3. Analytical solutions and approximation errors of new 3D
contaminant transport models

Part of my Ph.D. work was devoted to analyze and develop some easy of use analytical
3D solutions for contaminant transport models. Results of this work have been
published in the paper:
“Analytical Solutions of Three-Dimensional Contaminant Transport Models with
Exponential Source Decay” by Paladino, O., Moranda, A., Massabò, M., Robbins,
G.A., 2018. Groundwater. V. 56:96-108.
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Introduction
Analytical solutions of the three-dimensional advection dispersion solute transport
equation are helpful and suitable for a large number of field of applications. For this
reason, the interest in developing new analytical models remains high.
A large number of complex numerical transport models has been developed also but, the
simplicity in use of analytical solutions makes the latter to be of major interest in
performing first-order risk analysis of polluted sites.
There are a large number of solutions both in open and closed form describing
one-, two- and three-dimensional advection-dispersion-reaction systems.
Integral open form analytical solutions require, however, numerical algorithms to
be evaluated.
Solutions containing series or based on Laplace transforms need additional
numerical steps to anti-transform.
Nowadays it has become of great importance to describe multi-contaminant
systems with complex reaction chains in non-homogeneous and anisotropic media, under
a multitude of initial and boundary conditions.
Unfortunately, the higher the model complexity, the higher the number of
parameters that have to be defined in the model; this can introduce uncertainty that can
highly affect results. Uncertainty can consequently diminish the advantages of more
detailed approaches.
During the past decades, a large number of analytical solutions of the ADE for
both conservative and reacting solutes were developed. As already mentioned in chapter
2, [1], [2], [3], [4], [5] provided one-dimensional analytical solutions in closed form with
different boundary conditions and finite or infinite domain.
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These solutions can be employed to extend solutions of the ADE in the 3D domain
when the Green's Function Method hypothesis are valid [6], [7], [8].
Analytical solutions in semi-infinite 2D and 3D domain with different initial and
boundary conditions have been also derived by [8,9], [10]; extension to finite thickness
domain has been derived by [11]; [12,13] proposed analytical solutions in cylindric
geometry in finite domain and subject to first and third type time dependent boundary
conditions.

Exact analytical solutions in the 3D domain have been proposed by [14–17], in integral
open form. [17] suggested a generalized open form 3D analytical solution and [11] and
[18]used GFM to provide a library of one-, two- and three dimension analytical solutions
in integral open form and also in a finite thickness domain. [19] proposed a stepwise
superposition approach for the analytical solution in infinite and finite domain .

Solution to develop these analytical solutions are Fourier analysis, Laplace Transform or
Bessel or Hankel functions. Multi-dimensional exact analytical solutions in finite-infinite
domain and under first or third type boundary conditions here mentioned contain integrals
or series so numerical algorithms are necessary to evaluate the solution, furthermore, they
can be computationally demanding.

Another class of 3D analytical solutions is based on the approximation proposed by [20–
22]. The key advantage of the [20] approach is that it provides a closed form solution that
can be evaluated without numerical computations and with simple mathematical
functions. For these reasons its derived extensions to reactive solutes and different source
shapes are included in US EPA tools such as BIOSCREEN (1996) and BIOCHLOR
(2000), still currently used to perform risk analysis by governments and industries.
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These analytical solutions, identified by the authors as based on the "extended-pulseapproximation", have been strongly discussed in literature. They propose a closed form
3D solution by multiplying the 1D solution in the flow direction with the two transverse
spreading solutions, in which the time t is replaced by an averaged time taken as x/v. The
analytical solution provided by [14] and [15] is the exact analytical solution of the
equation proposed in [21] for a plane source and, as reported by [23], the [15]solution
relaxes to the approximated [21]analytical solution for axial dispersivity tending to zero,
so the [20] approach forces a quasi-steady state condition in transverse direction at all
times.
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3.1.

Theoretical models

Transport of contaminants in porous media are modeled by the three dimensional
advection – dispersion equation.
For a solute subject to linear equilibrium sorption and first order source decay,
the 3ADE can be written as:
R

c
c
 2c
 2c
 2c
 v
D
D
D
 c
x 2
y 2
z 2
t
x
x
y
z

(3.1)

Where:


c( x, y, z , t ) is the solute concentration [ML-3]



x is the longitudinal coordinate, y and z are the horizontal transverse and the
vertical coordinates, respectively



v is the average pore scale velocity of the fluid [LT-1], taken unidirectional along
x



Dx is the longitudinal dispersion coefficient [L2T-1]



Dy and Dz are the horizontal transverse and the vertical transverse dispersion
coefficients [L2T-1]



t is time [T],



λ is the first order decay constant [T-1]



R is the retardation factor [-].
The retardation factor can be eliminated from the term on the left by replacing Dx,

Dy, Dz with Dx/R, Dy/R, Dz/R; v with v/R and, λ with λ/R.
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Eqn. (3.1) can be written as a linear operator on concentration:
L(C ( x, y, z , t )  0

(3.2)

It is possible to extend to different solutions with different boundary and initial
conditions as explained in [24] by using, under precise hypothesis, the Green’s Function
Method (GFM).
It is possible to obtain different solutions depending on different boundary and
initial conditions by using the Green’s Function Method (GFM) under the following
conditions:
 homogeneous and anisotropic porous medium;
 constant velocity in x direction;
 horizontally infinite or semi-finite domains; vertically semi-finite or finite domains;
 initial condition set as c( x, y, z ,0)  0
 point, linear, plane, volumetric source (regular or irregular).

