution in the case of constant height. We denote the thickness of the AC as

h(θ′). We consider two cases: first, the case of uniform h, in which we set h equal to the maximum

height h = hmax, see figure 3.1(b), which allows us to find a completely analytical solution for

the fluid flow. Second, we consider we consider a more realistic shape in which the domain is

defined as R ≤ r∗ ≤ R+h(θ′) for 0≤ θ′ ≤ θ0, where h(θ′) is a smooth monotonic decreasing function

with h(0)= hmax. In order to avoid numerical difficulties, we do not allow h to reach zero at the

outer boundary, and we arbitrarily set h(θ0) to the small value hmin = hmax/50. We adopted the

following expression for h:

(3.2) h = hmax cosθ′+ hmin −hmax cosθ0

1−cosθ0
(1−cosθ′),

which is illustrated in figure 3.1(c). We typically use the parameter values given in table 3.1,

except where otherwise stated, in which case the aspect ratio of the anterior chamber is ε= h/R ≈
0.11, where h is the average height of the AC (volume of the AC divided by posterior surface

area), defined below.

3.2.2 Eye rotations

In this work we consider harmonic rotational oscillations of the domain, with amplitude β and

angular frequency ω f . Since we wish to apply our results to the flow in the AC during eye

rotations, we adopt values representative of real eye movements and, in particular, of saccadic

eye rotations and rapid eye movements (REM) during sleep.

Saccadic rotations are performed to redirect the sight from one target to another, and they tend

to be fast and of short duration. Becker (1989) proposed empirical relationships relating saccadic

amplitude A, duration D, maximum angular velocity and acceleration time. We relate β and ω f

using the fact that for saccadic rotations D = D0 +dA, which is approximately valid in the range

5◦ / A / 50◦, with D measured in seconds and A in degrees, d ≈ 0.0025 deg/s and 0.02/ D0 / 0.03

(Becker, 1989). To be able to model the eye rotations as saccadic movements, we assume that
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Figure 3.2: Relationship between the Womersley number α and the amplitude of rotations β for
saccadic eye rotations (curve), average REM (circle) and maximum amplitude REM (triangle)
(Modarreszadeh et al., 2014).

a period of rotation consists of two successive saccadic movements, each with amplitude A

and duration D, and thus model the saccade as a harmonic rotation with amplitude β = A/2

and angular frequency ω f = 2π/(2D) = π/(D0 +2dβ). Note that this approach to model periodic

saccades differs from the one in Abouali et al. (2012), where authors considered four saccadic

movements per period instead of two. We nondimensionalise this relationship by converting β to

radians and also working in terms of the Womersley number α=
√
ρω f R2/µ , where ρ is the fluid

density and µ its shear viscosity (see table 3.1). This leads to the relationship shown by the curve

in figure 3.2.

REM is a normal feature of a particular phase of sleep, and consists of repeated side-to-side

rotations that can have a wide range of amplitudes (Takahashi and Atsumi, 1997). For our model

we adopt the same parameters as Modarreszadeh et al. (2014) and consider two cases: (i) ‘average

REM’ with β= 6.27 deg and ω f = 58.73 deg/s, corresponding to the average of the experimental

data by Takahashi and Atsumi (1997), and (ii) ‘maximum amplitude REM’ with β = 61.5 deg

and ω f = 491.98 deg/s, which is the highest amplitude reported in the measurements, and these

points are also reported in figure 3.2.

3.2.3 Derivation of the governing equations

In the following we work in a reference frame that rotates with the domain, and use superscript

stars to denote dimensional variables that will be made dimensionless. Neglecting gravity, the
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continuity and Navier–Stokes equations become (e.g. Batchelor, 1967)

∇∗ ·u∗ = 0,(3.3a)

ρ

(
Du∗

Dt∗
+ ω̇∗×x∗+2ω∗×u∗+ (

ω∗ ·x∗)
ω∗−ω∗2x∗

)
=−∇∗p∗+µ∇2u∗,(3.3b)

where u∗ is fluid velocity relative to the reference frame, p∗ is the departure of the pressure

from the hydrostatic profile (thus we omit the gravitational acceleration), ω∗ is the prescribed

angular velocity of the domain (and ω∗ = |ω∗|), x∗ is the position vector, ∇∗ is spatial gradient

and Du∗/Dt∗ denotes a dimensional material derivative. Recalling the utilised coordinate system

C = (r∗,θ,φ), we consider sinusoidal rotations with prescribed angular displacement βsinω f t∗

about the axis θ = 0 (z = 0), giving the angular velocity ω∗ =ω∗(cosθ,−sinθ,0) with magnitude

ω∗ =βω f cosω f t∗.

A characteristic depth of the anterior chamber may be obtained by calculating the volume of

the anterior chamber divided by inner surface area, which, assuming h ¿ R, is approximately

h = ∫ θ0
0 h(θ′)sin(θ′)dθ′/(1−cos(θ0)). Dividing by the length of the chamber gives the aspect ratio

of the anterior chamber ε= h/(2Rθ0).

We introduce the following scales for nondimensionalisation:

r∗ = R+hr, t∗ = t
ω f

, u∗
φ =Uuφ, u∗

θ =Uuθ, u∗
r = εUur,

p∗ = P0 p, ω∗ =βω fω.(3.4)

We choose U = hβω f as the velocity scale and P0 = R2ω2
f βρ as the pressure scale (chosen so that

the pressure gradient in the φ direction balances the angular acceleration term), and let ε= h/R

be the approximate aspect ratio of the domain.

With the above scales the dimensionless continuity and Navier–Stokes equations (3.3) read

∂ur

∂r
+ 1

sinθ
∂

∂θ
(uθ sinθ)+ 1

sinθ
∂uφ
∂φ

+ε
(
r
∂ur

∂r
+2ur

)
= 0,(3.5a)

ε3 ∂ur

∂t
+ε4βu ·∇ur −ε3β

u2
φ+u2

θ

1+εr −2βε2ωuφ sinθ−εβω2(1+εr)sin2θ =

=−∂p
∂r

+ ε

α2

(
∇2ur −ε2 2ur

(1+εr)2 − 2ε
(1+εr)2 sinθ

(
∂(uθ sinθ)

∂θ
+ε∂uφ

∂φ

))
,(3.5b)

ε
∂uθ
∂t

+ε2βu ·∇uθ+ε3β
uruθ
1+εr −ε2β

u2
φ cotθ

1+εr −2εβωcosθuφ−βω2(1+εr)cosθsinθ =

=− 1
1+εr

∂p
∂θ

+ 1
εα2

(
∇2uθ+ 2ε3

(1+εr)2
∂ur

∂θ
− ε2

r2 sin2θ

(
uθ+2cosθ

∂uφ
∂φ

))
(3.5c)
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Type A β ω f , 1/s α εβ 1/α2 1/εα2

Small saccades 5◦ 0.04 96.7 136.2 0.0048 5.4 ·10−5 4.8 ·10−4

Large saccades 50◦ 0.43 21.7 64.5 0.049 2.4 ·10−4 2.1 ·10−3

Average REM 12.54◦ 0.11 1.03 14 0.012 5.1 ·10−3 4.6 ·10−2

Maximum amplitude REM 123◦ 1.07 8.58 40.6 0.12 6.1 ·10−4 5.4 ·10−3

Table 3.2: Typical values of the dimensionless parameters, with ε≈ 0.11 in all cases.

ε
∂uφ
∂t

+ε2βu ·∇uφ+ε3β
uφur

r
+ε2β

uθuφ cotθ
r

+ (1+εr)ω̇sinθ+

+2εβω(uθ cosθ+εur sinθ)=− 1
(1+εr)sinθ

∂p
∂φ

+

+ 1
εα2

(
∇2uφ+ 2ε2

(1+εr)2 sinθ

(
∂ur

∂φ
+cotθ

∂uφ
∂φ

)
−ε3 uφ

(1+εr)2 sin2θ

)
(3.5d)

with ω= cos t and ω̇=−sin t, and

∇2 f = ∂2 f
∂r2 + 2ε

1+εr
∂ f
∂r

+ ε2

(1+εr)2 sinθ
∂

∂θ

(
sinθ

∂ f
∂θ

)
+ ε2

sin2θ(1+εr)2

∂2 f
∂φ2 =

= ∂2 f
∂r2 +2ε

∂ f
∂r

+O (ε2),(3.6)

for any function f .

Using the geometrical values from table 3.1, we estimate

ε≈ 0.11, ε2 ≈ 0.012,(3.7)

and in table 3.2 we report the remaining dimensionless parameters appearing in the governing

equations (3.5) in four cases (taken from the data in figure 3.2): small and large saccadic rotations

(amplitude 5◦ and 50◦, respectively), average REM and maximum amplitude REM.

In the remainder of this work we drop from equations (3.5) any terms of orders ε2, εβ, 1/α2,

which can be seen to be small from table 3.2, as well as smaller terms. This leaves terms of order

1, β, ε and 1/(εα2). Despite the fact that 1/(εα2) is typically smaller than both ε2 and εβ we choose

to keep terms with this coefficient, as they are not negligible within the boundary layer. The

same approach was used by Blondeaux and Vittori (1994) for a different problem, who showed

that it leads to the same results as formal boundary layer analysis. Note also, that for maximum

amplitude REM, terms of order εβ are comparable to those of order ε, implying that the model

might not be very accurate in this case.

With the above simplifications we obtain the following system:

∂p
∂r

= 0,(3.8a)

ε
∂uθ
∂t

−βω2 cosθsinθ =−(1−εr)
∂p
∂θ

+ 1
εα2

∂2uθ
∂r2 ,(3.8b)

ε
∂uφ
∂t

+ (1+εr)ω̇sinθ =−1−εr
sinθ

∂p
∂φ

+ 1
εα2

∂2uφ
∂r2 ,(3.8c)
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coupled to the continuity equation (3.5a), which remains in full. Equations (3.8) should be solved

subject to no-penetration and no-slip boundary conditions at r = 0 and r = h(θ,φ)/h̄ and zero flux

at θ′ = θ0. We note that the latter does not imply no-slip condition at the boundary θ′ = θ0 and is

a consequence of the application of lubrication theory. Therefore, the solution close to θ′ = θ0 is

not accurate. We also require the solution to be regular at θ′ = 0.

3.3 Solution

3.3.1 Decomposition of the solution

As is usual in lubrication theory, equation (3.8a) shows that the pressure does not depend on

the r-coordinate. The motion is forced by the term proportional to ω2 in equation (3.8b) and that

proportional to ω̇ in equation (3.8c). Recalling that ω= cos t = eit/2+ c.c., where c.c. denotes the

complex conjugate, we note that three frequencies are effectively forced: 0, 1 and 2, corresponding

to the terms proportional to e0it, eit and e2it. In other words, harmonic oscillations of the domain

with dimensionless frequency 1, force a steady streaming component, a flow with the same

frequency as the forcing and also flow at twice that frequency. Thus, we seek a solution for the

velocity and the pressure in the form

u(x, t) = u(0)(x)+u(1)(x)e it +u(2)(x)e2it +c.c.,(3.9)

p(x, t) = p(0)(x)+ p(1)(x)eit + p(2)(x)e2it +c.c.(3.10)

Substituting into equations (3.8a)–(3.8c) we obtain the following set of equations for k = 0,1,2,

respectively:

∂p(k)

∂r
= 0,(3.11a)

ikεu(k)
θ

− 1
εα2

∂2u(k)
θ

∂r2 =−(1−εr)
∂p(k)

∂θ
+Θ(k),(3.11b)

ikεu(k)
φ − 1

εα2

∂2u(k)
φ

∂r2 =−1−εr
sinθ

∂p(k)

∂φ
+Φ(k),(3.11c)

whereΘ(0) =Θ(2) = (β/8)sin(2θ),Φ(1) =−(i/2)(1+εr)sinθ andΘ(1) =Φ(0) =Φ(2) = 0. Equations (3.11)

are coupled with the continuity equation for each harmonic.

3.3.2 Derivation of the equation for the pressure

Following the standard approach in lubrication theory, we solve equations (3.11b) and (3.11c)

to find the r-dependence of u(k)
θ

and u(k)
φ , respectively, which, when combined with the no-slip

boundary conditions gives

(3.12) u(k)
h = Ak(r,h)∇h p(k) +Bk(r,h)vk,
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for k = 0,1,2, where v0 = v2 = sin2θeθ, v1 = sinθeφ. The unit vectors eθ and eφ point in the

directions of increasing θ and φ, respectively and a subscript h on a vector indicates that the

projection of the vector on the θ and φ directions is taken. The functions Ak and Bk are different

for every harmonic and are reported below

A0(r,h)= εα2

2

(
r(r−h)− εr

3
(r2 −h2)

)
,(3.13a)

B0(r,h)= βεα2

16
(
rh− r2)

,(3.13b)

A1(r,h)= i
ε

(
sinar(εh+cosah−1)

sinah
−cosar− (εr−1)

)
,(3.13c)

B1(r,h)= 1
2ε

(
sinar(εh−cosah+1)

sinah
+cosar− (εr+1)

)
,(3.13d)

A2(r,h)= i
2ε

(
sinbr(εh+cosbh−1)

sinbh
−cosbr− (εr−1)

)
,(3.13e)

B2(r,h)= iβ
16ε

(
sinbr

1−cosbh
sinbh

+cosbr−1
)
,(3.13f)

where a =p−i εα=±(1− i)εα/
p

2 and b =p−2i εα=±(1− i)εα.

It is convenient from now on to work in the coordinate system C ′ defined in § 3.2.1, so that

we can make use of the fact that the domain is axisymmetric with respect to θ′ = 0 (see figure

3.1a). In this coordinate system (3.12) takes the form

(3.14) u(k)
h = Ak(r,h)∇′

h p(k) +Bk(r,h)v′
k,

where v′
0 = v′

2 =−sin2θ′ cos2φ′eθ′ +sin2φ′ sinθ′eφ′ , v′
1 = sinφ′eθ′ +cosθ′ cosφ′eφ′ and ∇′ are vec-

tors vk, k = 0,1,2 and ∇ expressed in C ′ coordinate system. Substituting (3.14) into the continuity

equation (3.5a) and integrating it over r, we obtain a partial differential equation for p(k) for

k = 0,1,2:

(3.15) A (γk)p(k) +Bk(δk)= 0,

where

γk(h)=
∫ h

0
(1+εr)Ak(r,h)dr, δk(h)=

∫ h

0
(1+εr)Bk(r,h)dr,(3.16)

that, calculated for each harmonic, give the following expressions

γ0(h)= βεα2h3

180β
(
4ε2h2 −15

)
,(3.17a)

δ0(h)= βεα2

96

(
εh4

2
+h3

)
,(3.17b)

γ1(h)=−i
(
εh3

3
− h
ε
− εh

a2 + 2−2cosah+ε2h2 cosah
εasinah

)
,(3.17c)

δ1(h)=−1
2

(
εh3

3
+h2 + h

ε
− hε

a2 + ε(εh2 +2h)cosah−2εh+2(cosah−1)
εasinah

)
,(3.17d)
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γ2(h)=− i
2

(
εh3

3
− h
ε
− εh

b2 + 2−2cosbh+ε2h2 cosbh
εbsinbh

)
,(3.17e)

δ2(h)=− iβ
16ε

(
(2+εh)(cosbh−1)

bsinbh
+h+ εh2

2

)
.(3.17f)

In (3.15), A (γk) is a linear differential operator given by

(3.18) A (γk)= 1
sinθ′

(
∂

∂θ′

(
sinθ′γk

∂

∂θ′

)
+ γk

sinθ′
∂2

∂φ′2

)
,

with

B0(δ0)= 2
(
3sin2θ′ cos2φ′−1

)
δ0(h)−2cos2φ′ sinθ′ cosθ′

dδ0(h)
dθ′

,(3.19a)

B1(δ1)= sinφ′ ∂δ1

∂θ′
,(3.19b)

B2(δ2)=B0(δ2).(3.19c)

The r-integrated velocity, or flux per unit length, reads

q(k)
h =

∫ h

0
(1+εr)u(k)

h dr = γk∇′
h p(k) +δkv′

k,(3.20)

where ∇′
h is computed on the spherical surface r = 1.

The no-flux condition at the boundary θ′ = θ0 can then be written as

(3.21) q(k)
h ·eθ′ = 0 ⇒ γk

∂p(k)

∂θ′
+δkv′

k ·eθ′ = 0,

and we also require the solution p(k) to be regular (in this case, continuous and with continuous

derivative) at θ′ = 0. Note that each p(k) is uniquely defined up to the addition of an arbitrary

constant. Thus, in what follows, without loss of generality, we assume that p(k) = 0 at θ′ = 0.

In the following subsections, we simplify the problem for each harmonic k = 0,1,2 by sepa-

rating the θ′- and φ′-dependence, and we derive an analytical solution for each in the case of

constant h.

3.3.3 Separation of variables and solution for the case of constant h

3.3.3.1 Dominant frequency component (k = 1)

For the case k = 1 we note the φ′-dependence in (3.15) and (3.21) and seek a solution of the form

p(1)(θ′,φ′)= g(θ′)sinφ′.(3.22)

This leads to

1
sinθ′

d
dθ′

(
sinθ′γ1

dg
dθ′

)
− γ1

sin2θ′
g+ dδ1

dθ′
= 0,(3.23a)
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with boundary condition

dg
dθ′

=−δ1

γ1
at θ′ = θ0.(3.23b)

and the regularity condition at θ′ = 0.

In the general case (3.23) must be solved numerically. We use a second order finite difference

method to solve the system (3.23), imposing g = 0 at θ = 0 to satisfy regularity condition.

In the special case of constant h, γ1 and δ1 are both constant, and we obtain

p(1) =−δ1

γ1

sin2θ0

1−cosθ0

1−cosθ′

sinθ′
sinφ′,(3.24a)

u(1)
r = 0,(3.24b)

u(1)
θ

=
(
B1(r)− A1(r)

δ1

γ1

sin2θ0

1−cosθ0

1−cosθ′

sin2θ′

)
sinφ′,(3.24c)

u(1)
φ =

(
B1(r)cosθ′− A1(r)

δ1

γ1

sin2θ0

1−cosθ0

1−cosθ′

sin2θ′

)
cosφ′,(3.24d)

where we have set the arbitrary constant of integration to zero in the expression for p(1), u(1)
h was

obtained from (3.14) and u(1)
r was found from the continuity equation (3.5a).

3.3.3.2 Steady streaming (k = 0) and double frequency (k = 2) components

For the cases k = 0 and k = 2 the procedure is similar, and we derive the solutions together in this

section. Noting the φ′-dependence in (3.15) and (3.21), we seek a solution of the form

(3.25) p(k)(θ′,φ′)= f (k)
0 (θ′)+ f (k)

1 (θ′)cos2φ′,

which leads to

1
sinθ′

d
dθ′

(
γk sinθ′

d f (k)
0

dθ′

)
−sinθ′ cosθ′

dδk

dθ′
+ (3sin2θ′−2)δk = 0,(3.26a)

1
sinθ′

d
dθ′

(
γk sinθ′

d f (k)
1

dθ′

)
− 4γk f (k)

1

sin2θ′
−sinθ′ cosθ′

dδk

dθ′
+3sin2θ′δk = 0.(3.26b)

with boundary conditions

d f (k)
0,1

dθ′
= δk

2γk
sin2θ′ at θ′ = θ0.(3.26c)

As for the harmonic k = 1, in the general case (3.26) must be solved numerically and, to

this end, we use a second order finite difference method. The regularity condition now imposes

d f0/dθ′ = 0 and f1 = 0 at θ′ = 0.
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In the case of constant h we obtain the following analytical solution

p(k) =− δk

2γk

(
1−2cos2φ′ sin2θ′

)
,(3.27a)

u(k)
r =−

(
δkγ̂k(r)
γk

− δ̂k(r)
) (

1+3cos2θ′
)
cos2φ′−2cos2φ′

(1+εr)2 ,(3.27b)

u(k)
θ

=
(
Ak(r)

δk

γk
−Bk(r)

)
sin2θ′ cos2φ′,(3.27c)

u(k)
φ =−

(
Ak(r)

δk

γk
−Bk(r)

)
sin2φ′ sinθ′,(3.27d)

where we have set the arbitrary constant to zero in the expression for p(k), u(k)
h was obtained

from (3.14), u(k)
r was found from the continuity equation, and γ̂k(r) = ∫ r

0 (1+ εs)Ak(s)ds and

δ̂k = ∫ r
0 (1+εs)Bk(s)ds. It is straightforward to check that the r-integrated velocity q(k)

h is zero for

k = 0,2.

3.4 Results

3.4.1 Constant-height domain

We start with the special case of constant h. In figure 3.3 we show the flow component with

frequency 1 (k = 1), which we expect to be much larger than the other two components (k = 0,2).

On the different rows we show the flow and pressure via snapshots at four different times through

the first half period (those during the second half period are the reflections of these). The first

row (t = 0) corresponds to the time when the angular velocity is maximum and the domain is

moving in the direction of the positive y-axis, and the subsequent rows correspond to subsequent

times spaced 1/8th period apart.

In the first column of plots in figure 3.3, we show the velocity on the horizontal midplane

z = 0 and y> 0 (the other half is an antisymmetric reflection). In each case the fluid close to the

inner wall moves in the same direction as the rotation and that near the outer wall moves in the

opposite direction (with the exception of t =π/2 when the domain is not moving, figure 3.3g). Note

that the fact that the velocity does not go to zero at the boundary θ′ = θ0 (as can be seen in the

first and second column) is because, due to the simplification of the lubrication theory, we can

only impose zero flux there rather than a full no-slip condition. Close to θ′ = θ0 the assumptions

of lubrication theory do not hold, and the radial velocity component would be comparable to the

other components.

In the second column of figure 3.3, we show the r-integrated velocity field obtained from

equation (3.20) and the pressure distribution on the surface r = 1, both projected onto a plane of

constant x. At t = 0 the angular acceleration is zero, and thus the pressure is almost constant

on the surface r = 0, figure 3.3(b), but the pressure gradient is much larger at the other three

times, especially at t =π/2 when the angular acceleration peaks, figure 3.3(h). Each plot shows
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(l)
Figure 3.3: The flow of the dominant harmonic component (k = 1) in the special case h constant. The
four rows show four equally spaced times: t = 0, π/4, π/2 and 3/4π. First column: arrows indicate fluid
velocity relative to the domain u(1) and shading indicates its dimensionless magnitude on half of the
midplane z = 0. Second column: dimensionless pressure p(1) at r = 0 (shading) and r-integrated velocity
q(1)

h (arrows), projected onto a plane of constant x. Third column: profiles of uθ′ along the axis θ′ = 0. For
all plots β= 6.5◦ and ε= 0.11, and in the first two columns α= 100. The velocity vectors in the first two
columns are normalised so that their maximum length is the same in all plots.
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(a) (b) (c)

Figure 3.4: The steady streaming flow in the special case of a domain of constant height, shown
(a) on half of the midplane y = 0 (φ′ = π) (the other half is a symmetric reflection) (b) on the
plane r = 0.2 and (c) r = 0.8. The arrows indicate the relative velocity u(0) and colours indicate its
magnitude. The parameter values are α= 100, β= 6.5◦, ε= 0.11.

two circulations that are reflections of one another, which indicates that the instantaneous flow

has a highly three-dimensional structure.

The third column of figure 3.3 shows the relative velocity component uθ′ along the line θ′ = 0,

which is a region of the positive x-axis with x = 1+εr. Each line corresponds to a different value of

the Womersley number α. Inspection of the plots shows that, as the Womersley number increases,

a progressively thinner oscillatory Stokes boundary layer forms at both walls, as expected.

In figure 3.4(a) we show the steady streaming flow on the vertical plane y= 0. We only plot the

upper half of the domain since the flow is symmetric in the x-axis, as can be seen by inspecting

equations (3.27b) and (3.27c). In the outer part of the domain fluid particles move towards the

midplane z = 0 and in the inner part of the domain they move away from z = 0. This is consistent

with what is found in a periodically rotating sphere (Repetto et al., 2008; Colombini, 2014), where

a circulation with the same sense of rotation is found, and also with the numerical findings

of Abouali et al. (2012), relative to the flow in the AC. Since the model does not capture the

behaviour of the oscillatory flow close to the boundary of the domain (at θ′ = θ0), we cannot rule

out the possibility that boundary effects could produce a steady streaming in the core of the

domain. The flow on the planes r = 0.2 and r = 0.8 are shown in figures 3.4(b,c). The velocity

profile is almost vertical in both cases and there is very little transversal flow. Moreover, we recall

that in the case of the constant thickness domain the r-integrated velocity qh is equal to zero.

In figure 3.5 we show the maximum dimensional value over time and space attained by the

velocity for each of the harmonics as a function of the Womersley number α. As expected the

magnitude of the dominant harmonic k = 1 velocity is much larger than the others. Moreover, the

steady streaming velocity has a significantly larger magnitude than the harmonic k = 2 for large

values of α.
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Figure 3.5: Velocity magnitudes over a range of frequencies in the special case of a constant
height domain. Maximum value (over both time and space) attained by the magnitude of the
velocity as a function of the Womersley number α. The different line styles denote the different
harmonics: k = 0 (solid); k = 1 (dot-dashed); and k = 2 (dashed); and the thickness and color
show the values of ε: ε≈ 0.15 (thick green); ε≈ 0.11 (medium red); and ε≈ 0.06 (thin blue). The
amplitude is fixed at β= 6.5◦ in each case.

3.4.2 More realistic eye geometry

In this section we report the results obtained using the more realistic shape of the anterior

chamber (AC) of the eye, shown in figure 3.1(c). Figure 3.6 is the analogy of figure 3.3 for this

case, and mostly shows qualitatively similar findings. However, in the case of the more realistic

domain shape, the velocity decreases near the periphery of the domain (θ′ near to θ0), since the

domain is thinner there. It is interesting to note that the circulations in the r-integrated velocity

fields that were observed in the case of the constant height domain are still present in this case,

suggesting that the flow induced by eye rotations is highly three-dimensional.

In figure 3.7 we plot the maximum dimensional value over space and time of the wall shear

stress on the cornea as a function of the eye rotation amplitude in the case of both saccades and

REM. We compared the results for three different values of maximum thickness of the AC, within

the physiological range (e.g. Jivrajka et al., 2008). The maximum wall shear stress increases with

the height of the domain, and for a given domain, peaks for saccade amplitudes around 0.15 rad

or 8.6◦.

Figure 3.8 shows the steady streaming, which indicates similar behaviour to the constant-

height case, figure 3.4, but in this case a closed circulation is visible in figure 3.8(a), which forms

since the domain gets thin close to the periphery θ′ = θ0. Furthermore, the r-integrated velocity

is non-zero (figure 3.8b), unlike in the constant-height case, meaning that the streaming flow is
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Figure 3.6: As for figure 3.3, but for the case of the more realistic eye shape described in the
introduction of § 3.2.1.
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Figure 3.7: Maximum dimensional value over space and time of the wall shear stress on the
cornea as a function of the angular amplitude of the saccadic eye rotation β in the case of the
more realistic eye shape. For each value of β the curve for saccades in figure 3.2 was used
to find the corresponding value of α. The lines with different thickness and color correspond
to different values of hmax: medium red: hmax = 2.62 mm (ε ≈ 0.11); thin blue: hmax = 1.5 mm
(ε≈ 0.06); thick green: hmax = 3.5 mm (ε≈ 0.15). The symbols refer to REM: triangles represent
maximum amplitude REM and circles average REM, with their thickness and color corresponding
to maximum height of the domain considered. The three symbols for average REM cannot be
distinguished as they are approximately on top of one another.

(a) (b)

Figure 3.8: The steady streaming flow for the more realistic domain shape: (a) Relative velocity
u(0) on the vertical cross section y= 0; (b) The r-integrated velocity, projected onto the (y, z)-plane.
In both figures, colours indicate velocity magnitude and arrows show magnitude and direction.
The parameters are α= 100, β= 6.5◦, ε= 0.11.

fully three-dimensional and there is a formation of four symmetrically arranged circulations. The

flow on four equally distributed surfaces along the thickness of the domain is shown in figure 3.9.

Close to the inner boundary of the AC, the flow has similar characteristics as in the case of
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(a) (b)

(c) (d)

Figure 3.9: Steady streaming flow u(0) for the case of realistic shape at the planes: (a) r = 0.2h/h̄
(b) r = 0.4h/h̄ (c) r = 0.6h/h̄ (d) r = 0.8h/h̄. In all figures, colours indicate velocity magnitude and
arrows show magnitude and direction. The parameters are α= 100, β= 6.5◦, ε= 0.11.

constant thickness. The steady streaming has a complicated structure, which is highly variable

in the radial direction, and the flow reversal observed on the plane y= 0 in figure 3.8(a) does not

occur everywhere in the domain. The magnitude of the transversal flow is smaller than that on

the midplane shown in figure 3.8(a), but it is likely to have physiological importance, as they lead

to transverse mixing in the AC.

Figure 3.10 shows the dependence of the maximum dimensional steady streaming velocity

on the saccade amplitude, with the colours corresponding to different thicknesses of the domain.

Maximum steady streaming velocity increases with the saccade amplitude. The steady streaming

velocity of maximum amplitude REM is also similar, whereas that of average REM is much lower.

