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Abstract

A simple innovation that enables faster convergence rate of iterative gradient-like descent approaches is proposed

and applied to linear image reconstruction problems from irregular sampling. The key idea is to reduce the amount

of regularization effects of the conventional Tikhonov functional by introducing a negative semi-norm penalty term,

whose role is to speed-up the convergence without reducing the reconstruction accuracy.

The method is employed to enhance the spatial resolution of microwave remotely sensed products. First experiments,

undertaken on simulated radiometer data, demonstrate that the technique significantly increases the convergence rate,

halving the number of iterations when applied to speed up the basic and widely used Landweber method.

Index Terms

Spatial resolution enhancement, iterative regularization methods.

I. INTRODUCTION

Satellite remote sensing is a key tool for Earth Observation (EO) purposes, resulting in a global view of the Earth.

Clouds, forests, land, ocean, ice, etc. can be observed in a very effective way from space. Remote sensing provides

typically indirect measurements, i.e. the unknown function is not directly evaluated, but needs to be estimated from

few remotely sensed measurements.
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For a wide class of remote sensing problems, the relationship between the t-th measurement, bt, and the unknown

function, f(·), is described by the Fredholm integral equation of the first kind with a smooth kernel Gt(·) :

bt =

∫
Ω

Gt(y)f(y)dy. (1)

Eq. (1) is a linear ill-posed problem. When the kernel is band-limited, (1) can be expressed as [1]:

AT
t x = bt, (2)

where At ∈ Rn is the conventional sampling of the band-limited kernel Gt and x ∈ Rn is the sampled version of

the continuous-index signal f(·). To estimate a band-limited version of f(·) from m measurements b = (b1, ..., bm),

the following linear system has to be solved:

Ax = b, (3)

where A = (A1,A2, ...,Am)T . The problem may be fully determined, over-determined or under-determined. For

most remote sensing applications, A is under-determined. This is the case of spatial resolution enhancement methods

that aim at reconstructing the unknown function at a finer resolution. These methods are usually applied to radiometer

and scatterometer products, which are characterized by a dense spatial/temporal coverage but poor spatial resolution

[1]-[11]. This poor spatial resolution is an applicative limit to the use of these data in coastal zone and enclosed sea

or to monitor medium size islands. The resolution of scatterometer/radiometer products can be improved by solving

a specific linear inverse problem, which can be considered as the analogue of the antenna-pattern deconvolution.

However, since the problem is under-determined, there is no unique solution and an additional constraint must be

applied to reconstruct the right unknown function. In addition, due to the ill-posedness of the continuous problem

(1), the corresponding eq.(3) is an ill-conditioned discrete problem that requires regularization methods [5].

In the literature, several regularization methods have been proposed to deal with spatial resolution enhancement of

microwave remotely sensed products. These methods can be divided into two main categories: direct and iterative.

Direct methods, e.g. Truncated Singular Value Decomposition [3], [4], [5], Tikhonov method [5], [9] and Backus-

Gilbert [10], are based on standard decompositions in numerical linear algebra.

Iterative methods, e.g. Landweber method [11], [12], [13], Conjugate Gradient [5], Algebraic Reconstruction

Technique (ART) [5], [14] and Scatterometer Image Reconstruction algorithm (SIR) [1], [2], [15], rely on an iterative

scheme that converges to the desired solution. Many iterative schemes can be considered as regularization methods,

where the iteration number plays the role of regularization parameter. Generally, iterative methods minimize the

2-norm of the residual Ax− b subject to the minimization of the 2-norm of the energy [5], by means of particular

Tikhonov functionals [14]. Iterative methods outperform direct ones when the matrix A is large scale since the former

can take advantage of “sparsity” and structure of the matrix more than the latter. However, the key drawback of

iterative methods is often a slow convergence rate, as in the case of Landweber method and its generalizations [5],

[6].
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In this paper, the spectral properties of the integral kernel G are first used to reduce the “amount” of regularization

effects of the classical Tikhonov functional. This analysis allows us to define a new functional, whose action is

called “de-regularization”, which yields acceleration in the first iterations. We first test this new functional by

means of the simple Landweber method. Experiments undertaken on simulated radiometer data demonstrate that

the de-regularization technique halves the number of iterations without losing reconstruction accuracy and without

increasing the numerical complexity of any single iteration. Although we deal with the Landweber method, which

is simple and fast to explain and to be implemented, we remark that the idea can be applied to speed up any

gradient-like iterative method [7], [8], [11].