The source of contamination can be inside the domain, GFM general approach,
put as a source generation term r [ML-3T-1]; in this case a boundary condition of the first
type expressed as concentration and an infinite domain in x and y are usually considered.
Another approach considers a boundary condition of the third type and expressed as a
mixed flux/concentration in a semi-finite domain.
If the source term is inside the domain, boundary conditions are the following:
c (, y , z , t )  0

(3.3)

c ( x,, z , t )  0

(3.4)

 115 

 Chapter 3 

c( x, y, , t )  0

(or

c
 0 in z direction, where the domain is finite)
z

(3.5)

The specific source generation term can be expressed as a x,y,z function r that can be linear
or non-linear in t. Moreover, r can be written as the product of an initial volumetric mass
r0 released by the source per unit of time and f(t), a dimensionless time-dependent known
function:
r f (t )
r 0
0

0  x  x0 ; y0  y  y1 ;

z 0  z  z1

(3.6)

The specific source generation term cannot depend on C.
Eqn. (1) is linear, so, it is possible to write each appropriate Green's function as the sum
of a fundamental solution and a causal solution on the basis of the superposition principle.
The fundamental (or source) solution is found by solving eqn. (3.1) under homogeneous
boundary conditions at infinity and with an added generation term r, discontinuous inside
the domain and defined by:
r  r0 ( x  x0 ) ( y  y0 ) ( z  z0 ) (t  t0 )

(3.7)

The causal (or forced) solution is given by solving eqn. (3.1) under inhomogeneous
boundary conditions.
By knowing the solution for the instantaneous point source, solved for infinite,
semi-finite or finite domains, it is possible to derive solutions for more complex sources
in the following way:
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A. Point instantaneous source: the 3D solution is the product of the 3 directional
solutions;
B. Finite instantaneous source: the 3D solution can be obtained by integration of
the 3D point source solution into the source domain;
C. Continuous point or not-point source: the 3D solution can be obtained by
integration of the 3D source solution in time.
For finite boundaries, the method of images or reflection method lets us find the
Green's function by adding some other solutions of eqn. (3.2) to the free space one.
An image source with opposite sign and exactly at the same distance away from
the boundary is put outside the domain. In this way, values of the free space solution that
are on the boundaries are deleted.
The reflection method is used to find finite z domain solutions of the advectiondispersion equation. The 3D analytical solution of eqn. (3.1) for the instantaneous point
source centered in ( x0 , y0 , z 0 ) at time t0 subject to (3.3), (3.4) and (3.5) is obtained by
the product of the three 1D - directional solutions:

 ( x  x0 )  v(t  t 0 ) 2 
exp  (t  t 0 )exp

4 Dx (t  t 0 )
8  3 Dx D y Dz (t  t 0 ) 3


2
2
 ( y  y0 ) 
 ( z  z0 ) 
exp
 exp

 4 D y (t  t 0 ) 
 4 Dz (t  t 0 ) 

c ( x, y , z , t ) 

M

(3.8)

Where M is the total mass injected by the instantaneous point source per unit time [25].
By changing eqn, (3.3), (3.4), (3.5), it is possible to obtain different solutions for the point
source case.
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By integrating the class of point solutions in space and time it is then possible to derive
analytical solutions for complex sources in space and time.
By setting the source term as a boundary condition of the first type or third type,
we get:

c(0, t )
c0 f (t )  D
 vc (0, t )  vg (t ) y  y  y ; z  z  z

1
1
2
2
x
or
c(0, y, z , t )  

0

(3.9)

c(, t )
0
c(, y, z , t )  0 or c( L0 , t )  0 or

(3.10)

c ( x,, z , t )  0

(3.11)

x

x

c( x, y,, t )  0

or

c
0
z

in z direction, where the domain is finite)

(3.12)

Where:


c0 [ML-3] is the initial source concentration



f(t) is a dimensionless time function



g(t) is a time function and L0



L is the length of the finite x domain.
The analytical solution of the 3D ADE for a plane source, put as a boundary

condition of the first type at constant concentration c0, was derived by [14] and [15].
Remaining boundary conditions were expressed as concentration tending to zero
at infinite domain.
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By using traditional integration transform methods or GFM it is possible to find the final
analytical solution:

c ( x, y , z , t ) 

C0 x '
8  Dx



t

0


( x ' v ) 2 
exp   

4 Dx 



y  y2
y  y1
erfc
 erfc
2 Dy
2 Dy







z  z2
z  z1
 erfc
erfc
2 Dz
2 Dz


 1
 3 2 d
 ( )

