UNIVERSITY OF GENOA
POLYTECHNIC SCHOOL
DIME – Department of Mechanical, Energy, Management and
Transportation Engineering

DIME/MEC

PhD Course in Mechanical, Energy and Management
Engineering (PhD IMEG)
Curriculum Mechanics, Measurements and Materials (MMM)

PhD Thesis
XXXIV Course

“Analysis of dynamic responses and instabilities
in rotating machinery”
PhD Coordinator:
Prof. Giovanni Berselli
Tutor supervisors:
Prof. Paolo Silvestri
Prof. Aristide Fausto Massardo
PhD Candidate:
Carlo Alberto Niccolini Marmont Du Haut Champ
March 2022

Contents
Abstract.................................................................................................................. 1
1 Introduction .................................................................................................... 3
1.1 Surge .............................................................................................................. 3
1.2 Theoretical basis about turbine rotor vibrations .......................................... 9
1.2.1 Vibration modes............................................................................................ 9
1.2.2 Rotor vibrational response during operations........................................... 10
1.2.3 Structure of the thesis ................................................................................ 14
Bibliography chapter 1 ........................................................................................ 15
2 Hydrodynamic bearings: characterization of static performance .............. 18
2.1 Experimental devices ................................................................................... 21
2.2 Numerical models ........................................................................................ 28
2.3 Analysis of numerical and experimental results ........................................ 33
2.3.1 First two test rigs: original RK and modified RK ..................................... 33
2.3.2 Analysis of results collected on the new test rig final setup .................... 47
Bibliography chapter 2 ........................................................................................ 53
3 Rolling bearings: influence on rotor systems flexural critical speeds…… 55
3.1 Rotor-bearings system analytical models for rotordynamic analysis ........ 55
3.1.1 One degree of freedom rotor-bearings system model ................................ 55
3.1.2 Four degrees of freedom rotor-bearings system model ............................. 56
3.2 Differences between rotor-bearings system mounting configurations ...... 58
3.3 Rolling bearings stiffness modelling ........................................................... 61
3.3.1 Introduction ................................................................................................ 61
3.3.2 Analytical model to predict ball bearings non-linear stiffness ................. 63
3.4 Comparison of experimental and numerical results .................................. 73
3.4.1 One DOF analytical model applied to RK ................................................. 73
3.4.2 Four DOFs analytical model applied to RK .............................................. 76
3.4.3 FE model applied to air Tesla turbine ....................................................... 78
3.4.4 FE model applied to microturbine ............................................................. 85
Bibliography chapter 3 ........................................................................................ 96
4 Hydrodynamic bearings unstable behavior and fluid-structure
interactions .......................................................................................................... 98
4.1 Introduction .................................................................................................. 98
4.1.1 Nature of the issue ..................................................................................... 99
4.1.2 Aim of the work ........................................................................................ 101
4.2 Test rig description .................................................................................... 103
4.2.1 Shaft line geometrical and physical description ..................................... 103
4.2.2 Measurement system ............................................................................... 104
4.3 Identification of shaft line vibration modes .............................................. 105
4.3.1 Torsional vibration modes........................................................................ 105
4.3.2 Lateral vibration modes ........................................................................... 109
4.4 Analysis of operating responses ................................................................ 110
4.4.1 Torsional operating response ................................................................... 110
4.4.2 Lateral operating response ...................................................................... 111
4.4.3 Possible causes of hysteresis .................................................................... 112
4.4.4 Interpretation of system operating responses ......................................... 113

4.5 Bearing instability ..................................................................................... 116
4.5.1 Instability according HBT ........................................................................ 116
4.5.2 Perturbation mechanisms ........................................................................ 117
4.5.3 Dynamic perturbation .............................................................................. 118
4.5.4 Kinematic perturbation............................................................................ 118
4.5.5 Dynamic model of the system .................................................................. 119
4.6 Experimental analysis of bearings ............................................................ 121
4.7 Numerical analysis of bearings ................................................................. 123
4.7.1 Lubrication analysis method ................................................................... 123
4.7.2 Effect of kinematic perturbation.............................................................. 124
4.7.3 Effect of dynamic perturbation ................................................................ 129
4.7.4 Bearing lubrication analysis .................................................................... 130
Bibliography chapter 4 ...................................................................................... 134
5 Rolling bearings behavior in presence of turbomachinery
flow instability ................................................................................................... 137
5.1 Signal analysis performed with the same plant configuration ................ 137
5.1.1 Test rig description................................................................................... 138
5.1.2 Measurement system ............................................................................... 140
5.1.3 Type of test investigated .......................................................................... 140
5.1.4 Signal processing techniques on operational responses ......................... 143
5.2 Signal analysis performed with different plant configurations ............... 159
5.2.1 Overview on the adopted time-frequency signal processing technique . 160
5.2.2 Investigated operational mGT transients ............................................... 163
5.2.3 SPWVD application to mGT vibrational operational responses ............ 164
Bibliography chapter 5 ...................................................................................... 181
6 Conclusions ................................................................................................. 186

Abstract
The first task of the present research is to characterize both experimentally and numerically journal
bearings with low radial clearances for rotors in small-scale applications (e.g., micro Gas Turbines);
their diameter is in the order of ten millimetres, leading to very small dimensional clearances when
the typical relative ones (order of 1/1000) are employed; investigating this particular class of journal
bearings under static and dynamic loading conditions represents something unexplored. To this goal,
a suitable test rig was designed, and the performance of its bearings were investigated under steady
load. For the sake of comparison, numerical simulations of the lubrication were also performed by
means of a simplified model. The original test rig adopted is a commercial Rotor Kit (RK), but
substantial modifications were carried out in order to allow significant measurements. Indeed, the
relative radial clearance of RK4 RK bearings is about 2/100, while it is around 1/1000 in industrial
bearings. Therefore, the same original RK bearings are employed in this new test rig, but a new shaft
was designed to reduce their original clearance. The new custom shaft allows to study bearing
behaviour for different clearances, since it is equipped with interchangeable journals. Experimental
data obtained by this test rig are then compared with further results of more sophisticated simulations.
They were carried out by means of an in-house developed finite element (FEM) code, suitable for
ThermoElasto-HydroDynamic (TEHD) analysis of journal bearings both in static and dynamic
conditions. In this work, bearing static performances are studied to assess the reliability of the
experimental journal location predictions by comparing them with the ones coming from already
validated numerical codes. Such comparisons are presented both for large and small clearance
bearings of original and modified RK, respectively. Good agreement is found only for the modified
RK equipped with small clearance bearings (relative radial clearance 8/1000), as expected. In
comparison with two-dimensional lubrication analysis, three-dimensional simulation improves
prediction of journal location and correlation with experimental results.
The second main task of the present work is the development and the implementation of a suitable
analytical model to correctly capture rolling bearing radial stiffness, particularly nearby the critical
speeds of the investigated rotor-bearings system. In this work, such bearing non-linear stiffness
lumped parameter model is firstly validated on the commercial RK and then it is applied to both air
bladeless turbines (or Tesla turbines) and to an innovative microturbine, in order to assess their global
rotodynamic behavior when they are mounted on ball bearings. In order to properly investigate all
the issues related to critical speeds and stiffness, an adequate number of experimental tests was
performed by exploiting an experimental air Tesla turbine prototype located at TPG experimental
facility of the University of Genoa. The correlation between measured flexural critical speeds and
their numerical predictions is markedly conditioned by the correct identification of ball bearings
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dynamic characteristics; in particular, bearings stiffness effect may play a significant role in terms of
rotor-bearings system natural frequencies and therefore it must be properly assessed. Indeed, Tesla
turbine rotor FE model previously employed for numerical modal analysis relies on rigid bearings
assumption and therefore it does not account for bearings stiffness overall contribution, which may
become crucial in case of “hard mounting” of rotor-bearings systems. Subsequently, high-speed air
Tesla rotor is investigated by means of an enhanced FE model for numerical modal analysis within
Ansys® environment, where ball bearings are modelled as non-linear springs whose stiffness is
expressed according to the analytic model implemented in Matlab®. Two different numerical FE
models are devised for microturbine rotor modelling which respectively rely on beam elements and
on three-dimensional solid elements for mechanical system spatial discretization. The obtained results
in terms of rotor-bearings system modal analysis exhibit an improvement in experimental-numerical
results correlation by relying on such ball bearing stiffness model; moreover, beam-based FE model
critical speeds predictions are coherent with experimental evidence and with respect to solid elements
model it is characterized by lower computational time and it is more easily interpretable. Thus, such
experimentally validated numerical model represents a reliable and easily adaptable tool for highspeed rotating machinery critical speeds prediction in practical industrial application cases.
Finally In this work, several signal processing techniques performed on vibro-acoustic signals
acquired from a T100 Turbec microturbine (which is furnished with a centrifugal compressor) are
illustrated. Research activity goal focuses on the investigation different kinds of system response
starting from non-intrusive probes signals like accelerometers and microphones; this is made by
means of techniques such as HOSA and Wavelet Transform, developed in Matlab® environment, for
early detection of the onset of unstable phenomena in centrifugal compressors. These new and
different methods have been applied to the same set of data to get sufficiently independent
information useful to synergistically improve knowledge in the diagnostic system. Data were acquired
by means of an experimental facility based on a T100 turbine developed by the Thermochemical
Power Group (TPG) at the University of Genoa. Sampling rate and sensor placement were carefully
taken into account, basing both on the physical phenomena to be observed and on the sensor dynamic
characteristics. In this context, it is meant to study microphones and accelerometers signals not from
an isolated centrifugal turbomachine installed in a dedicated line, but from a whole compressor placed
in a mGT system for energy generation. Indeed, the investigated machine is not operating in standalone mode, but its working point and angular velocity depend on the coupling with several elements.
In particular, compressor working point and then its vibro-acoustic signals are expected to convey
vibration and sound contributions coming from all the plant components; thus, they are more
representative of machine realistic behavior in the energy system.
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1 Introduction
In the last two decades the attention for the environmental protection has been spread widely,
especially in developed countries [1]. In particular, great efforts have been made to limit the global
warming, in order to avoid serious consequences for mankind. In this context, the Kyoto Protocol
represents an important milestone, that entered into force on 16 February 2005. For the first time in
history, most countries set the common goal of reducing carbon dioxide (CO2) emissions, in order to
limit global warming. In particular, the recent ratification of “Paris agreement” fixed the limitation
of the global warming below 1.5 °C, imposing specific targets for each signatory state.
The challenging targets for the reduction greenhouse gas emissions, set by European Union and other
international institutions [2][3] led the EU power generation mix to change considerably in favour of
renewable sources, which have become the fastest growing source of electricity among the member
countries [4][5].
Considering this scenario, distributed generation [6][7]based on the installation of small size
generators close to users is expected to decrease energy losses and to improve fuel energy exploitation
through cogeneration and trigeneration plants. Non-dispatchable Renewable Energy Sources, e.g.,
wind and solar, are characterized by an extreme hour by hour production variability, due to their
stochastic and non-programmable nature. A good approach is based on using renewable generation
plants and dispatching the remaining loads to fossil fuel plants, favouring the highest efficiency (or
lower marginal cost) devices. Land-based simple-cycle gas turbines are well-known for their
compactness, flexibility and rapidity of installation, despite the fact that they are affected by relatively
poor efficiencies due to the high exhaust temperatures. On the other hand, the waste heat can be
reutilized (cogeneration) while promising micro gas turbines (MGT) cycle innovations [8]are in
development. They will increase efficiency and open up new fields of application as for the
distributed generation. For example, mixed gas-steam cycles are able to show good performance and
competitive costs [9]while hybrid MGT/Solid Oxide Fuel Cell (SOFC) power plants have the
potential to reach electrical efficiency values above 65% [10][11][12][13]This kind of innovative
energy systems employ additional components and volume connected to the micro gas turbine, but
presents
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risk

due

to
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delayed
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pressurization/depressurization phases during the transient operations [14].
1.1 Surge
Surge is a fluid dynamic instability phenomenon typical of dynamic compressors [15][16], which
affects flow conditions throughout the entire compression system. Pressure and mass flow oscillations
as well as the transmitted vibrations, due to surge can lead to severe damage to the system in terms
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of its structural integrity. Surge instability can also occur in axial and centrifugal pumps and blowers,
but it is less frequent, and the damage is less severe [16]. Another fluid dynamic instability that is
likely to occur in dynamic compressors is stall. It is sometimes confused with surge, but the
consequences of stall are usually less severe in terms of machine performance decrease, even if they
can lead to structural damage due to the induced vibrations, particularly in case of VDRS. As the flow
through a compressor is reduced, a point is reached at which the flow pattern becomes unstable. If
the flow oscillates in localized regions around the rotor, such instability is referred to as stall; it
consists of a boundary layer separation from the compressor blade profile generally due to excessive
variations in flow incidence angle with respect to its nominal value. The drop in compressor
performance due to stalling will depend on the number of blades affected by the phenomenon and, in
general, it will be more contained in centrifugal compressors than in axial ones due to the contribution
of the centrifugation term. For axial compressors the region of unstable forward flow can be extended
over just a few blades or up to 180 degrees around fluid machine annulus [15]. In rotating stall, the
region of unstable forward flow rotates around compressor annulus. Rotating stall characteristic
frequency is some fraction of compressor angular speed, but it does not depend on the piping system
in which the compressor is installed (i.e., it depends only on machine characteristics), while the
average mass flow rate across the compressor annulus, when it stalls, is still positive. Stall can develop
into a more global type of instability referred to as surge: In surge the average mass flow rate across
the annulus goes through large amplitude oscillations whose frequency depends on both the
compressor and piping (so on the whole plant volume) system.
Figure 1.1 shows a compressor map for a variable-speed centrifugal compressor. A compressor map
is the single most important piece of information to describe surge from the plant level point of view.
A compressor map shows the compressor characteristic curve for different operating conditions. Each
curve traces the rise in discharge pressure developed by the compressor as the suction flow is varied
according to a given operating condition (such as system angular speed).
The X axis can report the mass or volumetric flow (or the reduced/referred mass flow rate) at the
stated suction temperature, pressure, and molecular weight. The Y axis can report either the discharge
pressure, the ratio of discharge pressure to suction pressure β, or it can refer to the differential pressure
rise from suction to discharge. The compressor characteristic curves cover the negative sloped region
and end where the slope approaches zero (A negative slope means the pressure will change in the
opposite direction for a change in flow rate, and a zero slope means the pressure will not change at
all for a change in flow rate). If a curve is drawn through the point of zero slope for each characteristic
curve, the region to the left of this line is where the instabilities related to surge and stall are likely to
occur. Indeed, in literature, this line is referred to as either the stall curve or surge line. The
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characteristic curve to the left of such instability line is difficult to be experimentally characterized,
but its general shape resembles what shown in Figure 1.1. The negative flow rate portion of the curve
can be found by supplying pressurized gas to the compressor discharge to force a steady negative
flow rate, while its positive sloped portion is obtained by smoothly connecting a third-order
polynomial curve between the negative sloped part and the positive flow rate portions of the curve
[17]

Figure 1.1 – Compressor map for a variable-speed centrifugal compressor [16]

Surge can be better understood by visualizing a block or throttle valve closing downstream of the
compressor, which acts as a load for the operating machine (refer to Figure 1.2).
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Figure 1.2 – Diagram of a simple plant with a valve closing downstream of the compressor [16]
As this valve closes, the suction flow decreases, and the operating point moves to the left along a
characteristic curve. If compressor angular speed or its Inlet Guide Vane (IGV) position does not
change, system operating point eventually will pass by the point of zero slope on the characteristic
curve. Just to the left of this point, which is the intersection of the surge line with the characteristic
curve, the pressure rise developed by the compressor is less than the pressure in the piping between
the compressor discharge and the closing valve. For this reason, the forward flow rate through the
compressor decreases and eventually it may even reverse its direction, in this way the gas flows from
the discharge piping back through the compressor to the suction piping. The returning back of the
flow rate makes the pressure in the discharge piping start to drop. When this pressure is below the
pressure developed by the compressor, forward flow rate starts again. If the gas in the discharge
piping is still trapped by the closing block or throttle valve, the gas pressure builds up and the surge
cycle is repeated. Note that the alternating pressure build up and decay cycle does not require the flow
to actually reverse direction, but only to alternately decrease below or increase above the flow rate
through the block or throttle valve. Only in severe (deep) surge conditions the flow rate through the
compressor actually reverses direction. Whether a compressor system is stable or unstable depends
on how its operating point reacts to a disturbance. If the deviation of the operating point from its
initial value grows or continually oscillates after a disturbance, the system is unstable. A uniform
growing deviation is classified as a static instability and an oscillating deviation of growing or
constant amplitude is classified as a dynamic instability. Surge is classified as a dynamic instability.
Dynamic instability is characterized by growing oscillations and it can occur if either the discharge
plenum volume or the compressor impeller speed is large enough to cause a system response
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parameter B to exceed a minimum value and the slope of the compressor characteristic curve is
positive. The general criterion, for dynamic instability, is reported in (1.1) [16][18] based on the
Greitzer’s B parameter [19][20]which can be interpreted as the ratio between pressure and inertial
forces:

𝐵 > 𝐵𝑚 ; 𝑆𝑐 > 0; 𝐵 =

𝑈√𝑉𝑝 /(𝐴𝑐 𝐿𝑐)
2𝑎

(1.1)

B = system dynamic response parameter (dimensionless)
Sc = slope of the compressor characteristic curve
Bm = minimum B for dynamic instability (typically 0.1 to 1.0)
a = speed of sound in the gas (m/s)
Ac= cross-sectional area of flow path in compressor (m2)
Lc= length of flow path in compressor (m)
N = compressor impeller tangential speed (m/s)
Vp = volume of the plenum (m3)

Considering the system in Figure 1.2 as example, the plenum is any enclosed volume of gas. In a
compressor installation, the plenum may be a vessel or distribution header between the compressor
and the block or throttle valve (or turbine). If the valve is installed directly at the end of a section of
the pipe or the duct connected to the compressor discharge, the volume of this section can be regarded
as an equivalent plenum.
The compressor flow path length and area are small enough and the plenum volume is large enough
in most industrial installations to satisfy the criterion for dynamic instability when the operating point
crosses over from the negative to the positive sloped portion of the compressor characteristic curve.
However, the oscillation amplitude stops growing due to the nonidealities and nonlinearities of
compression in real-world applications. The resulting constant amplitude oscillation is referred to as
a limit cycle. Surge is a dynamic instability that develops into a limit cycle. Stall is not a dynamic
instability because oscillations amplitude decreases (i.e. decays) with time. Thus, the minimum B
value (typically 0.1 to 1.0) is the boundary line between surge onset and stall inception. Surge occurs
when B is above the minimum B, and stall occurs when B is below the minimum B [16]. Also, the
severity of surge is proportional to the magnitude of B. Note that this minimum B parameter depends
on compressor design, speed, and system dimensions, even if some efforts has been done to normalize
the shape of compressor characteristic curve to bring about a universal value of the minimum B [21].
Surge occurs when an unstable operating point reacts to a disturbance. While in centrifugal
compressors the rotating stall is weaker and not always stalling behaviour appears to initiate surge
[20], in axial ones, it is the collapse of the pressure rise associated with rotating stall onset which
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provides the driving force for the flow oscillations associated with surge; in an engine-type
compressor, surge is not only preceded by stall but even caused by it [21]. Moore and Greitzer
presented a unified theory of stall and surge in multistage axial compressors [19][22]. Based on
theoretical work of the 1980s, during the nineties, special efforts have been made in order to obtain a
stall (and so surge) active control for automotive and aeroengine gas turbines. In spite of reported
successes, work on active control died out in the UK after the Viper engine experiments by Freeman
[23]. Indeed, improvements in efficiency achieved by active controls were at the expense of a
considerably more complex control system.
Nowadays, an innovative approach to early detect surge onset is being investigated: it is based on
vibro-acoustic signals emitted by the compressor. The aim is to diagnose in advance and therefore to
prevent instability phenomena of compression systems by directly exploiting information conveyed
by vibro-acoustic signals [24]. At the University of Ferrara [25] some accelerometers and
microphones were placed on a small compressor with six axial stages and one centrifugal stage to
perform vibro-acoustic measurements; suitable post-processing techniques allowed the identification
of incoming stall, demonstrating the usefulness of vibration measurements in the detection and
analysis of incoming flow instabilities, as also indicated by Bently [26]. One of the most important
frequency regions to be investigated in vibro-acoustic signals is the sub-synchronous range of
frequencies below the compressor rotational speed. At the University of Athens [27] experimental
investigations were performed on turbocharger compressors to find out whether vibration or acoustic
measurements can be correlated to an unstable operating condition (stall or surge). An increase in low
frequency spectral contents energy (below rotational frequency) was observed as compressor
operating point was moving from the stable into the unstable operation regime. The most sensitive
sensor to changes of system operational conditions was found to be the microphone facing the
compressor from its inlet side. For this reason, the authors suggested as stall and surge precursor
collected acoustic signal RMS value, filtered in spectrum sub-synchronous frequency range. In [28]
FFT algorithm and cyclostationary analysis technique [29][30] were employed to detect stall and
surge by means of vibrational and acoustic signals from the same compressor in [25] equipped with
and without a bigger discharge volume. The considered accelerometer signal was that in axial
direction, since both surge and stall seem capable of affecting axial vibrations, while the microphone
was placed at compressor intake duct. Moreover, FFT revealed a clear amplitude increase in subsynchronous frequency range but the authors investigated also the higher frequency region around
vane passing frequency and blade pass frequency spectral contents. These later appear to decrease
their energy due to compressor instability onset, but the blade pass frequency spectral content
becomes modulated with rotating stall characteristic frequency and the surge cyclic frequency.
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1.2 Theoretical basis about turbine rotor vibrations
Since the research work of this thesis will show the role of vibro-acoustic analysis of surge transients,
it is necessary to introduce the concepts of vibration modes and critical speeds of a rotor. They are
useful to investigate turbine rotor vibrational behaviour in stable (safe) and unstable operational
condition to be able then to better identify surge contributes when assessing machine operating
response.
1.2.1 Vibration modes
Every physical object or structure has its own vibration modes or normal modes that depend on the
structure itself, its materials and boundary conditions. A mode is a combination of a deformed shape
in the space, in which the structure will exchange kinetic-energy and strain-energy continuously, and
the natural frequency at which such mode shape occurs. This fixed frequency of a system is referred
to as natural frequency or resonant frequency. A structural mode has an associated modal shape, not
a displacement: this means that the magnitude of the mode shape is arbitrary. If only one mode is
present all parts/points of the structure will move sinusoidally following a pattern with the same
frequency and with a fixed phase relation. In a mode shape there are typically some points or lines
where the modal amplitude is zero; they are referred to as nodes (in mono-dimensional analysis) or
nodal lines (in 2D): Since the vibration of a linear mechanical system is given by the mode shape
multiplied by a time function, the displacement of the node points and lines remain zero at all times.
While the moving, the structure passes from an un-deformed state to a maximum deformed state: In
the un-deformed state, the velocity at every point will be at its maximum. At this time, the kinetic
energy is at its peak and the strain energy is zero. At the maximum deformed state, the instantaneous
velocity is zero. The kinetic energy at this point is zero while the strain energy is at a maximum. If a
structure is deformed into any of its modal shapes and then released, it oscillates continuously from
its initial shape to the negative of its initial shape and back again, at the natural frequency of the
excited vibration mode. The most general motion of a structure is a superposition of its normal modes:
if it is deformed into any linear combination of mode shapes and released, each mode is present in
the resulting deformation over time. Furthermore, each mode oscillates at its own natural frequency.
For an undamped structure, after the first deformation, no external load is needed to keep the
oscillation going on at constant amplitude. Vibration modes are also named normal modes in the
sense that they can move independently, i.e., an excitation of one mode will never cause motion of a
different one. In mathematical terms, normal modes are orthogonal to each other. A load applied at
the natural frequency of any mode would cause additional motion for that mode, increasing the
vibrational amplitude of its oscillation. All the energy available from the load is absorbed into the
structure. If there is no damping (theoretical case), the oscillation ideally grows to infinity, or rather
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until failure. With some damping (real case), the oscillation grows to the point where the damping
removes exactly the same amount of energy from the system as the amount of energy being added by
the excitation load. This can lead to failure due to the relatively large oscillations that can result from
a relatively small excitation force. Such condition is referred to as mechanical resonance.

1.2.2 Rotor vibrational response during operations
All three main modes of rotor-vibrations – lateral, torsional, and axial modes – may be present during
rotor operation [31][32]. Among these modes, rotor flexural modes are of the greatest concern.
There is a long list of factors which contribute to the energy transfer from rotation to vibrations. The
first and best known among them is rotor unbalance. When the rotor mass centerline does not coincide
with its rotational axis, then mass unbalanced inertia-related rotating forces occur. They rotate
together with the rotor and are oriented perpendicularly to the rotational axis. The rotor unbalance
acts, therefore, in the lateral vibration mode, like an external exciting centrifugal force. As a result,
the rotor responds with lateral vibrations with frequency, synchronous to rotational speed. Since rotor
unbalance is an almost inevitable element of the rotor system, it is important to ensure that during
operating conditions unbalance-related synchronous vibration amplitudes are acceptable, and that
during starts-ups and shutdowns a high-speed turbomachine should be able to smoothly pass several
lateral balance resonance speeds (‘‘critical speeds’’).
The American Petroleum Institute (API) [33], defines critical speeds and resonances as follows:
Critical Speed – A shaft rotational speed that corresponds to the peak of a noncritically damped
(amplification factor > 2.5) rotor-bearings system resonance frequency. The frequency location of the
critical speed is defined as the frequency of the peak vibration response as defined by a Bode plot (for
unbalance excitation).
Resonance – The way a rotor vibrates when the frequency of a harmonic (periodic) external exciting
force coincides with a natural frequency of rotor-bearings system. It is important to consider that, in
rotor-dynamics, the natural frequencies of the modes are not constant but a function of the speed the
rotor is spinning at (e.g. stress stiffening/softening effects due to centrifugal field, gyroscopic effects).
The frequency of the response vibrations to an exciting force corresponds to the frequency of such
force (only in case of system linear behaviour): e.g., the frequency of rotor-bearings system lateral
vibrations due to unbalance will be equal to revolution frequency. In industry, the frequency of
vibrations is usually related as ratios of the rotational speed; thus, the unbalance-related synchronous
lateral vibrations are referred to as (1X) vibrations.
In Figure 1.3 a damped natural frequency versus speed plot (Campbell Diagram) is drawn for
reference. Note that a line corresponding to 1X synchronous speed has been added to the damped
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natural frequency plot for reference (green dashed lines). As in the definition, critical speeds occur at
the peak response speed when a system natural pulsation frequency is excited by the shaft unbalance.
As with any resonance, very large amplitudes are possible, and are controlled only by system
damping. Not all the natural frequencies can be excited by residual mechanical unbalance. In
example, backward modes (dashed blue lines) in the system of Figure 1.3 are not excited when there
are the intersections shown in the Campbell diagram between the synchronous (1X) line and
backward modes natural pulsation frequencies.

Fig. 1.3 – Campbell diagram and comparison between natural frequencies and critical speeds
[32]
Since rotor unbalance is not the only force that would excite rotor vibrations, the other periodic forceexcited vibrations of rotors (for example, blade-passing frequency periodic excitations) must be
recognized and kept under control. Figure 1.4 shows Input/output relationships for different kind of
loads acting on a rotor. The frequency of the response vibrations to an exciting force corresponds to
its characteristic frequency only under the hypothesis of system linear behaviour.
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Figure 1.4 – Input/output relationship for different kind of forces on a rotor
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If the rotor-bearings system is nonlinear (e.g. due to fluid-structure interactions in hydrodynamic shaft
supports), which is usually the case to a certain degree, then, in the system, more frequency
components can be generated in response to an exciting force of a single frequency. The
corresponding frequencies usually represent multiples of the excitation frequency. A nonlinear rotorbearings system synchronous (1X) response to unbalance will then be accompanied by higher
harmonic components (2X, 3X, …). Additionally, often a single-frequency force can excite rotor
responses with fractional frequencies, such as 1/2X, 1/3X, ...Such responses are also accompanied by
their corresponding higher harmonic components. Excitations of nonlinear systems by several forces,
with different frequencies, usually results in responses with frequency bands of fractional/multiple
sums and differences.
Parallel to excited vibrations described above, there is the second category of vibrations in mechanical
systems, called ‘‘free vibrations’’ or ‘‘transient vibrations’’, which occurs when the system is excited
by a short-lasting impact, causing instantaneous changes in system acceleration, velocity, and/or
position. In this case, the system responds to the impact with free vibrations characterized by its
‘‘natural’’ frequencies, which, in case of damped systems, will eventually decay if no exciting forces
are applied again.
There exists also a third category of vibrations in physical systems, known as self-excited vibrations.
These vibrations are steady, usually with constant amplitude, phase, and frequency. They are
maintained by a constant source of energy, which may be external, or is a part of the system. In this
type of vibrations, through the feedback mechanism, the constant energy is ‘‘portioned’’ by the
oscillatory motion. The frequency of self-excited vibrations is close to one of the system natural
frequencies.
In the presented research activity, the influence of bearing static and dynamic characteristics in
rotating machinery behavior is assessed by means of analytical, experimental, and numerical
investigations. Indeed, hydrodynamic bearings may play a significant role in triggering instability
phenomena which involve fluid-structure interaction and may eventually lead to mechanical failures
(e.g., oil-whip). Indeed, fluid-structure interactions may be influential even in case of real-size
complex shaft lines supported by hydrodynamic supports. Before presenting a practical industrial
study case, a basic research activity on hydrodynamic journal bearings is presented to validate an inhouse developed experimental model in order to study even on small scale fluid-structure interactions.
On the other hand, rolling bearings (e.g., ball bearings) constitute the simplest class of mechanical
bearings but in some rotor mounting configurations (e.g., hard mounting) they can significantly affect
system flexural critical speeds, thus leading to unexpected dynamic amplifications in system
response. Such amplitude peaks in unexpected frequency regions in FRFs can be somehow predicted
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by accurately modeling ball bearings stiffness and by adequately combining such contribution with
rotor system FE analysis. Finally, only in the case of ball bearings, their behavior in shaft lines
mounted on such supports will be investigated in order to find surge precursors by comparing bearing
response in unstable conditions induced by fluid-dynamic instabilities (i.e., surge) and the one in
nominal system working conditions, when dealing with energy systems system moved by centrifugal
compressors.

1.3 Structure of the thesis
The presented thesis is structured according to the following scheme:
o Chapter 2: hydrodynamic journal bearings static performance characterization by means of
both experimental test benches and FE simulations. Several test rigs are presented and tested
to assess their reliability in correctly detecting journal center locations within the bearings.
o Chapter 3: the influence of ball bearings characteristics in determining critical speeds of rotor
system mounted on such supports is deeply investigated by implementing a non-linear
stiffness model and applying it to different industrial study cases.
o Chapter 4: hydrodynamic journal bearings dynamic behavior in presence of a complex shaft
line configuration is investigated and some unconventional instability triggering mechanisms
are described which may lead to fluid-structure interactions different from classical oil-whip.
o Chapter 5: rolling bearings behavior in presence of centrifugal compressors flow instability
(i.e. surge and rotating stall) is investigated by means of several signal processing techniques
by relying on both time-frequency analysis and Higher Order Spectral Analysis (HOSA).
o Conclusions
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2 Hydrodynamic bearings: characterization of static
performance
Hydrodynamic journal bearings and more in general fluid film bearings are often
employed to support rotors in modern energy plants (e.g., microGT fuel cell hybrid
systems) and crankshafts in automotive applications (e.g., connecting rod bearing in
Internal Combustion Engines). Their working principle is based on the interposition of a
thin self-pressurized lubricant film between the two opposing bearing surfaces that are in
relative motion. For instance, assuming that the relative radial clearance is one per
thousandth (1/1000), since journal diameters of micro-GT bearings are usually in the
range 10-20 mm, then film thickness is about 10 microns. Therefore, very high-quality
standards and tolerances are required to produce this class of bearings, which must be
manufactured with high precision processes [1].
The comparison between experimental and numerical results has been employed since
the first studies on instability of hydrodynamic journal bearings. In example, by
considering all of the non-linear terms in the involved equations and using in-house
developed test rigs, the effect of both journal and bearing defects on rotor-bearings system
stability has been studied [2].
More recently, experimental investigations have focused on journal bearings friction. In
[3] an innovative test rig has been employed in order to evaluate friction with high
measurement accuracy. The Authors have carried out different tests varying load and
sliding velocity both in mixed and full film lubrication regimes. They have obtained
results in the form of a Stribeck curve whose trend is in good agreement with literature
findings.
The static and dynamic performances of small hydrodynamic journal bearings (i.e., in
laboratory applications) have already been investigated in several works by means of both
numerical methods and RK-type experimental test rigs. For instance, Tůma and Biloš [4]
have studied the stability of rotor vibrations in a journal bearing by means of full spectrum
analysis and a RK4 Rotor Kit device; they have concluded that journal motion inside the
bearing is ruled by two equations of motion, which can be referred to as linear and nonlinear models. Meruane and Pascual [5] have found that non-linear dynamic coefficients
can strongly affect hydrodynamic bearings stiffness and its damping properties. They
have employed a CFD simulation model in ADINA and a Rotor Kit 2000 experimental
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rig. Tůma et al. [6] have carried out both experimental and theoretical investigations to
assess the influence of external excitations on rotor-bearings system behaviour and
stability; according to the obtained results they have found out that kinematic excitation
can affect vibration amplitudes but not system stability limit. They have taken advantage
of both a lumped parameter model for the numerical simulations and a RK4 RK together
with a suitable test stand (bearing diameter 30 mm) for the rotor active experimental
control.
Deepak and Noah [7] have taken advantage of a commercial RK to study the effects of
load, speed, and imbalance mass on journal dynamic behaviour; they have experimentally
proved that it can undergo instability with supercritical or subcritical bifurcation,
according to Hopf bifurcation theory (HBT), by varying shaft stiffness, imbalance mass
and the magnitude of external perturbations applied to the system. They made use of
sleeve bearings in their investigation. Boedo [8] performed experimental investigations
in order to assess the reliability of HBT in predicting cylindrical fluid film bearings
unstable behaviour onset by exploiting a commercial RK. Van De Vorst et al. [9]
performed numerical investigations on static behaviour of flexible rotordynamic systems
supported by one hydrodynamic journal bearing, without comparing them to
experimental results; indeed, it is difficult to find publications in literature in which a RKtype test bench has been used to perform static measurements with small clearances, like
what it is meant to do in this work. Indeed, all the above-cited publications rely on
experimental results obtained by means of large clearance journal bearings when
compared to industrial ones, whose relative radial clearance is in the order of one per
thousandth (1/1000), as previously mentioned. Indeed, from our measurement relative
radial clearance of RK 4 original bearings is 1.7/100 at ambient temperature, as reported
in the following, while also for Rotor Kit 2000 a high value of relative radial clearance
(1.3/100 at ambient temperature) can be found in [5]. In addition, due to differential
thermal dilatation the hot relative radial clearance increases during operating conditions.
In all of the previous cited works about dynamics, the ratio c/R (relative radial clearance)
is not similar to the one which is encountered in real bearings, but it is always very high
and far from the values employed in industrial field. At this end here we mean to fill this
lack starting from static investigations. The aim of the presented research project is then
to develop test benches and simulation methods well-suited for the reliable assessment of
performance and stability characteristics of small fluid film bearings designed with
significant relative clearance values for rotors in different applications, with particular
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reference to their vibrational and rotordynamic behaviour. In this perspective, the
comparison of numerical prediction and experimental measurement of journal locations
inside the bearing is essential. Furthermore, the investigated test rig bearings should work
in significant operating conditions, characterized by small values of film thickness, i.e.,
hot relative clearance in the order of one per a thousandth (1/1000). To this goal, the
tested bearings should have much lower relative clearance in comparison with original
RK supports and, at the same time, they should still allow the assembly of the modified
test bench, together with ensuring a good alignment between the two shaft bushings.
Since the original RK is not designed with radial clearances typical of industrial journal
bearings, in order to preserve its original dimensions, it is mandatory to reach higher
precision and tolerances levels. Enhanced manufacturing of the new test rig is a key
aspect in the presented investigation. Indeed, in order to satisfy the above-cited
requirements while maintaining negligible rotor assembly errors and acceptable
geometrical defects, it is essential to employ high precision mechanical manufacturing
processes. At this beginning step of the research activity, the test-rig bearings have been
lightly loaded. Indeed, manufacturing problems and structural resonance characteristics
have limited the total mass of the tested shaft. Hence, in order to achieve realistic
operating loads, springs or other additional loading components would have been
required. Since the test rig is aimed to study dynamic phenomena and fluid-structure
interactions after the present preliminary setup study, its structure has been kept as simple
as possible. Nevertheless, it is already planned to modify the shaft design in order to
increase its mass without introducing strong modification of its critical speeds.
The present work is aimed to setup the test rig for future dynamic analyses on small
hydrodynamic journal bearings with realistic relative clearance. To this goal, it is essential
to study the static behavior of the bearings in study and, particularly, to measure journal
locations with the highest possible accuracy. In order to assess the reliability of the
performed measurements, they have been compared with numerical results coming from
in-house developed FEM codes already validated by comparing their output with
previous experimental evidence [10-11].
Numerical simulations have been performed by exploiting a previously validated ([1011]) in-house developed FEM code for journal bearing TEHD analysis. Since the
employed simulation models rely on the classical Reynolds hypothesis which assumes a
thin lubricant film, bearing clearance must be enough small in the experiments in order
to satisfy simplification of Navier-Stokes general momentum equations.
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In conclusion, the presented research project is aimed to develop a test rig and simulation
methods suited to study the performance of small fluid film bearings for rotors, i.e., for
microGT applications, with particular reference to their vibrational behaviour. In such
perspective, the correct prediction and measurement of journal locations within the
bearing is essential. In addition, the test rig bearings must have reasonable relative
clearance. Indeed, it should be typical one of real bearings and, simultaneously, it should
still allow the assembly of the test rig and the alignment of the two rotor bushings.
Therefore, in the present work, in order to determine the design and a basic set-up of the
test rig, the influence of bearing clearance in the assessment of journal position in
hydrodynamic plain bearings is studied by comparing experimental and numerical results.