Increasing the thickness of the AC leads to higher steady streaming velocities in each case.

The results of the model are based on various assumptions, which have been discussed in

§3.2. In particular, we neglected the terms of order εβ, compared with terms of order ε, but also

discussed cases in which the amplitude of oscillations β is quite large, such as large saccades

and maximum amplitude REM, which is formally out of the range of validity of our asymptotic
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Figure 3.10: Maximum over space and time of the magnitude of the steady streaming flow as
a function of the angular amplitude of the eye rotation. The solid curves and symbols are as in
figure 3.7. The thermal flow due to body heating is also shown (as horizontal dashed lines since
they do not correspond to a particular value of β), calculated based on Canning et al. (2002) (see
Discussion for the details), colored and having width representing thickness of the domain (as in
figure 3.7).

approach. In order to verify the accuracy of our results, we have run a series of three-dimensional

unsteady simulations using the commercial software COMSOL Multiphysics®. In particular, we

focused on the oscillatory component of the flow and did not consider the steady streaming. We

compared our theoretical results with the numerics in terms of the uθ′ velocity component along

the line θ′ = 0 and computed the corresponding time averaged normalised L2 error between our

model and the numerical predictions. We performed several numerical simulations varying both ε

and β. We find that the error is of order ε and weakly depends on β for values of β up to 1. These

results are reassuring concerning the validity of the theory for values of β of order 1, such as

large saccades or REM.

3.5 Discussion

We have studied the flow in a thin domain performing harmonic rotations about a fixed axis, in

order to investigate the flow in the anterior chamber of the eye (AC) induced by eye rotations. As

mentioned in the Introduction, this is relevant to the study of nutrient and drug delivery to the

tissues of the eye, and allows us to estimate the shear stresses on the cornea, which could lead to

the detachment of endothelial cells.

We worked in a reference frame moving with the domain, and assumed that the aspect ratio

of the AC is small, the Womersley number α is large and the angular amplitude β< 1 rad, which

allowed us to reduce the governing equations to a linear system forced by the angular and the
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Saccade 6◦ Saccade 30◦ average REM max amplitude REM
This work 0.094 0.1 0.2·10−3 0.074
Previous works 0.12 0.147 0.248·10−3 0.06

Table 3.3: Comparison of the maximum WSS (in Pa) on the cornea calculated with the present
model with the results from numerical works of Abouali et al. (2012) (saccades) and Modar-
reszadeh et al. (2014) (REM).

centrifugal accelerations. We considered both the case of a domain with constant thickness, for

which we found a fully analytical solution, and a more realistic approximation of the AC geometry.

The flow has three components: the largest oscillates with the forcing frequency, and the others

are a steady streaming component and a component that has twice the fundamental frequency.

In both the cases of a constant height chamber and the more realistic shape, we find that the

dominant frequency component of the flow has a complex three-dimensional structure, which has

not been observed in previous numerical simulations of the flow in the AC (Abouali et al., 2012;

Modarreszadeh et al., 2014). This is because in our analysis we work in a frame moving with the

domain, making some of the details of the flow easier to observe, since they are not disguised by

the velocities of the chamber itself. The dominant frequency component of the flow is associated

with much higher velocities than the other components, and therefore contributes the majority of

the wall shear stress (WSS) on the cornea. The WSS is larger for higher Womersley numbers

as boundary layers develop, and it is also larger for thicker chambers. We found that WSS is

maximised in the centre of the cornea (see also Abouali et al., 2012), and reaches a maximum

value of around 0.15 Pa for β≈ 8.6◦ and α= 124. A direct comparison of our results with those of

Abouali et al. (2012) is not possible, since we model the saccades differently: in that work, four

saccades per period were used, whereas in our model we use two. We therefore adapted our model

to use the same saccadic motion, and present the results in table 3.3, which show good agreement

between our model and the work of both Abouali et al. (2012) and Modarreszadeh et al. (2014).

The WSS values predicted by both our model and the models of Abouali et al. (2012) and also

Repetto et al. (2015) are of a similar order of magnitude to those found to cause detachment

(∼ 0.1 Pa) by Kaji et al. (2005), who studied the corneal endothelial cells in vitro. This suggests

that higher values of WSS would be required in vivo for the corneal cells to detach. Note that

the values of the WSS due to eye rotations are much larger than those produced by the boyancy

driven flow due to temperature differences in the AC, which is about 0.0016 Pa (e.g Repetto et al.,

2015).

The steady streaming flow is forced by the centrifugal acceleration, and its velocity is much

smaller than that of the flow oscillating with the forcing frequency, but nevertheless can have a key

role in mixing processes, as it is time independent. The steady streaming flow has a complicated

three-dimensional structure, which was not fully highlighted in the numerical simulations of

Abouali et al. (2012) and Modarreszadeh et al. (2014), and has a non zero r-integrated velocity
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for realistic shape of the domain. We note that Modarreszadeh et al. (2014) also observed smaller

vortices close to the pupil boundary and next to the trabecular meshwork, which we cannot

capture with our model due to our geometrical simplifications and use of lubrication theory.

In order to estimate the effective importance of the steady streaming flow on mixing in the

AC, we compute the Péclet number, which measures the strength of advection over diffusion,

and is given by Pe = LU/D, where D is the diffusion coefficient, L is the radius of the AC and

U is characteristic velocity. With D = 10−9 m2/s (Lide, 1996), L = 6.2 mm and a typical value

of the velocity of 5 ·10−4 m/s (see figure 3.10) we obtain Pe ≈ O (103). The r-integrated steady

streaming is much smaller, and the corresponding Péclet number is of order 102. In both cases it

is clear that advection largely dominates over diffusion, and confirms that eye rotations have a

key role in governing transport processes in the AC. An effect that could be potentially relevant

for transport processes in the AC, and that has been neglected in the present work, is shear

augmented diffusion via a "Taylor dispersion" mechanism. We leave the consideration of such an

effect for the possible future work.

Besides eye rotations, the other mechanism that is known to produce a flow that significantly

contributes to fluid mixing is the temperature gradient across the AC, since it also leads to the

generation of a steady flow. To compare the steady streaming flow during saccades with the

thermal flow we make use of the results of Canning et al. (2002), who developed an idealised model

in which the geometry of the AC was approximated as a spherical cap to derive an analytical

expression for the thermal flow. This showed that the flow is directed along the vertical planes.

The maximum magnitude of the fluid velocity was found to be

(3.28) uT,max =
∆TρgαT h2

max
p

3
216ν

,

where ∆T is the temperature difference between the cornea and the iris, αT = 3 ·10−4 K−1 is the

coefficient of thermal expansion, g is gravitational acceleration, ρ and ν are fluid density and

kinematic viscosity, respectively and hmax is the maximum thickness of the anterior chamber (see

table 3.1). With ∆T = 3 K, we estimate uT,max = 6.47·10−4 m/s. Tweedy et al. (2017) used a similar

method and, using their code with the same geometry as used here, they found a maximum

velocity of 6.84 ·10−4 m/s, while Repetto et al. (2015) used a numerical method for a slightly

different geometry and found a maximum velocity of 5.92 ·10−4 m/s for ∆T = 3 K, which are both

close to the value derived analytically from (3.28). We therefore assume that (3.28) provides a

sufficiently accurate estimate for our purposes. We compare the thermal flow and the steady

streaming flow induced by eye rotations in figure 3.10, which show that the steady flow induced

by eye rotations has the same order of magnitude for large saccades and REM. Thus the two

flows both effectively contribute to mixing in the AC.

During the night, thermally driven flow becomes insignificant, and, aside from shape changes

of the AC, the mechanisms driving flow are the REM and aqueous secretion. The maximum

magnitude of the latter is ≈ 5.89 ·10−5 m/s (Repetto et al., 2015) at the pupil and its average
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velocity is ≈ 8 ·10−6 m/s, which are both significantly smaller than the steady streaming flow

found in the work. This provides confirming evidence for the hypothesis of Maurice (1998), which

is that REM could promote mixing in the otherwise almost stagnant aqueous humour in order to

maintain the nutrient supply to the cornea.

This work neglects any interactions between the flow induced by eye rotations and the other

flow mechanisms in the AC. For small fluid velocities, due to linearity, the total flow may be

approximated as the sum of the flow due to saccades, that due to secretion and drainage of the

aqueous and the thermally driven flow. However, any flow due to shape deformations in the AC

would be fully interactive with the other flows and would thus require a separate study.

To summarise, we find good agreement with previous numerical solutions and highlight

characterestics of the flow that were not previously described. We show that the flow induced

by eye rotations is a significant part of the aqueous humour dynamics and an important player

in mixing processes. Finally, we remark that the model developed here could be useful for other

applications involving oscillating thin domains.
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“Make a model as simple as possible, but not simpler.”

Part II

Fluid transport across the retinal
pigment epithelium
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OVERVIEW AND RELEVANCE OF WATER TRANSPORT MECHANISMS

IN THE RETINAL PIGMENT EPITHELIUM

4.1 Introduction

The retina is a light-sensitive tissue approximately 0.5 mm thick, which is located in the

posterior part of the eye between the vitreous chamber and the choroid (Kolb, 2011). It

consists of several cell layers which are classified as (from the inner to the outer) ganglion

cell layer, inner plexiform layer, inner nuclear layer, outer plexiform layer, outer nuclear layer,

photoreceptors and pigment epithelium (RPE). The RPE separates the photoreceptors from

Bruch’s membrane and the choroidal blood supply (Sharma and Ehinger, 2003), see figure 4.1.

The RPE is a monolayer of cuboidal epithelial cells, arranged as hexagonal tiles approximately

14 µm in diameter in the central retina. The epithelial cells are bound together by junctional

complexes with tight junctions, that separate the extracellular regions into apical and basolateral

(Sharma and Ehinger, 2003). The basal side of the RPE faces Bruch’s membrane, which is

elastic and approximately 2 µm thick. The apical membrane borders the subretinal space, the

extracellular space surrounding the photoreceptor cells (La Cour, 2003). This membrane forms

long microvilli (5-7 µm long), that interdigitate the rod outer segments. The main functions of the

RPE include creating a barrier between the choroid and retina, phagocytosing shed photoreceptor

outer segments and transporting water, ions and metabolites between the retina and the choroid

(Sharma and Ehinger, 2003). In particular, a fundamental role of the RPE is the removal of

excess fluid and CO2 (carbon dioxide) from the subretinal space (La Cour, 2003).

The RPE transports ions, the largest concentrations of which are Na+(sodium), K+(potassium),

Cl− (chloride) and HCO−
3 (bicarbonate). The transepithelial transport of these ions has been

studied in vitro in various species and the mechanisms for this transport have been quantitatively
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Figure 4.1: Sketch of the RPE cell layer. Drawing by Prof. Federica Grillo.

identified (e.g. Gallemore et al., 1998; Dornonville de la Cour, 1993; Reichhart and Strauß, 2014).

The route and mechanisms for the transepithelial water transport, on the other hand, are less

well understood (Spring, 2010). The rate of transport has been estimated to range from 1.4

to 11 µl/cm2/h and is hypothesised to follow a transcellular route, directed from the apical to

basolateral side, based on the fact that the RPE is a tight epithelium (Strauss, 2011).

Under normal physiological conditions, fluid has to be pumped out of the subretinal space.

This process regulates the normal retinal adhesion, helps recovery from retinal detachment, and

acts as one of the pathways for fluid outflow from the eye (Gallemore et al., 1998). Failure of

the fluid pump leads to accumulation of fluid in the subretinal space, which is closely associated

with the formation and development of numerous pathological conditions, such as age-related

macular degeneration, diabetic macular oedema and retinal detachment (Marmor, 1990). Hence,

quantifying and classifying the mechanisms that drive fluid flow across the RPE is relevant to

develop a predictive understanding of how fluid accumulation may be ameliorated, motivating

the present work.
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4.2 Mechanisms of fluid flow across a semipermeable
membrane

The most common representation of the flow F across biological membranes that separate two

compartments (like epithelium) is described by (1.1) in Chapter 1, which we recall here for

convenience

(4.1) F = Lp
(
∆p−σp∆Πp −σs∆Πs

)
,

where Lp is the membrane hydrodynamic conductivity, p denotes the mechanical pressure, Πp

the oncotic pressure and Πs the osmotic one. The operator ∆ denotes the difference between

the value of the quantity it is applied to in different compartments. Finally, σp and σs are the

reflection coefficients for proteins and low-molecular components, respectively.

An oncotic pressure difference can arise if the cell layer is impermeable to large proteins than

can, therefore, be present at different concentrations on the two sides of the layer.

The osmotic flux described in equation (4.1), on the other hand, is due to active ion transport

across the cell layer. Many well documented examples are present in the literature, see for

instance Weinstein and Stephenson (1979) for transport the Necturus gallbladder, Krahn and

Weinstein (1996) in the proximal tubules. The typical picture is that ‘water follows the ions’, i.e.

water motion occurs in the main direction of ion transport. We note that this is not a ‘passive

flow’ in the sense that it requires energy expenditure for the ‘active’ ion transport.

In the context of epithelial transport, the model described by equation (4.1) represents a cell

layer as a membrane with zero thickness and considers the difference in quantities between the

two sides of it (the apical and basal side). While for the epithelia that have an evidence of the

establishment of difference in osmolarity, oncotic pressure difference and/or mechanical pressure

difference, the model (4.1) might be a good choice (e.g. ciliary processes, Lyubimov et al., 2007),

this is not the case for the RPE, for reasons that are detailed in the following.

To determine the relative contributions of the above mechanisms to fluid absorption in the

RPE Negi and Marmor (1986) injected balanced saline solution into the subretinal space in vivo

(in rabbit). Under physiological conditions, the solution was absorbed at a rate of 12 µl/cm2/hr.

Modifying the solution to a non-ionic isotonic solution this rate was reduced down to 3 µl/cm2/hr

and for the solution with a metabolic inhibitor, down to 4 µl/cm2/hr with, suggesting that about

70% of the absorption depends upon active ion transport, the osmotic component in (4.1), and the

other two factors might contribute only by 30%.

Let us now consider the three mechanisms accounted for in (4.1), separately, starting from

the mechanical pressure difference. Mechanical pressure difference between the IOP and choroid

is established due to outflow of fluid from the vitreous chamber into the retina. This pressure

difference, however, has been experimentally estimated to be about 1-4 mmHg (in cynomolgus

monkey and cat, Emi et al., 1989; Van Alphen and Robinette, 1961), which is a relatively small
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value compared to the possible osmotic effects. In fact, a difference of osmolarity 1 mOsm across

the epithelia would cause an osmotic pressure of about 19 mmHg, which is significantly higher

than the estimated mechanical pressure drop. Therefore, mechanical pressure gives a very small

contribution to transepithelial water transport.

To our knowledge no data on the oncotic composition of the fluid in the subretinal and

choroidal spaces are available, but, as mentioned above, oncotic pressure difference accounts only

for a small fraction of the total water flux.

Finally, there is evidence that RPE transports ions and fluid isotonically, i.e. without signifi-

cant difference in ion concentrations from the apical to basal sides (as shown in the frog Hughes

et al., 1984; Edelman et al., 1994; Hamann, 2002). This means the difference in osmolarity

between the apical and basal regions cannot be the main driver of transepithelial water flux,

and, consequently, there should be other mechanisms not accounted for in (4.1) that maintain

fluid transport and occur at the cellular level. In what follows we will describe two of the possible

mechanisms.

4.3 Standing gradient osmotic flow

A possible refinement of the model described by equation (4.1) consists in accounting for ‘local

osmotic flow’. Such flow occurs when there is a localised buildup of osmolarity in a certain region,

maintained by active mechanisms, which drives fluid towards that region.

Many works in the field of water transport across epithelial and endothelial layers have

shown that, in particular, the cleft gap between adjacent cells can play a significant role. The

underlying physical mechanism was first very clearly explained by Diamond and Bossert (1967),

who proposed a mathematical model of what is known as standing gradient osmotic flow (or local

osmosis). The idea behind this mechanism is explained in figure 4.2, where cells are schematised

as grey rectangles separated by a gap (the cleft gap). On one side we have a tight junction and

on the other the cleft opens into the basal region. Ions are actively pumped into the cleft owing

to the presence of Na/K-ATPase on cell membranes that governs active ion transport across the

epithelia. This creates an excess ion concentration in the cleft, which drives water flux from

the cell into the cleft. Ions in turn are transported along the cleft to the choroid by advection

and electrodiffusion. This effectively couples fluid and ion transport. The model by Diamond

and Bossert (1967) considered the coupling of osmolarity of a generic solute that is supported

by active pumping in the cleft with the transport of solvent. The authors took advantage of the

slender shape of the cleft to reduce the governing system of PDEs to a set of ODEs and solved

them numerically.

This work has been extended by Weinstein and Stephenson (1979), who accounted for the

transport of three ions: Na+, K+ and Cl− in the Necturus gallbladder and considered the presence

of ion channels and transporters in cell membranes. The authors also considered the coupling
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Figure 4.2: Diagram of the standing gradient system. Blue arrows indicate ion fluxes and black
arrows water motion.

between the cell and the cleft and solved a one-dimensional problem for these two compartments

numerically. Since then, many authors have used modelling to investigate the role of local osmosis

as a possible transport mechanism for various epithelia (see e.g. Weinstein and Stephenson, 1981;

Krahn and Weinstein, 1996; Avtar et al., 2008).

The validity of the theory of standing gradient osmotic flow, however, has been criticised

by Shachar-Hill and Hill (2002) and Hill (2008), mainly because the models use ‘questionable’

geometrical parameters and membrane hydrodynamic permeabilities, which are governed by

the presence of aquaporins (AQPs). In particular, it has been shown that knockout of AQPs in

different epithelia in mice results in a decrease of osmotic permeability, for example by a factor of

between 0.11−0.22 for the murine proximal tubule, with about a 50% decrease in water transport

Hill et al. (2004). This observation suggests that local osmosis may not be the only mechanism

responsible for active fluid transport and other mechanisms have to be considered.

4.4 Electroosmosis

Another possible mechanism, which has been extensively studied recently in other cell layers,

particularly in the corneal endothelium, is electroosmosis (Sanchez et al., 2016; Fischbarg, 2003;

Sanchez et al., 2002). Electroosmosis occurs due to the interaction of an electric field with non-zero

net charge located in the thin layer next to the cell wall, the Debye layer, which results in a

Coulomb body force acting on the fluid (Probstein, 2005).

To understand this better, let us consider an electrolyte solution, containing positive and

negative ions (e.g. NaCl dissolved in water) in a thin channel with charged walls (e.g. cell

membrane). The negatively charged wall attracts positively charged ions in the solution, which

leads to the formation of a thin layer with non-zero net charge density called electric double

layer (EDL) or Debye layer (see figure 4.3). The thickness of the EDL is determined by a balance

between the intensity of thermal (Brownian) fluctuations and the strength of the electrostatic

attraction to the wall and is called the Debye length (typically 1-100 nm). As a result, the EDL is

a capacitor itself, which has a small voltage jump ζ across it, the zeta potential (typically 0.01 -
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Figure 4.3: Sketch of uniform electroosmotic flow with Helmholtz-Smoluchowski velocity.

0.1 V), defined as the potential of the surface minus the potential just outside the EDL (Squires

and Bazant, 2004).

In the presence of an external electric field E, with magnitude E, the fluid in this charged

Debye layer acquires a momentum, which is then transmitted to adjacent fluid layers through

the effect of viscosity. If the fluid phase is mobile (such as in a narrow capillary or a gap between

two cells), it would cause the fluid to flow. Thus phenomenon is called electroosmosis (Ghosal,

2004).

In the limit of thin Debye layer, one may use the velocity in the Debye layer as a boundary

condition for the flow in the bulk of the domain (the slip velocity). The classical example is the

uniform flow (plug flow) with Helmholtz-Smoluchowski slip velocity. This is a solution of the

simplified problem in a channel with uniformly charged walls and the same pressure at the inlet

and outlet. In this case, when an electric field of magnitude E is applied along the channel, the

flow that is generated is uniform throughout the cross-section of the channel except for a very

thin EDL near the wall where the flow velocity rapidly decreases from its free stream value to

zero at the boundary (because of no-slip condition there, see figure 4.3). The velocity at the outer

boundary of the Debye layer can be seen as a slip velocity (Helmholtz-Smoluchowski slip velocity)

for the flow in the bulk and it takes the expression

(4.2) ue =−εEζ
µ

,

where ue is stream-wise fluid velocity, ε is dielectric constant of the solution and µ is fluid viscosity

(Probstein, 2005).

In the context of RPE, the transepithelial electrical potential (TEP) has been measured to be

around 5-15 mV (apical positive Reichhart and Strauß, 2014), which indicates the possibility that

the electric field, interacting with spatial charge density in the EDLs, drives an electroosmotic

flow. To evaluate the prospect of electroosmotic contributions to water transport in the RPE,

and epithelia more generally, a model of ion transport is required that can encompass both

osmolarities and the possible generation of electric fields. Moreover, one needs to refine Debye

layers to quantify the distribution of spatial charges there.
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4.5 Content of this part of the thesis

In Part II of this thesis we propose an integrated mathematical model based on electrodiffusion

that captures both ion and fluid transport in the RPE, together with their coupling. In Chapter 5

we develop the first generation model, which considers the presence of three different species:

Na+, K+ and Cl−. We quantify transport of these species across the epithelial layer. The model

is applied to study the relative importance of osmosis and electroosmosis for water flow across

the RPE. In Chapter 6 we refine the model to account for HCO−
3 , CO2, H2CO3 and H+, their

transport and chemical reactions. Such refinement gives better representation of the physiology

of the system and allows us to couple water and CO2 transport.
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5
MATHEMATICAL MODEL OF FLUID TRANSPORT ACROSS THE

RETINAL PIGMENT EPITHELIUM

This chapter is based on the publication by Dvoriashyna et al. (2018)

5.1 Introduction

In this chapter we propose a mathematical model to study fluid transport across the RPE.

We consider osmosis and electroosmosis as possible mechanisms and study their relative

importance. The model considers the presence of three different species: Na+, K+ and Cl−.

Transport and concentration of such species governs osmotic flow. Electroosmosis is driven by

interaction of the electric field with the nonzero spatial charge stored in Debye layers. In § 5.2 we

present the mathematical formulation of the model. Based on separation of spatial scales, we

use asymptotic expansions to reduce the model. The choice of model parameters is described in

the § 5.3, the results of the model are reported in § 5.4 and the discussion and conclusions of the

work are presented in § 5.5.

5.2 Methods

5.2.1 Model setup

We model the RPE cell layer as a two-dimensional row of rectangles with length L and width

H as in figure 5.1, separated by a distance 2h, which constitutes the cleft gap. As schematically

shown in figure 4.1, the apical membrane of the cells is highly folded, having a surface area

approximately 30 times larger than the basolateral one in amphibians (Miller et al., 1978) and

10 times in mammals (Adijanto et al., 2009). We neglect this folding in the geometrical domain,
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Figure 5.1: Sketch of the idealised geometry of the RPE. Cells have height L, width H and the
thickness of the cleft gap is 2h. Left panel: transepithelial transport of ions considered in the
model and ion concentrations. The apical membrane has Na+/K+-ATPases (depicted in green), K+

channels (purple) and Na+/K+/2Cl−co-transporters (red). Cl−(light blue) and K+ (purple) channels
are present in the basolateral membrane. The tight junction is permeable to K+. The values of
concentration and electrical potential in the cell and extracellular space are shown. The values
computed from the model are [Na+]i, [K+]i, [Cl−]i, φi, φa (reported in purple) and other values
are prescribed (in black). Right panel: the coordinate system used in the model and water fluxes
directions. The dashed box represents the ‘reference’ frame. The arrows represent schematically
the directions and magnitude of the fluid flow across the membranes. Qs (s ∈ {a,b, g, t j}) denotes
the flux through the membrane s. t j denotes the tight junction. The sketch is not to scale.

but consider its effect on the transport properties of the membrane via geometrical adjustments

to permeability coefficients for water and ions.

In our model we consider four different regions: apical (or subretinal space) (a), intracellular

space (i), the basal (or Bruch’s membrane) (b) and the cleft gap between two cells (or paracellular

space) (g) (see figure 5.1). Every extracellular region is separated from the cell by a membrane

that we name according to the respective region (a,b, g). The apical region is separated from the

cleft gap by a tight junction (t j), while the basal one is directly connected to the cleft gap.

We consider that RPE cells are located in a physiological solution of Na Cl and K Cl, which

dissociate into Na+, K+and Cl− ions. We neglect the presence of HCO−
3 and H+, because Na+, K+

and Cl− represent the major ion fluxes across the RPE (Miller and Edelman, 1990). The presence

of these additional species will be accounted for in the extension of the model, presented in

chapter 6. Thus, Cl− is the only anion accounted for in the extracellular space. The cell however,

has an anion gap due to the presence of large non-diffusible molecules, the concentration of which
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a,b, g, i values of s labelling apical, basal, cleft gap and intracellular regions respectively
ns

k concentration of ion k in region s (mM) such that ns
0 =[Na+]s,

ns
1 =[K+]s and ns

2 =[Cl−]s

X concentration of non-diffusible anions in the cell (mM)
zk valence and charge (‘+’ or ‘-’) of ion k
zX average valence of non-diffusible anions in the cell
φs electrical potential in region s (V)
ρs volume charge density in region s (C/m3)
σ0 surface charge density of the cell membrane (C/m2)
js
k flux of ion k per unit area in region s (mol/m2/s)

Ism
k electric current of ion k per unit area from region s to region m (A/m2)

Qs water flux per unit area through the membrane s (m2/s)
P flux through the membrane due to Na+-K+ATPase (mol/m2/s)
M flux through the membrane due to NKCC co-transporter (mol/m2/s)
J sm

k diffusive flux of ion k from region s to region m (mol/m2/s)
u= (u,v) fluid velocity field in the cleft gap (m/s)
p fluid pressure in the cleft gap (Pa).

Table 5.1: A list of parameters and variables used in the model, together with their units.

we denote with X and the corresponding fixed negative charge with X i := zX X , where zX is the

mean valence of these molecules. We account for active and passive ion transport across the cell

membranes. In particular, on the apical membrane we consider the presence of Na+-K+ATPases

(active transport), the channels which co-transport Na+, K+ and two Cl−(the NKCC channel)

and K+ channels (see figure 5.1). The basolateral membrane is assumed to have K+ and Cl−

channels (Wimmers et al., 2007; Reichhart and Strauß, 2014). The tight junction is considered to

be potassium selective (Peng et al., 2010). As possible mechanisms that drive water flow across

the RPE we consider transcellular osmosis and electroosmosis along the cleft gap.

Throughout this part of the thesis we adopt the notation presented in table 5.1. Unless stated

otherwise, we use superscripts to label regions and subscripts to label ions.

The modelling procedure is split into several steps. Although fluid and ion transport are fully

coupled, we present the corresponding models individually and simplify them using asymptotic

expansions. First we construct the model for ion transport, accounting for the spatial variability

of the electrical field and species concentrations. Due to the possibility of electroosmosis, we also

need to resolve the Debye layer at the cell membrane in the cleft gap and, in particular, predict

its surface charge. We therefore develop a solution in the double layer, which is relevant for the

fluid flow in the cleft. Then, we model the fluid flow in the cleft. Ion and fluid transport are fully

coupled because of the appearance of an advective term in ion fluxes and also because osmotic

water fluxes are based on jumps of ion concentration across the membranes.
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Parameter Value Source
Geometry

Length of the cell, L 10 µm Marmor (1998)
Height of the cell, H 10 µm Marmor (1998)
Width of the cleft, 2h 20 nm
Debye length, λD 1.8 nm
Aspect ratio of the cleft, δ= h/L 0.001
Aspect ratio of the EDL, λ=λD /L 1.8·10−4

Thermodynamics
Ideal gas constant, R 8.314 J/K/mol
Temperature, T 310 K
Faraday constant, F 96485 C/mol

Electric permittivity of fluid, ε 73 ·8.854 ·10−12 F/m
Gavish and Promislow
(2016)

Ion transport
Diffusion coefficient (K+ in water), D 1.7·10−9 m2/s Miller et al. (1978)
Electric capacitance of the cell membrane, Cm 10−2 F/m2 Matthews (2009)
Area factor of apical membrane folding, A f 10 Adijanto et al. (2009)
Average valence of fixed negative charge inside
the cell, zX

1.5

Maximum flux through the Na/K pump, P 10−6 mol/m2/s
McLaughlin and Mathias
(1985)

Na/K/Cl co-transporter coefficient, M 3·10−6 mol/m2/s

Permeability of membrane s to ion k, Ps
k m/s

s a b t j
Na+ 0 0 0
K+ 5 ·10−7 1.5 ·10−7 10−6

Cl− 0 0.8 ·10−8 0

Concentration of ion k in region s, ns
k, mM

k Na+ K+ Cl−

a 120 5 125
b 120 5 125

Fluid dynamics

Volume flow through the RPE, V 4-10 µl/hour/cm2 Hughes et al. (1984), Shi
et al. (2008)

Hydrodynamic permeability of the membrane, km 1.28 ·10−12 m/s/Pa Mathias and Wang (2005)
Permeability of the tight junction, kt j 1.28 ·10−10 m/s/Pa
Dynamic viscosity, µ 0.75 ·10−3 Pa/s water at 35◦C

Table 5.2: Model reference parameters; please refer to the text for further details on their
motivation.