(3.13)

where τ = t - t0; x'= x - x0.
As already observed by [19], eqn. (3.13) satisfies the initial condition c(x,y,z,0)=0,
so, the solution predicts a concentration equal to zero at x’=0 for every y and z and t = 0,
i.e. the solution is valid for all x'>0.
Since eqn.(3.13) is in open form, the time integral has to be evaluated numerically.
A stepwise superposition approach suitable to solve eqn.(3.13) was proposed by [19] it
consists on time interval discretization and approximation of Gy×Gz by its weighted
average.
By adopting the approximation of [21], [22] proposed an analytical solution for a
plane source in closed form.
This solution is mentioned by [23] as the “modified-Domenico” solution. This
analytical solution considers the first order decay and is enclosed in BIOCHLOR [26]:
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 x ' u ' t  
 (v  u ') x ' 
erfc
exp 

 

 2 Dt  
 2 Dx 
x
C0 

 
c ( x, y , z , t ) 


8 
 x ' u ' t  
 (v  u ') x ' 

 erfc 
 exp  2 D

2
D
t
x


x


 

y  y2
y  y1
erfc
 erfc
2 Dy m
2 Dy m


(3.14)


z  z2
z  z1 
 erfc
 erfc

2 Dz m
2 Dz m 
 

Where:
u' 

v 2  4Dx

m  x / v

the first term of the product is the 1D solution given by [3].
By considering a plane source where contamination is expressed with an
exponential decay, i.e.:

r  r0 f (t 0 )  r0 f (t   )  r0 exp( s (t   ))

(3.15)

Where λs is the decaying constant of the source, eqn.(3.13) can be rewritten as:


( x'v ) 2 
exp(
(
t


)
exp



s



4 Dx 
8 Dx 0


y  y2
y  y1  
z  z2
z  z1
erfc
 erfc
 erfc
 erfc
2 D y
2 D y  
2 Dz
2 Dz


c ( x, y , z , t ) 

C0 x'

t
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Eqn. (3.16) is the integral open form solution for a plane source with exponential decay
put as a boundary condition of the first type. This solution contained in BIOSCREEN-AT
[27].

3.2.

Three-dimensional solution for a plane source with
exponential decay

Here a closed form solution is proposed: the "extended pulse approximation" is used, it is
based spatial extensions of the instantaneous finite pulse models. By following the
approach proposed in [20] and [22] it is possible to derive the approximated solution. The
proposed solution can also be obtained from the instantaneous pulse solution by following
rules (A), (B) and (C) with simplifying hypothesis.

So, the closed form approximated solution can be expressed as:
c ( x, y , z , t ) 

C0
 g x (t )
8

g

y

(t )

g z (t )

(3.17)

The three-dimensional solution of eqn.(3.1) subject to (3.9), (3.10), (3.11) and (3.12),
where f (t )  exp(s t ) , i.e. valid for semi-finite domain in x, infinite domain in y and z,
and subject to a first type boundary condition described as a finite plane decaying source,
is then composed by:


the term gx, i.e. the 1D ADE solution c( x, t ) 

c0
2

g x subject to an exponential

decaying source put as Dirichelet boundary condition. This solution was given in
by [4] and named C13, and it was later proposed by [28] for a particular case.
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gy and gz are solutions of two independent 1D equations with dispersion, no
advection and no reaction, valid for infinite domain and subject to instantaneous
finite linear sources, defined in y1  y  y2 and in z1  z  z2 respectively.

The proposed approximation combines a continuous source solution in x with
instantaneous source solutions in y and z directions. For this reason a fixed time t has to
be set in order to compute the contribution of the instantaneous spreading terms in y and
z at each x. Due to [20] approximation, gy and gz are computed at the apparent residence
time  m  x / v so the contribute of these two dispersion terms in diluting concentration
during time is calculated as at steady state. The physical meaning of this choice was
explained by the plug flow model approximation in [21].
The final solution is:


 x ' ut  
 (v  u ) x '

 s t  erfc 
exp 
 
2 D t  
 2 Dx

x
C0 

 
c ( x, y , z , t ) 


8 
 x ' ut  
 (v  u ) x '


 exp  2 D  s t  erfc 

2
D
t
x


x


 

y  y2
y  y1
erfc
 erfc
2 Dy m
2 Dy m


(3.18)


z  z2
z  z1 
 erfc
 erfc

2 Dz m
2 Dz m 
 

with u  v 2  4 Dx   4 Dx s .

[20] proposed simplifying hypothesis that describe time t as x/v for a moving coordinate
system. By making the substitution of time t in y and z direction terms of eqn. (3.16) with
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the apparent residence time  m  x / v , the integration in time is necessary for the 1D ADE
in x direction only.
An alternative way to obtain eqn. (3.18) is to use GFM and rules (A), (B) and (C) to derive
the open integral form solution given by eqn. (3.16).

3.3.

Approximation Errors

Here a comparison between eqn. (3.18), i.e. the approximated 3D analytical
solution here proposed in closed-form for a plane source with exponential source decay,
and eqn. (3.16), i.e. the 3D analytical solution in open form under the same conditions is
reported. We suggest an approach different from those adopted by [23] and [29].