2.1

Experimental devices

Rotordynamic investigations can be performed on simplified rotor models, arranged in
order to reproduce particular working conditions of actual rotating machines. The first
experiments were performed on the original RK. Subsequently, a modified version of the
RK was designed for further measurements.
The first experimental device used for measurements is the RK4 Rotor Kit [12]. This
commercial RK is a modular rotating machine, that can be assembled and operated in
several arrangements. In the original configuration that is adopted in the experiments, the
shaft is supported by a fluid film bearing on one side and by a self-lubricated bush located
at its opposite end. The original RK4 RK is furnished with an electric motor, which
allows regulation of rotation speed in modulus and direction in the range 250-10000 rpm,
and it is equipped with a frame characterized by a V-shaped design which houses motor,
bearings and rotor. The fluid film bearing is expected to work in hydrodynamic
lubrication regime under nominal supply pressure (0.007 MPa) and, in order to be able to
avoid possible inception of oil-whirl instability, it can add hydrostatic lift if it is fed at
higher pressure (up to 0.24 MPa).
The bearing assembly is provided with holes that support proximity sensors. These
magnetic probes can detect with high accuracy journal displacements in two directions
(X and Y) normal to the rotor axis, which are turned into voltage variations. More in
detail, they are eddy current proximity sensors that are capable of measuring
displacements of any desired shaft point. They are connected to a special external unit
(Proximitor Assembly), which can receive and acquire signals coming from five different
channels simultaneously. All of the proximity probes are arranged in pairs at right angles
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(Figure 2.1); therefore, both horizontal (X) and vertical (Y) displacement vector
components are properly measured, as required by comparisons with FEM numerical
results.
An oil tank is required in order to store lubricant fluid circulating during journal rotation.
The lubricant oil used during the present experimental campaign is ISO VG 32. In order
to avoid measurement disturbances due to vibrations of the model structure, RK4 RK is
supported by a massive and large marble basement mounted on four anti-vibrating
supports. The acquisition hardware and software used during the experimental campaigns
are provided by Siemens and they are respectively LMS Scadas III and LMS Test Lab.

Figure 2.1 – Instrumented hydrodynamic bearing with proximity probes

RK4 original fluid film bearing is characterized by a too high relative radial clearance
(around one per hundredth), i.e., one order of magnitude more with respect to
hydrodynamic journal bearings for industrial and automotive applications (whose relative
radial clearance is indeed about one per thousandth). Therefore, in order to increase the
correlation between experiments and real-world applications, a new rotor with increased
and variable journal diameter has been designed. Such expedient allows us to reduce the
investigated fluid film bearing radial clearance without changing its bush. As a
consequence, simulations by means of thin film assumption are expected to provide better
agreement with experimental results. The new shaft designed for this modified RK can
be equipped with variable diameter journals: this ensures a wide range of possibilities to
study the hydrodynamic behaviour of the lubricant film. Indeed, now relative radial
clearance becomes a variable parameter of experiments. The journal instrumented with
proximity sensors can be easily assembled by means of a splined connection. Figs. 2.2-
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2.3 respectively show assembly drawings of the new rotor designed for the modified RK
and an actual image of the detail of the interchangeable journal.

(a)

(b)
Figure 2.2 – Shaft designed for the modified RK: a) exploded view, b) section. The
following components are shown: 2–shaft; 3–splined connection; 4–splined hub
(journal 1); 5–spacer; 6–safety washer; 7–threaded locking nut; 8–key; 9–hub with
keyways (journal 2); 10–retaining ring; 11–lock nut with locking screw
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Figure 2.3 – Prototype of the custom shaft with interchangeable journals
The design of the new custom shaft has required proper dimensional and geometrical
tolerances. Particularly, a total runout tolerance ensures shaft balancing and rectilinearity.
In addition, in order to obtain the required radial clearance, suitable dimensional
tolerances have been imposed to the journal diameter. For the results presented in this
work relevant to a relative hot radial clearance equal to 8/1000, the dimensional tolerances
of bearing and journal diameters are listed in Table 2.1, where modified RK geometrical
data are reported, together with original RK ones for comparison. Since the journal and
the bearing are respectively made of steel and polycarbonate (PC), the strong thermal
differential dilatation has been taken into account in the choice of the dimensional
tolerances applied to the journal diameter by assuming a working temperature of 40°C
and linear radial dilatation of bush and shaft. Their differential variation is shown in
Figure 2.4 as a function of temperature. Later the computed hot clearance has been
verified experimentally and good agreement has been found. Particularly, the
experimental radial hot clearance is 109.5 μm, while the computed radial clearance at
40°C is 108 μm.

Figure 2.4 – Relative radial clearance as a function of temperature
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Parameter [unit]

Symbol

Value
(Modified)

Bearing length [mm]

L

20

Journal diameter [mm]

D

25.245-25.254

External diameter of bush [mm]

De

51

Inner diameter of bush [mm]

Di

25.42

Radial clearance (original RK) [micron]

c

210

Hot radial clearance (original RK) [micron]

ch

260

c/R

1.68/100

Radial clearance (modified RK) [micron]

c

90

Hot radial clearance (modified RK) [micron]

ch

108

Relative (hot) radial clearance (modified RK)

ch/R

8/1000

dg

3.3

Relative radial clearance (original RK)

Diameter of feed holes [mm]

Table 2.1 – Original-Modified RK design data
Experiments have been then carried out by taking advantage of this modified test rig in
two different arrangements. The first configuration adopted (configuration 1), somehow
inherited from the original RK, places the two shaft supports at opposite ends of the shaft,
i.e., the hydrodynamic bearing to be investigated at the free shaft end and a self-lubricated
bush at the electric motor side (Figure 2.5). Differently, the second configuration
(configuration 2) arranges another identical hydrodynamic bearing at the electric motor
side (Figure 2.6); this second arrangement has been adopted in order to limit expected
journal lift-off within the self-lubricated bearing. In any case, the oil supply pressure and
temperature have been always controlled, respectively in order to avoid hydrostatic
lubrication conditions and to maintain temperature as constant as possible during tests.
Indeed, the purpose of the present work is to test the bearings in hydrodynamic regime
solely. Processing experimental data of configuration 1 has shown that such arrangement
causes a certain climbing of the shaft due to the mixed lubrication conditions in the motorside bearing, as described in [13]. Figure 2.7 respectively reports two examples of timeaveraged journal center orbits measured in configuration 1 (Fig. 2.7a) and 2 (Fig. 2.7b).
As shown by the comparison of such plots, the orbits in configuration 1 are more likely
to display angular points and locations with attitude angle higher than 90 degs.
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Figure 2.5 – Rotor assembly mounted with custom shaft in configuration 1

Figure 2.6 – Rotor assembly mounted with custom shaft in configuration 2
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Figure 2.7 – Averaged orbit at 250 rpm: a) configuration 1, b) configuration 2
In order to improve bushings alignment procedure, a totally new RK, shown in Figure
2.8, has been designed with a frame made up by two cylindrical bars put in contact along
their generatrixes. The two bearing bushes are placed tangent to the bars. Both bush
external surfaces and round bars are manufactured by precision grinding in order to
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ensure the required assembly tolerance. Moreover, volanic masses can be added by
mounting them on the shaft in order to increase bearing load; in example two of them are
mounted in the configuration shown in Fig. 2.8a.

(a)

(b)
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(c)

Figure 2.8 – Prototype of the new RK: (a) picture of front view; (b) exploded view; (c)
section. The following components are shown: 1-block; 2-ground round bar; 3external bush; 4-bearing; 5-spacer; 6-shaft; 7-set screw.
Moreover, as it can be seen from Figure 2.9, the electrical motor is mechanically
decoupled form such experimental model by means of a suitable elastic joint, whose task
is indeed to isolate the bearings under investigation from the vibrations generated by the
motor. In such way, a regular motion transmission is achieved. Finally, as for the
previously employed test rigs, the two metallic cylinders are put over a massive marble
block which acts as a frame with respect to the system to be experimentally characterized.

Figure 2.9 – Elastic joint for electric motor-shaft coupling

2.2

Numerical models

The experimental data are compared in the following with numerical results obtained by
means of different simulation models, which are listed in Table 2.2, from the simplest to
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most complex. All of the models allow the simulation of the fluid flow in the thin oil film
(hydrodynamic sub-model) as well as of heat generation and exchange in the lubricant
(thermal sub-model). In addition, the global model may include the simulation of heat
conduction in the bush and journal (3D thermal sub-model) and of thermo-mechanical
deformation of the kinematic pair members (structural sub-model). The three sub-models
can be coupled and solved simultaneously by using a suitable solution algorithm [10].
All of the models that require the solution of integro-differential problems rely on the
finite element method (FEM) for spatial discretization. Isoparametric 4-node rectangular
and 8-node hexahedral elements for two-dimensional (2D) and three-dimensional (3D)
problems are used.
Model name

THD 2D

Analysis

Hydrodynamic

Thermal sub-

Structural

type

sub-model

model

sub-model

THD

2D mass

2D adiabatic

̶

̶

2D mass

2D with Luke

̶

̶

conserving

formula

3D mass

3D conduction

̶

̶

3D conduction

3D thermo-

Free

mechanical

expansion

3D thermo-

Partial radial

mechanical

constraint

adiabatic
THD 2D

conserving
THD

correlation
THD 3D

Variants

THD

conserving
TEHD 3D (free

TEHD

expansion)
TEHD 3D
(radial

3D mass
conserving

TEHD

3D mass
conserving

3D conduction

constraint)

Table 2.2 – Simulation models and sub-models
All of the simulation models take advantage of mass conserving hydrodynamic submodels. They are based on the JFO theory [15-16], which is valid for moderately and
highly loaded bearings and assumes a cavitated film region with infinite streamers and
variable density . According to JFO theory, thin film mechanics equation for journal
bearings is:

L   p 
  p 


  ( H − f L ) − (  H ) = 0
 gL
 + L  gL
 −
2
z  z 

t
R    
(2.1)
where p is the hydrodynamic pressure, R the journal radius,  the fluid film density, L
the liquid phase density, H the film thickness,  the circumferential coordinate, z the axial
coordinate, t is the time, while the remaining parameters are given by:
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f L = iL1 / iL 0
g L = iL 2 − i

2
L1

H

ys

0

L

iLs = 




/ iL 0 


(2.2)

dy
(2.3)

where L is the liquid dynamic viscosity and y the cross-film coordinate. Equation (2.1)
rules the lubricant flow in the “3D mass conserving” sub-model. Indeed, although
lubrication problem is two-dimensional (in , z coordinate domain), it considers the
cross-film variation of viscosity. Hence, the 3D mass conserving sub-model is used
together with 3D thermal models. Differently, the 2D mass conserving sub-model
complies with the following form of thin film mechanics equation:
 L   H 3 p 
  H 3 p   

+

(H ) − (H ) = 0



−
L
2
z  12 L z  2 
t
R   12 L  

(2.4)

which is a particularization of Eq. (1.1) for constant L and resembles the classic Reynolds
equation. Equations (2.1) and (2.4) are solved in weak form in agreement with [10]. As
far as the film domain is concerned, the thermal sub-model relies on the cross-film
averaged energy equation:
T 
T
  Tm    Tm 
 T
kH
+  kH
−  cH  um m + wm m  −  cH m + H m − q0 − q1 = 0



  z 
z 
z 
t
R  
 R
2

(2.5)

Where u and w are the circumferential and axial fluid velocities, respectively, k the
conductivity of the film, c the specific heat, T the film temperature,  the power
dissipation density function and the subscript m denotes a variable averaged in the crossfilm direction. In addition, q0 and q1 are the heat transfers (per unit area) to bearing and
journal surfaces, respectively. If they are both equal to zero, the thermal sub-model is
referred to as “2D adiabatic” [17], although heat exchange is allowed in the feed grooves
[10]. By using Luke formula [18], q0 and q1 can be computed [14] and the heat exchange
roughly taken into account (“2D with Luke formula” sub-model). To this goal, in THD
2D correlation model bush and journal temperature are assumed to be constant and equal
to the corresponding averaged temperatures, TB and TS respectively, reported in Table
2.3. In the “3D conduction” sub-model q0 and q1 are calculated by obtaining the
temperature gradients at the walls, in the hypothesis that the temperature profile across
the film thickness is a fourth-order polynomial [10]. Only this last thermal sub-model
requires FEM simulation of heat conduction in both bush and journal, while the same

30

finite element mesh of the bush, shown in Figure 2.10, is used to simulate structural
deformations (“3D thermo-mechanical” sub-model) due to pressure and temperature rise
[11]. Two variants of such sub-model are arranged with different boundary conditions. In
the first variant (“free expansion"), the thermo-mechanical model of the polycarbonate
bearing is left free to expand radially over its entire outer surface. In the second (“partial
radial constraint”), the part of the bearing inserted in the frame (delimited by the two Oring grooves) is radially constrained. In reality, the radial expansion of the bearing in the
insertion area will certainly be in an intermediate situation between the two simulated
variants due to the differential dilatation. In all cases, in order to compute structural
deformations due to pressure, “partial radial constraint” conditions are used. All of the
data required for thermo-mechanical computations are included in Table 2.3.

Figure 2.10 – Bush model and mesh
As far as thermal boundary conditions applied to all of the 3D models are concerned, free
convection is assumed at the external bushing surfaces. Differently, isothermal conditions
are imposed on other surfaces inside the bushing, i.e., the bottom surface of the small
reservoir for the leak oil as well as the bottom half of the four ducts that convey such
lubricant to the external reservoir tank in the main frame. Table 2.3 lists all of the data
relevant to 3D thermal boundary conditions. Particularly, for convection boundaries it
reports the overall heat transfer coefficient h and the environmental temperature Te
assumed as bulk temperature. In addition, the oil supply temperature Ts is considered as
the constrained temperature of the isothermal surfaces.
In 3D models, thermal simulation of the journal is carried out by means of uniaxial
conduction elements, which model only the part of the steel shaft inside the bearing. At
both the journal ends (first and last node of the mesh) isothermal conditions are assumed
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by imposing the averaged shaft temperature TS. Its value is listed in Table 2.3, together
with the journal thermal conductivity kj.
Table 2.3 – Lubrication analysis data
Parameter [unit]

Symbol

Value

L

0.0251

Viscosity temperature coefficient [1/°C]



0.0317

Mass density [kg/m3]

L

870

Specific heat [J/Kg °C]

cL

2000

Thermal conductivity [Wm/K]

kL

0.14

Viscosity (at T0=40°C) [Pa s]

Lubricant (ISO VG 32) properties

Parameter [unit]

Symbol

Value

Feed temperature [°C]

Ts

51

Feed pressure [MPa]

ps

0.069

Supply conditions

Parameter [unit]

Symbol

Value

Bearing load (half shaft weight) for original RK [N]

Wg

2.8

Bearing load (half shaft weight) for modified RK [N]

Wg

2.14

Environmental temperature [°C]

Te

20

Rotation speed range [rpm]



250-3000

Working conditions

Parameter [unit]

Symbol

Value

Averaged bush temperature [°C]

TB

51

Averaged journal temperature [°C]

TS

40

Thermal conductivity of the bush [W/(m°C)]

k

0.2

Thermal conductivity of the journal [W/(m°C)]

kj

50

Heat transfer coefficient [W/(m °C)]

h

2

Young modulus [GPa]

E

2

Poisson ratio



0.37

Linear dilatation coefficient [1/°C]

a

7 10-5

2

Thermo-mechanical data
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2.3

Analysis of numerical and experimental results

In this section a comparison between experimental and numerical results is performed for
all the adopted test rigs each of one with its different employed experimental setups.
Firstly, the results coming from the original RK are shortly presented for the sake of
completeness, whereas more detail is devoted to stress the problems in the modified RK.
Finally, the new test bench is presented more in detail and a further analysis is performed
by comparing experimental results coming from iso speed measurements and slow ramps,
in order to assess its reliability.in terms of static and dynamic experimental investigations.
2.3.1 First two test rigs: original RK and modified RK
Static characteristics have been computed by means of all of the global models listed in
Table 2.2 for the modified RK, while only 2D models have been used for the original RK,
due to the large disagreement with experimental results, which does not mainly depend
on thermal model. The same bearing bushes have been employed in both original and
modified RK, while journal diameters are different, so that radial relative clearances are
1.68/100 and 8/1000, respectively. Lubricant supply is carried out by means of four holes
in the bearing axial midplane oriented at 45 degs with reference to the vertical direction.
Bearing data required by all of the lubrication analysis methods employed are listed in
Table 2.1 and Table 2.3. Hot clearances ch are used as input data for THD calculations.
Here the temperature-viscosity dependence is described by means of three parameters
(reference oil viscosity L0 at temperature T0 and coefficient ) according to the
exponential law described in [7, 8]. The oil film in half bearing is discretized by means
of 80x8 elements in circumferential and axial directions, respectively.
Experimental and numerical journal center locations (components X, Y) are shown in
Figs. 10-11-12 for the original and modified RK in configuration 1 and 2, respectively
[1]. Journal locations are plotted at different shaft angular speeds (250, 500, 1000, 2000,
3000 rpm) in clockwise (cw) and counterclockwise (ccw) directions. Let  be the
operational relative eccentricity equal to e/ch, where e=(X2+Y2)0.5. Black and red circles
identify the loci of points located at  equal to 1 and 0.5, respectively. The curves of
different colors reported are useful to attribute the different computed positions to the
relative method adopted to evaluate them. Reference system for position components (ex,
ey) has its origin in the bearing center; consequently, the represented position becomes
the journal eccentricity expressed in dimensional terms. To allow a better comparison
between experimental and numerical results, Figs. 2.11-12-13 do not show the whole
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journal mobility area, which has a diameter of 0.2 mm (ex, ey values included between 0.1 and 0.1 mm), but only a restricted area with half the diameter (ex, ey values included
between -0.05 and 0.05 mm). Numerical data reported in Figs. 2.11-12-13 are the same,
the three plots compare them with experimental results of the corresponding
configuration adopted.
Experimental “static” journal points are obtained by averaging the measured locations
during several shaft rotations. Indeed, If the journal bearing works in steady conditions,
the theoretical journal location does not vary with time, while its actual location
undergoes small oscillations due to shaft unbalance and dynamics (in physical reality a
perfectly steady condition does not exists). Therefore, in actual “steady” conditions the
mean of the locations measured during several shaft rotation is required to identify the
real journal location.
Both in numerical and experimental cases, the obtained results exhibit a coherent trend
of the journal position as the angular speed changes. Indeed, by increasing rotational
speed, the journal raises and moves itself towards bearing center in a continuous way (this
trend permits an immediate identification of the rotational speed level for each operating
condition reported in the plots).
The agreement between experimental analysis and all of the numerical simulations, which
are based on thin film assumption, is better in modified RK, both in configuration1 and
in configuration 2, than in original RK, due to the clearance reduction. In experimental
results relevant to configuration 1 of modified RK the above-cited lift-off of the journal
in the self-lubricated bearing may be influential and, together with misalignment, can
explain the occurrence of positive Y components of journal location. Indeed, the effects
of misalignment can be considerable when rotational speed is not high and, particularly,
for low external loads, as in the present experimental campaign. Such result has been
proved and widely discussed in [19], where many tests are presented on hydrodynamic
plain journal bearings submitted to misalignment torque controllable by means of a
suitable experimental rig.

34

Figure 2.11 – Journal center locations for the original RK

Figure 2.12 – Journal center locations for the modified RK in configuration 1
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Figure 2.13 – Journal center locations for the modified RK in configuration 2
As already mentioned, the asymmetry between clockwise (cw) and corresponding
counterclockwise (ccw) experimental locations is mainly due to misalignments. For
configuration 2 due to oil-whirl instability ccw locations are not significant as well as
positive Y components of journal location. Signal processing has shown that the
asymmetry between experimental cw and ccw journal positions shown in Figure 2.13 is
due to the onset of oil-whirl phenomenon. Indeed, in the cascade plot (time-frequency
analysis evaluated by means of Short-time Fourier Transform, STFT) recorded at ccw
shaft speed (Figure 2.14) a line relevant to engine order 0.5X appears. On the contrary,
no corresponding sub-synchronous relevant spectral content is visible in the cascade plot
relevant to cw speed results (Figure 2.15) in the same configuration tested [1].
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Figure 2.14 – Cascade plot for modified RK in configuration 2, ccw rotation
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Figure 2.15 – Cascade plot for modified RK in configuration 2, cw rotation
Oil-whirl inception in plain journal bearings depends on two independent nondimensional parameters, i.e., the Sommerfeld number S and the ratio between bearing
axial length and diameter. The inverse of S is the nondimensional bearing load, so that
the higher the Sommerfeld number, the lower the load and the threshold speed.
Particularly, S is inversely proportional to the square of the clearance and, therefore, oilwhirl inception is very sensitive to this parameter, i.e., the lower the clearance, the lower
the threshold speed. Sommerfeld number and clearance are global bearing parameters
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that are sensible for accurately aligned bearings. Differently, when the shaft misalignment
is considerable, oil-whirl inception should be linked to local parameters, i.e., the local
film thickness or the average clearance in the active film region (where the oil film
pressure distribution develops). Consequently, if the shaft is not misaligned, oil-whirl
threshold does not depend on rotation speed direction. Indeed, for opposite rotation
speeds, the corresponding film thickness distributions are symmetric with respect to the
vertical bearing mid-plane and the average clearance of the active film is the same.
Differently, if the shaft is misaligned, the average thickness of the active film and
consequently the threshold speed may depend on the rotation speed direction.
In order to assess the degree of agreement between experiments and simulations, Figs.
2.16-2.17 report in percentage the differences, also referred to as errors, between
measured and relative eccentricities (the ratio between journal eccentricity and hot radial
clearance) computed by means of two-dimensional (2D) THD models [20]. Errors of “2D
adiabatic” and “2D correlation” models are respectively reported in Figs. 2.16-2.17.
Modified RK errors both in configuration 1 and in configuration 2 (red and green
columns, respectively) are far lower than original RK ones (blue columns). Thus, for
further investigations and comparisons with numerical results from more advanced
simulations, experimental results coming from modified RK will be regarded as a
reference. All the following diagrams rely only on experimental data obtained only in cw
direction, in order to always deal with physically meaningful journal equilibrium position
within the bearing, in the sense explained above.

Figure 2.16 – Difference between measured and 2D adiabatic model relative
eccentricities for different test rigs (logarithmic scale)
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Figure 2.17 – Difference between measured and 2D correlation model relative
eccentricities for different test rigs
Afterwards, full 3D simulations with THD and TEHD models have been carried out. The
relevant results are then compared with measurements coming from both configurations
of modified RK.
Figs. 2.18-2.19 report such comparison in terms of mobility plot for configuration 1 and
2, respectively [20]. The model in best agreement with modified RK experimental data
in both configurations is the “TEHD 3D radial constraint”.

Figure 2.18 – Mobility plot for modified RK with respect to 3D numerical THD and
TEHD simulations results in configuration 1

39

Figure 2.19 – Mobility plot for modified RK with respect to 3D numerical THD and
TEHD simulations results in configuration 2
In the following, with the aim of a better visualization of computed and measured journal
locations, numerical and experimental results are also compared in terms of polar
coordinates, i.e., eccentricity ratio and attitude angle. Figs. 2.20-2.21 depict relative
eccentricity as a function of shaft angular speed [20]. For both the two configurations the
model in best agreement with experimental results is the “TEHD 3D radial constraint”.
More generally, all of the 3D models are in better agreement with the experimental
reference results. Particularly, TEHD analysis still improves predictions in comparison
with THD simulation.
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Figure 2.20 – Relative eccentricity plot for modified RK with respect to 3D numerical
THD and TEHD simulations results in configuration 1

Figure 2.21 – Relative eccentricity plot for modified RK with respect to 3D numerical
THD and TEHD simulations results in configuration 2
With the same goal, Figs. 2.22-2.23 compare attitude angle obtained numerically and
experimentally in polar coordinates for shaft different rotational speeds [20]. The closest
numerical predictions for both the configurations come from the THD models (“THD 2D
correlation” and “THD 3D”). Indeed, as far as attitude angles are concerned, they are in
better agreement with modified RK measurements than the TEHD models (both “free
expansion” and “radial constraint”). For both configurations of the modified RK radial
clearance values are very small; therefore, the measurement error in journal position may
affect experimental evaluation of attitude angle when the journal moves close to the
center of mobility area. The indeterminacy of the attitude angle near to the mobility region
center yields high sensitivity of such parameter with respect to journal location.
As a consequence, such effect reduces the correlation between experimental and
numerical results at the highest angular speed, when the journal runs almost centered.
Indeed, for such operating conditions, the increase in experimental-numerical difference
reveals measurement errors more significant than simulation ones. This issue has been
encountered regardless of the considered numerical models, and this seems to further
indicate a limit in the experimental data set. The last step of the experimental activity will
be conducted by means of the in-house designed RK (i.e., the one made up by cylindrical
ground bars frame) furnished with new metallic bushings, so that wear effects in the
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bearing will be negligible, being equal the usage time, while this does not hold for the
tested bushes made up by polycarbonate.

Figure 2.22 – Attitude angle plot for modified RK with respect to 3D numerical THD
and TEHD simulations results in configuration 1

Figure 2.23 – Attitude angle plot for modified RK with respect to 3D numerical THD
and TEHD simulations results in configuration 2
The comparison between numerical and experimental curves points out that more
sophisticated models are in better agreement with experimental results. Among twodimensional models, “THD 2D correlation” gives a slightly better agreement than “THD
2D adiabatic”, and this improvement is more perceivable for low rotational speeds. In
comparison, 3D models give predictions in better agreement with measurements, by
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means of the more accurate heat exchange simulation. Predictive differences among the
3D models are not remarkable. Indeed, although only the “TEHD 3D” model computes
structural and thermomechanical deformations, “THD 3D” model does not neglect
thermal expansion, since it is included in the hot clearance value (0.1 mm) used as input
for this model. Differently, the “TEHD 3D” simulation requires the cold clearance value
(0.85 mm) as input so that the thermomechanical deformation is computed during the
simulation. Therefore, response differences between “THD 3D” and “TEHD 3D” models
are only related to the radial thermal deformation distribution and not to its mean value.
While thermal deformations cause significant bearing displacements (in the order of 10
μm), the mechanical ones (due to hydrodynamic pressure) yield negligible displacements
(micron fractions even at higher speeds) in comparison with the minimum film thickness
(about 85 μm). Indeed, due to the very low bearing load the hydrodynamic pressure (in
the order of bar fractions) cannot cause important mechanical deformations. The
influence of constraint locations in the thermomechanical sub-model is also not very
significant. The “radial constraint” sub-model yields better agreement with
experimentation than the “free-expansion” one. The actual structure should be in an
intermediate condition between the conditions simulated by the two sub-models, since
the region included between the two O-rings is somehow constrained, but it can also
expand. Generally, differences on the journal positions predictions provided by
simulation and experimentation are not substantial, particularly in the modified RK
configuration.
3D models, by using a quasi-3D mass-energy conserving algorithm, have shown an
excellent agreement between numerical and experimental results published in literature
as far as temperatures are concerned [10]. Therefore, their prediction of journal location
is also expected to be sufficiently reliable. Actually, differences on the journal positions
predictions provided by simulation and experiments are not substantial in the modified
RK configuration.
Comparisons of relative eccentricity errors for both 3D and 2D models are depicted in
Figs. 2.24-2.25 and Figs. 2.25-2.26 for configuration 1 and 2, respectively. Figure 2.24
shows that the TEHD simulation almost for all of the speeds can yield errors lower than
the “THD 3D” simulation, while between the two TEHD models, the most reliable is the
“TEHD 3D radial constraint”, as already mentioned [20].
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Figure 2.25 compares in terms of relative eccentricity errors the two TEHD 3D models
and the most consistent 2D simulation for configuration 1 [20]. The “2D correlation”
model is not far from the results of the two 3D TEHD models for all of the angular speeds.

Figure 2.24 – Difference between relative eccentricities measured and computed by
means of 3D models for modified RK in configuration 1

Figure 2.25 – Difference between relative eccentricities measured and computed by
means of most consistent 3D and 2D models for modified RK in configuration 1
Figure 2.26 shows that the improvement in journal location prediction obtained by using
the “TEHD 3D radial constraint” model instead of THD simulations, already observed
for configuration 1 (Figs. 2.24-2.25), is even more evident for configuration 2 [20].
Finally, Figure 2.27 shows for configuration 2 a further improvement in eccentricity
prediction of TEHD simulations against 2D models. Indeed, eccentricity errors of the
most consistent 2D THD model (“2D correlation”) are always bigger and similar in

44

comparison with errors of “TEHD radial constraint” and “TEHD 3D free expansion”
models, respectively [20].

Figure 2.26 – Difference between relative eccentricities measured and computed by
means of 3D models for modified RK in configuration 2

Figure 2.27 – Difference between relative eccentricities measured and computed by
means of most consistent 3D and 2D models for modified RK in configuration 2
The comparison between numerical and experimental results presented in this section
underlines a consistent behaviour of simulation models even with very small clearances,
whose reliability is enhanced by model complexity and accuracy. Furthermore, a good
correlation between journal locations predicted by numerical computations and measured
in modified RK has been found out. Therefore, a relative radial clearance of 8/1000 fulfils
the thin film Reynolds hypothesis on which calculation models are based. Furthermore,
since FEM codes had been already validated in the past, this also confirms that the
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modified test bench is reliable for further experimental investigations on this type of
journal bearings, allowing us to study their dynamic behavior in future research activity.
TEHD analysis results prove that, while displacements due to hydrodynamic pressures
are negligible, thermal deformations strongly affect journal position even under low
external load (rotor weight is around 0.5 kg) and small temperature rise in the bearing.
This is due to the high expansion coefficient of the bearing polycarbonate material and
the resulting the high differential thermal dilatation between steel journal and polymeric
bush. After a series of experiments and related data processing, reasonable temperature
boundary conditions have been determined on the basis of the temperature control at the
bearing supply and simulations performed by means of different models.
Discrepancies found in journal center location predictions may also be ascribable to oil
temperature variations with rotation speed. Indeed, bearing supply oil temperature control
has shown that such variations are not substantial so that they have not been simulated
numerically. This can explain part of the obtained differences between experimental and
numerical results.
From the relevant results the most accurate simulation model for the bearing in analysis
has been identified. It includes three-dimensional simulation of heat exchange
phenomena. Indeed, at the rotational speeds investigated (250-3000 rpm), the thermal
model is crucial in the assessment of bearing static characteristics.
The reduction of relative radial clearance from original to modified RK values has
improved the correlation between experiments and real-world applications as well as their
agreement with numerical results from in-house developed FEM codes implemented for
lubrication analysis. This result is the starting point of future studies about dynamic
behavior of journal bearings and, particularly, about fluid-structure interactions in this
class of fluid film bearings. Nevertheless, industrial bearing casings are still different
from our test rig ones in that they are usually manufactured in metallic materials.
Therefore, thermo-mechanical behaviour in real-world bearings differs from our
experimental models and numerical simulations, so that temperature and thermal
displacements distribution within the bearing pair cannot be fairly compared. Obviously,
in the present work we have assumed as main simulation parameter an average hot
clearance and we have subsequently run the bearings in order to achieve that
corresponding operating condition. Therefore, our numerical and experimental
assessments of journal center location are reasonable and consistent. In order to
appropriately deal with industrial bearings considering thermo-mechanical effects, only
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the experimental device should be enhanced, simply by manufacturing a metallic bushing.
On the contrary, our numerical model would not require any correction. We expect that
employing a metal bush would simplify experimental procedure by both improving
repeatability and ensuring quicker stationarity of experimental conditions, thus allowing
to study even lower relative clearance ratios. We have not yet adopted this expedient as
we are gradually updating the existing in-house designed new test rig. Indeed, in order to
achieve the clearance adjustments required for the present investigation, only the journal
has been modified accordingly. The high differential thermal dilatation between PC and
steel makes it practically impossible to study clearance ratios lower than 3/1000 by
assuming an average running temperature of 40°C.
In the next section, the completely new and original test rig set up, already presented in
section 1.2, is going to be characterized with the same approach previously adopted for
the former test benches; in future research activity it will be employed both for static and
even for dynamic analysis of hydrodynamic journal bearing-rotor systems with smaller
relative clearances, realistic loads, and metallic bushings.
2.3.2 Analysis of results collected on the new test rig final setup
In this last step of the conducted research activity, the measurements collected from the
in-house designed test bench presented in section 1.2 (i.e., the new RK made up by
cylindrical bars ground frame) are presented and deeply discussed, as they represent the
current evolution of the adopted experimental model. At first, the obtained static
characteristics for the same relative clearance (8/1000) are presented and compared with
numerical results. The new RK is tested in a final setup with four volanic masses mounted
with respect to its previous configuration shown in Figure 2.8a. This is done with the aim
of furtherly increasing bearings load and thus to suppress oil-whirl inception in all their
experimentally investigated operating conditions. Indeed, even in the arrangement with
two volanic masses oil-whirl onset has been detected at the highest angular speeds. Such
final experimental setup is presented in Figure 2.28.
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Figure 2.28 – New RK final setup with four volanic masses mounted
In the last part of the experimental activity conducted on the new RK, the employed
proximity probes arrangement is different, in order to ensure a better and more uniform
oil supply to the bearing. To achieve this, proximity sensors are placed at a 45 degs with
respect to bearing previous absolute coordinate system, which is reported in Figure 2.29a.
Moreover, a thermistor is placed tangent to the external bushing to monitor its
temperature during the whole experimental campaigns. Such proximity sensors
arrangement in the final setup of the new RK is shown in Figure 2.29b.

(a)
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(b)

Figure 2.29 – Proximity probes arrangement: (a) in previous setups, (b) in the new
RK final setup
In the following, the obtained experimental results are presented and compared with FE
simulations in terms of static journal center locations, as already did for the former test
benches. In this case, only the numerical results coming from the most accurate models,
that is TEHD ones, according to the error analyses previously conducted, are plotted
versus measurements, since this is an intermediate step of the activity; indeed, a complete
error analysis will be performed only on the new RK with metallic bushings.
In the presented results, the maximum experimental angular speed is set at 1500 rpm, so
that also numerical simulations are performed only up to 2000 rpm. In the following
Figure 2.30 the relative eccentricity plot versus shaft angular speed is shown for the new
RK in its final configuration in both cw and ccw directions since oil-whirl never occurs
in such test bench setup, differently from what happened in former test rigs (refer to Figs.
2.20-2.21).
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Figure 2.30 – Relative eccentricity plot for new RK with respect to 3D numerical
TEHD simulations results in its final setup

From the reported eccentricity plot it can be noticed how there is still discrepancies
between experimental and numerical results and that a certain asymmetry in
measurements between cw and ccw is still present; this may be ascribable to an
asymmetric wear in the polymeric bushings; for this reason, such experimental results are
not still reliable, and a more accurate experimental data set will be collected with the new
metallic bushings. In the following Figure 2.31 the attitude angle plot is reported for
completeness. Even in this case the experimental data set shows an asymmetry between
cw and ccw directions, while the agreement with numerical results is poor at the highest
angular speeds. This mismatch is to be attributable to the experimental indetermination
in assessing the measured attitude angle, as already stated for the former test benches. It
is thought that the final improvement of the final RK with the metallic bushings in place
of polymeric ones should mitigate the experimental errors in determining the attitude
angle.
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Figure 2.31 – Attitude angle plot for new RK with respect to 3D numerical TEHD
simulations results in its final setup

A further analysis is performed on experimental data by comparing slow run-up transients
with iso speed measurements to assess if large discrepancies are met between them. The
results confirm that for the final setup of the new RK, iso speed measurements are in
family with slow run-up transients both in cw and ccw directions, thus showing a good
agreement between faster and slower measurements. This is very important since it allows
us to affirm that the issues related to differential thermal dilatations are not so influential;
indeed, each iso speed measurement is performed after the thermal transient is completed
for each angular speed to be characterized; therefore, with respect to ramp measurements
it would lead to a strong difference if thermal effects were dominant. Such experimental
comparisons are still performed on the current setup with the polycarbonate bushing, and
this is encouraging since it is expected that with metallic bushings such undesired effects
will be even more negligible; moreover, also bushing wear will be null, thus leading to
more accurate measurements in static and dynamic conditions in both cw and ccw
directions. In Figure 2.32 such experimental comparison is reported for clockwise
direction: it can be observed how there is a good agreement between the points relative
to iso speed measurements and the continuous run-up in terms of journal absolute Y
location.
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Figure 2.32 – Comparison between slow run-up and iso-speed measurements in cw

The same comparison is reported in Figure 2.33 for counterclockwise direction: even in
this case there is a good match between the iso speed measurements and the slow run-up
in terms of absolute Y journal locations. Nonetheless, a certain asymmetry persists
between cw and ccw directions but this last issue is expected to be solved by adopting
metallic bushings.