5.2.2 Ion transport

Since we are interested in studying water transport across the RPE we do not need to consider

transient variations of the ion concentrations and the electrical potential, induced for instance by
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response to variations in light conditions, and look instead for steady-state solutions. The ion

transport model in region s consists of the conservation of fluxes for each ion k (Nernst-Plank

equations) and the Poisson equation for the electrical potential (Probstein, 2005)

∇· js
k = 0, js

k =−Dk

(
∇ns

k +
zkF
RT

ns
k∇φs

)
+uns

k, k ∈ {0,1,2},(5.1a)

∇2φs =−ρ
s

ε
, ρs = F

(∑
zkns

k − X s) , s ∈ {a,b, i, g},(5.1b)

where X i = X zX > 0 is a fixed negative charge in the cell and is assumed constant, and X s is

zero in all other regions (s 6= i). For simplicity, we assume that the diffusion coefficient Dk of all

considered ions is the same, and is denoted as D below. All other variables and parameters are

defined in table 5.1 and 5.2. It can be verified a posteriori that the Péclet number of the flow is

typically small (Pe ≈ 0.04 ) and thus it might be tempting to drop advection from ion transport

(the term uns
k in (5.1a)). However, the Péclet number might be a slightly misleading estimate of

the importance of advection over diffusion when the concentration drop is small with respect to

the concentration itself, which is the case in this model, in particular for Na+. Advective terms

are found to play non-negligible role and are thus retained in the model.

5.2.2.1 The bulk

We assume that the solution in the bulk of each region is electroneutral, which implies

(5.2)
∑

k=0,1,2
zkns

k = X s, s ∈ {a,b, i, g}.

This does not need to hold within a few Debye lengths of the cell membranes, which have a

lengthscale of nanometres (Weiss, 1996a,b). The use of (5.2) is justified by the observation that

cellular systems will relax to electroneutrality in the bulk on a timescale of nanoseconds (Weiss,

1996a,b) and we neglect such fast dynamics.

Equation (5.1b) cannot be used together with the electroneutrality assumption (Probstein,

2005) as they are not independent. Instead, following the approach of Mori et al. (Mori and Peskin,

2009; Mori et al., 2007), given electroneutrality in the bulk of each region, we can weight the

equations (5.1a) for ion k by zk, sum them over the species and use (5.2) to obtain the following

equation for the electrical potential

(5.3) ∇·
([

2∑
k=0

ns
k

]
∇φs

)
= 0.

We finally eliminate chloride concentration ns
2 as a variable using (5.2). Therefore, in the bulk of

every region we have three unknowns, ns
0, ns

1 and φs, and the corresponding two second-order

conservation equations (5.1a) (for k = 0,1) and (5.3) for the electrical potential.

All the membranes and the tight junction are subject to membrane-type conditions. At the

membrane between the generic regions s and m, we impose the conservation of ion fluxes for
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each species k, which is implemented by imposing that the ion current Ism
k on the s side of the

membrane equals the flux of charge due to the movement of species k passing from s to m,

Fzknsm · js
k = Ism

k ,(5.4)

where nsm is the unit normal pointing from region s to region m. The current Ism
k is prescribed to

account for all passive and active flows of ion k due to channels and pumps on the corresponding

membrane and it is a nonlinear function of concentrations and potential on both sides of the

membrane. The choice of constitutive relations for these currents is described in § 5.2.2.2. Note

that the above membrane conditions ‘jump’ across the Debye layers and involve only the values

of the variables in the bulk.

Noting that Cl− concentrations are no longer independent variables due to their elimination

via electroneutrality (5.2), it is convenient to implement a summation over the species, giving a

condition in the terms of the potential; in particular rather than the chloride boundary condition

we use ∑
k

Fzknsm · js
k =

∑
k

Ism
k .(5.5)

To close the system, we have Dirichlet and symmetry conditions at the outer boundaries of

the domain

na
k(x = L+ q)= Na

k , nb
k(x =−q)= Nb

k , k ∈ {0,1},(5.6a)

φb(x =−q)= 0,(5.6b)

∂φs/∂y= ∂ns
k/∂y= 0 at y= 0, y= h+H/2,(5.6c)

where q is the thickness of the apical and the basal regions (see Figure 5.1) and Na
k , Nb

k , k ∈
{0,1,2} are the imposed ion concentrations at the top of the apical and the bottom of the basal

regions, respectively. In vivo conditions are well described assuming that there is no electrical

current across the RPE, which means that we can model the system as an open-circuit. Moreover,

we wish to predict the value of TEP for comparing the model results with in-vitro experimental

measurements. Also in the experiments, TEP is normally determined using open circuit conditions

(Li et al., 2004). This can be achieved by imposing a Neumann condition of zero electrical current,

which we set at the top of apical region, so that

(5.6d)
∂φa

∂x
= 0, at x = L+ q.

At the boundary between the basal region and the cleft gap we impose continuity of variables

and fluxes.

To summarise, in every region s = a,b, i, g there are three equations, (5.1a) for Na+and K+

(k = 0,1) and (5.3) for the electrical potential. Noting the geometry of figure 5.1 we have at every

side of the membrane and at the tight junction membrane conditions (5.4) for k = 0,1 and (5.5),
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making 24 conditions in total. We also have 5 Dirichlet (5.6a)–(5.6b), one Neumann (5.6d) and

18 symmetry conditions (5.6c) at the outer boundaries of the domain and 6 conditions at the

boundary between the basal region and the cleft gap. Therefore in total we have 54 conditions.

However, the lower boundary of the apical region x = L consists of the boundary with the tight

junction for 0≤ y< h and with the cell for h ≤ y≤ H/2+h, and we can describe the conditions on

the corresponding regions as a single y-dependent boundary condition at x = L. This merging

allows us to reduce the number of effective boundary conditions to 51. The same argument is

valid at the basal region for the boundary x = 0, reducing the number of boundary conditions to

48. In this way, we have a second order problem in four rectangles, having a single condition at

each side of the rectangle, leading to a well defined system of 12 nonlinear coupled second order

PDEs for 12 unknowns in the regions with four boundaries, and also 48 boundary conditions. The

chloride concentration ns
2 is found from the electroneutrality condition (5.2).

5.2.2.2 Ion fluxes through cell membranes

In this section we describe the choice of constitutive relations for the currents across the cell

membranes. We consider the components for the ion transport across the RPE as shown in

figure 5.1 and discussed in § 5.2.1. Ion fluxes through the membranes take into account both

active and passive currents. We model the diffusive fluxes through the k ion channel across

the membrane from region s to region m with the Goldman-Hodgkin-Katz (GHK) flux equation

(Keener and Sneyd, 2009)

(5.7) J sm
k = zkPs

k
F

RT
V sm

ns
k −nm

k exp
(
− zkFV sm

RT

)
1−exp

(
− zkFV sm

RT

) ,

where V sm = φs −φm is the potential across membrane s; for the meaning and values of all

constants please refer to table 5.2.

To model the Na+/K+-ATPase and Na+/K+/2Cl−co-transporter fluxes through the apical

membrane we use relations as in the work of Strieter et al. (1990). The flux from Na+/K+-ATPase

is given by

(5.8) P = P

(
ni

0

KNa +ni
0

)3 ( na
1

KK +na
1

)2

,

where KNa = 0.2(1+ni
1/8.33) mM and KK = 0.1(1+na

0/18.5) mM are apparent Na+and K+ dissoci-

ation constants (see Strieter et al., 1990) and P is the maximum flux through the pumps.

The model for NKCC co-transporter flux can be linked to free energy as described in Strieter

et al. (1990). This approach has an advantage with respect to kinetic models, as the only parameter

to estimate is the co-transporter coefficient M. The flux through NKCC channels has the following

expression

(5.9) M = M log
ni

0ni
1(ni

2)2

na
0na

1(na
2)2 .
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The fluxes through the membranes for every ion can therefore be rewritten as follows

J ia
0 = 3P +M , J ib

0 = 0,(5.10a, b)

J ia
1 =J ia

1 −2P +M , J ib
1 =J ib

1 ,(5.10c, d)

J ia
2 = 2M , J ib

2 =J ib
2 ,(5.10e, f)

where b denotes both basal and lateral membranes. The tight junction is modelled as a membrane

which is permeable only to K+ and the fluxes are modelled using the GHK model

(5.11) Jag
1 =J

ag
1 .

Finally, the current of ion k at the membrane between the regions s and m is given by the

expression Ism
k = zkF Jsm

k .

5.2.2.3 Model reduction

To simplify the system we take advantage of the fact that the cleft gap has a very small aspect

ratio δ= h/L ≈ 0.001. This allows us to make some assumptions that are all verified a posteriori

with a direct numerical solution in Comsol Multiphysics® 5.3a.

The first simplification of the system (5.1a), (5.3)–(5.6c) is to neglect all the spatial variations

in the apical and basal regions. This is not obviously true in the vicinity of the tight junction in

the apical region and the boundary with the cleft gap in the basal one. However, the numerical

simulations in Comsol Multiphysics show that the relative deviations of concentrations and the

potential in the apical and basal regions from the imposed values at x =−q and x = L+ q are of

the order of 1-2%. We, therefore, consider all the model variables in the apical and basal region to

be uniform and equal to the values at the boundaries (5.6a), (5.6b) and impose the zero current

condition at the apical membrane, so that it reads

(5.12) P +J ia
1 +2δJ

ga
1 = 0.

Since water transport across the RPE is isotonic (Hamann, 2002) we assume that there is no

concentration jump across the epithelium, and thus osmotic flux can occur only due to local

osmosis through the cleft gap, implying that the lateral fluxes of water and ions have the same

order of magnitude as the fluxes through the cell. This in turn means that the flux per unit

area emerging from the cleft is 1/δ times larger than the one supported by the cell. This implies

that the spatial variability in the cell is negligible compared to the cleft (diffusion being strong

enough to suppress ionic concentration gradients) and suggests that all intracellular variables

can be considered as uniform and can be found by solving a spatially averaged problem. In fact, a

posteriori estimates show that the potential and concentration changes in the cell have an order

of magnitude of less than 1% of the corresponding average values. Following the above reasoning,
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the flux balance (5.1a) for Na+and K+ and the equation for electrical potential (5.3) in the cell are

simplified to a set of algebraic equations for the averaged quantities (see A.1 for the derivation)

3P +M = 0,(5.13a)

J ia
1 −2P +M +J ib

1 + 2
H

∫ L

0
J

ig
1 dx = 0,(5.13b)

P +J ia
1 +J ib

1 −J ib
2 + 2

H

∫ L

0

(
J

ig
1 −J

ig
2

)
dx = 0.(5.13c)

For the meaning of all other symbols and variables refer to Table 5.1 and 5.2. In summary, the

flux balance equation (5.1a) for Na+and K+ and the equation for electrical potential (5.3) in the

cell are simplified to a set of algebraic equations for the averaged quantities.

Taking advantage of the fact that the cleft is long and thin, the equations there can also be

simplified by using an asymptotic expansion in terms of δ, which leads to a set of three coupled

ODEs (derived in A.2)

D

(
d2ng

0

dx2 + d
dx

(
F

RT
ng

0
dφg

dx

))
−

(
q

dng
0

dx
−Qgng

0

)
= 0,(5.14a)

D

(
d2ng

1

dx2 + d
dx

(
F

RT
ng

1
dφg

dx

))
−

(
q

dng
1

dx
−Qgng

1

)
+J

ig
1 = 0,(5.14b)

2
DF
RT

d
dx

((
ng

0 +ng
1
) dφg

dx

)
+J

ig
1 −J

ig
2 = 0,(5.14c)

where q = 1
2h

∫ 2h
0 ud y is the depth-averaged velocity and Qg is the water flux per unit surface area

through the lateral membrane, defined in terms of osmotically driven and pressure driven fluxes,

as specified in § 5.2.3. The equations governing the velocity field u= (u,v) are also described in

§ 5.2.3.

For boundary conditions at the tight junction (x = L) we impose the influx of K+ with zero-flux

for other ions

D

(
dng

0

dx
+ F

RT
ng

0
dφg

dx

)
−Q t jng

0 = 0,(5.15a)

D

(
dng

1

dx
+ F

RT
ng

1
dφg

dx

)
−Q t jng

1 =J
ag
1 ,(5.15b)

2DF
RT

(ng
0 +ng

1)
dφg

dx
=J

ag
1 at x = L,(5.15c)

where Q t j is the water flux per unit surface through the tight junction. At the border with the

basal region (x = 0) we prescribe Dirichlet conditions, ng
k(x = 0)= Nb

k , k = 0,1 and φg(x = 0)= 0.

The Cl− concentration can be found from the electroneutrality condition (5.2). For the definition

and meaning of all the symbols please refer to Table 5.2.

We therefore have reduced the nonlinear coupled system (5.1a), (5.3)–(5.6d) to a system of

algebraic equations (5.12)–(5.13) for the variables in the cell and TEP, coupled with three ODEs
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(5.14) for Na+, K+ concentrations and the potential in the cleft gap. In the above set of equations

the concentration of fixed negative charge X i is unknown and is a surrogate for the unknown

cell volume; to determine it we need to impose an additional equation, which comes from water

balance and will be discussed in Section 5.2.4). This model of ion transport is the basis to model

osmotic flow. However, more information is needed to model electroosmosis, as we need to resolve

the Debye layers in the cleft gap.

5.2.2.4 The electrical double layer

In the electrical double layer (EDL), electroneutrality is not valid and the full system (5.1) in the

gap (s = g) has to be solved. The boundary conditions (5.4) for the bulk variables are unchanged.

However, we need an additional condition at the membrane for the electrical potential. This

condition imposes that the component of the electrical field normal to the membrane equals the

surface charge density over the dielectric permittivity

(5.16)
∂φEDL

∂y
= Cm(φg −φi)−σ0

ε
at y= h, x ∈ [0,L].

In the above expression Cm(φg −φi) is the Debye layer stored charge associated with capacitance

and σ0 is the wall charge. The former is related to the electrical potential difference between the

bulk of the cell and cleft via the membrane capacitance per unit area, Cm, while the latter is the

fixed charge due to the presence of charged membrane proteins.

At the boundary of the EDL and the bulk of the cleft we match the solution with the corre-

sponding values in the bulk.

The model can be simplified due to the small aspect ratio between the electrical double

layer and the cleft gap length, λ = λD /L ≈ 1.8 ·10−4, using an asymptotic expansion in terms

of λ; the analytical solution for the leading-order problem, in terms of the ion concentrations

nEDL
k , k = 0,1,2 and the potential φEDL in the EDL is derived in A.3. We note that at the leading

order advection is subdominant in the EDL and is thus neglected. This solution allows us to

estimate the value of the slip velocity for the electroosmotic flux in the cleft, as discussed in § A.3.

5.2.3 Water flow in the cleft gap

We finally investigate water flow in the cleft gap driven by electroosmosis, osmotic and mechanical

pressure differences. The solution is constructed by using a boundary-layer theory, with the inner

region corresponding to the EDL (similar to the works of Squires and Bazant (2004) and Yariv

(2009)) and the outer one, the bulk of the cleft gap. The analysis requires separation of scales

between the thickness of the cleft gap and the EDL, i.e. λ/δ¿ 1. This ratio is 0.18, which, given

that the quantities in the EDL decay exponentially (as in (A.28)), is sufficiently accurate for

our objectives. Moreover, the error of this approximation is (λ/δ)2 ≈ 0.03. Matching between the

solutions in the two regions provides us with an expression for the slip velocity to be used later

as a boundary condition in the outer problem.

76



5.2. METHODS

In the inner region (the EDL), the presence of non-zero net charge density is accounted for

in the context of fluid mechanics as a body force in the inertialess fluid momentum balance.

Therefore the problem is governed by the following system

−∇p+µ∇2u+ε(∇2Φ
)∇Φ= 0,(5.17a)

∇·u= 0,(5.17b)

where u= (u,v) is fluid velocity, p is pressure and Φ is the potential in the cleft gap, obtained as

a composite solution by matching the potential in the EDL and in the bulk.

The problem in the outer region (the bulk of the cleft gap, away from the cell membrane) is

governed by the standard Stokes equations, i.e. (5.17a), (5.17b) without the body force term. The

matching procedure is reported in A.4 and results in the following expression for the slip velocity

at the boundary between the EDL and the bulk of the cleft:

(5.18) uslip =−κεCm(φg −φi)−σ0

µ
p

C(x)
∂φg

∂x
−κ2εC′(x)

(Cm(φg −φi)−σ0)2

8µC2(x)
,

where C(x)=∑2
k=0 ng

k and κ=
p

RT/εF2 . The first term of the above expression is analogous to

the standard Helmholtz–Smoluchovsky slip velocity (Probstein, 2005) for variable electric field

and zeta potential; the second term appears due to the fact that the concentrations in the bulk of

the cleft are non-uniform.

We use this velocity as the slip boundary condition at the lateral walls to solve the problem

for water flow in the bulk. We assume that hydrostatic pressure difference across the cell layer

and across cell membranes (but not tight junctions) is negligible (Hamann, 2002). Thus, without

loss of generality, we can set p equal to zero in the cell, apical and basal regions, and hence p

measures the pressure relative to its value in these regions. We consider the presence of osmotic

and pressure-driven fluxes through the tight junction Q t j and lateral membranes Qg, which are

given by the following expressions

Qg(x)= km

[
RT

(
2∑

k=0
(ni

k −ng
k(x))+ X

)
+ p(x)

]
,(5.19)

Q t j = kt j

[
RT

2∑
k=0

(na
k −ng

k(L))+ p(L)

]
,(5.20)

where km and kt j are the hydrodynamic permeabilities of the cell membrane and the tight

junction respectively. Note that all reflection coefficients in this and following similar expressions

are taken to be unity as is reported to be typical in the context of ion transport for animal cell

homoeostasis (Weiss, 1996a). Equation (5.17) is, therefore, reduced using lubrication theory, to

give the water velocity in the bulk as

(5.21) u = 1
2µ

∂p
∂x

(y2 −h2)+uslip, −h ≤ y≤ h, 0≤ x ≤ L

77



CHAPTER 5. MATHEMATICAL MODEL OF FLUID TRANSPORT ACROSS THE RPE

(the trans-cleft coordinate y is illustrated in figure 5.1). The equation for the pressure is obtained

by integrating the continuity equation, to give

(5.22a) − h3

3µ
d2 p
dx2 +h

duslip

dx
=−Qg,

subject to boundary conditions

p = 0 at x = 0,(5.22b)

−h3

3µ
dp
dx

+huslip =Q t j at x = L.(5.22c)

Equation (5.22a) balances the gradient of fluid flux along the cleft with osmotic transport driven

by pressure differences across the lateral walls. Finally, the y-component of the velocity v can be

obtained from (5.17b). The derivation of the above expressions is reported in A.4.

5.2.4 Coupling between ion and fluid flow

We now have a model for ion and fluid transport. To couple the two we write the flux-balance

equation in the cell as

(5.23)
∫ H

0
Qa d y+

∫ H

0
Qb d y+2

∫ L

0
Qg dx = 0,

where the fluid fluxes Qa, Qb are defined as

Qa = A f kmRT
(∑2

k=0(ni
k −na

k)+ X
)
, Qb = kmRT

(∑2
k=0(ni

k −nb
k)+ X

)
.(5.24)

This balance is required for the volume of the cell to remain constant. It provides the additional

equation needed to determine the concentration of large negatively charged molecules in the cell

X , and in turn gives a feedback to ion concentrations and the potential through the electroneu-

trality condition (5.2). Moreover, the lateral flux Qg in (5.23) depends on the mechanical pressure

p(x) that is governed by fluid flow in the cleft. This equation therefore provides an additional

coupling between the fluid flow and ion transport.

5.2.5 Solution of the fully coupled problem

We proceed to summarise how ion and fluid dynamics are coupled in our model and how the solu-

tion, including the water balance constraint, is obtained. The system of equations in dimensional
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form is the following

Ion transport in the cell

3P +M = 0,(5.25a)

J ia
1 −2P +M +J ib

1 + 2
H

∫ L

0
J

ig
1 dx = 0,(5.25b)

P +J ia
1 +J ib

1 −J ib
2 + 2

H

∫ L

0

(
J

ig
1 −J

ig
2

)
dx = 0;(5.25c)

Open circuit condition

P +J ia
1 +2δJ

ga
1 = 0,(5.25d)

Ion transport in the cleft

D

(
d2ng

0

dx2 + d
dx

(
F

RT
ng

0
dφg

dx

))
−

([
−h2

3µ
dp
dx

+uslip

] dng
0

dx
−Qgng

0

)
= 0,(5.25e)

D

(
d2ng

1

dx2 + d
dx

(
F

RT
ng

1
dφg

dx

))
−

([
−h2

3µ
dp
dx

+uslip

] dng
1

dx
−Qgng

1

)
+J

ig
1 = 0,(5.25f)

2
DF
RT

d
dx

((
ng

0 +ng
1
) dφg

dx

)
+J

ig
1 −J

ig
2 = 0;(5.25g)

Fluid transport in the cleft

−h3

3µ
d2 p
dx2 +h

duslip

dx
=−Qg,(5.25h)

uslip =−κεCm(φg −φi)−σ0

µ
p

C(x)
∂φg

∂x
−κ2εC′(x)

(Cm(φg −φi)−σ0)2

8µC2(x)
;(5.25i)

Water balance

Qa +Qb + 2
H

∫ L

0
Qg dx = 0,(5.25j)

where C(x)= ng
0 +ng

1 +ng
2 and in the last equation we used spatially uniformity of the variables.

Equations (5.25a)–(5.25d) and (5.25d) are algebraic equations. All constitutive equations for

fluxes of water and ions are reported in table 5.3. The ODEs in the cleft (5.25e)– (5.25g), are

accompanied by the corresponding boundary conditions

ng
0 = Nb

0 , ng
1 = Nb

1 , φg = 0, p = 0 at x = 0;(5.26a-d)

D

(
dng

0

dx
+ F

RT
ng

0
dφg

dx

)
−Q t jng

0 = 0, D

(
dng

1

dx
+ F

RT
ng

1
dφg

dx

)
−Q t jng

1 =J
ag
1 ,(5.26e, f)

2DF
RT

(ng
0 +ng

1)
dφg

dx
=J

ag
1 , −h3

3µ
dp
dx

+huslip =Q t j at x = L.(5.26g, h)

The first step of the model is to solve the problem for ion transport in the cell with open circuit

numerically (5.25a)–(5.25d), imposing an initial value of X , to obtain values for TEP, φi, ni
0 and

ni
1. These quantities appear in boundary conditions for the problem in the cleft and, therefore,

also in equations (5.25e)–(5.25g). Resolving the double layer is essential to obtain the expression
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Flux Expression

Ion k from region s to region m J sm
k = zkPs

k
F

RT V sm ns
k−nm

k exp
(
− zkFV sm

RT

)
1−exp

(
− zkFV sm

RT

)
Na+/K+pump P = P

(
ni

0
KNa+ni

0

)3 (
na

1
KK+na

1

)2

Na+/K+/Cl− co-transporter M = M log ni
0ni

1(ni
2)2

na
0na

1(na
2)2

Water flux through cell membrane s Qs = ks
m

[
RT

(∑2
k=0(ni

k −ns
k)+ X

)− (pi − ps)
]

Water flux through tight junction Q t j = kt j
[
RT

∑2
k=0(na

k −ng
k(L))+ p(L)

]
Table 5.3: Constitutive relations for water and ions adapted throughout the model. For the
meaning of the symbols please refer to table 5.2. Here in the expressions for water fluxes,
ks

m = km for s = b, g, ka
m = A f km and pa = pb = pi = 0.

for the slip velocity (5.25i), which appears in the problem for the fluid in the cleft (5.25h). The slip

velocity depends on the bulk concentrations and the potential in the cleft gap. The problem for ion

transport in the cleft (5.25e)–(5.25g) is thus coupled with fluid transport (5.25h) via advection,

osmotic water fluxes and the slip velocity. They are solved numerically together to obtain the

concentration profiles ng
k(x), k = 0,1, the potential φg(x) in the bulk of the cleft, fluid velocity

u(x, y) and pressure p(x).

The last step of the solution is to enforce water flux balance in the cell, which is given by

equation (5.25j). This condition is satisfied by recalculating the value of X and setting up an

iterative procedure with respect to X , until water balance is enforced with the required precision.

This is implemented by the following steps:

1. For a given value of X , denoted X prior, we solve the spatially-averaged problem for ion

transport (5.25a)–(5.25d) for the unknowns TEP, φi, ni
0 and ni

1 in the cell.

2. We solve the problem for fluid and ion transport in the bulk of the cleft (5.25e)–(5.25g),

(5.25h) to find the distributions of potential φg, concentrations ng
0 and ng

1 , fluid pressure p

and velocity u, using the expression for the slip velocity (5.25i).

3. We find the fluxes Qs, s ∈ {a,b, g, t j} and use (5.25j) to solve for the iteration update of X ,

that is Xupdate.

4. We go to step 1 with the updated value of X , now resetting X prior = Xupdate, for the next

iteration until the condition (5.25j) is satisfied with X prior for a desired tolerance.

This solution procedure was implemented in Matlab to obtain all the results reported in §5.4.

We have also verified the stability of the solution by keeping time derivatives in the governing

equations and integrating them in time.
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5.3 Choice of the parameter values

The choice of parameters is very challenging due to the lack of clinical measurements on human

RPE. Some data on ion fluxes and membrane permeabilities have been reported for other species,

such as frog and cow, but to our knowledge, no such measurements are available for humans.

We thus were forced to make assumptions on some of the parameter values. As a general rule,

we tried to use data from the literature whenever possible and attempted to reproduce with

the model concentrations of the various species and TEP close to measured values. Since the

model is a simplification of the real system and not all ingredients are considered, the values of

some parameters we use might need adjustment in more refined models. The list of reference

parameters used in the model is reported in table 5.2 and their choice is discussed below.

5.3.1 Geometry

We consider the RPE as a monolayer of rectangular cells with thickness H and length L. The

typical RPE length varies from 10 to 60 µm (Marmor, 1998), with the lower value at the macula.

The diameter of the RPE cells is ≈ 14 µm (Sharma and Ehinger, 2003). In our model we consider

L = H = 10 µm. The reference width of the cleft gap h is fixed to be 20 nm. The apical membrane

of the RPE cell has long microvilli (Sharma and Ehinger, 2003), and the folding factor A f was

estimated by Adijanto et al. (2009) in human cells to have the value of 10, based on CO2 transport.

We therefore set A f = 10.

5.3.2 Ion transport

We consider the RPE to be in a bath of 120 mM NaCl and 5 mM KCl solution, giving a total

osmolarity of 250 mM. Therefore, ion concentrations in the apical and basal regions are Ns
0 =

120 mM, Ns
1 = 5 mM and Ns

2 = 125 mM, s ∈ {a,b}. In our model we neglect the presence of HCO−
3

and all the active and passive transport associated with it, such as the Na+-HCO−
3 co-transporter

and HCO−
3 -Cl− exchanger in the basolateral one. Since we do not consider passive transport of

Na+ across membranes and of Cl− across the apical membrane, the corresponding permeabilities

are set to be zero, Pa
0 = Pb

0 = Pa
2 = 0.

K+ channels in the apical membrane were studied by Kusaka et al. (2001) in the rat RPE, who

found the ratio between conductance and cell capacitance to be ga
1/Cm ≈ 0.14 nS/pF, from which we

can compute, using the value of Cm reported in table 5.2, ga
1 ≈ 1.4 S/m2. Using linear expression

for the current, one would write Iai
1 = ga

1
(
φa −φi +RT/F ln(na

1/ni
1)

)
. However, we use the GHK

model for the current (5.7) and estimate the order of magnitude of membrane permeability Pa
1 , we

match the two expressions for the following values of potential and concentrations: ni
1 = 120 mM,

φi =−75 mV and φa = 15 mV, and obtain 2.5 ·10−8 m/s. To account for apical membrane folding

this value has to be multiplied by 10. In the following we use Pa
1 ≈ 5 ·10−7 m/s. In our framework,
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increasing this permeability does not cause significant change of ion concentrations in the cell,

but results in a depolarization of the apical membrane, thus decreasing TEP.

The basolateral membrane permeability to Cl−, Pb
2 , is controlled by the presence of Cl−

channels Reichhart and Strauß (2014). The conductance of this membrane was estimated in the

frog RPE by La Cour (1992) to be ≈ 5.9 S/m2. The value refers to the whole epithelium rather

than the membrane itself, and thus the presence of lateral membranes is incorporated into this

value, which leads to an estimate of the permeability ≈ 2.7 ·10−8 m/s via similar calculation as for

Pa
1 with ni

2 = 50 mM. Increasing Pb
2 results in depolarisation of basolateral membrane, elevation

of ni
0, decrease of ni

1 and ni
2 and the increase of water flux. To ensure the TEP is within the

range of observed values (Reichhart and Strauß, 2014) we have fixed Pb
2 = 0.8 ·10−8 m/s. For same

reasons, the basolateral permeability to K+, Pb
1 , was fixed to be Pb

1 = 1.5 ·10−7 m/s. Increasing

permeability Pb
1 results in polarisation of the basolateral membrane and decrease of TEP.