The objective of this analysis is to quantify relative errors and define a short-cut
method, based on simple diagrams, in order to easily use the closed form models and
correct results or to evaluate uncertainty of model output.
The method is valid also for error analysis of the analytical solutions contained in
BIOSCREEN and BIOCHLOR since the analytical solution in open and closed form are
more general than the existing ones. In order to test the validity and compare results of the
method, values adopted in [23] are here used for simulation analysis. It has to be observed
that some chosen values are not reliable with some dispersivity estimates.
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Parameter

Value

Longitudinal dispersivity (αx)

42.58

m

Transverse dispersivity (αy)

8.43

m

Transverse dispersivity (αz)

0.00642

m

velocity (v)

0.2151

m/d

Source width in Y directions (Y)

240.0

m

Source width in Z directions (Z)

5.0

m

Source concentration (C0)

850

mg/l

Simulation time (tm)

5110

d

First order reaction constant (λ)

0.001

s-1

Table 3.1: Simulation data (from [23])

Values of dispersivities here adopted for relative errors analysis are more than one
order of magnitude greater than real cases values. [23] proved that, for axial dispersivity
tending to zero, the approximated closed form solution of eqn. (14) relaxes to the [15]
analytical solution.
[30] and [31] show that high-reliability estimates of longitudinal dispersivities
range from about 0.5 to 4 m and high-reliability estimates of horizontal transverse
dispersivities range from about 0.02 to 0.1 m.
The choice of a very high value of axial dispersivity is then cautionary for this
study, in fact, the effects on relative errors will be increased with respect to the real ones.
Furthermore, simulations here reported employ a value of horizontal transverse
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dispersivity almost two orders of magnitude greater than the expected one. [29] proved
that for small transverse dispersivities errors reduce in the centerline. So, high value of
transverse disperivities will produce higher relative errors in the centerline than the
expected real ones.
Domenico-modified closed-form solution, given in eqn.(3.14), and [15] analytical
open form solution, given in eqn. (3.13), are included in the error analysis; in fact,
simulations are performed at different values of the exponential source decay constant λs.
Values of λs and λ are chosen in order to analyze all the known particular solutions
included in eqn. (3.16) and eqn. (3.18).
The product of dispersivities and velocity expresses dispersion coefficients here
used.

The term under the square root u  v 2  4 Dx   4 Dx s , can be mathematically
negative for certain values of λs which are, however, physically uncommon. The onedimensional solution proposed by van [4], also presents this characteristic phenomenon.
In case of negative values of u, eqn. (3.18) must be computed by advanced mathematic
tools treating complex exponential and complex error functions, such as Maple™
(trademark of Waterloo Maple Inc.), concentration is always a real number because it
constitutes the final result of an integral that is geometrically an area under a mathematic
curve function,
Simulation cases here reported are shown in Table 3.2.
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Parameters

Effective

Case

velocity
λ [s-1]

λs [s-1]

0.0

0.0

u=u'=v

Corresponding
simplified solutions

a

Conservative solute, no
source decay.

0.001

0.0

u=u'>v

b

Non conservative solute,
no source decay, eqns.
(13) and (14).

0.001

0.0008

u>v

c

0.001

0.001

u=v

d

0.001

0.0018

u<v

e

0.001

0.0023

u=0

f

Table 3.2: values of the decay constants and relative cases
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3.3.1. Concentration fields
Concentration fields evaluated by eqn. (3.18) and eqn. (3.16) at changing λs are
plotted in the (x,y) plane and here reported in Figure 3.1. In this study, we considered the
analytical 3D solutions with infinite z domain, so, there are no differences between the
contour shapes in y and z. Obviously, different source extensions and dispersion
coefficients can influence contour shape. Concentration fields in (x,z) plane are formally
similar.
The numerical integration of eqn. (3.16) was computed by adaptive Gauss-Kronrod
quadrature method (available in QUADPACK library, GNU Scientific Library, Matlab
QUADGK, NAG Numerical Libraries and R). For each subplot of Figure 3.1 the upper
concentration contour refers to the approximated closed form i.e. eqn. (3.18) and the lower
one refers to the exact open integral form expressed by eqn. (3.16). The advection front is
indicated by the vertical line, i.e. the distance x from the source where a conservative
contaminant injected with a Dirac function would be found without dispersion effects at
t=tm.
In case a) model outputs in the simple situation of advection-dispersion of a
conservative solute released at constant concentration by a plane source is reported. Case
b) represents models results for a non-conservative solute underlying a first order decay
and released at constant concentration by a plane source. Finally, cases c), d), e), f)
represent concentration contours for a non-conservative solute subject to first order decay,
released by decaying plane sources with varying decay constants and effective velocities.
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a

