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Abstract A unified formulation of rigid body dynam-

ics based on Gauss principle is proposed. The Lagrange,

Kirchhoff and Newton–Euler equations are seen to arise

from different choices of the quasi–coordinates in the

velocity space. The group–theoretical aspects of the

method are discussed.
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1 Introduction

Kirchhoff equations are a useful tool in rigid body dy-

namics: they are well known and widely used in many

fields of applied mathematics, such as robotics, as well

as aerospace and naval engineering.

For example, they play a central role in the repre-

sentation of the hydrodynamical forces acting on a rigid

body moving in an incompressible, irrotational, and in-

viscid fluid in terms of the so called added mass [1,2],

an aspect that has significant applications in maneuver-

ing models for surface vessels as well as for underwater

marine vehicles [3–5].

The deduction of Kirchhoff equations from Newton–

Euler ones is well known. On the contrary, the relation-

ship between Kirchhoff and Lagrange equations is less
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immediate and, in the authors’ knowledge, not readily

available in the literature.

In this brief note we fill this gap at the light of Gauss

principle of least constraint. The differences between

the various formulations are shown to stem from dif-

ferent choices of the quasi coordinates in the velocity

space. In particular, Kirchhoff and Newton–Euler ap-

proaches are seen to reflect the Lie group structure of

the configuration manifold associated with the free rigid

body, namely to involve quasi–coordinates respectively

associated with left–invariant and right–invariant 1–

forms.

Besides pointing out the centrality of Gauss prin-

ciple, the present contribution is aimed at illustrating

how the invariance properties of the configuration man-

ifolds help selecting families of independent variables

especially suited to the formulation of the equations of

motion. As such, it may provide a useful tool for possi-

ble applications in different engineering disciplines.

2 The euclidean group

In this section, a few general aspects of rigid body kine-

matics are briefly reviewed.

Given a rigid body B, let F′ =
{
O, e1, e2, e3

}
be

a body–fixed cartesian (positive) reference frame, with

coordinates xi(P ) = (P −O) · ei = cost. ∀ P ∈ B.

Denoting by F =
{
Ω, k1, k2, k3

}
a cartesian (posi-

tive) reference frame in the observer’s space, with coor-

dinates x̂i(P ) = (P −Ω) · ki , every configuration of B

relative to F is described by the affine transformation

x̂i(P ) = Rij xj(P ) + bi , i, j = 1, 2, 3 (1)

with Rij := ki · ej and bi := xi(O) = (O −Ω) · ki .
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The totality of transformations (1) form a Lie group

[6,7], henceforth denoted by SE(3) and called the eu-

clidean group.

Introducing the column vectors ∼̂x = t(x̂1, x̂2, x̂3, 1),

∼x = t(x1, x2, x3, 1), eq. (1) takes the compact form

∼̂x =

(
Rij bi

0 1

)
∼x (2)

pointing out the isomorphism between SE(3) and the

subgroup of GL(4) given by the semi–direct product of

SO(3) with R3.

In the given geometrical environment, every evolu-

tion of B is described by a curve γ : R→ SE(3), namely

γ(t) =

(
Rij(t) bi(t)

0 1

)
(3)

Denoting by ûi = vO ·ki and ui = vO ·ei the compo-

nents — respectively in the bases
{
ki
}

and
{
ei
}

— of

the velocity vO = d
dt

∣∣∣
F
(O−Ω) of the body–fixed origin,

we have the identifications

ûi = ḃi , ui = Rji ḃj =⇒ ûi = Rijuj (4)

The angular velocity ω of B relative to the frame F

is similarly expressed in components in either form

ω = 1
2 ei ∧ ėi = 1

2

(
R tṘ

)
pq
εpqrkr := ω̂r kr (5a)

ω = 1
2 ei ∧ ėi = 1

2

(
tṘR

)
pq
εpqrer := ωr er (5b)

tṘ and εpqr indicating the transpose of the matrix Ṙ

and the permutation symbol.

3 Group–invariant velocities

As pointed out, the euclidean group SE(3) is the config-

uration space of the free rigid body. The tangent bundle

TSE(3) is therefore identical to the associated velocity

space.