Figure 2.32 – Comparison between slow run-up and iso-speed measurements in ccw
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3

Rolling bearings: influence on rotor systems flexural
critical speeds

In technical literature there are many rotor-bearings system available analytical models which have
been formulated in order to assess real systems rotordynamic behavior. Indeed, such models are
characterized by an increasing inherent complexity according to the number of considered DOFs; in
example, when passing from one DOF model (e.g., classical Jeffcott rotor) to four DOFs one, the
more accurate modelling is at expenses of easiness of usage and immediate physical interpretation of
the obtained results. By generalizing such approach, when dealing with numerical rotor-bearings
system models, that is, when the number of the considered DOFs is too big to allow an analytical
solution, many advantages typical of simplest approaches are lost. To this aim, in this section, an
analytical non-linear bearing stiffness model is proposed, and it will be firstly applied to rotor system
simplest models, in order to be able to carry out a sensitivity analysis, easily achievable in such case.
After classical rotor systems analytical models which rely on flexible bearings are presented and
investigated, such bearing stiffness model will be applied even to rotor system FE models in order to
assess its reliability in real industrial study cases, typically solved by means of structural simulations.
In the following, the main employed analytical models will be shortly revised, and then it will be
stressed how the difference in rotor mounting conditions is crucial in determining bearing stiffness
contribution to overall system bending stiffness and consequently on its flexural critical speeds.

3.1

Rotor-bearings system analytical models for rotordynamic analysis

As already mentioned, there are many well-known analytical models whose complexity is dependent
on the considered number of DOFs. Moreover, other simplifying hypotheses can be formulated in
correspondence of the considered DOFs, such as to deal with isotropic supports, on the chance of
neglecting cross-coupled stiffness, on the importance of gyroscopic effects influence, and finally on
the relevance of damping contributions. A brief description of the models employed for the
investigations of the considered study cases is presented hereinafter.
3.1.1

One degree of freedom rotor-bearings system model

The simplest shaft model to assess rotor-bearings system behavior is Jeffcott’s one, which is
characterized by one DOF, without neither internal or external damping, whose only excitation is due
to static unbalance; indeed, dynamic unbalance is not modeled as inertias moments are neglected, and
then gyroscopic effects cannot be taken into account in such first level of system approximation.
Nonetheless, Jeffcott’s classical rotor model, which is idealized as with only distributed elasticity and
no distributed mass, in this context is supported by two nonlinear springs, representative of actual

55

ball bearings, whose stiffness is taken into account together with rotor’s one. On the other hand, as
well-known, all the inertia effects are reduced in the eccentric lumped mass, which is located at shaft
centerline, representative of static unbalance. Such model is represented in Figure 3.1 for reference.
Since in the present research activity both the bearings and the shaft are always thought as flexible,
the well-known analytical solution for the classical Jeffcott model (that is, rigid bearings and flexible
shaft) is not presented; whereas only the results obtained from the implementation of such rotorbearings system model with stiffness contributions ascribable to both bearings and shaft, referred to
as “fully flexible” model , performed in Matlab® environment will be reported in the following.

Figure 3.1 – One degree of freedom “fully flexible” rotor-bearings system model

3.1.2

Four degrees of freedom rotor-bearings system model

A brief description of the four DOFs model is reported to underline its characteristics and capabilities
with respect to the already presented one DOF model. The main differences are that in this case four
displacements are considered for the mass M, of which two of translations in x and y directions and
two of rotations θ and φ respectively around the same axes (which are orthogonal to shaft rotational
axis z). In this way, the effect of dynamic unbalance can be taken into account, since the mass M is
thought as a disk with its inertia tensor (and then, for a defined reference system its inertia matrix can
be obtained). Moreover, ball bearings are modelled as two translational non-linear springs, which
have in general different stiffness in x and y directions. In this context, the springs are assumed to be
isotropic, that is to have the same stiffness in both directions (since in a polar system reference, both
of them are equal to bearing radial stiffness according to the adopted bearing non-linear stiffness
model), and damping is neglected. Indeed, the main goal is to look for undamped system critical
speeds and to assess the influence of bearings stiffness in determining it even in this model, as already
said for the one DOF case. Therefore, even in this model, shaft stiffness is also taken into account,
according to Jeffcott rotor model, in the form of a matrix (analogous to the one DOF case) and
combined with bearing non-linear stiffness as stiffness in series. In this model this is not trivial as in
one DOF case, since the two stiffness matrixes (and not two scalar values) need to be properly
combined. The same operation has been performed by adequately combining element per element of
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each matrix and then a global stiffness system matrix is obtained. Even in this case, the model is
referred to “fully flexible”, since, differently from the classical Jeffcott model, both shaft and bearing
stiffness contributions are taken into account in assessing system global stiffness, this time in the
form of matrixes. Hence, the well-known analytical solution is not presented, as it is not of research
interest, but the same model is implemented in Matlab® environment, by considering all the inertia
properties and generalizing stiffness ones as remarked. Indeed, the aim is to assess and validate
bearing stiffness model, which is the main novelty of the proposed research activity.
The classical four DOFs model is reported in Figure 3.2 for reference. It is stressed once again that
in the proposed implementation, damping is neglected and bearing stiffness properties are isotropic.

Figure 3.2 – Four degree of freedom “fully flexible” rotor-bearings system model
The equations of a four DOFs undamped model, referred to a statically and dynamically unbalanced
rotor are presented hereinafter for the sake of completeness; in general, cross-coupled stiffness terms
are present. With the hypothesis of isotropic spring stiffness and equal distance between bearing
location and shaft centerline (where inertia matrix effects are concentrated) such terms become null.
The general form of motion equations in fixed frame is reported in (3.1) for an undamped system:
𝑚𝑥̈ + 𝐾11 𝑥 + 𝐾12 𝜑𝑦 = 𝑚𝜀Ω2 cos(Ω𝑡 + 𝛼)
𝑚𝑦̈ + 𝐾11 𝑦 + 𝐾12 𝜑𝑥 = 𝑚𝜀Ω2 sin(Ω𝑡 + 𝛼)
𝐽𝑡 𝜑𝑥̈ + 𝐽𝑝 Ω𝜑𝑦̇ − 𝐾12 𝑦 + 𝐾22 𝜑𝑥 = −𝜒Ω2 (𝐽𝑡 − 𝐽𝑝 ) sin(Ω𝑡)

(3.1)

2

{𝐽𝑡 𝜑𝑦̈ + 𝐽𝑝 Ω𝜑𝑥̇ − 𝐾12 𝑥 + 𝐾22 𝜑𝑦 = −𝜒Ω (𝐽𝑡 − 𝐽𝑝 ) cos(Ω𝑡)
Where Jt is the transverse inertia moment, Jp is the polar inertia moment, Ω is shaft angular speed,
whereas ε and α are representative of static and dynamic unbalance, respectively. Such equations
system in general yields to four natural pulsation frequencies, of which two are referred to translations
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and two to rotations, always in couples of Forward (FW) and Backward (BW) precession (Forward
Whirling and Backward Whirling). Indeed, written in this way, such system yields four natural
pulsation frequencies which are all function of angular speed. This because the cross-coupled terms
of stiffness characteristics among the various DOFs cause that even the first two natural pulsation
frequencies are function of angular speed even if they are not directly subjected to gyroscopic effects
which are included only in the third and fourth equations.
Finally, it is to remark that if gyroscopic effects are neglected, being null the cross-coupled stiffness
terms as in the proposed implementation, and if also shaft stiffness parameters are regarded as
isotropic, the previous equations system becomes decoupled, which is analogous to have one DOF
model for both the transverse and rotational direction. This gives rise to only two (and no more four)
natural pulsation frequencies, each of the two correlated to typical one DOF systems lateral critical
and torsional speeds, according to the classical formulae which are only mentioned for completeness.
The classical formula which is obtained for bending natural pulsation frequency is analogous to one
DOF Jeffcott laterally flexible shaft model, that is reported in equation (3.2).
𝑘

Ω𝑛1 = Ω𝑛2 = √ 𝑚𝑇

(3.2)

where kT is system bending stiffness considered in the previous 1DOF model. Finally, the classical
formula obtained for torsional natural pulsation frequency is reported in equation (3.3).
𝑘

Ω𝑛3 = Ω𝑛4 = √ 𝑚𝑅

(3.3)

In which kR stands for system torsional stiffness.

3.2

Differences between rotor-bearings system mounting configurations

The importance of rotor-bearings system characteristics and mounting configurations gives rise to a
wide range of possible different behavior of the involved rotating machinery. For what concerns shaft
characteristics, in general there can exist substantial differences between the behavior of stubby rotors
with respect to slender ones. Indeed, they can be characterized by significantly different vibration
modes. When dealing with rotor vibration modes, it is natural to immediately think about bending
modes of an unconstrained elastic beam, free in the air, which are reported in Figure 3.3.
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Figure 3.3 – First three bending modes of an elastic beam
In real rotor-bearing systems the situation is much more complex, since the rotating shaft is not fixed
to the frame by means of an infinitely stiff support (i.e. rigid constraints typically used in elastic beam
theory), but by means of bearings, which may significantly affect system dynamic behavior; indeed,
depending on the kind of support on which the rotor is mounted (only rolling bearings and
hydrodynamic ones are investigated in this work, respectively in terms of assessing system critical
speeds for the firsts and system instability regions for the seconds), they can be more or less stiff,
thus directly affecting system natural pulsation frequencies; moreover, they can introduce more or
less damping, in this way influencing mainly system stability properties, and indirectly slightly
changing its critical speeds. Such kind of constraint characterized by a finite stiffness with damping
(in example ball bearings, whose stiffness model is presented hereinafter) generally yields a
substantial difference in rotor-bearings system vibrational behavior with respect to the case of rigid
supports. Furthermore, if a shaft were ideally suspended in the air, it would be characterized by rigid
body motions like the cylindrical and the conical ones, which are reported in Figure 3.4 for the sake
of completeness.
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Figure 3.4 – Rigid body motions of a rotor suspended in the air
Usually such rigid body modes are investigated separately with respect to deformative ones (that is,
flexural in case of lateral system response which is the only one investigated in this context) because
in general, it is easy to affirm that rotors with bending stiffness much lower than bearings’ one (e.g.
slender shafts) are characterized by the first modes which are purely flexural ones and only at higher
frequencies rigid body ones occur. On the contrary, rotors with bending stiffness much higher than
bearings’ one (e.g. stubby shafts) exhibit the first modes which are characterized by rigid body
motions whereas flexural modes are found only at higher frequencies. Such second behavior is the
typical of slender rotors mounted on rigid constraints, which is generally a common hypothesis when
dealing with system rotordynamics. Therefore, normally rigid body modes are likely to occur at lower
rotor angular speed whereas flexural ones are found at higher shaft revolution frequency.
A rigid body motion, as already mentioned, does not cause any deformation within the shaft, thus in
general when investigating its dynamics, it is less dangerous than the other modes which deserve
more attention. By defining a non-dimensional stiffness kN as the ratio between bearing stiffness kB
and bending stiffness of beam constrained on two hinges kF, according to following equation (3.4):

𝑘𝑁 =

𝑘𝐵
𝑘𝐹

(3.4)

In the case of kN<1 the first two vibration modes are likely to be related to rigid body motions, whereas
if kN >>1 only flexural modes are likely to occur at the lowest angular speed range, ideally. In real
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world there are intermediate conditions where bearing stiffness may significantly affect system
flexural modes, and thus their related modal shapes, as it can be intuitively observed in Figure 3.5.

Figure 3.5 – Influence on lateral modal shapes due to shaft and bearing stiffness combinations
Practically it happens that when bearing stiffness is small if compared with rotor’s one, it mainly
affects rigid body motions whereas the vibration modes at higher frequencies like bending ones are
mainly influenced by the slenderness of the shaft.

3.3

Rolling bearings stiffness modelling

In this section the core of the chapter is presented, that is, non-linear ball bearings stiffness model
which will be applied firstly on the RK by means of analytical rotor models (1 DOF and 4 DOFs)
and afterwards to an industrial study case by means of numerical models in Ansys® environment.
3.3.1

Introduction

Rolling bearings stiffness typically changes nonlinearly with bearing deflection in a significant way.
Therefore, an accurate rotordynamic analysis requires that bearing non-linear forces corresponding
to the current bearing deformation are employed, in order to adequately capture its actual stiffness.
Indeed, as already mentioned, in general rotordynamic response of not too flexible rotors (i.e. not too
slender ones) is strongly dependent on bearing stiffness and on its damping properties. When rolling
bearings are investigated as nonlinear elements, accurate rotor response calculations require the use
of variable bearing properties which reflect better the actual experimental conditions occurring, with
respect to the average characteristics which are typically found in constructors manuals. While fluid
film bearings are often reasonably linear for small deflections, although there is usually a strong speed
dependence [1], rolling element bearings have a much less linear force-displacement relationship,
and therefore an intrinsically non-linear stiffness.
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Load-stress correlations for rolling element bearings were firstly discovered by Lundberg and
Palmgren [2] in the 40’s. Such relationships have not been easily implemented until the analytical
additions of Jones [3] led to the marketing of a suitable computer code. Nowadays, Jones’ code still
represents one of the most widely employed rolling element bearing analysis tool despite its age.
Poplawski et al. [4] have recently developed a suitable computational “Code for Optimized Ball and
Roller bearing Analysis - Advanced High-Speed” (COBRA-AHS) under a NASA “Small Business
Innovative Research” (SBIR) contract. Fleming and Poplawski [5], employed COBRA-AHS in
combination with a transient rotordynamics code to predict system response to a suddenly applied
large mechanical unbalance emulating a blade loss. The results found employing nonlinear bearings
characteristics could not be obtained with any other averaged bearing stiffness value. Furthermore,
steady state rotordynamic codes have been employed for several years to evaluate permanent system
response. One of such early and still usable codes was devised by Lund [6]. It relies on the transfermatrix method to predict unbalance response for a flexible rotor mounted on asymmetric bearings.
Such code has been simplified for the case of symmetric bearings (i.e. same stiffness and damping
properties in different directions) by Kirk [7]. Fleming and Poplawski [8] have further tuned Kirk’s
code to allow the exploitation of nonlinear bearings properties by iterating on rotor response
amplitude. In detail, unbalance response data are presented for a rotor mounted on ball bearings with
accurate bearing stiffness computed as a function of angular speed and actual load. Rolling bearing
stiffness is found to be a strong function of bearing deformation, with higher deflections yielding
markedly higher stiffness. Rotordynamic analyses indicated that unbalance response changed
nonlinearly with residual mechanical rotor imbalance amount. Furthermore, the rise in bearing
stiffness as critical speeds are approached produces a large increase in rotor-bearings system
vibrations over part of its operating speed range with respect to the case of constant stiffness bearings.
Moreover, it is proven how regions of bistable operation are possible, in which vibration amplitude
at a specified angular speed was much larger during system run-up than during run-down. A moderate
amount of damping can suppress such bistable region, but this kind of damping is not characteristic
of ball bearings.
Ball bearings stiffness can be also markedly influenced by internal clearance and bearing ring
mounting compliance, in addition to bearing center deformation and applied loads, between whom
the ones correlated to rotor-bearings system angular speed (due to residual mechanical unbalance).
As ball bearings stiffness plays a key role in determining rotor-bearings system critical speeds, it is
necessary to accurately estimate their radial stiffness in a preliminary design phase. Indeed, an exact
estimate of rolling bearing stiffness is crucial to avoid that unexpected structural resonances occur
within rotating machinery operational angular speed ranges. To this aim, Beatty, and Rowan [9]
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conducted an extensive experimental campaign in order to directly evaluate bearing stiffness
employed for rotordynamic investigations compare it with classical analytical predictions, as well as
to assess the effects of system actual working conditions. Butner et al. [10] performed an experimental
activity aimed to assess the effect on ball bearing stiffness due to angular speed, dynamic radial load,
internal clearance, axial preload, and mounting compliance variations with respect to analytical
predictions. In detail, an experimental validation of the rolling element bearing code developed by
Jones [3] was carried out by examining the influence of several parameters on ball bearing radial
stiffness. Indeed, the estimates predicted by such analytical code agree with the obtained experimental
results only when system actual operating conditions, comprising mounting compliance, are properly
taken into account. Overall, analytical predictions of ball bearing stiffness obtained by Jones’ code
[3] slightly overestimated on average the measured radial stiffness.
In the present work, an experimental validation of an analytical code for ball bearings non-linear
stiffness prediction is firstly carried out on the commercial RK and afterwards it is applied both on a
Tesla air turbine, which is an unconventional fluid machine, and to a micro-gas turbine. To this goal,
a beam-based FE model of Tesla turbine rotor is devised in Ansys® environment and a numerical
modal analysis is performed basing on bearing stiffness obtained by exploiting the analytical model
proposed by Tiwari [11]. Indeed, the previously employed ball bearings radial stiffness suggested by
constructors led to a relevant mismatch between critical speeds numerical predictions and the ones
experimentally detected during machine operating conditions. Moreover, the previous FE Tesla
model based on three-dimensional solid elements is characterized by higher computational times and
a major inherent complexity. The aim of the work is indeed to obtain a simpler numerical model of
such rotor-bearings system, with lower computational costs, more effective in predicting structural
resonances and which requires easily available input data (e.g., ball bearing external geometric
dimensions, materials constituting balls and raceways in case of hybrid bearings, mounted contact
angle in case of spindle bearings). In such way, it may become a useful tool for industrial applications
involving both conventional fluid machinery (e.g., micro-gas turbines) and unconventional one (e.g.,
Tesla turbines).
3.3.2

Analytical model to predict ball bearings non-linear stiffness

The methodology proposed in this work relies on an analytical model suited for predicting ball
bearings non-linear radial stiffness as a function of its geometrical parameters as proposed by Harris
[13]. Following such approach, Tiwari [11] showed this procedure only for the case of both raceways
and balls made of steel. As it relies on Hertz contact theory [14], when investigating conventional
ball bearings characteristics, the steel ball and steel raceway contact yields a function of solely
geometrical quantities for bearing stiffness. In the present work such bearing stiffness model is
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applied even to hybrid bearings, and thus the influence of materials constituting rolling elements and
raceways must also be taken into account. Moreover, such employed ball bearings can be mounted
even in a spindle configuration, that is, they can face both radial and axial loads, thus resulting in both
radial and axial stiffness other than zero. Initially, a non-linear expression of radial stiffness in
function of bearing center deformation is obtained for purely radial ball bearings. Afterwards, after
an equilibrium position for bearing center resulting from external operating loads (rotor weight plus
its residual mechanical unbalance) and bearing non-linear restoring force is found, the actual stiffness
is assessed by means of the so obtained bearing center position and then it is projected into radial and
axial components. In the following, a detailed explanation of such procedure, implemented in Matlab®
environment, is given and all the input parameters (simply deducible from any commercial bearings
catalogue) are described to underline its ease of application and therefore its advantages for industrial
application study cases.
Model first part requires a very limited set of effortlessly obtainable input data, that is, bearing outer
(D) and bore (d) diameters, and optionally its width as well as number (z) and diameter of balls (Db);
if these two last parameters are not known from bearing data sheet, they can be respectively estimated
according to (3.5) and (3.6), as reported in [11], according to bearing general proportion formulae.
𝑧 = 2.9(𝐷 + 𝑑)/(𝐷 − 𝑑)

(3.5)

𝐷𝑏 = 0.3(𝐷 − 𝑑)

(3.6)

After all these input parameters are set, bearing internal geometrical quantities can be computed
according to general proportion formulas based only on its boundary dimensions; firstly, bearing pitch
diameter Dm is assessed according to (3.7), in which di and do respectively stand for the inner and
outer ring raceway contact diameter. Then the radial thickness of rings is assessed according to (3.8);
afterwards, the curvature radii ri and ro of internal and external rings groove are estimated according
to (3.9); moreover, in the hypothesis of zero radial clearance (i.e. mounting interference neglectable
with respect to other bearing internal dimensions) the diameters of external and internal rings in
correspondence with the raceway grooves are respectively evaluated according to equation (3.10).
𝐷𝑚 = 0.5(𝑑𝑖 + 𝑑𝑜 ) ≈ 0.5(𝐷 + 𝑑)

(3.7)

𝑡 = 0.15(𝐷 − 𝑑)

(3.8)
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𝑟𝑖 = 0.515𝐷 = 𝑟𝑜
𝑑𝑖 = 𝐷𝑚 − 6

(3.9)

𝑑𝑜 = 𝐷𝑚 + 6

(3.10)

Based on the previous bearing internal dimensions, it is possible to quantify all the parameters
necessary to assess ball bearing stiffness. By defining γ according to (3.11), being α the mounted
contact angle, such geometrical parameter can be interpreted as the ratio between ball diameter and
bearing pitch diameter, in the case of purely radial bearings (that is, α=0).

γ = (𝐷𝑏 cos α )/𝐷𝑚

(3.11)

Afterwards, another intermediate parameter can be computed both for the inner and for the outer
raceway, which represents the ratio between the inner and outer raceway groove radii and ball
diameter. In this case, according to (3.12) a unique value for f is found as ro equals ri.

𝑓𝑖 =

𝑟𝑖
𝐷𝑏

= 𝑓𝑜 =

𝑟𝑜
𝐷𝑏

=𝑓

(3.12)

After γ and f have been computed, the curvature sum Σρ can be assessed both for the inner and for
the outer raceway, respectively according to (3.13) and (3.14).
1

2γ

1

2γ

∑ 𝜌𝑖 = 1/𝐷𝑏 × (4 − +
)
𝑓
1−γ
∑ 𝜌𝑜 = 1/𝐷𝑏 × (4 − −
)
𝑓
1+γ

(3.13)
(3.14)

Once these parameters have been assessed, then it is possible to estimate the curvature difference F(ρ)
both for the inner and the outer raceway, according to (3.15) and (3.16), as they are defined in [11].
F(ρ𝑖 ) =

1 2𝛾
+
𝑓 1−𝛾
1 2𝛾
4− +
𝑓 1−𝛾

(3.15)

F(ρ𝑜 ) =

1 2𝛾
+
𝑓 1+𝛾
1 2𝛾
4− −
𝑓 1+𝛾

(3.16)

Once F(ρ)i and F(ρ)o have been computed, the dimensionless contact deformation δ* can be obtained
as a function of F(ρ) as proposed by Harris [13]. It represents the non-dimensional relative
displacement due to a ball-plane elastic contact which results in an elliptical contact area for a not
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ideal point contact between ball and raceway. More details about this application of Hertz contact
theory can be found in [11], where the trend of δ* versus F(ρ) is reported both in graphical and tabular
form for a generic raceway. By means of such correlation, δ* can be quantified both for the inner and
the outer raceway. Once δ* is known for both raceways, the constants of load deflection to the internal
and external raceway contacts, respectively denoted by Kpi and Kpo, can be estimated according to
(3.17) and (3.18) as proposed in [16].
𝐾𝑝𝑖 = 2.15 × 105 (∑ 𝜌𝑖 )−1/2 (δ∗𝑖 )−3/2

(3.17)

𝐾𝑝𝑜 = 2.15 × 105 (∑ 𝜌𝑜 )−1/2 (𝛿𝑜∗ )−3/2

(3.18)

The previous formulas are valid only for the case of elastic contact between steel ball and steel
raceway since they implicitly consider steel Young’s modulus as well as its Poisson’s ratio.
Subsequently, the total load deflection factor for a single ball Kpio, can be computed, which is a
proportionality coefficient dependent on bearing geometric as well as material properties, expressed
according to (3.19), as proposed in [16].
3
2

1

𝐾𝑝𝑖𝑜 =
1
(
)
𝐾𝑝𝑖

{

2
3

2
1 3
)
+(
𝐾𝑝𝑜

(3.19)
}

By denoting with ψi the angle between the radial load action line (that is, the moving ring
displacement direction) and the radius passing through the considered ball, a line diagram of a radially
loaded ball bearing is reported in Figure 3.6.
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Figure 3.6 – Line diagram of a radially loaded ball bearing [18]
The value of ψi can be estimated by means of equation (3.20), where ν stands for the angular step
between the balls, defined as in (3.21), and Φ is the angle between x axis and the closest ball in
counterclockwise direction [15].
𝜈 = 2𝜋/𝑧

(3.20)

𝜓𝑖 = 𝜙 + (𝑖 − 1)𝜈

(3.21)

In (2.17) i depends on the number of balls z (i=1…z). When a given external purely radial load Fr is
applied to a bearing (Figure 3.6), the resultant elastic reaction force due to the contacts of a generic
ball with both raceways fi can be expressed according to (3.22), as proposed in [15].
𝑓𝑖 = K 𝑝𝑖𝑜 (𝑔 + 𝑥 cos 𝜓𝑖 + 𝑦 sin 𝜓𝑖 )3/2

(3.22)

In (3.22) g stands for the radial preloading between balls and raceways, while x and y represent the
displacements of the moving ring in direction of the applied external load and in the direction
perpendicular to radial one, respectively. The contribution of fi in the direction of the applied load is
then obtained by projecting it onto the action line of the external load, according to equation (3.23).
𝐹𝑖 = K 𝑝𝑖𝑜 (𝑔 + 𝑥 cos 𝜓𝑖 + 𝑦 sin 𝜓𝑖 )3/2 cos 𝜓𝑖

(3.23)

The total elastic reaction force in the direction of the external load Fr is then obtained as in (3.24):
𝐹𝑟 = ∑𝑧𝑖=1 𝐹𝑖

(3.24)
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Indeed, equation (3.24) is the summation of Fi extended to the total number of balls within the
bearing. By exploiting the condition of zero elastic reaction in direction perpendicular to the elastic
force, the displacement y, in the direction perpendicular to external load action line can be expressed
as reported in (3.25):
𝑦 = ∑𝑧𝑖=1(𝑔 + 𝑥 cos 𝜓𝑖 )3/2 sin 𝜓𝑖 / ∑𝑧𝑖=1(𝑔 + 𝑥 cos 𝜓𝑖 )1/2 sin 𝜓𝑖 2

(3.25)

By substituting equation (3.25) into (3.24) and then the so obtained expression of (3.23) into (3.24),
the most general formulation for ball bearing stiffness can be obtained as a function of the radial
displacement x by deriving the so obtained expression with respect to x direction, according to (3.26):
𝑘𝑟 (𝑥) = ∂𝐹𝑟 /𝜕𝑥

(3.26)

This leads to the most general bearing stiffness law expressed as a function of solely its radial
deformation as reported in equation (3.27):
𝐴

𝑘(𝑥) = 𝐾𝑝𝑖𝑜 ∑𝑧𝑖=1 {𝑔 + cos 𝜓𝑖 − (1.5𝐵) sin 𝜓𝑖 }

0.5

{cos 𝜓𝑖 − [(𝐵𝐶𝑧 − 0.5𝐴𝐷)/1.5𝐵 2 ] sin 𝜓𝑖 } cos 𝜓𝑖
(3.27)

Where the expressions of variables A and D, are respectively reported in (3.28) and (3.29). whereas
B and C will be mad explicit in the following since they will be the only ones relevant for the final
expression of bearing radial stiffness. All of them depend only on bearing geometry as well as on its
radial deformation.
𝐴 = ∑𝑧𝑖=1(𝑔 + cos 𝜓𝑖 )1.5 sin 𝜓𝑖

(3.28)

𝐷 = ∑𝑧𝑖=1(𝑔 + cos 𝜓𝑖 )−0.5 sin𝜓𝑖 2 cos 𝜓𝑖

(3.29)

In rolling bearings the coupling effect can be commonly neglected, that is the displacement in
direction perpendicular to external load is assumed null (y=0); moreover, a further hypothesis is
introduced which leads to a simplified expression for k(x); indeed, a particular case is considered in
which Φ=ν/2, that is, the radial load action line is aligned with the bisector of the two neighbouring
balls. By imposing y=0 in equation (2.21) the formula reported in (3.30) is obtained, which is valid
only in the hypothesis of neglecting coupling stiffness effect. In this case it follows that A is null.
∑𝑧𝑖=1(𝑔 + 𝑥 cos 𝜓𝑖 )3/2 sin 𝜓𝑖 = 0 ≡ 𝐴

(3.30)

In such case the stiffness expression is strongly simplified and leads to the formula reported in (3.31).
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1

𝑘(𝑥) = K 𝑝𝑖𝑜 ∑𝑧𝑖=1(𝑔 − xcos 𝜓𝑖 )2 (cos 𝜓𝑖 − 𝐶/(1.5𝐵) sin 𝜓𝑖 ) cos 𝜓𝑖

(3.31)

Where the expressions of variables B and C are reported respectively in (3.32) and (3.33), while (2.21)
is modified by exploiting the geometric relation Φ=ν/2; then, by substituting the definition of angular
step reported in (2.16), the simplified relationship reported in (2.34) is obtained.
𝐵 = ∑𝑧𝑖=1(𝑔 + 𝑥 cos 𝜓𝑖 )1/2 sin𝜓𝑖 2

(3.32)

𝐶 = ∑𝑧𝑖=1(𝑔 + 𝑥 cos 𝜓𝑖 )1/2 sin 𝜓𝑖 cos 𝜓𝑖

(3.33)

𝜓𝑖 = 𝜋/𝑧(2𝑖 − 1)

(3.34)

Radial preloading g is defined according to (3.35). A reasonable value of this parameter needs to be
assumed, since it cannot be directly found on commercial ball bearings catalogues (e.g. SKF). In the
presented study case, a nominal level of 0.002mm is assumed, as it is reasonable for such class of ball
bearings. In (3.35) Pd and cr respectively stand for diametral and radial clearance. With such an
assumption, a positive preloading condition is obtained, that is, g is positive and therefore the
clearance is negative. This means that balls and raceways are mounted with mutual interference. Such
definition of pre-loading deals only with internal preloading, while the effect of external loads is
crucial in determining the equilibrium position of bearing centre and hence its current stiffness level.
𝑔 = −0.5𝑃𝑑 = −0.5(2𝑐𝑟 ) = −𝑐𝑟

(3.35)

Basing on the previous definition, in such preloading condition, bearing non-linear stiffness can be
expressed as a decreasing function when the absolute value of bearing centre deformation is less than
g and as an increasing one when it is bigger than g, as proposed by Tiwari [11], according respectively
to (3.36) and (3.37).
𝑘(𝑥) = 𝑎 − 𝑏𝑥 2 𝑤ℎ𝑒𝑛 |𝑥| ≤ 𝑔

(3.36)

2

𝑘(𝑥) = 𝑏1 𝑥 3 𝑤ℎ𝑒𝑛 |𝑥| ≥ 𝑔

(3.37)

Initially, bearing stiffness for a radial displacement equal to zero is computed (referred to as k0); in
such case, from equation (3.37) we get a= k0; k0 is then obtained from equation (3.31) by imposing
x=0, thus leading to equation (3.38).
𝑘0 = K 𝑝𝑖𝑜 𝑔0.5 ∑𝑧𝑖=1(cos 𝜓𝑖 − 𝐶/(1.5𝐵) sin 𝜓𝑖 ) cos 𝜓𝑖

(3.38)
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In such case, the expressions of B and C reported in (3.38) are obtained by respectively replacing x=0
in their previous definitions in (3.32) and (3.33), thus leading to the simplified constant expressions
reported in the following formulae (3.39).
𝐵 = 𝑔0.5 ∑𝑧𝑖=1 sin𝜓𝑖 2

𝐶 = 𝑔0.5 ∑𝑧𝑖=1 sin 𝜓𝑖 cos 𝜓𝑖

(3.39)

Afterwards, following the same approach described above, bearing stiffness for x=g can be evaluated
in order to find b and b1 constants respectively necessary to quantify stiffness expressions (3.36) and
(3.37). Indeed, by imposing x=g, kg can be computed in analogous way to k0. Once kg is known, b
and b1 can be evaluated according to the formulae reported in (3.40).
𝑏 = −(𝑘𝑔 − 𝑘0 )/𝑔2

𝑏1 = −𝑘𝑔 𝑔−2/3

(3.40)

It can be observed how bearing radial stiffness strongly depends on rolling elements radial preloading
g by means of all polynomial coefficients in the two different curve sectors. Even if the constructor
might sometimes provide a preload range, it is very hard to determine the accurate value of rolling
elements bearing preloading in the shaft-casing assembly, particularly after wearing due to long-life
operations [18].
A plot of an equivalent steel bearing radial stiffness (with the same geometric dimensions of the
hybrid bearing employed to support Tesla turbine rotor, but with both raceways and balls made of
stainless steel) versus its centre displacement is reported in Figure 3.7, for the maximum nominal
radial preloading level, that is obtained with the maximum interference of 13μm [11].

Figure 3.7 – Equivalent steel ball bearing radial stiffness as a function of its centre deflection
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In such plot ball bearing radial stiffness shows a first monotonic decreasing tract until bearing centre
deflection reaches radial preloading level, as expected from (3.36). Once the radial internal preload
in terms of interference is overcame, then bearing stiffness shows a monotonic increasing law, as
predicted by (3.37). Afterwards, the same procedure is repeated considering both the minimum
allowable pre-load and a medium one (respectively set as 0.2μm and as 2μm, as suggested in [11]) to
further underline the influence of g in determining bearing dynamic properties as well as to test the
effectiveness of the stiffness law adopted hereinafter. The resulting plots for an equivalent steel
bearing are shown in Figure 3.8.

Figure 3.8 – Equivalent steel ball bearing radial stiffness for different radial pre-loadings
For the minimum radial pre-load level, bearing stiffness exhibits a trend closer to the one of
theoretical case of no radial clearance; indeed, with such negligible preload, stiffness is nearly always
monotonic increasing, with respect to nominal radial pre-loading condition.
In the case two surfaces in contact made up of different constituting materials (i.e. steel raceways and
ceramic carbides balls), the force contact must be assessed according to Hertz contact theory in its
most general way. To this aim, mechanical characteristics of both the materials must be properly set.
In the employed hybrid bearings, raceways are made of steel, and hence their young modulus E1 and
Poisson’s ratio ν1 are respectively set as 206GPa and 0.31, as implicitly done in [16] for steel bearings.
Indeed, in equations (3.17) and (3.18) both raceways and balls are assumed to be made in steel, which
justifies the value of the constant (equal to 2.15∙105) in the expressions of Kpi and Kpo in case of steel
bearing. The most generic approach for two bodies in contact, which comes from theory of elasticity
[14], gives the following expression for the contact force (3.41), where (E1,ν1) and (E2,ν2) are referred
respectively to mechanical properties of the first and second contacting bodies. In this context, for
hybrid bearings E1 and ν1 refer to raceways (steel), whereas E2=450GPa and ν2=0.19 deal with balls
(silicon carbides).
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𝐹 = {(22.5 /3) [

(1−𝜐1 2 )

+

𝐸1

(1−𝜐2 2 )

−1

]

𝐸2

𝛿 ∗ −1.5 [∑ 𝜌]−0.5 } 𝛿𝑝 1.5

(3.41)

In equation (3.41) δp stands for the deformation at the contact, F is the normal load transmitted
between the contacting surfaces and δ* is the already defined dimensionless contact deformation. By
comparing equation (3.41) with the expression of contact force for linear radial stiffness theory of
rolling bearing reported in (3.42), then the generic formula of load-deformation contact for a single
point contact for hybrid ball bearings is obtained by dividing it for (δp)3/2, thus leading to equation
(3.43).
𝐹 = 𝐾𝑝 𝛿𝑝 1.5

𝐾𝑝 = {(

22.5
3

)[

(1−𝜐1 2 )
𝐸1

+

(1−𝜐2 2 )
𝐸2

−1

]

(3.42)

[∑ 𝜌]−0.5 (𝛿 ∗ )−1.5 }

(3.43)

If one applies equation (3.43) to the inner and outer ball-raceway contacts, the same expressions
previously reported for Kpi and Kpo are obtained, apart from the value of the constant A0 which in case
of hybrid bearings is different from the one adopted in [16]. This can be shown by grouping the
constant part of (3.43). If one substitutes (3.44), then rearranging (3.43) gives the generic expression
of Kp for ball bearings, as shown in (3.45). Then, this equation can be particularized both for the inner
and for the outer ring contact leading to expressions formally identical to equations (3.17) and (3.18).

𝐴0 = (

22.5
3

)[

(1−𝜐1 2 )
𝐸1

+

(1−𝜐2 2 )
𝐸2

−1

]

𝐾𝑝 = 𝐴0 [∑ 𝜌]−0.5 (𝛿 ∗ )−1.5

(3.44)

(3.45)

Indeed, by substituting steel average mechanical properties (ν1=ν2=0.31 and E1=E2=206GPa) into
(2.37) leads to A0≈2.15*105MPa, which gives exactly expressions (3.17) and (3.18) to assess Kpi and
Kpo for steel bearings.
In the following, hybrid bearings radial stiffness versus its centre deflection is presented in the same
way as for steel ones. In particular, in Figure 3.9 radial stiffness is plotted only for the minimum and
medium allowable bearing internal pre-load. Such trend proves even in this case the effect of bearing
radial pre-load in influencing bearing stiffness even for hybrid bearings, as stated in [18].
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Figure 3.9 – Hybrid ball bearing radial stiffness for different radial pre-loadings
Indeed, the obtained trends are analogous to the ones computed for the equivalent steel bearing, but
the average stiffness is bigger, as expected. As a matter of fact, in Figure 3.8 and Figure 3.9, two
curves are plotted for the same radial pre-loads, and the ones referred to the hybrid bearing (Figure
3.9) are shifted towards bigger stiffness with respect to the ones referred to the equivalent steel
bearing (Figure 3.8). Indeed, for x=0, it is easy to assess that an hybrid bearing is stiffer than a
geometrically equivalent steel one, and then such difference is kept for each value of bearing center
deflection, being equal the trend for hybrid and metallic bearings (that is, only the constant A0 is
different for the two cases, as already stated).
Finally, the medium value is assumed for hybrid bearing radial pre-loading to perform numerical
modal analysis . With such stiffness law, ball bearing elements are modelled in Ansys® environment.