b

c

d
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e

f

Figure 3.1: Concentration maps. Approximated closed form (top) versus integral open form (bottom). Case a)
conservative solute, no source decay. Case b) reacting solute, no source decay. Cases c) tof) reacting solute, source
decay.
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Concentration distributions evaluated by eqn. (3.18), have a delayed with respect
to the advection front in comparison with distributions obtained by eqn. (3.16). This aspect
it is not new and furthermore, graphs show that a delay increase with λs. By taking into
consideration cases e) and f) at simulation time tm=5110 [s], the source is already
consumed. The point at maximum concentration i.e. the centre of the plume, computed
with eqn. (3.18) has a delay with respect to the concentration profiles computed by eqn.
(3.16).
Case a) presents the higher concentration in the domain, the initial value of
concentration is set at C0=850mg/l, here a conservative contaminant is considered. By
comparing case a) and case b) at the same distance from the source, it is possible to see
the effect of first order decay in contaminant concentration reduction in the domain. The
first order reaction contracts also the shape of the iso-concentration curves. This effect can
be seen also on the effective velocity u' value in eqn. (3.14): u' is higher than v.
In cases c) and d) concentration contours shape in the domain stretches because
of effective velocity u reduction in eqn. (3.18). The effective velocity reduction is due to
the term containing the zero order source decay; this has opposite sign with respect to
the first order reaction term. Consequently, for case d), in which λ=λs, giving u=v, the
shape of the iso-concentration distributions are coincident to case a).
To close, in cases e) and f) for which u is less than v, the shape of concentration
contours changes again allowing to observe the effect of source diminishment.
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3.3.2. Relative errors
Relative error between the closed form solution and the integral one can be
expressed as:

Er 

CI
I

(3.19)

Where C means the closed form solution i.e. the approximated one following [22]
approximation technique, I stands for the integral open form solution.
Relative errors are here reported in ray-shaped diagrams shown in Figure 3.2. Here cases
considered are the same of Table 3.2 and they are plotted at fixed simulation time t=5110
days and at changing λs. The vertical line in Figure 3.2 is the advection front.

a

b
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c

d

e

f

Figure 3.2: Diagrams of relative errors at fixed simulation time. Case a) conservative solute, no source decay. Case b)
reacting solute, no source decay. Cases c) to f) reacting solute, source decay

From a first observation of diagrams in Figure 3.2, it can be divided in three areas:


the first one extends along the centerline in the y direction for a width
fairly greater than the source width Y.



The other two zones are divided by the advection front set at x= vtm. This
vertical line represents an asymptote for the relative errors contours at y
tending to ±infinity. This asymptotical behaviour is due to the fact that both
solutions satisfy the boundary condition at y tending to infinity. In the left
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hand side area of the asymptote, the closed form solution underestimates
concentration profiles while in the right hand side area of the asymptote
the approximated solution overestimates the concentration field. Here an
important concept has to be highlighted: in these two zones, concentration
values are more than three orders of magnitude lower than the source
concentration.

For cases a) to d), by investigating the first area along the centreline in Figure 3.2,
it can be observed a negative relative error, it happens where the effective velocity u is
higher (or equal) than the pore space velocity v. Here the approximated closed form
solution underestimates concentration profiles on the centerline and in the space of width
Y along the centreline. The maximum underestimation is about 10% for concentration
values up to two orders of magnitude lower than the source concentration one. When u is
less than the pore space velocity v, as in cases e) and f), a particular behaviour behind the
advection front happens: the relative error is positive, it means that the approximated
closed form solution sometimes overestimate concentration values. Both the results are
in line with the known behaviour of the closed form solution based on the DomenicoRobbins approximation: it is delayed with respect to the integral one: for cases e) and f),
in which there is an high exponential decrease of the contaminant source, the
approximated solution predicts an higher residual concentration behind the advection
front.
By considering the lateral zone on the left of the advection front, negative relative
errors have to be evaluated taking into account concentration values. For all cases a) to f)
the underestimation of the transverse dispersion effects on concentration produced by the
approximated closed form solution gives relative errors greater than 20% but they are
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related to really small values of concentration, i.e. less than two order of magnitude the
initial source concentration.
Finally, on the right hand side of the advection front where the closed form
solution overestimates, high relative errors are associated to very small concentration
values i.e. more than four orders of magnitude less than the initial concentration, errors
are consequently irrelevant. Cases c) to f) are subjected to decaying source. Here it has to
be highlighted that concentration values are not really high along the centreline also; in
consequence, the relative errors refer to concentration values that are very small.
It is important to notice how ray diagrams of case a) and case d) are equal. Even if
with different concentration values, they have the same concentration profiles shape. This
phenomenon confirms how the effective velocity u can be a tuning parameter for relative
error diagram variation.
A complete analysis of relative errors should consider six chemical-physical
parameters:


the three dispersivities



space velocity



the two decay constants



source widths Y and Z



the initial concentration C0



simulation time tm.

The effects of the source decay constant λs are being analyzed. Dispersivities in y
and z directions, space velocity and source widths Y and Z can be encountered in
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dimensionless numbers as Pey and Pez . A Pex can be defined as a function of αx , space
velocity and a distance L from the source in x direction at which concentration is a chosen
percentage of the initial concentration C0 [32]. Finally, some modified second Damkohler
number can be defined as Da= λ *L2/Dx.
Since simulation time tm is not correlated with dimensionless numbers but it is
very important for the validity of the Domenico and Robbins approximation, we report
here its effects at different λs values.

