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"Audiendo et Videndo, Tacere"
Ascoltando ed Osservando, Meditare introspettivamente sui fatti

Motto araldico della Famiglia Perno di Caldera
Vittorio Amedeo di Savoia (1688)
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“A world without delight and without affection is a world destitute of value.
These things the scientific manipulator must remember, and, if he does, his manipulation
may be wholly beneficial.
All that is needed is that men should not be so intoxicated by new power as to forget the
truths that were familiar to every previous generation.
Not all wisdom is new, nor is all folly out of date.”

Bertrand Russell - The Scientific Outlook (1931)

“Un mondo senza piaceri e senza affetti è un mondo privo di valore.
Queste cose deve ricordare il manipolatore scientifico, e, se lo ricorda, le sue manipolazioni
potranno riuscire interamente benefiche.
È necessario intanto che gli uomini non siano intossicati dal nuovo potere a tal punto da
dimenticare le verità che furono familiari a ogni generazione precedente.
Non tutta la saggezza è nuova nè tutta la pazzia è antica.”

Bertrand Russell - La visione scientifica del mondo (1931)





v

UNIVERSITY OF GENOA

Abstract
Department of Economics

Doctor of Philosophy

Deterministic and Stochastic
Optimal Control

by Pier Giuseppe GIRIBONE, PhD

The second part of my PhD Thesis deals with the problem of Optimal Control in
Quantitative Finance and Labour Economics. Even if the fields of application are
hugely different, they share the same mathematical instrument for their solution:
the Bellman principle of optimality. After a short literary review that introduces
the financial and economic problems solved in this part, the following four chap-
ters show the most popular pricing techniques used to evaluate an option: closed
formulas, Partial Differential Equations (PDE), Lattice methods and Stochastic Dif-
ferential Equations (SDE). Chapter 6 faces the problem of early-exercise in option
pricing and shows how to apply the principle of optimality in the models presented
in the previous chapters. The following pricing methodologies are covered:

• Stochastic Trees and Lattice models (Cox-Ross-Rubinstein, Tian, Jarrow-Rudd,
Drifted CRR, Leisen-Reimer, CRR Trinomial, Adaptive Mesh Method (AMM),
Pentanomial and Heptanomial Trees)

• PDE numerical schemes (Finite Difference Method - FDM, Finite Elements
Method - FEM and Radial Basis Function - RBF)

• SDE numerical solution (Longstaff-Schwartz Monte Carlo)

• Quasi-closed formulas (Roll-Geske-Whaley, Barone-Adesi-Whaley, Bjerksund-
Stensland model)

The last two chapters examine two important Labour Economics dynamic problems
in the field of Optimal Control Theory: Implicit Contracts and Wage Bargaining.
They share the same procedure for the solution which can be synthesized in these
steps:

• Infinite-horizon deterministic optimal control problem formulation. The solu-
tion for this kind of problem can be found applying the Hamilton – Jacobi –
Bellman (HJB) Equation.

• Design of a Markov Decision Chain for the numerical solution of the previous
problem.

• Infinite-horizon stochastic optimal control problem formulation. After the val-
idation of the discretization scheme in the deterministic context, the Markov
Decision Chain can be extended in order to solve the stochastic version of the
problem. In particular, an Ornstein-Uhlenbeck process has been introduced in
the model.

HTTP://WWW.UNIGE.COM
http://www.economia.unige.it/
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Chapter 1

Introduction

“In this country everyone must pay for everything he gets - said Oz”

L. Frank Baum, The Wonderful Wizard of Oz, Chapter 11: The Emerald City of Oz
(1900)

“In questo paese chiunque deve pagare per le cose che prende - disse Oz”

L. Frank Baum, Il meraviglioso mago di Oz, Capitolo 11: La città di Smeraldo di
Oz (1900)

In this chapter I introduce how the optimal control theory can be used in quan-
titative finance and computational economics. The second part of the PhD thesis
can be clearly divided into two macro sections. The first one deals with option pric-
ing and how stochastic optimal control can be usefully implemented in a pricing
framework to correctly evaluate the early exercise feature. In paragraph 1.1.1, a
short literary review about the importance of computing the proper fair value has
been provided. The second part covers two traditional topics of Labour Economics:
implicit contracts and wage bargaining. A literary review for each of these two is-
sues is presented in paragraph 1.1.2 and 1.1.3, respectively. Despite the different
nature of the two problems, they share the same development method: firstly the
deterministic model has been set, obtaining analytical formulas for the deterministic
optimal control problem. The second step deals with implementing a Markov Deci-
sion Chain for replicating the theoretical results through a numeric approach. After
this convergence test used for the model validation, the stochastic extension can be
addressed. To my knowledge, it is one of the first attempts to extend these labour
economy problems into a stochastic environment, ruled by an Ornstein-Uhlenbeck
stochastic process.

1.1 Literary Review

This chapter has the aim to introduce the reader to option pricing, implicit contracts
and wage bargaining issues and how deterministic and stochastic optimal control
theory can be applied for their solution.

1.1.1 Option pricing

Modern Option pricing theory starts in 1973 when Black-Scholes (Black and Scholes,
1973) and Merton (Merton, 1973) proposed the well-known Nobel-prize formula,
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which is considered one of the founding blocks of Quantitative Finance. According
to (Stewart, 2013), this is undoubtedly considered one of the seventeen equations
that changed the world but it is for sure not the first attempt to try to price options.
Curious readers may be asking how people used to price these derivatives before
the Black-Scholes-Merton (BSM) pricing framework (Haug, 2007).

As early as 1900, Luis Bachelier published the first study about this topic (Bachelier,
1900). In contrast to the BSM theory, he assumed a normal distribution for the asset
price: in other words, an arithmetic Brownian motion process has been adopted to
modelize the underlying dynamic. This implies that there is a positive probability to
observe a negative asset price: a feature that is not feasible for any limited liability
assets.

With the presence of negative price levels for interest rates, the log-normal Black
formula for pricing options on interest rates (cap and floor) has to be switched to
a Normal pricing framework model. This recent abnormal event allows to recon-
sider the work of Bachelier both in the Academic Scientific Community (Burro et al.,
2017; Giribone, Ligato, and Mulas, 2017) and in the specialized Professional Maga-
zine (Kochkodin, 2019; Giribone, 2019). It is worth noting that negative interest rates
also affect options with early-exercise features despite in a less invasive way. In the
case of a call option written on an underlying that has no pay-out, traditional theory
states that it is not convenient for the holder to exercise it before the maturity (Hull,
2018). In other words, the early exercise feature is worth zero. This property is valid
only in a standard financial context in which rates are positive. This fact has again
interested both academics (Cafferata, Giribone, and Resta, 2017) and professionals
(FINMAB, 2019).

After Bachelier (Bachelier, 1900), other less popular mathematical models have been
proposed. In this short literary review, I want to cite the studies of many researchers
that led to the well-known BSM formula (Haug, 2007). Sprenkle assumed the stock
price was lognormally distributed and thus the asset price followed a geometric
Brownian motion, just as in the Black-Scholes analysis (Sprenkle, 1964). In this way,
he ruled out the possibility of negative stock prices, consistently with limited liabil-
ity. Moreover, the Sprenkle model allowed for a drift in the stochastic differential
equation, thus taking into account positive interest rates and risk aversion (Smith,
1976). He also assumed today’s value was equal to the expected one at maturity.

Boness and Samuelson also assumed a lognormal asset price and they were able to
derive a closed formula for a call option that looks like the BS formula (Boness, 1964
and Samuelson, 1965). In contrast to Boness, Samuelson model can take into account
that the expected return from the option is larger than that of the underlying asset.

These models can be considered preparatory for the mathematical proof that Black-
Scholes-Merton gave eight years later for their formula.

BSM 1973 works only for options on a single stock that pays no dividends, it is based
on strong hypothesis and it handles only Vanilla (i.e. derivative with a standardized
pay-off) European (i.e. the right to exercise the option is only at maturity) option.
Researchers, together with Professionals, had a lot of work to do for generalizing the
BSM formula in all the possible fields of improvements:
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A) From the point of view of the underlying type, thanks to the studies of (Merton,
1973, Black, 1976, Asay, 1982, Lieu, 1990, Garman and Kohlhagen, 1983 and Grabbe,
1983), Haug in his book for closed formulas option pricing (Haug, 2007) was able to
formulate a generalized Black-Scholes-Merton (GBSM) including the cost-of-carry
variable. This extension has been analyzed in 2.3.

B) Regarding the strong financial hypothesis under the 1973 BSM model, excluding
those that deal with the class of underlyings on which the option is written, many
improved models were proposed. These closed-form model categories take the
name of "Black-Scholes-Merton Adjustments and Alternatives" (Haug, 2007, chap-
ter 6). The proposed adjustments take into account the following aspects: Delayed
settlement (Hull, 2018), trading-day volatility versus calendar day volatility (French,
1984), discrete time hedging (Derman and Kamal, 1999; Wilmott, 2000), transaction
costs (Leland, 1985; Hoggard, Whalley, and Wilmott, 1994) and trending markets
(Lo and Wang, 1995). The alternative models refer to different hypothesis about the
stochastic processes followed by an input (typically underlying and/or volatility).
In this context the most popular variants of the original model are: constant elastic-
ity of variance (Cox and Ross, 1976), BSM adjusted for excess skewness and kurtosis
(Jarrow and Rudd, 1982; Corrado and Su, 1996), jump-diffusions (Bates, 1991) and
stochastic volatility (Hull and White, 1988, Hagan et al., 2002).

C) As shown in Chapter 2, BSM (1973) has been derived by the solution of a Par-
tial Differential Equation, called Fundamental BSM PDE (Duffie, 2006) where its
boundary and initial conditions are strictly related to the pay-off of the European
option. In function of the pay-off complexity, in some cases this PDE can be analyti-
cally solved and we have an exact closed-form solution. The most important results
are collected by Haug (also known as "The Collector" in the eclectic Quant Commu-
nity) in the bible of pricing closed-form formulas: "The Complete Guide to Option
Pricing Formulas" (Haug, 2007). This field of research was particularly active in the
90’s during the boom of financial engineering and quantitative finance. Academics,
together with professional Quants, were able to derive a lot of ready-to-use closed
formulas also for exotic (i.e. non-standard and high non-linear) and multi-assets
pay-off. Among all the formulas, I want to cite the most-popular and with a im-
portant practical applications: Binary (Reiner and Rubinstein, 1991b), Barrier option
(Reiner and Rubinstein, 1991a), Lookback (Goldman, Sosin, and Gatto, 1979; Conze
and Viswanathan, 1991) and Chooser (Rubinstein, 1991) options.

D) Another field of extension for the BSM formula has been covered by numeric
methodologies (Brandimarte, 2006). These are necessary in order to fill the gap of
not being always able to solve analytically the Fundamental PDE. As a result, it is
reasonable to implement these approaches when the pay-off is too complex for ob-
taining an exact closed-form solution (for instance it is the case for Asian Option
(Turnbull and Wakeman, 1991) where the pay-off is path-dependent and relies on an
arithmetic mean calculation) or if the holder has an early-exercise right in discrete
(Bermuda option) or in continuous (American option) time (Hull, 2018). The most
common families of discrete techniques are: numerical schemes for the solution of
PDE - Finite Difference Method (Duffie, 2006), Finite Elements Method (Chacur, Ali,
and Salazar, 2011) or Radial Basis Functions (Pena, 2004), stochastic trees - binomial
(Cox, Ross, and Rubinstein, 1979), trinomial (Boyle, 1986; Figlewski and Gao, 1999),
multinomial lattice (Fabbri and Giribone, 2019) and Monte Carlo - numerical solu-
tion of Stochastic Differential Equation (Huynh, Lai, and Soumare, 2008). The first
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two methods are deterministic, while Monte Carlo is stochastic but it allows a par-
ticular flexibility in the pay-off definition. All these techniques are covered by the
thesis respectively in Chapters: 3, 4 and 5.

It is worth to note that numerical techniques converge to the BSM pricing frame-
work and they can be programmed (especially the Monte Carlo method) in order to
take into consideration all the other extensions (A-B-C) to the traditional formula.
Given that there is no free-lunch, they required a correct control of the numerical
error introduced by the discrete integration schemes (Giribone et al., 2015).

Chapter 6 deals with early-exercise feature implementation according to the Bell-
man Principle of Optimality (Miranda and Fackler, 2002). Despite the existence of
some approximated formulas (called quasi-closed formulas) for American options
(Barone-Adesi and Whaley, 1987, Bjerksund and Stensland, 1993 and Bjerksund and
Stensland, 2002), the issue of the evaluation of this right must be solved through
stochastic optimal control theory applying dynamic programming techniques (Bell-
man, 1957). After a rigourous validation of this implementation in all the most pop-
ular categories of numerical pricing models, the last part shows how this theory can
be used for pricing structured products (Giribone and Ligato, 2016b) and avoid bias
caused by negative interest rates (Cafferata, Giribone, and Resta, 2017).

1.1.2 Implicit Contracts

The theory of implicit contracts starts from the premise that the labour market is far
from being a spot market but, on the contrary, workers and firms usually display the
tendency to be involved in long-lasting and non-anonymous relationships character-
ized by a strong degree of customization (cf. Okun, 1981). Consequently, if there is
some kind of uncertainty about actual production outcomes and entrepreneurs are
more risk-prone than workers, then it may happen that the two parties will consen-
sually rely on informal agreements on labour provisions and wage payments that
optimally share the burden of realized labour income fluctuations (cf. Baily, 1974;
Gordon, 1974; Azariadis, 1975).

The theoretical literature on implicit contracts collects a number of contributions
in which labour market outcomes are determined in a time-less perspective (e.g.
Geanakoplos and Ito, 1982; Azariadis and Stiglitz, 1983; Bull, 1983, Bull, 1987; Chiari,
1983; Baker, Gibbons, and Murphy, 1997). In more recent years, however, after the
seminal work by (Harris and Holmstrom, 1982) in which the terms of long-run im-
plicit contracts follows from the maximization of workers’ utility subject to the evo-
lution of the expected profits of their employer, a number of authors put some ef-
fort in the exploration of the dynamic consequences for hours, (un)employment and
wages arising from the existence of optimal risk-sharing in labour contracts.

Within the literature on dynamic contracting, (Haltiwanger and Maccini, 1985) de-
velop an inter-temporal framework in which the existence of implicit labour con-
tracts may lead firms to rely on temporary layoffs and subsequent recalls. (Robinson,
1999) exploits the theory of repeated games to provide a dynamic model of strikes in
which walkouts reduce output and are used by employed workers as punishment
mechanisms to enforce implicit contracts under asymmetric information. (Gurtel,
2006) compares repeated games of implicit contracts with infinite and finite horizon
by stressing the importance of discounting for the enforcement of the agreements
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established between workers and firms (Pearce and Stacchetti, 1998). (Michelacci
and Quadrini, 2009) as well as (Calmes, 2007) reverse the framework by (Harris and
Holmstrom, 1982) and develop dynamic implicit-contract models in which firms
maximize their profits by taking into account the evolution of the expected utility
of their workers (Spear and Srivastava, 1987). More recently, (Wang, 1988) explores
how the wage dynamics implied by long-term employment relationships may be
helpful in mitigating the adverse effects of financial shocks.

In this study, we aim at contributing to the literature on dynamic implicit-contract
models by deriving the smooth out-of-equilibrium dynamics of working hours and
wages in a theoretical setting where workers and firms are linked to each other by an
implicit contract that tends to stabilize real consumption in a long-run perspective
(cf. Beaudry and Pages, 2001; Romer, 2019, Chapter 11). Specifically, we develop a
theoretical framework with no information asymmetries in which a representative
firm inter-temporally sets its optimal level of labour utilization by taking into ac-
count that workers’ earnings tend to adjust in the direction of a fixed level quoted in
the contract that is assumed to coincide with long-run consumption (cf. Abowd and
Card, 1987).

Our theoretical exploration is split up in two parts. First, we explore the disequi-
librium adjustments of working hours and wages in a model economy with no un-
certainty in firm’s profitability. Thereafter, we consider the optimal trajectories of
the two mentioned variables by assuming that the effectiveness of labour is hit by
random shocks that systematically alter the profitability of the firm. The former
preparatory analysis allows us to discuss the conditions under which the suggested
contractual agreement between the firm and its workers conveys meaningful solu-
tions. The latter provides the basis to assessing the cyclical properties of a dynamic
implicit-contract economy.

Overall, our analysis provides a number of interesting findings. On the one hand,
depending on selected parameter values that usually relate to factors determining
the self-enforceability of contracts, the deterministic model may have one, two or no
stationary solution. Interestingly, whenever there are two steady-state allocations for
hours and wages the resting points of the economy without uncertainty can be or-
dered according to the preferences of each party. Moreover, in the two-solution case,
the local dynamics of the model reveals that wages display the tendency to move
in the opposite direction with respect to working hours by converging towards the
allocation preferred by the firm. This result is consistent with the empirical tests
of the implicit contract theory carried out in the US at the micro level by (Beaudry
and Nardo, 1995); indeed, in their pioneering study – controlling for labour produc-
tivity – higher wages appear associated with lower hour provision and vice versa.
In addition, the deterministic economy has the property that when the initial con-
tract wage overshoots (undershoots) its long-equilibrium value, workers’ earnings
remain above (below) the contract fixed level during the whole adjustment process.

On the other hand, simulations of the stochastic model run by targeting the observed
volatility of US output show that productivity disturbances does not overturn the
counter-cyclical pattern of wages by mirroring the typical macroeconomics effects
triggered by aggregate demand shocks (cf. (Fleischman, 1999) and (Chiarini, 1998)).
Moreover, we show that the insurance scheme underlying the dynamic implicit con-
tract tend to underestimate the volatility of labour earnings but it has the potential
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to explain the degree of real-wage stickiness often observed in real business cycle
data (cf. (Ravn and Simonelli, 2007) and (Shimer, 2005)).

1.1.3 Wage Bargaining

The way in which firms and workers bargain over wages and sometimes over em-
ployment probably is one of the most important institutional features underlying
the determination of labour market outcomes (cf. Nickell, 1997; Nickell and Layard,
1999; Blanchard and Wolfers, 2000). According to the backers of this view, the actual
rules according to which the value of produced output – or the total surplus – is
split among the two bargaining parties are an essential determinant of wages and
employment and they also deeply contribute to shape the evolution of these vari-
ables over time (cf. Lockwood and Manning, 1989; Manning, 1991; Croix, Palm, and
Pfann, 1996). In this study, given the production technology available to firms and
the preferences of workers, we aim at contributing to the literature on dynamic wage
bargaining from a normative perspective by exploring how different bargaining set-
tings may affect labour market fluctuations in an inter-temporal setting without dis-
continuities.
Specifically, under the assumption that the economy is continuously hit by stochas-
tic disturbances to the effectiveness of labour, we show how the way in which firms
and workers – or unions – bargain over the wage contributes to determine the dy-
namics of output, employment and wages. In detail, relying on the optimal control
frameworks originally put forward by (Guerrazzi, 2011; Guerrazzi, 2021),we make
such a theoretical exploration by developing non-deterministic dynamic versions
of the right-to-manage, the monopoly union and the efficient bargaining models in
which the wage is taken as the control variable whereas the evolution of employ-
ment – taken as the state variable as though productivity shocks – is assumed to be
constrained by different adjustment mechanisms. In other words, we assume that
employment may alternatively adjust itself with some attrition towards the demand
schedule of the firms or the contract curve of the two parties. The main finding
of the analysis is that the interaction between the preferences of the two bargainers
and the rules that define the employment adjustments underlying the wage bargain-
ing process are crucial in determining the cyclical properties of the dynamic model
economy. Specifically, relying on numerical methods of simulation, we show that
with a quadratic production function and risk averse workers, wage bargaining out-
comes whose employment adjustments go in the direction of the downward sloping
labour demand schedule of the representative firm – like the ones implied by the
right-to-manage and the monopoly union model – match the cyclical behaviour of
the involved economic variables but fail to replicate the observed real wage rigidity
(cf. McDonald and Solow, 1981). By contrast, we show that wage bargaining out-
comes whose employment adjustments target the upward sloping contract curve of
two negotiating parties – like the ones implied by the efficient bargaining model –
not only replicate the co-movement of the economic variables taken into consider-
ation but are also able to deliver a strong degree of wage stickiness that is missing
when employment adjustments target an inefficient locus (cf. Thomas and Worral,
1988 and Asheim and Strand, 1991)
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1.2 Author’s research work

This second part of the Ph.D. Thesis is mainly based on the following main Author’s
research work:

Quantitative Finance

1. BURRO G., GIRIBONE P.G., LIGATO S., MULAS M., QUERCI F. (2017). Nega-
tive interest rates effects on option pricing: back to basics?. International Jour-
nal of Financial Engineering Vol. 4, N. 2 (Burro et al., 2017)

2. CAFFERATA A., GIRIBONE P. G., RESTA M. (2017). The effects of negative
nominal rates on the pricing of American calls: some theoretical and numerical
insights. Modern Economy Vol. 8, N. 7 (Cafferata, Giribone, and Resta, 2017)

3. FABBRI M., GIRIBONE P.G. (2019). Design, implementation and validation of
advanced lattice techniques for pricing EAKO - European American Knock-
out option. International Journal of Financial Engineering Vol. 6, N. 4 (Fabbri
and Giribone, 2019)

4. FABBRI M., GIRIBONE P.G. (2020). Study and implementation of a pricing
system for the risk analysis of the EAKO structured product. Risk Manage-
ment Magazine Vol. 15, N. 2 (Fabbri and Giribone, 2020)

5. GIRIBONE P. G. (2017). Pricing and Hedging problems linked with negative
interest rates. ABI (Italian Banking Association) Risk and Supervision Confer-
ence, Rome (Giribone, 2017c)

6. GIRIBONE P. G., LIGATO S. (2013). Methodologies for improving the rate
of convergence in Monte Carlo simulations: analysis and implementation in
a pricing framework. AIFIRM (Italian Association of Financial Industry Risk
Managers) Magazine Vol.8, N. 2 (Giribone and Ligato, 2013)

7. GIRIBONE P.G., LIGATO S. (2015). Option pricing via radial basis functions:
performance comparison with traditional numerical integration scheme and
parameters choice for a reliable pricing. International Journal of Financial En-
gineering Vol. 2, N. 2 (Giribone and Ligato, 2015)

8. GIRIBONE P.G., LIGATO S. (2016). Flexible-forward pricing through Leisen-
Reimer trees: implementation and performance comparison with traditional
Markov Chains. International Journal of Financial Engineering Vol. 3, N. 2
(Giribone and Ligato, 2016b)

9. GIRIBONE P. G., LIGATO S. (2016). Consideration on the current state of op-
tion pricing having EURIBOR as underlying parameter. AIAF (Italian Associ-
ation of Financial Analysts) Magazine Vol.99 (Giribone and Ligato, 2016a)

10. GIRIBONE P.G., LIGATO S., MULAS M. (2017). The effects of negative interest
rates on the estimation of option sensitivities: the impact of switching from a
log-normal to a normal model. International Journal of Financial Engineering
Vol. 4, N. 1 (Giribone, Ligato, and Mulas, 2017)
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11. GIRIBONE P. G., LIGATO S., VENTURA S. (2012). Bias correction using con-
ditional Monte Carlo technique: analysis and implementation in an automatic
pricing system. AIFIRM (Italian Association of Financial Industry Risk Man-
agers) Magazine Vol.7, N. 2 (Giribone, Ligato, and Ventura, 2012)

12. GIRIBONE P. G., RAVIOLA P. (2019). Design, validation and implementation
of an advanced lattice model for pricing a Flexible Forward on currencies. Risk
Management Magazine Vol. 14, N. 3 (Giribone and Raviola, 2019)

13. GIRIBONE P. G., VENTURA S. (2011). Study of convergence in discrete multi-
nomial equity pricing models: theory and applications for controlling errors.
AIFIRM (Italian Association of Financial Industry Risk Managers) Magazine
Vol.6, N. 1 (Giribone and Ventura, 2011)

Computational Economics

I am co-author with prof. Marco Guerrazzi of two studies in the field of Labor Eco-
nomics: implicit contract theory and wage bargaining. In particular, I focus my
research on extending the traditional deterministic control model into a stochastic
version implementing a discrete decision Markov chain.

"The Dynamics of working hours and wages under implicit contracts" has been pre-
sented by my Supervisor in these academic events:

• July 2019: Accounting, Finance and Economics Seminar - University of Waikato
(Hamilton, New Zealand)

• October 2019: 60th SIE (Italian Economist Association) Annual Scientific Meet-
ing, University of Palermo

• February 2020: Seminars of the Department of Economics, University of Pisa

"Dynamic Wage Bargaining and Labour Market Fluctuations: the role of productiv-
ity shocks" has been presented by my Supervisor in this academic meeting:

• October 2020: 61st SIE (Italian Economist Association) Annual Scientific Meet-
ing, On-line Event due to COVID-19
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Chapter 2

Option pricing via Closed
Formulas

“Lacking the moral qualities of precise measure, even if there were agreement on the sign,
how could there be on evaluation?”

Jean-Jacques Rousseau, The social contract, 1762

“Mancando le qualità morali di misura precisa, se anche ci fosse l’accordo sul segno, come ci
potrebbe essere sulla valutazione?”