We consider tight junctions to be permeable to K+, based on the observations of Peng et al.

(2010). The value of this permeability P t j is unknown, we therefore investigate the effect of

variation of this parameter in the §5.4 (see figures 5.3, 5.5(a)) and take the reference value for

the permeability to be P t j = 10−6 m/s.

The order of magnitude for the amplitude of the Na+-K+ pump, P, has been chosen based

on the work of McLaughlin and Mathias (1985), where they estimated the current from Na+-

K+ATPase to be 10 µA/cm2. We fix the maximum value of the pump to correspond to this current,

P ≈ 10−6 mol/m2/s. Increasing the pump rate results in the elevation of TEP and the increase of

water flux across the RPE.

In equation (5.9), the co-transporter coefficient, M, is assumed to be triple that of the pump,

M = P ·3≈ 3 ·10−6 mol/m2/s to obtain a Cl− concentration in cell in the range of observed values

in frog and bovine RPE (Fujii et al., 1992; Bialek and Miller, 1994). Increasing M results in

depolarisation of the basolateral membrane.

The average valence of negatively charged large molecules in the cell, zX , differs among cells

and species. Lew et al. (1979) calculated it to be 1.85 with parameters from amphibian skin and

urinary bladder. In this work we fix zX = 1.5.

Finally, for the solution in the EDL we need to fix the surface charge due to proteins, σ0. We

fix it to correspond to a zeta potential of −10 mV, which is in the range of standard values for the

cell membrane (Rubashkin et al., 2006).

5.3.3 Fluid dynamics

We consider intracellular and extracellular fluid to have the properties of water. The electric

permittivity ε is used for 250 mM NaCl solution at 35◦C (Gavish and Promislow, 2016). Water

is transported across the cell membrane through a lipid bilayer, which has low permeability,

and water channels, aquaporins AQP1 (and other AQPs Stamer et al., 2003; Juuti-Uusitalo

et al., 2013), that elevate the hydrodynamic permeability. In fact, for some epithelia, the water
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velocity scale across the membrane can be elevated from 10−4 cm/s to 10−2 cm/s by aquaporins

(Hill, 2008). In our model we consider the reference value for membrane permeability to be

km = 1.28 ·10−12 m/s/Pa (Mathias and Wang, 2005) and study the dependence of fluxes on its

variation in figure 5.6.

The hydrodynamic permeability of the tight junction is chosen to be 100 times that of the

reference value for the membrane permeability, km, so that kt j = 1.28·10−10 m/s/Pa. The variation

of this parameter is also shown in figure 5.6.

5.4 Results

Throughout this section we use, as baseline, the parameter values reported in table 5.2, unless

otherwise specified. As discussed in §5.2, the concentration of all species in the cell are assumed

to be spatially uniform. The values predicted by the ion transport model (5.13) are shown in

figure 5.1 (left panel) in purple. The values of the concentrations in the apical and the basal

regions Ns
k, k = 0,1,2, s ∈ {a,b} are prescribed and are reported in the figure in black. The

concentrations predicted for Na+, K+and Cl−are ni
0 = 18.5 mM, ni

1 = 121.5 mM and ni
2 = 51 mM,

respectively. All calculated values are close to those observed in the RPE (Adijanto et al., 2009;

Reichhart and Strauß, 2014; Strauss, 2011). The existing measurements of Cl− concentration

provide values varying in a relatively wide range, from 62 mM in the bovine RPE (Bialek and

Miller, 1994) to approximately 20 mM in the toad and chick RPE (Fujii et al., 1992; Gallemore

and Steinberg, 1989). We note that the Cl− values reported are high compared to the other

mammalian cell types.

In figure 5.1 we also report the predicted values of the potential in all regions. The potential

is, without loss of generality, imposed in the basal region (reported in black) and computed in the

interior of the cell and the apical region. The transepithelial potential TEP =φa −φb is positive

and equal to ≈ 14.6 mV, which is within the range of values observed in different species, from

2.2 mV to 15 mV (Reichhart and Strauß, 2014; Frambach et al., 1989; Quinn and Miller, 1992).

The fluxes of K+ and Cl− are about 2.96 ·10−6 mol/m2/s. There is no net Na+ transport, since

we do not consider the Na+- HCO−
3 co-transporter in the basolateral membrane (Hamann, 2002).

The value of Cl− flux predicted by our model is larger than the one measured by La Cour (1992)

in the frog RPE, which was ≈ 2 ·10−6 mol/m2/s, but has the same order of magnitude.

Ion fluxes occur from the cell both to the basal region and the cleft gap. The flux through the

lateral wall has to be balanced by a flux along the cleft, which is supported by ion concentration

and electrical potential gradients. In figure 5.2(a) we plot the departure of the concentration of

all species from their basal values along the cleft. K+ and Cl− concentrations increase towards

the tight junction. The Na+ concentration, on the other hand, decreases and, since lateral

membranes are impermeable to it, its behaviour is governed by electroneutrality. The variation of

concentration has the same order of magnitude for all species. The potential along the cleft gap is

83



CHAPTER 5. MATHEMATICAL MODEL OF FLUID TRANSPORT ACROSS THE RPE

0 2 4 6 8 10

-1.5

-1

-0.5

0

0.5

1

1.5

2

Na
+

K
+

Cl
-

(a)

0 2 4 6 8 10

-0.1

-0.08

-0.06

-0.04

-0.02

0

(b)

Figure 5.2: (a) Deviation of the ion concentrations along the cleft from those in the basal region.
The x - axis goes along the symmetry midline (y = 0) of the cleft from the basal region to the
tight junction, as shown in Figure 5.1. (b) The electrical potential along the cleft. P t j = 10−6 m/s,
δ= 10−3. All other parameters are given in table 5.2.

shown in figure 5.2(b). The figure shows that the potential decreases from zero at the basal region

to a negative value at the tight junction, despite the fact that the apical potential is positive. This

implies that the potential drop across the tight junction has a larger magnitude than the TEP.

The value of tight-junction permeability to K+, P t j, appearing in the equation (5.11), is

unknown in the RPE, and in other epithelia it could vary over several orders of magnitude,

depending whether the epithelium is leaky or tight (Anderson and Van Itallie, 2009). The drop

of ion concentrations and of the potential in the cleft is shown in figure 5.3. We vary P t j from

1.5 ·10−8 to 1.5 ·10−4 m/s. Within this range (4 orders of magnitude) the concentrations and the

potential remain almost constant, implying our lack of knowledge about the permeability of the

tight junction does not significantly affect the model results.

The concentration variation of all species in the cleft, along with the fact that the concentra-

tions in the cell are not spatially variable, implies that an osmotic flux is generated across the

cell lateral membrane. Such a water flux is directed from the cell to the cleft, since the osmolarity

in the cleft is larger than in the cell. Moreover, the existence of an electrical field along the cleft

generates an electroosmotic flow. Since electroosmotic flow follows the potential gradient, it is

directed from the basal to the apical region and therefore competes with the osmotic flux.

The velocity field in the cleft is shown in figure 5.4(a). The effect of the slip velocity can be

seen through the circulation next to the walls, close to the boundaries of the cleft with the basal

region. The slip velocity is directed from the basal to the apical region, which is a consequence of

the negative sign of the potential gradient along the cleft. However, water flow is mostly due to

the lateral osmotic fluxes. The inflow from the tight junction is barely visible in the plot because

its magnitude is much smaller than the one from the lateral walls.
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Figure 5.3: Differences in ion concentrations (a) and the potential (b) between model predictions
in the cleft at the boundary with the tight junction and at the basal region, as a function of tight
junction permeability to K+, P t j. All other parameters are given in table 5.2.
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Figure 5.4: (a) The velocity vectors in the cleft. The x-axis spans from basal to apical region,
the y-axis spans across the cleft. The cleft thickness is magnified for clearer visualisation. The
maximum velocity magnitude is 5.2 µm/s. (b) Fluid pressure along the cleft. Parameters are
reported in table 5.2 with P t j = 10−6 m/s, δ= 10−3, kt j = 1.28 ·10−10 m/s/Pa.

Figure 5.4(b) shows the pressure along the cleft gap relative to the pressure in the cell, which

we assume to be constant and equal to zero. The maximum value is close to the tight junction

and is about 4 mmHg. We note that in reality the cleft gap is compliant and such pressure values

might induce an increase of its thickness. Introducing this effect to the model would add extra

complexity and additional unknown parameters (see Weinstein and Stephenson, 1979), without

qualitatively changing the results. For instance, for a cleft gap 5 times thicker, h = 50 nm, the

maximum pressure value drops to 0.025 mmHg, but the water flux reduces only by a factor of 1.5.
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Figure 5.5: (a) Ratio between predicted electroosmotic and osmotic fluxes across the RPE as a
function of tight junction permeability P t j with δ= 10−3. (b) Osmotic flux FO and electroosmotic
flux FEO magnitudes as a function of aspect ratio of the cleft δ = h/L with P t j = 10−6 m/s.
The black dashed line corresponds to the measured value of transepithelial water transport
4 µl/h/cm2 ≈ 1.1 ·10−8 m/s (Shi et al., 2008). In both figures kt j = 1.28 ·10−10 m/s/Pa. All other
parameters are given in table 5.2.

Therefore, similarly to what has been implemented in various other works on epithelial transport

(e.g. Mathias, 1985), we do not account for the compliance in the present model.

The contribution of the electroosmotic flux in the cleft FEO to the total flow is computed

via FEO = FTOT −FO, where FTOT is the transepithelial flux per unit surface and FO is the

flux, driven only by osmosis, obtained by solving (5.22), with zero slip velocity uslip = 0 (thus

‘switching off ’ electroosmosis). The model predicts, that FEO ≈ 0.9 ·10−11 m/s and FO ≈ 0.7 ·10−8

m/s, indicating that osmosis dominates electroosmosis. The overall flux is therefore directed

towards the basal region. In figure 5.1 we show the direction of water fluxes predicted by the

model. The length of the arrows schematically indicates the magnitude of the corresponding flux.

We note that there is an osmotic flux also from the basal region to the cell, but it is smaller than

that from the apical region, owing to the fact that the apical membrane is highly folded. For

baseline values for the parameters, the water flux per unit surface through the RPE is equal to

0.7 ·10−8 m/s.

The ratio between osmotic and electroosmotic fluxes as a function of the tight-junction

permeability to K+ is shown in figure 5.5(a). The flux ratio is negative since the electroosmotic

flow has an opposite direction to the osmotic flow. Moreover, this ratio keeps the same order

of magnitude over a wide range of values of P t j, which indicates that electroosmotic flux is

subdominant. Figure 5.5(b) shows the effect of the cleft aspect ratio (h/L) on the osmotic and

electroosmotic contributions to the total flow. Increasing the cleft aspect ratio results in smaller

potential and concentration gradients and both fluxes decrease. Electroosmosis becomes more
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Figure 5.6: Flux per unit surface through the RPE as a function of the membrane hydrodynamic
permeability km for different values of tight junction hydrodynamic permeability kt j. k̃m is the
typical value for hydrodynamic permeability of the cell membrane, k̃m = 1.28·10−12 m/s/Pa (Math-
ias and Wang, 2005). The baseline value for the membrane permeability is represented by the
vertical black punctured line. The horizontal black dashed line corresponds to the measured value
of transepithelial water transport 1.1 ·10−8 m/s. δ= 10−3, P t j = 10−6 m/s. All other parameters
are given in table 5.2.

relevant as the aspect ratio tends to zero.

In figure 5.6 we investigate the effect of the hydrodynamic permeability of the lateral mem-

brane km and of the tight junction kt j on the flow (see equation (5.22a)). The five curves corre-

spond to different values of kt j for which, to our knowledge, there are no measurements. We

thus consider it to be a multiple of the typical membrane permeability, which we denote as k̃m.

Figure 5.6 shows that the hydrodynamic permeability of the cell membrane km has a significant

influence on the magnitude of the flow in the cleft, since it governs the osmotic fluxes. On the

other hand, due to the small cleft aspect ratio δ, the permeability of the tight junction, kt j, has a

smaller effect on water flux. kt j should be of order km/δ for the osmotic fluxes through the tight

junction and lateral walls to have the same magnitude. In fact, it can be seen from the plot that

for large values of kt j the flux is weakly affected by changes in km.

So far we assumed that the osmolarity in the apical and basal regions is the same. This

assumption, however, might be too restrictive in physiological systems. Figure 5.7 shows the

response of water flux across the RPE to a perturbation of apical NaCl concentration from its

baseline value (given in table 5.2), while keeping the basal NaCl composition fixed. This response

is linear with a slope of 2.11 ·10−12 m/s/Pa, that may be physiologycally interpreted as an osmotic

permeability of the RPE. We note that the line does not pass through the origin since for baseline
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Figure 5.7: Water flow across the RPE as a function of apical NaCl perturbation. km = 1.28 ·10−12,
P t j = 10−6 m/s, δ= 10−3 and all other parameters are given in table 5.2.

NaCl concentration there is non-zero water flux due to the presence of ion concentration gradients

in the cleft.

5.5 Discussion

A significant proportion of ocular pathology is due to fluid accumulation in the subretinal space.

It occurs in diabetic maculopathy and some forms of age-related macular degeneration, the two

being among the most common causes of visual impairment or blindness. One of the reasons

of fluid accumulation in the subretinal space is failure of fluid pumping by the retinal pigment

epithelium (RPE). Failure of such a pumping is also associated with increased risk of retinal

detachment (Gallemore et al., 1998). Understanding the mechanisms of fluid transport across

the RPE is important to obtain an insight about preventing and/or treating the pump failure and

it is the primary aim of the present work.

The mechanisms that drive fluid across various types of epithelia have been thoroughly

investigated (Fischbarg, 2003). In addition, many authors studied water transport across the

corneal endothelium, in particular focusing on the role of electroosmosis (Fischbarg and Diecke,

2005; Fischbarg et al., 2006; Sanchez et al., 2016). However, the details of RPE water transport

are poorly understood, despite their clinical relevance, though the close integration with ion

transport suggests there are favourable prospects for furthering a mechanistic description for

water transport in the RPE.

In this chapter we propose a mathematical model that incorporates this coupling between

cellular ion and fluid transport within a coherent framework that resolves ion concentrations

and the electric potential within the cleft gap. The model accounts for the presence of three ions
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(Na+, K+ and Cl−), which, according to experimental measurements, are dominant in terms of

concentrations and magnitude of ion fluxes across the RPE (Miller and Edelman, 1990). Although

it neglects some potentially important elements, such as bicarbonate, protons, carbon dioxide and

lactate, the three-ion model is anticipated to be sufficient, as a first approximation, to describe

the essential features of RPE water and ion transport, as well as illustrating that physically

consistent, spatially resolved models for water and ion transport can be developed, which is a

further aim of this work. In the next chapter we add more components to the model.

The model of ion transport consists of conservation equations for ion fluxes and the Poisson

equation for the electrical potential together with prescribed boundary and membrane conditions.

We consider the apical membrane to be flat, disregarding the presence of microvilli in the

geometry, but accounting for them in terms of membrane transport properties. In the bulk

of the cell and extracellular space we assume electroneutrality. The small aspect ratio of the

cleft (δ = h/L ≈ 0.001), allows us to significantly simplify the system. As a result, we obtain

distributions of concentrations and the potential in the bulk of both the cell and the cleft gap. We

also resolve the Debye layers, at the cell membranes, to obtain the spatial profile of potential and

charge density in the cleft, which are necessary to describe electroosmotic flow.

To model the flow in the cleft gap between adjacent cells we account for the effects of osmotic

fluxes through the lateral walls and the tight junction and electroosmosis along the cleft gap. The

ion transport model provides the necessary information to describe these mechanisms. Taking

advantage of the cleft geometry, we use thin-film approximation to model fluid flow and note that

water and ion transport are coupled through the effect of advection. An additional coupling arises

from the overall water balance which controls cell volume.

For the chosen set of parameters (given in table 5.2), the model reproduces ion concentrations

in the cell and membrane potentials close to those observed in the RPE experimentally. The

model resolves the heterogeneous profiles in the cleft gap in concert with a coupling of the ion

and fluid transport within a coherent framework. Unlike most works on epithelial transport (e.g.

Weinstein and Sontag, 2009; Strieter et al., 1990; Lew et al., 1979), the present model treats the

system as fully spatial until and unless there is evidence to neglect spatial variability, and it is

found that some spatial effects need to be retained. In particular, the predicted spatial variability

of ion concentrations and electrical potential along the cleft gap has important consequences and

cannot be predicted by standard compartmental models of epithelial transport.

The importance of spatial variability was already highlighted by Weinstein and Stephenson

(1979), who developed a mathematical model for general epithelia, with particular attention to

Necturus gallbladder. Despite the similarities, our model holds several substantial differences

with the work of Weinstein and Stephenson (1979). First, the authors aimed at investigating

the transport in leaky epithelia, whereas the RPE is tight. Second, as a result of distinct cell

types in two models, different ion channel composition and, therefore, constitutive laws were

adapted. Moreover, our model investigates the possibility of electroosmosis along the cleft, and
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therefore the electrical double layers close to the cell membranes are accounted for, which was not

implemented in Weinstein and Stephenson (1979). However, the authors also considered the effect

of compliance of the cell membranes, that we neglect even if we account for the changes in cell

volume, advocating that this additional effect would not change the qualitative and quantitative

in terms of water flux conclusions of the present work.

The results show that the transepithelial flow has a direction from the apical to the basal

region and its magnitude is about 0.7 · 10−8 m/s, which is close to the measured value of the

flow through the human RPE of 1.1–2.8 ·10−8 m/s (Shi et al., 2008). If we account for a hexag-

onal arrangement of the cells, and assuming that L is the side of cell, then the calculated flux

value should be multiplied by a factor of ≈ 2/
p

3 . Although we are in the regime of isotonic

transepithelial fluid transport, there is an osmotic flow through the RPE driven by the spatial

variability of ion concentrations in the cleft (figure 5.1). The transport from the cell to the cleft

gap is hypertonic, reaching isotonicity at the boundary with the basal region and is known as

local osmosis (Diamond and Bossert, 1967; Hill, 1975). We must emphasise, however, that the

model prescribes the same concentrations in the apical and basal regions, which is a restrictive

assumption according to the physiological definition of isotonic transport. Weinstein and Stephen-

son (1979) proposed that the transepithelial difference in osmolarity can be 1-2% for epithelium

to transport isotonically. In our framework, a 2% change of bathing NaCl solution in the apical

or basal side will result in additional water flux of about 2.5 ·10−8 m/s, which is comparable

with the value we find for local osmosis and no transepithelial osmotic gradients. This confirms

that the contribution of the interspace gradients is important and has to be considered in such

models. Moreover, the model predicts that transepithelial water flux depends linearly on NaCl

concentration in the apical (or basal) region. The slope of this linear dependency may be physio-

logically interpreted as an osmotic permeability of the whole epithelial layer, which we estimate

to be approximately 2.11 ·10−12 m/s/Pa. Furthermore, it has been observed that fluid transport is

enhanced by transepithelial Cl− flux (e.g. Bialek and Miller, 1994). Our model is consistent with

this finding, as increasing basolateral Cl− conductance results in higher concentration gradients

in the cleft, driving more fluid across the RPE.

To estimate the electroosmotic flux one might be tempted to perform a simple order-of-

magnitude calculation, using the Helmholtz-Smoluchovsky streamwise slip velocity expression

(Probstein, 2005), uslip = − εζE
µ

, where ε, ζ, µ are electric permittivity of the fluid, wall zeta

potential and fluid viscosity, respectively, and E is the streamwise electric field. The natural

estimate for the electric field would be based on the transepithelial potential TEP ≈ 5 mV, thus,

E = −TEP/L ≈ −500 V/m (where L is the length of the cell) with the field directed from the

subretinal space to the choroid. In reality, it is likely that the majority of the potential drop occurs

across the tight junction rather then the whole epithelial layer, entailing that the electric field

above is overestimated. It is, however, not obvious how to estimate the value of the potential drop

along the cleft, thus we use TEP for this order-of-magnitude argument. Using the values of ε
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and µ from table 5.2 and the standard value for the zeta potential for the cell walls ζ=−10 mV

(Rubashkin et al., 2006), we estimate uslip ≈ 4.3 µm/s, directed towards the choroid and the

electroosmotic flux per unit surface ≈ 8.6 · 10−9 m/s, which is comparable to the measured

transepithelial flow. This intuitive calculation, however, is misleading and in disagreement with

the model outcomes, since for physiological values of the parameters the electric field is predicted

to be directed from the basal region to the tight junction, forcing electroosmotic flow towards

the subretinal space, in the opposite direction to the water flux across the RPE. The magnitude

of electroosmosis in the cleft is also much smaller and it is thus predicted to be subdominant,

stressing the importance of the integrated mathematical model for the epithelial transport.

Due to the small aspect ratio in the cleft, the impact of the slip velocity on the total flow is

insignificant comparing to osmotic fluxes through the lateral walls. In fact, the osmotic flux is

about three orders of magnitude larger than the electroosmotic one, and this difference is robust

with respect to changes of parameter values. We advocate that above conclusions would apply

to other tight epithelia, in particular that electroosmosis is subdominant, though the direction

of electroosmotic flow might change depending on the characteristics of the epithelium. Clearly,

in the case of non-isotonic transport osmosis will be even more dominant. The present model

neglects the possible electroosmotic flow in the tight junctions, noting that such mechanisms have

been proposed only for leaky epithelia, whilst the predominance of Claudin-3 and Claudin-19 in

human RPE suggest tight epithelia, without relatively low permeability tight junctions (Rizzolo

et al., 2011). We also have neglected the possible effect of Bruch’s membrane, which would result

in an additional resistance to the flow.

For physiological values of the membrane permeability (≈ 10−12 m/s/Pa (Mathias and Wang,

2005)), the majority of the flow occurs due to the osmotic fluxes through the lateral membrane,

via the paracellular route. If, however, the lateral hydrodynamic permeability is low, which can

occur due to a lack (or knockdown) of aquaporins, the permeability of the tight junction has to

be much larger than the membrane permeability in order to support the necessary amount of

flow, which will then have a paracellular route. Nevertheless, for low or moderate tight junction

hydrodynamic permeability, the transepithelial water flux is approximately proportional to the

lateral membrane permeability, which means that this model framework cannot immediately be

deployed to explain the effect of aquaporin knockdown that occurs in some leaky epithelia (Hill

et al., 2004).

To summarise, our model predicts that the spatial gradient of ion concentrations and potential

in the cleft is capable of driving physiological amounts of fluid through the RPE without additional

mechanisms. We must emphasise, however, that since the model neglects pH balance and the

presence of HCO−
3 and CO2, some of the conclusions might change when adding these components,

which will be discussed in the next chapter. Moreover, due to the absence of certain species, the

present model cannot predict ion fluxes measured experimentally, that again motivates the model

extension. Nonetheless, we anticipate that the presence of spatial heterogeneity in the cleft, and
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its influence on driving flow across the lateral membranes, will be retained, as will the prediction

that electroosmosis is subdominant and the prediction that the water transport may not be as

sensitive to membrane permeability as one might initially anticipate.
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6
FLUID, ION AND CO2 TRANSPORT ACROSS THE RETINAL PIGMENT

EPITHELIUM

6.1 Introduction

In the previous chapter we developed a model that couples fluid and ion transport across

the retinal pigment epithelium (RPE). We considered the presence of three ions: Na+, K+

and Cl−. The model allowed us to understand the relative importance of the mechanisms

responsible for fluid transport across the RPE.

In the present chapter we refine the model introduced in chapter 5 by accounting for further

potentially important ingredients that had been neglected. We anticipate that this will provide a

more accurate quantitative estimate of transepithelial water and ion fluxes. In particular we now

consider the presence of the following additional species: bicarbonate (HCO−
3 ), carbon dioxide

(CO2), carbonic acid (H2CO3) and protons (H+).

We added HCO−
3 since its concentration is comparable to that of the other three ions. Moreover,

in the RPE, HCO−
3 and Na+ transport are coupled through NBC-type channels that co-transport

Na+ and HCO−
3 and are located in the apical and basolateral membrane (Reichhart and Strauß,

2014; Adijanto et al., 2009). Therefore, adding HCO−
3 is essential to describe physiological ion

fluxes in detail and it allows us to model the possible occurrence of Na+ flux across the RPE,

which was imposed to be zero in the model presented in chapter 5. HCO−
3 is also transported

across the RPE (Adijanto et al., 2009) and it interacts with the ions considered in the previous

chapter. Hughes et al. (1984) suggested that HCO−
3 transport across the RPE is linked to water

flux (an increase of the former should correspond to an increase of the latter).

Retinal photoreceptors consume a relatively large amount of oxygen, with a consequent

significant production of carbon dioxide (CO2) in the subretinal space (SRS). One of the key roles
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of the RPE is to remove the CO2 produced by the photoreceptors. Failure to perform this activity

would result in acidosis (Sillman et al., 1972; Takahashi et al., 1993). CO2 is removed from the

SRS partly being transported across the RPE to the choroid, where it is up taken by blood flow,

and partly because it is converted into H2CO3. This, in turn, dissociates into HCO−
3 and H+.

Thus, a further reason for the development of the model proposed in this chapter is to be able to

describe CO2 transport and reaction in the RPE.

The reaction between CO2 and H2CO3 is catalysed by an enzyme, carbonic anhydrase (CA). It

has been shown with in-vivo animal studies that CA inhibition (for example with acetazolamide

treatment) results in an increase of transepithelial water flux towards the choroid (Wolfensberger

et al., 2000; Kita and Marmor, 1992). In addition, some patients with macular oedema respond

to acetazolamide treatment that also inhibits CA (Cox et al., 1988; Fishman et al., 1989). The

mechanisms behind the functioning of such treatments are elusive and a physically based

mathematical model might help shed some light into this problem.

Adijanto et al. (2009) conducted in-vitro experiments on the human fetal RPE suggesting that

increase of apical and basal CO2 enhances water transport. This is another point suitable for

investigation with mathematical modelling.

In this chapter we address the above questions by developing a mathematical model that

considers the aforementioned ingredients into a framework that couples water and solutes

transport and chemical interactions.

The chapter is organised as follows. We first describe and simplify the mathematical model in

§ 6.2 . Since the model is relatively complicated and it involves a large number of parameters,

many of which are difficult to estimate, we use a global sensitivity analysis to investigate which

parameters affect the model outcomes the most and in what direction. The method adopted is

described in § 6.3 and the choice of model parameters is addressed in § 6.4. The results of the

model are presented in § 6.5, which is followed by a discussion in § 6.6.

6.2 The model

6.2.1 Model setup

We preserve the geometry and coordinate system from the previous chapter and account for the

same four regions: apical (a), basal (b), cell (i) and cleft (g). Following the same reasoning as in

the previous chapter we assume that the solution in the apical and basal regions is homogeneous

for all species. Therefore, we formulate a mathematical model for water and ion transport in the

cell and the cleft gap and impose boundary conditions directly on the apical membrane, tight

junction and basal membrane. In the cell and the cleft gap we consider the presence of seven

species: Na+, K+, Cl−, HCO−
3 , CO2, H2CO3 and H+.

Investigating the coupling of CO2 with water and ion transport is one of the objectives of the

present work. Unlike the species considered in previous chapter, CO2 and HCO−
3 are subject to
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chemical rearrangement via the following reaction

(6.1) HCO3
– + H+ k1−−*)−−

k−1
H2CO3

kd−−*)−−
kh

CO2 + H2O.

These reactions consists of two parts. The first is dissociation of H2CO3 into the ions HCO−
3

and H+ and it happens almost instantaneously. The second part is normally slow, but can be

catalysed up to six orders of magnitude by carbonic anhydrase (CA) (Krahn and Weinstein, 1996).

CA is present in the RPE, in the form of CA II in the cell (Korte and Smith, 1993) and in the

extracellular membranes in the form of membrane bound CA IV or XIV (Wolfensberger et al.,

1994; Nagelhus et al., 2005). The rates of this reaction are reported in table 6.2.

The second step of reaction (6.1) involves production and consumption of water. The resulting

change in the amount of water, however, is insignificant compared to the total water concentration,

which is ≈ 55 M. Therefore, we neglect this change and keep the amount of water fixed.

The cell has an anion gap due to the presence of large non-diffusible molecules. These

molecules can be categorised into two effective groups: those that react with H+ (with charge −1)

and those that do not. The first group includes cytosolic buffer, denoted with B, which tends to

react with H+. This reaction can be modelled in a simple way as:

(6.2) B– + H+ k3−−*)−−
k−3

HB,

where HB is a protonated buffer, a product of the reaction (6.2), and it is not charged. The total

buffer concentration is fixed and conserved, and we denote it with CB := B+HB, where B and

HB denote concentrations of B and HB respectively. We note that this representation of cytosolic

buffering is highly simplified, as reactions happening in the cell are much more complex and

involve many different species.