3.3.2.1.

Time dependence

In order to observe how the diagrams vary at changing tm, some simulations have
been done. In Figure 3.3 and Figure 3.4 ray-diagram modifications at tm/2 and 2tm are
shown.

a
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b

c

Figure 3.3: Diagrams of relative errors at half simulation time (left) and double simulation time (right). Case a) conservative
solute, no source decay. Case b) reacting solute, no source decay. Case c) reacting solute, source decay.
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d

e

f

Figure 3.4: Diagrams of relative errors at half simulation time (left) and double simulation time (right). Cases d) to f) reacting
solute, source decay
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At half simulation time t= tm/2, in the zone of width Y along the centerline, small
relative errors can be observed in the left hand side zone of the advection front. Negative
relative errors are, instead, detectable far from the centerline and beyond the asymptote.
Overestimation errors happens, then, far from the centerline and on the right hand side of
the asymptote. If the relative error is again analyzed with respect to the ratio between the
actual concentration and the initial one, it is possible to see that the higher relative errors,
are related to lower concentration.
Ray diagrams of case a), i.e. conservative solute, and case d) in which u=v, are
identical.
For double simulation time, the approximated solution overestimates
concentration along the centerline and in the left hand side of the advection front. It
underestimates in the right hand side of the advection front when u is less than v and the
plume detaches from the boundary, i.e. in cases e) and f). Cases a) and d) have the same
relative error comportment again.

3.3.3. Centerline profiles
Some concentration profiles in the centerline are shown in Figure 3.5 for cases
presented in Table 2 at changing simulation times, for better analyze the results of the
proposed solution for small simulation times and near the source of contamination.
Concentration profiles at different values of λs are here plotted as:


a continuous line for the exact integral solution



as a dotted line for the approximated closed form solution

As expected, case a): conservative solute with no source decay and case d):
reacting solute with source decay and u=v, have completely different solute concentration
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profiles in time and space even if iso-concentration contours and relative error raydiagrams are identical.

a

b

c

d
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e

f

Figure 3.5: Concentration profiles in the centerline at changing simulation time. Approximated closed form (dotted)
versus integral form (continuous). Case a) conservative solute, no source decay. Case b) reacting solute, no source
decay. Cases c) to f) reacting solute, source decay

3.3.4. Transverse profiles
By taking the advective front i.e. the distance x from the source where a
conservative contaminant injected with a Dirac function would be found without
dispersion effects at t=tm as reference, three transverse sections were considered: x=x/2,
x=x=v*tm and x=2x
In Figure 3.6 the three cases of concentration profiles are plotted at different values
of λs. Here again, the continuous line indicates the exact integral solution and the dotted
line means the approximated closed form solution.
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for the approximated closed form (dotted) and the integral form (continuous). Case a) conservative solute, no source
decay. Case b) reacting solute, no source decay. Cases c) to f) reacting solute, source decay.
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On the left hand side of Figure 3.6 Cases a) and b) are plotted while cases c) to f)
are on the right hand side. In cases c) to f) concentration values are much smaller than in
cases a) and b) due to source consumption in time.
It is again possible to see that the approximate closed form solution underestimates
concentration in the zone along the centerline with a width faintly greater than the source
width Y, and overestimates concentration only for cases e) and f) at distance x=x/2 from
the source (Figure 3.6, upper-right corner).
The closed form solution overestimates concentration values in the area far from
the centerline. This effect increases with values of λs but at lower concentration values.
For all cases a) to f) the two solutions intersect in intervals (-2Y, -Y/2) and (Y/2,
2Y).

 142 

 Chapter 3 

3.4.

Three-dimensional solutions for a plane source with
exponential decay and production at the source

Starting from the one-dimensional model presented in Chapter 3, i.e. the linear
combination of exponential inlet distribution subject to first-type boundary conditions
and infinite domain, eqn. (3.1)-(3.57-3.65) it was considered to extend it to the threedimensional geometry.
By considering eq. (3.1) subject to the following conditions:

c (, y , z , t )  0

(3.20)

c( x,, z , t )  0

(3.21)

c( x, y,, t )  0

or

c
0
z

in z direction, where the domain is finite.

(3.22)

The specific source generation term can be again defined as in Eqn. (3.6):
If we have a plane source generating contamination with simultaneous
exponential production and decay, where λp is the production constant at the source and
λs the decaying constant for the source, y 

r0
represents the ratio between the residual
r0

volumetric mass at the source at the steady state and the initial volumetric mass, the
generation term can be written as:

r  r0 f (t 0 )  r0 f (t   )  r0 y (1  exp(  p (t   )))  r0 exp(  s (t   ))
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eq.(3.13) can be extended as:
c ( x, y , z , t ) 

C0 x '
8  Dx

t

 [y(1  exp(
0

p

(t   )))  exp(-s (t   )]


y  y2
y  y1
( x ' v ) 2  
exp   
 erfc
 erfc
4 Dx  
2 Dy
2 Dy



z  z2
z  z1
 erfc
erfc
2 Dz
2 Dz






(3.24)

 1
d

32
 ( )

that is the solution in integral open form for a plane source with exponential simultaneous
source decay and production decay set as a boundary condition of the first type.