Moreover, the proposed method is also contrasted with the popular fixed-point iterative procedure ART [14]. ART is

a very computer-time effective algorithm that minimizes the same functional minimized by the classical Landweber

method, and it is widely used to enhance the spatial resolution of radiometer data [2]. Experimental results show

that the the proposed acceleration technique allows the simple Landweber method to achieve the same performance

of ART.

II. THEORETICAL BACKGROUND

The basic approach to solve (3) consists of minimizing the square of the 2-norm of the residual Ax − b; i.e.

minimizing the least square functional Ω2 defined as [16]:

Ω2(x) =
1

2
‖ Ax− b ‖22=

1

2

m∑
i=1

(Ax− b)2
i . (4)

Since Ω2 is a convex differentiable functional and ∇Ω2(x) = A∗(Ax − b), where A∗ denotes the adjoint matrix

of A, the solutions of the least squares equation A∗Ax = A∗b are all global minimum points. However, due to

the ill-posedness of (1), a direct solution of the least squares equation leads to high noise amplification; hence,

regularization techniques are mandatory. On the other hand, many iterative methods can be often successfully

applied to the least squares equation, due to their own regularization capabilities. This regularization effect comes

as a result of using a smooth initialization field and restricting the number of iterations, which tends to result in a

reconstructed signal with attenuated low signal-to-noise ratio (SNR) components [16].

The simplest class of iterative methods to minimize (4) is the gradient-like one, whose k− th iteration is given

by:

xk = xk−1 − λk−1pk−1 (5)

where x0 is an arbitrary initial guess, λk−1 > 0 is the so-called step-size, and pk−1 is an ascent direction at point

xk−1 for Ω2; i.e. pk−1 is a vector such that 〈∇Ω2(xk−1),pk−1〉 > 0, with 〈·, ·〉 being the inner product. A wide

set of popular iterative methods for the solution of ∇Ω2(x) = 0 belongs to this class, e.g., for pk−1 = ∇Ω2(xk−1)

we have the Landweber method (where the step size λk−1 = λ ∈ (0, 2/‖A‖22) is constant) and the steepest descent

(where any λk−1 is explicitly computed); for pk−1 as special linear combination of ∇Ω2(xk−1) and pk−2, we
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have the conjugate gradient. In the same class we can also find special algorithms such as Simultaneous Iterative

Reconstruction Techniques (SIRT) [17] and the scaled gradient projection method when a vectorial step size is used

[18].

The key drawback of iterative methods is often a slow convergence [5], which limits their operational usage.

To speed up the convergence, several sophisticated techniques have been proposed, e.g. preconditioning or Banach

spaces model setting. Here, we simply propose to modify the least square functional by subtracting a penalty term

that effectively amplifies the components more sensitive to noise effects, allowing a faster and controlled recovering

of the noise subspace (i.e., the eigenspace of A∗A related to the vanishing eigenvalues, which corresponds to high

frequencies in our inverse problem). This term can be de-weighted as a function of the iteration number, so that

the noise amplification of the subsequent iterations is avoided.

To develop the new approach, it is worth recalling a standard case of regularization, where, however, a functional

different from (4) is considered:

Ω̄2(x) =
1

2
‖ Ax− b ‖22 +

α

2
‖ x ‖2S , (6)

where α is a pre-assigned positive regularization parameter, ‖x‖2S = 〈Sx, x〉, and S is a positive semidefinite self-

adjoint operator that, in general, may depend on the spectral properties of the operator A. The functional (6) is

similar to the classical Tikhonov functional (where S = I) and its generalizations. In [19], several operators S have

been discussed, and the simplest one we use here is given by

S =

(
I − A∗A

‖ A ‖22

)
, (7)

where I is the identity matrix. The definition of S represents a crucial point regarding the impact of (6), because

now, differing from all the classical cases where the penalty term is fixed and independent of the operator A, the

penalty term depends on A, i.e. it depends on the model problem. We used the 2-norm in (7) since it allows a

straightforward interpretation of the role of the operator S as a high-pass filter that vanishes the low frequency

components related to the largest eigenvalues of A∗A. Nevertheless, a modified S which uses a more general norm

may be used in applications where significant efficiency could obtained by computing a specialized and more easily

computable norm, rather than the basic 2-norm (i.e., the largest singular value, whose computation is well known

to be often heavy).