The second group of non-diffusible molecules that do not react with H+ is analogous to the

anion gap in the previous chapter. We denote their concentration with X and the corresponding

fixed negative charge with X̃ := zX X , where zX is the mean valence of these molecules. Therefore,

the total concentration of fixed negative charge in the cell is X̃ +B and the total concentration of

non-diffusible molecules is X +CB.

The pumps, co-transporters and ion channels are adopted based on Reichhart and Strauß

(2014) and Adijanto et al. (2009), see Figure 6.1. As in the previous chapter, the apical membrane

is assumed to have Na+/K+ATPase that pumps three Na+ out of the cell and two K+ in (denoted

in the following with subscript ATP), the NKCC co-transporter that transports Na+, K+ and two

Cl−(NKCC) and K+ channels. In addition, we consider the presence of the electrogenic channel

NBC1 that co-transports two HCO−
3 and one Na+(NBCa) and the Na+/H+exchanger (NHE) (Lin

and Miller, 1991; Lin et al., 1992). Following Adijanto et al. (2009), we also account for the

possible presence of electroneutral Na+-HCO−
3 co-transporter (NBCe). As before, the basolateral

membrane has K+ and Cl− channels. This is complemented by the HCO−
3 /Cl− exchanger AE2 (AE)

and a channel that co-transports Na+ and HCO−
3 . The existence and stochiometry of the latter
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Figure 6.1: Diagram of ion channels in the RPE. Sketch of the considered domain and coordinate
system.

channel in the basolateral membrane remains an open question in RPE physiology. Adijanto et al.

(2009) suggested that this channel has stochiometry 1:2 (Na+:HCO−
3 ) or 1:3, while some other

authors considered only the presence of a Na+ channel alone (Dyka et al., 2005). We thus assume

that there is a combination of NBC channels with stochiometry 1:2 (NBCb12) and 1:3 (NBCb13)

in the basolateral membrane. The tight junction is considered to be impermeable to anions (Peng

et al., 2010; Adijanto et al., 2009). We note that in the previous chapter we considered that

the tight junctions are permeable only to K+, following Peng et al. (2010). However, Adijanto

et al. (2009) suggests that there is a paracellular Na+ transport, thus we consider here that the

tight junction is permeable to both Na+ and K+. Additionally, every membrane is permeable

to CO2 and H2CO3, since they are not polarised and can pass the lipid bilayer. Water is being

transported across the membranes by aquaporins and we assume that each membrane has a

certain hydraulic conductivity.

Throughout this chapter we adopt the notation presented in table 6.1 and the values reported

in table 6.2 as baseline. Unless stated otherwise, we use superscripts to label regions, using the

same notation as in the previous chapter, and subscripts to label species, which we number in the

following way:

Na+ K+ Cl− HCO−
3 H+ CO2 H2CO3

0 1 2 3 4 5 6

The modelling procedure is similar to that adopted in the previous chapter. We first present a

spatially resolved model of solute transport with reactions. Then we perform model simplification

in the cell and cleft based on asymptotic expansions in terms of the aspect ratio of the cleft,
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a,b, g, i values of s labelling apical, basal, cleft gap and intracellular regions respectively
ns

k concentration of species k in region s (mM) such that ns
0 =[Na+]s, ns

1 =[K+]s,
ns

2 =[Cl−]s, ns
3 =[HCO−

3 ]s, ns
4 =[H+]s, ns

5 =[CO2]s and ns
6 =[H2CO3]s

X concentration of non-diffusible anions in the cell (mM)
B and HB concentration of cytosolic buffer and protonated buffer (mM)
zk valence and charge of species k
φs electrical potential in region s (V)
ρs space charge density in region s (C/m3)
js
k flux of species k per unit area in region s (mol/m2/s)

Ism
k electric current of ion k per unit area from region s to region m (A/m2)

Qsm water flux per unit area from region s to region m (m2/s)
Jchannel flux through the membrane due the corresponding channel or pump (mol/m2/s)
J sm

k (electro)diffusive flux of species k from region s to region m (mol/m2/s)
u fluid velocity in the cleft gap (m/s)
p fluid pressure in the cleft gap (Pa).

Table 6.1: A list of variables used in the model, together with their units. Superscripts s and m
denote generic regions from the set {a,b, i, g}.

δ = h/L and exploiting the fact that different time scales characterise reaction and diffusion

processes. We then model fluid transport in the cleft. We do not consider electroosmosis, as it has

been demonstrated to be subdominant, and focus on water transport driven by osmosis. Finally,

we impose water balance in the cell.

6.2.2 Model of solute transport

The electrodiffusion model in the generic region s consists of the conservation of electrodiffusive

fluxes for each species k and the electroneutrality condition (Probstein, 2005)

∂ns
k

∂t
=−∇· js

k + f s
k , js

k =−Dk

(
∇ns

k +
zkF
RT

ns
k∇φs

)
+uns

k, k ∈ {0,1, ...,6},(6.3a)

4∑
k=0

zkns
k = X s, s ∈ {i, g},(6.3b)

where X i = zX X +B and X g = 0. In the cell we have an additional equation for the negatively

charged cytosolic buffer (which we assume cannot diffuse)
∂B
∂t

= f i
B.(6.3c)

The concentration of HB can be found from the relation HB = CB −B. Note that the diffusion

coefficients are different among the species, and are reported in table 6.2. f s
k are the reaction

terms, modelled with the mass action law (Keener and Sneyd, 2009) as follows

f s
3 = k−1ns

6 −k1ns
3ns

4, f i
B = k−3HB−k3ni

4B, f s
4 = f s

3 + f s
B,

f s
5 =−khns

5 +kdns
6, f s

6 =− f s
5 − f s

3 ,(6.4)

and all other f s
k are zeros.
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Parameter Value Source
Geometry

Length of the cell, L 10 µm Marmor (1998)
Height of the cell, H 10 µm Marmor (1998)
Width of the cleft, 2h 20 nm

Thermodynamics
Ideal gas constant, R 8.314 J/K/mol
Temperature, T 310 K
Faraday constant, F 96485 C/mol

Membrane transport
Factor of apical membrane folding, Aa 10 Adijanto et al. (2009)
Average valence of fixed negative charge in the cell, zX 1.5 eq/mol
Total concentration of intracellular buffer, CB 60 mM fitting
Representative diffusion coefficient, D 1.7 m2/s
Representative species concentration, N 100 mM

Pump, co-transporter and antiporter amplitudes, mol/s/m2

PATP PNKCC PNBCa PNBCe PNHE PAE PNBCb12 PNBCb13

1.77 ·10−6 1.78 ·10−6 5.62 ·10−7 10−7 3.16 ·10−7 5.62 ·10−7 5.62 ·10−7 10−7

valence zk, diffusion coefficient Dk, permeability of membrane s, Ps
k of species k

molecule Na+ K+ Cl− HCO−
3 H+ CO2 H2CO3

k 0 1 2 3 4 5 6
zk +1 +1 -1 -1 +1 0 0

Dk ·10−9m2/s 1.7 1.7 1.7 1.23 9.69 1.5 1.5
Pa

k m/s 0 2.23 ·10−7 0 0 0 0.015 1.28 ·10−4

Pb
k m/s 0 3.16 ·10−8 1.25 ·10−8 0 0 0.0015 1.28 ·10−5

P t j
k m/s 10−5 10−5 0 0 0 0.015 1.28 ·10−4

Concentrations, mM pH
ns

k, s = a,b 143.7 5 122.5 26.2 7.45 1.7 0.005

Reaction rates
Hydration of CO2 (catalysed), kh 1.45 ·103 1/s Weinstein (2005b)
Dehydration of CO2 (catalysed), kd 4.96 ·105 1/s
Equilibrium constant of H2CO3 dissociation, Kd = k1/k−1 5.3 1/mM Adijanto et al. (2009)
Equilibrium constant of buffering reaction, Kb = k−3/k3 1.7 ·10−4 mM fitting

Fluid dynamics

Volume flow through the RPE, V 4-10 µl/hour/cm2 Hughes et al. (1984), Shi
et al. (2008)

Hydrodynamic permeability of the membrane, km 1.28 ·10−12 m/s/Pa Mathias and Wang (2005)
Hydrodynamic permeability of the tight junction, kt j 1.28 ·10−10 m/s/Pa
Dynamic viscosity, µ 0.75 ·10−3 Pa/s water at 35◦C

Table 6.2: Model reference parameters; please refer to § 6.4 for further details on their motivation.

6.2.2.1 Boundary conditions

At the membrane between the generic regions s and m, we impose the conservation of ion fluxes

for each ion species k (k ∈ {0,1,2,3,4}), which is implemented by imposing that the ion current
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Ism
k on the s side of the membrane is equal to the flux of charge due to the movement of species k

passing from s to m,

Fzknsm · js
k = Ism

k ,(6.5)

where nsm is the unit normal pointing from region s to region m. The flux Ism
k is prescribed to

account for all passive and active flows of ion k due to channels and pumps on the corresponding

membrane and it is a nonlinear function of concentrations and potential on both sides of the

membrane. The choice of constitutive relations for these currents is described in § 6.2.2.2.

For uncharged species, we also impose fluxes across each membrane and write

nsm · js
k =J sm

k , k ∈ {5,6},(6.6)

where constitutive choices for js
k are again given is § 6.2.2.2.

We prescribe all the concentrations and potential in the basal region. At the bottom of the

cleft gap, x = 0, we assume continuity of the value taken by all variables, so that

ng
k(x = 0, y)= nb

k φg(x = 0, y)=φb, k ∈ {0, ...,6}.(6.7a)

We also have symmetry conditions, at y= 0 and y= H/2+h

∂φs/∂y= ∂ns
k/∂y= 0 at y= 0, y= h+H/2, k ∈ {0, ...,6}, s ∈ {i, g}.(6.7b)

Finally, we impose zero current at the apical membrane to simulate open circuit condition and to

be able to compute the potential in the apical region (φa)

(6.7c)
4∑
0

zkja
k ·n= 0, at x = L.

Therefore, we have a system of 7 PDEs in the cleft (6.3a) and 8 in the cell, with the addition

of (6.3c), coupled with the electroneutrality condition (6.3b) and open circuit condition (6.7c) for

8 unknowns in the cleft, 9 in the cell and φa subject to the boundary conditions (6.5), (6.6) and

(6.7).

6.2.2.2 Ion fluxes through cell membranes

In this section we describe the choice of constitutive relations for the fluxes of species across the

membranes. Na+/K+ATPase and NKCC co-transporter are chosen to be the same as in chapter 5,

JATP = PATP

(
ni

0

KNa +ni
0

)3 ( na
1

KK +na
1

)2

,(6.8a)

JNKCC = PNKCC log
ni

0ni
1(ni

2)2

na
0na

1(na
2)2 ,(6.8b)
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where with Pchannel we denote the amplitude of the flux through the corresponding channel or

pump.

All other fluxes are modelled based on linear non-equilibrium thermodynamics (similar to

Krahn and Weinstein, 1996). This approach minimises the number of unknown parameters,

since only the amplitude of the flux has to be fixed. We can then write ion fluxes (from cell to

extracellular space) as

JNBCa = PNBCa

(
log

ni
0
(
ni

3
)2

na
0
(
na

3
)2 − F

RT
(φi −φa)

)
,(6.9a)

JNBCe = PNBCe

(
log

ni
0ni

3

na
0na

3

)
,(6.9b)

JNHE = PNHE

(
log

na
0ni

4

ni
0na

4

)
,(6.9c)

JAE = PAE

(
log

nb
2ni

3

ni
2nb

3

)
,(6.9d)

JNBCb12 = PNBCb12

log
ni

0
(
ni

3
)2

nb
0
(
nb

3
)2 − F

RT
(φi −φb)

 ,(6.9e)

JNBCb13 = PNBCb13

log
ni

0
(
ni

3
)3

nb
0
(
nb

3
)3 −2

F
RT

(φi −φb)

 .(6.9f)

For the meaning and values of all parameters, please refer to tables 6.1 and 6.2. We note

that for the Na+/H+ exchanger, the ‘near-equilibrium’ approximation might not hold and a

kinetic model could be more appropriate choice (e.g. the one developed for the renal proximal

tubule by Weinstein, 1995). However, a kinetic model would involve four extra parameters, the

determination of which would require a detailed knowledge of NHE activity in the RPE, that, to

our knowledge, is currently unavailable. Therefore, we keep the model reported in (6.9c), noting

that it may be an aspect of the study that can be improved should more data become available.

The electrodiffusive fluxes through ion channels are modelled as GHK fluxes, such that the

flux from region m to region s (Keener and Sneyd, 2009) is

(6.10) J ms
k = zkPs

k
F

RT
V s

nm
k −ns

k exp
(
− zkFV s

RT

)
1−exp

(
− zkFV s

RT

) ,

where V s =φm −φs is the potential across membrane s.

We assume that CO2 and H2CO3 transported across membranes follow Fick’s law, and thus

have the following expression

(6.11) J ms
k = Ps

k
(
nm

k −ns
k
)
.
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The fluxes through the membranes for every ion can therefore be rewritten as follows

J ia
0 = 3JATP +JNKCC +JNBCa +JNBCe −JNHE, J ib

0 =JNBCb12 +JNBCb13 ,(6.12a,b)

J ia
1 =J ia

1 −2JATP +JNKCC, J ib
1 =J ib

1 ,(6.12c,d)

J ia
2 = 2JNKCC, J ib

2 =J ib
2 −JAE,(6.12e,f)

J ia
3 = 2JNBCa +JNBCe , J ib

3 = 2JNBCb12 +3JNBCb13 +JAE,(6.12g,h)

J ia
4 =JNHE, J ib

4 = 0,(6.12i,j)

where b denotes both basal and lateral membranes. The tight junction is modelled as a membrane

permeable to K+, Na+ and non-charged species (CO2, H2CO3) and the fluxes are modelled using

the GHK model and Fick’s law respectively

(6.13) Jag
0 =J

ag
0 , Jag

1 =J
ag
1 , Jag

5 =J
ag
5 , Jag

6 =J
ag
6 .

For k = 2,3,4, Jag
k = 0. Finally, the current of ion k at the membrane between the regions s and

m is given by the expression Ism
k = zkF Jsm

k .

6.2.2.3 Model simplification

We start simplifying our equations by comparing the timescales for reaction and diffusion

processes. The time scale for diffusion in the cell is about L2/D ≈ 0.06 s, where D = 1.7 ·10−9 m2/s

(K+ in water, Miller et al., 1978) is a representative diffusion coefficient. The time required for

the first step of the reaction (6.1) and for the buffer reaction (6.2) is about 10−7 s. It thus makes

sense to assume that the first step of the reaction (6.1) and the reaction (6.3c) are in equilibrium,

leading to the following relations

ns
6 = Kdns

3ns
4, Kd = k1

k−1
, s ∈ {i, g},(6.14a)

B = KbCB

Kb +ni
4

, Kb =
k−3

k3
.(6.14b)

We note that in the cleft the diffusion time scale is much faster due to its small thickness.

Nevertheless, the relation (6.14a) still holds as is shown in §B.2.

In the second step of the reaction (6.1), catalysed hydration of CO2 takes about ≈ 6 ·10−4 s

and dehydration 2 ·10−6 s. In the absence of carbonic anhydrase these values could increase

six orders of magnitude and become comparable to those corresponding to diffusion. As we are

interested to study the effect of CA inhibition, we do not assume that this step of the reaction

(6.1) is in equilibrium (Krahn and Weinstein, 1996; Weinstein, 2005b).

Considering (6.14a) and summing up the equations (6.3a) for k = 3,5,6 we obtain the equation

for conservation of total CO2

(6.15)
∂ns

3

∂t
+ ∂ns

5

∂t
+ ∂ns

6

∂t
=−(∇· js

3 +∇· js
5 +∇· js

6
)
, s ∈ {i, g}.
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Subtracting from equation (6.3a) for k = 3 equation (6.3a) for k = 4 and adding (6.3c), we obtain

conservation of charge for the reacting species

(6.16)
∂ns

3

∂t
− ∂ns

4

∂t
+ ∂B
∂t

=−(∇· js
3 −∇· js

4
)
, s ∈ {i, g}.

In the following we will use equations (6.15) and (6.16) along with (6.14a) and (6.14b) instead of

equations (6.3a) for k = 3,4,6 and (6.3c).

As we aim at studying water and CO2 transport, we do not consider short time variations

resulting for instance from the transition from light to dark, but focus on the steady behaviour of

the system. Therefore, we drop all time derivatives and consider the system to be in steady state.

Moreover, in §B.1 and B.2 we show that the system is simplified to a set of ODEs in both cell

and cleft with an error of approximation of order δ= h/L. The resulting system of equations will

be summarised in § 6.2.4.

6.2.3 Fluid flow

The fluid problem is very similar to the one presented in chapter 5, but without the contribution

of electroosmosis. It is governed by Stokes equations

−∇p+µ∇2u= 0,(6.17a)

∇·u= 0,(6.17b)

where u= (u,v) is fluid velocity and p is pressure.

We use the fact the equations have a gauge freedom in the pressure to assign zero pressure in

the cell. Following the experimental evidence that the pressure jump across the RPE is negligible,

we further assume it has values of zero in the apical and basal regions, treating these regions as

zero dimensional compartments. In the cleft we follow the same procedure as in chapter 5. In

particular, we apply lubrication theory to simplify the equations (6.17). At the boundaries y=±h

we assume no-slip conditions for the longitudinal velocity, u(x,±h) = 0. Moreover, at the cell

membrane and tight junction we impose the osmotic and pressure driven fluxes, v(x,±h)=∓Q ig

and u(L, y)=Q t j, which take the following expressions

Q t j = kt j

(
RT

6∑
k=0

(na
k −ng

k(L))+ p(L)− pa

)
(6.18)

Q ig = km

[
RT

(
6∑

k=0
(ni

k −ng
k(x))+ X +CB

)
+ p(x)

]
(6.19)

The use of lubrication theory leads to the following dimensionless velocity profile in the cleft,

(6.20) u = 1
2µ

∂p
∂x

(
y2 −h2)

,

and the pressure in the cleft can be found from the following equation

(6.21) − h3

3µ
d2 p
dx2 =−Q ig(x).
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ns
k(x) concentration of solute k in the cell (s = i) and cleft (s = g)

B(x) concentration of cytosolic cellular buffer
X concentration of non diffusible negatively charged molecules
φs(x) electrical potential in the cell (s = i) and cleft (s = g)
φa TEP
p(x) fluid pressure in the cleft

Table 6.3: List of the model unknowns.

At the tight junction, x = L, we impose flux Q t j and at the boundary between the cleft and the

basal region, x = 0, we impose zero pressure. Thus the boundary conditions read

p = 0, at x = 0(6.22a)

−h3

3µ
dp
dx

=Q t j, at x = L.(6.22b)

Equations (6.21)–(6.22), (6.20) and (6.17b) describe fluid transport in the cleft.

Finally, we impose water balance in the cell

(6.23)
∫ L

0
Q ia d y+

∫ L

0
Q ib d y+2

∫ H

0
Q ig dx = 0,

where the fluid fluxes are given by the following expressions

Q ia = A f kmRT
(∑6

k=0(ni
k −na

k)+CB + X
)
, Q ib = kmRT

(∑6
k=0(ni

k −nb
k)+CB + X

)
.(6.24)

This balance is required for the volume of the cell to remain constant and, similarly to chapter 5,

it provides the additional equation needed to determine the concentration of large negatively

charged molecules in the cell X , and in turn gives a feedback to ion concentrations and the

potential through the electroneutrality condition (6.3b).

6.2.4 Summary and the solution

In this section we present the system of equations to be solved and describe the solution procedure.

The considered unknowns are summarised in table 6.3. There are 20 model variables, out of

which 18 are functions of x and 2 are spatially independent.

We denote with js
k the x-component of the solute flux js

k, averaged in y direction

js
k =−Dk

(dns
k

dx
+ zkF

RT
ns

k
dφs

dx

)
+θs

(
−h2

3µ
dp
dx

dns
k

dx
−Q igns

k

)
,(6.25)

with the advection term being accounted for only in the cleft, so that θg = 1 and θi = 0. The set of
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governing equations in the simplified form reads

Conservation of solute in the cell (s = i) and cleft (s = g)

−
d js

k

dx
+βsJ ig

k = 0, k = 0,1,2(6.26a)

−d js
5

dx
+βsJ ig

5 + (
kdns

6 −khns
5
)= 0,(6.26b)

Conservation of charge

−d js
3

dx
+βsJ ig

3 + d js
4

dx
= 0,(6.26c)

Conservation of total CO2

−d js
6

dx
+βsJ ig

6 − d js
5

dx
+βsJ ig

5 − d js
3

dx
+βsJ ig

3 = 0,(6.26d)

Conditions for the reactions in equilibrium

ns
6 = Kdns

3ns
4, s ∈ {i, g},(6.26e)

B = KbCB

Kb +ni
4

;(6.26f)

Electroneutrality condition

ns
0 +ns

1 −ns
2 −ns

3 +ns
4 − X s = 0, s ∈ {i, g};(6.26g)

Fluid transport

−h3

3µ
d2 p
dx2 =−Q ig(x);(6.26h)

Water balance in the cell

Q ia +Q ib +2
∫ H

0
Q ig dx = 0,(6.26i)

The symbol βs is a constant that depends on the region considered, βi =−2 and βg = 1/δ. This

system consists of 7 algebraic equations and 13 ODEs, which are subject to the following boundary

conditions

Imposed concentrations, potential and fluid pressure at the exit of the cleft

ng
k = nb

k, k ∈ {0, . . . ,5}, φg =φb, p = 0, at x = 0;(6.27a)

Membrane conditions at the basal membrane

− j i
k = J ib

k , k ∈ {0, . . . ,4}, − j i
4 − j i

5 − j i
6 = J ib

4 + J ib
5 + J ib

6 , at x = 0;(6.27b)

Membrane conditions at the apical membrane and tight junction

js
k = Jsa

k , k ∈ {0, . . . ,4}, js
4 + js

5 + js
6 = Jsa

4 + Jsa
5 + Jsa

6 , s ∈ {i, g}, at x = L;(6.27c)

Water flux across the tight junction

−h3

3µ
dp
dx

=Q t j, at x = L,(6.27d)

Open circuit condition

JATP −JNBCa +J ia
1 +2δ

(
J

ga
0 +J ia

1

)
= 0; at x = L.(6.27e)
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The constitutive relations for transmembrane fluxes are given in equations (6.8)–(6.12).

The solution procedure is very similar to the one presented in chapter 5. In particular, we set

up an iteration scheme with respect to the variable X that is repeated until water balance (6.23)

is satisfied up to a given tolerance. At every iteration we solve the governing equations in the cell

and cleft (6.26) along with the boundary conditions (6.27), using Comsol Multiphysics® 5.3a.

6.3 Sensitivity analysis

As our model involves estimation of many unknown parameters, we perform global sensitivity

analysis to determine their relative importance on the model output. To do this we use the eFAST

method proposed by Saltelli et al. (1999) and adapted to biological models by Marino et al. (2008).

In what follows we briefly describe the method and its setup for our model.

6.3.1 Variance based sensitivity

eFAST is a variance decomposition method, that is valid for non-monotonic and non-linear

model behaviours. We consider the generic model y = f (x), where x = (x1, ..., xn) are the model

parameters and y is the model output. For a given parameter xi this method produces two indices:

a first order sensitivity index, Si, and a total sensitivity index, STi.

In our application we assume that parameters x are distributed uniformly on logarithmic

scale. However, for simplicity and without loss of generality, in this section we assume that

the parameters x = (x1, ..., xn) take values that are distributed uniformly in a unit hypercube

Kn = [0,1]n (even if xi are not random variables).

The first order sensitivity index is defined as a conditional variance for parameter xi over the

total variance

(6.28) Si = Vi

V
= varxi [Ex∼i (y|xi)]

var(y)
,

where with x∼i we denote the set of all parameters but xi. The expression in square brackets,

Ex∼i (y|xi), states that the mean of y is taken over all possible values of x∼i while keeping xi fixed.

The variance of the resulting quantity is then taken over all possible values of xi. V = var(y)

denotes total variance of the model output.

Due to the identity

(6.29) varxi [Ex∼i (y|xi)]+Exi [varx∼i (y|xi)]= var(y),

Si is a normalised quantity (Saltelli et al., 2010). In the above equation, varxi [Ex∼i (y|xi)] repre-

sents the first order effect of parameter xi. The term Exi [varx∼i (y|xi) is often called the residual

and it represents the effect of all other factors and the interactions between such factors.

Si only gives partial information about the parameter xi. It can be interpreted as the expected

reduction in variance that would be obtained if parameter xi could be fixed. In order to capture
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the total effect that includes interactions between parameter xi and all other parameters, we

apply identity (6.29) for x∼i and introduce the total sensitivity index

STi =
Ex∼i [varxi (y|x∼i)]

var(y)
= 1− varx∼i [Exi (y|x∼i)]]

var(y)
.(6.30)

This index represents total effect of the parameter xi, which is a sum of first order effects of

parameter xi and the variance induced by interactions of parameter xi with other parameters. It

can also be interpreted as the expected variance that would be left if all factors but xi could be

fixed. In the following we will discuss a method to compute Si and STi.

6.3.2 The eFAST method

Computation of the first order sensitivity index. With the assumption that x is distributed

uniformly, the statistical rth moment is given by

(6.31) 〈y(r)〉 =
∫

K n
f r(x1, ..., xn)dx.

Cukier et al. (1978) suggested that a multidimensional Fourier transformation of f allows to

perform an ANOVA-like decomposition of f , which is useful to compute the main effects of every

parameter xi and interactions between parameters at any order. The authors noted, however,

that such a transformation, is computationally expensive problem and, instead proposed an

alternative, a one-dimensional Fourier decomposition. To this end a search curve exploring the

space Kn is used, defined as

(6.32) xi(s)=G i(sinωis), ∀i = 1,2, ...,n,

where s is a scalar quantity varying in the range (−∞,∞), G i is a transformation function defined

later in this section and {ωi}, ∀i = 1, ...,n, is a set of frequencies, associated with each factor.

The exploring curve drives arbitrarily close to any point xi if and only if the set of frequencies

is incommensurate, i.e. none of the frequencies must be a linear combination of the others with

integer coefficients, that is
∑n

i=1 r iωi 6= 0 ∀r i ∈ Z (except of r i = 0,∀i). In this case the search

curve is space filling and, by the ergodic theorem (see Saltelli et al. (1999) for details), the rth

momentum can be computed as the integral along this curve

(6.33) 〈y(r)〉 = ȳ(r) = lim
T→∞

1
2T

∫ T

−T
f r(x1(s), ..., xn(s))ds.

For convenience we will denote f (x1(s), ..., xn(s)) as f (s).

Practically, the space-filling curve is an idealisation due to the final precision of computers

and an approximation of the incommensurate frequencies by rational numbers is required in the

implementation. Cukier et al. (1973) showed that for ωi positive integers, the function f (s) is

2π-periodic and can be integrated within the finite interval (−π,π), thus transforming (6.33) into

(6.34) ȳ(r) = 1
2π

∫ π

−π
f r(s)ds.
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The variance V of f is defined as

(6.35) V = ȳ(2) − ( ȳ)2 = 1
2π

∫ π

−π
f 2(s)ds−

(
1

2π

∫ π

−π
f (s)ds

)2
.

The function f (s) can be expanded in Fourier series

(6.36) y= f (s)=
∞∑

j=−∞
{A j cos js+B j sin js},

where the Fourier coefficients A j and B j, j ∈ Z are defined as

A j = 1
2π

∫ π

−π
f (s)cos js ds,(6.37)

B j = 1
2π

∫ π

−π
f (s)sin js ds.(6.38)

The Fourier spectrum is defined as Λ j = A2
j +B2

j , j ∈ Z and by Parseval’s theorem,

(6.39)
∑
j∈Z

Λ j = 1
2π

∫ π

−π
f 2(s) ds = ȳ(2).

This allows us to estimate the variance. Noting that A− j = A j, B− j =−B j and Λ− j =Λ j, we can

write (6.35) as

(6.40) V = ∑
j∈Z0

Λ j = 2
∞∑
j=1
Λ j,

where Z0 is the set of all integer numbers, except zero.

By evaluating the spectrum for the fundamental frequency ωi, corresponding to parameter

xi and its higher harmonics pωi, p = 2,3,4, ..., we can estimate Vi, the portion of the variance V

arising from the uncertainty of factor i as:

(6.41) Vi = 2
∞∑

p=1
Λpωi ,

which coincides with the numerator of (6.28). Based on (6.40) and (6.41) we can compute the first

order sensitivity index, Si =Vi/V . In principle, its magnitude should not depend on the choice of

the set of frequencies used in the computations.

Computation of total-effect indices. Let us now consider the frequencies that do not

coincide with of the frequencies assigned to the parameters, i.e. all frequencies but the ones

from the set {p1ω1, p2ω2, ..., pnωn} with pi = 1,2, ...,∞,∀i = 1,2, ...,n. Such frequencies contain the

residual variance V −∑
i Vi, not accounted for by the first order sensitivity indices as it includes

interactions among factors at any order. It would be desirable to determine the impact of these

interactions. This task, however, involves computation of 2n −1 indices.