Every local coordinate system qα (α = 1, . . . , 6) in

SE(3) induces jet coordinates qα, q̇α in TSE(3). The

latter are the ones commonly adopted in Lagrangian

Mechanics.

Other choices are of course available: for example,

any 1–form σ = σα dq
α on SE(3) determines a corre-

sponding function σα q̇
α that, under suitable circum-

stances, can be adopted as fiber coordinate in TSE(3).

In this respect, the left and right invariant 1–forms

are naturally highlighted as distinguished geometrical

objects, intimately related to the symmetries of the un-

derlying environment.

Any function on TSE(3) associated with a (left or

right) invariant 1–form σ ∈ D1(SE(3)) will be called a

group–invariant velocity .

A left–invariant basis for the module D1(SE(3)) is

given by

µi = Rji dbj (6a)

νi = − 1
2 εipq

(
tRdR

)
pq

= − 1
2 εipq Rkp dRkq (6b)

Denoting by lg : SE(3) → SE(3) the left transport

lg(h) := g · h, we have in fact the relation

l∗g

(
Rij bi

0 1

)
=

(
Rip(g)Rpj Rij(g) bj + bi(g)

0 1

)
whence, by straightforward calculations

l∗g (µi) = Rjp(g)RpiRjk(g)dbk = µi

l∗g (νi) = − 1
2 εipq Rks(g)RspRkl(g)dRlq = νi.

The generalized velocities associated with the 1–

forms (6) are

µi 7→ Rji ḃj = vO · ei = ui (7a)

νi 7→ − 1
2 εipq Rkp Ṙkq = ω · ei = ωi (7b)

i.e. they coincide with the components, in the body–

fixed basis, of the vectors vO and ω involved in the

representation

vP = vO + ω ∧
(
P −O

)
, P ∈ B (8)

A similar analysis shows that the 1–forms

µ̂i = dbi + Rip dRjp bj (9a)

ν̂ i = 1
2 εipq

(
Rd tR

)
pq

= 1
2 εipq Rpk dRqk (9b)

form a right–invariant basis for the module D1(SE(3)).

Denoting by rg(h) := h · g the right transport and

arguing as above, we have in fact the relations

r∗g
(
Rij
)

= RipRpj(g) , r∗g
(
bi
)

= Rij bj(g) + bi

whence

r∗g
(
µ̂i
)

= dbi + Rip dRjp bj = µ̂i

r∗g
(
ν̂ i
)

= 1
2 εipq RpsRsk(g)dRqlRlk(g) = ν̂ i .

The generalized velocities associated with the 1–

forms (9) are

µ̂i 7→ ḃi + Rip Ṙjp bj = ḃi + εijr bj ω̂p =

=
(
vO + ω ∧ (Ω −O)

)
· ki := ξ̂i (10a)

ν̂ i 7→ 1
2 εipq Rkp Ṙkq = ω̂i (10b)
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i.e. they coincide with the components, in the observer’s

frame, of the vectors ξ and ω involved in the less usual

representation1

vP = ξ + ω ∧
(
P −Ω

)
(11)

4 The equations of motion

A central point in the development of mechanics in the

presence of constraints is the characterization of the

reactive forces. A milestone in this sense is provided by

the following

Gauss Principle. For a material system subject to

ideal constraints, the actual motion under the action of

given active forces is selected among the totality of kine-

matically admissible evolutions by the requirement that,

in any kinetic state (t, P1, . . . , PN , v1, . . . , vN ), the ac-

celerations a1, . . . , aN are those for which the function

C :=
1

2

N∑
i=1

mi

∣∣∣∣ai − F i
mi

∣∣∣∣2 (12)

attains a minimum.

For holonomic systems, Gauss’ Principle is equiv-

alent to d’Alembert’s principle of virtual work [8–12].

The advantages of Gauss’ formulation are its applica-

bility to a wider class of constraints, including the ki-

netic ones [11], and its adaptedness to the language of

quasi–coordinates.