To analyze the behaviour of the operator S, the singular value decomposition of A = UΣV ∗ is used:

S = V

(
I − Σ2

σ2
1

)
V ∗ = V diag(F (σ1), F (σ2), . . . , F (σm))V ∗, (8)

where Σ is the diagonal matrix whose elements {σi}i=1,...,m are the descendent-ordered singular values, V is the

matrix whose columns are the corresponding right singular vectors and F (σ) = 1− (σ/σ1)2. We recall that in the

inverse problem (1), the singular value decomposition allows discriminating between signal and noise subspaces.

Indeed, smaller σi are related to the noise subspace (i.e., the corresponding right singular vectors generate the noise
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subspace), while, when σi is approaching to σ1, the right singular vectors generate the signal subspace [5], see

Fig.1(a). Hence, F (σi) vanishes the signal subspace while leaving almost unchanged the noise subspace, so that

it really behaves as a A-dependent high-pass filter, see Fig.1(b). This implies that the term ‖ x ‖2S in (6) is large

when x belongs to the noise subspace.

Following this rationale, in literature α > 0 is always used to improve the regularization capabilities, since the

minimum of the functional (6) gets strong regularity (due to the high values of the penalty term for solutions in

the noise subspace). This rationale has been previously exploited to enhance the regularization effectiveness of the

classical Tikhonov functional when solved via direct methods, which usually require high stability and high noise

filtering [19].

In this study, where only iterative regularization methods are used, a completely different paradigm is proposed,

which consists of using ‖ x ‖2S as a “de-regularizing” term. Note that this is the opposite of Tikhonov regularization.

Indeed, since we rely on the regularization effect of the iterative procedure itself (which is guaranteed by a smooth

initialization and a limited number of iterations), we do not enforce regularization by any penalty term, since it

would lead to a de-boosting of the convergence speed. This means that, when using iterative regularization methods,

the additional penalty term of (6) can be often neglected since further regularization is not useful. On the contrary,

if the iterative method is too slow, in general it has too high regularization effectiveness, which should be reduced

in order to speed-up the convergence. Accordingly, a parameter α < 0 is used in (6), in order to reduce the

regularization in the first iterations, so that therein the convergence speed is improved. Specifically, this negative

parameter is what we term as “de-regularization”. We explicitly point out that, to the best of our knowledge, this

is the first time that a negative penalty term is adopted. This leads to a new functional Ω̄2 that, being a difference

of convex functionals, is a delta-convex functional [20].

Due to the explicit form of ∇Ω̄2(x) = A∗(Axk−1−b) +αSxk−1, we now analyze the technique in the simplest

case of Landweber method. Starting from x0 = 0, the Landweber iterative scheme applied to (6) becomes:

xk = xk−1 − λA∗(Axk−1 − b)− βkSxk−1 (9)

where λ = (0, 2/‖A‖22) and βk = λαk ≤ 0. In the following, we call the algorithm (9) as improved Landweber

method. Here the parameter (αk) specifies the weight α of the penalty term in ∇Ω̄2 at iteration k. The selection

of the zero-th iteration x0 = 0 guarantees that any other xk belongs to the subspace orthogonal to the null-space

of A. Note that the same applies when the weaker hypothesis x0 ∈ Null(A∗A) is satisfied. The larger is |βk|, the

stronger is the weight of the penalty term subtracted in (6) at iteration k. Note that to make the final result less

affected by noise amplification resulting from a large de-regularization, the parameter βk ≤ 0 is a function of the

iteration number and goes to zero asymptotically. A first convergence result is the following [21]:

Theorem Let (αk) be a sequence of real numbers αk ≤ 0 such that
∑

k αk converges. If λ ∈ (0, 2/σ2
1), then the

sequence (xk) given by the improved Landweber method (9) with x0 ∈ Null(A∗A) and de-regularization parameters
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βk = αkλ ≤ 0, converges to the Moore-Penrose generalized solution x† of the linear equation (3); i.e. the minimum

norm solution.

By a simple manipulation of (9):

xk = (1− βk)xk−1 −A∗((λ− βk ‖ A ‖−2
2 )Axk−1 − λb). (10)

It can be noted that the computational cost of each iteration of the improved Landweber method is the same of the

conventional one.

Even if we apply the “de-regularization” rationale to the simple Landweber method, we remark that any gradient-

like iterative method can be straightforwardly accelerated according to the above-mentioned theoretical rationale.