Alternatively, Saltelli et al. (1999) proposed a method to compute total sensitivity index STi,

which, although does not give a full characterisation of the system, provides a full quantification
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of the importance of each xi. This method consists in assigning a frequency ωi to the parameter of

interest i and a different frequency value ω∼i to a set of ‘all but i’ parameters (a complementary

set of i). By evaluating the spectrum of ω∼i and higher harmonics pω∼i, we can estimate the

partial variance V∼i, that comprises the effects of any order not including the factor i. Then, the

total variance of parameter i, VTi can be calculated as VTi =V −V∼i, and the corresponding total

sensitivity index is STi = 1−S∼i. The total sensitivity index can be interpreted as the fraction of

the variance that would be left if all but xi factors could be fixed.

Choice of the search curve. Finally, the search curve G i has to be chosen to span the

parameter space. Based on Saltelli et al. (1999) we use a transformation with a phase shift and

resampling, namely

(6.42) xi = 1
2
+ 1
π

arcsin(sin(ωis+φi)),

where φi is a random phase shift chosen uniformly in [0,2π). Selecting various {φ1, ...,φn},

generates different curves to span Kn. This procedure is named resampling and we denote by Nr

the number of curves used.

The Fourier analysis is performed independently over each of the Nr curves and the variances

Vi and V∼i are obtained by computing arithmetic means over Nr estimates. Saltelli et al. (1999)

showed that for the analysis to be reliable, the minimum total number of model runs required

per parameter is defined as

(6.43) Ns = (2Mωmax +1)Nr,

where ωmax is the largest in the set of frequencies and M is an interference factor (usually 4 or

higher). This factor considers how many harmonics of frequencies ωi will be considered in our

computations.

6.3.3 Setup of the sensitivity analysis

In the present application, we choose to vary 12 parameters, distributed uniformly of logarithmic

scale within fairly wide ranges as reported in table 6.4. We perform separately the sensitivity

analysis for two scenarios. In the first one CO2 has the same concentration in the apical and basal

regions, corresponding to 5% CO2. For this case we set the number of points per searching curve

to be Ns = 400. We choose the set of frequencies following the algorithm presented in Marino

et al. (2008), using five searching curves, so that Nr = 5 and we chose the interference factor to be

M = 5.

In the second case, we impose the apical CO2 at 7% and the basal one at 5%. We vary 9

parameters as shown in table 6.4 without membrane permeabilities to ions (Pa
1 , Pb

1 and Pb
2 ) that

are kept constant. In this case we use Ns = 600, Nr = 3 and M = 5.

For the implementation of both cases, we use the Matlab code developed by Marino et al.

(2008), which the authors have kindly shared on their website. For both cases we also consider a
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Membrane permeability Range, 108 m/s
Pb

1 - permeability of basal membrane to K+ [1,10]
Pa

1 - permeability of apical membrane to K+ [10,50]
Pb

2 - permeability of basal membrane to Cl− [0.5,3.16]
Amplitudes of ion channels Range 106 mol/m2/s
PATP - amplitude of the pump [1,3.16]
PNKCC - amplitude of co-transporter [0.5,5]
PNBCa - amplitude of apical Na+-HCO−

3 co-transporter [0.1,3.16]
PNBCe - amplitude of apical Na+-HCO−

3 electroneutral co-transporter [0.01,1]
PNBCb12 - amplitude of basal Na+-HCO−

3 co-transporter 1:2 [0.1,3.16]
PNBCb13 - amplitude of basal Na+-HCO−

3 co-transporter 1:3 [0.01,1]
PAE - amplitude of Cl−-HCO−

3 exchanger [0.1,3.16]
PNHE - amplitude of Na+-H+ exchanger [0.01,10]
Tight junction permeability Range, 106 m/s
P t j - permeability of tight junction to Na+ and K+ [1,100]

Table 6.4: Parameters for the sensitivity analysis and their ranges.

dummy parameter, that does not appear in the model. The sensitivity index for this parameter

should ideally be zero. Therefore, its deviation from zero can be interpreted as an error of the

method, e.g. due to interference of frequencies or insufficient number of points Ns. This index

is also used as a baseline value to determine the importance of other parameters: those with a

sensitivity index less than or equal to that of the dummy parameter should be considered not

significantly different from zero (Marino et al., 2008).

In our model it can happen that the system does not admit a physically feasible solution for

a chosen set of parameters, e.g. the cell volume is negative or Na+ concentration is very large

(we set a threshold above 100 mM). In this case, the algorithm assigns the values ‘NaN’ to the

solution, which results in a discontinuity of the model output y = f (s). As we need to compute

the Fourier coefficients (6.37) and (6.38) for function f , we chose to interpolate the curve in

neighborhoods of any points of discontinuity, which makes f (s) defined everywhere in the interval

(−π,π). The results are reported in § 6.5.1.2.

6.4 Selection of parameter values

In this section we describe the choice of the parameters, reported in tables 6.2 and 6.4. All the

geometrical, thermodynamic and fluid transport parameters are preserved from the previous

chapter, where their choice is addressed in detail in § 5.3. Below we thus focus on the choice of

the parameters for ion transport, including the ranges for sensitivity analysis, for the transport

of CO2 and H2CO3 and the reactions.
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6.4.1 Apical and basal solutions

Following Adijanto et al. (2009), we consider the RPE to be in a bath with the following ion

composition (in mM): [Na+]=147.7, [K+]=5, [HCO−
3 ]=26.2 and [Cl−]=122.5. We use these values for

the prescribed apical and basal ion concentrations ns
k, s = a,b. The Cl− concentration is computed

from the electroneutrality condition and is smaller than in Adijanto et al. (2009) (126.1 mM),

owing to the fact that authors have more charged species in the solution.

Our solution is assumed to be perfused with 5% CO2 (unless stated otherwise), meaning that

the partial pressure of oxygen is PCO2 =0.05 atm. From partial pressure we can compute CO2

concentration, using Henry’s law (Henry, 1803), [CO2]=PCO2 /kH , where kH ≈ 29.41 atm/M is

Henry’s constant. Thus with 5% CO2 we obtain ns
5 ≈ 1.7 mM, s = a,b. Throughout § 6.5 we also

use different values of CO2, always computing corresponding concentrations with Henry’s law

(e.g. 7% CO2 corresponds to ns
5 ≈ 2.38 mM and 9% CO2 corresponds to ns

5 ≈ 3.06 mM, s = a,b).

We assume that both steps of reaction (6.1) are in equilibrium in the apical and basal

regions. Therefore, apical and basal H2CO3 concentrations can be calculated as ns
6 = khns

5/kd ≈
0.497 ·10−2 mM, using catalysed values of kd and kh from Weinstein (2005a,b), see table 6.2.

Following Adijanto et al. (2009), we assumed that pH= 7.45, so that ns
4 ≈ 0.358 ·10−4 mM, s = a,b,

for 5% CO2, which gives us an estimate of dissociation constant for H2CO3 (i.e. an equilibrium

constant in the first step of the reaction (6.1)): Kd = k1/k−1 = ns
6/ns

3ns
4 ≈ 5.3 1/mM.

6.4.2 Buffer reaction

The reaction (6.2) is considered to follow the law of mass action. We would like to relate the

kinetic description of this reaction to the experimentally measured buffering capacity in the RPE.

A buffering solution is able to retain an almost constant pH when a small amount of acid/base is

added. A quantitative measure of this resistance to pH changes is called the buffer capacity and

is formally defined as

(6.44) β= dn
dpH

,

where n is the number of equivalents of added strong base (i.e. the base that ionizes completely

or near-completely in solution) per 1 l of the solution. The buffering capacity of the intracellular

buffer can be estimated from the physically based equation proposed by Van Slyke (1922)

(6.45) β≈ CBKb[H+]

(Kb + [H+])2 ln10,

where CB = B + HB is total amount of buffer available and Kb = k−3/k3 is the equilibrium

constant for reaction (6.2). Buffer capacity was measured experimentally by in bovine RPE by

Kenyon et al. (1994). The authors fitted their data with the following second order polynomial:

β(pH) = 1617−408pH +26pH2. We fit the equation (6.45) to the above curve, in order to find

values for Kb = 1.7 ·10−4 mM and CB = 60 mM, using least squares fit, as shown in figure 6.2.
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Figure 6.2: Experimental buffering capacity curve from Kenyon et al. (1994) (blue dots) and fitted
curve from equation (6.45) (red line).

6.4.3 Ion channels

Diffusion coefficients Dk for Na+, K+ and Cl− are assumed to be the same as in the previous

chapter, Dk = D = 1.7 · 10−9 m2/s, k = 0,1,2. For HCO−
3 , H+, CO2 and H2CO3 the diffusion

coefficients are adapted from Krahn and Weinstein (1996), D3 = 1.23 ·10−9 m2/s, D4 = 9.69 ·
10−9 m2/s and D5 = D6 = 1.5 ·10−9 m2/s. The average valence of negatively charged molecules in

the cell with concentration X , is assumed to be zX =1.5, as in the previous chapter.

All membranes are permeable to CO2. Cell membrane permeability to CO2 varies among

cell types, depending on membrane composition. It is, however, known to be much larger than

ion permeabilities, as CO2 can diffuse across the lipid bilayer since it is not charged. Itel et al.

(2012) suggested that CO2 permeability can range from about 10−4 m/s to 10−2 m/s. In our model

we impose Pb
5 = 1.5 ·10−3 m/s, following the value used in Krahn and Weinstein (1996), for the

proximal tubule brush border. The apical permeability is assumed to be 10 times higher due

to apical membrane folding, Pa
5 = 1.5 ·10−2 m/s. Similarly, basolateral permeability to H2CO3 is

taken to be Pb
6 = 1.28 ·10−5 m/s (Krahn and Weinstein, 1996) with the apical one being 10 times

larger, Pa
6 = 1.28 ·10−4 m/s. Due to a lack information, the tight junction is assumed to have the

same permeability to CO2 and H2CO3 as the apical membrane.

The rest of the parameters are addressed in the sensitivity analysis (see table 6.4). We span

the ranges uniformly on logarithmic scale, since most of the parameters are varied over several

orders of magnitude. Parameters that are better studied in literature are varied over a smaller

range (such as membrane permeabilities and the amplitude of the pump), whereas those for

which less information is available are varied through a wider range. The baseline values of the

parameters reported in table 6.2 are taken to be the mean of the logarithm of their distribution

average of their range. Therefore, in the following when we refer to an ‘average’ value we mean

that we have taken the average of values uniformly distributed on a logarithmic scale. In what
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follows, we justify the choice of the ranges reported in table 6.4.

The apical and basolateral membrane permeabilities to K+ are chosen to be similar to those

proposed in the previous chapter (see § 5.3). We span the apical permeability to K+across the

range 1–5·10−7 m/s (with the upper bound being equal to the value considered in the previous

chapter), and the baseline value is Pa
1 = 2.23 ·10−7 m/s. Similarly, the basolateral permeability to

K+ is assumed to be within the range 1–10·10−8 m/s, with the average value of Pb
1 = 3.16·10−8 m/s.

Basolateral permeability to Cl− is also kept similar to that in the previous chapter. In

particular, for the sensitivity analysis we vary it within the range 0.5–3.2·10−8 m/s (the value of

0.8·10−8 m/s was used in chapter 5), with the average value of Pb
2 = 1.25 ·10−8 m/s.

The existence of physically acceptable solutions is very dependent on the amplitude of the

pump, PATP , since it is the main driver of the system. Therefore, in the sensitivity analysis we

allow this variable to vary only over small range of 1−3.16 ·10−6 mol/m2/s (with the lower bound

being equal to the value considered in the previous chapter based on McLaughlin and Mathias

(1985)), with the average value of PATP ≈ 1.77 ·10−6 mol/m2/s.

The amplitude of NKCC co-transporter, PNKCC is spanned within 0.5–5·10−6 mol/m2/s with

an average value of PNKCC ≈ 1.78 ·10−6 mol/m2/s (the value 3·10−6 mol/m2/s is used in chapter 5),

that is used for the typical solution. We note that La Cour (1992) estimated the Cl− flux from this

channel to be about 0.92·10−6 mol/m2/s, which has similar magnitude as PNKCC.

Much less is known about the magnitude of the other channels. Therefore, we span them

across larger ranges for the sensitivity analysis. In particular, amplitudes of the apical and basal

1:2 Na+-HCO−
3 co-transporters (PNBCa , PNBCb12) and HCO−

3 -Cl−exchanger (PAE) are assumed to

be in the range of 0.1–3.16·10−6 mol/m2/s, with the upper bound to be the same as for the pump.

The average value is ≈ 5.62 ·10−9 mol/m2/s.

The amplitudes of the other two Na+-HCO−
3 co-transporters (1:1 apical, PNBCe and 1:3 baso-

lateral, PNBCb13) are chosen to have a wider range shifted to the left, 0.01–1·10−6 mol/m2/s, as

the existence of these channels is less evident within the literature than that of the previous

ones (Adijanto et al., 2009). The corresponding average values are 10−7 mol/m2/s. The Na+-H+

exchanger, on the other hand is referred to more extensively in the literature (Lin and Miller,

1991; Lin et al., 1992; Gallemore et al., 1998) and is allowed to span three orders of magnitude,

0.01–10·10−6 mol/m2/s, with the average value of PNHE ≈3.16·10−7 mol/m2/s.

Finally, the tight junction is assumed to be permeable only to cations and uncharged species.

The permeability to Na+ and K+, P t j, is assumed to be the same. In the previous chapter we

showed that the tight junction permeability to K+ does not affect the solution unless it is greater

than 10−5 m/s. Moreover, Gallemore et al. (1998) suggested that the passive absorptive flux of

Na+ towards the choroid through the paracellular pathway, might exceed the active secretory

Na+ flux towards the subretinal space through the transcellular route, implying that tight

junctions may play a significant role in Na+transport. We assume here that P t j is within the

range (1-100)·10−6 m/s, with baseline value of P t j = 10−5 m/s.
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6.5 Results

6.5.1 The case of no difference in CO2 concentration between the apical and
the basal region

6.5.1.1 Typical solution

In this section we show the model results using, as baseline, the parameter values reported in

table 6.2. Moreover, for each considered species, we impose the same concentration in the apical

and basal regions, as shown in figure 6.3. In the following of this chapter (§ 6.5.2) we will also

consider the case in which CO2 concentration is higher in the apical region than in the basal.

In the absence of concentration jumps across the RPE the concentration of all species in the

cell is constant, as it also happens in the simplified version of the model, presented in chapter 5.

In figure 6.3 (left cell) we report in black the values of the ion concentrations that we impose (in

the apical and basal region) and in blue the values computed by the model. Moreover, the TEP is

also calculated as the potential difference across the RPE. In particular, we impose the value of

the potential in the basal region (set equal to zero, without loss of generality) and compute the

potential in the apical region. The concentrations predicted for Na+, K+ and Cl− are ni
0 = 19 mM,

ni
1 = 129.2 mM and ni

2 = 45.8 mM, respectively. These values are quite close to those reported

in figure 5.1 and, as discussed there, to measured values (Adijanto et al., 2009; Reichhart and

Strauß, 2014; Strauss, 2011). The TEP is predicted to be equal to 16.8 mV, which is a bit higher

than we obtained in chapter 5, but still close to experimental observations (Reichhart and Strauß,

2014; Frambach et al., 1989; Quinn and Miller, 1992). In addition, we find a concentration

of HCO−
3 , n3 = 17.8 mM and a pH of 7.28. This is comparable with the observational data in

Gallemore et al. (1997), where the authors report 24 mM for HCO−
3 concentration and pH of

7.4. We note that, owing to the large permeability of cell membranes to CO2 and H2CO3, their

concentrations in the cell are predicted to be almost exactly the same as the values imposed in

the apical and basal regions, i.e. ni
5 = 1.7 mM and ni

6 = 0.49 ·10−2 mM.

As schematically shown in figure 6.3 (right cell) ion fluxes (K+, Na+, Cl−and HCO−
3 ) are all

directed from the apical to the basal region. For both water and ion fluxes we use the convention

that a negative value corresponds to a flux from the subretinal space to the choroid. We note that

the model now predicts the existence of a net Na+ flux, which was zero in the version of the model

presented in chapter 5, since now we account for the presence of the Na+- HCO−
3 co-transporter

in the basolateral membrane and Na+ transport across the tight junction.

Measurements of ion fluxes across the RPE provide very sparse values and different authors

even found fluxes in opposite directions. Our model predicts a Na+flux of ≈−1.44 ·10−6 mol/m2/s,

directed towards the choroid, which is in agreement with the experimentally measured flux of

−1.5 ·10−6 mol/m2/s in isolated bullfrog RPE-choroid preparation (Hughes et al., 1984). Miller

and Edelman (1990) and Miller and Steinberg (1977), however, found that Na+ flux is directed
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(a)

Figure 6.3: Left cell: typical values for the concentrations and the potential in the cell. The values
in black are prescribed and the values in blue are predicted by the model. Right cell: directions
and representative magnitudes of water and ion fluxes.

towards the subretinal space.

The K+ flux predicted by our model is about ≈−1.69 ·10−6 mol/m2/s, which is similar to the

one reported in the previous chapter, but greater than observed experimentally, which ranges

between −0.2 ·10−7 and −8 ·10−7 mol/m2/s (Hughes et al., 1984; Miller and Edelman, 1990).

The predicted Cl− flux is larger than for the previous two species, ≈−2.34 ·10−6 mol/m2/s and

is comparable to the measured values ranging between −0.5 and −2 ·10−6 mol/m2/s (La Cour,

1992). Finally, the calculated HCO−
3 flux is ≈ −7.79 ·10−7 mol/m2/s, which is smaller than the

one estimated by Hughes et al. (1984), −3.13 ·10−6 mol/m2/s. Since CO2 concentration is almost

constant throughout all the considered domains, the CO2 flux is very small in this case.

Owing to the presence of active ion pumping we find that concentration gradients form in

the thin cleft gaps that separate adjacent cells. This is shown in figure 6.4(a), where we report

the departure of the concentration of each ion in the cleft from the corresponding values in the

basal region. In figure 6.4(b) we show the electrical potential along the cleft gap. Interestingly,

the potential gradient is positive, opposite to what we found in the model presented in chapter 5

(see figure 5.2). This is probably due to the fact that the tight junction is now assumed to be

permeable to Na+.

Figure 6.5(a) shows the osmolarity along the cleft (red curve). In the figure we also report the

osmolarity in the cell, which is constant (blue curve), and the imposed values of the osmolarity in

the apical (yellow circle) and basal (purple circle) regions. The osmolarity in the cleft is higher

than in the cell and this induces a local osmotic flux, similarly to what we found in chapter 5.

The overall effect is the generation of a net water flux across the RPE, directed from the apical

to the basal region. A schematic representation of water fluxes through the cell and the cleft

is shown in figure 6.3 (right cell). For this particular set of parameters we find a value of the
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Figure 6.4: (a) Deviation of the ion concentrations along the cleft from those in the basal region.
The x-axis goes along the symmetry mid line (y= 0) of the cleft, from the basal region to the tight
junction, as shown in figure 6.1. (b) The electrical potential along the cleft.

0 2 4 6 8 10
299

299.5

300

300.5

301

301.5

302

302.5
cell

cleft

apical

basal

(a)

0 2 4 6 8 10

0

1

2

3

4

5

6

7

(b)

Figure 6.5: (a) Osmolarity distribution in the cell and the cleft. (b) Fluid pressure along the cleft.

flux per unit surface averaged over apical membrane and tight junctions, through the RPE to be

equal to Q ≈−9.36 ·10−9 m/s, comparable with the measured values of −[1.1,2.8] ·10−8 m/s (Shi

et al., 2008).

Fluid pressure along the cleft gap is shown in figure 6.5(b). We note that the maximum

pressure in the cleft is relatively large (≈ 7 mmHg). As commented in chapter 5, such a large

pressure might not occur in reality since cell membranes are compliant and will be pushed apart

by a pressure build up in the cleft. We note, however, that a small change in the cleft thickness

would modify significantly the pressure, which depends on the depth of the domain to the third

power, without notable modification of the flow, as it can be anticipated on the basis of the results

shown in figure 5.5(b).
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6.5.1.2 Sensitivity analysis

The model discussed in this chapter has a number of parameters, many of which are extremely

difficult to quantify. For this reason we perform a global sensitivity analysis, applying the

method described in § 6.3, and we describe in this section the results obtained. We modify the 12

parameters reported in table 6.4, which all characterise ion transport across the cell membranes

and the tight junction. In the table we also report, for each quantity, the range of variation

adopted for the sensitivity analysis, which we keep quite large.

We investigate the sensitivity of water flux, TEP and ion fluxes to model parameters. The main

outputs of the global sensitivity analysis are the first order and the total sensitivity indexes. We

recall here the meaning of these parameters. We estimate the sensitivity based on the expected

variance of the output upon changes of the parameters. The first order sensitivity index, Si,

describes the ‘main effect’ for each parameter, as a measure of the expected reduction of variance

if that parameter was kept fixed. The total sensitivity index, STi, on the other hand, captures

first order effect and the interaction of a given parameter xi with other parameters. It measures

the expected variance that would be left if all but a given parameter were fixed.

The results obtained concerning the sensitivity for water flux are reported in figure 6.6, where

the histograms represent the values of the first (a) and total (b) sensitivity indexes. The height

of each bar is thus a measure of how much the corresponding parameter affects water flux. We

note that not all factors are varied by the same percentage. The parameters that have the largest

effect on water transport are the tight junction permeability to Na+ and K+(P t j), the amplitude

of the pump (PATP ), the amplitude of Na+-H+ exchanger (PNHE) and, to a smaller extent, the

amplitude of basal Na+-HCO−
3 1:2 co-transporter (PNBCb12). Inspection of figures 6.6(a,b) shows

that the two indexes used lead to qualitatively similar results, in the sense that they identify the

same parameters as being important for modifying water flux.

For these parameters we show in figure 6.7 scatter plots with the values of water flux, Q,

taken in each numerical experiment versus the corresponding value of the parameter. In the

plots we also report in black a curve corresponding to a second order polynomial function fitted

to the data with the least squares method. This shows how water flux varies with the above

parameters (see also the arrows in the bars of figure 6.6). We recall that water flux is towards the

choroid when Q < 0. The figures show that water flux towards the choroid grows (Q becomes more

negative) if PATP , PNHE and P t j, grow, whereas it decreases for increasing values of PNBCb12 .

The fact that pump (PATP ) has an important role is understandable, from the physical point of

view: the pump is the ‘active’ element in our system and all ion fluxes and standing concentration

gradients are a consequence of this pump.

In figure 6.8 we show the sensitivity indexes for TEP. In this case the only parameter that is

capable of significantly modifying TEP is the tight junction permeability to Na+ and K+(P t j). In

particular, if P t j increases TEP decreases. To a significantly lower extent, permeability of the

basal membrane to K+(Pb
1 ) also has some role on TEP and qualitatively it acts similarly to P t j:
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Figure 6.6: First and total sensitivity indices for water flux. In panel (a) we report within the
largest bars arrows that indicate how the magnitude of water flux is modified by that particular
parameter. An upward pointing arrow indicates that water flux towards the choroid increases in
magnitude if the parameter is increased. The sense of variation is the same in panel (b).

as Pb
1 increases TEP decreases.

Finally, in figure 6.9 we report the sensitivity indexes for ion fluxes. In the figure indexes

corresponding to different ions are reported with a different colour. Na+ flux is mostly influenced

by P t j and, as expected, it increases with increasing values of the permeability. The amplitude of

Na+-H+ exchanger (PNHE) also influences Na+ transport as it facilitates sodium flux across the

apical membrane. K+ flux is strongly affected both by P t j and Pb
1 , which is the permeability of

the basolateral membrane to it, and the flux grows with both parameters. K+ flux towards the

choroid also grows as the amplitude of the pump is increased. Cl− flux depends significantly on

PNHE and PAE. This flux is generally directed towards the choroid but decreases in magnitude

as PNHE increased and can even be reversed for very large values of PNHE. Finally, HCO−
3 flux

is significantly affected only by the amplitude of Na+-H+ exchanger (PNHE). In summary, the

sensitivity analysis for ion fluxes highlights the great importance the Na+-H+ exchanger and the

tight junction permeability have on the system.

As mentioned in chapter 4 it is believed that ion and water fluxes through epithelia are tightly
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Figure 6.7: Scatter plots for water flux Q vs four parameters with largest sensitivity indices:
(a) PATP , (b) PNBCb12 , (c) PNHE and (d) P t j. Each point corresponds to a numerical experiment.
Different colours correspond to different searching curves from the equation (6.42).

linked to each other and that, roughly speaking, water follows the ions. To verify this statement in

figure 6.10 we plot water flux versus each of the ion fluxes. In the figures each point corresponds

to a numerical experiment and we identify a general trend in each scatter plot by reporting (in

black) a line fitted with the least squares method. The figure shows that a strong link exists

between water flux and Na+ and HCO−
3 fluxes. Cl− flux is also relatively strongly correlated with

water flux. On the other hand a clear correlation is not found for K+ flux. Generally speaking, the

model confirms the link between ion and water fluxes for most, but not all, ions.

We finally investigate the dependency of water flux on CO2 concentration in the apical and

basal regions as shown in figure 6.11. The scatter plot suggest that water flux does not depend on

the amount of CO2. This is in disagreement with Adijanto et al. (2009), where authors performed
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Figure 6.8: First and total sensitivity indices for TEP. In panel (a) we report within the largest
bars arrows that indicate how the magnitude of TEP is modified by that particular parameter. An
upward pointing arrow indicates that TEP increases in magnitude if the parameter is increased.
The sense of variation is the same in panel (b).

experiments in human fetal RPE, and found that increasing the amount of CO2 in the solution

on both sides of the epithelium resulted in the increase in water flux.

6.5.2 The case of an imposed difference in CO2 concentration between the
apical and the basal region

6.5.2.1 Typical solution

We now consider the case in which CO2 concentration is higher in the apical region than in the

basal. This is physically relevant since we know that the retina produces CO2 and one of the

roles of the RPE is to remove it from the subretinal space. It is thus interesting to investigate

how the system would respond to CO2 accumulation in the apical region. To this end we keep

CO2 concentration in the basal region fixed at 5% (as it was done in § 6.5.1) and increase the

concentration in the apical region to 7%. This creates a jump in CO2 concentration across the

RPE, which induces spatial variability of all variables in x-direction. As explained in § 6.2.2.3
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Figure 6.9: First and total sensitivity indices for ions fluxes. In panel (a) we report within the
largest bars arrows that indicate how the magnitude of the ion flux is modified by that particular
parameter. An upward pointing arrow indicates that ion flux towards the choroid increases in
magnitude if the parameter is increased. The sense of variation is the same in panel (b).

and § B.2 concentration variability in the y-direction is ≈ δ times smaller than in the x direction

and is, therefore, neglected.

Departure of ion concentrations from the corresponding average values n̂i
k along the cell are

shown in figure 6.12(a). The average values are approximately the same as reported in figure 6.3.

Concentrations of Na+ and K+ decrease towards the apical membrane, whereas concentrations of

Cl− and HCO−
3 increase. Moreover, the potential in the cell also has a gradient (not shown in the

figures). The potential grows from the basal to the apical region. Ion concentrations in the cleft

are shown in figure 6.12(b). The profiles in the cleft are very similar to those found in the case

with no CO2 jump across the RPE, and shown in figure 6.4.

Interestingly, despite the fact that ion concentration gradients are generated in the cell, the

net ion fluxes are almost the same as in the case discussed in § 6.5.1. This is because not only

the concentrations but also the electrical potential vary along the cell, and they act in opposite

directions in the electrodiffusive ion transport. In this scenario transepithelial CO2 flux equals to

−9.05 ·10−5 mol/m2/s, and is directed from apical to basal region.

Figure 6.13(a) shows the deviation of CO2 profiles in the cell and cleft from the value in

the basal region. The profiles are very close to each other, again as a consequence of the large

permeability of the membranes to CO2. The two concentration profiles only differ in a small
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Figure 6.10: Scatter plots for water flux Q vs (a) Na+, (b) K+, (c) Cl− and (d) HCO−
3 flux. Each

point corresponds to a numerical experiment.

region at the boundary with basal region, since for the cleft we impose a Dirichlet condition and

for the cell we impose a membrane condition and we can have a jump in CO2 concentration across

the basal membrane.

Profiles of pH in the cell and cleft are shown in figure 6.13(b). pH in the cell is lower than in

the cleft and both curves decay towards the apical membrane.

The gradients of osmolarity in the cell and the cleft, shown in figure 6.14(a), induce a change

in the transepithelial water flux to the value of −0.43 ·10−8 m/s. The direction of water fluxes

across cell membranes is schematically shown in figure 6.14(b).