Jean-Jacques Rousseau, Il contratto sociale, 1762

This chapter deals with the analytical derivation of the fundamental Black - Sc-
holes - Merton Partial Differential Equation (BSM PDE) for option pricing. This can
be considered the milestone of quantitative finance given that it is the most spread
and well-known method for the evaluation of standard options in Financial Institu-
tions. I will address the analytical resolution of the BSM PDE with the pay-off of a
European Vanilla option in order to obtain the famous Black-Scholes-Merton closed
formula. The proof was worth the Nobel Prize for Economics to Myron Scholes and
Robert Merton in 1997 (unluckily Black had died two years earlier).

2.1 Derivation of the fundamental PDE

At the basis of the model proposed by Black-Scholes-Merton there are important
financial assumptions (Hull, 2018):

1. The price of the underlying asset on which the option is written follows a geometric
brownian motion.
This hypothesis implies that the stochastic process that describes the future
evolution of an asset is represented by a continuous-time stochastic differential
equation (SDE) in which the logarithm of the random variable moves accord-
ing to a Brownian motion (also called Wiener process) with drift.

2. Short sales are allowed without any limitations, as well as the use of the related profits.
In the ideal mathematical model proposed by Black-Scholes there are no re-
strictions of this kind.

3. Dividends are not paid during the life of the contract.
When a financial asset has a dividend pay-out, it follows a strong percentage
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variation of the price level. Taking such event into account in modeling the
future dynamics would contradict the hypothesis of normal evolution of the
financial asset.

4. Transaction costs are absent and the securities perfectly divisible.
The formal proof uses this hypothesis for the creation of an ideal portfolio
of securities: market must be able to compose it exactly with the quantities
required.

5. Securities are traded in continuous time
Market liquidity and completeness allow that variations of the underlying
price instantly impact on the value of the derivative. In mathematical lan-
guage, it means being able to use traditional operators on continuous differen-
tial forms.

6. Arbitrage opportunities are absent.
Since there are no risk-free arbitrage opportunities, it means that you are able
to work under the assumption of a complete market, in which the price of each
asset is unique given that the supply and demand for the asset has already
reached an equilibrium.

7. Risk-free short-term rate, as well as volatility, are the same for all maturities.
The stochastic processes parameters (drift and volatility) describing the dy-
namics of each financial asset are constant.

Consider an asset S, whose price level follows a geometric Brownian motion (As-
sumption 1) described by the following stochastic differential equation (SDE) with
constant coefficients (Assumption 7): dS(t) = µS(t)dt + σS(t)dW(t). µ is the in-
stantaneous yield of the underlying, σ is the instantaneous underlying volatility
and W is the standard Wiener process. Therefore, consider a deal whose under-
lying price is represented by S and denote its univocally determined price at time
t with P(S(t), t) (Assumption 6). At maturity T, this contract will have a value
equal to: P(S(T), T). Depending on the definition of this function, called payoff,
the type of derivative to be evaluated will be characterized. In the 1973 paper,
Black-Scholes provided a closed formula for pricing a European plain-vanilla call
option, i.e. a standard derivative whose option right can be exercised only at ma-
turity (Black and Scholes, 1973). Its pay-off can be mathematically expressed by:
P(S(T), T) = max(0, S(T) − K), where K is the strike price of the contract. From
Ito’s lemma (Ito, 1951), the process followed by the option price at time t, P(S(t), t),
can be expressed:

dP(S(t), t) =
∂P(S(t), t)

∂S
dS(t) +

∂P(S(t), t)
∂t

dt +
1
2

∂2P(S(t), t)
∂S2 σ2S(t)2dt =

[
∂P(S(t), t)

∂t
+ µS(t)

∂P(S(t), t)
∂S

+
1
2

σ2S(t)2 ∂2P(S(t), t)
∂S2

]
dt+

∂P(S(t), t)
∂S

σS(t)dW(t)

From this last SDE, applying the rules of stochastic calculus (Assumption 5), we are
able to derive µP and σP:

µP =
E
[

dP
dt

]
P

=
∂P(S(t),t)

∂t + µS(t) ∂P(S(t),t)
∂S + 1

2 σ2S(t)2 ∂2P(S(t),t)
∂S2

P
(2.1)
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σP =
∂P(S(t),t)

∂S σS(t)
P

(2.2)

Having calculated µP and σP, P(S(t), t) process can be rewritten under the same
probability measure as: dP(S(t), t) = µPP(S(t), t)dt + σPP(S(t), t)dW(t) (Giribone,
2012). Now we want to build a hypothetical portfolio made by a fraction ζ of deriva-
tives having P(S(T), T) as pay-off and by (1− ζ) of S asset (Assumption 4). If V is
the value of this portfolio, the overall yield is given by:

dV(t)
V(t)

= ζ
d(P(S(t), t)))

P(S(t), t)
+ (1− ζ)

d(S(t))
S(t)

=

= [ζµP + (1− ζ)µ]dt + [ζσP + (1− ζ)σ]dW(t) (2.3)

The possibility of structuring a risk-free portfolio is actual because both the option
and the underlying asset are subject to the same source of uncertainty. As a result,
assuming an opposite position, the investor is able to hedge the possible negative
price variations recorded by a financial instrument with the positive one obtained
from the other (Assumption 2). So the diffusive term (dW coefficient) will be zero:
ζσP + (1− ζ)σ = 0 and then ζ = σ

σ−σP
. Furthermore, still for the same assumption,

its yield must be equal to the expected return of the risk-free rate, r, that is: dV(t)
V(t) =

rdt. Comparing the latter expression with equation 2.3 and using the relationship:
ζ = σ

σ−σP
, we get:

r = ζµP + (1− ζ)µ =
σ

σ− σP
µP −

σP

σ− σP
µ =

σµP − σPµ

σ− σP

or:

r(σ− σP) = σµP − σPµ⇒ σ(µP − r) = σP(µ− r)

and then:

µ− r
σ

=
µP − r

σP
(2.4)

Substituting equations 2.1 and 2.2 in 2.4, we get:

1
2 σ2S(t)2 ∂2P(S(t),t)

∂S(t)2 + µS(t) ∂P(S(t),t)
∂S(t) + ∂P(S(t),t)

∂t − rP(S(t), t)
∂P(S(t))

∂S(t) S(t)σ
=

µ− r
σ

1
2

σ2S2 ∂2P(S(t), t)
∂S2 + µS

∂P(S(t), t)
∂S

+
∂P(S(t), t)

∂t
− rP(S(t), t) =

µ− r
σ

σS
∂P(S(t), t)

∂S

1
2

σ2S2 ∂2P(S(t), t)
∂S2 + (µS− µS + rS)

∂P(S(t), t)
∂S

+
∂P(S(t), t)

∂t
− rP(S(t), t) = 0

1
2

σ2S2 ∂2P(S(t), t)
∂S2 + rS

∂P(S(t), t)
∂S

+
∂P(S(t), t)

∂t
− rP(S(t), t) = 0 (2.5)

The last differential equation is the well-known Black-Scholes-Merton Partial Dif-
ferential Equation (BSM PDE). It represents the corner stone for pricing contigent
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claims with boundary conditions provided by the pay-off, P(S(T), T) (Haug, 2007).
In function of the technical specifications of P(S(T), T), the category to which the
option belongs is defined. Equation 2.5 can be analytically solved, obtaining an ex-
act closed formula, only for some kind of call/put European options. Otherwise, for
the most structured pay-offs, it is necessary to solve the fundamental PDE using a
numerical method.

2.2 Analitycal solution of the exact value of a European call

In this section we show the proof provided by Black and Scholes for pricing a Euro-
pean plain-vanilla call, whose pay-off is: P(S(T), T) = max(0, S(T)− K) (Giribone,
2014). Therefore, the problem to be solved has these mathematical characteristics:

PDE: ∂P(S(t),t)
∂t = rP(S(t), t)− rS ∂P(S(t),t)

∂S − 1
2 σ2S2 ∂2P(S(t),t)

∂S2

Boundary Condition: P(S(T), T) = w(S) = max(0, S(T)− K)

Initial Condition: P(S(0), 0) = w(S) exp [−r(T − t)]

Where w(S) = max(0, S(T)− K)

The derivation of the partial derivative equation was addressed in the previous para-
graph 2.1, the Boundary Condition is given by the option pay-off and the initial con-
dition is given by the discounted value of the option at time t = 0.

The analytical solution basically requires four procedural steps:

1. Coordinate Transformation: Attribution of the Black-Scholes-Merton PDE (Equa-
tion 2.5) to a canonical diffusive partial differential equation (ut = Cuxx).

2. Fourier Transformation: Resolution of the differential equation in the frequency
domain, applying the Fourier transformation and its antitransformation.

3. Backwards Substitution: Attribution of the results found in the previous step in
the initial variables of the problem.

4. Cumulative Distribution Function Format - CDF Format: Attribution of the solu-
tion in terms of normal cumulative distribution function.

2.2.1 Coordinate Transformation

The appropriate changes of variable are made allowing to rewrite the Black-Scholes-
Merton PDE in a standard diffusive equation which is analytically treatable. P(S, t)→
U(ε, η), where:

ε = ln (S)→ S = S(ε) = exp (ε)→ ∂ε

∂S
=

1
S
= exp (−ε)

η =
σ2(T − t)

2
→ t = t(η) = T − 2η

σ2 →
∂η

∂t
= −σ2

2
Being:



2.2. Analitycal solution of the exact value of a European call 13

∂P(S, t)
∂S

=
∂U(ε, η)

∂ε

∂ε

∂S
=

∂U
∂ε

exp (−ε)

∂2P(S, t)
∂S2 =

∂

∂ε

(
exp (−ε)

∂U
∂ε

)
∂ε

∂S
=

=

(
exp (−ε)

∂2U
∂ε2 − exp (−ε)

∂U
∂ε

)
exp (−ε) = exp (−2ε)

∂2U
∂ε2 − exp (−2ε)

∂U
∂ε

∂P(S, t)
∂t

=
∂U(ε, η)

∂η

∂η

∂t
= −σ2

2
∂U
∂η

The PDE with the new variables ε and η, U(ε, η) = P(S(ε), t(η)), is:

∂P(S(t), t)
∂t

= rP(S(t), t)− rS
∂P(S(t), t)

∂S
− 1

2
σ2S2 ∂2P(S(t), t)

∂S2

−σ2

2
∂U(ε, η)

∂η
= rU(ε, η)− r exp (ε)

∂U(ε, η)

∂ε
exp (−ε)+

−1
2

σ2 exp (2ε)

[
exp (−2ε)

∂2U(ε, η)

∂ε2 − exp (−2ε)
∂U(ε, η)

∂ε

]

−σ2

2
∂U(ε, η)

∂η
= rU(ε, η)− r

∂U(ε, η)

∂ε
− σ2

2
∂2U(ε, η)

∂ε2 +
σ2

2
U(ε, η)

ε

PDE:− σ2

2
∂U(ε, η)

∂η
= rU(ε, η)− r

∂U(ε, η)

∂ε
− σ2

2

[
∂2U(ε, η)

∂ε2 − ∂U(ε, η)

∂ε

]
(2.6)

with initial conditions equal to: U(ε, 0) = u(ε) = w(exp (ε)) = max (exp (ε)− K, 0).

Now we define a new function Y(ε, η) such that:

Y(ε, η) = U(ε, η) exp [−(aε + bη)]→ U(ε, η) =
Y(ε, η)

exp [−(aε + bη)]
= Y(ε, η) exp (aε + bη)

Being:

∂U(ε, η)

∂ε
=

∂

∂ε
[Y(ε, η) exp (aε + bη)] =

= a exp (aε + bη)Y(ε, η)+ exp (aε + bη)
∂Y(ε, η)

∂ε
= exp (aε + bη)

[
aY(ε, η) +

∂Y(ε, η)

∂ε

]
∂2U(ε, η)

∂ε2 =
∂

∂ε

[
a exp (aε + bη)Y(ε, η) + exp (aε + bη)

∂Y(ε, η)

∂ε

]
=

= a2 exp (aε + bη)Y(ε, η) + a exp (aε + bη)
∂Y(ε, η)

∂ε
+
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+a exp (aε + bη)
∂Y(ε, η)

∂ε
+ exp (aε + bη)

∂2Y(ε, η)

∂ε2 =

= exp (aε + bη)

[
a2Y(ε, η) + 2a

∂Y(ε, η)

∂ε
+

∂2Y(ε, η)

∂ε2

]
∂U(ε, η)

∂η
= b exp (aε + bη)Y(ε, η) + exp (aε + bη)

∂Y(ε, η)

∂η
=

= exp (aε + bη)

[
bY(ε, η) +

∂Y(ε, η)

∂η

]
Replacing the values of ∂U(ε,η)

∂ε , ∂2U(ε,η)
∂ε2 and ∂U(ε,η)

∂η in Equation 2.6, we get the new
PDE in function of Y(ε, η):

−σ2

2
∂U(ε, η)

∂η
= rU(ε, η)− r

∂U(ε, η)

∂ε
− σ2

2

[
∂2U(ε, η)

∂ε2 − ∂U(ε, η)

∂ε

]

−σ2

2

[
exp (aε + bη)bY(ε, η) + exp (aε + bη)

∂Y(ε, η)

∂η

]
=

= rY(ε, η) exp (aε + bη)− r
[

exp (aε + bη)aY(ε, η) + exp (aε + bη)
∂Y(ε, η)

∂ε

]
+

−σ2

2
exp (aε + bη)

(
a2Y(ε, η) + 2a

∂Y(ε, η)

∂ε
+

∂2Y(ε, η)

∂ε2

)
+

+
σ2

2
exp (aε + bη)

(
aY(ε, η) +

∂Y(ε, η)

∂ε

)

−σ2

2
bY(ε, η)− σ2

2
∂Y(ε, η)

∂η
= rY(ε, η)− raY(ε, η)− r

∂Y(ε, η)

∂ε
− σ2

2
a2Y(ε, η)+

−σ2

2
2a

∂Y(ε, η)

∂ε
− σ2

2
∂2Y(ε, η)

∂ε2 +
σ2

2
aY(ε, η) +

σ2

2
∂Y(ε, η)

ε

−∂Y(ε, η)

∂η
= bY(ε, η) +

2r
σ2 Y(ε, η)− 2ar

σ2 Y(ε, η)− 2r
σ2

∂Y(ε, η)

∂ε
− a2Y(ε, η)+

−2a
∂Y(ε, η)

∂ε
− ∂2Y(ε, η)

∂ε2 + aY(ε, η) +
∂Y(ε, η)

∂ε

∂Y(ε, η)

∂η
= −bY(ε, η)− 2r

σ2 Y(ε, η) +
2ar
σ2 Y(ε, η) +

2r
σ2

∂Y(ε, η)

∂ε
+ a2Y(ε, η)+

+2a
∂Y(ε, η)

∂ε
+

∂2Y(ε, η)

∂ε2 − aY(ε, η)− ∂Y(ε, η)

∂ε
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∂Y(ε, η)

∂η
=

∂2Y(ε, η)

∂ε2 +

[
2r
σ2 + 2a− 1

]
∂Y(ε, η)

∂ε
+

+

[
a2 − a +

2ar
σ2 − b− 2r

σ2

]
Y(ε, η) (2.7)

In order to reconduct the PDE 2.7 to a standard diffusive differential equation of the
form ut = Cuxx, it is necessary to reset the coefficients of Y(ε, η) and ∂Y(ε,η)

∂ε :

2a +
2r
σ2 − 1 = 0→ 2a = 1− 2r

σ2 → a =
1
2
− r

σ2

a2 − a +
2ar
σ2 − b− 2r

σ2 = 0→
(

1
2
− r

σ2

)2

− 1
2
+

r
σ2 +

2r( 1
2 −

r
σ2 )

σ2 − b− 2r
σ2 = 0→

→ 1
4
+

r2

σ4 − 2
1
2

r
σ2 −

1
2
+

r
σ2 +

r− 2r2

σ2

σ2 − b− 2r
σ2 = 0→

→ 1
4
+

r2

σ4 −
r

σ2 −
1
2
+

r
σ2 +

r
σ2 −

2r2

σ4 − b− 2r
σ2 = 0→ b = − r2

σ4 −
r

σ2 −
1
4

k = a2 + b = − 2r
σ2

Setting a = 1
2 −

r
σ2 and b = − r2

σ4 − r
σ2 − 1

4 it is possible to get a diffusive constant-
terms PDE expressed in the canonical form, which is analitically solvable (Glasgow,
2014):

PDE:
∂Y(ε, η)

∂η
=

∂2Y(ε, η)

∂ε2 (2.8)

with initial conditions equal to:

Y(ε, 0) = y(ε) = exp (−aε)u(ε) = exp (−aε)w(exp (ε))

2.2.2 Fourier Transformation

Given that Equation 2.8 is a canonical diffusive differential equation, we are able to
solve it applying standard calculus methods. We can solve this class of problems in
the frequency domain applying a Fourier transformation (Cherubini et al., 2009):

F(ω, η) = F [Y(ε, η)] =
∫ +∞

−∞
Y(ε, η) exp (iωε)dω

Y(ε, η) = F−1[F(ω, η)] =
1

2π

∫ +∞

−∞
F(ω, η) exp (−iωε)dω

∂Y(ε, η)

∂ε
=

1
2π

∫ +∞

−∞
(−iω)F(ω, η) exp (−iωε)dω

∂2Y(ε, η)

∂ε2 =
1

2π

∫ +∞

−∞
(−iω)2F(ω, η) exp (−iωε)dω
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∂Y(ε, η)

∂η
=

1
2π

∫ +∞

−∞

∂F(ω, η)

∂η
exp (−iωε)dω

Replacing the terms calculated in the frequency domain ∂Y(ε,η)
∂ε , ∂2Y(ε,η)

∂ε2 and ∂Y(ε,η)
∂η in

PDE 2.8, we get:

1
2π

∫ +∞

−∞

∂F(ω, η)

∂η
exp (−iωε)dω− 1

2π

∫ +∞

−∞
(−iω)2F(ω, η) exp (−iωε)dω = 0

1
2π

∫ +∞

−∞

[
∂F(ω, η)

∂η
+ ω2F(ω, η)

]
exp (−iωε)dω = 0

PDE:
∂F(ω, η)

∂η
= −ω2F(ω, η) (2.9)

with initial conditions equal to: F(ω, 0) = f (ω) = F [y(ε)].

The solution of PDE 2.9 in the frequency domain is:

F(ω, η) = F(ω, 0) exp (−ω2η) = f (ω) exp (−ω2η)

Now we proceed to antitrasform:

Y(ε, η) = F−1[F(ω, η)] =
1

2π

∫ +∞

−∞
f (ω) exp (−ω2η) exp (−iωε)dω

Applying the Fourier transform relation: f (ω) = F [y(ε)], we are able to use the

convolution product: exp (−ω2η) = F
[√

π
η exp (− ε2

4η )

]
Y(ε, η) =

1
2π

∫ +∞

−∞
y(z)

√
π

η
exp

(
− (ε− z)2

4η

)
dz =

=
1√
4πη

∫ +∞

−∞
y(z) exp

(
− (ε− z)2

4η

)
dz (2.10)

2.2.3 Backwards Substitution

Once we have found the solution in the time domain 2.10, it is necessary to express
it in terms of initial problem variables P(S, t) (Giribone, 2014). In order to reach this
goal we have to implement a series of back-substitutions using the relations defined
in paragraph 2.2.1.

Substituting U(ε, η) = Y(ε, η) exp (aε + bη) and y(ε) = u(ε) exp (−aε) inside 2.10,
we get:

U(ε, η) =
exp (aε + bη)√

4πη
·

·
∫ +∞

−∞
u(z) exp (−az) exp

(
− (ε− z)2

4η

)
dz

From the relations ε = ln (S), η = σ2(T−t)
2 and y(ε) = w(S), we get:
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P(S, t) =
exp

(
a ln (S) + b σ2(T−t)

2

)
√

2π σ2(T−t)
2

·

·
∫ +∞

−∞
w(exp (z)) exp (−az) exp

(
− (ln (S− z))2

2σ2(T − t)

)
dz

Defining: ψ = z − ln (S), dψ = dz, z = ψ + ln (S), then w(exp (z)) exp (−az) =
w(S exp (ψ)) exp (−a[ψ + ln (S)]) = w(S exp (ψ)) exp (−aψ) exp (−a ln (S)). There-
fore:

P(S, t) =
exp

(
bσ2(T−t)

2

)
√
(2πσ2(T − t))

·

·
∫ +∞

−∞
w(S exp (ψ)) exp (−aψ) exp

(
− ψ2

2σ2(T − t)

)
dψ =

=
exp

(
bσ2(T−t)

2

)
√
(2πσ2(T − t))

∫ +∞

−∞
w(S exp (ψ)) exp

(
−aψ− ψ2

2σ2(T − t)

)
dψ

Reducing:

aψ +
ψ2

2σ2(T − t)
=

[aσ2(T − t) + ψ]2 − a2σ4(T − t)2

2σ2(T − t)
=

[aσ2(T − t) + ψ]2

2σ2(T − t)
− a2σ2(T − t)

2

we get:

P(S, t) =
exp

(
bσ2(T−t)

2

)
· exp ( a2σ2(T−t)

2 )√
2πσ2(T − t)

·

·
∫ +∞

−∞
w(S exp (ψ)) exp

(
− [aσ2(T − t) + ψ]2

2σ2(T − t)

)
dψ

Remembering that k = a2 + b = − 2r
σ2 , we get:

P(S, t) =
exp (−r(T − t))√

2πσ2(T − t)
·

·
∫ +∞

−∞
w(S exp (ψ)) exp

(
− [aσ2(T − t) + ψ]2

2σ2(T − t)

)
dψ

Reconverting ψ to z in the last expression of P(S, t), that is substituting ψ = z− ln (S)
with dψ = dz:

P(S, t) =
exp (−r(T − t))√

2πσ2(T − t)
·

·
∫ +∞

−∞
w(exp (z)) exp

(
− [aσ2(T − t) + z− ln (S)]2

2σ2(T − t)

)
dz
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Taking into account the initial and the boundary conditions of the Black-Scholes-
Merton PDE (w(S) = max (0, S− K)), we can re-write this last equation in the fol-
lowing form:

P(S, t) =
exp (−r(T − t))√

2πσ2(T − t)
·

·
∫ +∞

ln (K)
w(exp (z)− K) exp

(
− [aσ2(T − t) + z− ln (S)]2

2σ2(T − t)

)
dz

Substituting a = 1
2 −

r
σ2 :

P(S, t) =
exp (−r(T − t))√

2πσ2(T − t)
·

·
∫ +∞

ln (K)
w(exp (z)− K) exp

−
[
(σ2−2r)(T−t)

2 + z− ln (S)
]2

2σ2(T − t)

dz

In function of the value assumed by w(exp (z)− K), the Black-Scholes PDE solution
can be divided into two terms:

P1(S, t) = −K

[
exp (−r(T − t))√

2πσ2(T − t)

] ∫ +∞

ln (K)
exp

−
[
(σ2−2r)(T−t)

2 + z− ln (S)
]2

2σ2(T − t)

dz

P2(S, t) =
exp (−r(T − t))√

2πσ2(T − t)

∫ +∞

ln (K)
exp

z−

[
(σ2−2r)(T−t)

2 + z− ln (S)
]2

2σ2(T − t)

dz

2.2.4 CDF Format

The two terms P1(S, t) and P2(S, t) can be rewritten, as suggested by Black and Sc-
holes, using the normal cumulative distribution form (Black and Scholes, 1973). For
the first term:

N (d2) =
1√
2π

∫ d2

−∞
exp

(
− s2

2

)
ds =

1√
2π

∫ +∞

−d2

exp
(
− s2

2

)
ds

P1(S, t) = −K

[
exp (−r(T − t))√

σ2(T − t)

]
1√
2π
·

∫ +∞

ln (K)
exp

−
[
(σ2−2r)(T−t)

2 + z− ln (S)
]2

2σ2(T − t)

dz

Therefore setting s =
(σ2−2r)(T−t)

2 +z−ln (S)
σ
√

T−t
and ds = 1

σ
√

T−t
dz, P1(S, t) can be rewritten

as:

P1(S, t) = −K exp (−r(T − t))
[

1√
2π

∫ +∞

−d2

exp
(
− s2

2

)
ds
]
=
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= −K exp (−r(T − t))N (d2) (2.11)

with d2 = −s|[z=ln (K)] =
(r− σ2

2 )(T−t)+ln ( S
K )

σ(T−t)
For the second term, P2(S, t):

P2(S, t) =
exp (−r(T − t))√

2πσ2(T − t)

∫ +∞

ln (K)
exp

z−

[
(σ2−2r)(T−t)

2 + z− ln (S)
]2

2σ2(T − t)

 dz =

=
exp (−r(T − t))√

2πσ2(T − t)

∫ +∞

ln (K)
exp

−
[
(σ2−2r)(T−t)

2 − ln (S) + z + 2σ2z(T − t)
]2

2σ2(T − t)

dz

Rewriting the exponent in the form

[
(σ2+2r)(T−t)

2 +ln (S)−z
]2

−2σ2r(T−t)2−2σ2(T−t) ln (S)

2σ2(T−t) we
can notice that exp (−r(T − t)) and exp (+r(T − t)) can be reduced and exp (ln (S)) =
S:

P2(S, t) =
S√

(σ2(T − t))
1√
(2π)

∫ +∞

ln (K)
exp


[
(σ2+2r)(T−t)

2 + ln (S)− z
]2

2σ2(T − t)

dz

For converting this last expression to a cumulative normal distribution function we
have to set:

N (d1) =
1√
(2π)

∫ d1

−∞
exp

(
−q2

2

)
dq =

1√
2π

∫ +∞

−d1

exp
(
−q2

2

)
dq

q =
(σ2+2r)(T−t)

2 + ln (S)− z

σ
√
(T − t)

dq = − 1
σ
√
(T − t)

dz

P2(S, t) becomes:

P2(S, t) =
S√
(2π)

∫ +∞

−d1

exp
(
−q2

2

)
dq = SN (d1) (2.12)

with: d1 = −q|[z=ln (K)] =
(r+σ2)

2 (T−t)+ln ( S
K )

σ
√

(T−t)
= d2 + σ

√
(T − t)

The final solution is given by the sum of 2.11 and 2.12:

P(S, t) = SN (d1)− K exp (−r(T − t))N (d2)

This is the well-known Black-Scholes formula (Black and Scholes, 1973).
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2.3 The Generalized Black-Scholes-Merton formula

The final form of the BSM formula proofed in the previous paragraph is (Hull, 2018):

for a European Call Option:

CE = SN (d1)− K exp (−rT)N (d2) (2.13)

for a European Put Option:

PE = K exp (−rT)N (−d2)− SN (−d1) (2.14)

d1 =
ln
( S

K

)
+
(
r + σ2/2

)
T

σ
√

T
, d2 = d1 − σ

√
T

where:

S Underlying price
T Time to Maturity (expressed in year fractions)
K Strike Price
σ Annualized volatility of the underlying
r Annualized Risk-free rate (continuous compounding)
N (◦) Cumulative normal distribution function

The original BSM formula could be applied only for pricing a European Option writ-
ten on an equity underlying which pays no dividend. The aim of this paragraph is
to extend the original formulation so that formula can be applied on several types
of underlyings. These generalizations lead to the derivation of the so-called GBSM
(Generalized Black-Scholes-Merton) formula (Haug, 2007).