3.4 Comparison of experimental and numerical results
In this section, the obtained experimental results will be shortly presented and compared with the
ones coming from rotor-bearings systems theoretical models in which the non-linear stiffness bearing
model is adopted. The first results deal with RK since they are the most simply interpretable, both
numerically and experimentally, as they come from analytic rotor system model combined with
metallic ball bearings non-linear stiffness model. Once ball bearing stiffness non-linear model has
been validated on the RK, it will be applied to FE models of industrial rotating machinery, namely a
micro-gas turbine and a bladeless turboexpander (air Tesla turbine) mounted on hybrid ball bearings,
as they represent two practical cases of respectively stubby and slender rotors, mounted on different
kind of ball bearings (dimensions, materials, and mounted contact angle in case of spindle bearings).
3.4.1

One DOF analytical model applied to RK

The rotor system model of the RK4 test rig is firstly studied according to classical one DOF Jeffcott
model by assessing ball bearing stiffness by means of the analytical model detailly described above.
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In the first part of the script implemented in Matlab® environment, bearing and shaft geometry are
described by means of the minimum number of required parameters. Refer to previous section for
bearing input data required, whereas for the shaft only its length and diameter together with
constituting material is sufficient in the case of the RK. Indeed, this is the reason why it has been
chosen as the first test bench to validate the employed bearing stiffness model, since it has a simple
geometry constituted by a unique material, differently from industrial rotating machinery that will be
presented at the end of this chapter. Moreover, it is possible to quantify rotor residual mechanical
unbalance, whereas in industrial rotating machinery an assumption on the degree of balance is
necessary to assess somehow the rotating force acting on the supports together with shaft static load.
In the second part of the script ball bearing stiffness on which the RK is mounted is assessed according
to the non-linear model, whereas shaft bending stiffness is assessed by means of elastic beam formula
supported by two hinges, according to equation (3.46), as well-known from linear elasticity theory.
𝑘𝐹 =

48𝐸𝐼𝑧
𝐿3

(3.46)

Where E is Young modulus of the material constituting the shaft (assumed to be 210GPa as the shaft
is made up of stainless steel ), Iz stands for shaft section area quadratic surface moment and L for
shaft length (bearing center to center distance, equal to 150 mm). According to Jeffcott rotor model
the shaft is assumed to be massless, and all its mass is reduced in the flywheel; such assumption is
coherent with the adopted experimental model since the fly-wheel mass placed at shaft midpoint is
heavier (weight 0.8 kg) than real shaft distributed mass. Finally, the resulting system flexural stiffness
keq is obtained by assuming the two ball bearings as two non-linear springs working in parallel,
whereas the shaft is modeled as a (linear) spring of constant stiffness in series with the bearings,
according to equation (3.47).
k 𝑒𝑞 =

2𝑘𝐵 ∗ 𝑘𝐹
2𝑘𝐵 + 𝑘𝐹

(3.47)

Where kF stands for shaft stiffness and kB represents bearing stiffness. In the experimental activity
conducted on the RK, the mechanical unbalance has been firstly reduced as much as possible, by
means of balancing masses mounted on the holes in the fly-wheel mass (refer to Figure 3.10); after
the rotor has been balanced in this way, it is possible to set static unbalance to an adjustable value. In
the present context, the aim is to impose a rotating force acting on the bearings; to this goal, the
unbalance mass phase is not so important as in rotor balancing process, and then the desired static
unbalance is obtained by adding a further mass of 0.2 g. in this way the mechanical unbalance is set
to 1 g*mm. indeed, RK diameter is 5 mm, and then it is possible to assess the rotating force acting on
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the supports. This is needed to make a balance between bearing non-linear restoring force and rotor
centrifugal force due to mechanical unbalance plus its total weight which gives back bearing center
radial displacement, which is necessary to compute bearing stiffness according to the presented
model. Such procedure will be explained more in detail for the practical industrial study case
examined hereinafter.

Figure 3.10 – Fly-wheel mass with holes for balancing masses
System first flexural critical speed is then obtained according to the classical formula reported in
equation (3.2). RK4 shaft is mounted on ball bearings of the following characteristics (essential input
data required for the code):
−

Bearing external diameter D=35 mm

−

Bearing internal diameter d=10 mm

−

Bearing thickness s=11 mm

−

Number of balls z=6

The experimental results are briefly reported in terms of both accelerometer and proximity probes 1X
order RMS value and a critical speed is detected by both the sensor at around 8912 rpm (refer to
Figure 3.11). The theoretical prediction is close to the obtained experimental result in this first case;
indeed, a numerical critical speed of 8107 rpm is found which underestimates the experimental value
by roughly 800 rpm thus leading to about 10% relative error in critical speed assessment.
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Figure 3.11 – 1Xrev RMS value of accelerometer and proximity sensors mounted on the RK
In the next section the results obtained from the four DOFs model are presented for completeness.
3.4.2

Four DOFs analytical model applied to RK

In this section system critical speed is assessed by means of the 4 DOFs Jeffcott rotor model. The
reference experimental results are the same and the procedure remains unchanged apart from
formulae complexity. Rotor geometry is the same, but this time inertia moments of the flywheel are
kept in account, thus making the model more realistic. Also the employed ball bearing is the same
but its stiffness becomes bidirectional, even if it is assumed to be equal in the two orthogonal axes.
This hypothesis of isotropic supports leads to a bearings stiffness matrix with null terms out of the
main diagonal, as it will be clear from its formula. Moreover, shaft rotational axis is assumed to be
coincident with one of flywheel inertia main axes (z axis) in system undeformed configuration. In the
first part of the script implemented in Matlab® environment, system geometry is described, and with
respect to 1DOF model flywheel inertia moments are computed according to the following equations
(3.48).
𝐼𝑧 =

1
𝑚(𝑟1 2 + 𝑟22 )
2
1

𝐼𝑥 = 𝐼𝑦 = 12 𝑚(3 ∗ (𝑟1 2 + 𝑟22 ) + ℎ2 )

(3.48)

Where m stands for flywheel mass (0.8 kg), r1 and r2 are respectively flywheel internal (5 mm) and
external radii (37.5 mm), and h is flywheel thickness (10 mm). The cylindric shaft is assumed to be
massless and its surface quadratic moment is computed according to the following equation (3.49)
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𝐽𝑧 =

1
𝜋𝐷4
64

(3.49)

Where D is shaft diameter (also equal to internal flywheel and bearing internal diameters). The
general expression of bearing stiffness matrix is obtained as follows, but in this context, we assume
k1=k2=kB. In analogous way to the 1 DOF case, this is the contribution to system overall stiffness due
to only bearings flexibility, whereas shaft stiffness matrix represents solely the rotor flexibility.
Indeed, in the hypothesis of linear elastic theory the effects can be superimposed, as previously done
for the 1 DOF model. Moreover, bearing non-linear stiffness law can be linearized around an
equilibrium position, and in this case the scalar value of kB is assumed to be the same of 1 DOF case.
𝐾𝐵 = [

𝑘1 + 𝑘2
−𝑘2 𝑐 + 𝑘1 𝑐

−𝑘2 𝑐 + 𝑘1 𝑐
]
𝑘1 𝑐 2 + 𝑘2 𝑐 2

(3.50)

Where k1 and k2 are bearing stiffness respectively in directions x and y and c is the distance between
bearing and system center of mass (that is, half of shaft length). Therefore KB becomes as follows:
𝐾𝐵 = [

2𝑘𝐵
0

0
]
𝑘𝐵 𝐿2 /2

(3.51)

Once bearing stiffness matrix KB has been computed, then shaft stiffness matrix KS can be assessed
according to equation (3.52), which holds for an elastic beam supported by two rigid hinges.

𝐾𝑆 =

12

𝐸𝐽𝑧 𝐿
𝑐(L − 𝑐)
[

𝐿2 − 3𝑐𝐿 − 3𝑐 2
𝑐(L − 𝑐)
𝐿 − 2𝑐
−6
𝑐(L − 𝑐)

−6

𝐿 − 2𝑐
𝑐(L − 𝑐)
4

(3.52)
]

Finally, in order to assess the resulting system stiffness matrix Keq, the same procedure is followed,
that is, the two ball bearings are regarded as two springs working in parallel, while the shaft is thought
as a further spring in series with the bearings. In this case, such equivalent stiffness matrix is obtained
by multiplying element per element of each matrix at the numerator, as reported in equation (3.53)
according to Matlab syntax.
𝐾𝑒𝑞 =

𝐾𝑐 .∗ 𝐾𝑎
𝐾𝑐 + 𝐾𝑎

(3.53)

Once system equivalent stiffness matrix has been computed, its critical speed can be assessed by
means of the following formula, reported in equation (3.54).

77

2

𝑊𝑐𝑟 =

√

2
𝐾11 (𝐽𝑝 − 𝐽𝑡 ) − 𝑚𝐾22 ± √[𝐾11 (𝐽𝑝 − 𝐽𝑡 ) + 𝑚𝐾22 ] − 4𝑚(𝐽𝑝 − 𝐽𝑡 )𝐾12

(3.54)

2𝑚(𝐽𝑝 − 𝐽𝑡 )

Where m stands for system total mass, Kij represent the elements of Keq whereas Jp and Jt respectively
represent flywheel polar inertia moment (previously referred to as Iz) and transversal one (previously
referred to as Ix, equal to Iy due to symmetry). The obtained results in terms of predicted critical speed
are close to the 1 DOF case, with a significant complication in terms of coding.
3.4.3

FE model applied to air Tesla turbine

In technical literature there are still few papers dealing with Tesla turbine rotordynamics. The research
activity performed in [12] deals with the validation of a dynamic simulation by means of experimental
results about the vibrational rotordynamic response of a Tesla turbine tested in simplified working
configurations.
This section is structured as follows: firstly, the rotordynamic experimental results coming from a
3kW air Tesla turbine installed at a suitable test rig operating in generation mode are briefly presented.
Afterwards, the numerical model of air Tesla turbine rotor-bearings system based on beam elements
is explained in detail. Finally, the obtained results coming from such reduced FE model, in terms of
numerical modal analysis, are compared with system experimentally detected critical speeds.
The investigated air Tesla turbine is characterized by the geometric characteristics reported in Table
3.1. Its rotor is made up by several flat, smooth disks with a central opening for exhaust flow. A
constant gap between neighboring disks is ensured by employing suitable spacers. The whole shaft is
supported by hybrid ball bearings placed at the ends of the generator, while the turbine is mounted
cantilever architecture [12].
Table 3.1 – Tesla turbine geometric characteristics
Air Tesla turbine
Outer diameter of disk, mm

120

Inner diameter of disks, mm

60

Number of nozzles

1, 2 and 4

Gap between disks, mm

0.1

Disk thickness, mm

0.1

Number of disks

120

Nozzle angle, degree

2.2

Type of nozzle

Convergent
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A suitable test rig had been already employed to characterize Tesla expander rotordynamic
performance, and it is reported in Figure 3.12. Such experimental test bench is made up by both an
expander and a high-speed generator within a single casing, an adequate turbine casing support, an
air feeding system and mass flow controllers together with a power dissipation system.
A high-speed generator is employed to apply load on the turbine by keeping a constant angular speed.
The mechanical power extracted by the turbine is converted in heat by means of thermal load resistor.
Turbine air supply is obtained by means of suitable connection lines which are derived from the three
mass flow controllers. Such mass flow controllers are employed to supply the wished air quantity into
the turbine acting by remote. Stator and rotor design allow to modify some parameters to assess their
effect on turbine performance. Moreover, it is possible to tune the number of disks, the interposed
gap between them and nozzle geometry without modifying the other turbine elements. Finally, the
whole casing is supported by means of four springs which are connected to a main supporting frame.
Such configuration makes possible an easy access to all air feeding lines through eight ports and
allows to significantly decouple turbine operating vibrations from the ones of its support frame.
The employed measurement system relies on several sensors to detect machine characteristic curves.
In this context, focus is stressed mainly on rotordynamic measures, so that only the probes which are
not related to the machine performance experimental characterization are described hereinafter. In
particular, accelerometers and a tachometer (i.e. phase sensor) are the only essential sensors to
conduct an experimental rotordynamic analysis; in this case, a triaxial accelerometer (with a nominal
sensitivity of 10 mV/g) is placed on machine casing close to bearing housing, while a photoelectric
phase sensor (with a response time of 200 µs for full output) is located facing machine rotor to detect
its angular speed. The following Figure 3.12 reports in detail probes placement in the investigated
test rig. In such simplified tested configuration, the machine is mounted on hybrid bearings, that is,
rolling bearings whose raceways are made of steel while the balls are made in ceramic materials (in
this specific experimental study case Tesla turbine is furnished with silicon carbides hybrid bearings).

Figure 3.12 – Accelerometer and phase sensors placement
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The employed acquisition system is based on Siemens Scadas to allow high frequency sample rate.
In Figure 3.13 the trends of the two first engine orders detected by the accelerometer are reported in
terms of their root mean square (RMS) values. The two considered order trends exhibit an amplitude
peak ascribable to a rotor-bearings system resonance at about 545Hz; indeed, order 1Xrev amplitude
trend shows a significant energy increase when the turbine speed approximates 32700rpm, whereas
order 2Xrev increases its energy at around 32990/2=16495rpm. This confirms that a rotor-bearings
system critical speed is identified, since both the considered orders can significantly amplify system
vibrational response in correspondence with one of its flexural natural pulsation frequencies. Indeed,
order 2 is characterized by lower energy with respect to order 1, and this agrees with rotating
machinery theory which states that “secondary critical speeds”, that is, the ones excited by order 2
are less dangerous than primary ones (that is, system critical speeds excited by order 1), which are
commonly referred to as “critical speeds”. However, in this context order 2 trend is reported only
with the aim to prove that a system critical speed is actually excited: the amplitude peak due to 2X is
not relevant in overall system vibrational response. Finally, in the graph the critical speed is not shown
since the machine was stopped before reaching it in order to avoid mechanical damages
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Figure 3.13 – Accelerometer 1X and 2X engine orders analysis
The devised FE model based on beam elements is presented in detail hereinafter. The tested rotorbearings system is modelled in Ansys® environment by exploiting several type of lumped parameter
elements, in order to ensure low computational costs and ease of application. On the other hand, if
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one wishes to properly consider the effects of both distributed inertia and stiffness of the actual
system, some preliminary assumptions must be clearly stated; indeed, the weight of such simplifying
hypothesis will unavoidably lead to some discrepancies with experimental data, but this is known a
priori. Tesla turbines are complex fluid machines made up of a large stack of thin disks [12], whose
structural dynamic behaviour cannot be simply studied as an equivalent lumped inertia and neither as
a simple disk, with the others behaving in the same way, as proposed in [17]. Nonetheless, it is
possible to investigate in a simplified way Tesla turbine rotordynamic behaviour in some regions of
its whole operating range; indeed, it is somehow reasonable that when disks vibration modes are
characterized by natural frequencies far from the whole rotor-bearings system ones (since Tesla
turbine disks are very thin while the motor shaft is stubby), one can separate disks vibration modes
effects with respect to rotor modal shapes; indeed, in this context, rotor assembly is modelled as an
equivalent beam with lumped inertias representing the disks. However, only in the low frequency
region rotor and disks modal shapes can be thought as decoupled, while at higher ones (i.e. above
rotor assembly first critical speed) disks stack dynamics becomes intrinsically coupled with rotor
assembly one. In this context, attention is stressed in correctly predicting rotor-bearings system
critical speed as a whole, thus it is allowable to neglect disks modal shapes and focus on assembly
natural frequencies substituting Tesla turbine thin disks with equivalent lumped inertias.
In the following, a list of the main components of the investigated air Tesla turbine together with the
equivalent lumped inertia and stiffness elements proposed to model the actual system is given in
detail. Before of doing such a modelling of the bladeless turboexpander, all the element types
employed in the FE analysis in Ansys® environment are presented and their characteristics are
emphasized. The FE model of the whole rotor is made up with beam elements, equivalent lumped
inertias and masses and finally even with hybrid ball bearings stiffness assessed in section 2; in
numerical modal analysis within Ansys®, stiffness is required as a constant parameter; to overcome
this issue, an equilibrium position for bearing centre is found between shaft external loads and bearing
non-linear restoring force according to equation (3.55). External load is assumed to be equally
distributed in the two bearings. Further assumptions are necessary to suppose rotor eccentricity e, as
it is not an easily measurable quantity. Basing on workshop data, Tesla turbine has a degree of balance
G equal to 0.1. By means of ISO 1940-1 [19] one can obtain e, for each angular speed below system
first critical speed, as it relies on the hypothesis of rigid body (valid only far from rotor flexural critical
speeds). In the present context, an average e is assumed below the expected system first critical speed
(based on previous FE simulations) for nominal Tesla turbine angular speed. By doing so, the cubic
equation (3.55) is solved in terms of x, and the only real positive solution is selected as physically
meaningful.
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𝑚𝜔 2 𝑒+𝑚𝑔
2

= 𝑘𝑥 =>

𝑚(𝜔 2 𝑒+𝑔)
2

= (𝑎𝑥 − 𝑏𝑥 2 )𝑥

(3.55)

Subsequently, according to the obtained current bearing centre deflection, radial stiffness is assessed
according to either equation (3.33) or (3.34). Such obtained value is then set in Ansys® to perform
rotor-bearings system numerical modal analysis.
The employed elements in Ansys® to model the investigated physical system are mainly BEAM188,
MASS21, COMBIN14, TARGE170 and COMBI240. As already mentioned, BEAM188 elements,
which rely on analytical shape functions, are the fundamental structural entities in place of solid
elements previously employed in other Tesla turbine structural models [17]. They are based on
Timoshenko beam theory, that is, shear-deformations effects are not neglected, and represent the most
recent element developed in Ansys® to model three-dimensional beams. In this context they are used
to model turbine shaft together with its other main rotating structural elements. Then, MASS21
elements are employed as they stand for lumped mass elements, in order to model the equivalent
inertia moments of the disk stack and of other assembly components. COMBIN14 are spring-damper
elements with no mass, that is, without any inertial properties, which are employed to place lumped
stiffness effects (in this context only spring capability is enabled, while damping one is disabled) in
order to model equivalent stiffness of assembly components regarded as lumped parameters elements
(e.g. disk stack flexural properties). COMBIN214 are two-dimensional spring-damper bearing
elements, which are similar to COMBIN14 ones, but they are more suitable to deal with bearings,
and hence they are used to model hybrid bearings. Finally, TARGE170 elements are used to model
contacts (due to friction between rotating and frame-fixed parts) , and in particular frictional ones, for
example to couple shaft surface within the bearing (even if in this case this contact is set as bonded,
that is, frictionless, but this element is anyway necessary to close the model and make it run).
Regarding the mesh, in numerical modal analysis, it is well-known that the minimum element
dimensions must be set in such a way that the maximum frequency of interest can be detectable []; in
this context, mesh refinement is then chosen in order to be able to capture at least up to the expected
first system critical speed.
In the following, a brief explanation of how beam-based model is devised and in particular a
justification of the division between different beam elements, due to geometrical or constituting
materials discontinuities is discussed. In Figure 3.13 a sketch of beam subdivision is shown for clarity.
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Figure 3.13 – Beams subdivision of simplified Tesla turbine structural model
Firstly, equivalent inertial properties for the two ferrules (depicted as A and B in Figure 3.13), for the
disks stack (denoted by C in Figure 3.13), for the short bushing (denoted by D in Figure 3.13), for the
electrical generator rotor (data sheet of mechanical properties by the constructor, denoted by E in
Figure 3.13) and for the long bushing (denoted by F in Figure 3.13) are set basing on real components
dimensions as well as on mechanical properties of their constituting materials. Subsequently, the shaft
line is divided into segments which correspond to beam elements whose cross section inertial
properties uniform, according to real system properties. Starting from the left side in Figure 3.13, the
first beam starts from turbine discharge side and covers the length of the first ferrule. The second
beam goes from the first ferrule barycentre and ends with the disks stack centre of mass. The third
beam starts with the end of the disks stack and ends with the beginning of the flush. The remaining
part of the shaft has a same diameter but needs to be divided into different beams because of
constraints (bearings and bushings). Indeed, its structural model is made up by different beams: the
first one starts from the flush and arrives to the first bearing on the turbine side. The second one goes
from this bearing to the long bushing centre of mass. The third one starts from the long bushing
barycentre and ends with the generator rotor centre of gravity. The fourth arrives to the short bushing
centre of mass. The fifth goes from the short bushing barycentre until the second bearing. Finally, the
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sixth part arrives to the second ferrule, while the last one covers the entire length of the second ferrule
(on the left of B in Figure 3.13).
In the following, the obtained numerical results are presented in terms of Campbell diagram in order
to assess numerically predicted critical speeds. In Figure 3.14 such diagram is reported for the
simulated rotor-bearings system. Campbell diagram presents in the abscissa system actual rotational
speed whereas on the ordinates system natural frequencies are reported. When the so modelled rotor
assembly is excited by an operating forcing (that is, when the system is rotating) it is excited by
synchronous frequency due to mechanical residual unbalance which could match some of system
natural flexural frequencies. In this case, torsional and axial natural frequencies are at higher levels.

Figure 3.14 – Campbell diagram of the modelled Tesla turbine
From such plot a pair made up by backward whirling mode together with a forward whirling one
which are excited by synchronous frequency (i.e. 1X engine order). Nonetheless, only the forward
mode can be excited because it is in phase with the operating force, and hence this intersection
represents the only excitable system critical speed. Both of such critical speeds are associated to an
out of plane modal shape, that is, these vibration modes are due to Coriolis acceleration effect. The
modal shape related to such identified vibration mode natural frequency (that is, critical speed divided
by twice PI Greek) is reported in Fig. 3.15.
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Figure 3.15 – Modal shape associated to system first vibration mode
Numerical modal shape associated with the equivalent rotor-bearings system first critical speed is
characterized by only one node, and this is coherent with the first bending vibration mode, whose
associated modal shape typically presents two antinodes, as for analytical solutions of unifilar study
cases. The correlation between simulations and experimental results obtained with hybrid bearings is
overall good, even if numerical results are not perfectly in agreement with experimental ones; this
minimal mismatch in critical speeds prediction can be ascribable both to the beam-based FE model
employed, which causes a stiffer behavior of the rotor with respect to solid elements, and to a partial
uncertainty in bearing stiffness determination, which is mainly due to bearing radial pre-loading
assessment.
3.4.4

FE model applied to microturbine

In this section bearing non-linear stiffness model is applied to an industrial microturbine mounted on
metallic ball bearings in order to perform system numerical modal analysis. In this case, shaft
geometry and materials are more complex than in the previous ones, therefore system structural
modeling is not trivial, and several rotor models are devised with an increasing level of complexity
in order to faithfully reproduce its experimental behavior. Moreover, the procedure is similar but as
for the Tesla turbine, since an aprioristic assumption on residual mechanical unbalance must be done,
because the degree of balancing given by the manufacturer is not always reliable and varies with
machine usage time. Such microturbine is manufactured by the company “Advanced MicroTurbines
S.r.l.”, a spin-off from the Italian Institute of Technology (IIT) and it is fed by compressed air ; indeed,
it is employed for energy harvesting in those applications where pressure energy is available but it is
typically dispersed in the environment, like in security valves where the energy is commonly wasted.
Due to confidentiality issues, in the present section turbine exact dimensions and quantitative
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drawings are not presented in detail, but anyway qualitative sketches are presented to illustrate its
geometry. The microturbine system is made up by a fluid dynamic part, which converts fluid pressure
energy in rotational motion, and by an electric one, which converts the extracted mechanical power
into electric one. The fluid dynamic part is mainly made up by an aluminum rotor furnished with
blades and stator channels which address the flow in the rotor. A picture of this part is reported in
Figure 3.16, which gives an idea of microturbine dimensions with respect to a common coin.

Figure 3.16 – Detail of microturbine fluid dynamic part
The electric part is made up by a cylindrical permanent magnet, generator stator coils and external
regulation electronics. Indeed, the peculiarity of such microturbine is that it carries out in only one
component the typical duty of two different components, that is, turbine and generator ones, thus
leading to a more compact design. Microturbine rotor is supported by two conventional ball bearings
of small dimensions which are manufactured ad hoc for this application; indeed, they are customized
in such a way that the rotor can reach and go beyond angular speed up to 100000 rpm. Their
dimensions are not reported due to confidentiality but the procedure to assess their stiffness is
identical to the Tesla turbine case. They are mounted in a purely radial configuration as in the RK.
The system made up by mechanical stator and rotor and by electric stator is shown in Figure 3.17,
where it is contained within an aluminum compact cover clearly visible in the picture.
Firstly, experimental results in terms of system first flexural critical speed are briefly presented and
afterwards the employed models are shortly described in order to compare their predictions with
experimental outcomes.
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Figure 3.17 – Electronic board and aluminium cover of the microturbine
An experimental modal analysis of the microturbine had been previously performed by means of the
impact technique in order to identify vibration modes of both the rotor and the frame. By relying on
the hypothesis on system linearity, the reciprocity principle can be assumed and therefore “rowing
hammer” technique is applied, that is, system response is detected by means of accelerometers located
at structure points of interest while the instrumented hammer is exploited to obtain an impulsive
excitation in each point of the experimental mesh. Such preliminary experimental activity had been
carried out by means of a “Bruel & Kjaer” mono-axial accelerometer and a PCB modal microhammer furnished with load cell to at its end to detect the applied force and then to compute structural
experimental FRFs. Data acquisition and processing system employed is the portable LMS
Roadrunner Mobile which is suited for measurements on the field. Moreover, in order to better detect
the onset of experimental critical speeds in run-up and coast-down tests, two PCB triaxial
accelerometers are employed to acquire system response in three orthogonal directions at the same
time. The employed digital processing and measurements elaboration software is LMS Test Lab, as
in all the presented experimental campaigns. The triaxial accelerometers are placed at microturbine
discharge zone and at the fluid inlet area, as observable in Figure 3.18, and the ramps are acquired
while the machine is simulating a typical working condition. In this way, a more realistic behavior
with respect to the experimental modal analysis previously conducted with the shaft stopped is
detected that will be compared with numerical FE simulations.
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Figure 3.18– Instrumented microturbine for run-up test acquisitions
Only the experimental results related to the acquired microturbine ramps are presented since they
represent the most interesting and directly interpretable ones. In particular, the trends of the first
engine order (1X) detected by the two employed triaxial accelerometers are reported in Figure 3.19
in terms of their amplitude. From the reported graph it is clearly identifiable a rotor-bearings system
mechanical resonance at around 64000 rpm, which is excited by the synchronous frequency (1X) that
induces vibrations characterized by significant amplitude which are detected by both the sensors in
all the directions. It is interesting to observe that accelerations amplitude detected by the
accelerometer located at the turbine discharge are bigger in the components along X and Y axes with
respect to the vibration amplitude along Z axis.

Figure 3.19 – Triaxial accelerometers 1X engine order analysis
In the following Figure 3.20 the trends relevant to the second engine order (2X) detected by the
triaxial accelerometers are shown, from where it can be noted that an amplified vibrational behaviour
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is still found at angular speeds around 64000 and 85000 rpm. Moreover, the onset of a small amplitude
peak at about 32000 rpm furtherly confirms the hypothesis of a rotor-bearings system mechanical
resonance close to 1070 Hz (that is, about 64000 rpm); indeed, such resonance in this case is excited
by twice the synchronous rotational frequency (2X) and therefore it is expected to occur at half of its
natural pulsation frequency (1070/2=535 Hz).
Finally, the other amplitude peaks which are found at angular speeds close to 65000 and 85000 rpm
are probably ascribable to system non linearities which transmit a vibrational contribution due to
1Xrev energy to the 2Xrev thus generating a peak at 65000 rpm, whereas the contribution at 8500
rpm is probably attributable to the excitation due higher engine orders, between whom 3Xrev.

Fig. 3.15 – Triaxial accelerometers 2X engine order analysis
The rotor assembly to be simulated is reported in Figure 3.21 in a 3D CAD representation. With
respect to the real assembly some assumptions are made to simplify numerical model geometry in
order to perform numerical modal analysis on an equivalent symmetrical revolution solid, as
recommended by Ansys® guide. Indeed, it is not suggested to numerically assess system critical
speeds by means of Campbell diagram for not axisymmetric rotating elements in the case of a fixed
reference system is employed (indispensable when the structural simulation comprises also
microturbine frame).

Figure 3.21 – 3D CAD of real rotor assembly to be simulated
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It must be remarked how shaft complexity yields to not reliable results obtained by 1DOF and 4 DOFs
analytical models, therefore these are not reported for brevity whereas only numerical results are
compared with experimental ones. However, the simplified shaft geometry made up by three
contiguous layers of different materials and dimensions was modeled as three bending stiffness in
parallel which acts in series with the radial stiffness of the two bearings. An equivalent rotor-bearings
system was obtained and then its flexural natural pulsation frequencies were obtained but the
agreement with experimental result was poor.
In order to gradually increase model complexity a beam-based FE structural model was implemented
by means of APDL interface within Ansys® environment. Such simplified numerical model relies on
the already introduced BEAM188, MASS21 and COMBIN14 elements; BEAM188 elements are
employed to model the three different cylindrical parts which made up the rotor assembly: the one of
smallest diameter represents the two areas of placement of the bearings, the biggest one represents
shaft central part which has as external radius the root of rotor blades and the one with intermediate
diameter represents the two shoulders which divide the above-mentioned parts. A comparison
between the 3D original CAD and the devised beam-based FE model is given in Figure 3.22.

Figure 3.22 – Comparison between CAD geometry and beam-based FE model
MASS21 elements are exploited to represent the contribution to overall system mass and inertia due
to rotor blades made up by aluminum and to the permanent magnet. The input data to be applied in
the centerline of the beam elements model have been obtained from the original 3D CAD by
excluding the central zone already simulated and by assigning to the two components their respective
densities. Anyway, bearing stiffness law is taken into account together with shaft FE model, in such
a way that both rotor and bearings stiffness contributions to overall system flexibility are properly
assessed. To this aim, COMBIN14 elements are initialized with the stiffness values obtained
according to equation (3.xyz), under the assumption of G=0.1, whereas damping coefficients are null.
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The employed values for radial stiffness are in the order of magnitude of ten million of N/m, whereas
axial stiffness can be neglected since the interest is stressed to lateral vibration modes in x-y plane.
The spring elements (COMBIN14) which represent bearing stiffness are fixed to the frame by
constraining all their DOFs. Moreover, in order to avoid physically meaningfulness natural
frequencies to occur in numerical modal analysis results, all the model DOFs referred to the
displacement along z direction and to rotation around z axis are constrained. At this point the beambased FE model with all the updated constraints ready for the analysis appears as in Figure 3.23.

Figure 3.23 – Beam-based FE model with updated constraints
The obtained Campbell diagram for such simplified FE model is reported in Figure 3.24 and it shows
that no natural flexural frequencies are reached within machine whole operating range thus not giving
rise to significant critical speeds at least excited by 1X and 2X engine orders.
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Figure 3.24 – Campbell diagram relevant to simplified FE model modal analysis
Finally, a three-dimensional FE model based on real rotor geometry is devised which relies on solid
elements for spatial discretization, in order to look for a better agreement with experimental results.
In such microturbine modeling its blades have been substituted by a concentric layer comprised
between the internal part made in aluminum and the external one made up by the magnet in such a
way that such cylinder equivalent density corresponds to the blades one. The correct density has been
set by making total shaft mass and inertia moments to be as close as possible to the ones of actual
geometry. In order to tune such structural model, Workbench interface has been exploited within
Ansys® environment. Indeed, it allows a more direct and simpler interaction when dealing with
complex geometries with respect to APDL, that is more suitable for simplified structural models. In
any case, the procedure is conceptually analogous, it is only different the way of implementing it.
The main advantage of such approach is its intuitiveness, but it presents the drawback of a lack in the
control and in a loss of deep comprehension of each instruction which is typical of APDL interface.
First, model constraints are imposed in such a way that only the rotational degree of freedom is left
free. The rotor is then fixed to the ground by means of springs, whose stiffness is representative of
actual ball bearings supporting the shaft. In this case, in order to perform a reliable numerical modal
analysis, spring axial stiffness is set bigger than real one since the interest is mainly on system flexural
critical speeds. To this aim, radial stiffness is imposed in x and y direction according to the non-linear
stiffness model. The so constrained model is shown in Figure 3.25. In order to allow the solution, all
the parts which made up the assembly are assigned to material properties found in Ansys® libraries,
and then between the concentric cylinders a contact condition is needed. To simply overcome this
issue, the connection between two contact surfaces is assured by assuming a stiffer surface with
respect to another and this is made by default by the software in order to obtain a solution. Two
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contact surfaces are generated in this case, namely a target one on the internal surface of the
cylindrical magnet (regarded as stiffer or in any case discretized with a coarser mesh) and a contact
one on the external surface of the layer equivalent to rotor blades (regarded as less stiff or in any case
discretized by means of a refined mesh). After all model contacts have been properly set, it is essential
to delete all the geometrical surface entities imported by the CAD, in order to allow a volumetric
discretization of the model. Indeed, 3D model mesh is obtained by means of solid elements and
therefore no surface entities must still be present, otherwise the structural elements, which are always
at higher level of hierarchy with respect to geometrical ones, could not be defined properly elsewhere
in the model. After this has been ensured, a mapped mesh has been generated where it was possible,
in such a way that the minimum element dimensions could allow to detect the maximum frequency
of interest, according to Nyquist principle applied in spatial domain, in order to avoid aliasing. Indeed,
differently from static analysis, here the mesh refinement is not related to the accuracy of the obtained
results in terms of primary (i.e. forces and displacements computed at the nodes) and secondary
results (stress and strain computed for each model node), but to the maximum detectable frequency
(or equivalently, angular speed). In this case the interest is mainly on the first system flexural critical
speed and then this constraint is easily satisfied without requiring too high computational times by
imposing “Minimum Edge Length” equal to 0.007 mm. It is fundamental to assess the obtained mesh
quality before entering the solution routine, and this can be made by means of automatic mesh quality
checks, in terms of elements aspect ratio. Once mesh quality has been checked, the final settings for
modal analysis, must be defined, the most important of which are the number of vibration modes to
be found and the number of points (i.e. angular speeds) to be computed for Campbell diagram
visualization. Other “Analysis Settings” which are imposed are the presence of “Coriolis effect”, to
consider gyroscopic effects, and the presence of damping, needed in case of harmonic analysis.
Moreover, the rotational axis must be defined before proceeding to the solution. Even the solver can
be chosen, but in this case the default settings are not changed.
In this context the number of vibration modes is limited to 6, and therefore angular speeds to be
computed are 6 with maximum value equal to 10krad/s (roughly 100krpm), while the Z axis is set as
rotational one, according to model constraints. Finally, even the total deformations are required in
“solution” routine in order to visualize the modal shapes associated to system natural pulsation
frequencies reported in Campbell diagram which are excited by the first engine order (1X) thus giving
rise to system (primary) critical speeds.
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Figure 3.25 – 3D FE model with constraints and simplified rotor blades geometry

The so computed Campbell diagram is reported in the following Figure 3.26, where it can be observed
that no mechanical resonances are excited by synchronous frequency the operating range 0-100krpm.

Figure 3.26 – Campbell diagram relevant to 3D FE model modal analysis
As it can be seen from the obtained Campbell diagram, the imposed shaft rotation has induced a rigid
motion at zero frequency, which is identified by the software as the first vibration mode, even if
physically not meaningful. The second and third vibration modes are related to system first flexural
natural frequency with a locked frequency equal to 2036Hz. The fourth and fifth vibration modes are
related to system second flexural natural frequencies which are subjected to gyroscopic effects. The
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sixth vibration mode is related to system axial natural frequency which is not of interest and whose
value is not significant since the axial motion has been constrained by means of a very stiff equivalent
spring, in order to not interfere with flexural vibration modes which are the only ones of interest here.
The only critical speed to be excited by engine order 1 is found at about 8841 rad/s and it is due to
system fourth vibration mode, which is a flexural BW mode. Therefore, this is only a theoretical
critical speed, since it is in phase opposition with respect to synchronous rotation and hence it cannot
excite the structure.
All the modal shape relevant to the previously identified vibration modes are reported in Figure 3.27.
As it could be expected the flexural modes involve a deformation of both the supports (bearings) and
the shaft. In this case, being rotor bending stiffness comparable to bearings one, not purely flexural
modal shapes are found, but a mixture of different deformative behaviors due to system complexity.