In order to test the effect of CA inhibition, we introduce a factor α that multiplies the reaction

rates (kd and kh) of equation (6.1), and thus allows to reduce them simulating inhibition of this

reaction. The response of water flux Q to a progressive decrease of this factor is shown in figure

6.15. The three curves correspond to three different CO2 concentrations (5, 7 and 9%), imposed
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Figure 6.11: Water flux as a function of extracellular CO2 concentration. Each point corresponds
to a numerical experiment and colors correspond to different search curves.
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Figure 6.12: (a) Deviation of ions concentration from the average value in the cell. (b) Deviation
of ions concentration in the cleft from their values in the basal region.
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Figure 6.13: (a) CO2 concentration in the cell and cleft. (b) pH in the cell and cleft.
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Figure 6.14: (a) Osmolarity distribution in the cell and cleft. (b) Sketch of the direction of water
fluxes in the case of CO2 jump across the RPE.
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Figure 6.15: Water flux as a function of the CA activity. The values of α on the x-axes are factors
that multiply the reaction rates kd and kh of the reaction (6.1). The value α = 1 corresponds
to full catalyser capacity (the reaction rates from table 6.2); as the value of α decreases the
catalyser is progressively inhibited. Different curves correspond to different values of apical CO2
concentration: 5,7 and 9%, while basal CO2 is kept at 5%.

in the apical region (the basal CO2 concentration is kept fixed to 5%). The figure shows that

inhibition of CA leads to a significant change in water flux towards the choroid. When a CO2 drop

across the RPE is imposed water flux towards the choroid increases significantly by inhibiting

the reaction (6.1). When CO2 concentration is the same in the apical and basal regions the water

flux reaches a maximum absolute value for α≈ 10−4, which occurs approximately when the time

scale for diffusion of CO2 across the cell and its reaction time are similar.
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Figure 6.16: First and total sensitivity indices for water transepithelial water flux in the case of
CO2 jump across the RPE.

6.5.2.2 Sensitivity analysis

In this section we discuss the results of the sensitivity analysis, considering the case in which

we have a jump in CO2 concentration across the RPE. We investigate the sensitivity of the

model with respect to the same parameters as in § 6.5.1.2, but now we keep fixed membrane

permeabilities to ions to the values we used in § 6.5.2.1, since we showed that they play a

relatively minor role (see figures 6.6, 6.8 and 6.9). Thus, in this case we vary 9 model parameters

(table 6.2 without membrane permeabilies to ions: Pb
1 , Pa

1 and Pb
2 ).

Sensitivity of water flux and TEP to these parameters are shown in figures 6.16 and 6.17(a).

These figures show that the results are qualitatively similar to those discussed in the absence of

a CO2 jump across the RPE. In figure 6.17(b) we report the results of the sensitivity analysis for

CO2 flux, which is found to be most sensitive to the amplitude of Na+-H+ exchanger (PNHE).

Ion fluxes depend on water flux similarly as we discussed in § 6.5.1.2 (figure 6.9) and we don’t

show the corresponding plots for the sake of brevity.

The scatter plot in figure 6.18(a) shows the effect of CA inhibition on water flux Q by varying

9 model parameters and α. The average behaviour suggests that Q increases with CA inhibition.
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Figure 6.17: First order sensitivity index, Si, for (a) TEP and (b) CO2 flux.

Similarly to figure 6.15, we observe that Q has the largest magnitude in the neighborhood of

α≈ 10−4.

Finally, the scatter plot in figure 6.18(b) shows the effect of CA inhibition on CO2 flux. We note

that variation of this flux from the mean value is less than 2%, suggesting that model parameters

do not significantly influence it.

6.6 Discussion

Fluid accumulation in the subretinal space (SRS) remains a relatively poorly understood prob-

lem, despite its clinical relevance for the onset and development of various sight-threatening

pathological conditions, such as macular oedema, retinal detachment and age related macular

degeneration (Gallemore et al., 1998). Understanding fluid transport and the ways to manipulate

it to treat these conditions is, therefore, a crucial question in retinal physiology. In particular,

inhibition of carbonic anhydrase (an enzyme that catalyses CO2 hydration) and the basolateral

anion exchanger, have been shown to be effective to treat fluid accumulation (Cox et al., 1988;
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Figure 6.18: Scatter plots for (a) water flux and (b) CO2 flux as functions of CA inhibition. The
values of α on the x-axes are factors that multiply the reaction rates kd and kh of the reaction
(6.1). The value α= 1 corresponds to full catalyser capacity (the reaction rates from table 6.2); as
the value of α decreases the catalyser is progressively inhibited. Different colours correspond to
different search curves.

Fishman et al., 1989; Iserovich et al., 2011). Nevertheless, the underlying mechanisms remain

unclear, motivating the present work.

In chapter 5, we developed a mathematical model aimed at understanding the mechanisms of

fluid transport, with a particular focus on the relative importance of osmosis and electroosmosis.

The model coupled fluid and ion dynamics in a coherent framework, accounting for the presence

and transport of three different species: Na+, K+and Cl−. We showed that local osmosis generated

by the presence of a concentration gradient in the space between two cells, the cleft gap, driven by

active ion pumping, is the dominant mechanism of fluid transport, with electroosmosis being two

orders of magnitude smaller. Therefore, this first generation model provided us with qualitative

understanding of the relevant flow mechanisms.

To improve this understanding and obtain a better quantitative estimate of water flux, in this

chapter we have extended the model from chapter 5 to account for other potentially important

species, in particular, HCO−
3 , H+, CO2 and H2CO3. Considering these species is of relevance since

it allows us to predict ion fluxes that better reproduce the physiological behaviour of the RPE,

as we account for additional channels that are known to be present in the RPE cell membranes.

Moreover, it allows us to investigate the role of CO2 flux and its possible coupling with water

transport. Finally, we account for chemical interactions of the species and study their effect on

water transport, with a particular focus CO2 hydration, as this allows us to investigate the effect

of carbonic anhydrase (CA) inhibition.

The model, therefore, considers the presence of seven species in the cell and the cleft, an

anion gap in the cell and an intracellular buffer. Ions are transported by active and passive
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channels across the membranes and CO2 and H2CO3 can diffuse across them as they are not

charged. Fluid transport is assumed to be driven by osmosis, as the results of the previous

chapter indicate that electroosmosis is subdominant. Fluid and solute transport are thus coupled

through advection, osmotic fluxes and flux balance in the cell. The models in the cell and cleft

are significantly simplified via asymptotic approximation to a system ODEs in the choroid–SRS

direction, using the fact that the cleft gap is long and thin and that certain reactions are in

equilibrium.

The addition of species and of the corresponding ion channels resulted in a large set of

parameters, the estimation of which is a crucial point for this model. For this reason we performed

a global sensitivity analysis using the extended Fourier amplitude sensitivity test (eFAST)

(Saltelli et al., 1999) and determined which parameters affect most the model outputs. The

sensitivity analysis also allows us to better understand the behaviour of the system.

We focus on two different conditions. We first consider the same concentration of CO2 on

both sides of the epithelium. This allows us to investigate in a more refined way the coupling

between fluid and ion transport across the RPE. We then assume that CO2 is being excessively

produced in the SRS as a result of high photoreceptors metabolic activity (Adijanto et al., 2009).

As CO2 is absorbed into the choroid at a very fast rate, its production in the SRS may result in a

transepithelial gradient of CO2. We model this condition by imposing a higher CO2 concentration

in the SRS with respect to the one in the choroid. For both scenarios (with and without CO2 jump

across the RPE) we present results for a typical case and investigate the sensitivity of the model

output to model parameters.

When CO2 concentration is the same across the epithelium, all variables in the cell can be

approximated as constants with the accuracy of order δ= h/L ≈ 10−3. This means that the system

in the cell can be simplified to a set of algebraic equations by an averaging process analogous to

the one adopted in the previous chapter. We find similar concentrations of Na+, K+ and Cl− and

TEP to those obtained in chapter 5 and within the physiological range. Moreover, we find that the

concentration gradient in the cleft drives a water flux across the RPE of order 10−8 m/s, which is

compatible with the experimentally measured values of −(1.1−2.8)·10−8 m/s (Hughes et al., 1984;

Shi et al., 2008). This essentially confirms the results of the previous chapter, that local osmosis

in the cleft gap can produce a water flux that is compatible with experimental observations.

The predicted ion fluxes, however, are different from the ones reported in chapter 5, and have

magnitudes comparable to those found experimentally (Hughes et al., 1984; Miller and Edelman,

1990; La Cour, 1992). This is because the extended model considers transepithelial transport

of Na+ and HCO−
3 via membrane Na+-HCO−

3 co-transporters, which is coupled to the fluxes of

other species, and Na+ transport through the tight junction.

Our results from the sensitivity analysis suggest that the tight junction plays a key role in

Na+ transport, and large tight junction permeabilities are required for Na+ flux to be directed

from the SRS to the choroid. This is in agreement with the hypothesis of Gallemore et al. (1998),
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who argued that passive flux through the tight junction towards the choroid might exceed the

active flux of Na+ across the cell towards the SRS and establish net Na+ transport towards

the choroid. Our model also predicts that water flux is roughly proportional to Na+ flux, with

proportionality constant of 0.0026 m3/mol. We note that coupling between Na+ and water fluxes

are well established in other epithelia (see e.g. Diamond and Bossert, 1967; Matthay et al., 1996;

Hamann, 2002), but has not been confirmed in the RPE.

The HCO−
3 flux is closely related to Na+ transport, due to their coupling through Na+-HCO−

3

co-transporters in cell membranes. Hughes et al. (1984) performed experiments on isolated

bullfrog RPE-choroid preparations and suggested that fluid absorption is strongly dependent on

the active absorption of HCO−
3 . The results of our model agree with this finding, as we predict

that water flux is roughly proportional to HCO−
3 flux with a proportionality constant of 0.0016

m3/mol.

The sensitivity analysis suggests that Cl− transport is directed in most cases towards the

choroid. We note that the direction of this flux is obtained form a balance between basal Cl−-

HCO−
3 exchanger and basolateral permeability to Cl−. Our model confirms the hypothesis that

fluid transport is enhanced by transepithelial Cl− flux (e.g. Bialek and Miller, 1994), although, the

effect is less evident than that for Na+ and HCO−
3 . Moreover, our model suggests that inhibition

of HCO−
3 -Cl−exchanger facilitates Cl− and water fluxes to the choroid, which is in agreement

with the findings of Iserovich et al. (2011), who tested inhibition of this channel with the aim of

developing drugs for treating macular oedema.

Finally, K+transport is directed towards the choroid, but its magnitude does not strongly

correlate with the transepithelial water flux, neither in our model nor in experimental works

(Hughes et al., 1984; Adijanto et al., 2009).

The global sensitivity analysis shows that water flux is most sensitive to tight junction

permeability to Na+, as increasing this permeability results in an increase of the transepithelial

Na+ flux, and thus water flux towards the choroid. Moreover, the magnitude of water flux is also

highly dependent on the amplitude of Na+-K+ATPase, as its activity is the driver of active ion

transport and thus, of formation of the concentration gradient in the cleft gap. Water flux is also

strongly affected by the amplitude of the Na+-H+ exchanger, presumably because it also drives a

net Na+ transport.

The second physiological condition we study considers the presence of a CO2 gradient across

the RPE, which can result from large production of CO2 by photoreceptors. When CO2 concentra-

tion is the same on both sides of the RPE, the CO2 flux is extremely small. However, if a jump in

CO2 concentration between apical and basal regions exists, the model predicts a net CO2 flux,

directed towards the choroid, which varies in the range 8.96–9.06·10−5 mol/m2/s for an apical

CO2 partial pressure equal to 7% and a basal one to 5%.

The gradient of CO2 induces spatial variability of concentrations of all species and of the

potential in cell in the apical to basal direction. The mean values of the resulting variables in
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this case are similar to those obtained in the absence of CO2 gradient. This is also true for ion

fluxes and sensitivity to all model variables.

Transepithelial water flux, however, decreases approximately by 50% if apical CO2 is at 7%

and basal is at 5%. This is because the presence of spatial variability of ion concentration in the

cell implies a change in osmolarity from the basal to the apical region, such that the osmolarity

decreases towards the apical membrane. This, in turn, reduces (or even reverses) osmotic water

flux across the apical membrane, resulting in an overall reduction of water flux towards the

choroid. In other words the model suggests that CO2 accumulation in the SRS tends to decrease

water transport, which might in turn lead to fluid accumulation. Should this finding be supported

by experimental evidence it would imply that acidosis and fluid accumulation might be somehow

linked to each other.

Adijanto et al. (2009) studied the dependency of water flux on CO2 concentration in the

apical and basal solution. The authors found that an increase of CO2 concentration on both

sides of the epithelium from 5 to 13% results in doubling water flux, suggesting that water

transport is facilitated by CO2. This conclusion, however, is not obviously consistent with the

fact that CA inhibitors (which essentially reduce the degree of coupling between CO2 and other

species) are used to facilitate fluid transport (Wolfensberger et al., 2000; Kita and Marmor,

1992) or to treat macular oedema (Cox et al., 1988; Fishman et al., 1989). Our model suggests

that water flux is independent of CO2 concentration changes on both sides of the membrane, in

disagreement with Adijanto et al. (2009), which might imply that some ingredients are missing in

our approach. Nevertheless, we find that in the case of CO2 gradient across the RPE, inhibition

of CA smooths the gradients of all species in the cell (except for CO2), resulting in an increase of

water transport towards the choroid, as anticipated by experimental findings. This suggests that

our model provides a possible explanation for the physical mechanism behind the functioning of

CA inhibitors.

To summarise, the present work has been aimed at improving our understanding of the

mechanisms that are responsible for fluid transport across the RPE. This required developing

a mathematical model that couples fluid, ion and CO2 dynamics across the epithelium, as fluid

transport is driven by local osmosis in the cleft. The model provides possible explanations of the

mechanisms behind the functioning of drugs used to treat fluid accumulation in the SRS, such as

inhibitors of ion channels or CA and indicates how other interventions may inadvertently impact

the retina. The results of the model, and particularly of the sensitivity analysis, may be used

in targeting inhibition of other channels to treat eye pathological states, associated with fluid

transport across the RPE. We finally remark that the model is based on ingredients that are

common to all absorptive or secretive epithelia and, therefore, can constitute a basic framework

for the study of fluid flow across other tissues.
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CONCLUSIONS AND FUTURE DIRECTIONS

The eye is an organ of an immense complexity that owing to a combination of many physical

and biological processes, grants a subject with vision. Fluids occupy the majority of eye

volume and are essential for its proper physiological functioning. Many pathological

conditions related to fluids in the eye, such as glaucoma, age related macular degeneration,

corneal opacity and diabetic retinopathy, may lead to severe visual impairment or blindness.

Therefore, for preventing or treating these conditions, one needs to understand the physiological

role of fluids and the effects of their interaction with the surrounding tissues.

In this thesis we make a humble contribution to understanding the role of fluids in the eye

from mechanical point of view. Although some of the answers have been obtained, there are still

plenty of open questions in the field. In what follows we briefly describe the main conclusions of

the work and suggest some possibilities for future developments.

We address two topics in different parts of the eye. The first one is related to the motion

of aqueous humour, the fluid located in the anterior segment of the eye. The first problem we

address is associated with the motion of aqueous in the posterior chamber (PC), i.e. the region

between the natural lens and the cornea. We improve the existing models of such a flow by

accounting for a realistic shape of the domain and the effect of miosis (i.e. pupil contraction),

and consider two possible scenarios for its modification: partial pupillary block and iridotomy.

Partial pupillary block happens when the iris and the lens come into contact in a certain region,

impeding the outflow of aqueous from the PC. This might lead to high pressure values in the PC,

that can push the iris forward blocking the area where aqueous drains, resulting in angle-closure

glaucoma. We find that for reaching high pressure values, the pupillary block must be almost

complete, i.e. the blocked region should occupy about 90% of the pupil.

To reduce pressure in the PC iridotomy can be performed. It consists of surgically producing

a hole in the iris that serves as an additional outflow from the PC. Despite being a common

procedure, the problem of optimal size and location of an iridotomy is poorly understood. The

ideal iridotomy should reduce pressure to safe levels, while keeping the risk of producing high

wall shear stress (WSS) on the cornea low (which is relevant for its integrity). For the former,

we find that an iridotomy with diameter of about 50 µm is sufficient. For the latter, the model

predicts that the maximum WSS is achieved for a diameter of about 80-100 µm, producing a

value as high as 1-10 Pa. However, to understand whether this value is high enough to cause

endothelial cells detachment, experimental measurements are needed.
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Our study of the flow in the PC suggests several interesting extensions. To start with, our

model does not account for possible fluid-structure interaction between aqueous and iris, which

might have a significant effect, especially during miosis, which has not been addressed in detail.

This, however, would require a detailed understanding of iris dynamics during pupil contraction

and dilation, which, to our knowledge, is not available and could probably be obtained by a

suitably designed experiment.

Iridotomy is preformed when the iris is fully dilated. This means that after the iris returns

to its normal position, the hole would have a different size and shape than the one produced

during the surgery. It would be interesting to estimate this change, and, if it is large, to propose

how to modify surgical procedure in order to obtain the desired size of the iridotomy for the iris

in regular position. Furthermore, during iris contraction and dilation, an iridotomy might also

change its size and shape, which will modify quantitatively our predictions of pressure in the

PC. A study from both imaging and solid mechanics perspectives could shed some light on this

phenomenon.

The second problem we address in the context of aqueous humour is related to the flow in the

anterior chamber (AC) induced by eye rotations. Such a flow is relevant for generation of high

stresses on the cornea and for mixing processes in the AC. We develop an analytical model of the

flow induced by harmonic oscillation of the eye globe, complementing existing numerical works.

This approach allows us to better understand the flow characteristics and perform parameter

study. The model predicts that the flow has a complex three-dimensional structure and a steady

streaming component is generated. This component is comparable to thermal flow, which is a

well established mixing mechanism when the eyelids are open, thus is also important for mixing

processes in the AC. Furthermore, the steady streaming flow induces lateral mixing, which is not

the case for thermal flow. Finally, during night, when the eyelids are closed and no thermal flow

occurs in the AC, rapid eye movements (REM) are shown to be the main mixing mechanism.

Owing to the absence of experimental measurements on the threshold value of WSS that

causes endothelial cells detachment we cannot rule out the possibility that eye rotations cause

cells detachment. However, common sense suggests that daily physiological activity, such as eye

rotations, by design should not harm the cornea. Therefore, the values of the WSS produced by

eye rotations could instead be used to indicate safe levels of the WSS for the endothelial cells.

Nevertheless, one cannot reach a definite answer without an experimental quantification.

There are several possible extensions of our model, that might also admit semi-analytical

approaches. One of the assumptions in our model is that the amplitude of oscillations is small,

β¿ 1. This assumption holds for most of eye rotations; however, in the case of large saccades and

maximum amplitude REM, β is of order 1. Thus one of the possible extensions would be to avoid

this assumption and modify the solution procedure by retaining terms of order εβ (ε is the aspect

ratio of the domain). This would potentially provide a more accurate solution in aforementioned

cases, with possible analytical progress. Furthermore, it would be interesting to understand how
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the flow due to eye rotations, particularly its steady streaming component, interacts with the

thermal flow. This is relevant for mixing processes and particle transport in the AC.

Another interesting extension would be to study nutrient transport and drug delivery in

the AC using our solution for the flow. Particle transport is also relevant, particularly for the

formation of Krukenberg’s spindle, which happens when there is a patterned accumulation of

pigmented iris cells on the inner surface of the cornea. Boushehrian et al. (2016) studied particle

transport in the AC using computational approach. A complementary semi-analytical work would

be a welcomed extension of our study.

The second topic we address is related to the transport of fluid across the retinal pigment

epithelium (RPE), the outermost layer of the retina. The RPE is responsible for transport of

fluid from the subretinal space (SRS) to the choroid. This transport is supported by an active

pumping, failure of which may lead to fluid accumulation in the SRS, a condition associated with

age-related macular degeneration, retinal detachment, diabetic retinopathy and macular edema.

In order to treat or prevent fluid accumulation, the mechanisms that drive fluid transport need

to be well understood. In our study we aim to quantify and classify such mechanisms with the

help of mathematical modelling. In particular, we develop a model that couples fluid and solute

transport in the epithelial layer.

The first, simplified, model suggests that local osmosis generated in the cleft gap between two

adjacent cells by active pumping of ions is the main mechanism of fluid transport. This finding

stresses the importance of coupling ion and fluid transport. Moreover, it suggests that one can

regulate the flow by manipulating ion transport with certain drugs that block ion channels on

cell membranes.

To get a further insight on the effect of the coupling between solute and water transport,

we extend the model to account for more species and their chemical interactions. This model

better reproduces physiological conditions of the RPE and, thus, improves estimates of ion

and water fluxes. Moreover, we perform sensitivity analysis, that enables us to determine the

relative importance of ion channels on water transport. The model accounts for various feedback

effects that link active ion transport with water flow; however RPE homeostasis might rely

on additional mechanisms, the activation of which can be triggered by the departure from

physiological conditions. These effects have not been considered and might be an interesting

subject for future studies.

The model predicts that, in order to facilitate transepithelial flow, one needs to inhibit

basal Na+-HCO−
3 (1:2) co-transporter and the Cl−-HCO−

3 exchanger or to increase the tight

junction permeability to cations. On the other hand, inhibition of Na+-H+ exchanger in the apical

membrane decreases the flux towards the choroid, which suggests that Na+-H+ inhibitors, such

as amiloride, might have a side effect of fluid accumulation in the SRS. The results of the model,

and particularly of the sensitivity analysis, may be used in targeting inhibition of other channels

to treat eye pathological states, associated with fluid transport across the RPE.
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The model admits certain extensions provided that more experimental data is generated

for its verification. In particular, a more detailed description of ion channels activity from both

theoretical and experimental sides would be a desired improvement. This would involve models

of single channel dynamics, a problem on a different scale, which, could be integrated into our

model. This is especially of interest for Na+-H+ exchanger, as it has large effect on the system

and the current use of non-equilibrium thermodynamics approach might not provide an accurate

description of its activity. As ever, experimental data is needed to improve models. Furthermore,

lactic acid could also have an effect on water transport across the RPE, as it has been shown to

be relevant in corneal endothelium (Li et al., 2016). Comprehensive experimental measurements

of ion and water fluxes are thus welcomed for further verification of the model.

Our model is just a preliminary step towards the understanding a much more complex and

relevant phenomenon: fluid balance in the retina. This is a long term goal, which, like many

problems in science should be conquered gradually via small steps, as it involves understanding

fluid exchanges between blood vessels, interstitial and intracellular compartments. For making

progress in this direction, one needs to integrate relevant experimental measurements with

theoretical models at every level of this process.

Finally, the model that we develop might be applied to other absorptive or secretive epithelial

layers. The first candidate could be the choroid plexus epithelium (CPE) that contributes to

production of cerebrospinal fluid in the brain. Understanding the mechanisms behind this pro-

duction is relevant for regulating intracranial pressure. Both the RPE and the CPE develop from

neural ectoderm, therefore, they share many similarities, in the solute transport mechanisms.

Therefore, with certain modifications, our model can be adapted to describe fluid transport across

the CPE. Another interesting application of our model would be aqueous production by the ciliary

epithelium (CE), which is relevant for regulating intraocular pressure. The CE consists of a

double layer of cells, and thus, has a different structure from the RPE. This means that the model

has to be modified accordingly to reproduce this particular structure.

To summarise, in the present thesis we have tried to provide answers from mechanical

perspective to certain questions related to fluids in the eye. Despite many contributions from

different research groups, the field remains open for further questions from both modelling and

experimental sides. We sincerely hope that the research will keep moving in that direction and

wish luck to those who will try to unravel the mysteries of eyes.

At this point, the author would like to congratulate the reader for reaching the end of this

thesis. If this was accomplished without skipping any parts of the work (including the sections

about parameter estimates), the author would be delighted to offer the reader a pint, provided

that he/she happened to be in the same part of the world.
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SIMPLIFICATION OF THE MODEL IN CHAPTER 5

A.1 Reduction of the model in the cell to a set of algebraic
equations

In this section we simplify the equations (5.1a) for k = 0,1 and (5.3) in the cell to a set of algebraic

equations. The aspect ratio in the cleft is δ= h/L ≈ 0.001. If we denote schematically the order

of magnitude of an ion flux per unit area through the lateral membrane by F , the flux per unit

area along the cleft has to be of the order F /δ. This implies that variations of concentrations and

potential in the cell have to be δ times smaller than those in the cleft. We also verify a posteriori

that the magnitude of these variations is of order 0.1% of the average values. We thus make use

of asymptotic expansions of all variables in the cell and write

(A.1) ni
k = n̂i

k +O (δ), φi = φ̂i +O (δ),

where n̂i
k and φ̂i do not depend on space. We now integrate equations (5.1a) for k = 0,1 and (5.3)

in the main text over the volume of the cell, apply the divergence theorem and implement the

membrane conditions (5.4) and (5.5), to obtain the following problem at the leading order

3P +M = 0,(A.2a)

J ia
1 −2P +M +J ib

1 + 2
H

∫ L

0
J

ig
1 dx = 0,(A.2b)

P +J ia
1 +J ib

1 −J ib
2 + 2

H

∫ L

0

(
J

ig
1 −J

ig
2

)
dx = 0,(A.2c)

where we have to keep integrals only for the cleft variables, as the values in other regions are

uniform. We note that all fluxes (P , M , J ia
1 , J ib

1 , J
ig
1 , J ib

2 and J
ig
2 ) are computed using the

leading order, spatially constant variables in the cell. In the following we will not distinguish
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leading order variables from the exact variables; in other words we will write, for instance,

ni
k rather than n̂i

k. In summary, this reduces the problem in the cell to a system of algebraic

equations.

A.2 Reduction of the ion transport model in the cleft to a set of
ODEs

In this section we derive the ODEs (5.14a)–(5.14c). We first redefine y via y → y− (h+H), so

that the left wall of the cleft gap is at y = 0 and the symmetry axes are at y = h and y =−H/2.

It is convenient from now on to work in terms of dimensionless variables. Let N denote a

representative ion concentration, equivalent to 100 mM, corresponding to a physiological solution

with molarity 300 mM. With s ∈ {a,b, i, g} we non-dimensionalise all variables as follows

x = Lx̄, y= hȳ, ns
k = Nn̄s

k, φs = RT
F

φ̄s, X = NX̄ , u =Uū, v = δUv̄,(A.3)

where the choice of fluid velocity scale U ≈ 60 µm/s is discussed in A.4. In the cleft gap, electrodif-

fusion is governed by equations (5.1a) for k = 0,1 and (5.3), which scale as follows

∂2n̄g
k

∂x̄2 + zk
∂

∂x̄

(
n̄g

k
∂φ̄g

∂x̄

)
+ 1
δ2

(
∂2n̄g

k

∂ ȳ2 + zk
∂

∂ ȳ

(
n̄g

k
∂φ̄g

∂ ȳ

))
−Pe

(
∂(ūn̄g

k)

∂x̄
+
∂(v̄n̄g

k)

∂ ȳ

)
= 0,(A.4)

∂

∂x̄

([
2∑

k=0
n̄g

k

]
∂φ̄g

∂x̄

)
+ 1
δ2

∂

∂ ȳ

([
2∑

k=0
n̄g

k

]
∂φ̄g

∂ ȳ

)
= 0,(A.5)

where Pe is a Péclet number, defined as Pe =UL/D ≈ 0.3 (with the values taken from table 5.2).

Taking advantage of the small ratio δ of the cleft gap, we expand all variables in terms of δ

n̄g
k = n̄g

k,0 +δ2n̄g
k,1 +O (δ4), φ̄g = φ̄g

0 +δ2φ̄
g
1 +O (δ4).(A.6)

Introducing these expansions into equations (A.4)-(A.5) we obtain the following leading order

problem (denoting for simplicity of the notation leading order variables as exact ones, e.g. using

n̄g
k, φ̄g rather than n̄g

k,0 and φ̄
g
0 )

∂

∂ ȳ

([
2∑

k=0
n̄g

k

]
∂φ̄g

∂ ȳ

)
= 0,(A.7)

∂2n̄g
k

∂ ȳ2 + zk
∂

∂ ȳ

(
n̄g

k
∂φ̄g

∂ ȳ

)
= 0, k = 0,1.(A.8)

Noting the symmetry condition at ȳ = 1, where ∂/∂ ȳ operating on any variable yields zero, we

have for k ∈ {0,1}

∂n̄g
k

∂ ȳ
+ zk n̄g

k
∂φ̄g

∂ ȳ
= 0.(A.9)
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Hence

n̄g
k = Ak(x̄)exp[−zkφ̄

g],(A.10)

where A0 and A1 arise from the general form of the solution following integration. Noting

that the valences for sodium and potassium z0 = z1 = 1, and using electroneutrality in the gap,

n̄g
2 = n̄g

0 + n̄g
1 , we have

(A.11) 2
∂

∂ ȳ

(
[A0(x̄)+ A1(x̄)]exp[−φ̄g]

∂φ̄g

∂ ȳ

)
= 0.

One integration and the symmetry condition gives

∂φ̄g

∂ ȳ
= 0(A.12)

and hence the leading order bulk potential, and thus the concentrations, have no ȳ dependence.

With the 1 superscript denoting the first subleading term and integrating the first-order

correction to the concentration balance equation over ȳ, we have∫ 2

0

{
∂2n̄g

∂x̄2 + ∂

∂x̄

(
zk n̄g

k
∂φ̄g

∂x̄
−Pe(ūn̄g

k)
)}

d ȳ+(A.13) [
∂n̄g

k,1

∂ ȳ
+ zk n̄g

k

∂φ̄
g
1

∂ ȳ
+ zk n̄g

k,1
∂φ̄g

∂ ȳ
−Pe(v̄n̄g

k)

] ȳ=2

ȳ=0

= 0.