2.3.1 Options on stocks with a pay-out

The traditional Black and Scholes formula refers to an underlying equity that does
not pay any dividends (Black and Scholes, 1973). It is now assumed that the under-
lying pays known dividends during the life of the option. The idea behind the ad-
justment of the formula is to reduce the spot value by the sum of the discounted val-
ues of the expected dividends paid till maturity: S∗ = S−∑I

i=1 exp (Di exp (−rτi)),
where Di is the amount of cash received at time τi, the dividend payment date.

The BS formula can be rewritten (Hull, 2018):

for a European Call Option:

CE = S∗N (d∗1)− K exp (−rT)N (d∗2) (2.15)

for a European Put Option:

PE = K exp (−rT)N (−d∗2)− S · N (−d∗1) (2.16)

d∗1 =
ln
(

S∗
K

)
+
(
r + σ2/2

)
T

σ
√

T
, d∗2 = d∗1 − σ

√
T
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If the underlying pays a known constant dividend, pricing equations can be ex-
pressed in terms of the dividend yield, q. This quantity is defined by the ratio be-
tween the paid dividends and the price of the share.

q =
Annual Dividends per share

Price per share

The key idea is that the payment of a continuous dividend at the rate q means that
the growth rate in the share price is lower than it would have been in the absence
of a continuous remuneration of an amount equal to q. So, from a financial point of
view, a European option written on a share with a price S that pays a continuous div-
idend q has the same value as the corresponding European option written on a share
with a price level equal to St exp (−q(T − t)) and that does not pay dividends. As
a result, the traditional set of BS formulas can be adjusted in this way (Merton, 1973):

for a European Call Option:

CE = S exp (−qT)N (d1)− K exp (−rT)N (d2) (2.17)

for a European Put Option:

PE = K exp (−rT)N (−d2)− S exp (−qT)N (−d1) (2.18)

d1 =
ln
( S

K

)
+
(
r− q + σ2/2

)
T

σ
√

T
, d2 = d1 − σ

√
T

Practically, this formulation is useful when the precise amount of the dividend and/or
the dates on which it will be paid are unknown: a common approach is to estimate
the parameter by looking at the historical trend of the share:

q =
Dividend

Average quoted price

2.3.2 Option on index

An option on an index can be analyzed in the same way of a derivative written on
a share that pays dividends (Haug, 2007). So S∗ in Equations 2.15 and 2.16 becomes
S∗ = S − ∑J

j=1 ∑I
i=1 exp

(
Dj,i exp

(
−rτj,i

))
where J is the number of companies in

the index and I is the number of the pay-outs before the maturity date. As a result,
pricing formulas 2.17 and 2.18 can also be usefully applied for pricing options on
equity indexes.

2.3.3 Option on futures

Black-Scholes model can be easily extended to the evaluation of options written on
futures contracts. According to the cost-of-carry model, futures contracts can be con-
sidered as assets that pay a dividend equal to the risk-free rate. Thus, an option on a
futures contract can be considered as an option on an equity that pays a continuous
dividend, where the futures price (F) takes the place of the share price (S) and the
continuous dividend yield is set equal to the risk-free value (q = r). The adjusted BS
formula for futures is (Black, 1976):

CE = exp (−rT) [FN (d1)− KN (d2)] (2.19)
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for a European Put Option:

PE = exp (−rT) [KN (−d2)− FN (−d1)] (2.20)

d1 =
ln
( F

K

)
+
(

σ2

2

)
T

σ
√

T
, d2 = d1 − σ

√
T

Asay has modified this formula for options on futures contracts when the premium
is fully margined (Asay, 1982). The option premium is then paid into a margin
account which accrues interest while the option is alive (Lieu, 1990).

CE = FN (d1)− KN (d2) (2.21)

for a European Put Option:

PE = KN (−d2)− FN (−d1) (2.22)

d1 =
ln
( F

K

)
+
(

σ2

2

)
T

σ
√

T
, d2 = d1 − σ

√
T

2.3.4 Currency Option

Black Scholes pricing framework can be extended for the valuation of European op-
tions on an exchange rate (Grabbe, 1983). According to Garman and Kohlhagen,
a foreign currency can be considered as an asset that pays a continuous dividend,
whose rate is equal to the foreign risk-free rate (r f ). As a result, the adjusted formula
is (Garman and Kohlhagen, 1983):

for a European Call Option:

CE = S exp (−r f T)N (d1)− K exp (−rT)N (d2) (2.23)

for a European Put Option:

PE = K exp (−rT)N (−d2)− S exp (−r f T)N (−d1) (2.24)

d1 =
ln
( S

K

)
+
(
r− r f + σ2/2

)
T

σ
√

T
, d2 = d1 − σ

√
T

2.3.5 The Generalized Black-Scholes Formula

The Black-Scholes-Merton model can be generalized by incorporating a cost-of-carry
rate, b. This model can be used to price European options on stocks, indexes, futures
and currency (Haug, 2007):
for a European Call Option:

CE = S exp ((b− r)T)N (d1)− K exp (−rT)N (d2) (2.25)

for a European Put Option:

PE = K exp (−rT)N (−d2)− S exp ((b− r)T)N (−d1) (2.26)
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d1 =
ln
( S

K

)
+
(
b + σ2/2

)
T

σ
√

T
, d2 = d1 − σ

√
T

Where:

• b = r gives the Black and Scholes (1973) stock option model

• b = r − q gives the Merton (1973) stock option model with continuous divi-
dend yield q

• b = 0 gives the Black (1976) futures option model

• b = 0 and r = 0 gives the Asay (1982) margined futures option model

• b = r− r f gives the Garman and Kohlhagen (1983) currency option model

It is worth to note that GBSM formula can only be applied for European plain vanilla
options written on different financial assets. In order to extent GBSM pricing frame-
work to different categories of options, i.e. different kinds of option pay-offs, we
have to introduce numerical techniques. In fact, if a closed solution doesn’t exist for
the Fundamental BSM PDE, due to the non-standard pay-off specification, the pricer
has to implement approximated methods able to estimate the value of the derivative
within a certain error tolerance threshold. This is the case for the so-called Exotic
Option.
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Chapter 3

Option pricing via PDE numerical
schemes

“I saw that the banknote was all wrinkled, like Fefelli’s Bank check during that school day,
but it was a different thing. Money transforms, depending on the hands that hold it: in some
hands it become bricks, in other butterflies.”

Stefano Benni, Saltatempo, 2001

“Vidi che la banconota era tutta stropicciata, come l’assegno di Fefelli quel giorno di scuola,
ma era una cosa diversa. I soldi si trasformano, a seconda delle mani che li accolgono, pensai
che in certe mani diventano mattoni, in altre farfalle.”

Stefano Benni, Saltatempo, 2001

This chapter deals with the most popular numerical schemes for pricing a Eu-
ropean option using the Finite Difference Method (FDM), Finite Elements Method
(FEM) and Radial Basis Function meshless approach.

3.1 Reduction to a canonical PDE form

The partial differential equation that describes the evolution of the call option price
can be expressed in function of time and of the underlying spot price, according to
the BSM framework, by the problem (paragraph 2.2):

Fundamental BSM PDE

∂V(S(t), t)
∂t

+
1
2

σ2S2
0

∂2V(S(t), t)
∂S2 + (r− q)S

∂V(S(t), t)
∂S

= rV(S(t), t) (3.1)

Initial Condition

P(S(0), 0) = max (S(T)− K, 0) exp (−r(T − t)) (3.2)

Dirichlet Boundary Condition

P(S(T), T) = max (S(T)− K, 0) (3.3)
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Where:

V(S, t): Option Value.
S: Underlying price.
t: Time.
σ: Annualized volatility of the underlying.
r: Risk-free price.
q: Continuous dividend yield of the underlying.
T: Time to Maturity of the deal.
P(·): Option pay-off.

Although this problem is well posed, it does not prove to be analytically or numeri-
cally treatable in this form: it is necessary to make a variable transfomation in order
to obtain a formulation of the PDE in one of the canonical forms (elliptical, parabolic
or hyperbolic).

This step is very important for a correct classification of the PDE because it allows to
understand, consequently, which analytical or numerical technique is more appro-
priate for finding the price of the option, V(S, t).
This standardization can be reached by applying these substitutions:

S = K exp (x) (3.4)

t = T − τ

0.5σ2 (3.5)

V(S, t) = K exp (−0.5(k2 − 1)x− (0.25(k2 − 1)2 + k1)τ)u(x, τ) (3.6)

k1 :=
r

0.5σ2 (3.7)

k2 :=
r− q
0.5σ2 (3.8)

All the mathematical steps are shown in paragraph 2.2.1 and here we write the re-
sults for this variable transformation:

Parabolic PDE

∂u(x, τ)

∂τ
= µ

∂2u(x, τ)

∂x2 (3.9)

Initial Condition

u(x, 0) = max (exp (−0.5(k2 + 1)x)− exp (+0.5(k2 − 1)x), 0) (3.10)
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Dirichlet Boundary Condition

u(x → +∞, τ) ∼ exp (+0.5(k2 + 1)x + 0.25(k2 − 1)2τ) (3.11)

u(x → −∞, τ) = 0 (3.12)

PDE 3.9 is the so-called heat equation and the related numerical integration schemes
were initially studied by mathematicians, physicists and mechanical engineers for
the natural or forced processes of heat diffusion in materials, but later researchers
demonstrated a more extensive use of it, including in finance (Brennan and Schwartz,
1978).

µ is the diffusive coefficient and for financial problems is set equal to 1.

3.2 Numerical schemes for the parabolic PDE integration

The numerical schemes are divided according to how the equation is integrated in
time (τ) and space (x). The discretization step in the time domain is indicated with
∆τ, the one in space with ∆x. The index which characterizes the time coordinate is
denoted with n and j expresses the index for space. In FDM, the mesh generated
by the partitions is a rectangular grid composed of nodes (n, j), whose approximate
solution, calculated at the point, is denoted with un

j (Giribone, 2017a).

The most suitable approximations for the numerical solution of parabolic partial
differential equations are (Duffie, 2006):

• Forward Time, Centered Space (FTCS) - conditionally stable - θ(1, 2) order -
explicit method

• Backward Time, Centered Space (BTCS) - unconditionally stable - θ(1, 2) order
- implicit method

• Crank-Nicolson Scheme (CN) - unconditionally stable - θ(2, 2) order - implicit
method

3.2.1 Forward Time, Centered Space

The Forward Difference Approximation is given by:

∂u
∂τ
≈

un+1
j − un

j

∆τ
(3.13)

The Central Difference Approximation is given by:

∂2u
∂x2 ≈

un
j−1 − 2un

j + un
j+1

∆x2 (3.14)

Substituting Equations 3.13 and 3.14 in the Equation 3.9, we get:
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un+1
j − un

j

∆τ
= µ

un
j−1 − 2un

j + un
j+1

∆x2 (3.15)

Obtaining un+1
j from 3.15, we get the FTCS approximation for the parabolic equation:

un+1
j = un

j +
µ∆τ

∆x2 (u
n
j+1 − 2un

j + un
j−1) (3.16)

By cycling the expression iteratively in time and space we obtain the approximate
solution to the pricing problem in the coordinates (x, τ). By re-transforming the
variables according to 3.4, 3.5 and 3.6, we get the solution in (S, t).

This explicit approximation scheme has the drawback to not always be stable, as a
result, the convergence to the continuous solution (∆τ → 0, ∆x → 0) is in function
of the choice of the discretization step. According to the Courant, Friedrichs, Lewy
(CFL) condition (Courant, Friedrichs, and Lewy, 1928), we can get stable solutions
using this method if and only if:

α := µ
∆τ

∆x2 <
1
2

(3.17)

3.2.2 Backward Time, Centered Space

The Backward Difference Approximation is given by:

∂u
∂τ
≈

un
j − un−1

j

∆τ
(3.18)

The Central Difference Approximation is given by:

∂2u
∂x2 ≈

un
j−1 − 2un

j + un
j+1

∆x2 (3.19)

Substituting Equations 3.18 and 3.19 in the Equation 3.9, we get:

un
j − un−1

j

∆τ
= µ

un
j−1 − 2un

j + un
j+1

∆x2 (3.20)

Unlike the previous method, using the BTCS scheme, we are not able to explicitly
get the solution un+1

j , even if we increase all the indices of the expression 3.20 by one

unit, given that un+1
j would also depend on un+2

j . This makes it necessary to solve a
system of equations for each space partition of the mesh.

We rewrite the equation 3.20 in order to make a vectorization by reordering the co-
efficients:
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− µ

∆x2 un
j−1 +

(
1

∆τ
+

2µ

∆x2

)
un

j −
µ

∆x2 un
j+1 =

1
∆τ

un−1
j (3.21)

The systems of equations that must be solved at each step n can be represented

Aun = un−1 + bn−1 (3.22)

Being A a tri-diagonal matrix containing the coefficients and bn−1 an array contain-
ing the boundary conditions, which are time-dependent.
Having to solve numerous systems of equations, the implementation of the implicit
BCTS scheme, has the drawback of being potentially slow to provide the solution to
the pricing problem. For this reason it is strongly recommended to use a numerical
computing environment which supports vectorization like Matlab.

On the other hand, this method is unconditionally stable and extremely robust.

3.2.3 Crank-Nicolson

FTCS and BTCS schemes have a truncation error of order 1, θ(∆t). If we are in-
terested in having a more precise method for the solution, such as a second order
precision, we have to implement this implicit, unconditionally stable, scheme.
The Backward Difference Approximation is given by:

∂u
∂τ
≈

un
j − un−1

j

∆τ
(3.23)

∂2u
∂x2 is approximated with:

∂2u
∂x2 ≈

µ

2

[
un

j−1 − 2un
j + un

j+1

∆x2 +
un−1

j−1 − 2un−1
j + un−1

j+1

∆x2

]
(3.24)

Defining α = ∆τ
∆x2 and setting µ = 1, Equation 3.9 can be discretized in the form:

−1
2

αun
j−1 + (1 + α)un

j −
1
2

αun
j+1 =

1
2

αun−1
j−1 + (1− α)un−1

j
1
2

αun−1
j+1 (3.25)

The systems of equations to be solved for each step n can be represented in a matrix-
like notation as:

Cun = Dun−1 + bn−1 (3.26)

Where C and D are the coefficients of the tri-diagonal matrices and bn−1 are the time-
dependent boundary conditions.
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FDM integration is one of the most used scheme in quantitative finance given that is
the most precise (θ(2, 2)) and it is unconditionally stable (Duffie, 2006).

Given that CN has a huge amount of equations to be solved, it is reasonable to use a
programming language able to handle efficiently vectorized code, like Matlab.

3.3 Finite Element Method for Black-Scholes-Merton PDE

In this paragraph, I introduce the Finite Element Method (FEM) as an approximate
method that allows to solve the PDE model used for option pricing problems (Top-
per, 2005). The FEM discretizes the continuous domain of the problem by means of
a series of simple geometric forms called finite elements, for which the governing
relations on the entire continuous domain are valid on each element. Under this as-
sumption, the approximate solution in the entire continuous domain of the problem
can be obtained by means of trial functions also called the form functions. The FEM
transforms the differential equation into an algebraic system of equations which can
then be solved by numerical methods, as I have done in the previous paragraphs.
For FEM, I have used the well-known Galerkin weighted residue method to find the
finite element solution of Equation 3.9 (Trenogin, 2002).

3.3.1 Discretization of variables in the FEM

We consider the case of valuing a European call option V(S, t) through the diffusion
forward-moving Black-Scholes model defined in Equation 3.9. To solve this problem
through the FEM it is necessary to properly discretize the time-space domain of the
problem:

Ωτ,x = (τ, x)|0 ≤ τ ≤ σ2T
2

, x−∞ ≤ x ≤ x+∞

For this purpose, the Kantorovitch’s discretization is used (Zienkiewicz, 1989). This
kind of discretization is a partial discretization by finite elements, because only the
space domain Ωx is discretized by finite element whereas the time domain Ωτ is
discretized by finite difference (Ern, Villeneuve, and Zanette, 2002). Using Kan-
torovitch’s discretization, the approximate solution is obtained at each time τ for
the space domain Ωx. Let us consider the following discretization of the continuous
domain Ωτ,x:

τi = τ0 + i∆τ, i = 0, 1, . . . , n (3.27)

xj = x−∞ + (j− 1)∆x, j = 1, 2, . . . , m + 1 (3.28)

Using the above discretization we obtain a regular mesh of (n+ 1)(m+ 1) of discrete
points

(
τi, xj

)
for independent variables of the model. In this way, the domain’s

intervals
[
0, σ2T

2

]
and [x−∞, x+∞] are divided in constant length subintervals ∆τ and

∆x defined by:

∆τ =
τn − τ0

n
(3.29)

∆x =
xm+1 − x1

m
(3.30)
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Figure 3.1 shows the one dimensional space discretization Ωx and its evolution
through the scaled time τ. The finite element can be defined by two adjacent discrete
points xj and xj+1 or by three adjacent discrete points xj, xj+1 and xj+2 as shown in
Figure 3.2. The number of finite elements in Ωx is m and m

2 respectively in the first
and the second case, for m + 1 > 3, m is an even number. In Figure 3.2, ξ denotes
the local coordinate which can take integer values only. It is used to define all vari-
ables at each finite element. At each j finite element, it is necessary to define the
approximate solution u and the space variable x as a combination of its values at
the finite element’s nodes. For this purpose the form functions Nk (ξ), which is de-
fined in terms of the local coordinate ξ, are used. The Lagrangian form functions are
commonly used (Zienkiewicz, 1989). These are linear or quadratic type depending
on the required approximation. The linear form functions are required for the finite
element with two nodes, and the quadratic function is needed for the elements with
three nodes; this is explained using Figures 3.3 and 3.4. It can be seen in these figures
that each form function Nj (ξ) is related to a finite element’s node j, which takes the
value of unity at j and zero at all other nodes. The approximated solution u and the
space variable x, when restricted to a typical finite element, can be written as a linear
combination of node values using Lagrangian linear form functions as (Chacur, Ali,
and Salazar, 2011):

u =
jk

∑
k=j

Nk (ξ) qk (τ) =
1− ξ

2
qj +

1 + ξ

2
qj+1 (3.31)

x =
jk

∑
k=j

Nk (ξ) xk =
1− ξ

2
xj +

1 + ξ

2
xj+1 (3.32)

where jk denotes the number of nodes in the finite element. The solution u and the
space variable x can be written as a quadratic combination of node values using
Lagrangian quadratic form functions as (Chacur, Ali, and Salazar, 2011):

u =
jk

∑
k=j

Nk (ξ) qk (τ) = −ξ
1− ξ

2
qj + (1− ξ)(1 + ξ)qj+1 + ξ

1 + ξ

2
qj+2 (3.33)

x =
jk

∑
k=j

Nk (ξ) xk = −ξ
1− ξ

2
xj + (1− ξ)(1 + ξ)xj+1 + ξ

1 + ξ

2
xj+2 (3.34)

When using the same form functions to define the approximate solution u and the
space variable x an isoparametric formulation is obtained from which the values qj
need to be found to know the approximate solution of the option pricing problem.

3.3.2 Integral formulation of the PDE

Once the domain has been discretized, it is necessary to find the value of time de-
pendent parameters qj (τ), called the generalized variables, which allow to write
the approximate solution at each finite element using 3.31 or 3.33. To get these gen-
eralized variables, it is necessary to define the weak or integral formulation of the
differential equation of the option pricing problem which is obtained by the Galerkin
weighted residue method (Trenogin, 2002).
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The Galerkin weighted residue method obtains the generalized variables qj (τ) by
minimizing the residue (R).
R is the result of the exact solution being replaced by the approximate solution in
L(u)− f = 0, where L is the differential operator and f a function of independent
variables. Hence, R = L(u)− f , where u is an approximate solution. The residue R
is minimized to zero by weighting it with the so-called weight functions ωk. In the
Galerkin method, the form functions are used as the weight functions, ωk = Nk (ξ).
This results in the equation (Chacur, Ali, and Salazar, 2011):

∫
Ω

ωkRdΩ =
∫

Ω
ωk (L(u)− f ) dΩ =

∫
Ω

Nk (ξ)

(
∂2u
∂x2 −

∂u
∂τ

)
dΩ = 0 (3.35)

to be solved, where k represents all nodes in Ωx.
Using NT =

(
Nj (ξ) , Nj+1 (ξ) , . . . , NK (ξ)

)
, the approximate solution u = N · q, x =

N · X, XT =
(
xj, xj+1, . . . , xK

)
and qT =

(
qj, qj+1, . . . , qK

)
, the expression 3.35 can be

written as: ∫ xK

xj

NT ∂2(N · q)
∂x2 dx−

∫ xK

xj

NT ∂(N · q)
∂τ

dx = 0 (3.36)

Changing to local variables for each finite element and integrating by part the first
integral of 3.36, we obtain:

NT ∂N
∂x

q|+1
−1 −

∫ 1

−1

∂NT

∂x
∂N
∂x

qJdξ −
∫ 1

−1
NT N

∂q
∂τ

Jdξ = 0 (3.37)

where J = ∂x
∂ξ .

It can be shown using 3.32 and 3.34, respectively, that J equals ∆x
2 for the two node

finite element and ∆x for the three node finite element (Chacur, Ali, and Salazar,
2011). The term NT ∂N

∂x q|1−1 represents the natural boundary conditions evaluated at
the extreme nodes of the element and defined by the column arrays

Fe =

[
−

∂uj

∂x
,

∂uj+1

∂x

]T

(3.38)

Fe =

[
−

∂uj

∂x
, 0,

∂uj+1

∂x

]T

(3.39)

for two and three node finite elements, respectively.
Equation 3.37 demands that the form function used be a C0 class function. This
means that Eq. 3.37 requires a continuous form function in the domain, this re-
striction is accomplished by the Lagrangian form functions used. Rearranging and
introducing the array of form function’s derivatives B = ∂N

∂x = ∂N
∂ξ

∂ξ
∂x = ∂N

∂ξ J−1 =(
∂Nj
∂ξ , ∂Nj+1

∂ξ , . . . , ∂NK
∂ξ

)
J−1 the Eq. 3.37 can be rewritten for each finite element as fol-

low: (∫ 1

−1
NT NJdξ

)
q̇ +

(∫ 1

−1
BTBJdξ

)
q = Fe (3.40)

which is an algebraic system. Equation 3.40 can be re-written as (Chacur, Ali, and
Salazar, 2011):
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Ceq̇ + Keq = Fe (3.41)

where q̇ denotes the temporal derivative of the generalized variable, ∂q
∂τ , and where

Ce =
(∫ 1
−1 NT NJdξ

)
and Ke =

(∫ 1
−1 BTBJdξ

)
. These expressions can be expressed

for a two node finite element as:

Ce =
∆x
3

[
1 0.5

0.5 1

]
, Ke =

1
∆x

[
1 −1
−1 1

]
(3.42)

and for a three node finite element as:

Ce =
∆x
15

 4 2 −1
2 16 2
−1 2 4

 , Ke =
1

6∆x

 7 −8 1
−8 16 −8
1 −8 7

 (3.43)

3.3.3 The assembly procedure

The system of equations presented by 3.41 is only valid for a single finite element.
Therefore, it is necessary to find the general system of equations that defines the
approximate solution in the entire domain Ω at a certain time τ (Zienkiewicz, 1989).
The system of equations for the entire finite element system is represented by:

Cq̇ + Kq = F (3.44)

where K = ∑e Ke, C = ∑e Ce and F = ∑e Fe, the sum is taken over all finite elements.
We describe 3.44 by the following example. Let us discretize Ω by two linear finite
elements (e1 and e2), each of two nodes. K in 3.44 is given by:

K = Ke1
+ Ke2

=
1

∆x

 1 −1 0
−1 1 0
0 0 0

+

+
1

∆x

 0 0 0
0 1 −1
0 −1 1

 =
1

∆x

 1 −1 0
−1 2 −1
0 −1 1

 (3.45)

where the element K22 is obtained from the intermediate node that connects the two
finite elements (Chacur, Ali, and Salazar, 2011).
The same procedure is applied to obtain C and F (Chacur, Ali, and Salazar, 2011).