Figure 3.27– First six modal shapes of rotor-bearings system
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4

Hydrodynamic bearings unstable behavior and fluidstructure interactions

In some rotating machinery for specific industrial applications the driving as well as resistance
torques or the inertias reduced to the rotation axis may be nonstationary, thus affecting system
dynamics. Under such operating conditions, in some peculiar cases torsional response and rotational
motion irregularity may influence system lateral vibrations.
The present work shows how such coupling phenomena may become significant in particular
conditions, where the occurrence of fluid-structure interactions causes a reduction in stability
threshold of hydrodynamic journal bearings and torsional energy yields a hysteresis behavior in
system synchronous lateral response. A hypothesis based on Hopf bifurcation theory (HBT) is
formulated in order to justify how and under which operating conditions such coupling phenomenon
can develop. In order to validate such hypothesis, an experimental campaign is performed on a realsize shaft line including a TG rotor for heavy-duty power plants mounted on hydrodynamic bearings.
The detected rotor-bearings system lateral operating response is found to become more complex in
presence of a pulsating driving torque inducing significant angular speed oscillation as well as a
dynamic perturbation, which causes strong coupling from torsional to lateral vibrations. Such
coupling entity has been experimentally found to be dependent from excitation frequency with respect
to revolution one. Particularly, localized hysteresis and jump-up phenomena are detected in trends of
fundamental order contents measured during run-up and run-down tests when such torsional response
is present. Consequently, a hydrodynamic bearing numerical model is built that can solve thin film
dynamics equations in unsteady conditions in order to quantify journal lateral vibrations amplitude in
presence of both an angular speed oscillation and a dynamic perturbation, characterized by welldefined amplitude and characteristic frequency.
The proposed approach, validated by means of both suitable measurements and numerical
simulations, can justify the existence of such coupling phenomena. The detected anomalous response
characterized by localized hysteresis is ascribable to journals unstable behavior onset within
hydrodynamic bearings due to operating angular speed irregularity related to an induced torsional
vibration.

4.1

Introduction

The individual behavior of rotordynamic components may strongly affect the performance of a
generic whole mechanical system (e.g. rotor-bearings systems), thus making its dynamical
operational response more complex and less predictable with respect to its expected behavior in terms
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of theoretical and numerical classical models (e.g. contributions of aerodynamic bearings in system
rotordynamics [1,2]).
The interpretation of stability threshold change phenomena that may arise within the mechanical
system and the way in which they can affect the dynamical response of rotating machinery still
represents a topic of great interest.
4.1.1

Nature of the issue

Hydrodynamic journal bearings play a significant role in determining stability threshold of real-size
rotors when they are forced to work far from their on-design conditions [3]. Indeed, in particular
industrial application cases some irregular external or internal loads, capable of influencing the
rotational speed and not properly taken into account in journal bearing preliminary design, may
modify the dynamic stability threshold of such hydrodynamic supports. For instance, an unsteady
component in the driving torque or variable reduced inertia that causes a significant torsional response
may modify journal bearings vibrational behavior and might even lead to a coupling between shaft
line torsional and lateral vibrations. In such cases, the detected system response may become
anomalous with experimental evidence of hysteresis and jump-up between run-up and run-down
curves. The subsequent investigation becomes very complex, as it is not trivial to identify and isolate
the causes of such unexpected behavior. Such instability phenomena are deeply investigated in the
present work by employing and testing a real-scale rotor-bearings system. Indeed, their practical
implication may become very influential. In example, when vibration amplitudes overall values must
be optimized, the above-mentioned behavior makes very challenging to improve system dynamics.
When investigating dynamical behavior of complex mechanical system involving several degrees of
freedom, under given external conditions, operational response can be also ascribable to coupling
phenomena. Their entity may vary in a significant way, causing more or less marked cross-coupled
behavior. In some cases, such operating response might be related even to hysteresis phenomena,
which cannot be simulated by means of classic linear models. A typical example is represented by
particular rotating machinery applications, whose response is not easily interpretable by means of
standard aprioristic knowledge, as shaft torsional and lateral dynamics are not completely
independent. In the most recurring case, as reported in [4-5], rotor torsional response is influenced by
lateral vibrations. Indeed, technical literature concerning this topic can be summarized in two main
classes; the first category of manuscripts includes works investigating the influence of lateral
vibrations on torsional response. Particularly, some papers ([6-7]) present examples where such
coupling is somehow ascribable to the presence of gearboxes or complex devices like multi-disk
mechanical systems. Furthermore, in case of weakly damped rotor systems, a related instability onset
may influence the machine functioning [8]. Other cases where lateral vibrations affect the torsional
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response are studied in [9-11], where the cause is identified in the mechanical unbalance, which
makes up the main external force acting on the system. In [10] such experimental evidence is also
confirmed by resorting to FE models. A first example of different coupling mechanism direction is
studied in [12], where an energy transfer from torsional to lateral vibration occurs, which is due to
the presence of an interposed gearbox. The works presented in [13-14] discuss coupling phenomena
involving rotating machinery due to rubbing between rotor and frame in presence of cracked shaft
and rotor anisotropy, respectively. If strong non-linearities are present, the onset of a hysteresis loop
due to coupled lateral and torsional response leads to a different behavior between run-up and rundown curves [15]. The coupled torsional-lateral dynamics has also been studied both analytically and
experimentally in [16], where the case of a motor pump assembly is considered.
The work presented in [17] shows how torsional vibrations can interact with lateral ones in a
mechanical system by means of both discontinuous friction and intrinsic cross-coupled behavior of
torsional and lateral dynamics. The authors investigated both numerically and experimentally, by
means of a custom designed prototype, the interaction between lateral vibrations caused by mass
unbalance and torsional ones; such interaction may be due or to system intrinsic coupling between its
lateral and torsional structural dynamics or it may happen by means of discontinuous friction torque.
Furthermore, they proved both with experimental tests and numerical results that a bigger mechanical
unbalance can lead to a stabilization of torsional response, thus making disappear the friction-induced
limit cycle. The authors of [18] have performed a numerical investigation about vibrational response
in a gear-rotor-bearings system, where the influence of gear eccentricity fluctuations is considered;
indeed, the effects of an interposed gearbox in a shaft line are taken into account by varying mesh
stiffness to assess dynamic system response since they are expected to relevant in causing a marked
coupled torsional-lateral behavior.
The effects of geometrical non-linearities are discussed in [19] due to rotor’s long overhangs, which
exhibits a hysteresis cycle between run-up and run-down curves. In such particular case, the authors
have observed that the described response is mainly attributable to the influence of overhang on
operating mode shapes. In [20] numerical simulations have been performed to improve the
identification of instability threshold speed in two different hydrodynamic journal bearings test bench
arrangements. In the former, rotor-bearings system instability makes its onset at the characteristic oilwhip frequency, while in the latter unstable conditions arise before that the same threshold speed is
reached. Indeed, oil-whip phenomenon is the only fluid-induced instability commonly taken into
account in the design phase; nonetheless, experimental evidence in real application cases have
demonstrated that stability thresholds may be found at lower angular speeds with respect to design
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calculations, thus requiring a deeper comprehension of instability mechanisms affecting
hydrodynamic journal bearings.
Reference [21] investigates both analytically and numerically coupling phenomena due to
hydrodynamic journal bearings and gyroscopic effect in rotor-bearing systems. It presents relevant
case studies involving both plain (cylindrical) and tilting-pad bearings. Indeed, although
hydrodynamic journal bearings introduce high damping in the rotor-bearing system, they also involve
cross coupling of rotor translational motions, which is one of the main sources of oil-induced
instability. Hence, shaft speed should not surpass the threshold at which oil-induced instability arises.
The inherent nonlinearity of hydrodynamic journal bearings turns out to be significant for relative
eccentricities larger than 60%. Indeed, in such working conditions most existing linear models cannot
reliably predict the journal trajectory. Such strong nonlinearities involving cross coupling behavior
are the main sources of the complex dynamic phenomena encountered in rotor-bearing systems.
The second class of manuscripts includes works which rely on case studies where the external torque
may induce lateral vibrations in shaft lines, and therefore where torsional vibrations might affect
rotor-bearings system lateral dynamics. For instance, some works from literature evidence how an
external perturbation whose amplitude is greater than a threshold value can modify fluid film bearings
stability threshold. For instance, the authors of [22-23] have performed a comparison between
numerical and experimental results aimed to predict the stability threshold of rotor-bearing systems.
They have observed in the experimental facility consisting in a rotor supported by hydrodynamic
bearings a hysteresis cycle, which has been accurately simulated by a numerical method based on
HBT. Other authors ([24]) have studied hydrodynamic bearings by means of numerical analysis in
order to assess the effect of damping on an actual industrial rotor-bearings system (i.e. steam turbine).
In [25] the effect of rotor flexibility is added to the same numerical model proposed in [22-23] in
order to assess how it affects rotordynamic system stability. Again, in [26] such numerical approach
is applied to the particular case of floating ring bearings. The obtained results suggest that in
equivalent operating conditions, they should lead to a wider rotordynamic stability field in
comparison with rotors mounted on classical journal bearings. Finally, reference [27] presents an
insight of the relative radial clearance influence on journal bearing stability. It shows that increasing
the clearance enlarges the rotordynamic system stability threshold, all other conditions being equal.
4.1.2

Aim of the work

The goal of the study is to understand if a coupling mechanism from torsional to lateral vibrations
can develop in a single shaft real-scale industrial facility and which phenomena can cause such
behavior within some of its mechanical components. To this aim, a pulsating torque profile is applied
to the system to induce a torsional response in order to understand how and under which operating
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conditions it can induce lateral vibrations by means of modifications of hydrodynamic journal
bearings response. To this goal, a shaft line driven by an induction motor piloted by an inverter is
considered in order to assess the behavior of real-size rotors supported by hydrodynamic journal
bearings. By acting on motor control it is possible to excite shaft line first torsional vibration mode
whose natural frequency is almost invariant for all the operating conditions examined when the
induction motor is turned on. By analyzing system response in run-up and run-down tests, where shaft
line angular speed was varying in a well-defined angular speed range, a not deterministic trend in
synchronous lateral response, typical of non-linear systems, is experimentally observed. The
presented investigation must be developed from scratch, since in literature there are not many proofs
of energy transfer from torsional to lateral vibrations, unless with the presence of an interposed
gearbox [12].
Moreover, a numerical validation of the presented theory is performed by means of a suitable FE
code in order to assess if the experimentally observed angular speed perturbation can actually affect
shaft line response by exciting oil-film instability phenomena within the supporting journal bearings.
At first, a lubrication model is devised in order to investigate non-linear stability of both circular and
four-lobe hydrodynamic bearings. From a theoretical point of view, two equivalent mechanisms are
likely to occur which can cause sub-synchronous instability inception within hydrodynamic bearings.
The former is an angular speed fluctuation referred to as kinematic perturbation, while the latter is an
external rotating force, i.e., a dynamic perturbation. Firstly, a kinematic perturbation is applied to a
generic circular hydrodynamic bearing to check potential stability threshold changes by varying its
dynamic characteristics within the whole sub-synchronous frequency range. Afterwards, the same
numerical procedure is performed considering solely the effect of a sub-synchronous dynamic
perturbation.
After this has been proven, the four-lobe bearing supporting the actual test bench is loaded by the
perturbations computed according to the shaft line dynamic model and the angular speed fluctuations
measured close to the most critical bearing in analysis. According to the results of the study, the
above-described coupling mechanisms explain the localized hysteresis cycles observed between runup and run-down tests in synchronous lateral vibration component. Actually, the detected hysteresis
phenomena and the related bearings instability are caused by both the kinematic and dynamic
perturbations of journal motion.
They interact that the kinematic perturbation triggers the dynamic one, which causes significant
effects on journal lateral displacements. Their effect is amplified when the torque ripple main
frequency is half of the shaft line rotating speed (0.5Xrev). Thus, the lubrication analysis of the most
critical bearing within the shaft line justifies the detected system anomalous response.
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4.2

Test rig description

The tested shaft line and the measurement system are presented and described in detail hereinafter.
The main data required by the experimental study are provided by means of a suitable measurement
system.
4.2.1

Shaft line geometrical and physical description

The investigated shaft layout is made up by a direct line (with no interposed gearboxes), where the
shaft line is driven by an induction motor. It is piloted by an inverter which allows by means of
adequate settings to introduce low frequency components in the exerted mechanical torque, so that it
is fitted to excite system first torsional vibration mode. Consequently, it can create working conditions
characterized by pulsating angular speed. Such electric motor, placed at the left end of the shaft line,
is characterized by a moment of inertia Jm=130 kgm2 while the driven shaft at the opposite end has a
much higher inertia, i.e. a moment of inertia Jd equal to 28500 kgm2 and a mass of 80∙103kg. Shaft
line total length is equal to 30 m, whereas the driven shaft has a length of 20 m. The shaft line is
mounted on several fluid film supports (i.e. hydrodynamic journal bearings). As further connection,
a double universal joint lets a degree of freedom to the driven shaft in lateral direction with respect
to the electric engine, so that the system is not hyperstatic (Figure 4.1). This component turns out to
be the most significant in terms of shaft line flexibility (i.e. the least stiff in comparison with the
remaining parts). A turning gear, located between the induction motor and the double universal joint,
has never been employed during the present activity. It acts as a joint that ensures the direct line
connection between the electric motor and the driven shaft. During every experimental activity
carried out in the present work all the shaft line elements are always kept mechanically connected,
including the induction motor.

Figure 4.1 – Layout of the investigated shaft line including nomenclature of most significant
hydrodynamic supports: IS1, left bearing of intermediate shaft; IS2, right bearing of intermediate
shaft; DS1, left bearing of driven shaft; DS2, right bearing of driven shaft
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The shaft line has been assembled with very high alignment tolerances in order to minimize the onset
of disequilibrium moments that could lead to coupling phenomena between torsional and lateral
behaviour. The bearings supporting the driven shaft (DS1, DS2) are lemon-bore (elliptical)
hydrodynamic journal bearings, whereas the ones of the intermediate shaft (IS1, IS2) are four-lobe
supports.
4.2.2

Measurement system

A suitable measurement system capable of detecting both torsional and lateral shaft line relevant
operational responses has been tuned in order to capture the possible onset of coupling phenomena
during all the conducted tests. In particular, phonic wheels and strain gauges are employed to properly
acquire torsional response signals while proximity probes are chosen to adequately measure system
lateral response at significant locations (e.g. journals lateral behaviour within hydrodynamic
bearings).
Eddy current proximity sensors are employed to detect displacements of shaft line sections in two
directions normal to rotor axis (x and y). Such probes are adopted in order to measure journal locations
of both the bearing pairs supporting the driven shaft (downstream of the double universal joint) and
the intermediate one (between the engine and the double universal joint).
One phonic wheel characterized by 141PPR (pulses per revolution) built with a zebra tape together
with an optical sensor is employed in a suitable shaft line section in order to perform measurements
of instantaneous angular speed.
A strain gauge bridge measures shaft circumferential deformation in an intermediate section between
motor and driven shaft in correspondence with the shaft connecting the two single universal joints.
The collected signals coming from the phonic wheel and the strain gauge bridge allow to obtain
information respectively relative to shaft line rotational rigid motion and to its torsional strain. Such
measurements, together with the identification of the first torsional vibration mode (see section 3.1)
lead to a complete identification of the whole torsional response throughout the entire shaft line.
Moreover, strain gauge bridge signal can be regarded as also representative of the drive shaft applied
torque in correspondence with its measurement section. Indeed, the measured torsional deformation
multiplied by the torsional stiffness provides the value of the torque that actuates the driven shaft in
the measurement section. Nevertheless, the identification of operational torque is not mandatory in
the present investigation since the proposed theory justifying the onset of hydrodynamic bearings
instabilities is based on a system response parameter and in particular on journal instantaneous
angular speed.
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4.3

Identification of shaft line vibration modes

At first, an experimental identification of the most significant vibration modes (i.e. the ones more
likely to affect the system operational response to a large extent) is performed. Later, operational
responses are identified, in order to complete system identification to better predict its dynamic
behaviour.
4.3.1

Torsional vibration modes

Torsional strain response detected by means of strain gauge bridge exhibits only a main spectral
content in the investigated range, and this, together with shaft line layout dynamic characteristics,
suggests that only the first torsional mode is significant in system operational response. Consequently,
combining this information with a survey of shaft line actual distribution of inertia and stiffness, it is
reasonable to assume as first approximation scheme of the system an equivalent mechanical model
of “double torsion pendulum”. It is a lumped parameter model that is equivalent to the rotor system
from the torsional point of view. The relevant parameters of such model are the two moment of inertia
Jm and Jd, whose values are reported in section 4.2.1, and the unknown torsional stiffness connecting
the two inertias (KC). It is therefore useful to estimate structural coupling torsional stiffness (KC) once
system torsional natural frequency has been experimentally determined in order to correctly identify
such elementary structural model. Accordingly, the shape of the first fundamental vibration mode,
which is exclusively structural, is characterized by an opposing motion of the two inertias. If the
electromagnetic interaction generated by the induction motor is removed by the system, the natural
frequency due to exclusively structural system properties can be experimentally identified. To this
goal, two different experimental procedures have been carried out, i.e. an impact test [28] and an
operational test. Both of them suggest an overall value of the first torsional natural frequency roughly
equal to 11Hz. The impact test has been performed on the shaft line at zero speed in free-free
conditions by acting on the rotational degree of freedom [29]. A detail of the correspondent modal
shape is shown in Figure 4.2a for the driven shaft. The so identified torsional mode presents also a
modal shape with opposite phase; coherently with shaft line inertia distribution the extracted modal
amplitudes are found to be higher on the motor shaft with respect to the driven one. Since according
to the double torsion pendulum in the first mode the motor inertia Jm oscillates with the maximum
amplitude, the impact force has been applied to the motor side in order to excite the structural torsional
vibration mode. Differently, the operational test consists in an instantaneous shutdown of the motor
during a run-up test. It has allowed us to detect a spectral content of system response (Figure 4.2b).
Due to the shutdown the sudden active torque variation from a run-up average value to zero introduces
broadband energy into the system. In order to maximize such energy, the maximum run-up angular
acceleration (300rpm/min) has been set before the switch-off of the electric motor. Consequently, the
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relevant torsional response of the system includes a significant contribution of the structural torsional
vibration mode. Since the effect of the magnetic field on the overall shaft line torsional stiffness does
not vanish instantaneously after the power supply stop, only the last cycles of the free vibration caused
by the shutdown excitation are taken into account in order to exclusively isolate the effect of the
structural stiffness component. The direct analysis of such operational response in time-domain
(Figure 4.2b) has allowed us to identify the average value of the natural frequency relevant to the
purely structural torsional vibration mode. According to Figure 4.2b, such frequency can be located
next to 11 Hz. The encountered discrepancies may be related to the two different operating conditions,
in terms of angular speed, at which shaft line structural identification has been performed. Indeed, at
two different angular speeds shaft line components may exhibit different dynamic behaviour.
Moreover, the observed cyclic trend related to motor shutdown transient exhibits a strongly nonharmonic response, which may be related to backlashes and significant non-linear contributions
within such transient.

a)

b)

Figure 4.2 – Detail of modal shape in the last sections of the driven shaft extracted from impact
test (a), operating torsional response during motor shutdown transient starting from 1300rpm (b)
Differently, when the rotor is driven by the electric motor, the main spectral content of the system
operational response does not coincide with the characteristic frequency of the torsional structural
vibration mode identified previously. In example, Figure 4.3 shows a time-frequency analysis in
terms of auto-power spectrum performed by means of short-time Fourier transform (STFT) of the
torsional vibration measured during a rotor transition from free motion to driven operation or,
equivalently, from a run-down to a run-up operating condition. Correspondingly, the electric motor,
initially switched off, subsequently supplies power to the rotor system. When the induction motor is
applying the driving torque to the shaft line, the output amplitude in the system operational response
is significant for two spectral contents. They are associated with frequencies near to 5.3 Hz (as well
as to its double multiple order 10.6 Hz) and 16.7 Hz. Accordingly, the lumped parameter model can
simulate such magnetic effect occurring during engine operations (e.g. when the shaft line is driven
by the induction motor) by means of a supplementary spring element (KM) of suitable stiffness acting
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on the motor inertia JM together with the structural one (KC). A dynamic scheme of the considered
mechanical system is reported in Figure 4.4. Furthermore, in the presented case, both structural (dC)
and magnetic damping (dM) do not significantly affect the estimate of supplementary mode natural
frequency and thus can be neglected in such elementary model. Mechanical coupling damping (d C)
can be neglected due to shaft line structural properties, since it is made up by low internal damping
materials. Magnetic damping (dM) is not relevant for system identification in terms of its natural
frequencies, as reported in [30]. Actually, electromagnetic effects are known to cause interaction
between shaft lines and induction motors [30-31]. Indeed, the shaft line dynamics is characterized by
a further torsional vibration mode due to the electromagnetic stiffness acting between the rotor and
stator [30].
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Figure 4.3 – Waterfall plot (STFT) of torsional operating vibration during a transient starting
from free run-down (with induction motor switched off) to run-up with motor supplying power
Therefore, during engine operation, the previously identified torsional mode (with opposing motion
between the two inertias and natural frequency close to 11Hz) is modified by the electromagnetic
additional stiffness, so that its natural frequency becomes higher due to the stiffness increment related
to the electromagnetic interaction. Indeed, as reported in literature systems with not enough stiff
mechanical couplings can be extremely sensitive to the electromagnetic effect [30], due to the
considerable interaction between the additional torsional mode and the purely structural one. In this
specific case, the electromagnetic stiffness causes an upward shift in torsional natural frequency of
about 30%. Indeed, for the purely structural double torsion pendulum, assuming a torsional natural
frequency of 11Hz, it is possible to obtain, by highlighting k in (3.1), a torsional stiffness kC around
6.1∙105 Nm/rad. Moreover, by analyzing operational electric parameters magnetic stiffness and
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additional damping can be estimated, in agreement with [30]. Such supplementary magnetic stiffness
kM is found to be around 2∙105 Nm/rad, while magnetic damping dM is in the order of 26 Nms/rad.
Therefore, structural and magnetic stiffness are comparable, and this justifies not negligible coupling
between structural and magnetic phenomena, as experimentally observed.

fn =

1
2

k(Jm + Jd )
Jm Jd

(4.1)

Figure 4.4 – Lumped parameter model including magnetic effects [30]
A preliminary identification of the system is usually helpful in the study of its dynamic behavior.
Indeed, such procedure allows to interpret its operational response by detecting the most significant
spectral contents in the assumption of linear behavior. Furthermore, the preliminary identification is
capable of detecting the kind of excitations that cause a particular response. In the case at the hand,
system torsional response is mainly related to the two vibration modes previously identified that are
excited by the electromagnetic force. This type of interaction is determined by the way the induction
motor is controlled. In addition, determining the response characteristics (and, particularly, the degree
of irregularity) of a rotor-bearing system permits to assess aspects related to the stability of the
hydrodynamic supports.
A time-frequency analysis is performed on torsional strain response during a free run-down where
the induction motor acts as a simple mechanical inertia (i.e. it is switched off). In such operating
conditions there is no significant spectral content, thus indicating the absence of a remarkable
dynamic torsional response. On the contrary, in the same operating conditions, the lateral response
highlights significant spectral contents ascribable to residual mechanical unbalance which excites
flexural operational deflection shapes. Therefore, since lateral vibrations are present, the absence of
relevant torsional response suggests how in the examined operating conditions lateral vibration
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cannot induce significant torsional response in the shaft line, thus proving as no coupling phenomena
from lateral to torsional dynamics is present.
4.3.2

Lateral vibration modes

In the operational field of interest, the analyzed mechanical system is characterized by two lateral
critical speeds. Particularly, the first one is associated to a lateral vibration mode very close to the
already identified torsional one and this, as deepened in the following, contributes to making
torsional-lateral coupling phenomena more complex within the shaft line. The above-mentioned two
lateral critical speeds are well identifiable at 930 and 1728 rpm from the STFT results plotted in
Figure 4.5, which reports the lateral response of DS2 bearing detected in run-up test. Such cascade
plot allows us to highlight spectral contents related to the operational response of lateral vibrations.
In Figure 4.5 synchronous response represents the main component from an energetic point of view;
nevertheless, there are other spectral contents whose energy contributions are less relevant which
suggest system complexity, between whom 1X higher multiples (e.g. 2Xrev). There are also spectral
contents with significant energy in the sub-synchronous range, which are not directly related to
synchronous response and which exhibit lower energy level with respect to 1Xrev. Such contributions
will be deeply investigated in the following.
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Figure 4.5 – Cascade plot relevant to time-frequency analysis (STFT) of lateral vibrations in DS2
bearing during run-up test
Moreover, side bands can be observed at the highest angular speed range indicating a modulation of
1X engine order: this furtherly confirm the onset of a sub-synchronous phenomenon interacting with
synchronous response.
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4.4

Analysis of operating responses

Run-up and run-down tests are conducted in the whole operational field of angular speed with
constant average acceleration or deceleration intensities, by driving the shaft line with a dynamic
torque sufficient to significantly excite system torsional response.
4.4.1. Torsional operating response
Figure 4.6 shows the torque transmitted through shaft line measurement section applied to the driven
shaft obtained by means of strain gauge bridge signal, representative of shaft line torsional strain
response during a run-up test followed by a subsequent run-down test, both with induction motor
enabled. The detected time-history exhibits a strongly unsteady nature of the measured response
which is due to the interaction between induction motor drive torque and shaft line dynamic
properties. Moreover, the experimental angular speed trace is reported in green on the same plot in
order to better identify run-up and run-down tests current operating condition.
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Figure 4.6 – Operating torsional strain during run-up and run-down tests (top – time history,
bottom – frequency spectrum)
The spectrum response is characterized by two significant frequency contents related to the two
previously identified torsional modes (with natural frequencies equal to 5Hz and 17Hz) that mainly
characterize shaft line operational response. The detected behavior allows us to assess that the
participation of the highest frequency torsional mode is dominant in the operational vibration. Indeed,
from the analysis of spectral contents of operating torsional deformation, it can be noted how the
torsional “rigid” vibration mode of the whole shaft line constrained by the equivalent stiffness due to
the electromagnetic field gives a negligible contribution in system operational response.
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In the following Figure 4.7 a time extract of the previously introduced transmitted torque is reported;
moreover, on the same plot it is reported an extract of instantaneous angular speed trace acquired
during a run-up test detected by means of the phonic wheel in correspondence with the intermediate
shaft. From such experimental trace, angular speed fluctuations can be detected and quantified on the
shaft line end characterized by lower inertia (i.e. motor shaft side). Indeed, rotational speed
oscillations in the order of 20 rpm (peak to peak) are well evident from the diagram presented below.
An evident main periodicity is detectable by the reported time-history which corresponds to system
first torsional mode. However, the observed trend shows some spikes thus making it different from
purely harmonic behavior due to drive torque ripples and system non-linear torsional response. Its
corresponding time-frequency analysis performed on the whole run-up test exhibits a spectral content
at fixed frequency persisting in all the run-up test which is characterized by higher amplitude.

Figure 4.7 – Angular speed trace on the motor shaft and transmitted torque one measured during
a run-up test extract
Journals kinematic condition within shaft line hydrodynamic bearings is consequent to the operational
torsional deformation previously discussed. The already mentioned lumped parameters modelling
allows to assume the shaft line as a two degrees of freedom mechanical system on which making
simplified quantitative considerations. Consequently, the ratio of angular speeds as inversely
proportional to the inertia moments (J), due to the angular moment conservation principle, angular
speed on the motor shaft is scaled with respect to the one of driven shaft of a factor about 219. This
allows to assume that the driven shaft side is characterized by a negligible angular speed oscillation.
4.4.2

Lateral operating response

Figure 4.8 reports Bode diagram of amplitude and phase of the fundamental component (synchronous
response) of journal vibrations. It evidences the presence of localized hysteresis phenomena that make
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their onset in the second part of the run-up test, beyond system first torsional critical speed.
Differences between amplitude and phase are found between run-up and run-down tests in a welldefined rotational speed range and moreover these phenomena are more marked in case of low
residual mechanical unbalance in the driven shaft.

Figure 4.8 – Operational lateral response in run-up and run-down tests at DS2 bearing: Bode
diagram of synchronous component
Such an operational system response cannot either be simulated by means of classical linear models,
therefore it is necessary to employ more advanced theories which involve fluid-structure interactions
(coupling phenomena between hydrodynamic journal bearings and shaft line rotordynamic behavior),
as reported in section 4.5.
4.4.3

Possible causes of hysteresis

The difference between run-up and run-down test curves in Figure 4.8 (hysteresis) is an indicator of
a typically non-linear behavior. Technical literature reports many cases of shaft-lines with no
interposed gearbox where a similar behavior is described, but none of these is comparable to the
presented case study. For instance, in [19] a rotor system is considered where hysteresis appears in
the synchronous lateral response due to significant shaft line overhang. Indeed, it can cause large
dynamic deformations.
In a rotor-bearing system non-linearity sources can be generally reconducted to shaft line
misalignments [32], tribological problems (friction in boundary, mixed or hydrodynamic lubrication
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regime), material non-linearities (inhomogeneous stiffness distributions causing mechanical
unbalance and coupling). In the present case hysteresis is due to different causes. While material nonlinearities are not responsible, since all of the components are correctly designed and the elastic limit
is never reached, misalignments and hydrodynamic bearings can be influential. Indeed, a potential
hydrodynamic journal bearings unstable behavior can cause local hysteresis, as reported in literature
[20-21] and, in turn, misalignments can influence bearing behavior.
4.4.4

Interpretation of system operating responses

In the present section, shaft line lateral response is analyzed in a large frequency and rotation speed
range, in order to capture all relevant spectral contents.
Figure 4.9, the cascade plot of DS1 bearing lateral vibrations, shows a sub-synchronous spectral
content characterized by significant amplitude at a frequency of about 15 Hz above a rotational speed
of roughly 2200 rpm, higher than the onset speed of localized hysteresis phenomena shown in Figure
4.8. Indeed, the rotational frequency corresponding to 2200 rpm roughly doubles the torsional critical
speed and half-frequency perturbations are highly influent on bearing stability, as proved in the next
paragraphs. At speed higher than 2200 rpm, the response frequency of the detected spectral content
remains locked. Consequently, since the first critical flexural resonance is also close 15 Hz, the subsynchronous phenomenon can be interpreted as oil-whip. Usually, below the whip frequency oilwhirl is visible on a 0,5X engine order. Differently, in the analyzed case whip appears abruptly.
Therefore, the perturbation that allows the whip phenomenon to develop is different from a whirl
instability. Accordingly, the bearings are correctly designed, so that they are sufficiently loaded to
avoid oil whirl instability.
Even in forced run-down test the energy trend of the detected sub-synchronous spectral content is
analogous to the one described for run-up test.
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Figure 4.9 – Cascade plot relevant to time-frequency analysis (STFT) of forced run-up test of
lateral vibrations in DS1 bearing
Torsional strain cascade plot reported in Figure 4.10 highlights a spectral content that exhibit an
energy increase at system first resonant frequency (17 Hz) during run-up test for rotational speeds
higher than 2000 rpm. Such energy rise is due to a further contribution in torsional system response
that can be easily identified in the above-mentioned oil-whip phenomenon. Indeed, as for the lateral
vibrations (cascade plot in Figure 4.11), even torsional response energy increases above the rotational
speed of 2200 rpm due to oil-whip phenomenon at expense of the energy dissipated by the induction
motor in driving torque oscillations. Moreover, some sub-synchronous spectral contents characterized
by very low energy can be identified in the colormap which can be ascribable to ripples in driving
torque profile.
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Figure 4.10 – Cascade plot relevant to time-frequency analysis (STFT) of forced run-down test
on torsional strain of driven (nodal section) shaft
Figure 4.11 presents a comparison between time-frequency analysis (SFTF) performed on forced and
free run-down evaluated on DS1 bearing lateral response. Figure 4.11b shows how the subsynchronous spectral content with locked frequency persists even in the free run-down, so that
hysteresis may also occur in such operating condition. Comparing the same figure and its counterpart
in forced run-down (Figure 4.11a) yields that the energy associated with whip is lower in free rundown. Indeed, in such condition the induction motor does not excite the torsional natural frequency
at 17Hz. Anyway, the residual sub-synchronous energy is still visible in Figure 4.11b. The
comparison between run-up (Figure 4.9) and forced run-down (Figure 4.11a) would suggest a fast
decay of the whip lateral vibration, so that the residual energy in free run-down (Figure 4.11b) seems
to be excessive. Nevertheless, in such free run-down each portion of the time-frequency map is
obtained after a run-up to the maximum velocity of the successive lower portion and therefore oilwhip decay appears to be slower, while in the forced run-down this decay seems faster since it is
obtained after a single run-up. Moreover, in the case of forced run-down test, it is present a broadband
response between 0 and 10Hz at around 2000rpm, detectable also in run-up (see Figure 4.9), that is
probably related to a state change in bearing stability which occurs in correspondence with the onset
of oil-whip conditions. In a nutshell, these results confirm that the oil-whip phenomenon can yield
the hysteresis observed in Figure 4.8.
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Figure 4.11 – Cascade plot relevant to time-frequency analysis (STFT) performed on DS1
bearing lateral vibration: forced run-down (a), free run-down (b)

4.5.