Moreover, in a more general view, the iteration-dependent de-regularizing term can be even incorporated directly

into the cost function of any iterative method that is specialized to the radiometer/scatterometer problem (e.g.,

the Fieldwise Estimation or SIR algorithm [1]), leading to specific accelerated versions of recent real algorithms

of high impact. Furthermore, the output of the improved Landweber can be also used as starting guess of more

sophisticated algorithms.

III. NUMERICAL RESULTS

In this section, numerical experiments are discussed to evaluate the proposed acceleration technique based

on the minimization of the modified functional (6) with de-regularizing parameters α = αk ≤ 0. Hence, the

improved Landweber method (10) that represents the simplest example of application of the acceleration technique,

is employed to enhance the spatial resolution of simulated Special Sensor Microwave/Imager (SSM/I) radiometer

measurements. Improved Landweber is compared with conventional Landweber method and with ART [14], which

is used in [2] to enhance the spatial resolution of radiometer data. Note that the latter two methods minimize the

same standard functional (4). According to [5], ART parameters are chosen to obtain the best trade-off between

the noise filtering and convergence rate.

The SSM/I is a conical scan microwave seven-channel radiometer whose swath is about 1400 km. It performs

64 measurements along with the along-scan direction and 28 scans with a 25 km pixel spacing [22]. The t-th

measurement is given by (1) where f(·) is the unknown brightness temperature and Gt(·) is the projection of the

integrated antenna pattern on the surface that can be approximated by a two-dimensional Gaussian function [4].

In the first test, a 1400 × 700 km reference field is simulated, then the noisy measurements are obtained using

(3) and a zero-mean Gaussian additive noise, whose standard deviation is equal to 1.06 K, corresponding to a noise

level of about 10%[15]. This noise model is the standard one used to address spatial resolution enhancement of

radiometer data, see e.g. [1]-[4], [9]-[11], [15]. In this study, the iterative methods are applied to reconstruct the

brightness field of Fig. 2(a) from the SSM/I measurements shown in Fig. 2(b). The rationale related to the simulation
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of the SSM/I brightness field and the spatial resolution enhancement using conventional Landweber method is fully

detailed in [11].

The discrepancy principle [5] is used to stop the iterations in an objective and unsupervised way. It consists of

choosing the smallest iteration number k such that:

‖ Axk − b ‖2≤ c, (11)

where c is an estimate of the 2-norm of the noise. To evaluate the reconstruction accuracy, we adopt the relative

error defined as [4]:

errk =
‖ xk − xref ‖2
‖ xref ‖2

, (12)

where xk is the vectorized version of the k -th iteration reconstructed field and xref is vectorized version of the

reference true field.

According to the Theorem of the previous section, to guarantee the convergence, a k-dependent choice βk has

be to used. In this paper, the following rule is adopted:

βk = − β0

2k−1
(13)

with β0 ≥ 0. For β0 > 0, |βk| is a decreasing function of k that results in a “de-regularizing” term (see eq. (6))

that tends towards 0 for increasing k, while for β0 = 0, the conventional Landweber method is obtained. Moreover,

since βk = λαk with the relaxation parameter λ = 1/σ2
1 , the sequence

∑
k αk = −β0λ

−1
∑

k 21−k converges, so

the hypotheses of the convergence theorem of previous section are fulfilled.

The residuals obtained using the decreasing sequences (13) with β0 = 0, 21, 23, 25 are plotted in Fig. 3(a) where

they are contrasted with the residual obtained by the ART. The residuals for both β0 = 0, 21, 23 and ART are

monotonic decreasing functions with k, saturating (11) at k = 121, 120, 68 and 65 respectively. Hence, one can

note that for increasing β0 the number of iterations to saturate (11) reduces and for β0 = 23 the iteration number

is very similar to the ART one. Differently, when β0 = 25 the residual is no longer monotonic, showing a convex

behaviour. This occurrence can be experienced for any other β0 values larger than 25. This is due to the fact that

too much regularity is subtracted within first iterations. Indeed, this can be theoretically explained by noting that

the functional (6) consists of two terms: the residual and the “de-regularizing” term. Although the functional Ω̄2

is minimized, the contribution of the “de-regularizing” addendum may outperform the residual one, so that the

residual can diverge even if the functional converges.