3.3.4 Discretization of the time variable

To solve the algebraic system of Eq. 3.44 it is necessary to approximate the temporal
derivative of the generalized variable q̇ = ∂q

∂τ at τi. For this purpose, a backward
finite difference approximation is used (Topper, 2005).
As a result, q̇ at τi is approximated by:

q̇i =
qi − qi−1

∆τ
(3.46)

where ∆τ = τi − τi−1.
Substituting 3.46 in 3.44 we get:
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[
1

∆τ
C + K

]
qi =

[
1

∆τ
C
]

qi−1 + F, i = 1, 2, . . . , n (3.47)

where n is the number of nodes in the time domain Ωt. The above system of equa-
tions is of the form Aq = b, which can be solved to obtain qi at τi in terms of its
previous value qi−1 at τi−1.

3.3.5 Application of time and boundary conditions

The system can be reduced further applying the initial condition at τ0 = 0 and the
boundary conditions for 3.47. These conditions for the transformed heat-equation
are given by (Chacur, Ali, and Salazar, 2011):

q0 = max
[

exp
(

1
2
(k1 + 1) x− 1

2
(k1 − 1) x

)
, 0
]

(3.48)

qi
1 = 0, i = 1, . . . , n (3.49)

Fm+1 =
1
2
[(k1 + 1) exp (x∞)− (k1 − 1) exp (−k1τ)] ·

· exp
[

1
2
(k1 − 1) x∞ +

1
4
(k1 + 1)2 τ

]
(3.50)

where k1 = r
σ2/2 as defined in Eq 3.7.

The condition 3.48 is the initial condition and the conditions 3.49 - 3.50 are the essen-
tial and natural boundary conditions for a European call option.
The condition qi = 0 in Eq. 3.49 transforms the system 3.47 with m − 1 equations
and m− 1 unknows (Chacur, Ali, and Salazar, 2011).
Now, once the algebraic system 3.47 is solved for each time τi, the approximate so-
lution V(S, t) in terms of the original variables can be obtained using the inverse
transformation of variable (Giribone, 2017a).

3.4 The Radial Basis Function Approach

Radial Basis Function (RBF) techniques are becoming more and more popular in the
field of quantitative finance for different reasons (Pena, 2004; Petterson et al., 2005):

1. These are methods designed for working in high-dimensional spaces, which
means options involving more underlyings (Fasshauer, Khaliq, and Voss, 2004).

2. Given that RBF works in a similar way to the first Neural Networks, this tech-
nique has an accurate fitting (Duy and Cong, 2001).

3. RBF is a mesh-free method, therefore the algorithmic implementation is easier
than traditional scheme (FEM) in a multi-dimensional space (Liu, 2003).

4. The computed functions, as well as their derivatives, are smoother than those
obtained by traditional integration scheme. This is a very interesting feature
for the estimation of option greeks, that is the sensitivity of the fair-value vary-
ing according to financial parameters (Kelly, 2009).



3.4. The Radial Basis Function Approach 35

5. Scientific literature shows that RBF method is able to solve all the three PDE
canonical forms in many different technical applications (Shu, Ding, and Yeo,
2004 and Chinchapatnam, Djidjeli, and Nair, 2007).

Among these, the feasibility to apply RBF on the parabolic PDE form is a very inter-
esting feature because the BMS PDE, through a variables modification, can be trans-
formed into a heat-equation. However this new approach has also some drawbacks
connected to the possibility of creating ill-conditioned matrices which thus cannot
be processed through the time integration phase (Kansa and Horn, 2000). This prob-
lem is strictly connected to the number of collocation points used for solving PDE,
to the chosen radial basis function and to its shape parameter (Giribone and Ligato,
2015).

Paragraphs 3.4.1 - 3.4.7 describe how a put plain-vanilla option can be priced through
the application of radial basis functions: the procedural steps for calculating the
fair-value of derivatives are described. In paragraph 3.5 the pricing surface, calcu-
lated by RBF method will be analyzed and compared with the traditional integra-
tion schemes, such as FDM and FEM. Once the effective higher precision of the new
methodology is observed, the pricing problem will be parameterized using all the
most popular radial basis functions, in order to test which is the function that allows
a better estimation of the option price.

3.4.1 Definition of the PDE problem and variables transformation

The mathematical formulation of the partial derivatives problem can be stated as
follows:

Dynamic:

∂V(S, t)
∂t

+ (r− q)S
∂V(S, t)

∂S
+

1
2

S2σ2 ∂2V(S, t)
∂S2 − rV(S, t) = 0 (3.51)

Initial Condition:
V(S, t) = Vg(S) = g(S) (3.52)

Dirichlet’s Boundary Conditions:

Va(a, t) = λ(t), Vb(b, t) = β(t), Ω = [a, b]× [0, T] (3.53)

where r is the risk-free rate, q is the asset continuous dividend-yield and σ is the
annualized volatility of the underlying, Vg(S) is the financial instruments pay-off.

The equation 3.51 is the well-known one-factor Black-Scholes-Merton fundamen-
tal PDE, which can be applied to all options written on one Equity asset. In this
case, the pay-off g(S) = max (K− S, 0), with K the strike price of the put option.
The suggested variable change is S = exp (y) → V(exp (y), t) = U(y, t). The log-
transformed equation becomes:

Dynamic:

∂U(y, t)
∂t

+

(
r− q− σ2

2

)
∂U(y, t)

∂y
+

1
2

σ2 ∂2U(y, t)
∂y2 − rU(y, t) = 0 (3.54)
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Initial Condition:
U(y, T) = g(y) = max [K− exp (y), 0] (3.55)

Dirichlet’s Boundary Conditions:

U (ln (a), t) = λ(t) = 0, U (ln (b), t) = β(t) = [exp (y)− K] exp [−r(T − t)] (3.56)

3.4.2 Choice of the radial basis function and derivative estimation

The main idea is to represent U(y, t) as a linear combination of radial basis functions:

U(y, t) =
N

∑
j=1

αj(t)φκ
j (y) (3.57)

where: N is the number of knots of the network (also known as collocation points),
j the single collocation knot, φ the radial basis function and κ its shape-parameter.

There are many kinds of φ for solving PDE. Scientific literature suggests (Hardy,
1990):

The Inverse Quadratic (IQ) function, φIQ:

φIQ
(
y, yj

)
=

1

κ2 +
(
y− yj

)2 (3.58)

φ′IQ
(
y, yj

)
=

dφIQ

dy
= −

2
(
y− yj

)[(
y− yj

)2
+ κ2

]2 (3.59)

φ′′IQ
(
y, yj

)
=

d2φIQ

dy2 =
8
(
y− yj

)2[
κ2 +

(
y− yj

)2
]3 −

2[
κ2 +

(
y− yj

)2
]2 (3.60)

The Hardy’s multiquadratic function, φMQ:

φMQ
(
y, yj

)
=
√

κ2 +
(
y− yj

)2 (3.61)

φ′MQ
(
y, yj

)
=

dφMQ

dy
=

(
y− yj

)√
κ2 +

(
y− yj

)2
(3.62)

φ′′MQ
(
y, yj

)
=

d2φMQ

dy2 =
1√

κ2 +
(
y− yj

)2
−

(
y− yj

)2(√
κ2 +

(
y− yj

)2
)3 (3.63)

The Inverse Multiquadratic function, φIMQ:

φIMQ
(
y, yj

)
=

1√
κ2 +

(
y− yj

)2
(3.64)



3.4. The Radial Basis Function Approach 37

φ′IMQ
(
y, yj

)
=

dφIMQ

dy
=

(
y− yj

)√[(
y− yj

)2
+ κ2

]3
(3.65)

φ′′IMQ
(
y, yj

)
=

d2φIMQ

dy2 =
3
(
y− yj

)2√[
κ2 +

(
y− yj

)2
]5
− 1√[

κ2 +
(
y− yj

)2
]3

(3.66)

3.4.3 Fundamental PDE approximation through radial basis functions

An approximate expression of PDE 3.54 can be obtained by using these definitions
according to the chosen RBF for the spatial interpolation. Here the exposition is
based on the choice of Hardy’s Multiquadratic function, as RBF. A similar reasoning
can be used for the other class of functions. Replacing 3.58 in 3.57:

U(y, t) =
N

∑
j=1

αj(t)φMQ
(
y, yj

)
=

N

∑
j=1

αj(t)
√

κ2 +
(
y− yj

)2 (3.67)

Similar substitutions of Equations 3.58, 3.59 and 3.60 for partial derivatives U(y, t):

∂U(y, t)
∂t

=
N

∑
j=1

∂αj(t)
∂t

φMQ
(
y− yj

)
=

N

∑
j=1

∂αj(t)
∂t

√
κ2 +

(
y− yj

)2 (3.68)

∂U(y, t)
∂y

=
N

∑
j=1

αj(t)φ′MQ
(
y− yj

)
=

N

∑
j=1

αj(t)
y− yj√(

y− yj
)2

+ κ2
(3.69)

∂2U(y, t)
∂y2 =

N

∑
j=1

αj(t)
∂2φκ

j (y)

∂y2 =
N

∑
j=1

αj(t)φ′′MQ
(
y, yj

)
=

=
N

∑
j=1

αj(t)

 1√(
y− yj

)2
+ κ2

−
(
y− yj

)2(√(
y− yj

)2
+ κ2

)3

 (3.70)

Replacing the expressions 3.67 – 3.70 in 3.54 the BSM PDE can be rewritten in terms
of radial basis functions:

∂U(y, t)
∂t

+

(
r− q− σ2

2

)
∂U(y, t)

∂y
+

1
2

σ2 ∂2U(y, t)
∂y2 − rU(y, t) =

=
N

∑
j=1

∂αj(t)
∂t

φ
(
y− yj

)
+

(
r− q− σ2

2

) N

∑
j=1

αj(t)
∂φ
(
y, yj

)
∂y

+

+
1
2

σ2
N

∑
j=1

αj(t)
∂2φ

(
y− yj

)
∂y2 − r

N

∑
j=1

αj(t)φ
(
y, yj

)
=
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=
N

∑
j=1

∂αj(t)
∂t

√
κ2 +

(
y− yj

)2
+

(
r− q− σ2

2

) N

∑
j=1

αj(t)

(
y− yj

)√(
y− yj

)2
+ κ2

+

+
1
2

σ2
N

∑
j=1

αj(t)

 1√(
y− yj

)2
+ κ2

−
(
y− yj

)2(√(
y− yj

)2
+ κ2

)3

+

−r
N

∑
j=1

αj(t)
√(

y− yj
)2

+ κ2 = 0 (3.71)

3.4.4 Discretization of the spatial domain: the collocation

Equation 3.71 cannot be usually solved analytically, so that a discretization of the
spatial domain is necessary. Using N collocation points, this step brings to the defi-
nition of a linear system of N equations:

N

∑
j=1

∂αj(t)
∂t

φ
(
yi, yj

)
+

(
r− q− σ2

2

) N

∑
j=1

αj
∂φ
(
y, yj

)
∂y

∣∣∣∣∣
yi

+

+
σ2

2

N

∑
j=1

αj(t)
∂2φ

(
y, yj

)
∂y2

∣∣∣∣∣
yi

− r
N

∑
j=1

αj(t)φ
(
yi, yj

)
, i = 1, . . . , N (3.72)

Defining φ
(
yi, yj

)
with Hardy’s Multiquadratic function, the system becomes:

N

∑
j=1

∂αj(t)
∂t

√
κ2 +

(
yi − yj

)2
+

(
r− q− σ2

2

) N

∑
j=1

αj(t)

(
yi − yj

)√(
yi − yj

)2
+ κ2

+

+
1
2

σ2
N

∑
j=1

αj(t)

 1√(
yi − yj

)2
+ κ2

−
(
yi − yj

)2(√(
yi − yj

)2
+ κ2

)3

+

−r
N

∑
j=1

αj(t)
√(

yi − yj
)2

+ κ2 = 0 (3.73)

It is important to notice, after defining the radius ρi,j = ||yi − yj||2, that all equations
can be rewritten directly in terms of radial distances (Pena, 2004). Given that the
system 3.73 is linear, it can be expressed in matrix notation in order to be processed
in Matlab.
Therefore the matrices Φ, Φy, Φyy ∈ MN×N and the array α̃ ∈ M1×N are defined:

Φ := φ
(
yi, yj

)
, Φy :=

∂φ
(
y, yj

)
∂y

∣∣∣∣∣
y=yi

, Φyy :=
∂2φ

(
y, yj

)
∂y2

∣∣∣∣∣
y=yi

and α̃ := αj

And the problem can be rewritten in a vectorized representation:
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Φα̃′ +
1
2

σ2Φyyα̃ +

(
r− q− 1

2
σ2
)

Φyα̃− rΦα̃ = 0 (3.74)

Given the invertibility of Φ, demonstrated by Powell (Powell, 1992), after a sequence
of algebraic steps, α̃′ can be written in an explicit form:

α̃′ =

[
rI −

(
r− q− 1

2
σ2
)

Φ−1Φy −
1
2

σ2Φ−1Φyy

]
α̃→ α̃′ = Bα̃ (3.75)

Naming matrix B ∈ MN×N the computed quantity in brackets, a system of Ordi-
nary Differential Equations (ODE) has been derived. This system can be solved by
a numerical integration in the time domain: the knowledge of α̃ allows to compute
the option value U = Φα̃.

3.4.5 Discretization in the time domain

The ODE system 3.75 is generally solved implementing a traditional time integra-
tion scheme: explicitly (through a first or second order Euler method or Runge-Kutta
technique) or implicitly by a θ-method (Giribone and Ligato, 2015). For each time
interval m, according to the chosen algorithm, one of these systems must be solved
iteratively:

Explicit first order Euler

α̃(m) = α̃(m− 1)− ∆tBα̃(m− 1) = (IN − ∆tB) α̃(m− 1) (3.76)

Explicit second order Euler

α̃(m) = α̃(m− 1) +
R1 + R2

2
(3.77)

with: R1 = −∆tB · α̃(m− 1) and R2 = −∆tB ·
[
α̃(m− 1) + R1

2

]
Explicit fourth order Euler (Runge-Kutta method)

α̃(m) = α̃(m− 1) +
R1 + 2R2 + 2R3 + R4

6
(3.78)

R1 = −∆tB · α̃(m− 1), R2 = −∆tB ·
[
α̃(m− 1) + R1

2

]
,

R3 = −∆tB ·
[
α̃(m− 1) + R2

2

]
and R4 = −∆tB · [α̃(m− 1)] + R3

θ-method

α̃(m) = α̃(m− 1)− ∆tB · [θα̃(m− 1) + (1− θ)α̃(m)] = B−1
1 B2α̃(m− 1) (3.79)

with: B2 = IN − θ∆tB and B1 = B2 + ∆tB
According to the value assumed by parameter θ , it can be noticed that:

• for θ = 0 - First order implicit Euler

• for θ = 0.5 - Crank-Nicolson method

• for θ = 1 - First order explicit Euler
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3.4.6 Application of boundary (BC) and initial (IC) conditions

Dirichlet’s boundary conditions must be redefined at each temporal integration step
m. In the considered case, for each loop of the main cycle, the quantity: U (ln(a), t) =
λ(t) and U (ln(b), t) = β(t) must be calculated. For a plain-vanilla put, these are:
λ(t) = 0 and β(t) = (K− exp (y)) exp [−r(T − t)].
The iterative procedure for the backward time integration needs an initial seed, α̃(0):
the first value of the numeric sequence is the initial condition of the problem, that
is the pay-off of the derivative, expressed in log-transformed variables (Giribone,
2017a). In the example: U(y, T) = g(y) = max [K− exp (y), 0].

3.4.7 Option values estimation and variables retransformation

Once computed the array α̃, which comes from the step-by-step integration in the
time domain, the option value V can be estimated through a retransformation of
variables: U = Φα̃. The obtained matrix contains the values for constructing the
pricing surface of the discussed example, V(S, t).

For the reader interested in the generalization of this procedure in a context of op-
tions written on more than one underlying, please see (Giribone and Ligato, 2015).

3.5 Performance comparison

Performance analysis of the three different methodologies is obtained by the com-
putation of the gap between the pricing surfaces estimated through a numerical
method (FDM-FEM-RBF) and the benchmark surface derived from the analytical
application of the Black-Scholes closed formula (paragraph: 2.3). The pricing of an
ordinary plain-vanilla put option is proposed:

S ∈ [0.5, 5]: Underlying price level. The range of values is from 0.5 to 5, with inter-
vals of 0.05.
T ∈ [0.1, 1.5]: Time to maturity of the derivative. The range of values is from 0.1 to
1.5 years, with intervals of 0.05.
K = 2.438 Strike Price.
r = 5.062% Risk-free rate.
q = 0% Continuous Dividend Yield.
σ = 35.725% Annualized volatility of the underlying.

First of all, in order to proceed with the comparison of the numerical techniques, the
theoretical pricing surface VCS(S, t) is built by applying the BS exact closed formula,
computed in all feasible levels of S and T.
The computed pricing matrix is used as comparison benchmark for the numeric
integration schemes (FDM-FEM-RBF). In order to have a significant comparison be-
tween the three techniques, the same inputs are set: in this way, the output dif-
ferences can be considered homogeneously. In particular, the technical parameters
chosen for the problem solution are:

Time partition Mt → ∆t =
1

Mt
and spatial partition MS → ∆S = 1

MS
made up of 200

intervals for FDM and FEM.
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Number of collocation points (N) equals 200, Hardy’s multiquadratic (φMQ) as radial
basis function with a shape parameter of κ = 5.225 · ∆S. For the optimal selection of
the κ parameter see (Giribone and Ligato, 2015).

The collocation procedure in the FEM is given by the quadratic interpolation func-
tion, ϕ(x, a) obtained from the weighed sum of the three canonical bases presented
in paragraph 3.3.1.

ϕ(x, a) = a1Ψ1(x) + a2Ψ2(x) + a3Ψ3(x)

Implicit time integration algorithm: we use Crank-Nicolson because it is uncondi-
tionally stable and it is more precise than the implicit Euler scheme (see paragraph
3.2.3).

Given these financial and mathematical parameters, the respective pricing surfaces
are estimated: VFDM(S, t), VFEM(S, t) and VRBF(S, t). The comparison is done calcu-
lating the errors εFDM(S, T) by subtracting VCF(S, t) from the pricing matrices, esti-
mated via numerical procedures: εFDM(S, t) = VCF(S, t)− VFDM(S, t), εFEM(S, t) =
VCF(S, t)−VFEM(S, t) and εRBF(S, t) = VCF(S, t)−VRBF(S, t).

The output error is lower than one cent for all the implemented techniques and this
gives evidence of a correct discretization of the domain Ω = [0.5, 5]× [0, 5, 1.5]. Plot-
ting the surfaces εFDM(S, T) and the blue-stained εRBF(S, T), as shown in Figure 3.5,
you can verify that the discrepancy introduced by RBF is negligible if compared with
the result obtained using the exact traditional BS closed formula.

Plotting the surfaces εFEM(S, t) and the blue-stained εRBF(S, t), as shown in Figure
3.6 the higher precision of FDM, reached thanks to a better interpolation of the spa-
tial domain (S), can be highlighted: the average error done by implementing FEM is
higher than the RBF approach (from an order of 10−3 to an order of 10−4).

A similar analysis is performed to understand which of the radial basis functions is
to be preferred for solving pricing problems. Solving the previous PDE using the
three radial basis functions (φMQ, φIMQ and φIQ) at a time, the corresponding pric-
ing surfaces can be plotted: VMQ(S, t), VIMQ(S, t) and VIQ(S, t). In a similar way
to the previous analysis, these values are compared with the exact solution of the
problem, VCF(S, t). The resulting error matrices are defined: εMQ(S, t) = VCF(S, t)−
VMQ(S, t), εIMQ(S, t) = VCF(S, t)−VIMQ(S, t) and εIQ(S, t) = VCF(S, t)−VIQ(S, t).

The error done for all the mesh points in Ω is less than one cent, showing that the
problem is correctly solved with an adequate number of collocation knots: the dis-
crepancy with the analytical prices of the put option in Ω = [0.5, 5] × [0.5, 1.5] is
attributable to the choice of φ. Plotting in the space [S, t] the surfaces εMQ, εIMQ (in
blue) and εIQ (in black), the Hardy’s multiquadratic function assures an average pre-
cision of 10−4, while the other basis functions have an average error of 10−3. (Figure
3.7).
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FIGURE 3.1: PDE model discretization

FIGURE 3.2: Two and three finite element nodes
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FIGURE 3.3: Lagrangian linear form functions

FIGURE 3.4: Lagrangian quadratic form functions

FIGURE 3.5: Performance comparison between RBF and FDM
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FIGURE 3.6: Performance comparison between RBF and FEM

FIGURE 3.7: Performance comparison between radial basis function:
IMQ, IQ and MQ
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Chapter 4

Option pricing via Lattice
Approaches

“Nowadays people know the price of everything and the value of nothing.”

Oscar Wilde, The Picture of Dorian Gray, 1890

“Al giorno d’oggi la gente conosce il prezzo di tutto ed il valore di niente.”

Oscar Wilde, Il Ritratto di Dorian Gray, 1890

In this chapter we introduce lattice pricing models and the most well-established
stochastic trees.

4.1 Cox-Ross-Rubinstein binomial tree

Binomial pricing techniques have had a deep diffusion between professionals since
they are characterized by interesting features (Hull, 2018):

• A binomial tree is not complex to build and the interpretation is quite straight-
forward.

• The design flexibility allows to intuitively deal with exotic pay-offs.

• Computer implementation is not burdensome in terms of machine-time.

• Discretization error can be easily measured.

• The numerical methodology is a Markov chain so the process is easily trace-
able.

The first formulation of this method dates back to 1979 by John C. Cox, Stephen
A. Ross and Mark E. Rubinstein (Cox, Ross, and Rubinstein, 1979). The technique
essentially consists in dividing the time between the option valuation date and its
maturity date in many sub-periods assuming that in the time elapsing between each
interval, there may be two possible changes in the value of the underlying. By oper-
ating in this way, it is possible to reach the value of the option by building a portfo-
lio consisting of shares and risk-free zero-coupons that replicate the dynamics of the
value of the option over time.
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We begin the discussion with a binomial model with a single interval (one-step bi-
nomial model) which can be considered the founding block of the working principle
for a CRR Tree. We assume to have a European call option written on a share with
a single time interval before its expiration and characterized by an exercise price K.
We initially assume that the underlying has no a pay-out, i.e. it does not pay divi-
dends during the contract life. The binomial model assumes that the price level for
the underlying S follows a simple binomial stationary process. In each time inter-
val, the price can rise to u · S (with a probability p) or fall to d · S (with a probability
1− p). This tree represents a binomial multiplicative geometric process because the
price movements do not have a fixed amplitude, it is instead proportional to the
value of the share, at the node from which the binomial step is generated.

FIGURE 4.1: One-step binomial model

Let C be the current value of the call option. Denote with Cu its value at the end
of the period when the level of the share price rises to u · S and with Cd its value
at the end of the period in which the share price level drops to d · S. Since only
one time step was assumed before the European option expires, it follows that:
Cu = max (u · S− K, 0) and Cd = max (d · S− K, 0).

Observing the tree structure, the only unknown variable is C. As a result, the value
of the European call option is equal to:

C =
Cu ·Π + Cd (1−Π)

1 + R
(4.1)

with: Π = 1+R−d
u−d and R the risk-free rate in the considered temporal interval.

This relation can be proved in two ways (Franco, Polimeni, and Proietti, 2002):

Delta-hedging strategy

Consider the portfolio strategy, called delta-hedging, which consists in writing a call
option and buying ∆ units of the underlying. The value of this portfolio is shown in
Table 4.1:

We choose to buy the portion ∆ of shares so that the portfolio becomes risk neutral.
In this way the same value of the portfolio would be obtained regardless of the price
level assumed by S at the end of the first period.
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Portfolio Value Portfolio value at t=0 Portfolio value at t=1
Write one call −C St=1 = u · d St=1 = d · S

−Cu −Cd
Buy shares of stock ∆ · S ∆ · u · S ∆ · d · S

Total −C + ∆ · S −Cu + ∆ · u · S −Cd + ∆ · d · S

TABLE 4.1: Delta-Hedging Strategy

FIGURE 4.2: One-step binomial model (Delta-Hedging strategy)

−Cu + ∆ · u · S = −Cd + ∆ · d · S→ ∆ =
Cu − Cd

S · u− S · d =
Cu − Cd

S · (u− d)
(4.2)

Note that from this relationship we understand the meaning of ∆: it measures how
much the Call value moves related to how much the underlying price moves. The
holder of this portfolio is not exposed to any type of risk since the terminal value at
maturity is known with certainty and, at the end of the period, he should expect a
compounded amount equal to:

(−C + ∆ · S) · (1 + R) = −Cd + ∆ · d · S (4.3)

Rearranging the members of the equation, after a few algebraic passages, we get the
C value

(−C + ∆ · S) · (1 + R) = −Cd + ∆ · d · S

−C + ∆ · S =
−Cd + ∆ · d · S

1 + R

C = ∆ · S +
Cd − ∆ · d · S

1 + R
=

∆ · S · (1 + R) + Cd − ∆ · d · S
1 + R

(4.4)

Given that ∆ = Cu−Cd
S·(u−d) :

C =

Cu−Cd
S·(u−d) · S · (1 + R) + Cd − Cu−Cd

S·(u−d) · d · S
1 + R

C =
(Cu−Cd)·(1+R)+Cd·(u−d)−d·(Cu−Cd)

u−d

1 + R
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C =
Cu ·

(
1+R−d

u−d

)
+ Cd ·

( u−R−1
u−d

)
1 + R

(4.5)

Defining the quantity Π = 1+R−d
u−d , we get the 4.1.