Bearing instability

4.5.1

Instability according HBT

Hysteresis can affect rotor-bearing systems where oil-whip occurs, since such phenomenon can
develop differently in run-up and run-down phases. Accordingly, it can be characterized by distinct
values of run-up threshold speed (RUTS) and run-down threshold speed (RDTS) [22, 23]. Such
difference between run-up and run-down threshold speed or energy yields the hysteresis phenomenon
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occurring in the presented experimental activity. Indeed, three different decays of the whip energy
are detected in run-up, forced run-down and free coast-down, as discussed in section 4.4.4.
Hopf bifurcation theory (HBT) applied to rotors supported by radial hydrodynamic bearings [22, 23],
allows to distinguish two different types of instabilities referred to as subcritical and supercritical
bifurcation. If the conditions of supercritical bifurcation exist, when the rotor reaches a critical speed
(considered as the threshold speed for the instability arise), the journal gradually begins to lose its
stability and the amplitude of its precession motion (oil-whirl) increases continuously and
progressively (ramp-up). On the contrary, in subcritical bifurcation conditions, the crossing of the
critical speed (always defined as above) involves a sudden and total loss of journal stability similar
to a whip (oil-whip), whose precession amplitude suddenly assumes high values, i.e. the amplitude
of the oil-whip jumps up to such a large orbit that the journal tends to asymptotically approach the
clearance circle (jump-up). The existence of such two important phenomena is supported by specific
experimental investigation [23]. The hysteresis phenomenon can only exist in cases of subcritical
bifurcation since it formally admits unstable periodic solutions from a rigorous mathematical point
of view. In such case, a subcritical bifurcation profile can be determined within the hysteresis cycle.
According to such profile, the stability of the rotor-bearing system between the rotational speeds
(RDTS and RUTS) that delimit the cycle is determined by the magnitude of a perturbation affecting
the system. Particularly, if the amplitude of the perturbation is comprised within the subcritical
bifurcation profile, the journal remains stable, otherwise the perturbation is able to activate oil-whip
and a jump-up occurs in the orbit of the journal.
The jump-up occurrence can be identified in Figure 4.9 and Figure 4.11 just above 2000rpm, where
the already mentioned broadband response may also be found. A sub-synchronous spectral content at
fixed frequency characterized by remarkable energy is found after such broadband excitation, at
higher angular speeds, thus confirming oil-whip onset even from experimental data.
4.5.2

Perturbation mechanisms

The last missing element in a consistent explanation of the phenomena experimentally highlighted in
the shaft line during run up/down tests is the nature of the perturbation cited in the previous paragraph.
In the present case whip phenomenon appears without previous occurrence of oil-whirl (section
4.4.4). Therefore, the ramp-up cannot make up the required perturbation as in the case of lightly
loaded bearings. For sufficiently loaded bearings, the perturbation may be a synchronous whirl due
to the unbalance [23] and this rule holds generally. Nevertheless, in our case, since unbalance can be
minimized, the instability and thus the perturbation are clearly related to the torque effect and its
amplification at the natural frequency. Hence, the perturbation should be linked to a dynamic or a
kinematic effect of the shaft line torsion. Both effects are capable to couple torsional and lateral
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vibrations of the shaft line, where bending occurs at expense of the torsional energy introduced by
the electric motor.
4.5.3

Dynamic perturbation

The dynamic effect is due to a rotating load caused by the driving torque and a precession motion of
the two parts of the shaft. As explained in detail in section 4.5.5, such precession must occur at the
torsional critical speed ωt. Therefore, the rotating load can be calculated by means of the following
expression
Fr =

Fr
cos (t t + r )
2

(4.2)

where ΔFr is the intensity of the rotating load acting on the bearings and φr its phase. Since in the case
of the analyzed shaft line the torsional critical frequency is roughly half the shaft rotation speed (ωt ≈
ω/2) at the onset of oil-whip (rotation speed about 2040 rpm), the load Fr can yield effective
perturbation of the bearing and affect its stability. Indeed, as well known by designers of
hydrodynamic bearings for reciprocating engines and widely reported in the relevant literature, e.g.
[33], such dangerous working condition, usually referred to as “half-speed load vector” effect, causes
the load capacity due to wedge effect to vanish, so that only the squeeze effect can temporarily avoid
the occurrence of zero oil film thickness. Therefore, the half-speed load vector condition is acceptable
in connecting rod bearing design only for limited periods of time, i.e., for short fractions of the loadcycle. Anyway, the bearings of the test rig in analysis are not permanently loaded by a full half-speed
load, otherwise their operation would be impossible. Indeed, they are primarily loaded by the weight
of the shaft, which is the main load considered in their design phase, and by secondary dynamic loads
(or perturbations) due to various causes, which include magnetic effects, shaft unbalance and, exactly,
the rotating load due to the engine torque ripple expressed by Eq. (4.2). Hence, the studied bearings
are only partially loaded by a half-speed force. Since the oil film cannot steadily react to this load
component, for sufficient entities of the torque ripple it can lead to large perturbations of the journal
position exceeding the subcritical bifurcation profile and causing bearing instability (oil-whip) as
discussed in section 4.5.1.
All of the bearings of the shaft line can be affected by the described dynamic perturbation.
4.5.4

Kinematic perturbation

The kinematic effect is the variation of the shaft rotating speed due to the external torque, which is
reported in Fig. 7. Since in the forced response of the rotor-bearing system such variation occurs at a
prevailing frequency, i.e. the critical torsional frequency ωt, the following expression is assumed for
the journal speed or, equivalently, twice the entrainment speed of the bearings:
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U = R +

U

cos(t t + U ) =  R +
R cos(t t + U )
2
2

(4.3)

where ΔU is the (peak-to-peak) amplitude of the oil entrainment velocity variation, Δω the
corresponding angular speed rotation and φU a possible phase.
In agreement with the Reynolds equation, a variation of the shaft rotation speed at a given frequency
yields a corresponding hydrodynamic reaction rotating at the same frequency. Consequently, since
such reaction rotates at the speed ωt, which is half the rotation speed ω at the onset of oil-whip for
the test rig, it can also behave as a half-speed load vector. Since, the study of the effect of half-speed
kinematic perturbation has not been retrieved in literature, it is numerically studied in the following.
Since negligible angular speed oscillation involves the driven shaft (section 4.4.1), the kinematic
perturbation involves only the bearings supporting motor shaft side, e.g. the IS2 bearing (Figure 4.1).
4.5.5

Dynamic model of the system

A simple dynamic model of the rotor-bearing system can be devised, which incorporates the effects
of both kinematic and dynamic perturbations. While the driven shaft simply rotates around a fixed
axis, the bearings of the motor shaft are subjected to kinematic perturbation. Section 4.7.2 proves by
means of numerical lubrication analysis that a kinematic perturbation is capable of inducing a
whirling precession occurring at the same frequency of the perturbation. Consequently, for the
kinematic perturbation in Eq. (4.3), the precession frequency of the motor axis around the fixed driven
axis is ωt. Since the kinematic perturbation is small for the test rig in study, the relevant effects are
equally small despite the amplification at the oil-whip onset speed. Nevertheless, the small whirl
motion, sufficient to begin the precession between the two axes, is soon amplified by the system
dynamics according to the model explained below. Therefore, it assumes that the discussed precession
motion is already developed and, in addition, that angular misalignments between axes of shaft and
bearings are neglected. The corresponding dynamic rigid-body model is reported in Figure 4.12,
where es is the misalignment between the parallel axes, i.e. Shaft 1 and 2. The blue double Cardan
joint allows their synchronous rotation θ with angular acceleration α. In turn, due to dynamic
equilibrium the relative rotation θs of such two axes must occur with relative angular acceleration αs
such that the dynamic perturbation load applied to bearings is:

Fs = F1 = − F2 = md es s

(4.4)

The perturbation load Fs is a radial load acting on the joint, which results in bending stress, lateral
vibrations of the shaft and corresponding rotating load Fr for the bearings. Such load rotates at the
relative rotation speed ωs of the two shafts, whose variation can be found from the equation of
dynamics for the whole shaft line as follows:
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M m − (J m + J d )
m d es 2

s =

(4.5)

In the forced response of the system, the value of ωs depends on the excited mode. Particularly, when
the external torque of the electric motor excites the torsional mode, the perturbation load rotates at
the torsional natural pulsation frequency. In such condition, the engine torque is determined near the
torsional speed by the corresponding modal contribution solely
Mm =

M m
cos (t t )
2

(4.6)

where ΔMm is the (peak to peak) amplitude of the engine torque ripple. Let Δω be the (peak to peak)
amplitude of rotational speed according to Eq. (4.3), where φU is assumed to vanish in resonance
conditions. By substituting for the time derivatives finite differences with time increment equal to the
period T of the critical torsional vibration (T = 1/ (2π ωt)) and by taking advantage of Eqs. (4.3) and
(4.6), Equation (4.5) becomes
s 1 M m − (J m + J d )  T
=
cos ( t t )
T
2
m d es 2

s 

(4.7)

A more detailed model considers the rotor torsional flexibility (lumped in the joint) and allows
different rotational speeds ωm and ωd for the motor and the driven shafts, respectively. If the
conservation of angular momentum of the double torsion pendulum is also considered, Equation (4.7)
is turned into the following expression
1 M m − 2 J m m T
cos ( t t )
2
m d es 2

s 

(4.8)

Substituting Eq. (4.8) in Eq. (4.4) yields the rotating load acting on the motor shaft end

Fs =

1 M m − 2 J m m T
cos (t t )
2
es

(4.9)

Since the torque must be constant along the shaft axis, if a bearing is located at a distance d from the
motor shaft end, the dynamic perturbation Fr defined according to Eq. (4.2) acting on the same
bearing can be found from Eq. (4.9)
Fr =

Fs es 1 2 J m mt /  − M m
=
cos (t t +  )
d
2
d

(4.10)

or, equivalently, its intensity and phase defined by Eq. (4.2) are respectively
Fr =

2 J m m t  − M m
d

r = 

(4.11)
(4.12)

Equations (4.10) and (4.11) evidence that the rotating load does not depend on the parallel
misalignment es allowed by the joint, so that in first analysis (assumptions of simplified dynamic
model and angular misalignments neglected) modifications on this component are ineffective in
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reducing or suppressing the hysteresis phenomenon. In addition, the influence of secondary moments
on the double Cardan joint is negligible. The rotating load amplitude at a shaft rotation speed of 2040
rpm (double the critical torsional speed) assessed by substituting the parameters of Table 4.1 in Eq,
(4.11) is equal to 4554 N and is reported among the bearing calculation data in Table 4.2.

Figure 4.12 – Dynamic perturbation model of the shaft line
Parameter description
Moment of inertia of motor (or
motor shaft)
Moment of inertia of turbine rotor
(or driven shaft)
Measured motor torque ripple
amplitude (peak to peak) at a
rotation speed of 2040 rpm
Measured motor shaft angular speed
oscillation amplitude (peak to peak)
at a rotation speed of 2040 rpm
Measured critical (natural) torsional
frequency
Shaft overhang (distance between
IS2 bearing and motor shaft end)

Symbol
Jm

Value [unit]
130 [kg m2]

Jd

28500 [kg m2]

Mm

6980 [N m]

m

2.094 [rad/s] (20 [rpm])

t

106.81 [rad/s] (17 [Hz])

d

500 [mm]

Table 4.1 – Parameters of rotor-bearing system dynamic model

4.6

Experimental analysis of bearings

In view of the above considerations about bearing stability (section 4.5.1), the journal lateral
vibrations of the IS2 bearing, which is submitted to both dynamic and kinematic perturbations, are
measured. Figure 4.13 reports the cascade plot obtained by means of a time-frequency analysis
(STFT) of the relevant signal recorded during a run-up test. It shows a sub-synchronous spectral
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content with frequency locked at 17 Hz, which amplitude rise from a speed of roughly 2000 rpm on
suggests the onset of oil-whip instability. Moreover, such sub-synchronous spectral content
modulates the synchronous response (1X), as it can be detected by the visible sidebands, which energy
is perceivable. Such modulation effects are highlighted by means of black dotted cursors located at
±17Hz with respect to the synchronous component (1X). Furthermore, 1X order together with its
integer multiples are evidenced by means of black dashed line cursors for completeness. Finally, a
blue dashed horizontal line together with 0.5X order cursor are reported to emphasize that where
instability makes its onset, even modulated components increase their energy, thus confirming that
the detected phenomenon is representative of a physical signal. Figure 4.14 is the cascade plot
relevant to the STFT of lateral vibration signal recorded during the run-down test. Analogous
considerations as for the corresponding run-up test can be made, with the difference that the subsynchronous energy content persists below 2000 rpm. This can be noticed even by observing energy
levels of sidebands, that is of components modulated by 1X order, which is higher even at lower
angular speeds with respect to run-up test. Finally, sub-synchronous spectral contents with almost not
remarkable energy levels attributable to induction motor torque ripples can be detected both in runup and run-down tests. In short, the results presented in both the current section and section 4.4.4
provide experimental evidence that oil-whip and hysteresis occur. Particularly, the instability
threshold speeds RUTS during run-up are roughly 2000 and 2200 rpm for IS2 and DS1 bearings,
respectively. The corresponding values during run-down are about 1200 and 2200 rpm for the same
bearings. Therefore, the hysteresis phenomenon (RDTS < RUTS) is limited to the IS2 bearing directly
driven by the electric motor.
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Figure 4.13 – Cascade plot relevant to time-frequency analysis (STFT) of lateral vibration of the
journal within IS2bearing in run-up test
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Figure 4.14 – Cascade plot relevant to time-frequency analysis (STFT) of lateral vibration signal
of the journal within IS2bearing in run-down test

4.7

Numerical analysis of bearings

The dynamic and kinematic perturbations defined in sections 4.5.3 and 4.5.4, respectively, are turned
into corresponding perturbations of the journal position by the lubricant film of the hydrodynamic
bearings. Therefore, lubrication analysis is required in order to assess if a perturbation can affect
journal stability, i.e. if the resulting journal displacement is comparable with the subcritical
bifurcation profile. In order to simplify such assessment, the stability is analyzed with reference to
the perturbation conditions solely at the onset of instability (2040 rpm). In other words, if the
perturbation load yields large modifications of the journal displacement or causes small film thickness
by itself, we assume that it can also cause the oil-whip. Such assumption allows us to check if the
unstable behavior detected by the experimental study is confirmed by the non-linear dynamic analysis
of the lubrication problem.
4.7.1

Lubrication analysis method

In order to evaluate the effect of the perturbations, the Reynolds equation is coupled with the dynamic
equation of motion of the journal, considered as a material point. Thermal effects are ignored, so that
the lubricant model is iso-viscous. All the classical Reynolds hypotheses, including the assumption
of laminar flow, are considered valid. The adopted solution method of the Reynolds equation
incorporates JFO boundary conditions to ensure a full dynamic simulation of cavitation or the
conventional Swift-Stieber (Reynolds) conditions for quasi-static cavitation. Particularly, results
reported in sections 4.7.2, 4.7.3 for the general case of a cylindrical bearing are obtained by means of
the quasi-static cavitation model, while oil film history is considered in the final results of the test rig
bearing in section 4.7.4. Details of the mathematical model as well as its Finite Element (FE)
implementation are provided in [34], with the difference that in the present work the dynamic
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equations [35] are used instead of the equilibrium equations to simulate the motion of the journal. To
this goal, its acceleration is computed by means of standard finite differences, i.e. second order
backward difference of journal center displacements. The boundaries of the journal mobility region
are calculated according to the method explained in [36], which becomes essential in the case of the
four-lobe bearing that support the studied shaft-line.
4.7.2

Effect of kinematic perturbation

As far as we know, the influence of kinematic perturbations on bearing stability has not still been
studied. Therefore, a non-linear stability analysis of a benchmark circular bearing (for the sake of
simplicity) is briefly presented in order to show the numerical evidence of such phenomenon. To this
aim, Equation (4.3) is added to the mathematical model explained in section 4.7.1 in order to simulate
the entrainment speed variation with time.
The independent dimensionless parameters of the analysis are the Sommerfeld number (S), the
bearing aspect ratio (L / D), the mass of the shaft (M), the ratio between perturbation frequency and
synchronous speed (ωt /ω) and the relative perturbation (peak-to-peak) amplitude (ΔU/(ωR)).
Sommerfeld number is defined according to the following expression (usual in lubrication analysis)
S=

  R 

2

 
30 pm  c 

(4.13)

where μ is the (constant) viscosity of the lubricant, c the bearing radial clearance and pm the static
load (shaft weight W) per unit of projected bearing area (pm=W/(LD)).
The shaft mass m is nondimensionalized as follows

M =m

c 2
W

(4.14)

All the simulations are carried out for the same bearing geometry and the relevant constant aspect
ratio L/D is equal to 0.3.
Initially, the kinematic perturbation is excluded, and an unstable operating condition (oil-whirl) is
simulated at a high Sommerfeld number (S = 1.3 104) for M = 110.5. In such condition the bearing is
sufficiently unloaded to develop oil-whirl with the assigned shaft mass, as shown in Figure 4.15.
Particularly, a spiral orbit (Figure 4.15a)) starts from an arbitrary initial journal location, until a stable
periodic solution with frequency ω/2 associated with supercritical bifurcation [23] (Fig. 4.15b)) is
reached.
Oil-whirl instability can be suppressed by properly increasing the bearing load W for the same shaft
mass m, e. g. for corresponding non-dimensional parameters S = 661 and M = 5.5, respectively.
Indeed, Figure 4.16 shows that in such condition (with no kinematic perturbation) the journal center
path reaches the static equilibrium position near the bearing center regardless of the initial location,
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which is chosen at high eccentricity (0.9) in the presented plot. The simulation in the same working
conditions (S = 661 and M = 5.5) is repeated adding a kinematic perturbation of considerable
amplitude ΔU/(ωR) = 0.5 and perturbation frequency ratio ωt /ω = 0.4 near the “half-speed load
vector” condition. As shown by Figure 4.17, a stable periodic solution is found, and oil-whirl
reappears. Therefore, a kinematic perturbation of proper amplitude and frequency can modify the
bearing stability threshold. Finally, a perturbation frequency ratio ωt /ω = 0.5) that meets the “halfspeed load vector” condition is chosen keeping unchanged the remaining simulation parameters (S =
661, M = 5.5, ΔU/(ωR) = 0.5). Figure 4.18 shows a large amplification of the whirling amplitude.
Hence, a half-speed kinematic perturbation is very effective in changing the stability threshold.

a)

b)
Figure 4.15 – Journal center path in a circular bearing (L/D=0.3) for S = 1.3 104 and M =110.5
(without kinematic perturbation, with oil-whirl onset): a) transient motion, b) stable periodic
solution
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Figure 4.16 – Journal center path during transient motion toward equilibrium position in a
circular bearing (L/D=0.3) for S = 661 and M =5.5 (without kinematic perturbation)

a)

b)
Fig. 17 – Journal center path in a circular bearing (L/D=0.3) for S = 661 and M =5.5 under
kinematic perturbation with ωt /ω = 0.4, ΔU/(ωR) = 0.5: a) transient motion, b) stable periodic
solution
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a)

b)
Figure 4.18 – Journal center path in a circular bearing (L/D=0.3) for S = 661 and M =5.5 under
kinematic perturbation with ωt /ω = 0.5, ΔU/(ωR) = 0.5: a) transient motion, b) stable periodic
solution
The oil-whirl phenomenon induced by a perturbation numerically evidenced in the last two
simulations (Figs 4.17-4.18) is very different from the classic “half-frequency oil-whirl” [37] in that
the whirling precession occurs at the same frequency of the perturbation as for the forced vibration
of a linear system. Therefore, such phenomenon will be referred to as “forced oil-whirl” in the
following.
A campaign of simulations on the chosen circular bearing (L/D = 0.3) is performed for the same
working conditions (S = 661 and M =5.5) and perturbation amplitude (ΔU/(ωR) = 0.5) but different
values of the frequency relevant to the harmonic perturbation speed in order to assess the forced
response of the bearing and its sensitivity with respect to the perturbation frequency. The whirling
amplitude Amax is measured by the major diameter of the nearly elliptical orbit shapes. The main result
of the simulation campaign is illustrated by Figure 4.19, which plots the dimensionless whirlamplitude Amax /c against the perturbation frequency ratio ωt /ω.
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Figure 4.19 - Frequency response to harmonic kinematic perturbation ΔU/(ωR) =0.5) of a stable
circular bearing (L/D=0.3, S=661, M=5.5)
As clearly suggested by Figure 4.19, the maximum amplification of the forced oil-whirl phenomenon
is at the “half-speed load vector” condition corresponding to a perturbation frequency ωt /ω=0.5,
while the periodic orbit amplitude coherently decays when progressively moving away from such
critical frequency.
In a further simulation campaign, “half-speed load vector” conditions are maintained, i.e. the halfspeed perturbation frequency is kept constant (ωt /ω=0.5), while the angular speed perturbation
amplitude ΔU/(ωR) is varied from 0 to 0.5. Figure 4.20 depicts the corresponding results by plotting
the output amplitude Amax/c as a function of the input one ΔU/(ωR). It shows how the trend is
roughly linear below a threshold amplitude ΔU/(ωR) = 1/4. Indeed, the bearing behaves like a springmass linear system for small perturbations [37, 38]. However, angular speed fluctuations larger than
ΔU/(ωR ) =1/6 (peak to peak amplitude) are not likely to happen in real machines, thus suggesting
that in practice the amplitude response is always linear with the perturbation amplitude, while it is
strongly non-linear with the perturbation frequency in a narrow frequency range around the oil-whirl
characteristic frequency (“half-speed load vector” conditions).
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Figure 4.20 – Response to half-speed harmonic kinematic perturbation (ωt /ω = 0.5) of a stable
circular bearing (L/D=0.3, S = 661, M =5.5)
In the analyzed test rig, the measured oscillation (peak-to-peak) of the driven shaft speed is in the
order of 20 rpm (see section 4.4.1) corresponding to a dimensionless kinematic perturbation
amplitude in the order of 0.02. In addition, the four-lobe bearings are more stable than circular ones.
Therefore, the influence of the kinematic amplification in the studied case is expected to be small also
at the frequency of maximum amplification (ωt /ω=0.5).
4.7.3

Effect of dynamic perturbation

In the present section the effect of a sub-synchronous dynamic perturbation is generally evaluated for
a circular hydrodynamic journal bearing (with constant aspect ratio L/D = 0.3) as done in section
4.7.2 for the kinematic perturbation.
To this aim, further numerical simulations have been performed in order to assess if a subsynchronous rotating force can actually affect shaft line operational lateral response, by replacing the
angular speed perturbation with the dynamic one according to Eq. (4.2). Indeed, in technical literature
it is well-known that half frequency loads cannot be supported by the wedge effect [33], but their
influence on bearing stability is still unknown. Moreover, literature about half-speed load vectors
refers to the whole bearing load rotating at half shaft revolution frequency (0.5X), while in this context
the purpose is to investigate the effect of a rotating dynamic perturbation, which is a fraction of the
nominal load applied to the hydrodynamic bearing. As done for kinematic perturbation, modifications
of whirl stability threshold and the existence of half-frequency amplification under dynamic
perturbation are both investigated. To this goal, a response analysis with respect to the perturbation
input parameters, i.e. frequency and amplitude of the rotating force, is carried out in the nearly stable
operating conditions determined in section 4.7.2, i.e. for S = 661 and M =5.5. Then the dynamic
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perturbation is applied by varying its characteristic frequency, while the amplitude is kept constant at
a value two order of magnitudes lower than the static load (i.e. Fr/W=0.01).
Figure 4.21 plots the resulting trend of the dimensionless whirl-amplitude Amax/c against the
perturbation frequency ratio ωt /ω, clearly showing how for frequency ratios far from 0.5 the journal
displacements are not significantly affected, while in the frequency range centered at ωt /ω =0.5 an
amplified response is obtained due to torsional-whirl occurrence. This expected finding is consistent
with the literature dealing with half-speed load vectors and applies such concept to hydrodynamic
bearing stability analysis. In the case of the present study, it makes up a preliminary step in the
lubrication analysis of the studied machine.

Figure 4.21 - Frequency response to harmonic dynamic perturbation (Fs/W=0.01) of a stable
circular bearing (L/D=0.3, S = 661, M =5.5)

4.7.4 Bearing lubrication analysis
The lubrication analysis under dynamic loading conditions is finally applied to one of the bearings of
the test rig in study. Particularly, the analyzed support is the four-lobe journal bearing referred to as
IS2 in the test rig layout (Figure 4.1). As shown in Figure 4.22a, it operates in load-between-pad
(LBP) configuration and oil is supplied by means of axial grooves, which span the θg angle and the
whole bearing length L in circumferential and axial direction, respectively. The bearing is always
statically loaded by the weight W, while different types of dynamic perturbations are applied in three
loading conditions: in case A only the kinematic perturbation Δω is applied according to Eq. (4.3)
with phase φU = 0; case B only considers the dynamic perturbation Fr assessed by means of Eq. (4.10);
in case C both the kinematic and dynamic perturbations defined in the previous load cases are
included. Intensity of static and dynamic loads and rotational speed variation amplitude at the onset
of oil-whip, i.e. at a shaft speed of 2040 rpm (double of the torsional critical frequency), are reported
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in Table 4.2 together with all the bearing data required by the analysis. The resulting dynamic load
diagram (for cases B and C) in Figure 4.22b plots the external load components in polar coordinates
(θs, Fr) for different rotation angles θ of the shaft. The simulations consider the different perturbations
required to cause the oil-whip, as the model focuses on the lubricant film solely. The structural
behavior of the shaft line should be considered in the model in order to study the subsequent
development of the oil-whip phenomenon at higher speed.

a)

b)

Figure 4.22 – Four-lobe journal bearing IS2: a) scheme; b) polar load diagram at the onset of
oil-whip (2040 rpm)
Parameter description
Bearing diameter
Bearing length
Nominal assembled radial clearance
Pad preload
Supply hole axial groove
circumferential span
Oil viscosity
Rotation speed
Rotor weight supported by the
bearing
Rotating load amplitude
Speed variation amplitude
Rotating load and speed variation
frequency

Symbol
D
L
cb
m

g



Value [unit]
160 [mm]
65 [mm]
0.170 [mm]
0.8844
18 [deg]

W

0.0274 [Pa s]
2040 [rpm]
2702 [N]

F r

t

4554 [N]
20 [rpm]
17 [Hz]

Table 4.2 – Geometrical parameters of the IS2 bearing and operating conditions at the onset of
oil-whip (2040 rpm)
Numerical computations show that all the three cases admit a periodic solution, which main features
(frequency and amplitude) are reported in Table 4.3. The listed amplitude components are expressed
in the reference frame axes x and y defined in Figure 4.22a and are nondimensional values referred
to bearing assembled clearance cb so that, when such components are near 2 units, journal and bearing
surfaces are very close to each other.
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Load case
A (kinematic perturbation)
B (dynamic perturbation)
C (both perturbations)

Frequency [Hz]
17.0
8.5
17.0

Relative x amplitude
7.58 10-4
2.085369
2.084324

Relative y amplitude
3.69 10-3
1.953794
1.953956

Table 4.3 – Periodicity parameters of the journal orbits computed for the IS2 bearing at the onset
of oil-whip (2040 rpm) in the three load cases A, B, C
As expected in case A, the journal precession occurs at the same frequency of the applied perturbation.
In agreement with the finding reported in section 4.5.4, such type of response is typical of the
kinematic mode of perturbation. Since the speed variation amplitude is not very significant, the
relative amplitude of the orbit computed in case A is equally small despite the half frequency
amplification, as predicted in section 4.5.4.
Therefore, in the next simulation including the dynamic load, i.e. case B, the kinematic perturbation
is disregarded, as its effect on the journal orbit seems to be secondary. For load case B, Figure 4.23
shows the calculated journal orbit (red curve) inside the mobility region boundary (black curve). In
such plot the horizontal and vertical coordinates X and Y, respectively, are non-dimensional versions
of the spatial coordinates x and y shown in Figure 4.22a, where X=x/cp, Y=y/cp and cp= cb /(1-m) (pad
clearance). Since the two curves are very close and the relative amplitude components are near 2 units
(Table 4.3), the resulting working conditions of bearing IS2 are already critical at 2040 rpm and the
perturbation can activate oil-whip. Unexpectedly, the journal response at the dynamic perturbation
occurs at a frequency half the rotating load speed. In other words, as reported in Table 4.3, the period
of the orbit is 0.118 s corresponding to a frequency of 8.5 Hz, which is half the rotating load frequency
ωt (17 Hz, the critical torsional speed) or, equivalently, a quarter of shaft rotation speed ω. This
behavior is consistent with the hydrodynamic lubrication principles. Indeed, when the static load
prevails over the dynamic component, the resulting whirling precession is synchronous, i.e. its
frequency is the same as the rotating load one. Differently, if the dynamic load is exerted by a half
speed load vector and its intensity overcomes the static load as in the present simulation (Figure
4.22b), the precession speed occurs at half the rotating load frequency (a quarter of the shaft rotation
speed) so that mass conservation in the lubricant film is ensured. Such phenomenon can be explained
by means of an analogy with the classical oil-whirl, which can be also considered as a mean to ensure
mass conservation when the wedge effect is lacking. In order to understand such analogy, only the
rotating load must be considered (reasonable when it is prevailing). In a reference system fixed to the
half-speed load vector, which rotates at angular speed ωt = ω/2, the wedge effect vanishes since the
rotational speeds of journal and bearing are ω/2 and -ω/2, respectively, so that the resulting oil
entrainment velocity is zero according to Couette linear distribution. Analogously, in classical whirl
no wedge forms as the journal is located at the bearing center due to the negligible load entity.
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Therefore, the two conditions are kinematically equivalent. In the classical whirl case, mass
conservation is restored if a journal precession occurs at half the journal rotation speed. The same
occurs in the reference frame fixed to the half-speed load vector, where the corresponding precession
must have a frequency ω/4, as the journal speed relevant to the frame is ω/2. In any case, although
such result is reasonable by the lubrication analysis point of view, it is not consistent with the dynamic
model used for the assessment of the dynamic load, which assumes a precession of the journal at a
rotation speed equal to ωt. In a nutshell, when case B loading conditions are simulated, the lubrication
model becomes incompatible with the overall dynamic simulation, as it does not consider the
kinematic perturbation that allows to compute the rotating load in agreement with section 4.5.5.
Accordingly, the kinematic perturbation is essential to trigger the precession, so it is included in the
last (reasonable) load case C. In this way, lubrication analysis with consistent loading yields the same
journal displacements obtained in case B (Figure 4.23) but they are predicted in a different period.
Indeed, Table 4.3 reports numerically identical amplitude components in load cases B and C, while
only the frequency response of case C is consistent with the assumed precession at frequency ωt.
Finally, the orbit computed for the consistent case C is compatible with the instability evidenced by
the experimental results.

Figure 4.23 – Journal orbit of the IS2 bearing at the onset of oil-whip (2040 rpm) computed for
load cases B and C
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5

Rolling bearings behavior in presence of turbomachinery
flow instability

In this chapter the results of signal processing techniques related to surge and rotating stall are
presented, and the same energy system is considered for the experimental investigations and related
collected data analysis; in the first part analyses are performed with the same interposed volume,
whereas in the second one even the influence of different plenum is assessed by changing its value.

5.1

Signal analysis performed with the same plant configuration

The present section shows signal processing techniques applied to experimental data obtained from
a T100 microturbine connected with different volume sizes. This experimental activity was conducted
by means of the test rig developed at the University of Genoa for hybrid systems emulation. However,
these results can be extended to all advanced cycles in which a microturbine is connected with
additional external components which lead to an increase of the plant volume size. Since in this case
a 100 kW microturbine was used, the volume was located between the heat recovery unit outlet and
the combustor inlet like in the typical cases related to small size plants. A modular vessel was used to
perform and to compare the tests with different volume sizes.
The main results reported in this section are related to rotating stall and surge operations. This analysis
was carried out to extend the knowledge about these risk conditions; indeed, the systems equipped
with large volume size connected to the machine present critical issues related to surge and stall
prevention, especially during transient operations towards low mass flow rate working conditions.
Investigations conducted on acoustic and vibrational measurements can provide interesting diagnostic
and predictive solutions by means of suitable instability quantifiers which are extracted from
microphone and accelerometer data signals. Hence different possible tools for rotating stall and
incipient surge identification were developed through the use of different signal processing
techniques, such as Wavelet analysis and Higher Order Spectral Analysis (HOSA) methods. Indeed,
these advanced techniques are necessary to maximize all the information conveyed by acquired
signals, particularly in those environments in which measured physical quantities are hidden by strong
noise, including both broadband background one (i.e., typical random noise) but also uninteresting
components associated to the signal of interest. For instance, in complex coupled physical systems
like the one it is meant to be studied, which do not satisfy the hypothesis of linear and Gaussian
processes inside them, it is reasonable to exploit these kinds of tools, instead of the classical Fast
Fourier Transform (FFT) technique by itself, which is mainly adapt for linear systems periodic
analysis.
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The proposed techniques led to the definition of a quantitative indicator, that is, the sum of all autobispectrum components modulus in the sub-synchronous range, which was proven to be reliable in
predicting unstable operation. This can be used as an input for diagnostic systems for early surge
detection. Furthermore, the presented methods will allow the definition of some new features
complementary with the ones obtainable from conventional techniques, in order to improve control
systems reliability and to avoid false positives.
5.1.1 Test rig description
The TPG experimental facility is composed by a modified microturbine (T100 machine: 100 kW
electrical power at 70 krpm design angular velocity, 30% design efficiency is reached by means of a
recuperated cycle) and external vessels located between the recuperator outlet and the combustor inlet
[1][2]. Although they were invented in order to imitate hybrid energy systems furnished with a Solid
Oxide Fuel Cell (SOFC), these vessels can reproduce power plants with considerable volume
dimension moved by a gas turbine [1].
In the present context, these vessels were operated simply like supplementary volume elements, and
not to imitate SOFC hybrid systems. Furthermore, vibro-acoustic analysis results reported in this
paper were performed for innovative cycles based on gas turbines technology, making them a current
tool for diagnostic purposes in advanced energy systems.
Figure 5.1 illustrates the facility layout: the system is equipped with two main control valves, VM
and VO, to govern the coupling with vessels, a check valve located downstream of the compressor
outlet and a bleed on/off emergency valve to eject a portion of the air flow. Three air/water heat
exchangers located at the compressor inlet pipes (EX) are also employed to control its inlet
temperature.
Performance indexes are collected and acquired by the control software developed in LabVIEW
environment. It gives the capability of managing the physical system from the control room and it
can store data measurements with low sampling frequency.
The earliest gas turbine control system guarantees its safe functioning: it controls the fuel flow in
order to keep the TOT level steady at 918.15 K and manages the machine start-up and shutdown
processes.
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Figure 5.1: test rig layout
Siemens Scadas mobile acquisition system was employed to acquire and save vibro-acoustic data
measures during a transient operation from a stable condition to an unstable (i.e., surge) one. The
acquisition system is able to acquire at the same time up to 16 distinct signals with a sampling
frequency (Fs) up to 204.8 kHz. A tachometer signal was obtained from the frequency of the electric
generator current: then, this signal is synchronous and comparable with all the others coming from
the sensors. One tri-axial accelerometer and a mono-axial one (axial direction) were respectively
located on the electric generator case near to the rotor ball rolling bearing and at the compressor inlet.
The employed probes are provided with high frequency response which permits dynamic
investigations up to frequency levels of 10 kHz. In order to observe and investigate the blade pass
frequency, two micro accelerometers characterized by resonance frequency greater than 55 kHz
(radial direction) and 80 kHz (axial direction) were also employed. Lastly, a pre polarized Gras
microphone provided with frequency response in a range between 2 and 50 kHz was located at the
compressor inlet in order to investigate its local acoustical emission [5][6][7].
Multi sample rates were adopted, by defining a different sampling frequency for each acquired
dynamic signal; this was made basing on the measurement position and sensor employed: 102.4 kHz
for microphone and micro accelerometer and 16.384 kHz for accelerometers placed close to bearings.
In some cases, a down sampling algorithm was applied on acquired signals to obtain suitable block
size in post-processing phase for each signal processing technique adopted.
In the present section, focus has been posed on software signal processing operations in order to
improve the capability of predicting compressor surge margin: then, experimental data considered
are referred only to one physical configuration (i.e., the one with the intermediate volume).
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5.1.2 Measurement system
Measurements were performed during some test days in which the T100, coupled with one of the
three added volume configurations (0.3 m3, 2.3 m3, 4.1 m3), worked in grid connected mode with the
variable speed control system that maintained the Turbine Outlet Temperature (TOT) constant at a
target level (equal to 918.15 K).
The turbine was started-up to a production of 40 kW electrical power (angular velocity around 62
krpm). This starting load was selected on the basis of some goals: meaningful off-design condition
(mGT systems are required to be very flexible in terms of part-load functioning) together with a great
initial margin from surge, and prevention of too low load functioning, in which the plant control
system would decrease TOT set-point; ultimately, it had to be an achievable starting point with
respect to the available plant apparatuses (e.g., the VBE size).
After a stationary working point is reached, surge event was produced gradually by closing the VO
valve (in 2.3 m3 and 4.1 m3 cases) or the VM one (0.3 m3 case), located in the air path between
recuperator outlet and combustor inlet (by enlarging pressure drops). These valves were closed by
consecutive steps of 10% (5% near to the surge line) until surge phenomenon occurred, typically in
a range between 20-30% of valve fractional opening. Vibro-acoustic measurements began before
every valve motion started, until the plant moved to a new stable working point. Therefore,
consecutive data sets comprising signals from all sensors were acquired and saved. A sampling
frequency of 8196 Hz was selected in order to be capable of detecting all meaningful frequency
contents within the signals; while emulating transient operation towards unstable working point,
rotational speed remained in the range between 62000 and 65000 rpm (1033-1083 Hz) [8]. This had
influence on the choice, since sample frequency must be much higher than the double of the rotational
frequency [9] to allow the analysis of all sub-synchronous content (essential to find surge precursors).
Upper levels of sampling frequency (up to 200 kHz) were adopted for one micro accelerometer to
allow investigating frequency values around the blade pass frequency (about 13 kHz). Indeed,
compressor impeller is characterized by 13 blades, and by 13 additional splitter ones; the turbine is
only equipped with 13 main blades.
When the system arrived at an unstable condition, only few surge cycles were acquired since the
control system instantly turned-off the compressor to reduce damage dangers.
5.1.3 Type of test investigated
Some different kinds of transient behavior of the compressor are considered in order to show
operating responses on its stable and unstable operating conditions in order to extract more
information as possible from them.
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The transient analyzed is obtained closing gradually the two valves previously described in the outlet
compressor circuit and system response signals of different nature (acoustic and structural) have been
acquired (mono axial accelerometer response mounted on the rolling bearings, microphone at the
compressor inlet section, high frequency response micro-accelerometer on the compressor housing).
In this case the aim is to look for the condition of intermittent phenomena which occurs between deep
and mild surge cycles when the machine becomes unstable.
This is made in order to investigate system response just before the first deep surge cycle happens
and to look for contents in signals that make us able to discover the onset of rotating stall
phenomenon. Differently from the works performed in [1][3][4], where attention was paid only on
the last stable operating points just before surge, in this case the investigation was focused on
experimental vibro-acoustic responses collected on the compressor when it undergoes succession of
deep and mild surge cycles; then, they were compared with nominal working conditions, far from
instability zone (i.e. surge line of the compressor).
The transient chosen to represent the unstable behavior is characterized by entrance in surge with two
cycles, and subsequent shutdown of combustion chamber; consequently, rotational speed goes down
before the machine recovers a condition closer to its stable region (probably it founds itself in mild
surge conditions in this phase). This could be ascribable to mass flow rate oscillations which can
make critical the machine working condition. After about 2 s, another deep surge condition is
encountered again, and the compressor undergoes another surge cycle. All this information can be
seen from the accelerometer time-history reported in Figure 5.2. Starting from this time-signal, we
obtained one significant time segment to focus on short time-windows: the first one starts from the
approach of surge and contains a sequence alternating deep and mild surge. Then we will investigate
its frequency contents to identify a likely rotating stall condition before each surge cycle begins.
Indeed, observing accelerometer time-history trend, one can confirm that the acceleration peaks are
abnormal and thus can generate damage also to the bearings and reducing residual life of the plant.
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Figure 5.2: accelerometer time-history during surge transient
In Figure 5.3 the detail of the central part of the transient is reported as it is the starting point for the
investigation. It is compared with tachometer signal reported in Figure 5.4, in order to show the trend
of measured angular speed when the machine operates in undesired conditions: cursors in Figs. 5.3
and 5.4 define the main instants corresponding to the deep surge conditions encountered in the
temporal sequence.
From angular velocity trace one can see that just after each deep surge sequence (starting respectively
from time instants 29.75 s and 30.52 s) the mGT system accelerates: this can be explained by the
blocking of mass flow rate aspirated from the compressor while the turbine is still giving power to
the energetic system. Indeed, the power absorbed from the compressor decreases instantaneously
leading to a torque unbalance on the shaft and thus to a positive angular acceleration. After the first
surge cycle occurs, the fuel alimentation in the combustion chamber is switched off by the control
system and thus angular speed and power of the mGT decrease.
This happens because the mGT is equipped with a monitoring system based on an industrial
accelerometer signal; when a critical vibration level is reached, a forced shutdown is activated to
protect the plant [2]. This is also confirmed by the fact that the fuel mass flow rate stabilizes to zero
till the transient ends, soon after the mGT undergoes the first deep surge. Then, the second surge
cycle condition happens because of the change of turbine operating condition together with the
decrease of angular velocity which reduces the stability margin of the compressor.
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Figure 5.3: detail of previous time-history from the first surge cycle and future instability
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Figure 5.4: rotational speed trace corresponding to the previous surge transient extract
5.1.4 Signal processing techniques on operational responses
Short Time Fourier Transform (STFT) was compared with Wavelet Transform [10][11] and
complemented by HOSA techniques [12][13][14] applied to the accelerometer signal reported in
Figure 5.2. These two methodologies are very common in other fields of research (e.g., vibrational
diagnostics). HOSA techniques are used to better highlight deterministic contents of acquired
physical signals, and thus to minimize measurement noise, both random and frequency localized one,
since they rely on statistics of higher order [12][15]. Wavelet Analysis may be useful to detect in
advance incipient surge conditions since from a theoretical point of view it can provide better
resolution in time or frequency, depending on the settings adopted, and thus it can recognize some
coherent patterns related to rotating stall inception [16]. Indeed, Wavelet Transform is characterized
by variable time-frequency resolution (differently from STFT), which can be adapted on the whole
frequency range. In the following, wavelet analysis results are reported by means of time-frequency
maps which allow to detect how the signal energy contents vary according to a chromatic scale. In
the following a time-frequency analysis about the vibrational response of the mGT during the
different chosen transients is conducted. First of all, it is reported a comparison between STFT and
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Wavelet Transform performed on a system response far from instability zone. The investigation is
limited to the sub-synchronous range and this highlights that the response attributable to acoustic
modes, not so evident and characterized by low energy contents in low frequency, is well identified
by Wavelets but not clearly by STFT. Indeed, in order to be able to observe an entire transient together
with its hidden discontinuous temporal trends, one loses information about the accurate identification
of the characterizing frequencies of the occurring phenomena. In Figure 5.5 STFT and Wavelet are
performed over a temporal segment acquired from accelerometer placed in correspondence with mGT
bearings, oriented in axial direction; very far from unstable conditions; from Wavelet map it can be
noted that there is no significant sub-synchronous content, as expected for this nominal operating
condition. Indeed, signal energy content, under the rotational frequency (about 1 kHz), is low, as can
be deducted considering the color bar range. Different time and frequency resolutions can be
observed, revealing better identification of low frequency contents by Wavelets. For example, in the
range 5-100 Hz Wavelet analysis allows to identify frequency contents for well-defined frequency
levels, maybe related to an acoustic modal response, not excited in a marked way in the stable state.
At higher frequency, both STFT and Wavelets show that in system response sub-synchronous
contents are characterized by low energy levels. Then, the same kind of investigation is conducted on
the surge transient (Figure 5.6). Frequency domain techniques are applied on the accelerometer signal
in order to highlight significant signal contents related to unstable phenomena.
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Figure 5.5: color map of STFT (up) and Wavelet (down) analyses in stable operating conditions
STFT shows limitations on frequency resolution for the lowest frequency levels, while it allows the
correct identification of the energy contents at the higher frequency values, such as the synchronous
revolution frequency (1X). In terms of temporal resolution, in this specific case, STFT analysis was
set with not fine values in order to do not degrade its frequency resolution. Indeed, these two signal
properties are in conflict between them (in particular, improving one implies degrading the other). In
detail, these two main parameters were set in order to be able to detect low frequency acoustic modes.
Nonetheless, from figure 5 it can be noted that, under 10 Hz, it is almost impossible to distinguish
energy contents frequency. Wavelet Transform has better frequency resolution at low frequencies,
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since it has a logarithmic law such as human hearing [17]. Both STFT and Wavelet analyses show
the alternation of deep and mild surge cycles (three deep surge sequences respectively begin at time
instants 2, 5 and 9 s): also here the investigation is limited to the sub-synchronous frequency range;
again, the revolution frequency is next to 1.1 kHz, and the one attributable to rotating stall is next to
0.35 – 0.55X (normalized frequency values expressed as fractions of the synchronous revolution
frequency), as expected for this kind of vaneless diffuser radial compressor.