The approximated solution can be obtained by applying the “extended pulse
approximation” by following [20,22] approach as described in [24]: the three-dimensional
approximated solution is then the product of one-dimensional solutions in each direction
x, y and z:

C  x, y , z , t   C ( x, t )  C ( y , t )  C ( z , t )

(3.25)

Where:


the term C(x,t), is the 1D ADE solution in x direction subject to an exponential
production and decay at the source put as Dirichelet boundary condition as given
in Chapter 3 Eqn. (3.62)
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C(y,t) and C(z,t) are solutions of two independent 1D equations with dispersion,
no advection and no reaction, valid for infinite domain and subject to instantaneous
finite linear sources, defined in y1  y  y2 and in z1  z  z2 respectively.

In particular, by recalling Chapter 3 Eqn. (3.62-3.65), C(x,t) can be expressed as follows:
C x, t   C0 y a( x, t )  b( x, t )   C0e( x, t )

y

(3.26)

C0
represents here the ratio between the residual concentration at the source at the
C0

steady state and the initial concentration value.

 1  tu  x 2  

Dx exp  

 4 Dx t  
 1 tu  x 
1

 exp  1 x  v  u   
a ( x, t )   erfc  




 2 Dt
2

t
u

v


 2 Dx 
x 








 1  tu  x 2  

Dx exp  

 4 Dx t  
 1 tu  x 
1

 exp  1 x  u  v   
  erfc 




2 Dt 
2

t
v

u


 2 Dx 
x 







 vx
exp 
 Dx
1

2

 1  tv  x 2 

exp

t
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  t Dx
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 1  tw  x 2  

Dx exp  

 4 Dx t  
 1 tw  x 
 1

 exp  1 x(v  w)  exp t  
b( x, t )    erfc  


 p



 2 Dt 
2

t
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w


 2 Dx 
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(3.28)
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 4
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With:

u  4 Dx   v 2

w  4 D x (   p )  v 2

W  4 D x (   s )  v 2
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While the one-dimensional solutions in y and z directions are:
C  y, t  

C0
2

  y Y /2


 erf 
  erf  y  Y / 2  
  2 D t 
 2 D t 
y
y



 

(3.30)

C z, t  

C0
2

  z  Z /2


 erf 
  erf  z  Z / 2  
 2 D t 
  2 Dt 
z
z



 

(3.31)

3.5.

Approximation Errors for 3D solutions for a plane source with
exponential decay and production at the source

The goal is here to compare the approximated 3D closed form analytical solution,
Eqn. (3.25) with the 3D integral solution in open form i.e. Eqn. (3.24).
The objective is again to determine relative errors of the approximated model with
respect to the open form solution. As explained in [24] it could be of great interest to have
a shot-cut method by which it is possible to correct the approximated model on the base
of the known error. The approximated solution, in fact, requires less computation time and
lighter numerical calculation with respect to the integral one.
To show and compare results of the method, some values adopted in [23] and
introduced in Table 1 are used.
Simulations are performed at different values of the exponential source decay
constant λs and exponential source production constant λp. due to the mathematical
formulation of the effective velocities w and W, for certain values of λp or λs respectively,
a negative value can be found. For these uncommon cases, the final solution is obviously
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positive but has to be computed with symbolic computation tools such as Maple™
(trademark of Waterloo Maple Inc.).
The residual concentration at the source at the steady state C0∞ is set equal to 350
mg/l.
Simulation cases are here reported in table 2.
Parameters
p [s-1]

0

Case

Corresponding simplified solutions

a

Non-conservative solute – no source
decay and production

λs [s-1]

0

u=w=W
0

0.00008

b

Non-conservative solute – source decay
only
u=w>W

0.00008

0

c

Non-conservative solute – source
production only
u=W>w

0.00015

0.00015

d

u>w=W

0.0022

0.00012

e

u>W>w

0.00012

0.0022

f

u>w>W

0

0.0023

g

u=w; W=0

0.0023

0

h

u=W; w=0

0.0012

0.0023

i

u>w; W=0

0.00008

0.0023

l

u≈w; W=0

Table 3.3: values of the decay constants and relative cases
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3.5.1. Concentration fields
Concentration fields are here evaluated by eqn. (3.25) and eqn. (3.24) at changing
λs and λp. Graphs are plotted in the (x,y) plane and reported in Figure 3.7.
The numerical computation of the integral in eqn(3.24) was done by adaptive
Gauss-Kronrod quadrature method as for the former model.
In Figure 3.7, the upper concentration contour refers to the approximated closed
form proposed, eqn. (3.25); the exact open integral form expressed by eqn. (3.24)
evaluates the lower one. The vertical line means again the advection front.
Case a) refers to models outputs for non-conservative solute subject to a firstorder decay in absence of source decay and production.
Case b) represents the situation in which the solute is subject to first order decay
and source decay also while in case c) only first order reaction in the field and source
production are present.
Remaining cases d) to l) are meaningful for a non-conservative solute subject to
first order decay released by the sources with varying decay and production constants
and effective velocities.
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g

h

i

l
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Figure 3.7: Concentration maps. Approximated closed form (top) versus integral open form (bottom). Case a)
conservative solute, no source decay. Case b) reacting solute, no source decay. Cases c-f) reacting solute, source decay.