The relative errors (12) are plotted versus k in Fig. 3(b). It can be noted that, for a fixed k, β0 > 0 results in

relative errors generally smaller than β0 = 0. This demonstrates that the improved Landweber method, i.e. β0 > 0,

outperforms the conventional Landweber method. For β0 = 23 the relative error is very similar to the ART one. It

can be noted that using β0 = 23, after 10 iterations the third term at the right-hand side of eq.(9) becomes negligible.

Hence, one may think that the conventional Landweber regularization scheme is achieved. This is actually untrue,
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since a completely different xk−1 term is obtained. In fact, after 10 iterations, the relative error is equal to 0.71

and 0.95 for the improved and the conventional Landweber methods respectively.

To further investigate the reconstruction accurancy of the conventional Landweber (β0 = 0) and the improved one

(β0 = 23), the two methods are applied to reconstruct the brightness field of Fig.2(a) and the iteration is stopped

when the residual is no longer monotonic descendent. The reconstructed field that corresponds to the minimum

error is shown in Fig.5(a) and (b) for β0 = 0 and β0 = 23, respectively. The relative error is 0.53 in both the cases

and it is reached at k = 175, 120 for β0 = 0 and β0 = 23, respectively. In addition, it can be noted that no artifacts

are introduced by the improved Landweber.

The results are confirmed by several experiments, not shown to save space. To further discuss the effectiveness

of the proposed approach against scenarios that include abrupt and smooth discontinuities, two experiments are

undertaken using the reference fields shown in Fig.5. For each reference field, two Gaussian noises whose standard

deviations are 1.06 and 0.6, respectively, are considered and the fields are then reconstructed from noisy measure-

ments using both the conventional (β0 = 0) and the improved (β0 = 23) methods. The objective norm and the number

of iterations to saturate (11) are listed in Table I. The obtained results confirm that the improved Landweber method

outperforms the conventional one in terms of computation time, without affecting the reconstruction accuracy.

IV. CONCLUSION

A new paradigm to allow faster convergence rate is proposed for iterative regularization gradient-like descent

approaches. The key idea consists of modifying the conventional least square functional by subtracting a penalty

term. This subtraction acts as a de-regularization, yielding acceleration in the first iterations. This negative penalty

term is then de-weighted as a function of the iteration number to avoid noise amplification in the subsequent

iterations. The accelerated version of the Landweber method is compared with the conventional one and with

the popular ART method. Experiments demonstrate the effectiveness of the accelerated Landweber method which

results in a number of iterations: a) halved with respect to the conventional Landweber method; b) similar to the

one obtained using the ART. The proposed acceleration technique can be applied to other widely used gradient-like

regularization iterative methods. A natural development line after this first proposal could be also to include both

a regularizing term and a de-regularizing term in the functional to minimize. The latter term should dominate the

first few iterations only, and should become negligible as the iterations increase, thus ensuring regularization and

allowing a noise/resolution trade-off, while shaping the error trajectory to fall off faster for the beginning iterations.
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Fig. 1. a) Sketch of normalized singular values of A, that is σi
σ1

for i = 1, . . . , rank(A) . b) Sketch of F (σi) = (1− σi
σ1

) (8) for varying

i ∈ [1, ..., rank(A)] for i = 1, . . . , rank(A).

TABLE I

ITERATION NUMBER TO SATURATE THE DISCREPANCY PRINCIPLE (11) AND THE RELATIVE ERROR.

Reference Noise β0 = 23 β0 = 0

Field std (K) Iteration Number Relative Error Iteration Number Relative Error

Fig.5(a) 1.06 95 1.2194 175 1.2187

Fig.5(a) 0.6 180 0.8005 220 0.8000

Fig.5(b) 1.06 52 0.8691 93 0.8695

Fig.5(b) 0.6 304 0.7052 515 0.7052
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Fig. 2. a) Reference field related to an area of 1400× 700 km where some discontinuities of different size and brightness temperature values

are presented. b) Simulated noisy measurements obtained by considering SSM/I parameters and 1.06 K additive noise.
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Fig. 3. a) The 2-norm of the residual versus k. b) The relative error between the k-reconstructed and the reference field versus k. c is an

upper bound related to the 2-norm of the noise.
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Fig. 4. Reconstructed field using a) the conventional (β0 = 0) and b) the improved (β0 = 23) Landweber method.
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Fig. 5. Reference field related to an area of 1400× 700 km where an abrupt discontinuity is presented. b) Reference field related to an area

of 1400× 700 km where smooth discontinuities are presented.
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