Synthetic option

The main idea of delta-hedging is to create a risk-free portfolio using a specific com-
bination between share and option. The alternative is to combine a risk-free asset
and the share in order to replicate the pay-off of the option itself. This strategy is the
so-called synthetic option (Hull, 2018).

In order to find the number of shares to buy (∆) and the amount of money to invest
initially in the risk-free asset (B) for synthetizing the option, it is necessary to solve
the following system of equations:{

∆ · S · u + B · (1 + R) = Cu
∆ · S · d + B · (1 + R) = Cd

The solution of the 2× 2 system for ∆ and B is:

∆ =
Cu − Cd

S · u− S · d (4.6)

B =
1

1 + R
·
[

u · Cu − d · Cd

u− d

]
(4.7)

The cost for synthetizing the option is equal to the cost of investing ∆ units in the
share and an amount of B in the risk free bond: C = S · ∆ + B.

C = S · ∆ + B =
Cu − Cd

u− d
+

u · Cu − d · Cd

(u− d) · (1 + R)

C =
1

1 + R
·
[

Cu · (1 + r− d)− Cd · (u− 1− r)
u− d

]

C =
1

1 + R
·
[

1 + r− d
u− d

· Cu +
u− 1− r

u− d
· Cd

]
=

Cu ·Π + Cd · (1−Π)

1 + R
(4.8)

We have proved in two independent ways how much a European call option must
be worth in a monoperiod binomial model. An intuitive way to interpret this for-
mula is to view the option price as the discounted value of the weighted average of
its possible states at maturity, as a result Π and 1−Π can be considered as proba-
bilities of occurrence. Note the interesting aspect that the initial probabilities, linked
to the movement of the price underlying (q and 1− q), are not used in the formula
for determining the call fair value. Therefore the option price is independent from
the expected future return of the underlying. Π can therefore be interpreted as a
risk-neutral probability and this way of pricing derivative instruments is called risk
neutral valuation (Franco, Polimeni, and Proietti, 2002; Hull, 2018).
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This approach must be extended to more periods. The procedure is exactly the same:
at the end of the second period we will have three possible states, because it is a re-
combining tree given that u and d are constants.

In Figure 4.3 there are the two trees (underlying price and option price) generated
by the described process.

FIGURE 4.3: Multi-step binomial model

Cuu = max
[
u2 · S− K, 0

]
, Cdd = max

[
d2 · S− K, 0

]
Cud = Cdu = max [u · d · S− K, 0]

Cu =
Cuu ·Π + Cdu · (1−Π)

1 + R

Cd =
Cud ·Π + Cdd · (1−Π)

1 + R

C =
Cu ·Π + Cd · (1−Π)

1 + R
=

(
Cuu·Π+Cdu·(1−Π)

1+R

)
·Π + Cud·Π+Cdd·(1−Π)

1+R · (1−Π)

1 + R

C =
Π2Cuu + 2 ·Π · (1−Π) · Cdu + (1−Π)2 · Cdd

(1 + R)2 (4.9)

Generalizing the process for a generic arborescence i.e. for N sub-periods, the price
of a European call can be expressed in this compact form (Haug, 2007):

C =
∑N

j=0
N!

j!·(N−j)! ·Π
j · (1−Π)N−j ·max

[
0, uj · dN−j · S− K

]
(1 + R)N (4.10)

In order to have a match with the Black-Scholes dynamics, Cox-Ross-Rubinstein pro-
posed to choose u and d so that the future expected values of the share, for each
discretization time step ∆t, were consistent with the theoretical mean and variance
of the continuous stochastic process (Hull, 2018).

Given the assumption that traders are risk neutral, the rate of return expected from
the share is equal to the risk-free interest rate r. As a result, the expected price for
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the share at the end of the time-interval, ∆t, is equal to S · exp (r · ∆t), where S is the
price level at the beginning of the time interval.

S · exp (r · ∆t) = Π · S · u + (1−Π) · S · d→ exp (r · ∆t) = Π · u + (1−Π) · d (4.11)

According to the geometric brownian motion, the variance of ∆S in a time interval
∆t is σ2∆t. Given that the variance of a stochastic variable Q is defined as E

(
Q2)−

[E(Q)]2, where E (◦) is the expectation operator, we can obtain the equation which
links the second moment of the stochastic process with the binomial tree evolution:

Π · u2 + (1−Π) · d2 − [Π · u + (1−Π) · d]2 = σ2∆t (4.12)

By obtaining Π from the equation of the first moment and replacing the value of Π
in the second moment equation, we get:

exp (r · ∆t) = Π ·u+(1−Π) · d→ exp (r · ∆t)− d = Π · (u− d)→ Π =
exp (r∆t)− d

u− d

exp (r · ∆t) · (u + d)− u · d− exp (2 · r · ∆t) = σ2∆t

Adding the third equation proposed by Cox, Ross, Rubinstein (Cox, Ross, and Ru-
binstein, 1979): u = 1

d , we get a 3× 3 system, which allows to express Π, u and d in
function of r, σ and ∆t:

exp (r∆t) = Π · u + (1−Π) · d
exp (r∆t) · (u + d)− u · d− exp (2 · r · ∆t) = σ2∆t
u = 1

d


Π = exp (r·∆t)−d

u−d

u = exp
(

σ
√

∆t
)

d = exp
(
−σ
√

∆t
)

This set of parameters allows to build a binomial stochastic tree in complete agree-
ment with the Black-Scholes pricing framework. As a result, for N → +∞, we get
the theoretical convergence to the closed formula (Giribone and Ventura, 2011). It
is worth to note that in the proof we add the third equation to have a 3× 3 system
univocally determined (Haug, 2007). In fact the conditions for the moment match-
ing of the stochastic process involve only the first two equations. As a result, we
have ∞1 solutions for the core 2× 3 system. This means that there exists more than
one combination for u, d and Π that guarantees the convergence to the Black Scholes
closed formula (see paragraph 4.1.1).

Similarly to the procedure carried out for the Black-Scholes analytical formulas,
this binomial approach can be extended to more than one categories of underly-
ing through the introduction of the cost-of-carry parameter, b (see paragraph 2.3).
The only adjustment needed is the definition of the risk-neutral probability Π that
becomes:
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Π =
exp (b · ∆t)− d

u− d
(4.13)

4.1.1 Alternative binomial stochastic trees

According to the Black-Scholes-Merton pricing framework, the estimation of the
price for a European option through binomial trees is given by (Haug, 2007):

Price = exp (−rT)
N

∑
i=0

N!
i!(N − i)!

pi(1− p)N−ig
(

SuidN−i, K
)

(4.14)

The up and down jump factors (u, d) and the respective probabilities (p) of increas-
ing/decreasing the price level of the underlying in the next step, ∆t = T/N, depend
on the model used. In the CRR (Cox-Ross-Rubinstein) Tree u, d, p are chosen to
match the first two moments of the price level distribution (Cox, Ross, and Rubin-
stein, 1979):

u = exp
(

σ
√

∆t
)

, d = exp
(
−σ
√

∆t
)

, Π =
exp (b∆t)− d

u− d
(4.15)

In the JR (Jarrow-Rudd) Tree u and d are chosen in order to have a probability of 1
2

(Jarrow and Rudd, 1986):

u = exp
[(

b− σ2/2
)

∆t + σ
√

∆t
]
, d = exp

[(
b− σ2/2

)
∆t− σ

√
∆t
]
, Π =

1
2

(4.16)

The model proposed by Tian equals the first three moments of the log-normal distri-
bution followed by the underlying (Tian, 1993a and Tian, 1993b):

u =
1
2

exp (b∆t)ν
(

ν + 1 +
√

ν2 + 2ν− 3
)

, Π =
exp (b∆t)− d

u− d
,

d =
1
2

exp (b∆t)ν
(

ν + 1−
√

ν2 + 2ν− 3
)

, ν = exp
(
σ2∆t

)
(4.17)

The CRR tree with drift η is a generalization of the standard CRR (obtained by setting
η = 0). In order to achieve a faster convergence η is often chosen as a function of the
strike K of the option that we want to price (Fabbri and Giribone, 2019).

u = exp
(

η∆t + σ
√

∆t
)

, Π =
exp (b∆t)− d

u− d
,

d = exp
(

η∆t− σ
√

∆t
)

, η =
ln (K)− ln (S)

T
(4.18)

Leisen and Reimer tree sets the u and d factors so that the tree is centered around the
strike price. This makes the convergence tend to the option value more smoothly and
with a better performance (Leisen and Reimer, 1996). The parameters characterizing
the chain are:

Π = hPP (d2) , u = exp (b∆t)
hPP (d1)

hPP (d2)
, d =

exp (b∆t)− pu
1− p

,

d1 =
ln
( S

K

)
+
(
b + σ2/2

)
T

σ
√

T
, d2 = d1 − σ

√
T (4.19)
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Preizer-Pratt suggest two methods for the hPP(x) calculation (Giribone and Ligato,
2016b). The first inversion method (LR1 Tree) sets:

hPP1(x) =
1
2
+ η

1
4
− 1

4
exp

−( x
N + 1

3

)2 (
N +

1
6

)
1
2

(4.20)

While the second inversion method (LR2 Tree) estimates:

hPP2(x) =
1
2
+ η

1
4
− 1

4
exp

−( x
N + 1

3 +
0.1

N+1

)2 (
N +

1
6

)
1
2

(4.21)

Where: η = +1 if x ≥ 0, η = −1 otherwise.

4.2 Trinomial tree

The construction of a trinomial tree is similar to the procedure of building a multi-
step binomial tree (Boyle, 1986). In general terms we build up the trinomial tree of
asset prices (the forward induction step) using the stochastic differential equation
(SDE) for the underlying price. We build the chain up to the maturity date. Hav-
ing done that we calculate, starting from the payoff function at maturity, the option
prices using discounted expectations (the backwards induction phase). We take a
step-by-step approach to explaining the trinomial method. To this end, we assume
that the geometric Brownian motion model holds for the asset price behaviour (Hull,
2018):

dS = (r− q)Sdt + σSdW (4.22)

We now define the variable x = ln (S). We then get the modified SDE:

dx = νdt + σdW, ν = r− q− 1
2

σ2 (4.23)

and this is what we use in the subsequent discussion. We now model (Eq. 4.23) in
a special way (see Fig. 4.4). Let us consider what happens to the price x in a small
interval of time ∆t. We assume that x can take one of three values in this interval: it
can go up or down by an amount ∆x, or it can stay the same.

Each transition is associated with a corresponding probability, as shown in Figure
4.4, namely an up, down and no change (Hull, 2018). We must find values for these
probabilities and this is based on a financial argument, namely the relationship be-
tween the continuous time and the trinomial process by equating the mean and the
variance over the interval ∆x and equating the sum of the probabilities to 1:

E [∆x] = pu (∆x) + pm (0) + pd (−∆x) = ν∆t (4.24)

E
[
∆x2] = pu

(
∆x2)+ pm (0) + pd

(
+∆x2) = σ2∆t + ν2∆t2 (4.25)

pu + pm + pd = 1 (4.26)
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FIGURE 4.4: Trinomial tree model

Defining: α = ν∆t
∆x and β = σ2∆t+ν2∆t

∆x2 , the follow relationships are verified:

pu =
α + β

2
, pd =

β− α

2
, pm = 1− β (4.27)

We now use the mechanics of the trinomial method. To this end, we use the index n
to represent time and j to represent the index for the underlying. If S is the price at
time n = 0, then the price at level j is given by: Sn

j = S exp (j∆x). We compute the

array, ~S

~S [−N] = S exp (−N∆x)

~S [j] = ~S [j− 1] exp (∆x), j = −N + 1, . . . , N (4.28)

Here N is the number of sub-divisions of the interval (0, T) where T is the maturity
date, that is N∆t = T. We model call options with price C and its discrete values
will be denoted in the same way as the stock price S, namely Cn

j .

The value of the call option is known at the maturity date, and the continuous and
discrete variants are given by:

C(S, T) = max (S− K, 0)

CN
j = max

(
SN

j − K, 0
)

(4.29)

Finally, we compute the call option value at time n as discounted expectations in a
risk-neutral world based on the call option values at time n + 1 as follows:

Cn
j = exp (−r∆t)

(
puCn+1

j+1 + pmCn+1
j + pdCn+1

j−1

)
(4.30)

where the probabilities are defined as above (Eq. 4.27).

Summarising this process as a computational algorithm:

• Create the trinomial tree structure

• Initialise the call option values in the tree using the formula Eq. 4.28

• Compute the vector payoff, Eq. 4.29
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• Compute the call values at previous time steps using Eq. 4.30

The first two steps interpret the forward induction while the last two steps constitute
the backward induction.

Trinomial method is an example of an explicit finite difference scheme, thus, it is
only conditionally stable. To this end we now show that the standard explicit finite
difference scheme for the fundamental Black-Scholes-Merton PDE is equivalent to
performing discounted expectations in a trinomial tree (Duffie, 2006). Let consider
the PDE:

−∂C
∂t

=
1
2

σ2 ∂2C
∂x2 + ν

∂C
∂x
− rC (4.31)

We are proceeding from the maturity date down to time zero (Hull, 2018) and we
construct the explicit finite difference approximation to Eq. 4.31 as follows:

−
Cn+1

j − Cn
j

∆t
=

1
2

σ2
Cn+1

j+1 − 2Cn+1
j + Cn+1

j−1

∆x2 + ν
Cn+1

j+1 − Cn+1
j−1

2∆x
− rCn+1

j (4.32)

Rearranging terms we get the following representation:

Cn
j = puCn+1

j+1 + pmCn+1
j + pdCn+1

j−1 (4.33)

where: pu = A + B, pm = 1− 2A− r∆t, pd = A− B and A = ∆tσ2

2∆x2 , B = ∆tν
2∆x .

This scheme is similar to taking discounted expectations. In general the free term
is evaluated at time level n (implicit). Of course the probabilities in equation 4.33
should be positive and this leads to restrictions on the step size ∆t. In general, the
relationship between the steps in time and S is given by: ∆x = σ

√
3∆t (Clewelow

and Strickland, 1998).

Moreover in the case of the binomial model, negative probabilities could occur: a
low volatility and relatively high cost-of carry (b = r− q) can induce negative risk-
neutral probabilities in the CRR Tree (Chriss, 1996). More precisely, we will get
negative risk-neutral probabilities when (Hull, 2018) σ <

∣∣∣b√∆t
∣∣∣.

4.3 Trinomial Adaptive Mesh Model

Under the assumption of using the traditional Black-Scholes pricing framework, the
price of the underlying, St, follows a lognormal distribution so it is reasonable to
construct the evolution tree of the underlying by directly using the logarithm of St
(Hull, 2018). If X∗t = ln (St), the risk-neutral dynamic is:

dX∗t = αdt + σdWt (4.34)

where α = b− σ2

2 .

According to the studies of Figlewski and Gao, the rate of convergence is enhanced if
the tree is symmetrical (Figlewski and Gao, 1999 and Ahn, Figlewski, and Gao, 1999).
So we chose to use a modified process for X∗t , and we define Xt by Xt = X∗t − αt, for
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which the relation St = exp (Xt + αt) is satisfied.

This process has no drift and its distribution is symmetric with respect to X0. In the
trinomial tree the middle movement is zero, while the up and down movements of
Xt, are respectively h and −h.

We denote by k the length of a single time-step, determined by the relation: k = T
N ,

where T is the time to expiry of the option expressed in year fraction and N is the
number of time discretization intervals. Therefore, we have four unknown param-
eters to be determined: h and the probabilities of the movements of Xt: up (pu),
middle (pm) and down (pd).

In order to guarantee the convergence of the approximation provided by the trino-
mial tree for h → 0, the expected value and the variance must be equal to those of
the stochastic process representing Xt+k − Xt.

Since we chose a symmetric distribution for the trinomial tree, the first moment con-
dition must be satisfied:

E [Xt+k − Xt] = 0 = puh + pm0 + pd(−h) (4.35)

The equations for the second and fourth moments (variance and kurtosis, respec-
tively) are:

E
[
(Xt+k − Xt)

2
]
= σ2k = puh2 + pm0 + pdh2 = 2puh2 (4.36)

E
[
(Xt+k − Xt)

4
]
= 3σ4k2 = puh4 + pm0 + pdh4 = 2puh4 (4.37)

Considering that the sum of the probabilities of the movements must be equal to the
unit:

pm = 1− pu − pd = 1− 2pu (4.38)

Solving a system of 4 equations and 4 variables (Eq. 4.35 - 4.38) we obtain the fol-
lowing quantities (Giribone and Raviola, 2019):

pu = pd =
1
6

, pm =
2
3

, h = σ
√

3k→ σ2k
h2 =

1
3

(4.39)

Figlewski and Gao propose with their approach to intensify the grid of points only
where necessary (Figlewski and Gao, 1999), typically when the pay-off g must be ap-
plied on the tree node. In order to build a fine-mesh tree around the last time-step,
we double the nodes setting h′ = h

2 and, to keep the system of four equations (Eq.
4.35 - 4.38) consistent, we set k′ = k

4 .

By choosing these parameters, in fact, the same probability of occurrence is pre-
served: up, middle, down. In the last time step of the tree there are now four smaller
steps, each of length k

4 and height h
2 .

This means that in four small steps we take one step of size k in t and two steps of
size h in X. So we need two additional nodes in the tree, since it narrows by 2h in



56 Chapter 4. Option pricing via Lattice Approaches

the last interval instead of h, thus we add the nodes X0 ± Nh + 1 at time T.

Thanks to the appropriate choice of h′ and k′, the finer mesh points are perfectly
aligned with the points of the coarser mesh (Fabbri and Giribone, 2019). Once the
structure of the lattice has been consistently defined, according to the presented ap-
proach of an adaptive mesh model, the same principles of option valuation imple-
mented in more traditional methodologies such as trinomial stochastic trees can be
used (Boyle, 1986).

FIGURE 4.5: Trinomial Adaptive Mesh Model scheme

4.4 Multinomial stochastic trees

In order to construct a generic multinomial tree, it becomes necessary to generalize
the theory according to which the matching of moments has led to the definition of
binomial and trinomial stochastic trees (Fabbri and Giribone, 2019).

We consider Eq. 4.34, introducing the variable:

X̃ = Xt − X0 = ln
(

St

S(0)

)
(4.40)

which has mean αt and variance σ2t.

In a time period, S(0) can assume the values ujS(0) for j = 1, 2, . . . , n where n is the
number of branches leaving the node.

Thus, the discrete distribution of the stochastic process followed by the price level
of the underlying assumes the form of:

u(t) =



U1 with probability p1
U2 with probability p2
U3 with probability p3
...

...
Un with probability pn

(4.41)

where Uj = ln
(
uj
)

and uj is the magnitude of the movement.

In order to characterize a generic multinomial lattice method and in analogy with
the methods applied previously, it becomes necessary to set the first k moments of
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the discrete distribution equal to the first k central moments of the continuous log-
normal distribution (Madan, Milne, and Shefrin, 1989).

We begin by analyzing how to obtain the central moments. The first moment is given
by:

M1 =
n

∑
j=1

pjUj = m (4.42)

The k-th order central moment for the variable X̃ can be calculated using:

mk =
n

∑
j=1

pj
(
Uj −m

)k
=

n

∑
j=1

pjω
k
j , k = 1, 2, . . . , L (4.43)

where ωj = Uj −m and L is the number of moments to be matched.

Since we are working with the symmetrical normal distribution, all odd central mo-
ments will be equal to zero. Thus, the first moment m1 = E

[
X̃
]
= α∆t and the

second moment m2 = Var
[
X̃
]
= σ2∆t.

The other central moments can be obtained by applying Taylor series expansion to
the Moment Generating Function, MGF (Alford and Webber, 2001):

M(t) =
∞

∑
j=0

M(j)(0)
tj

(j!)
(4.44)

Considering the standard normal distribution, W ∼ N(0, 1), the MGF is particular-
ized (Kamrad and Ritchken, 1991):

M(t) = exp
(

t2

2

)
(4.45)

Which can be expressed in the form:

M(t) =
∞

∑
j=0

t2j

(j!) 2j (4.46)

M(j)(0) represents the j-order central moment.

We know that the k-th central moment represents the coefficient before tk multiplied
by k!. So, we have that:

mW
k =

{
0 if k is odd
k!

2k/2(k/2)! if k is even (4.47)

In order to characterize the multinomial lattice model it is necessary to solve the
following set of non-linear equations with respect to pj and ωj:

mk =
n

∑
j=1

pjω
k
j = mX̃

k , k = 1, 2, . . . , L (4.48)

In other words, the purpose is to solve the following system of equations:

[P]T
[
Wk
]
= mX̃

k , k = 1, 2, . . . , L (4.49)
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Where
[
Wk] = [ωk

j

]n

j=1
and

[
W0] = [1]nj=1.

To generalize, the procedure of specifying the n-order multinomial model is to set
up n + 1 non linear equations where L = n.

The first equation will be that the sum of the probabilities add up to one and the
other n will be found by matching the moments of the discrete distribution to the
underlying continuous distribution.

We will then end up with two solution vectors [P] =
[
pj
]n

j=1 and [W] =
[
ωj
]n

j=1.
This will not lead to a unique solution since we have 2n unknowns and only n + 1
equations.

It is reasonable to introduce some additional constraints to find a unique solution.
One way to recombine the chain is to introduce as additional constraints:

∆j+1 = ∆j, j = 1, 2, 3, . . . , n− 2 (4.50)

where ∆i = ωi+1 −ωi.

A way to solve the system is to use a numerical optimization technique that solves
the following minimization problem:

min
[W],[P]

∣∣∣[P]T [Wk
]
−mW

k

∣∣∣ (4.51)

Subjected to:

[P]T
[
Wk
]
= mW

k , k = 1, 2, 3, . . . , L

∆j+1 = ∆j, k = 1, 2, 3, . . . , n− 2

where k is the first even number greater than n.

Once the system is solved (Bird et al., 1995), the lattice is completely univocally
characterized and therefore the same backwardation procedure presented in previ-
ous paragraphs can be used.

In the case of a pentanomial lattice model, in a single time period we have (Fabbri
and Giribone, 2019):

S(0) =


u1S(0)
u2S(0)
u3S(0)
u4S(0)
u5S(0)

(4.52)

Considering that the sum of the probabilities must be one and using the moment
matching, we get to define the 10× 10 system of equations to be solved to find [W]
and [P]:
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p1 + p2 + p3 + p4 + p5 = 1
p1ω1 + p2ω2 + p3ω3 + p4ω4 + p5ω5 = 0
p1ω2

1 + p2ω2
2 + p3ω2

3 + p4ω2
4 + p5ω2

5 = 1
p1ω3

1 + p2ω3
2 + p3ω3

3 + p4ω3
4 + p5ω3

5 = 0
p1ω4

1 + p2ω4
2 + p3ω4

3 + p4ω4
4 + p5ω4

5 = 3
p1ω5

1 + p2ω5
2 + p3ω5

3 + p4ω5
4 + p5ω5

5 = 0
p1ω6

1 + p2ω6
2 + p3ω6

3 + p4ω6
4 + p5ω6

5 = 15
p1ω7

1 + p2ω7
2 + p3ω7

3 + p4ω7
4 + p5ω7

5 = 0
p1ω8

1 + p2ω8
2 + p3ω8

3 + p4ω8
4 + p5ω8

5 = 105
p1ω9

1 + p2ω9
2 + p3ω9

3 + p4ω9
4 + p5ω9

5 = 0

(4.53)

From the numerical resolution of the system, the parameters of the pentanomial tree
are defined: 

p1 = 0.013333
p2 = 0.213334
p3 = 0.546666
p4 = 0.213334
p5 = 0.013333

ω1 = −2.738608
ω2 = −1.369304

ω3 = 0
ω4 = 1.369304
ω5 = 2.738608

(4.54)

A similar procedure is followed for the case of a heptanomial lattice model (Fabbri
and Giribone, 2019). In a single time period we have:

S(0) =



u1S(0)
u2S(0)
u3S(0)
u4S(0)
u5S(0)
u6S(0)
u7S(0)

(4.55)

Considering that the sum of the probabilities must be one and using the moment
matching, we get to define the 14× 14 system of equations to be solved to find [W]
and [P]:
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p1 + p2 + p3 + p4 + p5 + p6 + p7 = 1
p1ω1 + p2ω2 + p3ω3 + p4ω4 + p5ω5 + p6ω6 + p7ω7 = 0
p1ω2

1 + p2ω2
2 + p3ω2

3 + p4ω2
4 + p5ω2

5 + p6ω2
6 + p7ω2

7 = 1
p1ω3

1 + p2ω3
2 + p3ω3

3 + p4ω3
4 + p5ω3

5 + p6ω3
6 + p7ω3

7 = 0
p1ω4

1 + p2ω4
2 + p3ω4

3 + p4ω4
4 + p5ω4

5 + p6ω4
6 + p7ω4

7 = 3
p1ω5

1 + p2ω5
2 + p3ω5

3 + p4ω5
4 + p5ω5

5 + p6ω5
6 + p7ω5

7 = 0
p1ω6

1 + p2ω6
2 + p3ω6

3 + p4ω6
4 + p5ω6

5 + p6ω6
6 + p7ω6

7 = 15
p1ω7

1 + p2ω7
2 + p3ω7

3 + p4ω7
4 + p5ω7

5 + p6ω7
6 + p7ω7

7 = 0
p1ω8

1 + p2ω8
2 + p3ω8

3 + p4ω8
4 + p5ω8

5 + p6ω8
6 + p7ω8

7 = 105
p1ω9

1 + p2ω9
2 + p3ω9

3 + p4ω9
4 + p5ω9

5 + p6ω9
6 + p7ω9

7 = 0
p1ω10

1 + p2ω10
2 + p3ω10

3 + p4ω10
4 + p5ω10

5 + p6ω10
6 + p7ω10

7 = 945
p1ω11

1 + p2ω11
2 + p3ω11

3 + p4ω11
4 + p5ω11

5 + p6ω11
6 + p7ω11

7 = 0
p1ω12

1 + p2ω12
2 + p3ω12

3 + p4ω12
4 + p5ω12

5 + p6ω12
6 + p7ω12

7 = 10395
p1ω13

1 + p2ω13
2 + p3ω13

3 + p4ω13
4 + p5ω13

5 + p6ω13
6 + p7ω13

7 = 0

(4.56)

From the numerical resolution of the system, the parameters of the heptanomial tree
are defined: 

p1 = 0.000802
p2 = 0.026810
p3 = 0.233813
p4 = 0.477150
p5 = 0.233813
p6 = 0.026810
p7 = 0.000802

ω1 = −3.594559
ω2 = −2.396373
ω3 = −1.198186

ω4 = 0
ω5 = 1.198186
ω6 = 2.396373
ω7 = 3.594559

(4.57)

4.5 Convergence Analysis

Reconsidering the example of the fair value estimation for the put option discussed
in paragraph 3.5, we now face the same pricing problem using a lattice approach.
Thus, all the techniques proposed were implemented in Matlab and tested for this
set of parameters:
S = 2.438 spot price
K = 2.438 strike price (ATM - at the money)
T = 1 time to maturity (years)
r = 0.05062 risk-free rate
b = r cost-of-carry (as a result, the continuous dividend yield is zero)
σ = 0.35725 annualized volatility for the underlying

Figures 4.6 and 4.7 prove the convergence to the theoretical price of 0.2803 computed
using the BS closed formula.
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FIGURE 4.6: CRR, Tian, JR, Drifted CRR, Leisen Reimer PP1 Trees
Convergence for a European Option

FIGURE 4.7: Leisen Reimer PP2, CRR Trinomial, AMM Trinomial
Trees, Pentanomial, Heptanomial Trees Convergence for a European

Option
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Chapter 5

Option pricing via Monte Carlo
methods

“Your late father once told us that you can’t measure time in days, in the same way as you
measure money by pesos and cents, because pesos are all the same while every day is different
and maybe every hour as well. I didn’t quite understand what he meant, but the words stuck
in my mind.”