The implementation of the algorithm is straightfor-

ward: in terms of generic (fibred) coordinates t, qα, zα

on the velocity space, we have the relations

q̇α = ψα(t, q1, . . . , qn, z1, . . . , zn) (13)

essentially equivalent to a definition of the generalized

velocities, as well as the representations

Pi = Pi(t, q
1, . . . , qn)

vi =
∂Pi
∂t

+
∂Pi
∂qα

ψα = vi(t, q
α, zα)

1 According to eq. (10a), the vector ξ represents the ve-
locity of the point of the body B instantly located at the
space origin of the observer’s frame. As such, it may look a
rather factitious object. A better understanding of the sym-
metry hidden in the representation (11) is gained interpreting
the vectors −ξ, −ω respectively as the linear and angular ve-
locity of the frame F relative to F′, and the vector −vP as
the velocity, relative to F′, of a point P at rest in F. In this
way, eq. (11) is on the same footing as eq. (8), namely it de-
scribes, up to a sign, the rigid motion of F relative to F′ .
Interchanging left and right invariance is therefore equivalent
to interchanging the roles of the frames F and F′, i.e. to re-
placing each transformation by the corresponding inverse.

At each kinetic state, the expression of the admissi-

ble accelerations takes therefore the form

ai =
∂vi
∂t

+
∂vi
∂qα

ψα +
∂vi
∂zα

żα

involving n additional variables żα, interpretable as co-

ordinates along the fibres an affine bundle over the ve-

locity space, known as the second tangent bundle [13].

It is then clear that imposing Gauss principle means,

for each choice of t, qα, zα, minimizing the function (12)

with respect to the variables ż1, . . . , żn. On account of

the identity
∂ai
∂żα

=
∂vi
∂zα

, this entails the condition

∂C

∂żα
=

N∑
i=1

(
miai − F i

)
· ∂vi
∂zα

= 0

more conveniently written as

d

dt

(
∂T

∂zα

)
−

N∑
i=1

mivi
d

dt

(
∂vi
∂zα

)
=

N∑
i=1

F i ·
∂vi
∂zα

(14)

Eqs. (14) may be viewed as a set of equations for

the determination of the unknowns żα in terms of the

kinetic variables t, qα, zα 2. We let the reader verify

that the positive-definiteness of the matrix
∂ 2C

∂żα∂ żβ
=

=
∑
imi

∂vi
∂zα
· ∂vi
∂zβ

ensures both the solvability of the

equations and the fact that they do indeed determine

a minimum of the function C .

Summing up, we conclude that, eqs. (14), completed

with the kinematical relations (13), determine the evo-

lution of the system from given initial data through a

well-posed Cauchy problem.

The covariance of the algorithm ensures that differ-

ent choices of the generalized velocities lead to different

but equivalent representations of the system (13), (14),

without affecting the essence of the problem of motion,

namely the determination of the curve qα = qα(t) in

configuration space.

As implicit in the notation, all previous results ap-

ply to discrete systems. In the continuous scheme, more

suited to rigid body mechanics, the conclusions are es-

sentially the same, with the concentrated attributes mi ,

F i replaced by corresponding measures dm, dF over

the abstract space B formed by the totality of points

2 Although conceptually preferable, for holonomic systems
Gauss’ principle is not strictly necessary in order to establish
eq. (14): one may equally well start with d’Alembert’s prin-

ciple, make use of the identity ∂Pi
∂qα

=
∂vi
∂q̇α

, and replace the

resulting equations by the linear combinations

0 =
N∑
i=1

(
miai − F i

)
·
∂vi
∂q̇β

∂q̇β

∂zα
=

N∑
i=1

(
miai − F i

)
·
∂vi
∂zα
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of the body, and with eqs. (14) replaced by the integral

relations

d

dt

(
∂T

∂zα

)
−
∫
B

vP
d

dt

(
∂vP
∂zα

)
dm =

∫
B

∂vP
∂zα

· dF (15)

Coming to the problem in study, let us now verify

that, depending on the choice of the generalized veloc-

ities, eqs. (15) yield back the Lagrange, Kirchhoff and

Newton–Euler equations of motion.