Figure 5.6: color map of STFT (up) and Wavelet (down) analyses in unstable operating
conditions

146

In the following Wavelets are employed to classify system dynamic responses contents in different
segments of the considered transient. Indeed, a detailed analysis of this one showing rotating stall
evolution is reported in Figure 5.7 on a shorter time window. From Wavelet colormap results, both
the frequency contents of 1X (synchronous revolution frequency) and a sub-synchronous one,
attributable to rotating stall, at less than 0.5 s from the first deep surge cycle, are well detectable in
incipient surge conditions. In the time interval 0-0.4 s this frequency content is enough persistent,
while in the last instants just before the first deep surge cycle Wavelet analysis reveals an intermittent
nature of this phenomenon (see color intensity of sub-synchronous frequency contents close to 400
Hz, ranging in a discontinuous way in the last 0.1 s before deep surge). It must be underlined that this
accelerometer vibrational response content is practically absent in the transient between the two deep
surge cycles; the approach to the second surge cycle does not seem to be preceded by rotating stall
onset (see figure 7 Wavelet map, in the time interval 0.4-0.5 s). This seems to agree with experimental
evidence reported in literature [1] in which it is stated that stall inception is not a necessary condition
when the machine is approaching surge condition starting from an operating point far from its stable
zone., while it is normally encountered approaching from a nominal condition. The same Wavelet
colormap results convey information on the low frequency contents and how the modal response
increments its energy approaching instability range. In detail, one can see as these contents, in the
case considered in Figure 5.5, are characterized by the same frequency level both in incipient and in
deep surge conditions. The most interesting information we get from Wavelet results is that rotating
stall phenomenon disappears just after the first deep surge cycle occurs, as proved by the fact that a
frequency content at 500 Hz firstly appears intermittently and then vanishes.
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Figure 5.7: detail of the first deep surge cycle accelerometer time-history in [m/s2] (up) and its
Wavelet Transform (down)
In the next figures, also high frequency range is investigated in order to find frequency contents
related to phenomena developing within the system.
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Figure 5.8: Wavelet Transform in stable (up) and unstable (down) operating conditions of the
compressor from the accelerometer on its housing

All the color bars reported together with the presented results maps have the same maximum and
minimum limits, in order to compare the two different system states. Output signals from high
frequency response accelerometer mounted on compressor housing, whose time window is of 0.5 s,
were considered for the subsequent analysis. In the unstable case, by means of Wavelet Transform,
we can observe that Blade Pass Frequency (BPF) loses its energy with respect to the stable one; its
value is next to 13 kHz since the compressor is equipped with 13 blades (plus 13 splitter ones, see
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Figure 5.9). On the contrary, the energy of the second order (26X) increases its value while the first
one decreases. This might be justified by the fact that a developed rotating stall interacts with impeller
blades from its entering section, where splitter blades are not present and thus only 13X forcing order
is present; hence, 13X is the component mainly weakened by the stall, whereas 26X one persists,
since in inner impeller sections splitter blades are not affected by this interaction and so their
contribution is not affected by 13X reduction. Furthermore, in the unstable case it is to be remarked
the presence of an energy contribution between BPF and its second order, which is more relevant
with respect to the stable condition. To summarize, the onset of instability phenomena of the fluid
flow within the machine, such as rotating stall, may interact with typical blade passage frequency
content, because of an alteration of the nominal machine behavior is occurring (i.e. abnormal blade
load distribution). A physical explanation of this behavior might be that close to instability line, all
the inter blade canals in compressor impeller are stalled from its inlet section, resulting in a less strong
contribution of the conventional blades with respect to the splitter ones as usually happens in stable
operation.

Figure 5.9: compressor impeller: detail of main and splitter blades (additional masses on some
blades are present for dynamic structural mistuning purpose in impact test)
BPF results to be less evident in unstable operation, whereas other components in high frequency
enlarge their energy in this configuration. In the following we mean to exploit higher-order-spectra
method to show possible coupling between fluid flow phenomena and their interaction with system
structural behavior, since this leads to a nonlinear response of the whole system [15]. Furthermore,
also transmissibility of acoustic emissions can be studied by means of these techniques, deepening
the strong coupling present not only between fluid and structure but also between the structure itself
and the surrounding environment. This is made by processing signals acquired from both
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accelerometers and microphones, for a fixed plant configuration with an intermediate added volume.
The main advantage in using HOS approach is the chance of removing steady and unsteady Gaussian
noise from the signals of interest investigated [15]. In literature applications of this methods are not
so present, whose potentialities can be then exploited to set up diagnostics systems based on reliable
indicators. The first techniques adopted begin with second order approaches and move to higher order
ones; then, respectively in time and frequency domains auto and cross-correlations functions and their
spectra are evaluated. Starting from auto-correlation functions (order 2 statistics), microphone
acoustic signals acquired near the compressor inlet section have been post-processed. These
autocorrelations are first computed for both the unstable and stable operating condition of the
centrifugal compressor and then their Fast Fourier Transform (FFT) are evaluated in order to find out
significant energy contents at different frequency levels. By comparing auto-correlation functions of
microphone signals reported in Figure 5.10, a higher amplitude is encountered, particularly for timeshift equal to zero (which corresponds to second order statistical moment, i.e., variance), in the
unstable condition with respect to the stable one.

Figure 5.10: microphone autocorrelation function in stable (up) and unstable operating
condition (down)
Significant amplitude peaks corresponding to precise time-shift close to 2.5 ms are associated with
perturbations propagation phenomena, such as reflections present in the measurement point in which
the microphone was placed (case of the mGT with its reflecting walls). These peaks result to be higher
in unstable conditions and some of them can be identified with a characteristic period of about 3 ms
together with others at multiple values of the previous time-shifts, attributable to further reflection
phenomena. From the FFT of the previous described autocorrelation function (Figure 5.11), attention
has been posed on sub-synchronous frequency range of acquired signals, delimited by revolution
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frequency (close to1.1 kHz and slightly higher for the unstable condition) which is clearly visible in
both the spectra. In the unstable case, low frequency contents attributable to an acoustical system
modal response seem to be more significant, which becomes more and more relevant going far from
the stable zone. Only in unstable condition, a sub-synchronous component characterized by an energy
peak around 300 Hz is clearly present (marked by data tip); it could be related to the onset of a rotating
stall pattern in the compressor. Furthermore, in the frequency range 0.5X-1X an energy increment in
the acoustic response measured by the microphone can be noticed.

Figure 5.11: FFT of microphone autocorrelation functions in stable (up) and unstable (down)
operating conditions
The same procedure is then carried out for high frequency response accelerometer signal: in Figure
5.12 its autocorrelation function is shown for both stable and unstable compressor behavior. With
respect to the acoustics, time-shifts become significant already for values in the order of milliseconds
since perturbations velocity is sensibly higher in solid means than in fluid ones. Comparing the
autocorrelation function for the accelerometer in a time-shift range of ± 1.5 ms, in the stable condition
the resulting trend is more regular with the presence of less pronounced peaks.; on the contrary, in
the unstable one more peak is found: they indicate a higher energy level correlated to propagation
and reflection phenomena within the system. In Figure 5.13 the autocorrelation function of the
microphone over a more extended range, with respect to the first plot (Figure 5.12), is reported and a
low frequency periodic content is well detectable; indeed, the trends show an amplitude modulation
phenomenon characterized by maxima corresponding to periodicity present in microphone signals; a
sequence of maxima separated by a time-shift of 0.01 s is present in both cases, indicating system
response frequency contents close to 100 Hz.
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Figure 5.12: high frequency accelerometer autocorrelation functions in stable (up) and unstable
(down) operating conditions
In the condition next to instability, two other maxima are detectable at time shifts ±0.14 s,
corresponding to a period associated with a cyclic phenomenon (whose frequency is then lower than
10 Hz); this could be attributable to a forced response due to incipient surge that excites system
acoustic resonances. The acoustic response coming from the microphone seems to detect this
phenomenon and the autocorrelation function changes its trend (moving from stable to unstable
condition) underling the presence of energy contents at low frequency by exhibiting oscillations.

Figure 5.13: microphone autocorrelation function with higher time-shift range
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In Figure 5.14 FFT of auto-correlation functions of the accelerometer are reported, underling that
some frequency contents change passing from a stable condition to an unstable one next to incipient
surge. In particular, BPF and its order two (two times the blade pass frequency) reduce their energy
contents in unstable operation (peaks at 13 and 26 kHz) and at the same time other frequency contents
increase their energy; they could be related to the presence of a phenomenon related to incipient surge
(rotating stall) which interacts with blade passage. In both cases, in the two spectra there are cyclic
contents related to the impeller rotation frequency (see peak at1.1 kHz) and to its 4X multiple related
to the properties of the electric generator with two polar couples. Moving from stable to unstable
status, while order 4X seems to be invariant, order 1X energy level seems to increase, due to an
additional unbalance caused by distorted fluid distribution within the compressor impeller.

Figure 5.14: FFT of high frequency sampled accelerometer autocorrelation functions in stable
(up) and unstable (down) operating conditions
In the following part, cross-correlation functions between accelerometer and microphone signals are
performed, in order to minimize measurement noise and to underline the common contents; indeed,
they could reveal vibro-acoustic system response identifying also low S/N ratio contributes which are
covered by noise. In Figure 5.15 such cross-correlation function is reported: in the unstable case it
can be seen that harmonic contents related to rotation frequency are predominant, since they are
detected by both the types of sensors. The FFT of the previous showed cross-correlation function
reported in Figure 5.16 shows a significant increment of low frequency contents in the unstable
condition; it can be attributable to an increasing modal vibro-acoustic response moving towards
unstable status. Even the peak at 300 Hz can be remarked and it is ascribable to a contribution of
rotating stall, detectable both from the structural and from the acoustic probes.
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Figure 5.15: accelerometer microphone cross-correlation functions

Figure 5.16: FFT of accelerometer microphone cross-correlation functions in sub-synchronous
frequency range
The analysis of the cross-correlation function has been extended up to the higher frequencies, close
to the BPF range, as shown in Figure 5.17. In the stable condition, peaks in correspondence of the 1X
and 13X (BPF) are well marked (see markers at 1047 Hz and 13594 Hz). Furthermore, it presents, a
multiple of order 2 with significant energy content. Close to incipient surge, BPF seems to lose
energy, while its order 2X results to be less detectable in the cross-spectrum. This could be attributable
to the incipient unstable condition which makes the system responses less stationary and so with
frequency contents less marked and more variable, resulting in less deterministic characterizing
frequencies of the phenomena.
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Figure 5.17: FFT comparison between accelerometer microphone cross-correlation functions in
high frequency range
In the last part, bispectrum analysis was performed on microphone and accelerometer signals in order
to extract more hidden information from them, and above all, to remove all background noise. Autobispectrum was calculated by means of both the direct approach (based on FFT) and the indirect one
[19]. Indeed, this function allows to investigate the interactions between spectral contents in the
acquired system responses [15], and this can be displayed adopting a color map with two independent
(normalized) frequencies on the axes. Modulation phenomena are well distinguishable as the
bispectrum function increases its amplitude in correspondence of their characteristic frequencies. In
Figure 5.18, for the microphone signal, auto-bispectrum estimated via the indirect method is shown
both for stable and unstable operating conditions. In the unstable one, the onset of a phenomenon
with sub-synchronous frequency (next to f1= 0.05*Fs  400 Hz) and low frequency contents are more
evident with respect to the stable conditions. Furthermore, this typical frequency related to rotating
stall does not change varying f2 (y axis); this underlines how such phenomenon is coupled with a
broadband frequency range in the system responses, showing the presence of a modulation behavior
in system dynamic responses. In the following Figure 5.19 auto-bispectrum estimated via the direct
method is reported for high frequency accelerometer signal. It is to be noticed that this autobispectrum, computed for higher frequency values with respect to the first one showed above, can
reveal BPF interaction with sub-synchronous phenomena and with rotation frequency and its higher
orders (2X).
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Figure 5.18: microphone auto-bispectrum in stable (up) and unstable (down) operating condition
(Fs = 8192 Hz)
In the unstable case, both the 13X and 26X (corresponding on the abscissa axis to f1/Fs respectively
equal to 0.2 and 0.4) seem to be related to a sub-synchronous content that could be ascribable to
rotating stall (corresponding to f2/Fs  0.005). Furthermore, in the stable case, frequency contents
with well distinguishable values are detectable (13X and 26X, respectively BPF and its order 2),
whereas in incipient instability conditions, high frequency structural response presents an energy
distribution spread on a wider frequency range with respect to the limitations imposed by 13X and
26X. This auto-bispectrum seems to reveal a correlation between BPF (13X, corresponding to f1/Fs
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 0.2) and its order two (26X, corresponding to f1/Fs  0.4) and the synchronous component (1X,
corresponding to f1/Fs  0.02) both in stable and unstable case.

Figure 5.19: high frequency sampled accelerometer auto-bispectrum in stable (up) and unstable
(down) operating condition (Fs = 65536 Hz)
Then, it has been made an addressed sum of all auto-bispectrum components modulus in the subsynchronous range, since it is regarded as the most significant field for a possible diagnostic indicator.
This has been chosen because phenomena that grow up close to instability create energy contents in
system responses within this frequency range. This indicator looks like it is enough robust and thus
it can be regarded as a reliable predictive tool with respect to low mass flow rate instability
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phenomena in centrifugal compressors. These indicators are reported in Figure 5.20 for experimental
data respectively for stable and unstable status, coming from structural and acoustic signal responses.

Figure 5.20: sum of all auto-bispectrum components modulus in the sub-synchronous range

5.2

Signal analysis performed with different plant configurations

Compressor response investigation in nearly unstable operating conditions, like rotating stall and
incipient surge, is a challenging topic nowadays in the turbomachinery research field. Indeed, turbines
connected with large-size volumes are affected by critical issues related to surge prevention,
particularly during transient operations. Advanced signal-processing techniques conducted on
vibrational responses provide an insight into possible diagnostic and predictive solutions which can
be derived from accelerometer measurements. Indeed, vibrational investigation is largely employed
in rotating-machine diagnostics together with time-frequency analysis such as smoothed pseudoWigner Ville (SPWVD) time-frequency distribution (TFD) considered in this section. It is
characterized by excellent time and frequency resolutions and thus it is effectively employed in
numerous applications in the condition monitoring of machinery. The aim and the innovation of this
work regards SPWVD utilization to study turbomachinery behavior in detail in order to identify
incipient surge conditions in the centrifugal compressor starting from operational vibrational
responses measured at significant plant locations. The so developed investigation allows us to assess
the reliability of this innovative technique with respect to conventional ones in this field of research,
highlighting at the same time its qualities and drawbacks in detecting fluid machinery unstable
behavior. To this aim, an experimental campaign has been conducted on a T100 microturbine
connected with several volume sizes and this has allowed to assess diagnostic technique reliability in
plant configurations with different dynamic properties. The obtained results show that SPWVD is
able to successfully identify system evolution towards an unstable condition, by recognizing different
levels and features of the particular kind of instability that is going to take place within the plant.
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Instability phenomena regarding rolling bearings have also been identified and their interaction with
surge onset has been investigated for diagnostic purposes.
The innovative aspects of this work regard the application of this technique that has not been yet fully
exploited in the turbomachinery research field, in order to identify unstable phenomena like incipient
surge detection. Indeed, thanks to its good resolution properties, it is a powerful tool in detecting
anomalous operational responses, and thus it can also be employed in fluid machinery diagnostics in
order to highlight hidden contributions that take place while, in the case of early surge detection, the
compressor is moving towards its unstable operating region. It may be regarded as a progress with
respect to well-established methods (e.g., overall sub-synchronous RMS value) since it can allow a
reliable identification of the most significant coupled phenomena, ranging from the lowest to the
highest frequencies, which typically arise moving towards turbomachinery off-design operating
conditions. In the next section details of the technique considered are presented, while the results
obtained from a mGT specific experimental investigation are shown and discussed in the following
sections. Finally, SPWVD is compared for one significant operating condition with short-time Fourier
transform (STFT) and Wavelet Transform (WT), which have been already employed in [20] for
diagnostic purposes on the same mGT plant, in order to assess its reliability and to evaluate its merits
and drawbacks with respect to other widely employed TFDs.
5.2.1 Overview on the adopted time-frequency signal processing technique
A diagnosis methodology is hereafter proposed, where WVD is performed in order to early detect
incipient surge and rotating stall. WVD, together with other time–frequency distributions like WT
and STFT, can describe temporal evolution of spectra or poly-spectra (moment spectra). A TFD is a
transform which maps a one-dimensional signal into a two-dimensional time-frequency map, that
describes how the spectral contents conveyed by experimental data vary with time. Therefore, TFDs
are the natural tools for the analysis, synthesis, interpretation, and digital signal processing of
nonstationary signals. Among the more employed TFDs there are the STFT [21], the Gabor
representation [22], and the WT [23][24]. Linearity is a desirable property of algorithms used in
investigating linear systems; on the other hand, quadratic time-frequency distributions have also been
proposed, studied, and interpreted as time-varying power spectra, in order to investigate non-linear
systems [25][26]. The so-called Cohen class of shift-invariant distributions comprises particular cases
such as the Spectrogram, Rihaczek, Page, Wigner-Ville distribution (WVD) and Choi-Williams
distributions [25][26]. The WVD became very widespread since it is characterized by several useful
properties and was employed in the investigation of phase modulated signals, that are usual in radar
and sonar [27]. Moreover, each member of Cohen’s class can be interpreted as a two-dimensional
linearly filtered version of the WVD [26]. A third order WVD was presented in [28]; then it was
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generalized, and its properties were investigated in [29][30][31][32][33]. Higher-order WVDs
describe the evolution in time of the higher-order moment spectra of the signal, in the same way that
higher-order moment spectra evaluated on Fourier transform (FT) describe time-evolution of spectral
contents evaluated by a linear transformation [21]. A theoretical basis of the Wigner–Ville
distribution, is given in the following, in order to highlight its peculiar features with respect to other
TFDs.
The Wigner distribution (WD) was presented in 1932 by Wigner in the context of quantum
mechanics; its effectiveness to problems in communication theory was found by Ville in 1948;
consequently, it is also called the Wigner-Ville distribution (WVD). A sequence of works by Classen
and Mecklenbraüker [34] considered the effectiveness of the WVD for time-frequency analysis of
continuous and discrete-time signals and was dedicated to applications in digital signal processing;
sampling issues when working with discrete-time signals are also examined in [35]. Tutorial
overviews over the WVD and its relationships with other time-frequency distributions (TFDs) can be
found in [25][26][27][28][29]. In order to distinguish the second order WVD from the higher-order
WVD it is common to refer to the conventional WVD as the Wigner spectrum (WS). Differently from
the STFT, that is always resolution constrained either in time or in frequency (determined by the
window function, which imposes resolution limits either in time or in frequency), and undergoes
smearing and side lobe leakage, the WS provides excellent resolution in both the frequency and time
domains. The Wigner cross spectrum (WCS) of two signals, x(t), y(t), can be defined in time or
frequency domains, according to (5.1) or (5.2), respectively:
𝜏

𝜏

𝑊𝑥𝑦 (𝑡, 𝜔) = ∫ 𝑥 (𝑡 + 2) 𝑦 ∗ (𝑡 − 2) 𝑒 −𝑗𝜔𝜏 𝑑𝜏

𝑊𝑥𝑦 (𝜔, 𝜉) =

1
2𝜋

𝜉

𝜉

∫ 𝑋 (𝜔 + 2) 𝑌 ∗ (𝜔 − 2) 𝑒 𝑗𝜉𝑡 𝑑𝜉

(5.1)

(5.2)

In which X(ω) and x(t) constitute an FT pair. The auto WS can be obtained by choosing x(t) = y(t)
and it is a bilinear function of the signal x(t). The ambiguity function, that is widely used in radar, is
defined as the two-dimensional FT of the WS, and can be expressed according to (5.3):
𝜏

𝜏

𝐴𝐹(𝜃, 𝜏) = ∫ 𝑥 ∗ (𝑡 − 2) 𝑥 (𝑡 + 2) 𝑒 𝑗2𝜋𝜔𝜃𝑡

(5.3)

Cohen’s general class of TFD is defined as expressed in (5.4):
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𝑊𝐶 (𝑡, 𝑓) = ∬ Φ(𝜃, 𝜏) 𝐴𝐹(𝜃, 𝜏)𝑒 −𝑗2𝜋𝑡𝜃 𝑒 −𝑖𝜔𝑡−𝑗2𝜋𝑓𝜏 𝑑𝜏𝑑𝜃

(5.4)

In which the kernel Φ(θ, τ) specifies the kind of distribution which is desired to obtain. Let us define
x(n) as x(n): = y(n) + z(n); then it follows that:
𝑊𝑥𝑥 (𝑓, 𝑛) = 𝑊𝑦𝑦 (𝑓, 𝑛) + 𝑊𝑧𝑧 (𝑓, 𝑛) + 𝑊𝑦,𝑧 (𝑓, 𝑛) + 𝑊𝑧,𝑦 (𝑓, 𝑛)

(5.5)

Since the WVD is a quadratic transform, the WVD of the sum of two signals is not equal to the sum
of the individual WVD, but it is affected by the presence of cross-terms. Due to the presence of crossterms it is difficult to interpret the WVD. The influence of cross-terms can be limited by adopting
appropriate filtering, in the ambiguity function domain, that is, by a suitable choice of the smoothing
kernel Φ(θ, τ). In order to mitigate the effects of the cross-terms, Choi and Williams [36] suggested
to employ the following kernel:
𝛷(𝜃, 𝜏) = 𝑒𝑥𝑝(−𝜃 2 𝜏 2 /𝜎 2 )

(5.6)

In which the parameter σ regulates the amount of reduction of cross-terms (their amplitude is
proportional to σ). On the other hand, increased suppression of cross-terms always leads to smearing
or loss of resolution of the auto terms (the ones related to the actual signal) in the time-frequency
domain.
In practice, signals are discretized in time, and then FTs are computed on a sampled frequency grid,
too. The discretization in time and frequency of the continuous-time WVD leads to the non-aliasing
condition that the original signal must be sampled at twice the Nyquist rate [35]. The discrete-time
algorithm is also presented in the following [25][26]. The instantaneous cross-correlation can be
defined as follows:
𝑟𝑥𝑦 (𝑚, 𝑛) = 𝑥 ∗ (𝑛 − 𝑚)𝑦(𝑛 + 𝑚)

(5.7)

in which n corresponds to the discretized time and m to the lag. The WCS, similarly to the continuoustime case, is then defined by:
𝑊𝑥𝑦 (𝑓, 𝑛) = ∑𝑚 𝑟𝑥𝑦 (𝑚, 𝑛)exp (−𝑗𝜋𝑓𝑚)

(5.8)
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The auto WS can be obtained by choosing x(n) = y(n). The original time-signal must be sampled at
twice the Nyquist rate or faster, in order to prevent aliasing. In practice, even the frequency variable
f is discretized, f = k/K, in which K regulates the frequency resolution. The WCS defined in (5.8) can
also be implemented via two FFT algorithms, following the approach presented in [37]. Both
approaches require the same computational and storage complexity. This algorithm in (5.8) is
implemented in many routines, as it is the simplest way to compute WVD. The ambiguity function,
AF, is computed as:
𝐴𝐹(𝑚, 𝜃) = ∑𝑛 𝑟𝑥𝑦 (𝑚, 𝑛)exp (𝑗2𝜋𝑛𝜃)

(5.9)

The AF is then multiplied by the Choi-Williams filter, as below reported:

𝑤(𝑚, 𝜃) = exp (− (

𝑚𝜃 2
𝜎

) )

(5.10)

A two-dimensional FT (θ to n and m to f) returns the filtered WVD, also known as SPWVD. Crossterms can normally be mitigated following this approach, but always with a concomitant loss of
frequency resolution. In practice, θ represents a discretized frequency grid.
5.2.2 Investigated operational mGT transients
Experimental investigation consisted in some tests where the mGT was connected with one of the
three added volume arrangements. The T100 operated in grid connected mode while the variable
speed control system was keeping the Turbine Outlet Temperature (TOT) fixed at a target value (set
at 918.15K). The T100 was started-up to a production of 40 kW net electrical power (angular speed
around 62 krpm). This beginning power was chosen according to several aims: significant off-design
functioning (mGT plants are expected to be quite flexible in terms of part-load operating), sufficient
initial surge margin, and at the same time prevention of too low load operation, in which plant control
system would reduce TOT set-point; finally, it had to be a feasible beginning condition basing on the
available plant devices (e.g., the VBE size). When a stationary operating condition was reached, surge
occurrence was generated by progressively closing the VO valve (in 2.3 m 3 and 4.1 m3 cases) or the
VM one (0.3 m3 case), that is in the air path between recuperator outlet and combustor inlet (by
augmenting pressure losses). These valves were closed by successive steps of 10% (5% when close
to the surge region) until surge event raised, usually in a span between 20-30% of valve fractional
opening. Table 5.1 provides an overview of the test rig working conditions both for the initial and for
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the last stable operating points actually considered in the measurements, for the three plant
configurations investigated [1].
Table 5.1 – Initial condition (i.c.) and last stable point (l.s.p.) plant parameters
Volume
Operating point
N [krpm]
Net power [kW]
M [kg/s]
TOT [K]
Kp [-]
PRC1 [bar]

V1 = 0.3m3
i.c.
l.s.p.
61.6
63.6
40.0
39.1
0.59
0.53
918.15
918.15
1.11
1.00
3.27
3.66

V2 = 2.3m3
i.c.
l.s.p.
62.9
64.4
40.0
35.2
0.59
0.53
918.15
918.15
1.18
1.00
3.42
3.73

V3 = 4.1m3
i.c.
l.s.p.
62.8
63.9
40.0
35.0
0.59
0.51
918.15
918.15
1.19
1.00
3.40
3.60

Figure 5.21 – Rotational speed traces corresponding to different volumes surge transients
From Figure 5.21 it can be noticed how qualitative angular speed trends are similar for the three
different volumes investigated. In all considered cases the trend is influenced by surge cycles, and a
pseudo-periodicity is characterized by lower frequencies by passing from the smallest interposed
volume to the biggest one (see the markers corresponding to the end of two consecutive pseudocycles for each single speed trace indicating different fundamental pseudo-period). From the previous
traces it is evident how the system response is not periodic even when deep surge conditions are
encountered, and the necessity of employing TFD to identify spectral contents temporal evolution in
response signals.
5.2.3 SPWVD application to mGT vibrational operational responses
In the following a time-frequency analysis based on SPWVD technique on mGT vibrational responses
collected in different compressor operating conditions is performed. At first, SPWVD investigation
is reported to detect vibration signature in stable conditions. This has allowed to identify spectral
contents pattern from which a baseline has been defined that is typical of system normal working
state and whose change may be regarded as representative of the onset of an anomalous condition.
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After this, the proposed technique is applied in a systematic way to investigate its diagnostic
capabilities. To this aim, operational vibrational responses during surge transients are analyzed by
means of SPWVD for the three plant configurations adopted, corresponding to three different
interposed volumes, according to the scheme reported in Table 5.2, which specifies frequency ranges
investigated for each volume and observation time for each time-frequency analysis.
Frequency range analysis

Stable
Stationary

Stable
run up

Low frequency (<200Hz)
Sub-synchronous
High Frequency

V1
V1
V1

V1
V1
-

Surge
transient
(whole)
V1, V2, V3
V1
-

Surge
transient
(extract)
V1

Table 5.2 – summary of conducted time-frequency analyses
This is made with the aim of comparing different plant responses to look for possible surge precursors
whose features (i.e., frequency characteristic and energy levels) may vary with the examined volume
configuration. In the following, obtained results as well as motivation and significance for each
considered specific plant configuration are reported.
The first signal analyzed with SPWVD technique is a vibrational response system acquired in a stable
working condition (mGT vibrational reference signature) for 10 s, very far from surge line. In Figure
5.22, it is shown a SPWVD performed on data collected by the accelerometer placed in axial
direction, close to mGT bearings. The investigation is limited to the whole sub-synchronous range.

Figure 5.22 – SPWVD stable case, Volume 1 (0.3 m3)
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Indeed, the effect of mGT bearings on system response is strongly decoupled from volume
configuration as it does not involve fluid-dynamic phenomena and it mainly depends only on shaft
line rotordynamic behavior.
In stable conditions, some spectral contents can be clearly identified: the first one is related to the
rotational frequency, which will be referred to as 1X from here on, which is next to 1 kHz, according
to expected nominal rotational speed that is around 60 krpm. Then, spectral contents at 0.28 kHz, 0.6
kHz and 0.75 kHz are also well detectable and they might be related to resonance contributions in
vibrational response. They are characterized not only by one frequency value, but they are spread in
a narrow frequency band. For this reason, these response contents might be excited from broadband
fluid-dynamic forcing and cannot by self-excited by a mechanical rotation of specific components.
This will be also deepened in the following by means of a run-up analysis. Then, sub-synchronous
spectral contents with characteristic frequencies next to 0.15 kHz (and its second order 0.3k Hz) and
0.4 kHz are well distinguishable and their energy persists at almost the same level for all the
observation time (10s). Nonetheless, in some specific time instants, a slight reduction of their energy
levels can be observed, thus highlighting a not deterministic nature. These spectral contents may be
attributed to an instability taking place in rolling bearings due to an unstable cage-whirl related to
thermo-elastic instability contact phenomena in rolling elements that can significantly affect system
response [44][45][46]. Indeed, under low loading conditions, as in mGT nominal working conditions,
it may happen that the rolling element cannot drive the cage to move continuously and hence it is
easier to identify spectral contents related to these unstable phenomena in system response. Indeed,
the investigated system is equipped with two high speed ball rolling bearings with interposed
lubricant fluid film between their housing and the external ring, which can be subjected to these
phenomena. Figure 5.23 shows mGT rotor that is mounted with a cantilever configuration with two
high-speed rolling bearings at the two opposite ends of electric generator rotor.

166

Figure 5.23 – mGT rotor (from left to right: turbine impeller, compressor impeller and electric
generator rotor)
Moreover, spectral contents related to bearings can be useful for surge diagnostic purposes since their
energy trend is dependent on fluid-dynamic forces acting on the rotor and hence they are sensible to
surge onset, as shown in the following part. Finally, a possible modulating effect is identifiable at
0.85 kHz, involving 1X and the previous 0.15 kHz spectral content related to rolling bearings
phenomena; indeed, this frequency value is obtainable as the difference between the carrier frequency
(1X  1 kHz) and the modulating one (0.15 kHz).
In certain time instants spectral contents at 0.15 kHz and 0.4 kHz related to bearing instability are
accompanied by others very close, which can be identified precisely in frequency thanks to the high
frequency resolution typical of SPWVD. The presence of these spectral contents can be justified with
the features of rolling bearing instability, whose characteristic frequencies are not strictly locked, but
they can move in a narrow band frequency. This may happen because these are non-linear phenomena
that might cause responses with more complex strongly time-variant spectral contents.
Furthermore, mGT rotational speed run up analysis is performed by means of SPWVD in order to
better identify operational signatures; the investigated run up has been carried out by maintaining the
outlet throttle valve in a sufficiently open position to never achieve unstable operating states. In the
analysis reported in Figure 5.24, a specific run-up extract has been chosen where mGT rotational
speed was increased from 30 krpm to 40 krpm, as deducible observing the main spectral content
related to 1X, ranging from 0.5 kHz to 0.67 kHz. SPWVD analysis results allow to recognize the
main critical velocities which excite structural natural frequencies. Indeed, from time-frequency map
reported in Figure 5.24 (left) it is evident a natural frequency at 0.6 kHz that is excited by 1X forcing
contribution at 36 krpm in a marked way. Moreover, this spectral content is not absent in the
remaining part of the run-up, but it is weakly excited in almost all the observation time window,
indicating the presence of a possible broadband forcing, that is always present for the whole
investigated run-up. This content is the same that had previously been detected in steady state nominal
conditions, that is well identifiable by means of SPWVD even if in some instants its energy level is
very low. Another sub-synchronous spectral content at 0.28 kHz is present in the first part of the
investigated extract for a localized time interval, indicating the presence of an exciting forcing whose
frequency is dependent from rotational speed.
In the following Figure 5.24 (right), a detail of the previous map is shown in a lower frequency range,
up to 0.4 kHz; in order to better visualize sub-synchronous contents in this map color-axis scale has
been reduced, since otherwise these spectral contents with low energy would not be well identifiable,
with particular reference to their energy level fluctuations.
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Figure 5.24 – SPWVD on run-up extract 30-40 krpm - left: whole sub-synchronous range; right:
detail in frequency range 0-0.4 kHz
In Figure 5.24 (right) it can be recognized a sub-synchronous contribution whose frequency
characteristic is dependent from rotational speed and whose energy level is variable, indicating the
presence of an intermittent phenomenon. These two features make suppose that this content may be
related to rolling bearings instability. Indeed, at nominal rotational speed this spectral content reaches
the frequency of 0.4 kHz and it seems to be the same contribution previously identified in Figure 5.22
and already attributed to rolling bearings instability.
In Figure 5.25 a run-up analysis is conducted on a wider rotational speed range (30-50 krpm) and the
whole sub-synchronous range is represented: all the previous identified spectral contents are well
detectable. At the lower frequencies, energy levels of detected spectral contents are largely lower than
1X energy and then it is necessary to change maps color-axis scales in order to be able to recognize
their energy trend. Due to adopted color axis limits, 1X energy variation is not well detectable, as it
has been already discussed in Fig 5.24 (left). Moreover, from Figure 5.25 it can be identified, in the
run-up second half, a sub-synchronous contribution at 0.2 kHz with not negligible energy level. This
is a spectral content whose frequency characteristic is invariant with rotational speed; this indicates
the possible onset of structural resonances that may be excited by some fluid dynamic forcing which
is someway coupled with the structural vibration modes.
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Figure 5.25 – SPWVD on run-up 30-50 krpm
The first selected surge event regards the smallest interposed volume. Figure 5.26 reports system
vibrational response for the incipient-deep surge transient. After an incipient surge condition (0-2 s),
a sequence of deep surge events happen in the remaining observation time window (2-10 s). vibration
overall reduction at the end of the time extract is due to rotational speed decrease.