From a first observation of contour graphs of each case, it can be noticed that
concentration behaviour evaluated by the approximated closed form solution, eqn.
(3.25), are delayed in comparison with distributions obtained by eqn. (3.24). This aspect
was already taken over in the forms study on eqn. (3.16 and 3.17).
Graphs show that the delay increases with λs but can be tuned and diminished by
properly setting λp. Each case is subject to a first order reaction in the field. i.e. for each
scenario a non-conservative solute is simulated.
It can be noticed that, in cases where λp is higher than λs or source decay is null,
plume delay of the approximated closed form decreases with respect to the open form
solution as in cases c), e) and h). Otherwise, when λp is zero or less than λs, the delay of
the approximated solution is higher.
Initial value of concentration is set at C0=850mg/l while at C0∞=350mg/l.
Concentration in the domain varies accordingly with values of source decay and
production constants. Obviously, where λp is higher than λs, cases c), e) and h),
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concentration is higher with respect to the other cases in wich λp is null or it is less than
λs.
Despite the difference in concentration values, case a) and case d) have the same
contour shape. This is due to the fact that λp=λs in case d), in consequence w equals W.
So decay and production parameters can influence concentration contour shape.
Cases g) and h) represents particular cases in which λp and λs assumes a
numerical value for which W=0 and w=0 respectively.

3.5.2. Relative errors
Relative errors of the closed form solution with respect to the integral one was
computed on the base of Eqn. (3.19).
Here are reported ray-shaped diagrams for the three-dimensional solutions for a plane
source with exponential decay and production at the source for a fixed simulation time
t=5110 days and at changing λs and λp with cases indicated in Table 3.3.

a

b

 154 

 Chapter 3 

c

d

e

f

g

h
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i

l

Figure 3.8: Diagrams of relative errors at fixed simulation time. Cases refers to Table 3.3.

For this model also, it is possible to divide ray-diagram in three different regions:
the central one of width almost equal to Y; the right hand side and the left hand side of the
advection font. High relative errors concentrates in areas in which concentration values
are really small wile in the central area it is possible to see that the approximated model
underestimate with a maximum absolute error of 0.2. For case g) only, it is possible to see
an overestimation of 0.3 in the left hand side of the advection front, around x=500 m.

3.5.2.1.

Time dependence

For this model also, a time dependence analysis was done in order to determine
ray shaped diagram variation. Ray-diagram at tm/2 and 2tm are reported in Figure 3.9.
Cases here analyzed are again those introduced in Table 3.3.
Here also, it can be observed that high relative errors are present in areas far from
the centerline and in which concentration values are very low.
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In region along the centerline the approximated closed form underestimates with
a maximum absolute error of about 0.2 near the source for ray shaped diagram at tm/2 and
along the whole central region for graph at 2tm.
a

b

 157 

 Chapter 3 

c

d

e
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f

g

h
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i

l

Cases

Figure 3.9: Diagrams of relative errors at half simulation time (left). Cases as indicated in Table 3.3.

3.5.3. Centerline profiles
A deeper analysis was done in order to test the new proposed solution at changing
simulation time, source decay and production constants. This study was performed in
order to highlight the solution behavior in the centerline near the source.
As it is possible to see, even if ray diagram can be similar, i.e. for each case
considered (Table 3.3) the relative error is comparable, the solute concentration profiles
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in time and space are completely different, as expected. as it is possible to observe in
Figure 3.10.
In concentration profiles at different values of λs and λp here in the following, the
continuous line refers to exact integral solution while a dotted line is used for the
approximated closed form solution.

a

b

c

d
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e

f

g

h

i

l

Figure 3.10: Concentration profiles in the centerline at changing simulation time. Approximated closed form (dotted)
versus integral form (continuous)..
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3.5.4. Trasverse profiles

Transverse sections at different positions along x axes are here proposed in Figure
3.11.
Transverse concentration profiles refers to a time simulation of 5110 days at
different values of λs and.
Graphs on the left column refers to x=x/2 cutting plane, the central column reports
x=v*tm cutting plane and, finally, column on the right shows x=2x section. The exact
integral solution is again here represented by a continuous line and the approximated
closed form solution is indicated by the dotted one.

 163 

 Chapter 3 

Figure 3.11: Concentration profiles in three transverse sections at x=x/2 (left column), x=x=v*tm (center) and x=2x
(right column) for the approximated closed form (dotted) and the integral form (continuous). Cases are listed in Table
3.3.

As for the previous figures, the approximated closed form solution underestimates
concentration in the zone along the centerline for a width slightly greater than the source
width Y, it overestimates concentration only for cases g) at distance x=x/2 from the source
because of the value of p that is much greater than , as already observed in Figure 3.8,
at x=x/2 the approximated model overestimates with an error of about 0.3.
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