Jorge Luis Borges, Brodie’s report, Juan Muraña, 1970

“Una volta tuo padre buonanima ci disse che non si può misurare il tempo in giorni come si
misura il denaro in centesimi o in pesos, perchè i pesos sono tutti uguali mentre ogni giorno
è diverso e forse anche ogni ora. Non compresi esattamente quel che diceva, ma la frase mi è
rimasta impressa.”

Jorge Luis Borges, Il manoscritto di Brodie, Juan Muraña, 1970

In this chapter we deal with the estimation of the option fair value using the
Monte Carlo technique. In quantitative finance, the numerical integration of stochas-
tic differential equation (SDE) is intended to be the Monte Carlo methodology.

5.1 Numerical Integration of Stochastic Differential Equation

The stochastic pricing methodology, originally introduced by Boyle in 1977 (Boyle,
1977), can be used to price the majority of options. Thanks to its flexibility, it is par-
ticularly useful for pricing highly exotic derivatives, structured products and certifi-
cates.

Since the value of a derivative is closely linked to the price of the underlying S(t) in
the period between the start of the deal and its maturity t ∈ [0, T], it is necessary to
mathematically represent the possible future trajectories which can be assumed by
the asset on which the option is written.

In this regard, the Monte Carlo method can be implemented to simulate a wide
range of stochastic processes (Glasserman, 2003). The stochastic process commonly
adopted and consistent with the Black-Scholes pricing framework is, as we have
seen in paragraph 2.1, the geometric brownian motion, characterized by the follow-
ing SDE:
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dS(t) = µS(t)dt + σS(t)dWt (5.1)

where:

µ is the expected annualized return earned by an investor in the time period dt and,
in a risk-neutral context, is set equal to the risk-free rate r;

σ is the annualized volatility of the underlying;

dWt is the Wiener process.

A Wiener process is a particular type of Markov stochastic process and it is used to
model the Brownian motion. Formally, a variable z(t) follows a Wiener process if it
respects the two following properties (Giribone, 2012):

• The variation ∆z that occurs in the time interval ∆t is equal to: ∆z = ε
√

∆t,
where ε ∈ NID(0, 1).

• The values of ∆z, corresponding to two different time intervals ∆t, are inde-
pendent.

From the first property, it follows that ∆z itself follows a normal distribution with
zero mean and a standard deviation equal to

√
∆t. The second property implies that

the variable z is a Markov process.

SDE 5.1 can be integrated using the Euler - Maruyama numeric scheme and thus im-
plemented in a numerical computing language, such as Matlab (Kloeden and Platen,
1992):

dS(t) = µS(t)dt + σS(t)dWt → ∆S = µS∆t + σS∆W

→ St = St−1 + µSt−1∆t + σSt−1ε
√

∆t (5.2)

Stochastic calculus allows to find an analytical expression for the simulation of S(t =
T). This result is considered of extreme practical importance since it allows straight-
forward simulations of the price level at a generic future time t = T without the
need to know the values assumed by S in the previous times: t < T (Jackel, 2001).

Starting from the hypothesis that the random variable follows a stochastic process
of the type: dS(t) = µS(t)dt + σS(t)dWt, it follows for Ito’s lemma that there must
exist a function G(S(t)) with the dynamic (Ito, 1951):

G(S, t) =
(

∂G(S, t)
∂S

µS +
∂G(S, t)

∂t
+

1
2

∂2G(S, t)
∂S2 σ2S2

)
dt +

∂G(S, t)
∂S

σSdWt (5.3)

Setting G = ln (S): dG =
(

µ− σ2

2

)
dt + σdWt, d ln (S(t)) =

(
µ− σ2

2

)
dt + σdWt and

integrating the expression, we get:∫ T

0
d ln (S(t)) =

∫ T

0

(
µ− σ2

2

)
dt +

∫ T

0
σdWt →

→ ln
(

S(T)
S(0)

)
=

(
µ− σ2

2

)
T + σdWT →
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→ S(T) = S(0) exp
[(

µ− σ2

2

)
T + σdWT

]
(5.4)

This last equation can be easily coded in a vectorized form in Matlab (Huynh, Lai,
and Soumare, 2008):

S(T) = S(0) exp
[(

µ− σ2

2

)
T + σε

√
∆T
]

(5.5)

Formula 5.5 allows to simulate the future prices of the underlying consistently with
the Black-Scholes framework and more efficiently respect to the formula 5.2. This
methodology allows great flexibility in the pay-off specification, g(◦), also in the
case of exotic derivatives. On the other hand, it becomes of fundamental impor-
tance, being a stochastic method, to properly control the numerical error introduced
by the choice of the simulation number (Giribone et al., 2015) and also implementing
specific variance reduction techniques (Giribone and Ligato, 2013).

In this chapter I will not deal with the control of experimental error introduced by
the stochastic simulations1, but instead I prefer to focus on the statistical methods
which allow to reduce the output discrepancy.

5.2 Variance reduction techniques

Compared to the pricing methodologies discussed in the previous chapters, the
Monte Carlo method is a stochastic technique: starting from the same inputs, we
always get different results, that converge in distribution to the theoretical option
fair value.

Estimating the error linked to the intrinsic randomness of the method could be a
hard task, especially when we want to be extremely precise in pricing the derivative
(for instance if we desire to have an error on fair value less than 1 cent).

As a result, according to the MSPE (Mean Square Pure Error) methodology (Mosca,
Giribone, and Cassettari, 2012), if it is not possible to increase the number of simu-
lations in order to get the target error on the output (1 cent) using modern power-
ful technology (quantum computing, parallel computing or GPU computing), it is
reasonable to write the code for model in the most optimized way (such as using
intensively vectorization, pre-allocation, tic-toc tools measure).

If an optimal technological solution and/or a state-of-the-art programming tech-
nique is not enough to reach the desired performance, statistics can help us to reach
the goal implementing the so-called variance reduction techniques (Glasserman,
2003 and Huynh, Lai, and Soumare, 2008).

It is clear that reducing the variability of the simulation outputs, without introducing
bias (Giribone, Ligato, and Ventura, 2012), allows to get a lower error on the fair
value estimation (Fabbri and Giribone, 2020).

1The study and the implementation of numeric techniques for a reliable control of convergence (and
thus the pricing error) was the topic of my previous Ph.D. Thesis in Engineering Mathematics - XXV
Cycle (Giribone, 2013)
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5.2.1 Antithetic Variates

The Antithetic Variates method tries to reduce the output variance introducing a
negative dependence between variables. The technique can be implemented in vari-
ous forms, but the most widespread application is based on the simple principle that
if the extraction U is uniformly distributed over the interval [0, 1], then it will also
be so for 1−U. Thus, if you generate a path using U1, . . . , UN as input, then you
can generate a second 1−U1, . . . , 1−UN path without introducing simulation bias
(Huynh, Lai, and Soumare, 2008).

The random extractions of variables [Ui, 1−Ui] create an antithetic pair in the sense
that a high value of the first corresponds to a low value of the second: an unusually
large or small output, calculated starting from the first path, will be balanced by the
value of its antithetic and consequently the overall variance of the system is reduced.

The aim of this method is to reduce the number of simulations, generating N ran-
dom variables Xi, obtained starting from Ui and generating from these, other N, XA

i ,
with the same frequency distribution, but negatively correlated. In this case Xi is a
random variable distributed according to a standard normal distribution.

It can be shown that the variance of the sample mean obtained from the 2N variables
is less than that obtained from the 2N unrelated ones. It is sufficient to compare the
sample mean m̂A and variance σ̂A :

m̂A =
1

2N

N

∑
k=1

(
Xk + XA

k

)
(5.6)

Var (m̂A) = E
[
(m̂A −mX)

2
]
= E

( 1
2N

N

∑
k=1

(
Xk + XA

k

)
−mX

)2
 =

= E

(( 1
2N

N

∑
k=1

Xk +
1

2N

N

∑
k=1

XA
k

)
−mX

)2
 =

= E

( 1
2N

N

∑
k=1

(Xk −mX) +
1

2N

N

∑
k=1

(
XA

k −mX

))2
 (5.7)

Where E(◦) is the expected value and mX is the statistical average of the population.

Since Xk and XA
k are independent, then:

Var (m̂A) =
1

4N2

N

∑
k=1

σ2
X +

1
4N2

N

∑
k=1

σ2
X+

+
1

4N2

N

∑
k=1

N

∑
j=1

E
[
(Xk −mX)

(
XA

j −mX

)]
(5.8)

Given that the expected value for the last term is null, with the exception of the case
when k = j, where E

[
(Xk −mX)

(
XA

k −mX
)]

= −σ2
X, the expression of the sample

variance can be written:
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Var (m̂A) =
1

2N
σ2

X −
1

4N
σ2

X =
1

4N
σ2

X (5.9)

Since the sample variance of 2N independent random variables is 1
2N σ2

X, the use of
the antithetic variates method improves twofold the sample mean variance.

5.2.2 Control Variates

The technique is based on the idea of obtaining information about errors in the es-
timation of known quantities in order to reduce the error in the estimation of the
desired unknown quantity.

In order to describe the mathematical procedure, consider a random variable X, and
another random variable Y correlated with X and assume that Y is the control vari-
able of X (Huynh, Lai, and Soumare, 2008).

Assuming that the statistical average of Y is known, a new variable X∗ is con-
structed:

X∗ = X + α [Y− E(Y)] (5.10)

Note that the statistical average of X∗ is equal to the average of X: mX = mX∗ . Thus,
instead of estimating the mean of X, we can equivalently estimate the mean of X∗:
the objective is to choose the α parameter in order to minimize the variance of X∗,
Var (X∗)

Var (X∗) = E
[
(X∗ −mX∗)

2
]
=

= E
[
(X + α (Y− E [Y])−mX∗)

2
]
= Var(X) + α2Var(Y) + 2αCov(X, Y) (5.11)

where: Cov(X, Y) = E [(X−mX) (Y−mY)].

The optimal choice for α is:

dVar (X∗)
dα

= 0→ 2α∗Var(Y) + 2Cov(X, Y) = 0→ α∗ = −Cov(X, Y)
Var(Y)

(5.12)

Var (X∗) = Var(X)− [Cov(X, Y)]2

Var(Y)
(5.13)

Since [Cov(X,Y)]2

Var(Y) ≥ 0, it is clear that Var (X∗) is always less than Var(X).

A similar analysis can be used for generalizing the method in a k-dimensional con-
text. In this case we have to use Yk control variables for X. The new transformed
variable X∗ can be expressed in the form:

X∗ = X + α1 [Y1 − E (Y1)] + . . . + αk [Yk − E (Yk)] (5.14)

or in a concise notation:

X∗ = X +~α>
(
~Y− ~m~Y

)
(5.15)
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where~α = (α1, . . . , αk)
>, ~Y = (Y1, . . . , Yk)

> and ~m~Y = (E [Y1] , . . . , E [Yk])
>

The variance of X∗ is:

Var (X∗) = E
[
(X∗ −mX∗)

2
]
=

= E
[(

X−mX +~α>
(
~Y− ~m~Y

))
×
(

X−mX +
(
~Y− ~m~Y

)>
~α

)]
=

= Var(X) +~α>Λ~Y~α + 2~α>~P (5.16)

where Λ is the variance-covariance matrix of the vector
(

X,~Y
)

and ~P is the array of
covariances:

Λ = E
[(

X−mX,~Y− ~m~Y

)> (
X−mX,~Y− ~m~Y

)]
(5.17)

~P = E
[(

~Y− ~m~Y

)
(X−mX)

]
= [Cov (X, Y1) , . . . , Cov (X, Yk)]

> (5.18)

Assuming the covariance is a positive-definite matrix (Giribone and Ligato, 2011),
the optimal choice for~α is:

dVar (X∗)
d~α

= 2~P + 2Λ~Y~α = 0→~α∗ = −Λ−1
~Y

~P (5.19)

With this optimal choice, the variance of X∗ is:

Var (X∗) = Var(X)− ~P>Λ−1
~Y

~P (5.20)

Since Λ~Y � 0, even its inverse will be a positive-definite matrix. Given that the
quadratic form ~P>Λ−1

~Y
~P is positive, it follows that Var (X∗) < Var(X).

5.2.3 Stratified Sampling

By stratified sampling we mean any mechanism that limits the extractions in specific
subsets (called strata) of the random number generation domain without introduc-
ing distortions in the simulator outputs (Glasserman, 2003).

Suppose we need to estimate the expected value of a real variable X, E[X], and
A1, . . . , AK are disjoint sets for which the probability P (X ∈ ⋃i Ai) is unitary. Then:

E[X] =
K

∑
i=1

P (X ∈ Ai) E [X|X ∈ Ai] =
K

∑
i=1

piE [X|X ∈ Ai] (5.21)

with pi ∈ P (X ∈ Ai).

In a random sampling, X1, . . . , XN variables are generated independently with the
same distribution of X. The partition of these extractions that fall into Ai generally
do not equal pi.

In the stratified sampling, on the other hand, it is decided in advance which sam-
pling portion should be obtained from each stratum Ai. Therefore each observation
obtained from the subset is forced to have a statistical distribution conditioned by
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the belonging of the seed of the random generator.

For each i = 1, . . . , K and j = 1, . . . , bnpic, let Xi,j be an independent extraction from
the probability distribution of X conditioned to X ∈ Ai. In the case of proportional
sampling, an unbiased estimator of E [X|X ∈ Ai] is given by the simple arithmetic
mean on the relative partition i: (Xi,1 + . . . + Xi,ni) /ni.

It follows that an unbiased estimator for E[X] is:

X̂ =
K

∑
i=1

pi
1̇
bnpic

bnpic

∑
j=1

Yi,j =
1
n

K

∑
i=1

bnpic

∑
j=1

Yi,j (5.22)

Comparing the traditional arithmetic average of a random sampling of size n, X̄ =
(X1 + . . . + Xn) /n with X̂, it should be noted that the latter eliminates the sample
variability through the introduction of stratifications.

The simplest and most common application of this methodology is to do a partition
of n uniform random variables strata according to:

A1 =

(
0,

1
n

]
, A2 =

(
1
n

,
2
n

]
, . . . , Ai =

(
i− 1

n
,

i
n

]
, . . . , An =

(
n− 1

n
, 1
)

(5.23)

Using a uniform distribution, each of these ranges has a 1/n probability of being
selected. Instead, by adopting the logic of stratified sampling, a random variable,
selected from time to time in the designated interval, is generated.

By sampling the random variable of the Monte Carlo engine conditioned to belong,
iteration by iteration, to one of the designed partitions, the contribution due to the
sample variability is reduced from the measurement of the standard deviation of the
output.

5.2.4 Latin Hypercube Sampling

This technique allows to extend the previous method in a multi-dimensional context
and it can be considered a refinement in case of option pricing with few underlyings
(Giribone and Ligato, 2013).

In order to generate a latin hypercube of K elements in d dimension, let us con-
sider U(j)

i independent random variables generated from U(0, 1) for i = 1, . . . , d and
j = 1, . . . , K.

Let π1, . . . , πd be random and independent permutations of the {1, . . . , K} set and
let the variable V(j)

i be defined as:

V(j)
i =

πi(j)− 1 + U(j)
i

K
(5.24)

with i = 1, . . . , d and j = 1, . . . , K.
The sample consists of the K numbers:

{
V(j)

1 , . . . , V(j)
d

}
.
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5.2.5 Moment Matching

This statistical method has the aim to guarantee that the averages of a certain set
of outputs produced in a simulation coincide exactly with the results expected from
infinite replications (Jackel, 2001).

In quantitative finance, this statistical technique is often used to "adjust" the sim-
ulated random paths of the underlying on which the option is written. In pricing
problems it is used to simulate the future behavior of an asset under a risk neutral
measure, so, working under this hypothesis, common to all the Black and Scholes
pricing frameworks, the theoretical relationship E [S(t)] = exp (+rt)S(0) is valid.

Suppose we simulate n independent values of S1, . . . , Sn, the sample mean is S̄(t) =
1/n ∑n

i=1 Si(t). For n finites, the sample mean will not generally coincide with the
theoretical expected value E [S(t)]: exp (−rT)S̄(t) 6= S(0).

One possible idea is to adapt the simulated paths, so that the sample mean exactly
matches the expected theoretical value. To this end, the literature proposes two ad-
justments for the possible future paths:

S̃i(t) = Si(t)
E [S(t)]

¯S(t)
, S̃i(t) = Si(t) + E [S(t)]− S̄(t), i = 1, . . . , n (5.25)

These values can be directly used to calculate the pay-off.

Glasserman shows that both the additive and the multiplicative transformations
are theoretically equivalent to design a non-linear Control Variates using as con-
trol parameter S̄(T) and as coefficient, ~αT

n = 1/n ∑n
i=1∇µh

(
Si(T), µS(T)

)
where:

µS(T) = E [S(T)], h
(

Si(T), µS(T)

)
discounted pay-off of the derivatives and ∇µh (◦)

gradient of function h respect to µS(T) (Glasserman, 2003). This transformation al-
lows to reduce the variance of the simulation output.

5.2.6 Importance Sampling

The methodology seeks to accelerate the convergence speed of the Monte Carlo
engine by changing the probability measure from which the paths are generated
(Glasserman, 2003). Measures are changed in the Importance Sampling in order to
provide greater importance to the most significant results, that is, those most in line
with theoretical expectations.

In order to make this reasoning concrete, consider the following estimation problem:

α = E [h(X)] =
∫

h(x) f (x)dx (5.26)

where X is a random variable in <d with a probability density f and h is a function
<d → <.

The statistical ordinary estimator in a traditional Monte Carlo is: α̂ = α̂(n) =
1/n ∑n

i=1 h (Xi), with X1, . . . , Xn independent variables extracted from f .
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Let g be any other probability density in <d which satisfies the condition: f (x) >
0⇒ g(x) > 0, ∀x ∈ <d.

Then we can alternatively represent α as:

α =
∫

h(x)
f (x)
g(x)

g(x)dx (5.27)

This integral can be interpreted as the expected value respect to the density g:

α = Ẽ
[

h(X)
f (X)

g(X)

]
(5.28)

If X1, . . . , Xn are random variables extracted from g, the estimator of the Importance
Sampling technique associated to g is:

α̂g = α̂g(n) =
1
n

n

∑
i=1

h (Xi)
f (Xi)

g (Xi)
(5.29)

where the ratio f (Xi)
g(Xi)

is the Radon-Nikodym stochastic derivative computed in Xi.

Given that α = Ẽ
[

h(X) f (X)
g(X)

]
, Ẽ
[
α̂g
]

is an unbiased estimator for α.
In order to compare the variances with the application or not of the technique in
question, it is sufficient to analyze the second moments.

With the Importance Sampling we have:

Ẽ

[(
h(X)

f (X)

g(X)

)2
]
= E

[
h(X)2 f (X)

g(X)

]
(5.30)

This quantity might be smaller, compared to the second moment of the standard
Monte Carlo, E

[
h(X)2], depending on how the density function is chosen, which is

strongly connected to the type of option to be evaluated.

5.3 Convergence Analysis

The methodologies were coded using Matlab. In order to understand both the cor-
rect implementation and the effective usefulness of the variance reduction tech-
niques we solve the option pricing problem illustrated in the previous chapters.

According to the Black-Scholes pricing framework, the fair value of a put having
the following parameters: S = 2.438, K = 2.438, T = 1, r = 0.05062, b = r and
σ = 0.35725 is 0.2803. As a result, all the Monte Carlo techniques must converge to
this value.

In Figure 5.1 we show the output distributions obtained by applying all the methods
carried on setting a number of paths equals to 10.000 replicated for 50.000 times.

The histogram with blue bins represents the prices obtained using the traditional
Monte Carlo method (the so-called Crude Monte Carlo) while the histograms with
red bins are the outputs calculated applying the variance reduction techniques.
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The benefits are interesting because by applying the same number of runs we obtain
a fair value with a threshold error less than 1 cent. These techniques can also be
combined together in order to further increase the precision of the simulations, as
shown in (Giribone and Ligato, 2013).

FIGURE 5.1: Convergence comparisons between the Crude Monte
Carlo method and variance reduction techniques
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Chapter 6

Early Exercise

“Do . . . or Do not. There is no try.”

Master Yoda, Star Wars Episode V: The Empire Strikes Back, 1980

“Fare . . . o non fare. Non c′ è provare.”

Maestro Yoda, Guerre Stellari Episodio V: L’Impero colpisce ancora, 1980

Unlike their European counterparts, American options can be exercised at any
date before expiration. This feature makes the pricing problem harder to solve and
it is not always straightforward to implement the techniques shown in the previous
paragraphs. Obviously, an option characterized by an early-exercise clause is worth
more than the European counterparts because in the case the right can be exercised
only at the maturity and not during the life of the derivative. From a theoretical
point of view, valuing an American option entails the solution of a dynamic stochas-
tic optimization problem (Brandimarte, 2006). If you hold such an option, you must
decide, for each time instant, if it is optimal or not to exercise the option. You should
compare the intrinsic value of the option, i.e. the immediate payoff you would get
from exercising the option early, and the continuation value, which is linked to the
possibility of waiting for better opportunities. In the financial jargon, if you have the
right to exercise the option in continuous time, the option is called American, while
if the right can be exercised in discrete period during the life of the derivative, the
option is called Bermudan (Hull, 2018). In this paragraph we deal with the theoret-
ical framework of continuous state dynamic programming and in the next ones we
particularize the approach in the pricing techniques.

6.1 The pricing problem linked with American Options

Dynamic optimization and equilibrium models are closely related. The solutions to
continuous state dynamic optimization models may often be equivalently character-
ized by first-order inter-temporal equilibrium conditions obtained by differentiating
the Bellman’s equation: many dynamic equilibrium problems can be converted into
equivalent optimization formulations (Kamien and Schwartz, 2012). Whether cast in
optimization or equilibrium form, most discrete time continuous state dynamic eco-
nomic models pose infinite-dimensional fixed-point problems that lack closed-form
solution. This subsection introduces the theory of discrete time continuous state dy-
namic economic models.
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The discrete time continuous state Markov decision model has the following struc-
ture: in every period t, an agent observes the state of the process st ∈ S, takes a
decision xt ∈ X and earns a reward f (st, xt) that depends on both the state of the
process and the action taken. The state of the process st ∈ S follows a controlled
Markov probability law. Specifically, the state of the process in the next period t + 1
will depend on the state and the action in period t and an exogenous random shock
εt+1 that is unknown in the current step t:

st+1 = g (st, xt, εt+1) (6.1)

The agent seeks a state-contingent decision, x∗t : S → X, t = 0, 1, . . . , T ≤ ∞ that
maximizes the present value of current and expected future rewards, discounted at
a per-period factor δ:

max
{xt}

E0

T

∑
t=0

δt f (st, xt (st)) (6.2)

The state vector s ∈ <n of a continuous state Markov decision model may possess
continuous state variables whose ranges are intervals of the real line and discrete
state variables whose ranges are finite subsets of real numbers (Miranda and Fack-
ler, 2002). The state space, which contains all possible realizations of the state vector,
is denoted as S ⊆ <n. The decision vector x ∈ <m of a continuous state Markov de-
cision model may possess continuous decision variables whose ranges are intervals
of the real line or discrete decision variables whose ranges are finite subsets of real
numbers.