• Jet coordinates: with the ansatz zα = q̇α, eqs. (15)

entail the Lagrange equations

d

dt

(
∂T

∂q̇α

)
− ∂T

∂qα
=

∫
B

∂vP
∂q̇α

· dF =

∫
B

∂P

∂qα
· dF

the right-hand sides expressing the so-called general-

ized forces. The argument is well known, and does not

require any comment.

• Left–invariant velocities: as shown by eq. (7), they

correspond to the choice zi= ui , z
3+i= ωi , i = 1, 2, 3,

ui = vO · ei and ωi = ω · ei expressing the components

of the linear and angular velocity of B in the body–

fixed frame. On account of eq. (8), this entails the iden-

tities

∂vP
∂uk

= ek,
∂vP
∂ωk

= ek ∧ (P −O) (16)

From eqs. (16), respectively denoting by Q, Γ 0, R

and MO the total linear momentum, the angular mo-

mentum (with respect to O), the resultant of the ex-

ternal forces and the external torque relative to O , we

have the identifications

∂T

∂uk
=

∫
B

vP dm · ek = Q · ek := Qk (17a)

∂T

∂ωk
=

∫
B

vP · ek ∧ (P −O)dm = Γ 0 · ek := Γk (17b)∫
B

∂vP
∂uk

· dF = R · ek := Rk (17c)∫
B

∂vP
∂ωk

· dF = MO · ek := Mk (17d)

Inserting eqs. (16), (17) into (15) and recalling the

Poisson formulae, we end up with the equations

d

dt

(
∂T

∂uk

)
+ εkpq ωp

∂T

∂uq
= Rk

d

dt

(
∂T

∂ωk

)
+ εkpq

(
ωp

∂T

∂ωq
+ up

∂T

∂uq

)
= Mk

identical to the Kirchhoff equations.

• Right–invariant velocities: according to eq. (10), they

correspond to the ansatz zi= ξ̂i , z
3+i= ω̂i , i = 1, 2, 3,

ξ̂i = ξ · ki and ω̂i = ω · ki being the components in the

observer’s frame of the vectors involved in the represen-

tation We have therefore the identifications

∂vP

∂ξ̂j
= kj ,

∂vP
∂ω̂j

= kj ∧ (P −Ω) (18)

From these, preserving the notation Q, R for the

total momentum and total external force, and denoting

by ΓΩ , MΩ respectively the angular momentum and

the torque with respect to the fixed origin Ω, we get

the relations

∂T

∂ξ̂s
= Q · ks := Q̂s ,

∂T

∂ω̂s
= ΓΩ · ks := Γ̂s (19a)

∫
B

∂vi

∂ξ̂s
· dF = R · ks := R̂s (19b)

∫
B

∂vi
∂ω̂s
· dF = MΩ · ks := M̂s (19c)

As above, inserting eqs. (18), (19) into (15) yields

the equations

dQ̂s
dt

= R̂s

dΓ̂s
dt

= M̂s

identical to the Newton–Euler equations.

• “Hybrid” formulation: for completeness, we point out

a further representation of the equations of motion,

based on the choice zi = ḃi , z
3+i = ωi , i = 1, 2, 3,

i.e. involving the components of the velocity vO in the

observer’s frame and the components of the angular ve-

locity ω in the body–fixed frame.

Referring to eq. (8), we have now the identities

∂vP
∂ḃs

= ks ,
∂vP
∂ωs

= es ∧ (P −O)

whence, keeping the same notation as above

∂T

∂ḃs
= Q̂s ,

∂T

∂ωs
= Γs∫

B

∂vP
∂ḃs
· dF = R̂s ,

∫
B

∂vP
∂ωs

· dF = Ms

Substituting into eqs. (15) yields the required

equations, synthetically expressed in vector form as

d

dt
Q = R

d

dt

∣∣∣∣
F′
ΓO + ω ∧ ΓO + vO ∧Q = MO

These reproduce once again the content of the Newton–

Euler equations, with the angular momentum and the

torque now referred to the body–fixed point O.
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