Figure 5.26 – Accelerometer signal in 10s surge transient with minimum volume (0.3m3) – Time
interval between incipient and deep surge: 0-2s
The blue markers evidence acceleration peaks due to the presence of anomalous forces, associated to
surge, that are characterized by shock nature. Furthermore, additional labels indicate the onset of the
first deep surge cycle starting from incipient surge conditions. After the first deep surge cycle is
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encountered, the same sequence is experienced in the following time instants of the analyzed surge
transients. The present section is structured as follows :firstly, SPWVD investigation is presented for
the minimum volume in all the sub-synchronous frequency range during its whole surge transient.
Afterwards, the same approach is presented for the three considered plant volume configurations but
limited to the lowest frequency range. Moreover, a comparison with STFT and WT is performed to
deepen merits and drawbacks of each signal processing technique. Finally, a SWOT analysis is
presented by including also cyclostationary technique [38][39]. Finally, SPWVD is performed only
for the minimum volume configuration in the high frequency range, by analyzing a shorter time
extract; indeed, due to the higher computational effort required while processing such a big amount
of experimental data, since no down-sampling strategy [20] has been adopted in this case, observation
time has been reduced accordingly to focus only on the most relevant temporal interval.
In Figure 5.27 SPWVD analysis of the surge transient vibrational response shown in Figure5.26 is
performed in the range 0-1.024 kHz (including all sub-synchronous contents together with
synchronous one), in order to investigate how spectral contents are affected by changing system
operating condition. It is possible to clearly identify 1X spectral content (close to 1 kHz at the
beginning of the transient), that just after the first deep surge cycle is characterized by a decreasing
frequency trend, according to rotational speed decay reported in Figure 5.21 for the minimum
interposed volume. A 0.6 kHz spectral content, previously identified in stable behavior as a possible
system resonance, is markedly present for all the time interval investigated, and it increases its energy
level in correspondence with the entrance in each deep surge cycle. Before the first deep surge cycle
happens (time interval 0-2 s), this content is present due to broadband excitations related to an offdesign flow incidence within the impeller that gives rise to anomalous blade loads distribution. This
structural resonance [42] has higher energy level than in the stable case since it may be excited by
fluid-dynamic operating loads related to compressor off-design conditions. Furthermore, soon after
each deep surge cycle, its energy level suddenly increases due to shock excitation related to mass
flow rate strong oscillations. Its structural resonance nature is confirmed by frequency characteristic
that is independent from 1X, as it can be seen from the shutdown phase when rotational speed
markedly decreases.
In the 0-0.4 kHz range, the presence of contents ascribable to instability bearings phenomena related
to cage-whirl seems to be further confirmed even in these operating conditions. Indeed, spectral
contents previously identified in the stable case (0.3 kHz and 0.4 kHz), during this transient exhibit
intermittent trend in their energy levels, in particular between two consecutive series of deep surge
cycles. External loads have a significant influence on cage stability, and it can be stated that in
particular axial loads have a great influence on cage dynamic behavior in high-speed rolling bearings
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[44][45][46][47]. These contributions related to bearings are characterized by weak energy before the
first deep surge cycle happens, that is in incipient surge conditions. This may be justified by
anomalous fluid-dynamic forcing which stabilize bearings by enhancing operating loads acting on
the rotor. On the contrary, the previous contents increase their energy after the first deep surge cycle,
indicating the onset of bearing instability phenomena. This happens because the first deep surge cycle
gives broadband energy which is able to excite this phenomenon, jointly with the reduction of fluiddynamic loads on the rotor that contributes in reducing bearing stability margin (unstable cage-whirl
and thermo-elastic instability). Moreover, these spectral contents exhibit a frequency characteristic
dependent from rotational frequency (1X), since their frequency level decreases in correspondence
with velocity reduction related to combustor shutdown, confirming their self-excited by rotation
nature. These spectral contents imputable to bearings, change their energy and persistence in
vibrational response operational spectrum when approaching surge conditions, becoming thus a
possible diagnostic precursor of this kind of compressor instability.

Figure 5.27 – SPWVD unstable case, minimum volume (0.3 m3) – Time interval between
incipient and deep surge: 0-2s
Other spectral contents with lower characteristic frequency (below 0.2 kHz) might be in the same
way reconducted to mGT bearings instability phenomena. They could be due to a mechanical
interaction between the two mGT bearings equipping the shaft line, that can generate modulating
effects. Indeed, these contributions are always present with high energy levels in the stable case map
(refer to Figure 5.22), while in the unstable case they are characterized by low energy levels for almost
every time instants.
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Even in this case, it seems that anomalous loads due to unstable working conditions influence
bearings behavior by mitigating their unstable phenomena and consequently the interaction among
them. At the highest frequency values in the sub-synchronous range, the spectral content at 0.85 kHz
is still present with relevant energy only in the first instants, while after the first deep surge cycle it
significantly reduces its energy level. Indeed, in the investigated surge transient, this spectral content
exhibits a similar trend with respect to the low frequency sub-synchronous ones related to rolling
bearings instability and this agrees with the hypothesis of a modulation phenomenon involving 1X
order. The previously conducted analysis on plant minimum volume configuration has evidenced how
the spectral contents in the lower frequency range (up to 0.2 kHz) also contain useful information for
diagnostic purposes. Hence, in the following, SPWVD analysis is performed for the three different
interposed volumes with a higher frequency resolution, to better identify significant spectral contents.
With reference to previous analyses, a surge transient extract with a wider incipient surge conditions
part is chosen by doubling observation time (20 s) in order to better focus on low frequency contents
evolution. In Figure 5.28 results are reported for the previous plant configuration (minimum volume),
in the final part of surge transient, including incipient and deep surge. Analyzed incipient surge starts
at the beginning of the extract and ends at 12 s, where the first deep surge cycle is encountered.

Figure 5.28 – SPWVD in 0-200 Hz frequency range, minimum volume (0.3 m3) - Time interval
between incipient and deep surge:0-12s
The analysis is performed up to 0.2 kHz since this frequency level may contain characteristic
frequencies of surge precursors (e.g., rotating stall) for this kind of fluid machine. Indeed, mGT
centrifugal compressor is equipped with a vaneless diffuser, and for this kind of radial
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turbomachinery, rotating stall inception mechanism is peculiar; hence, its typical frequency is
expected to be found at lower frequency levels with respect to vaned diffusors centrifugal compressor
or axial ones. For a similar kind of compressor investigated in [48] vaneless diffuser rotating stall
VDRS was found at a frequency level around 0.15 – 0.2X. From Figure 5.28 it can be observed that
there is a spectral content at about 180 Hz at the initial instant whose frequency characteristic is
variable in the considered surge transient extract. It can be attributed to VDRS, also because its
frequency is influenced by impeller rotating frequency (1X). The most remarkable fact is that this
spectral content is not present in stable conditions, while it is well detectable in the first 12 s before
surge onset; indeed, in incipient surge conditions VDRS is characterized by high energy levels, while
after the first deep surge cycle its energy goes rapidly to lower values. This happens because when
surge conditions are reached, VDRS cannot exist at the same time, since surge is an instability
phenomenon that modifies mass flow rates in the plant; consequently, in this condition the compressor
is subjected to sudden mass flow rate fluctuations which does not allow VDRS persistence within the
fluid machine [49]. Spectral contents at lower frequencies (40 Hz, 80 Hz) may be related to rolling
bearings instability, since their trend is similar with what has been found in the higher frequency subsynchronous range for the contents at 0.3 kHz and 0.4 kHz previously identified as related to rolling
bearings (refer to Figure 5.27). Indeed, they are characterized by high energy levels in the stable case
(refer to Figure 5.22), while in unstable conditions they generally reduce their energy content, in
particular between one deep surge cycle and the following one. Even the trend exhibited by these
contributions seems to suggest that incipient surge stabilizes bearings by increasing anomalous load
acting on them that overcome regular operating one (e.g., residual imbalance). In the following,
SPWVD analysis is performed for the intermediate and maximum volume configurations. In Figure
5.29, results are presented for the interposed medium volume plant configuration (2.3 m3) during a
surge transient in which the first deep surge cycle starts at around 6s. As in the previous case, in
incipient surge conditions there is a spectral content in the sub-synchronous range that might be
associated to VDRS. Its frequency value is the same of the one found for the minimum volume, and
this agrees with VDRS hypothesis, since this phenomenon is substantially independent from system
volume and plant fluid-dynamic characteristics. Indeed, when the first deep surge cycle occurs, its
energy level strongly decreases, while it is well marked in incipient surge conditions. After the
entrance in surge conditions, this contribution does not reach again relevant energy levels, thus
confirming the hypothesis of VDRS within the compressor. Even in this plant configuration, at lower
frequency levels there are spectral contents which are present in the stable case with a constant energy
level, while in unstable conditions they are characterized by an intermittent energy; hence, they can
be attributed to rolling instability phenomena, as it was found for the minimum volume configuration.
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Figure 5.29 – SPWVD in 0-200 Hz frequency range, intermediate volume (2.3m3) - Time interval
between incipient and deep surge: 0-6s
In Figure 5.30 results are presented for the maximum interposed volume configuration (4.3 m 3),
during a surge transient in which the first deep surge cycle begins at around 9.5 s. Even in this case,
there is a spectral content that may be related to VDRS with the same peculiar characteristics found
in the two previous cases (frequency around 180 Hz, energy level intermittent with time). In detail,
its energy level suddenly decreases in correspondence with the entrance in the first deep surge cycle.
Hence, this contribution is present only in incipient surge conditions in agreement with the hypothesis
of a VDRS phenomenon. Furthermore, there is a spectral content at around 50 Hz which decreases
its energy level in incipient surge conditions, before entering the first deep cycle. This contribution
might be related to bearings instability, as observed for the other two plant configurations examined.
A dispersion in frequency values (ranging from 40 Hz to 50 Hz) of spectral contents related to
bearings instability can be justified by a sensitivity in load values acting on the supports, which are
not exactly the same in the three considered transients due to slightly different operating conditions
which unavoidably affect mGT. In all cases, very low frequency contents (under 30 Hz) are present
and they may be related to acoustic modes; their identification seems to be critical since analyses are
performed on accelerometer signals whose energy depends on structure dynamic characteristics,
which acts like a high-pass frequency filter; consequently, it may significantly reduce low frequency
energy contents making difficult the detection of these phenomena. VDRS spectral contents
identification must take into account actual stall configuration taking place within the compressor
which is not always easily predictable; indeed, VDRS apparent rotating frequency depends on its
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pressure pattern and therefore it can vary due to a change in the stall configuration (e.g., number of
lobes). In some cases, it can be identified only by means of a detailed analysis of system response
(e.g., by means of dynamic pressure probes) and the lack of a priori information on the specific
spectral contents to be observed may affect the capability of detecting surge inception.

Figure 5.30 – SPWVD in 0-200 Hz frequency range, maximum volume (4.3 m3) - Time interval
between incipient and deep surge: 0-9.5s
For the maximum interposed volume plant configuration, a comparison among TFDs is performed
on the investigated surge transient, in order to underline advantages of SPWVD with respect to
classical TFD like STFT and WT. However, it is important to remark that there are other
methodologies that proved to be useful for surge precursors identification, like cyclostationary signal
analysis, as proved in recent works reported in [38][39]. In Figure 5.31 surge transient is investigated
by means of STFT and WT techniques and obtained results are reported hereinafter.
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Figure 5.31 – Comparison on unstable case in 0-200 Hz frequency range, intermediate volume
(2.3 m3) - left: WT; right: STFT - Time interval between incipient and deep surge: 0-8s
By comparing STFT with SPWVD it is confirmed what is predicted from theory: STFT, which is
either time resolution or frequency resolution limited, cannot detect rotating stall intermittency since
it is not characterized by enough temporal resolution. Indeed, parameters are set in order to obtain the
best compromise between time and frequency resolutions; in this case, the time window is chosen to
keep a good frequency resolution, and then unavoidably STFT loses in terms of temporal frequency.
Indeed, spectral contents identified by SPWVD are well detected also by STFT in terms of their
amplitude trend, but it is more difficult to understand the exact time instants where they appear or
disappear. WT results, on the contrary, exhibit a bad frequency resolution, in particular at low
frequency levels, while they are characterized by excellent temporal resolution. SPWVD seems to be
the best TFD, although it is necessary to mitigate cross-terms influence by means of adequate
smoothing kernels (e.g. Choi-Williams kernel) and this unavoidably leads to resolution loss in the
time-frequency domain. Despite this, it gives the best results in terms of frequency resolution and at
the same time it maintains a good temporal resolution. Its main drawback is related to computational
effort required to process experimental data with respect to classical techniques, together with the
presence of slightly negative energy levels due to a not complete suppression of cross-terms, that is
never met when adopting conventional techniques like STFT and WT. In order to further improve
diagnostic capabilities, in some cases it is appropriate to identify also unstable properties of spectral
contents in system response; to this goal, the adopted technique needs to present adequate jointly time
and frequency resolution. Phenomena with a complex dynamic like VDRS can be well detected if
these aspects are considered in the choice of the signal processing technique. Indeed, SPWVD seems
to improve VDRS identification, since it gives an additional diagnostic contribution by capturing a
not permanent energy temporal evolution together with its typical sub-synchronous frequency.
Combining these two response properties allows to avoid false positives. Finally, a SWOT analysis
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about the main signal processing techniques employed in this research field has been performed and
its highlights are summarized in Table 5.3.

Cyclostationary

SPWVD

Wavelet

STFT

Table 5.3 – SWOT analysis of main signal processing techniques
Strengths
Simplicity of
mathematical
framework, most
employed technique in
industrial and academic
world, classic
implementation
algorithm convergence
velocity
Transient events
characterization, multiresolution analysis:
frequency resolution can
be set choosing different
wavelet mother
functions (i.e. by
selecting a suitable
mathematical basis)
Jointly high time and
frequency resolutions:
from a theoretical point
of view it can preserve
its resolution properties
in all frequency ranges
Best technique to detect
both amplitude and
frequency modulation
phenomena (e.g. rotating
stall) and all periodic
phenomena related to
synchronous response

Weaknesses
Indetermination
principle: both time and
frequency resolution are
bounded by time window
that dictates a reciprocity
relation between them

Opportunities
Real-time applications,
easiness to implement
and manage, widespread
knowledge and therefore
immediate interpretation
of obtained timefrequency maps

Threats
False positives: not
enough jointly time
and frequency
resolution can lead to
wrong identification
of detected spectral
contents

Complexity of
mathematical
framework,
computational effort
required (depending on
the implementation
algorithm), and so higher
computational times

Detailed investigation of
fast transient phenomena,
good interpretability of
time-frequency
distribution, tunable
choice of frequency
resolution by selecting
mathematical basis
functions
Investigating high
frequency range with
jointly high time and
frequency resolutions in
all the possible frequency
ranges to be explored in
signal analysis
Real-time application in
turbomachinery and
energy systems field,
detection of all
modulation spectral
contents related to 1X
and its relevant multiples

Computational effort
depending on
implementation
algorithm, and so not
always possible to
perform real-time
diagnostics with
conventional memory
properties
High computational
effort, therefore, no
chance for real-time
diagnostics with
standard memory
properties typical of
common hardware
No chances of
detecting spectral
contents not related
to 1X, not effective in
high frequency range,
no related timefrequency maps

Computational effort
required, and so even
higher computational
times, therefore no realtime applications (STFT
could be more suitable
for this purpose)
It cannot detect spectral
contents which are not
modulation phenomena
(e.g. spectral contents not
related to 1X rev), hence
not suitable to study nonsynchronous response

Cyclostationary technique can effectively capture only modulated contents of synchronous
components, while SPWVD allows to identify also the overall spectral contents pattern, including
structural and acoustic resonances; due to this, in some applications SPWVD can provide a diagnostic
feature set completer and more efficient for anomalous condition detection. With respect to STFT
and wavelet time-frequency distributions, SPWVD can require higher computational times, but this
also depends on the implementation algorithm employed. Thus, a further optimization of SPWVD
implementation algorithm might reduce the required computational effort. However, with respect to
STFT classical implementation algorithm, surely both wavelet and SPWVD always involve higher
computational effort. To conclude the presented investigation, the same methodology is proposed to
study how the blade pass frequency (BPF) is influenced by moving towards surge conditions. This
analysis is presented only with reference to the minimum volume, since the influence of interposed
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volume is negligible for the frequencies which are meant to be studied; indeed, for the frequency band
of 10-30 kHz it is reasonable to expect that phenomena are mainly due only to the compressor, since
their characteristic frequencies suggest that they do not involve big fluid masses. To this purpose,
experimental data collected by a high frequency accelerometer are processed by means of SPWVD
and the obtained results are presented by comparing maps concerning a stable working condition, far
from surge line, with the ones related to an unstable one. In this experimental campaign, data were
sampled at 204.8 kHz, and 20 ms time extracts have been defined for the analysis. This is made to
obtain a significant but not excessive number of samples not to increase computational times and at
the same time to allow to observe how spectral contents evolve with reference to each single shaft
rotation. In Figure 5.32, SPWVD results coming from surge transient extract (right) are compared
with the ones obtained from a same time-window extract in stable conditions (left).

Figure 5.32 – SPWVD in 0-30 kHz frequency range, minimum volume (0.3 m3) - left: stable case;
right: unstable case
It can be noticed how in the stable case there is a spectral content whose energy is persistent with
time at a frequency level around 26 kHz (which is 26X order, corresponding to the BPF taking into
account both main and splitter blades). Its energy level is very high, and this may be explained by the
blade passage phenomenon, that in stable conditions is influenced by the presence of both the main
blades and the splitter ones (see in Figure 5.23 compressor impeller). On the contrary, in the condition
close to instability, the blade passage phenomenon is not influenced only by the rotor blades, but also
from phenomena related to fluid flow in the inter-blade channels. Indeed, phenomena associated to
effluxes within the impeller are modified by compressor operating condition, by showing as more
significant the cyclic nature of the more external blades, that is altered with respect to the nominal
working point.
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In the colormap related to the unstable case, it is evident how the spectral content at 26 kHz is
characterized by a lower energy level with respect to stable conditions, while a spectral content with
a characteristic frequency just less than the 13X order (BPF considering only the main blades) has a
much higher energy level; moreover, other two spectral contents at high frequency, just higher than
20 kHz which are not present in the stable case, are well identifiable and their energy levels are similar
to the 26X. These contents have lower frequencies with respect to the 26X, that is a typical content
well identifiable in stable behavior, but at the same time they are always higher than the 10X. The
onset of these contents in structural responses may be ascribable to a modification of fluid flow within
the inter-blade channels of the impeller when approaching unstable behavior. Indeed, low mass flow
rate conditions close to instability conditions cause anomalous incidence values at the impeller inlet
thus modifying significantly spectral contents of the measured response in the high frequency range.
In Figure 5.33 a more detailed analysis in a shorter time window is presented, in order to appreciate
how spectral contents modify their energy levels in the last 5 ms of the surge transient. In the stable
case (left), spectral contents characterizing compressor nominal behavior are confirmed to be the
previous identified ones: 26X and 1X, that is related to rotor dynamic unbalance.

Figure 5.33 – SPWVD in 0-30 kHz frequency range, minimum volume (0.3 m3), detail of 5ms left: stable case; right: unstable case
In the unstable case (right), it can be noticed how, just before entering the first deep surge cycle, the
spectral content corresponding to 26X, that is characterized by much lower energy level with respect
to the stable case, is also intermittent with time; on the contrary, the spectral content just above 10
kHz is persistent with time and its energy level is almost invariant with respect to the 26X one. In the
first 2.5 ms, the content at 10 kHz has a higher energy, while the one at 26 kHz is not well identifiable;
as soon as the content related to the 26X order increases its energy and thus it appears on the colormap,
the one at 10 kHz partially decreases its energy, according to the color-scale reported for each map.
This confirms what has been stated before: there is an energy exchange between 26X order and 13X
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one, that happens in a very limited time interval, since the compressor is working in a condition close
to the stability limit, and thus in some instants also splitter blades contribution is relevant for the blade
passage phenomenon. Finally, also a spectral content close to the 20X order, makes its onset after
about 1 ms and its energy increases progressively when approaching the first deep surge cycle. The
spectral content that is present at about 10 kHz in incipient surge conditions can be used as a
diagnostic surge precursor, since in system stable response there is no relevant energy content at that
frequency level. Indeed, in the unstable case, spectral content at order 26X decreases its energy level
and the response energy is spread in a wider frequency range, between 9X and 20X. This specific
energy content reduction can be another robust indicator of approaching surge and then it may be
used jointly with the previous high frequency feature (10X trend). Basing on this evidence it is
possible to define rules to be implemented in an expert system which is able to early detect incipient
surge. Indeed, when high frequency dominant content (26X) loses part of its energy it means that
non-deterministic phenomena arise with a not well-defined cyclic nature and hence response signals
energy distribution changes its frequency pattern. This technique has allowed to better visualize
spectral contents time evolution, even very fast and in short observation times, also in the case of with
very high frequencies spectral contents. This is an advantage with respect to conventional techniques,
making it potentially of interest for early diagnostics. Even if the proposed high frequency analysis
is more challenging due to both difficulties in performing measurements and post-processing, it relies
on phenomena characterizing the compressor itself; therefore, it can be generalized and somehow
extended to other configurations in other cases (e.g., different vessels). Indeed, the spectral contents
sensitive to surge approaching suitable to act as a diagnostic feature are a priori well predictable on
the basis of impeller characteristics (e.g., BPF characteristic frequency in stable behavior) and thus
the presented approach can be applied to other systems or application cases without requiring any
kind of experimental characterization. On the contrary, the sub-synchronous analysis seems to be
dependent from the plant configuration and thus it is less immediate to predict even a priori the
spectral contents that can be exploited for diagnostic purposes [50].
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6

Conclusions

As it concerns hydrodynamic bearings static performance characterization, the comparison between
numerical and experimental results underlines a consistent behaviour of simulation models even with
very small clearances, whose reliability is enhanced by model complexity and accuracy. Furthermore,
a good correlation between journal locations predicted by numerical computations and measured in
modified RK has been found out. Therefore, a relative radial clearance of 8/1000 fulfils the thin film
Reynolds hypothesis on which calculation models are based. Furthermore, since the employed FE
codes had been already validated in the past, this also confirms that the modified test bench is reliable
for further experimental investigations on this type of journal bearings, thus allowing us to study their
dynamic behavior in future research activity. Indeed, TEHD analysis results prove that, while
displacements due to hydrodynamic pressures are negligible, thermal deformations strongly affect
journal position even under low external load (rotor weight is around 0.5 kg) and small temperature
rise in the bearing. This is due to the high expansion coefficient of the bearing polycarbonate material
and the high differential thermal dilatation between steel journal and polymeric bushing. After a series
of experiments and related data processing, reasonable temperature boundary conditions have been
determined based on the temperature control at the bearing supply and simulations performed by
means of different models. Discrepancies found in journal center location predictions may also be
ascribable to oil temperature variations with angular speed. Indeed, bearing supply oil temperature
control has shown that such variations are not substantial so that they have not been simulated
numerically. This can explain part of the obtained differences between experimental and numerical
results. From the relevant results the most accurate simulation model for the bearing in analysis has
been identified. It includes three-dimensional simulation of heat exchange phenomena. Indeed, at the
rotational speeds investigated (250-3000 rpm), the thermal model is crucial in the assessment of
bearing static characteristics. The reduction of relative radial clearance from original to modified RK
values has improved the correlation between experiments and real-world applications as well as their
agreement with numerical results from in-house developed FE codes implemented for lubrication
analysis. This result is the starting point of future studies about dynamic behavior of journal bearings
and, particularly, about fluid-structure interactions in this class of fluid film bearings. Nevertheless,
industrial bearing casings are still different from our test rig ones in that they are usually manufactured
in metallic materials. Therefore, thermo-mechanical behaviour in real-world bearings differs from
our experimental models and numerical simulations, so that temperature and thermal displacements
distribution within the bearing pair cannot be fairly compared. Obviously, in the present work we
have assumed as main simulation parameter an average hot clearance and we have subsequently run
the bearings in order to achieve that corresponding operating condition. Therefore, our numerical and
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experimental assessments of journal center location are reasonable and consistent. In order to
appropriately deal with industrial bearings considering thermo-mechanical effects, only the
experimental device should be enhanced, simply by manufacturing a metallic bushing. On the
contrary, our numerical model would not require any correction. We expect that employing a metal
bush would simplify experimental procedure by both improving repeatability and ensuring quicker
stationarity of experimental conditions, thus allowing to study even lower relative clearance ratios.
We have not yet adopted this expedient as we are gradually updating an existing test rig. Indeed, in
order to achieve the clearance adjustments required for the present investigation, only the journal has
been modified accordingly. The high differential thermal dilatation between PC and steel makes it
practically impossible to study clearance ratios lower than 3/1000 by assuming an average running
temperature of 40°C. To summarize, a reduction in the clearance of the original RK has improved the
correlation between experiments and real-world applications as well as the agreement with numerical
results from codes implemented for lubrication analysis. In future research, the new test rig set up in
this work will be employed for the dynamic analysis of rotor-bearings systems. Aerodynamic
bearings for oil-free lubrication will be also investigated.
As it regards rotordynamics, an analytical model to assess ball bearings non-linear stiffness is
proposed which relies on Hertz contact theory, which is first validated by mounting them on a RK4
commercial RK and then testing such simplified rotor-bearings system. Such bearing stiffness model
is then extended to the study case of hybrid ball bearings since the investigated air Tesla turbine is
mounted on such kind of supports. Indeed, the main goal is to predict critical speeds of a Tesla turbine
rotor assembly, which is made up by a lot of thin disks held together in a stack by means of spacers
to ensure a little gap between them; in order to adequately investigate such bladeless turboexpander
from a structural point of view, a simplified FE model is devised within Ansys® environment, which
is based only on beam elements, lumped masses as well as spring elements (i.e. lumped inertias and
stiffnesses). Such reduced structural model is then provided with bearings stiffness computed in
Matlab® environment by means of the already cited non-linear analytical model to perform system
numerical modal analysis. In order to comply with modal analysis it is necessary to give as input a
unique stiffness value, whereas the employed non-linear model gives stiffness as a function of bearing
center deflection. A balance between external forces acting on the shaft (i.e. mechanical unbalance)
and bearing non-linear restoring force is then imposed, by means of the hypothesis of rigid body (as
assumed in ISO 1940-1) to found bearing center dynamic equilibrium position. Once it has been
found, then current stiffness is assessed by means of bearing characteristic curve; if it is bigger than
radial pre-load, then stiffness is evaluated by the increasing tract of its curve, otherwise it is assessed
by the decreasing one. Indeed, the predicted non-linear stiffness law is a piecewise defined function,
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whose trend is markedly affected by bearing radial pre-loading itself. Reasonable values of such
parameter are assumed for the applicative study case of Tesla turbine, basing on literature findings,
since it is almost impossible to rigorously assess such quantity. Anyway, a sensitivity analysis is
given both for conventional steel bearings and for hybrid ones, and coherent trends are found among
them; by passing from the maximum to the minimum allowable pre-load allowable values (one order
of magnitude, according to literature findings), the curves are significantly different: all the values
comprised between them can be regarded as acceptable in case of no information available about
bearing radial pre-load. Afterwards, the so obtained critical speeds numerical predictions are
compared with experimental data collected on a horizontal axis Tesla turbine, mounted on hybrid
bearings in spindle configuration. In the experimental trends of engine orders 1 and 2 rms plotted
versus machine angular speed, some amplitude peaks are present which can be ascribable to the first
flexural critical speed onset. The so obtained experimental values are in good agreement with the
corresponding numerical ones, which can be easily obtained from rotor-bearings system Campbell
diagram by intersecting synchronous frequency (i.e. operating load due to residual mechanical
unbalance) with system bending natural frequency curve. The so validated approach can be applied
to other rotor-bearings systems in innovative energy plants as it is charcterized by lower
computational times with respect to solid elements FE structural models and it is easily interpretable
in terms of obtained results. In this context another rotor-bearings system made up by a gas
microturbine is investigated by following the same procedure and the obtained results, coming from
models with an increasing complexity level, are compared with experimental outcomes to test their
reliability. The obtained results are not always in perfect agreement with experimental ones since
such approach unavoidably leads to a loss of information, as it emerges in the test case of the
microturbine mounted on metallic ball bearings; in case of preliminary structural analysis of
innovative power plants based on rotating machinery mounted on ball bearings it could be a simple
but reliable tool even for not specialists in structural dynamics. In future research activity, the aim is
to improve the agreement with experimental data by finding empirical correlations to correctly assess
bearing radial pre-loading and by tuning equivalent inertia and stiffness suited for modelling real
system mechanical properties in a simplified way.
As it concerns fluid-structure interactions assessment in rotor systems, the conducted research activity
deals with an experimental and numerical investigation about coupling phenomena from torsional to
lateral vibrations of a complex shaft line with no interposed gearbox, mounted on hydrodynamic
journal bearings and operated by an induction motor with high degree of torque irregularity. In such
peculiar configuration, the observed system operational behavior exhibits an anomalous trend in
terms of its synchronous lateral response, which cannot be caused by the classical non-linearity
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sources described in literature (e.g. shaft line overhang mounting). Particularly, a localized hysteresis
phenomenon is found between run-up and run-down tests. It is due to oil-whip within the journal
bearings in agreement with current literature findings. The onset of such instability occurs at a speed
double the torsional frequency, so that amplification of the torsional vibration yields high irregularity
in rotation of a part of the shaft. The instability starts developing in a bearing where journal angular
speed oscillation is significantly present. Such speed variation acts as a kinematic perturbation, which
triggers a further perturbation of dynamic type. In specific operating conditions the combination of
such two perturbations is turned into perturbation of the journal motion by the lubricant film. As
described in literature, the stability margin is affected by large journal displacement perturbations,
which in the test rig in study cause oil whip as well as hysteresis during run up/down tests. In this
way, it can be explained how torsional vibrations can affect shaft line lateral response. Both
experimental and numerical results support such explanation. The main experimental findings
relevant to the studied test rig are the following:
•

Oil-whip not preceded by oil-whirl can be detected in cascade plots of both lateral and

torsional vibrations of journal bearings roughly at the same frequency.
•

A perceivable degree of irregularity is measured in the rotation speed of the driven shaft, i.e.

the part of the shaft directly driven by the electric motor, due to the large driving torque variations.
•

Particularly, the threshold speeds RUTS and RDTS identified in cascade plots of the lateral

vibrations can be different in the bearings of the driven shaft due to their rotation irregularity, so that
the cause of the hysteresis detected in the machine is identified according to HBT.
By means of numerical simulations the conclusions in the following list can be drawn.
•

A kinematic perturbation can modify the stability margin of a journal bearing; such

phenomenon is identified as “torsional whirl”.
•

The torsional whirl occurs at the same frequency of the excitation.

•

The journal precession due to the dynamic perturbation can develop either at the same

frequency of the excitation, when static load is higher than the rotating load or at half the excitation
frequency, when the dynamic load component prevails.
•

The maximum amplification of the journal precession whirling due to both kinematic and

dynamic perturbation is found when excitation frequency is half the rotation speed.
•

Although its isolated contribution to the journal vibration is very small, torsional whirl is

required to trigger the dynamic perturbation in the dynamic model and must be also simulated in
lubrication analysis to achieve consistent results.
Torsional oil-whirl is required to cause the oil-whip inception detected in experimental system
responses and predicted by HBT. In the analyzed case, the presented experimental-numerical
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approach can explain the significant localized hysteresis detected in synchronous lateral shaft line
response. It proves the existence of coupling phenomena from torsional to lateral vibrations within
single shaft real-size rotating machinery linked to unstable operating conditions within hydrodynamic
bearings.
Finally, as it regards the investigation of rotating machinery behavior in case of fluid induced
instability, wavelet analysis showed good prediction capabilities in detecting incipient surge
conditions, with respect to conventional methods, such as STFT technique. Exploiting its features in
terms of good frequency and time resolution allowed to recognize different contributions in system
responses regarding different kinds of phenomena which take place close to surge line. Furthermore,
this kind of analysis was able to confirm the intermittent nature of some of these phenomena in
conditions very close to deep surge ones (e.g. rotating stall and acoustic modal response). Both HOSA
and Wavelet methods allowed to identify low frequency phenomena related to the acoustic system
response, together with sub-synchronous contents at medium frequency levels (0.25 – 0.45X),
attributable to rotating stall. Moreover, BPF was studied in high frequency range in order to
investigate its energy contents and understand how they change interacting with rotating stall
inception when moving close to surge line. HOSA approaches were conducted on structural and
acoustic signal responses in order to find some indicators for predictive diagnostics with regards to
surge instability, reliable also for on-field measurements where background noise can cover
diagnostic signal content. Indeed, this characteristic could provide an earlier detection of instability
phenomena onset, with respect to conventional methods. In this work, an effort was made in order to
characterize different stall and surge patterns depending on their bi-spectrum and wavelets maps. As
a consequent step, the definition of an original feature based on pattern characteristics of previous
maps, is proposed and it reveals to be reliable for all the tested conditions. However, further
investigations are required to better validate the proposed diagnostic approach. The obtained results
are encouraging, and thus future developments of these techniques might plan further experimental
tests and the implementation of diagnostic systems based on new indicators from them extracted, in
order to assess their robustness in different compressor circuit layout. All the presented methods
showed limited computation times while ensuring at the same time good reliability with reference to
conventional methods; therefore, they seem to be adequate also for the implementation both in realtime diagnostic systems and in control ones for surge prevention. Moreover, attention will be focused
in the improvement of suitable features definition, on the basis of the frequency ranges characterized
by more sensible energy contents linked to the onset of instability phenomena.
The peculiar aspect of the last presented investigation has been primarily to prove the capabilities of
adopting SPWVD for incipient surge detection by relying only on vibrational response signals. To
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this aim, appropriate surge transients have been selected and SPWVD has been performed on suitable
time extracts to focus on how spectral contents evolve with time from a condition close to instability
to a fully unstable one, that is, from incipient surge conditions to deep surge ones. The investigation
has been conducted on a modular plant in which it is possible to modify compressor discharge volume
in order to emulate mGT real plant configurations and so to investigate how SPWVD is effective in
detecting system functioning variation by changing its volume configuration. This technique allowed
a detailed system identification procedure by showing well-distinguishable spectral contents pattern
depending on plant actual working state. It has been investigated how mGT high-speed rolling
bearings operating status may change in terms of stability when approaching incipient surge
conditions by modifying vibrational system response. mGT bearings seem to be affected by unstable
cage-whirl, a sub-synchronous instability phenomenon (0.3-0.4X) related to contact phenomena in
rolling elements; this may be associated with spectral contents which exhibit an energy level decrease
passing from a stable condition to an unstable one. As reported in technical literature, this unstable
cage-whirl phenomenon, can be mitigated by increasing external loads acting on the bearings;
therefore, the additional forces associated with approaching surge may justify energy reduction in
corresponding spectral contents. Moreover, it has been found that in incipient surge conditions
spectral contents ascribable to structural resonances increase their energy levels. This is probably
related to an anomalous flow pattern within the impeller that may generate broadband forcing that
can excite some system natural frequencies. A deeper insight into 0-0.2 kHz range has been performed
in order to assess very low frequency content energy variations in the last instants before the first
deep surge cycle; two distinct and mutually independent diagnostic features have been found; one
may be related to resonances (structural and/or acoustics), while the other may be associated with the
stabilization mechanism of rolling bearings instability phenomena and their modulating effects. In 00.2 kHz frequency range, SPWVD has identified a spectral content (0.18X), well detectable some
instants before reaching deep surge conditions that can be associated with a VDRS; its energy level
is relevant in incipient surge conditions while it suddenly decreases as soon as entering surge. The
results obtained show that its characteristic frequency is invariant with interposed volumes; this seems
to confirm this hypothesis, as it is coherent with theory, since VDRS is a physical phenomenon that
involves only the compressor and does not depend on the entire plant volumes. In this case, the results
coming from SPWVD have been compared with the ones obtained from other TFDs, such as STFT
and WT, in order to validate its robustness in identifying in detail spectral contents dynamic evolution.
A further investigation has been performed on vibrational data coming from a high frequency
accelerometer to study how BPF is influenced by passing from stable to unstable compressor
operating conditions. Even if these results require further deepening about the fluid-dynamic behavior
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within the compressor, they allow to identify noticeable phenomena related to a problem of incidence
at impeller inlet. Indeed, it has been found that there are spectral contents which increase their energy
levels in incipient surge conditions, while a dominant frequency in stable conditions (BPF considering
both splitter and main blades) loses its energy, which is spread in a wider frequency band. This
information coming from high frequency responses can be exploited for diagnostic purposes, together
with the other features coming from specific content trends in the sub-synchronous range (unstable
cage-whirl instability, resonances, VDRS) in order to develop a robust diagnostic system for surge
detection. The implementation algorithm of SPWVD employed in this context is characterized by
high computational times and hence it may require high performance workstations in order to develop
both real-time diagnostic systems and control ones for surge prevention. However, a further
optimization of SPWVD implementation algorithm might reduce the required computational effort.
In all the considered cases SPWVD allows to clearly distinguish different patterns with reference to
the current operating condition, ranging from stable to incipient and deep surge conditions. The
investigation has highlighted how rolling bearings are sensitive to a change in an operating condition
of the mGT by modifying system operating vibrational response. In this specific case, observing how
spectral contents related to bearing instability change their energy level with high resolution
properties typical of SPWVD seems to be a more robust diagnostic tool with respect to other TFDs
for early surge detection.
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