If all decisions are continuous, the model is said to be a continuous choice model
(this is the case for American options), while if all actions are discrete, the model is
said to be a discrete choice model. The decision space, which contains all possible
realizations of the decision vector, is denoted as X ⊆ <m.

In the continuous state Markov decision model, the exogenous random shocks εt
are assumed to be independently and identically distributed (i.i.d.) over time and
independent of preceding states and decisions. The reward function f and the state
transition functions g are assumed to be twice continuously differentiable ( f , g ∈ C2)
over the continuous dimensions of S and X and the per-period discount factor δ is
assumed to be less than one, according to the time value of the money principle.
The discrete time continuous state Markov decision problem has to be analyzed
using dynamic programming methods based on Bellman’s Principle of Optimality
(Kirk, 1970). The application of this theorem to the discrete time continuous state
Markov decision model leads to Bellman’s recursive functional equation (Stokey,
Lucas, and Prescott, 1989):

Vt(s) = max
x∈X(s)

{ f (s, x) + δEεVt+1 (g(s, x, ε))}, s ∈ S (6.3)

Vt(s) denotes the maximum attainable sum of current and expected future rewards,
given that the process is in state s in period t. The functions Vt : S → < are called
the value functions. The Bellman equation captures the essential problem faced by
a dynamically optimizing agent (Bellman, 1957): the need to optimally balance im-
mediate benefits f against expected future benefits δEVt+1.
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In a finite horizon model, the optimizing agent faces decisions up to and including
a final decision period T < ∞. In the case of option pricing there is no post-terminal
value, so the post-terminal value function, VT+1 is identically zero because after the
maturity of the derivative, no rewards are earned by the investor beyond the termi-
nal decision period.
An American put (/call) option gives the holder the right, but not the obligation,
to sell (/buy) an underlying at a specified strike price K on or before a specified
expiration period T. As we discussed in the previous chapters, in the discrete-time
Black-Scholes option model, the price of the underlying, S, follows an exogenous
continuous-valued Markov process:

St+1 = g (St, εt+1) (6.4)

The answers we have to find through this mathematical approach are: what is the
value for the American option in period t if the spot price for the underlying is S? At
which critical price is it optimal to exercise the put option and how does this critical
price vary over time?.

This problem is a finite horizon, stochastic model with one continuous state variable,
the current price of the underlying S, and one binary state variable, i, which equals 0
if the option has already been exercised or 1 otherwise (Miranda and Fackler, 2002).
The model has one binary choice variable, j, which equals 1 if the option is exercised
in the current period and 0 otherwise. It is a dummy variable: exercise or not exer-
cise the right, do or do not.

The current period reward earned by the holder of the put option is:

f (S, i, j) = ij(K− S) (6.5)

Similarly for a call option:

f (S, i, j) = ij(S− K) (6.6)

The value Vt(S, 1) of an unexercised put option in period t, given the underlying
price S, satisfies Bellman’s equation:

Vt(S, 1) = max (K− S, δEεVt+1 (g(S, ε)) , 1) (6.7)

Similarly the value of an unexercised call is:

Vt(S, 1) = max (S− K, δEεVt+1 (g(S, ε)) , 1) (6.8)

subjected to the terminal condition VT+1(S, 1) = 0. The value of a previously exer-
cised option is zero, regardless of the price of the underlying.

6.2 Early exercise implementation in lattice models

Equations 6.7 and 6.8 allow a quite straightforward implementation of the Bellman’s
Principle of Optimality in lattice models.
A further characteristic must be taken into account: instead of evaluating the pay-off
only at maturity and going back by applying the standard backwardation algorithm,
a further convenience check must be carried out for each time period in order to test
whether the option is worth more in life or exercised: the price of the derivative will
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be the higher of these two values (Hull, 2018). Detailing the reasoning for the bino-
mial case and reusing the notations introduced in chapter 4, for each node in the tree
the fair value of the option can be expressed:

for a call option:

Ct = max [Cdead; Calive] = max
[

St − K;
Cu ·Π + Cd (1−Π)

1 + R

]
(6.9)

for a put option:

Pt = max [Pdead; Palive] = max
[

K− St;
Pu ·Π + Pd (1−Π)

1 + R

]
(6.10)

In order to generalize the procedure for a multi-step tree, it is necessary to introduce
a double index for identifying both the time step (j) and the expected price level
(i). According to this representation (Fig 6.1), the general expression for taking into
account the right of early exercise in a generic node of the binomial tree is (Haug,
2007):
for a call option:

Cj,i = max
[

S · ui · dj−1 − K;
Cj+1,i+1 ·Π + Cj+1,i · (1−Π)

1 + R

]
(6.11)

for a put option:

Pj,i = max
[

K− S · ui · dj−1;
Pj+1,i+1 ·Π + Pj+1,i · (1−Π)

1 + R

]
(6.12)

The principle to be applied for testing the early redemption feature in multinomial
lattice models is the same (Giribone and Raviola, 2019). During the backwardation,
the algorithm must not only recombine the option prices back but also test the wor-
thiness to keep the derivative alive, according to Equations 6.7 and 6.8.

After the implementation of the code in Matlab environment, we price an American
option with the following financial features using all the lattice methods described
in chapter 4:

S = 40 spot price
K = 50 strike price
T = 2 time to maturity (years)
r = 0.06 risk-free rate
q = 0.01 continuous dividend yield
b = r− q cost-of-carry (as a result, the continuous dividend yield is zero)
σ = 0.25 annualized volatility for the underlying

Figures 6.2 and 6.3 show the estimated American put option price obtained by set-
ting the number of discretization steps as parameter. In correspondence of a number
of steps equal to 600, independently from the lattice method, the American option
fair value is 10.555± 0.005. In particular:

CRR Binomial Tree = 10.5568,
Tian Binomial Tree = 10.5562,
JR Binomial Tree = 10.5573,
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FIGURE 6.1: Graphical representation of the conventional indexation
for a multistep lattice scheme

Drifted CRR Binomial Tree = 10.5553,
Leisen Reimer PP1 Binomial Tree = 10.5540,
Leisen Reimer PP2 Binomial Tree = 10.5540,
CRR Trinomial Tree = 10.5555,
AMM Trinomial Tree = 10.5546,
Pentanomial Tree = 10.5548,
Heptanomial Tree = 10.5552.

If the option had been European, according to the Black-Scholes closed formula, its
price would have been equal to 8.78. As a result, the early exercise feature is worth
about 1.78.

6.3 Early exercise implementation in PDE models

An American type instrument with maturity T and payoff function f is a contingent
claim that can be exercised at any moment up to T. Recalling the notation used in
chapter 3, its payoff at t is equal to: P (St, t). The price of an American claim at time
t can be written as V (St, t) for some function V : (0, ∞)× [0, T]→ <.
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V (St, t) is the price of the instrument at t, so it values future payoffs from the instru-
ment, P (St, t) is the payoff of the instrument if it is exercised at t.

At the terminal time T:

V (S, t) = P (S, t) , S > 0 (6.13)

To preclude arbitrage:

V (S, t) ≥ P (S, t) , (S, t) ∈ (0, ∞)× [0, T] (6.14)

If the inequality is strict, V (S, t) > P (S, t), the holder should not exercise the op-
tion because it is more profitable to sell the option for V (S, t) than to exercise it for
P (S, t). If V (S, t) = P (S, t), it is optimal to exercise the option immediately because
by holding it the trader risks loosing money.

Taking into account this consideration, we can formulate the general rule: the holder
should exercise the option as soon as: V (St, t) = P (St, t).

Until the optimal exercise, the relation which rules the dynamic of the option price
is given by the Fundamental BSM PDE (see chapter 3):

rS
∂V(S, t)

∂S
+

1
2

σ2S2 ∂2V(S, t)
∂S2 − rV(S, t) +

∂V(S, t)
∂t

= 0 (6.15)

and of course, we have V(S, t) > P(S, t).

At the optimal exercise moment, we have:

V(S, t) = P(S, t) (6.16)

These findings can be summarized in the following system of equations and inequal-
ities called the free-boundary problem (Duffie, 2006).

V(S, t) ≥ P(S, t)
V(S, t) = P(S, t) or 1

2 σ2S2 ∂2V(S,t)
∂S2 + rS ∂V(S,t)

∂S − rV(S, t) + ∂V(S,t)
∂t = 0

Boundary conditions

The free boundary is the set of points where V(S, t) = P(S, t): in these points the
system is not governed by the equation with partial derivatives and the holder of
the option has the convenience to exercise it.

The boundary conditions for the American put option are:

Terminal condition

V(S, T) = (K− S)+ (6.17)

Left-boundary condition

lim
S→0

V(S, t) = K (6.18)

Right-boundary condition
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lim
S→∞

V(S, t) = 0 (6.19)

As a result, the complete free-boundary problem is:

For S > 0, t ∈ [0, T]:

V(S, t) ≥ (K− S)+

V(S, t) = P(S, t) or 1
2 σ2S2 ∂2V(S,t)

∂S2 + rS ∂V(S,t)
∂S − rV(S, t) + ∂V(S,t)

∂t = 0
V(S, T) = (K− S)+

limS→0 V(S, t) = K
limS→∞ V(S, t) = 0

In order to compute the price of the American put option, we have to convert the
problem into a standard PDE form. This can be done using the traditional coordinate
transformation (see chapter 3.1). Using the same notation of chapter 3, we get the
canonical parabolic PDE. The problem to be solved after the transformation is:

y(x, τ) ≥ exp
[
−r
(
T − 2τ

σ2

)] (
K− exp

[
x−

( 2r
σ2 − 1

)
τ
])+

y(x, τ) = exp
[
−r
(
T − 2τ

σ2

)] (
K− exp

[
x−

( 2r
σ2 − 1

)
τ
])+ or ∂y

∂t (x, τ)− ∂2y
∂x2 (x, τ) = 0

y(x, 0) = exp (−rT) (K− exp (x))+

limx→−∞ y(x, τ) = K exp
[
−r
(
T − 2τ

σ2

)]
limx→+∞ y(x, τ) = 0

where x ∈ < and τ ∈
[
0, σ2

2 T
]
.

The discretization can be done using one of the techniques explained in chapter 3:
Finite Difference Method (FDM, see 3.2), Finite Element Method (FEM, see 3.3) or
Radial Basis Functions (RBF, see 3.4). The difference that must be taken into account
is the check for the early exercise for every node/knot. As a result, the numeric
procedure must select the decision that maximizes the utility of the holder, i.e. the
maximum value between the immediate exercise (option pay-off) and the approx-
imation of the option price y in case of no exercise done according to the chosen
method.

The discretization of time τ can be carried out using a θ method (see 3.4.5). A typical
choice is to use θ = 0.5 in order to implement the Crank-Nicolson method or θ = 0
for the first-order implicit scheme.

For illustrative purpose, the described methodology is explained in detail for the
FDM case. The discretization of time τ is defined as: τν := ν · δτ for ν = 0, 1, . . . , N
where δτ =

(
0.5σ2T

)
/N. The discretization of space x is defined as xi := xmin + i · δx

for i = 0, 1, . . . , M where δx = (xmax − xmin) /M. ωi,ν denotes the numerical approx-
imation of y (xi, τν), according to the chosen grid.

Using an explicit method, that is a close parent to a trinomial tree (see 4.2), with a
small time step to ensure the stability of the methodology, in a generic node of the
scheme (xi, τν+1) the expression:

u1 = λωi−1,ν + (1− 2λ)ωi,ν + λωi−1,ν (6.20)
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where λ = δτ

(δx)2 approximates the value of y (xi, τν+1) in case of no exercise.

If this value is smaller than the payoff from the exercise:

u2 = exp
[
−r
(

T − 2τν+1

σ2

)](
K− exp

[
xi −

(
2r
σ2 − 1

)
τν+1

])+

(6.21)

then it is optimal to exercise immediately and ωi,ν+1 = u2.

As a result, the equation that satisfies the Bellman’s Optimality principle for an ex-
plicit FDM scheme is ωi,ν+1 = max (u1, u2).

Considering a general American instrument characterized by a pay-off function,
P(S, t), the formal mathematical definition for the free-boundary problem is given
by: 

V(S, t)− P(S, t) ≥ 0
∂V(S,t)

∂t − rS ∂V(S,t)
∂S − 1

2 σ2S2 ∂2V(S,t)
∂S2 + rV(S, t) ≥ 0(

∂V(S,t)
∂t − rS ∂V(S,t)

∂S − 1
2 σ2S2 ∂2V(S,t)

∂S2 + rV(S, t)
)
(V(S, t)− g(S, t)) = 0

V(S, 0) = g(S, 0)
limS→+∞ V(S, t) = limS→+∞ g(S, t)
limS→0 V(S, t) = limS→0 g(S, t)

This general formulation is also called the linear complementarity problem for the
American instrument defined by a pay-off function g(S, t). It generally leads to a
smoother solution and it can be a valid starting-point for finding the so-called quasi-
closed formula for American option with standard pay-off (6.5).

After explaining how early exercise can be implemented in a numerical PDE scheme
in accordance with the Bellman’s Optimality Principle, we reconsider the same pric-
ing problem introduced in the previous paragraph. All the numerical techniques
implemented for solving the PDE (FDM, FEM and RBF) confirm the same fair value
for the option equal to 10.555± 0.005. Figure 6.4 shows how the put option price
varies in function of the spot level, Figure 6.5 shows the exercise boundary and Fig-
ure 6.6 depicts the pricing surface for the American put option.

6.4 Early exercise implementation in Monte Carlo models

As mentioned before, the problem with American option pricing is that they can
be exercised at any time until the expiration of the option, unlike a European op-
tion that can only be exercised at the expiration time. In this paragraph we use the
same notation as in 6.3 for the pay-off function: P (S(t)) = max (K− S(t), 0) and
P (S(t)) = max (S(t)− K, 0) respectively for a put and a call option. According to
the Black-Scholes-Merton pricing framework, the underlying is modelled using the
Geometric Brownian Motion (see 5.1): S(t) = S(0) exp

[(
r− 0.5σ2) t + σW(t)

]
. For

ease of notation we consider the price of a put option, but the results can be applica-
ble to call options as well. The value at time 0 of a European option can be described
as:
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u(S, 0) = E [exp (−rT)P(S(T))] (6.22)

That is, the expected value of the discounted payoff at time T. In a similar way the
value of an American option at time 0 is given by:

u(S, 0) = sup
t∈[0,T]

E [exp (−rT)P(S(T))] (6.23)

the expected value of the discounted payoff at the time of exercise that yields the
greatest payoff. This corresponds to the optimization problem of finding the optimal
stopping time

t∗ = inf {t ≥ 0|S(t) ≤ b∗(t)} (6.24)

for some a-priori unknown exercise boundary b∗ (Brandimarte, 2006).

So in order to price an American option we need to find the optimal stopping time
t∗ and then estimate the expected value:

u(S, 0) = E [exp (−rt∗)P(S(t∗))] (6.25)

One of the most popular methods to solve this problem is called LSM, developed
by Longstaff and Schwartz (Longstaff and Schwartz, 2001). This approach uses a
dynamic programming approach to find the optimal stopping time, and the Monte
Carlo (i.e. numerical integration of Stochastic Differential Equation - SDE) to approx-
imate the expected value (Chapter 5). Dynamic programming is a general method
for solving optimization problems by dividing it into smaller subproblems and com-
bining their solution to solve the main problem (Kamien and Schwartz, 2012). In
this case this means that we divide the interval [0, T] into a finite set of time points
{0, t1, t2, . . . , tN} and, for each of these decide if it is better to exercise than to hold
on to the option. Starting from time T and working backwards to time 0, we update
the stopping time each time we find a time where it is better to exercise until we find
the smallest time where exercise is better.

Let C (S (ti)) denote the value of holding on to the option at time ti, i.e. the continu-
ation value, and let the value of exercise at time ti be the pay-off P (S(ti)). Then the
dynamic programming algorithm to find the optimal stopping time can be summa-
rized in this pseudo-code:

> t∗ ← tN
> for t from tN−1 to t1 do
> if C (S(t)) < P (S(t)) then
> t∗ ← t
> else
> t∗ ← t∗

> end if
> end for

Using the same argument as in Equation 6.23, the continuation value at time ti can
be described in terms of conditional expectation:

C (S (ti)) = E [exp (−r (t∗ − ti))P (S (t∗)) |S (ti)] (6.26)
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where t∗ is the optimal stopping time in {ti+1, . . . , tN}.

For ease of notation, we define the current payoff P as:

For t = tN :
P = P (S(t))
From t = tN−1 to t = t1:
if C (S(t)) < P (S(t)) then P = P (S(t)), otherwise P = exp (−r∆t)P

where ∆t = ti+1 − ti.

Given this notation, Equation 6.26 becomes:

C (Si(t)) = E [exp (−r∆t)P|S (ti)] (6.27)

To estimate this conditional expectation, the LSM method uses regular least squares
regression (Huynh, Lai, and Soumare, 2008). This can be done since the conditional
expectation is an element in L2 space, which has an infinite countable orthonormal
basis and thus all elements can be represented as a linear combination of a suitable
set of basis functions. So to estimate this we need to choose a finite set of orthogonal
basis functions, and project the discounted payoffs onto the space spanned by these.

In the proposed implementation, the basis function is chosen to be the Laguerre
polynomials, where the first four are defined as (Koornwinder et al., 2010):

L0(X) = 1
L1(X) = 1− X
L2(X) = 1

2

(
2− 4X + X2)

L3(X) = 1
6

(
6− 18X + 9X2 − X3)

Given a set of realized paths Si(t), i = 1, . . . , n that are in-the-money at time t, i.e.
P (Si(t)) > 0, and the payoffs Pi = P (Si(t)), the conditional expectation in Equa-
tion 6.27 can be estimated as:

Ĉ (Si(t)) =
k

∑
j=0

β̂ jLj (Si(t)) (6.28)

where L0, . . . , Lk are the first k Laguerre polynomials and β̂0, . . . , β̂k are the estimated
regression coefficients. The regression coefficients are obtained by regressing the dis-
counted payoffs yi = exp (−r∆t)Pi against the current values xi = Si(t) by regular
least squares:

(
β̂0, . . . , β̂k

)T
=
(

LTL
)−1

LT (y1, . . . , yn)
T (6.29)

where Li,j = Lj (xi), i = 1, . . . , n and j = 0, . . . , k.

By approximating Equation 6.27 with Equation 6.28, we introduce an error in our es-
timation. In (Clement, Lamberton, and Protter, 2002) it is shown that limk→∞ Ĉ (S(t)) =
C (S(t)).

Now that we have a method to estimate the continuation value, we can simulate a
set of M realized paths Si(t), t = 0, t1, t2, . . . , tN , i = 1, 2, . . . , M and use the previous
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pseudo code to find the optimal stopping times t∗i for all paths, and then estimate
the expected value in Equation 6.25 using Monte Carlo:

û =
1
M

M

∑
i=1

exp (−rt∗i )P (S (t∗i )) (6.30)

One way to speed up the algorithm is to use the discounted payoffs Pi in the Monte
Carlo step instead of the optimal stopping times. Since they are constructed and
updated recursively in the same way as the stopping times, by the time we have
gone from time t = tN to t = t1 they will be:

Pi = exp (−r (t∗i − t1)) P (S (t∗i )) (6.31)

which means that

exp (−r∆t)Pi = exp (−rt∗i )P (S (t∗i )) (6.32)

and thus Equation 6.30 becomes:

û =
1
M

M

∑
i=1

exp (−r∆t)Pi (6.33)

A pseudo code for the LSM algorithm is provided. In each step only paths that are
in-the-money are used, since these are the only ones where the decision to exercise
or continue is relevant.

> Initiate paths Si(t), t = 0, t1, t2, . . . , tN , i = 1, 2, . . . , M
> Set Pi ← P (Si (tN)) for all i
> for t from tN−1 to t1 do
> Find paths {i1, i2, . . . , in} that are in-the-money: P (Si(t)) > 0
> Set ITMpaths← {i1, i2, . . . , in}
> Set xi ← Si(t) and yi ← exp (−r∆t)Pi for i ∈ ITMpaths
> Perform regression on x,y to obtain coefficients β̂0, . . . , β̂k
> Estimate the continuation value Ĉ (Si(t))
> Calculate the value of immediate exercise P (Si(t)) for i ∈ ITMpaths
> for i from 1 to M do
> if i ∈ ITMpaths andP (Si(t)) > Ĉ (Si(t)) then
> Pi ← P (Si(t))
> else
> Pi ← exp (−r∆t)Pi
> end if
> end for
> end for
> Price← 1

M ∑M
i=1 exp (−r∆t)Pi

Using the described approach, we compute the fair value of the American put op-
tion. The simulations of the prices are represented in Figure 6.7: running the Mat-
lab code, which implements the above pseudo-code, for 2.000 replications of 10.000,
100.000 and 500.000 paths we get on average the same expected value of the other
numerical methodologies (10.55). The standard deviations of the output, as it is
shown, have a great sensitivity to the number of paths chosen for carrying out the
simulation. According to (Giribone, 2013), in order to have the coveted "one-cent
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precision" on the output, we have to launch the pricing engine with at least 500.000
paths, i. e. in correspondence of a MSPE < 10−6.

Empirical results confirm this statistical inference: the standard deviation of the the-
oretical prices obtained using 10.000 (blue lines), 100.000 (red lines) and 500.000 (yel-
low lines) paths are equal, respectively, to 0.0317, 0.011 and 0.0045.

The Monte Carlo method for option pricing is a really computational-intensive nu-
meric technique, especially if the objective for the Quant is to price a derivative with
a very good precision. The time needed to obtain the "1-cent" numerical error, 2.000
replications of 500.000 in a (good) ordinary personal computer (CPU 1.30 GHz and
RAM 7.88 Gb) is more than 4 days (every replication takes about 3 minutes).

Nowadays, FinTech moves towards GPU computing in order to increase the perfor-
mance of Monte Carlo engines. In this case, after some preliminary technical tests
that I have conducted for a consulting project, I can state that using this technology
the time can decrease up to 30 times. Obviously, there is no free-lunch: the code must
be re-engineered and optimized for enhancing the communication between the code
and the hardware.

CARIGE Bank Financial Engineering is involved in a research project together with
IBM to understand how Quantum technology can be used in this field in order to
further improve the computational performance.

6.5 The quasi-closed formulas for American Options

Closed formulas for American Options do not exist because the starting PDE prob-
lem does not have an exact analytical solution like the European ones (Brandimarte,
2006). The only particular case for which an exact analytical closed formula exists is
for the American Call options written on an underlying which has no pay-out (divi-
dend). In this situation it is never convenient for the holder of the option to exercise
it before the expiration date, as a result we can use the traditional Generalized Black-
Scholes-Merton formula for pricing the derivative (Haug, 2007). It is important to
note that this property is violated in a context of negative interest rates, as shown
in (Cafferata, Giribone, and Resta, 2017). While it remains always true that, ceteris
paribus, an American Option cannot be worth less than a European one with the
same financial features.

In this section, we analyze different approximated pricing formulas studied by a
large number of academic researches in order to propose a practical approach to
the practitioners. Nowadays the state-of-the-art approximation is considered the
Bjerksund-Stensland model, that embeds all the previous precious intuitions.

6.5.1 Roll-Geske-Whaley model

Roll (Roll, 1977), Geske (Geske, 1979) and Whaley (Whaley, 1981) have proposed a
formula for the evaluation of an American Call written on a stock S, that pays a cash
dividend D at time t:
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C = (S− D exp (−rt))N (b1) + (S− D exp (−rt))M
(

a1,−b1,−
√

t
T

)
+ (6.34)

−K exp (−rt)M
(

a2, b2,−
√

t
T

)
− (K− D) exp (−rt)N (b2)

Where:

a1 =
ln [(S− D exp (−rt)) /K] +

(
r + σ2/2

)
T

σ
√

T
, a2 = a1 − σ

√
T

b1 =
ln [(S− D exp (−rt)) /I] +

(
r + σ2/2

)
T

σ
√

T
, b2 = b1 − σ

√
T

I is the price level of the underlying that solves the equation through a not too much
sophisticated root-finder algorithm such as bisection method (Press et al., 2007):

C(I, K, T − t) = I + D− K (6.35)

Where C(I, K, T − t) is the European Call price with a starting value for the under-
lying equal to I and maturity T − t.

If the condition D ≤ K [1− exp [−r(T − t)]] or I → ∞ occurs then it is never optimal
to exercise the American call before maturity, as a result the derivative price can
be obtained using the traditional Black-Scholes formula, where the share price, S,
is substituted by the price of the underlying minus the discounted dividend at the
evaluation date: S← S− D · exp (−rt).