The contribution to the square bracket is determined by the boundary conditions at ȳ = 0 and

ȳ= 2,

(A.14)
∂n̄g

k,1

∂ ȳ
+ zk n̄g

k

∂φ̄
g
1

∂ ȳ
+ zk n̄g

k,1
∂φ̄g

∂ ȳ
−Pev̄n̄g

k =±P̂b
k zk(φ̄i − φ̄g)

n̄i
k − n̄g

k exp[−zk(φ̄i − φ̄g)]

1−exp[−zk(φ̄i − φ̄g)]
,

where P̂b
k = Pb

k
L

Dδ and the right hand side sign is ‘+’ for ȳ= 2 and ‘-’ for ȳ= 0. As the membrane is

impermeable to sodium, Pb
0 = 0. Non-zero values P̂b

k have to be of order 1 for the above expression

to be valid, and for the values reported in table 5.2 we find P̂b
1 = 0.88, P̂b

2 = 0.05. We denote the

term on the right hand side of the expression (A.14) as J̄
ig
k , which represents the dimensionless

lateral flux.

Recalling that concentrations and the potential under integral in equation (A.13) are ȳ

independent, we rewrite the equation (A.13), in the following way

(A.15)
d2n̄g

k

dx̄2 + d
dx̄

(
zk n̄g

k
dφ̄g

dx̄

)
−Pe

(
q̄

dn̄g
k

dx̄
+

n̄g
k

2

∫ 2

0

∂ū
∂x̄

d ȳ

)
+J̄

ig
k (n̄g

k, φ̄g)= 0, k = 0,1,

where q̄ = 1
2
∫ 2

0 ūd ȳ is dimensionless depth-averaged velocity. Using the continuity equation for

the fluid (5.17b) to treat the term with integral, we obtain the following expression

(A.16)
d2n̄g

k

dx̄2 + d
dx̄

(
zk n̄g

k
dφ̄g

dx̄

)
−Pe

(
q̄

dn̄g
k

dx̄
− Q̄g n̄g

k

)
+J̄

ig
k (n̄g

k, φ̄g)= 0, k = 0,1,

137
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where Q̄g is the water flux through the lateral membrane.

Using a similar procedure for (A.5) at order δ2 we obtain the following equation

(A.17)
d
dx̄

([
2∑

k=0
n̄g

k

]
dφ̄g

dx̄

)
+J̄

ig
1 −J̄

ig
2 = 0.

The boundary conditions at the tight junction (x̄ = 1) (5.15) are rewritten as follows

dn̄g
k

dx̄
+ zk n̄g

k
dφ̄g

dx̄
−PeQ̄ t j n̄g

k = J̄
ag
k (n̄g

k, φ̄g), k = 0,1(A.18a)

−2
(
n̄g

0 + n̄g
1
) dφ̄g

dx̄
= J̄

ag
1 (A1, φ̄g),(A.18b)

with Dirichlet conditions at x̄ = 0

(A.19) n̄g
0 = N̄b

0 , n̄g
1 = N̄b

1 , φ̄g = 0.

We therefore have 3 coupled ODEs, (A.16) – (A.17), for 3 unknowns n̄g
0 , n̄g

1 , φ̄g with the boundary

conditions (A.18a), (A.18b), (A.19).

A.3 Derivation of the solution in the Debye layer

In this section we describe the problem in the electrical double layer (EDL) and derive the

solution. As reported in the main text, electroneutrality in the Debye layer breaks down and we

have to solve the system (5.1a) and (5.1b).

We work in terms of dimensionless variables, as in A.2, but introducing new spatial scales

x = LX , y=λDY ,

where λD =
√

εRT
F2N ≈ 1.8 nm is the Debye length. We also define the aspect ratio of the EDL,

λ=λD /L. As in A.2, we assume that the left wall of the cleft is located at y= 0.

Using nd
k , φd to denote ion concentrations and electrical potential in the Debye layer of the

cleft (denoted as nEDL
k and φEDL in the main text), we use a similar expansion as in the bulk of

the cleft (A.2) but in terms of the EDL aspect ratio

(A.20) φd = φ̄d
0 +λ2φ̄d

1 +O (λ4), n̄d
k = n̄d

k,0 +λ2n̄d
k,1 +O (λ4), k = 0,1,2.

Rescaling equations (5.1a) and (5.1b) and applying the above expansion at leading order (and

again using the same notation for leading-order variables and exact ones), we have

(A.21)
∂2φ̄d

∂Y 2 =−(n̄d
0 + n̄d

1 − n̄d
2 ),

∂2n̄d
k

∂Y 2 + ∂

∂Y

(
zk n̄d

k
∂φ̄d

∂Y

)
= 0, k = 0,1,2.

Integrating the second expression and applying the leading-order boundary condition (5.4) we

obtain

(A.22)
∂n̄d

k

∂Y
+ zk n̄d

k
∂φ̄d

∂Y
= 0.
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Integrating the above equation and matching with the solution in the bulk, yields

n̄d
k (X ,Y )= n̄g

k(X ,0)exp
[
−zk

(
φ̄d(X ,Y )− φ̄g(X ,0)

)]
,(A.23)

where n̄g
k(X ,0), φ̄g(X ,0) are the inner limits of the bulk concentrations and potential. Noting that

the outer variables have no Y dependence (at leading order) and using the standard Huckel-Debye

approximation (Probstein, 2005) one has

(A.24)
∂2

∂Y 2

(
φ̄d − φ̄g

)
=

(
2∑

k=0
n̄g

k

)(
φ̄d − φ̄g

)
.

Hence, upon matching with the solution in the bulk, we have

φ̄d(X ,Y )− φ̄g = K(X )exp

[
−

(
2∑

k=0
n̄g

k

)1/2

Y

]
,

where K(X ) is given by φ̄d(X ,0)− φ̄g. Note that φ̄d(X ,0) is still undetermined and, to find it, we

require the boundary condition for the potential at Y = 0

(A.25)
∂φ̄d

∂Y

∣∣∣∣
Y=0

= σ̄,

where σ̄ is the non-dimensionalisation of

(A.26) σ= Cm(φg −φi)−σ0,

and it takes into account the surface charge due to the presence of proteins via σ0 and has a

term which is proportional to the jump of the limits of the bulk potentials as they approach the

membrane with the membrane capacitance Cm. The scale for the surface charge density is FNLλ

(for the meaning of the symbols please refer to Table 5.2). The condition at Y = 0 is therefore

given by

∂φ̄d

∂Y
= χ(φ̄g − φ̄i)− σ̄0,(A.27)

where χ= CmL
ε
λ≈ 0.02.

Applying this condition we obtain the inner solution φ̄d. We note that by construction, the

inner solution coincides with the composite solution, which we denote with Φ, and it reads

Φ̄(X ,Y )= φ̄g − χ(φ̄g − φ̄i)− σ̄0(∑2
k=0 n̄g

k

)1/2 exp

[
−

(
2∑

k=0
n̄g

k

)1/2

Y

]
.(A.28)

A.4 Derivation of the expression for the slip velocity

We start with the equations (5.17) for the fluid flow in the EDL.
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For convenience, we work in terms of dimensionless variables and introduce the following

scales

(A.29) x = LX , y=λDY , u =Uū, v = δUv̄, Φ= RT
F
Φ̄, p = P0 p̄,

where λD is the Debye length, and U = ε
Lµ

(RT
F

)2 = 60 µm/s. The scale for the pressure is chosen so

that the pressure gradient balances with the dominant viscous term, to obtain P0 = LµU /λ2
D . Since

the aspect ratio of the Debye layer λ=λD /L is small we use lubrication theory to approximate

the Navier Stokes equations. In particular we drop terms of order λ2 or smaller to obtain the

following system of dimensionless equations

− ∂p̄
∂X

+ ∂2ū
∂Y 2 + ∂2Φ̄

∂Y 2
∂Φ̄

∂X
= 0,(A.30a)

− ∂p̄
∂Y

+ ∂2Φ̄

∂Y 2
∂Φ̄

∂Y
= 0.(A.30b)

Using (A.24) it is convenient to redefine the pressure, so that p′ = p̄− C(X )
2

(
Φ̄− φ̄g)2, where

C(X ) =∑2
k=0 n̄g

k(X ) and φ̄g is the potential in the bulk. With this redefined pressure the above

equations take the form

−∂p′

∂X
+ ∂2ū
∂Y 2 + ∂2Φ̄

∂Y 2
∂φ̄g

∂X
−C′(X )

(σ̄)2

2C(X )
exp[−2

√
C(X ) Y ]= 0,(A.31a)

∂p′

∂Y
= 0.(A.31b)

Note, that now p′ does not depend on Y and, therefore, we can integrate equation (A.31a) twice

with respect to Y and apply the no slip boundary condition at the wall Y = 0 to obtain

ūEDL = dp′

dX
Y 2

2
+ c1(X )Y +

(
σ̄

(
exp[−pC(X ) Y ]−1

)
p

C(X )

)
∂φ̄g

∂X
+

+C′(X )
(σ̄)2

8C2(X )

(
exp[−2

√
C(X ) Y ]−1

)
,(A.32)

and the constant c1(X ) can be determined by matching this solution (inner) with that in the bulk

of the cleft gap (outer). In the above expression, we have added a superscript EDL to denote the

velocity in this region in order to distinguish it from the solution in the bulk of the cleft.

In the bulk of cleft (outer region) the fluid flow is governed by Stokes equation

−∇p+µ∇2u= 0.(A.33)

A similar analysis as for the inner region can be applied also in this case. The scaling will differ

from the one above only for the variables y= hȳ and p = LµU /h2 p̄, and the spatial aspect ratio is

δ= h/L.
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Rescaling the equations and dropping terms of order δ2 or smaller we obtain the following

equations

−∂p̄
∂x̄

+ ∂2ū
∂ ȳ2 = 0,(A.34)

−∂p̄
∂ ȳ

= 0.(A.35)

Hence, integrating first equation twice with respect to y, we obtain

(A.36) ūbulk = ∂p̄
∂x̄

ȳ2

2
+d1(x̄) ȳ+d2(x̄),

where we added the superscript bulk to distinguish this velocity from that of the inner region

(A.32). Applying the symmetry condition in y – direction we get d1(x̄)= 0. To determine the other

constant, we perform matching with the inner region (and recall that in the bulk p̄ = p′)

(A.37) d2(x̄)=− σ̄p
C(x̄)

∂φ̄g

∂x̄
−C′(x̄)

(σ̄)2

8C2(x̄)
,

and c1(x̄)= 0. The slip velocity is thus defined as uslip = d2(x̄).

A.5 Solution of the fluid flow in the cleft

We now work in the bulk of the cleft and shift the ȳ-axis into the centre of the cleft, so that the

cleft spans from ȳ =−1 to ȳ = 1 and the symmetry axis is at ȳ = 0. In the bulk of the cleft the

velocity profile is then given by

(A.38) ū = 1
2
∂p̄
∂x̄

(
ȳ2 −1

)+uslip.

The equation for the pressure is obtained by integrating the continuity equation along the

thickness of the cleft with the boundary conditions v̄( ȳ = ±1) = ±Q̄g(x̄), where Q̄g = Qg/δU =
km/δU

[
RT

(∑2
k=0(ni

k −ng
k(x))+ X

)+ p(x)
]

is the dimensionless lateral flux per unit area. The

equation for the pressure p̄ then becomes

(A.39a) − 1
3

d2 p̄
dx̄2 + duslip

dx̄
=−Q̄g(x̄),

subject to the boundary conditions

p̄(0)= 0, at x̄ = 0,(A.39b)

−1
3

dp̄
dx̄

|x̄=1 +uslip(1)= Q̄ t j, at x̄ = 1(A.39c)

where Q̄ t j = Q t j/U is the dimensionless flux through the tight junction and is given by the

expression Q t j = kt j
(
RT

∑1
k=0(na

k −ng
k(L))+ p(L)

)
.
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B.1 Model simplification in the cell

In this section we will simplify the system (6.3a) for k = 0,1,2,5 and (6.15), (6.16), (6.14a) and

(6.14b) in the cell to a system of ODEs and algebraic equations. From now on it is convenient to

work in terms of dimensionless variables. Given the typical values of species concentrations in

physiological systems, we introduce the scale for concentrations Nk for species k. The represen-

tative concentrations are chosen as follows: Nk = N = 100 mM for k ∈ {0,1,2,3}, N4 = 10−4 mM,

N5 = 1 mM and N6 = 10−2 mM. We non-dimensionalise all variables as follows

x = Lx̄, y= Lȳ, ni
k = Nk n̄i

k, φi = RT
F

φ̄i, X = NX̄ , B = NB̄, u=U iū, j= DN
L

j̄.(B.1)

The velocity scale U i is chosen to correspond to the experimentally measured value of the

flow across the RPE, U i = 1.5 ·10−8 m/s (Tsuboi, 1987). With this choice, the Péclet number is

U iL/D ≈ 10−4, suggesting that the advective flux can be neglected in the cell.

To further simplify the problem in the cell we will reduce the system to a set of ODEs in

x-direction, that is from basal to apical. In order for this to be possible we need to prove that all

variables in the cell are y-independent. The proof relies on the y-independence of the variables in

the cleft, which will be addressed in detail in § B.2.

We will first focus on CO2, as difference in CO2 concentrations in the apical and basal regions

may potentially lead to a spatial variability in the cell, owing to large membrane permeability

to it (see table 6.2). The cleft gap is a long and thin domain, with aspect ratio δ = h/L = 10−3.

As the fluxes are required to be equal at the both sides of the membrane, at ȳ = δ we have
∂n̄i

5
∂ ȳ = ∂n̄g

5
∂ ȳ = δ

∂n̄g
5

∂y∗ , where y∗ = δ ȳ is the spatial scale in the cleft. We will show in § B.2 that

δ
∂n̄g

5
∂y∗ ∼O (δ2). In the middle of the cell, at ȳ= 1/2+δ, we have a symmetry condition, that forces
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zero y-derivative. Therefore, the only y variability possible at the leading order is due to the

reaction terms.

Let us estimate this variability with respect to y by considering equation (6.15), which imposes

total CO2 conservation, in dimensionless form

(B.2) ∇̄ · j̄i
5 +

D6N6

D5N5
∇̄ · j̄i

6 +
D3N3

D5N5
∇̄ · j̄i

3 = 0.

We first use equation (6.16) to substitute the last term to obtain

(B.3) ∇̄ · j̄i
5 +

D6N6

D5N5
∇̄ · j̄i

6 +
D4N4

D5N5
∇̄ · j̄i

4 = 0.

An estimate of the order of magnitude of the coefficients in the above expression (using values

reported in table 6.2) shows that D6N6
D5N5

≈ 10−2 ≈ O (δ) and D4N4
D5N5

≈ 10−3 ≈ O (δ). Therefore, these

terms can be omitted at the leading order and the equation (B.3) at the leading order reads

(B.4) ∇̄ · j̄i
5 = 0.

This equation is subject to boundary conditions, which are zero fluxes at the lateral walls and

membrane conditions (6.6) at the apical and basal membranes. The expression n̄i
5 = ax̄+b, where

a and b are determined from the boundary conditions (6.6) satisfies this problem, justifying the

assumption that at leading order CO2 concentration does not depend on the y coordinate.

From the equation (6.3a) k = 5, which we recall here,

(B.5) ∇̄ · j̄i
5 −

khL2

D5

(
n̄i

5 −
kd N6

khN5
n̄i

6

)
= 0,

one may deduce that, at the leading order, ni
6 is also y independent.

From the dimensionless form of the equation (6.16),

∇̄ · j̄i
3 −

D4N4

D3N3
∇̄ · j̄i

4 = 0,(B.6)

where the coefficient D4N4
D3N3

≈ 10−5, one may argue that at the leading order the HCO−
3 flux is

conserved, leading to

∇̄ · j̄i
3 = 0.(B.7)

The above equation, along with the conservation of fluxes (6.3a) for ions k = 0,1,2 can be simplified

in a similar way as in § 5.2.2 of chapter 5. Particularly, we will use that the lateral fluxes are of

order δ to write

(B.8)
∂n̄i

k

∂ ȳ
+ zk n̄i

k
∂φ̄i

∂ ȳ
=O (δ) ⇒ n̄i

k = Ak(x̄)e−zkφ̄
i
.

Applying the electroneutrality condition (and neglecting the term N4/Nn̄i
4 ≈O (δ)) leads to the

following equality

(B.9) (A0 + A1)e−φ̄
i − (A2 + A3)eφ̄

i − B̄− zX X̄ = 0.
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We recall that zX X̄ is spatially homogeneous. The expression for B can be derived using equations

(6.14a) and (6.14b). Introducing the following scaling, Kb = N4K̄b, Kd = N3NK̄d/N6 and CB =
NC̄B, from (6.14a) we obtain n̄i

4 = n̄i
6/K̄d n̄i

3. Therefore (6.14b) can be written as

(B.10) B̄ = K̄bC̄B

K̄b + n̄i
4

= K̄bC̄BK̄d n̄i
3

K̄bK̄d n̄i
3 + n̄i

6

= K̄bC̄BK̄d A3eφ̄
i

K̄bK̄d A3eφ̄i + n̄i
6

,

where, for the last equality, we used (B.8). Introducing the notations, m1 = K̄bC̄BK̄d A3 and

m2 = K̄bK̄d A3 and recalling that n̄i
6 is y-independent, we substitute the above expression into

(B.9) to obtain an equation for eφ̄
i

(B.11) (A0 + A1)e−φ̄
i − (A2 + A3)eφ̄

i − m1eφ̄
i

m2eφ̄i + n̄i
6

− zX X = 0,

which can be transformed into a cubic equation for eφ̄
i

with coefficients that are only dependent

on x. This equation admits an analytical solution, with at least one real root (that could be found

by Cardano’s formula for instance), which depends only on x. This suggests that φ̄i, and thus all

the ions and B, are y-independent.

We note that all the steps from equation (B.6) to (B.11) hold also if one attempts to prove

x-independence, as ion fluxes at the apical and basal membranes are also of order δ (see § 5.2.2).

However, if a transepithelial CO2 gradient is present, n̄i
6 in (B.11) would not be x-independent

and the equation will no longer have coefficients of just one variable, leading to the presence of

x-variability in the cell.

We now represent all the variables in the cell in the following way

(B.12) n̄i
k = n̂i

k(x̄)+O (δ), φ̄i = φ̂i(x̄)+O (δ),

where n̂i
k and φ̂i do not depend on ȳ. Integrating the equations (6.3a) from δ to 1/2+δ in the ȳ -

direction we obtain a set of ODEs in the cell in terms of the leading order variables (and using

the same notation for leading order variables and exact ones), which at the steady state read

d
dx̄

(
dn̄i

k

dx̄
+ zk n̄i

k
dφ̄i

dx̄

)
−2J̄ ig

k = 0, k = 0,1,2(B.13a)

D3

D
d
dx̄

(
dn̄i

3

dx̄
− n̄i

3
dφ̄i

dx̄

)
−2J̄ ig

3 − D4N4

DN
d
dx̄

(
dn̄i

4

dx̄
+ n̄i

4
dφ̄i

dx̄

)
= 0(B.13b)

D5N5

DN
d2n̄i

5

dx̄2 −2J̄ ig
5 + khL2

DN

(
kd N6

kh
n̄i

6 −N5n̄i
5

)
= 0(B.13c)

D6N6

DN
d2n̄i

6

dx̄2 −2J̄ ig
6 + D5N5

DN
d2n̄i

5

dx̄2 −2J̄ ig
5 + D3

D
d
dx̄

(
dn̄i

3

dx̄
− n̄i

3
dφ̄i

dx̄

)
−2J̄ ig

3 = 0,(B.13d)

n̄i
6 = K̄d n̄i

3n̄i
4,(B.13e)

B̄ = K̄bC̄B

K̄b + n̄i
4

.(B.13f)
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This system of eight equations is complemented with membrane boundary conditions at the

apical and basal membranes, as in equations (6.5) and (6.6) and electroneutrality condition (6.3b).

The y-independence and the validity of the above approximation have been verified with a direct

numerical solution in Comsol Multiphysics®.

We note that in the absence of external CO2 gradient the system may be further simplified to

a set of algebraic equations as in § 5.2.2.

B.2 Model simplification: the cleft

The simplification of the model in the cleft derives from its small aspect ratio δ= h/L = 0.001. We

rescale the spatial coordinates there in the following way

x∗ = x̄, y∗ = δ ȳ.(B.14)

We also introduce a velocity scale in the cleft as u =Uū, v = δUv̄. We note that the longitudinal

velocity U, is 1/δ times larger than in the cell, corresponding to a Péclet number of about 0.1.

Thus, Pe=UL/D ≈O (1), which suggests that we should keep advection in the cleft gap.

We first prove that the variables are y∗-independent at the leading order. In the cleft gap, the

electrodiffusion problem is governed by equations (6.3a) for k ∈ {0,1, ...,6}, which scale as follows

∂2n̄g
k

∂x∗2 + zk
∂

∂x∗

(
n̄g

k
∂φ̄g

∂x∗

)
+ 1
δ2

(
∂2n̄g

k

∂y∗2 + zk
∂

∂y∗

(
n̄g

k
∂φ̄g

∂y∗

))

−Pek

(
∂(ūn̄g

k)

∂x∗
+
∂(v̄n̄g

k)

∂y∗

)
+ f̄k = 0,(B.15)

where f̄k are the dimensionless reaction terms and Pek =UL/Dk =Pe ·D/Dk. With the expansion

n̄s
k = n̄s

k,0 +δn̄s
k,1 + ... we write the equations for k ∈ {0,1,2} at the leading order (using the same

notation for leading order variables and exact ones)

∂

∂y∗

(
∂n̄g

k

∂y∗
+ n̄g

k
∂φ̄g

∂y∗

)
= 0, ⇒ n̄g

k = Ak(x∗)e−zkφ̄
g
,(B.16a)

where to get the last relation we performed twice an integration with respect to y∗ and applied

the symmetry condition at y∗ = 0. Subtracting equation (B.15) for k = 4 from (B.15) for k = 3 at

the leading order we obtain the following equation

∂

∂y∗

(
∂n̄g

3

∂y∗
− n̄g

3
∂φ̄g

∂y∗

)
− D4N4

D3N
∂

∂y∗

(
∂n̄g

4

∂y∗
+ n̄g

4
∂φ̄g

∂y∗

)
= 0, ⇒ n̄g

3 = A3(x∗)eφ̄
g
,(B.16b)

where the last expression is obtained by dropping the term of order D4N4/D3N ≈ 10−5 and

integrating twice with respect to y∗. Applying electroneutrality condition (6.3b) leads to

(A0 + A1)e−φ̄
g − (A2 + A3)eφ̄

g = 0, ⇒ e2φ̄g = A0 + A1

A2 + A3
,(B.17)
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proving that φ̄g (and therefore ng
k, k ∈ {0,1,2,3}) at the leading order are functions of x∗ only.

For k = 5, the equation (B.15) reads

∂2n̄g
5

∂y∗2 + r5

(
kd N6

khN5
n̄g

6 − n̄g
5

)
= 0,(B.18)

where r5 = khL2δ2/D5 ≈ 10−4 ≈O (δ). At the leading order, we obtain

∂2n̄g
5

∂y∗2 = 0, ⇒ n̄g
5 = A5(x∗),(B.19)

where the second expression results from a double integration with respect to y∗ and the

symmetry condition at y∗ = 0. Summing up equations (B.15) for k = 4 and k = 3, at the leading

order (recalling that φ̄g is y∗ independent) we obtain

∂2n̄g
6

∂y∗2 + N4D4

N6D6

∂

∂y∗

(
∂n̄g

4

∂y∗

)
+ r6

(
kd N6

khN5
n̄g

6 − n̄g
5

)
= 0,(B.20)

where r6 = khL2δ2N5/D6N6. Both coefficients N4D4
N6D6

and r6 are of order 10−2 ≈O (δ), therefore, at

the leading order we can neglect them, which leads to the following equation

∂2n̄g
6

∂y∗2 = 0, ⇒ n̄g
6 = A6(x∗).(B.21)

Finally, the equation (B.15) for k = 4, at leading order is the following

(B.22)
∂

∂y∗

(
∂n̄g

4

∂y∗
+ n̄g

4
∂φ̄g

∂y∗

)
+ r4

(
n̄6 − K̄d n̄3n̄4

)= 0,

where r4 = k1L2δ2N6/D4N4 ≈O (1). Recalling that φ̄g and n̄g
6 are y∗ independent, we simplify the

equation and integrate it twice with respect to y∗ to get

(B.23)
∂2n̄g

4

∂y∗2 −κn̄4 = κ̂ ⇒ n̄g
4 = C1(x∗)eκy∗ +C2(x∗)e−κy∗ − κ̂

κ
,

where κ= r4Kd n̄g
3 and κ̂=−r4n̄g

6 . Applying no flux boundary condition at y∗ = 1 and symmetry

condition at y∗ = 0, we obtain C1(x∗) = C2(x∗) = 0, implying that n̄g
4 is y∗-independent at the

leading order. Furthermore, n̄g
4 =−κ̂/κ= n̄g

6 /Kd n̄g
3 , which means that at the leading order we also

can assume that second step of the reaction (6.1) is in equilibrium in the cleft.

Now as we proved y∗-independence of the leading order variables in the cleft, we can integrate

the equations across the thickness of the cleft and we keep just the leading order terms. Similarly

to what has been implemented in the cell, we assume that H2CO3 dissociation is at equilibrium,

and work in terms of equations that describe conservation CO2 (6.15) and conservation of charge

(6.16) for the variables in the cleft. These simplifications result into the following dimensionless
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system of ODEs and an algebraic equation:

d
dx∗

(
dn̄g

k

dx∗
+ zk n̄g

k
dφ̄g

dx∗

)
−Pe

(
dn̄g

k

dx∗
q̄− Q̄ ig n̄g

k

)
+

J̄ ig
k

δ
= 0, k = 0,1,2(B.24a)

D3

D
d

dx∗

(
dn̄g

3

dx∗
−ng

3
dφ̄g

dx∗

)
−Pe

(
dn̄g

3

dx∗
q̄− Q̄ ig n̄g

3

)
+ J̄ ig

3

δ
−(B.24b)

D4

D
d

dx∗

(
dn̄g

4

dx∗
+ n̄g

4
dφ̄g

dx∗

)
+Pe

(
dn̄g

4

dx∗
q̄− Q̄ ig n̄g

4

)
= 0,

D5N5

DN
d2n̄g

5

dx∗2 −Pe

(
dn̄g

5

dx∗
q̄− Q̄ igng

5

)
+ J̄ ig

5

δ
+ khL2

DN

(
kd N6

kh
n̄g

6 −N5n̄g
5

)
= 0,(B.24c)

D6N6

DN
d2n̄g

6

dx∗2 −Pe

(
dn̄g

6

dx∗
q̄− Q̄ ig n̄g

6

)
+ J̄ ig

6

δ
+ D5N5

DN
d2n̄g

5

dx∗2 −Pe

(
dn̄g

5

dx∗
q̄− Q̄ ig n̄g

5

)
+ J̄ ig

5

δ
+(B.24d)

D3

D
d

dx∗

(
dn̄g

3

dx∗
−ng

3
dφ̄g

dx∗

)
−Pe

(
dn̄g

3

dx∗
q̄− Q̄ ig n̄g

3

)
+ J̄ ig

3

δ
= 0,

n̄g
6 = Kd n̄g

3 n̄g
4 .(B.24e)

In the above equations we denoted with J̄ ig
k the dimensionless lateral flux of species k, so

that J ig
k = DN/LJ̄ ig

k , Q̄ ig is the dimensionless water flux per unit surface across the lateral

membrane, Q̄ ig = Q ig/δU = km/δU
[
RT

(∑6
k=0(ni

k −ng
k(x))+ X +CB

)+ p(x)
]

and q̄ = 1/2
∫ 1
−1 ūdy∗

is the depth-averaged fluid velocity in the cleft.

These equations are subject to the following boundary conditions. At the tight junction, we

have a membrane type conditions, that read

dn̄g
k

dx∗
+ zk n̄g

k
dφ̄g

dx∗
−PeQ̄ t j n̄g

k = J̄ag
k , at x∗ = 1 for k ∈ {0,1, ...,6},(B.25a)

where the fluxes at the tight junction are given by expressions (6.13) and the advective flux

through tight junction Q̄ t j is given by the expression Q̄ t j = kt j/U
(
RT

∑6
k=0(na

k −ng
k(L))+ p(L)− pa

)
.

At the boundary with the basal region the conditions are

n̄g
k = n̄b

k, k ∈ {0,1,3,4,5,6}, φ̄g = 0, at x∗ = 0.(B.25b)

To close the system we also impose the electroneutrality condition (6.3b). We note that we require

(6.3b) and equilibrium assumptions for the reactions to hold also in the apical and basal regions,

so that ns
6 = Kdns

3ns
4, s ∈ {a,b}.
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