6.5.2 Barone-Adesi-Whaley model

This method is based on the quadratic approximation of Barone-Adesi-Whaley (Barone-
Adesi and Whaley, 1987) and can be applied for pricing American call/put option
written on an underlying with a cost-of-carry b. When b ≥ r, the American call value
is equal to the European call value and can then be found by using the generalized
Black-Scholes-Merton (BSM) formula (Haug, 2007). The model is computationally
efficient and accurate for the majority of practical cases.

CAmerican(S, K, T) = CEuropean(S, K, T) + A2

(
S
S∗

)q2

, S < S∗ (6.36)

CAmerican = S− K, S ≥ S∗

Where: CEuropean(S, K, T) is the fair value of the European call option.

A2 =
S∗

q2
[1− exp [(b− r) T]N [d1 (S∗)]] , d1(S) =

ln (S/K) +
(
b + σ2/2

)
T

σ
√

T
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q2 =
−(N − 1) +

√
(N − 1)2 + 4M/K
2

, M =
2r
σ2 , N =

2b
σ2 , X = 1− exp (−rT)

PAmerican(S, K, T) = PEuropean(S, K, T) + A1

(
S

S∗∗

)q1

, S > S∗∗ (6.37)

PAmerican = K− S, S ≤ S∗∗

Where: PEuropean(S, K, T) is the fair value of the European call option.

A1 = −S∗∗

q1
[1− exp [(b− r) T]N [−d1 (S∗∗)]]

q1 =
−(N − 1)−

√
(N − 1)2 + 4M/X
2

S∗ is the critical value for the call option which satisfies the equation:

S∗ − K = C (S∗, K, T) + [1− exp [(b− r) T]N [d1 (S∗)]] S∗
1
q2

(6.38)

LHS (Si) := Si − K, RHS (Si) = C (Si, K, T) + [1− exp [(b− r) T]N [d1 (Si)]] Si
1
q2

This equation can be numerically solved by the implementation of the one-dimensional
Newton-Raphson root-finding algorithm (Press et al., 2007). The partial derivative
of RHS respect to Si is:

∂RHS
∂Si

= exp [(b− r) T]N [d1 (Si)]

(
1− 1

q2

)
+

[
1− exp [(b−r)T]n[d1(Si)]

σ
√

T

]
q2

(6.39)

Given an initial value Si, it follows directly from the Newton-Raphson method that
the next and better estimation, Si+1, is:

Si+1 =
K + RHS (Si)− biSi

(1− bi)
(6.40)

The iterative routine continues until a stop criteria is met. The most popular con-
dition for this solver is that the relative absolute error falls within an acceptable
tolerance level, for instance:

|LHS (Si)− RHS (Si) |
K

< Tollerance (6.41)

S∗∗ is the critical value for the put option which satisfies the equation:



6.5. The quasi-closed formulas for American Options 87

K− S∗∗ = P (S∗∗, K, T)− {1− exp [(b− r) T]N [−d1 (S∗∗)]} S∗∗
1
q1

(6.42)

VS
(
Sj
)
= K− Sj, HS

(
Sj
)
= P

(
Sj, K, T

)
−
{

1− exp [(b− r) T]N
[
−d1

(
Sj
)]}

Sj
1
q1

∂HS
∂Sj

= bj = − exp [(b− r) T]N
[
−d1

(
Sj
)] (

1− 1
q1

)
−

[
1 +

exp [(b−r)T]n[−d1(Sj)]
σ
√

T

]
q1

(6.43)

Sj+1 =

[
K− HS

(
Sj
)
+ bjSj

](
1 + bj

) (6.44)

Barone, Adesi and Whaley suggest to use as the starting seed for the optimizing
sequence (Barone-Adesi and Whaley, 1987):

S∗1 = K + [S∗(∞)− K] [1− exp (h2)] , h2 = −
(

bT + 2σ
√

T
) [ K

S∗(∞)− K

]

S∗∗1 = S∗∗(∞) + [K− S∗∗(∞)] exp (h1), h1 = +
(

bT − 2σ
√

T
) [ K

K− S∗∗(∞)

]
Where S(∞) is the critical price when time to maturity goes to infinity, S(T → ∞):

S∗(∞) =
K

1− 2
[
−(N − 1) +

√
(N − 1)2 + 4M

]−1

S∗∗(∞) =
K

1− 2
[
−(N − 1)−

√
(N − 1)2 + 4M

]−1

6.5.3 Bjerksund-Stensland (1993) model

The Bjerksund and Stensland model can be applied to American options written
on stocks, indexes, futures as well as currencies (Bjerksund and Stensland, 1993).
The methodology is extremely computer-efficient and accurate. The approxima-
tion is based on an exercise strategy corresponding to a flat boundary I (trigger
price). Numerical investigation shows that the Bjerksund-Stensland (1993) model
is more precise for long-term options than Barone-Adesi-Whaley model; however
the Bjerksund-Stensland (2002) model is even more accurate and it is considered the
"state-of-the-art" approximation for the category of quasi-closed formulas for Amer-
ican options (Haug, 2007).

C = αSβ − αφ(S, T, β, I, I) + φ(S, T, 1, I, I)+ (6.45)

−φ(S, T, 1, K, I)− Kφ(S, T, 0, I, I) + Kφ(S, T, 0, K, I)
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Where:

α = (I − K)I−β, β =

(
1
2
− b

σ2

)
+

√(
b

σ2 −
1
2

)2

+ 2
r

σ2

The function φ(S, T, γ, H, I) is given by:

φ(S, T, γ, H, I) = exp (λ)Sγ

[
N (d)−

(
I
S

)κ

N
(

d− 2 ln (I/S)
σ
√

T

)]

λ =

[
−r + γb +

1
2

γ(γ− 1)σ2
]

T, d =
ln (S/H) +

[
b +

(
γ− 1

2

)
σ2] T

σ
√

T

κ =
2b
σ2 + (2γ− 1)

The trigger price, I, is:

I = B0 + (B∞ − B0) (1− exp [h(T)])

h(T) = −
(

bT + 2σ
√

T
)( B0

B∞ − B0

)
, B∞ =

β

β− 1
K, B0 = max

[
K,
(

r
r− b

)
K
]

If S ≥ I, it is optimal to exercise the option immediately, and the value must be equal
to the intrinsic value of S− K. On the other hand, if b ≥ r, it will never be optimal to
exercise the American call option before the expiration, and the value can be found
using the generalized BSM formula. The value of the American put is given by the
Bjerksund and Stensland put-call transformation:

PAmerican(S, K, T, r, b, σ) = CAmerican(K, S, T, r− b,−b, σ) (6.46)

Using this transformation, it is no longer necessary to develop a different formula
for calculating the fair value of American put Options (Haug, 2007).

6.5.4 Bjerksund-Stensland (2002) model

The Bjerksund and Stensland (2002) approximation divides the time to maturity into
two parts, each with a separate flat exercise boundary (Bjerksund and Stensland,
2002). It is thus a straightforward generalization of their previous algorithm. The
algorithm is very accurate but it requires a very precise cumulative bivariate normal
approximation for being classified as the most performing method (Haug, 2007).
Generally the Genz algorithm for this numerical approximation is sufficiently pre-
cise (Genz, 2004).

C = α2Sβ − α2φ (S, t1, β, I2, I2) + φ (S, t1, 1, I2, I2)− φ (S, t1, 1, I1, I2) + (6.47)

−Kφ (S, t1, 0, I2, I2) + Kφ (S, t1, 0, I1, I2) + α1φ (S, t1, β, I1, I2) +

−α1Ψ (S, T, β, I1, I2, I1, t1) + Ψ (S, T, 1, I1, I2, I1, t1) +

−Ψ (S, T, 1, K, I2, I1, t1)− KΨ (S, T, 0, I1, I2, I1, t1) + Ψ (S, T, 0, K, I2, I1, t1)
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where:

α1 = (I1 − K) I−β
1 , α2 = (I2 − K) I−β

2 and β =
(

1
2 −

b
σ2

)
+

√(
b

σ2 − 1
2

)2
+ 2 r

σ2

The function φ (S, T, γ, H, I) is given by:

φ (S, T, γ, H, I) = exp (λ)Sγ

[
N (−d)−

(
I
S

)κ

N (−d2)

]
(6.48)

where:

d =
ln ( S

H )+[b+(γ− 1
2 )σ2]T

σ
√

T
, d2 =

ln
(

I2
SH

)
+[b+(γ− 1

2 )σ2]T
σ
√

T
, λ = −r + γb + 1

2 γ (γ− 1) σ2

and κ = 2b
σ2 + (2γ− 1)

and the trigger price I is defined as:

I1 = B0 + (B∞ − B0) (1− exp (h1)), I2 = B0 + (B∞ − B0) (1− exp (h2)),
h1 = −

(
bt1 + 2σ

√
t1
) ( K2

(B∞−B0)B0

)
, h2 = −

(
bT + 2σ

√
T
) (

K2

(B∞−B0)B0

)
,

t1 = 1
2

(√
5− 1

)
T, B∞ = β

β−1 K and B0 = max
[
K,
( r

r−b

)
K
]

The function Ψ (S, T, γ, H, I2, I1, t1) is given by:

Ψ (S, T, γ, H, I2, I1, t1, r, b, σ) = exp (λT)Sγ ·M (−e1,− f1, ρ) + (6.49)

− exp (λT)Sγ ·
(

I2

S

)κ

M (−e2,− f2, ρ) +

− exp (λT)Sγ ·
(

I1

S

)κ

M (−e3,− f3,−ρ) +

+ exp (λT)Sγ ·
(

I1

I2

)κ

M (−e4,− f4,−ρ)

where:

e1 =
ln
(

S
I1

)
+[b+(γ− 1

2 )σ2]t1

σ
√

t1
, e2 =

ln
(

I2
2

SI1

)
+[b+(γ− 1

2 )σ2]t1

σ
√

t1
, e3 =

ln
(

S
I1

)
−[b+(γ− 1

2 )σ2]t1

σ
√

T
,

e4 =
ln
(

I2
2

SI1

)
−[b+(γ− 1

2 )σ2]t1

σ
√

t1
, f1 =

ln ( S
H )+[b+(γ− 1

2 )σ2]T
σ
√

T
, f2 =

ln
(

I2
2

SH

)
+[b+(γ− 1

2 )σ2]T

σ
√

T

f3 =
ln
(

I2
2

SH

)
+[b+(γ− 1

2 )σ2]T

σ
√

T
, f4 =

ln
(

SI2
1

HI2
2

)
+[b+(γ− 1

2 )σ2]T

σ
√

T

Quasi-closed option pricing formulas can be used for pricing the American put op-
tion we discussed in the previous paragraphs. The state-of-the art approach, i.e. the
Bjerksund-Stensland 2002 model, gives a value for the option equal to 10.5326, in-
troducing a little bias due to the two flat exercise boundaries that are not always
able to capture the non-linearities (about 2 cents). The previous analytical model
proposed by the two researchers in the 90s based on a single flat exercise bound-
ary introduces one cent more in the gap. Barone-Adesi-Whaley approach under-
estimates the fair value of the derivative of about 4 cents. The Roll-Geske-Whaley
model cannot be used in this pricing problem because there is a continuous dividend
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yield, q, instead of a discrete cash pay-out. In this case, the bias introduced by the
approximation is not very high, but that clearly depends on the pricing problem to
be solved. In some cases the non-linearities of the exercise boundary can be well-
approximated by the two-flat exercise boundaries, in other a traditional numerical
scheme is to be preferred. Commercial banking software, like Finastra K+, imple-
ments the Bjerksund-Stensland 2002 model for pricing standard American options
written on a currency. Given that the expiration of this kind of instruments with a
standard pay-off is generally short (a few months), it can be considered a reasonable
choice to implement an analytical solution. For American options with a standard
pay-off, but with a longer maturity, the suggestion is to implement a numerical de-
terministic technique. For instance Bloomberg Commercial pricing module (OVML
and OVME) implements a Finite Difference Method, called "Discrete Black-Scholes".
It is clear that quasi-closed formulas can’t price path-dependent options like Barrier
or Asian Options. In order to solve this kind of problem, Commercial Matlab Tool-
boxes propose lattice methodologies (typically binomial/trinomial stochastic trees).
As described before, the Monte Carlo method is able to handle a large number of
option typologies thanks to its flexibility in the pay-off specification. Unluckily, it
requires a non negligible computational effort to estimate accurately the fair value
(Giribone et al., 2015). For this reason this method is the last choice for a Quant in or-
der to price a financial instrument. Bloomberg Commercial pricing module (DLIB)
implements the Monte Carlo technique for the evaluation of certificates and other
highly structured/exotic products which cannot be priced using the other determin-
istic methodologies. Still in the field of pricing issues, stochastic simulations are used
for pricing basket options, which are embedded in the index-linked insurance poli-
cies. For instance, Monis XL commercial pricing Excel add-in implements different
Monte Carlo engines for this kind of pricing problem and it handles a lot of under-
lying dynamics that follow different Stochastic Differential Equations. Other typical
applications of Monte Carlo in financial engineering are: Credit Value Adjustment
(CVA) and DVA (Debt Value Adjustment) estimation (Giribone, Ligato, and Raviola,
2014b), Value-at-Risk and Expected Shortfall computation (Bottasso, Giribone, and
Martorana, 2019) and stressed prospective scenarios. Together with my colleagues
of the Financial Engineering Office, I have developed for Banca CARIGE pricing
routines based on these and similar other mathematical models able to price and
to estimate the traditional financial risk parameters (greeks, stressed scenario and
other sensitivity measures). All the code has been written in Matlab, embedded in
DOT NET libraries (dll) which are recalled from a compiled C# code. This solution
has been presented in numerous meetings mainly dedicated to the professionals in
the field of computational finance:

• Carige Bank integrates a MATLAB based valuation library with its enterprise
pricing and risk platform - MathWorks User Story (Raviola, Giribone, and Lig-
ato, 2013)

• MATLAB in CARIGE: estimation of the Credit and Debt Value Adjustment -
MATLAB EXPO, Milan (Giribone, Ligato, and Raviola, 2014a)

• Research and Development in the CARIGE Bank Financial Administration -
Programming Techniques with Matlab (University of Genoa, Faculty of Engi-
neering) (Giribone, 2015b)

• Counterparty risk and Credit Value Adjustment (CVA) using Matlab - Math-
works webinar (Giribone, 2015a)
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FIGURE 6.2: CRR, Tian, JR, Drifted CRR, Leisen Reimer PP1 Trees
Convergences for an American Option

FIGURE 6.3: Leisen Reimer PP2, CRR Trinomial, AMM Trinomial
Trees, Pentanomial, Heptanomial Trees Convergences for an Amer-

ican Option
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FIGURE 6.4: European and American Put Option Price (RBF method)

FIGURE 6.5: Exercise Boundary (FEM method)
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FIGURE 6.6: American Put Option Pricing Surface (FDM method)

FIGURE 6.7: American Put Option Monte Carlo Pricing
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Chapter 7

Case Studies

“You have to know languages when you go and sell something - she said laughingly. But
when you go and buy everyone understands you.”

Gabriel Garcia Marquez, Love in the time of cholera, 1985

“Le lingue bisogna saperle quando si va a vendere qualcosa - diceva ridendo scherzosamente.
Ma quando si va a comprare tutti ti capiscono.”

Gabriel Garcia Marquez, L’Amore ai tempi del colera, 1985

In this chapter two case studies which deal with Early exercise are presented.
The first one regards the fair value estimation of a financial product called Flexi-
ble Forward through a Leisen-Reimer binomial tree and a Trinomial Adaptive Mesh
Model (Giribone and Ligato, 2016b and Giribone and Raviola, 2019). The second
study regards the effects on American Call pricing caused by the existence of nega-
tive interest rates in the Euro Area (Cafferata, Giribone, and Resta, 2017).

7.1 Flexible Forward Pricing

A Flexi-forward, also known as time-option forward contract, is a financial prod-
uct which provides an exchange of an agreed notional in a foreign currency at any
moment between two fixed dates. If the right has not been exercised during the
option life, the holder has the duty to deliver the amount at maturity. In financial
terms, a contract with these features can be decomposed in an American call option
and a European down-and-out put barrier option, in which the barrier level is dy-
namically fixed in function of the probability state for which the American option
goes in-the-money (Giribone and Ligato, 2016b). The pricing of the put option can
be obtained using the set of closed-formulas proposed by Rubinstein (Reiner and
Rubinstein, 1991a), but the determination of the barrier level must necessarily be
quantified using a numerical method. The discretization schemes of Leisen-Reimer
(Leisen and Reimer, 1996), applied to modelling the future states of the underlying
on which the American call is written, have been showed to be suitable for pricing a
Flexi-Forward on currencies.

7.1.1 Implementation, Validation and pricing performance comparison

The methodologies explained in the previous chapters codified in Matlab were com-
piled for being used in VBA (Bas module) for testing and validation purposes and in
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a DOT NET Framework (C#) for production. The libraries are deployed in CARIGE
Bank through the in-house pricing dll, MATFIN (Giribone, 2017b).

The performance comparisons and the right implementation of algorithms have
been done by pricing an American call option written on the exchange rate EUR/USD
having the financial characteristics shown in Table 7.1 (Market data: 3rd April 2015
– Source Bloomberg).

Model Inputs and Market data
Settlement Date 3rd April 2015
Maturity Date 3rd April 2016

Quasi-Closed formulas BAW-BS1993-BS2002
Binomial Trees CRR-CRRd-JR-LR1-LR2-Tian

Risk Free Rate (r) -0.424%
Foreign Risk Free Rate (r f ) 0.292%

Spot (S) 1.0965
Option Type Call

Strike Price (K) 1.0965
Volatility (σ) 10.696%

TABLE 7.1: Input parameters for the valuation of an American call
currency option on EUR/USD

The result obtained, starting from the quasi-closed formulas, are:

Barone-Adesi-Whaley Formula (BAW) = 4.337%
Bjerksund-Stensland (1993) Formula (BS 1993) = 4.3159%
Bjerksund-Stensland (2002) Formula (BS 2002) = 4.327%

The correct convergence at the fair-value of the implemented stochastic trees (CRR-
CCRd-JR-Tian-LR1-LR2) has been tested (Figure 7.1). The red line is the price ob-
tained using the BS 2002 quasi closed formula.

After having validated the models for the numerical estimation of price, an analysis
about the convergence speed to the expected value is conducted (Giribone and Ven-
tura, 2011). Examining the graphs reproduced in Figures 7.2 and 7.3, Leisen-Reimer
Trees have an envelope slightly closer to the theoretical option price.

7.1.2 Sensitivity measures: Greeks estimation and performance compari-
son

Unlike European options, for which analytical formulas are available for the com-
putation of the sensitivity measures (called in jargon Greeks), American options risk
measures can only be estimated by using numerical techniques. As a consequence,
it is better to perform these calculations through the Lattice approach rather than
quasi-closed formulas. This set of ratios provides a numerical approximation of the
Greeks ∆, Γ and Θ and they can be used for all the binomial methodologies.

∆ =
f1,1 − f1,0

S · u− S · d , Γ =

f2,2− f2,1
S·u2−S −

f2,1− f2,0
S−Sd2

1
2 (S · u2 − S · d2)

, Θ =
f2,1 − f0,0

2∆t · 365
(7.1)
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where fi,j is the price calculated on the node (i, j) of the Markov chain. The obtained
results are plotted in function of the arborescence used for building the tree, i.e. in
the [time intervals, estimated greek] plane (Fig 7.4, 7.5, 7.6, 7.7).

7.1.3 Flexi-Forward option pricing through Binomial Trees

A Flexible Forward is a contract which exchanges an agreed notional in a foreign
currency within two dates. The writer can exercise the option every time he wants
(American call), but he has the duty to do so before the maturity date (European
down-and-out put). The barrier level (H∗) is dynamically fixed in function of the
probability for which the American call goes in-the-money. The pricing of the deriva-
tive has been made by using CRR and LR1-2 binomial trees both for the estimation
of the American call fair-value and for the determination of the critical barrier level
H∗. The European Barrier put is valued using the traditional Reiner-Rubinstein’s
exact closed formulas (Reiner and Rubinstein, 1991a).

The first pricing test concerns a Flexi-Forward with the Strike Price greater than the
spot exchange rate. Its financial characteristics are summarized in Table 7.2 (Market
Data 31 March 2015 – Source: Bloomberg).

Model Inputs and Market data
Settlement Date 31th March 2015
Maturity Date 31th March 2016

Binomial Tree Model LR1-LR2-CRR
Risk Free Rate (r) -0.425%

Forward 1.0805
Foreign Risk Free Rate (r f ) 0.304%

Spot (S) 1.0725
Direction Client buys USD - Cash EUR

Strike Price (K) 1.1
Volatility (σ) 10.766%

Notional 1.000.000 USD

TABLE 7.2: Input parameters for the Flexi-forward valuation. Case:
K > S

The convergence graph to the estimated price is reported in Figure 7.8. The fair-
value of the instrument is -2.55% (premium in Domestic Euro currency). The red
line highlights the performance of the Leisen Reimer Tree, while the blue line is the
results obtained by using the traditional CRR approach.

The second pricing test deals with a Flexi Forward for which the Strike Price is less
than the spot exchange rate. The financial characteristics are summarized in Table
7.3 (Market Data: 31 March 2015, Source: Bloomberg). As shown in Figures 7.8 and
7.9, in order to price a Flexi Forward contract on currencies, an analyst is able to
obtain a more accurate and smoother convergence to the fair-value using LR trees
rather than other traditional numerical models. The convergence graph to the ex-
pected theoretical price (+ 6.79%, premium expressed in Domestic currency - Euro)
is depicted in Fig. 7.9. The same convention is maintained: the red line represents
LR1-2 performance, while the blue line represents CRR results.
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Model Inputs and Market data
Settlement Date 31th March 2015
Maturity Date 31th March 2016

Binomial Tree Model LR1-LR2-CRR
Risk Free Rate (r) -0.425%

Forward 1.0805
Foreign Risk Free Rate (r f ) 0.304%

Spot (S) 1.0725
Direction Client buys USD - Cash EUR

Strike Price (K) 1.0
Volatility (σ) 10.766%

Notional 1.000.000 USD

TABLE 7.3: Input parameters for the Flexi-forward valuation. Case:
K < S

7.1.4 Flexi-Forward option pricing through Trinomial AMM

In a similar way, a Trinomial Adaptive Mesh Model (AMM) has also been imple-
mented for pricing a Forex Flexi Forward. Matlab code designed for this pricing
model has been checked using the BS 2002 model.

The convergence of the AMM model has been done using an American call option
having the following input parameters: S = K = 100, T = 0.5, r = 10%, b = 10%
and σ = 35%.

Figure 7.10 shows the value of the price of the American call option as the discretiza-
tion intervals of the AMM vary (continuous blue line). The dotted lines represent the
values of the same derivative, obtained with the approximate closed pricing formu-
las. In particular, the green dotted line represents the Baron-Adesi-Whaley method,
the red one the 1993 technique proposed by Bjerksund-Stensland, while the blue one
represents the improved 2002 version.

Model Inputs and Market data
Settlement Date 20th July 2019
Maturity Date 21st July 2020

Trinomial Lattice Model Adaptive Mesh Model
Risk Free Rate (EUR Depo) -0.681%

Forward 121.10
Foreign Risk Free Rate (JPY Depo) 0.304%

Spot (S) 120.87
Direction Client buys YEN - Cash EUR

Strike Price (K) 122.92
Volatility (σ) 6.802% / 7.304 % (mid valuation)

TABLE 7.4: Input parameters for the Flexi-forward valuation. Case:
K > S

As can be seen, the AMM methodology converges rather quickly towards the best
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approximation. In order to analyze the price sensitivity with respect to the main in-
put parameters for the model implemented, the construction of the pricing surfaces
is proposed as the inputs vary, in the ranges:

• S ∈ [50; 150] and T ∈ [10; 360] days (Figure 7.11)

• K ∈ [50; 150] and σ ∈ [10%; 90%] days (Figure 7.12)

The real market case involves the pricing of two Flexi-Forward products on EUR/YEN
exchange rate. Its financial characteristics are summarized in Table 7.4 (Market Data
31 March 2015 – Source: Bloomberg).

The fair value of the product equals -1.70% (premium expressed in the domestic cur-
rency - EUR). For the case K < S, the input data are summarized in Table 7.5. The
price of the product is 1.31% (premium expressed in the domestic currency - EUR).

Model Inputs and Market data
Settlement Date 20th July 2019
Maturity Date 21st July 2020

Trinomial Lattice Model Adaptive Mesh Model
Risk Free Rate (EUR Depo) -0.681%

Forward 121.10
Foreign Risk Free Rate (JPY Depo) 0.304%

Spot (S) 120.87
Direction Client buys YEN - Cash EUR

Strike Price (K) 119.29
Volatility (σ) 7.184% / 7.692 % (mid valuation)

TABLE 7.5: Input parameters for the Flexi-forward valuation. Case:
K < S
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FIGURE 7.1: The correct fair-value convergence of the American call
option using different Markov chains

FIGURE 7.2: Analysis of the convergence speed within the range
[1, 100] for the CRRd – JR – LR2 trees
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FIGURE 7.3: Analysis of the convergence speed within the range
[1, 100] for the CRR – EQP – LR1 – Tian trees

FIGURE 7.4: Estimation of the American call option Delta using
CRRd, JR and LR2 trees
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FIGURE 7.5: Estimation of the American call option Delta using CRR,
EQP, LR1 and Tian trees

FIGURE 7.6: Estimation of the American call option Gamma using
CRR, LR1 and LR2 trees
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FIGURE 7.7: Estimation of the American call option Theta using CRR,
LR1 and LR2 trees

FIGURE 7.8: Convergence to the expected Flexi Forward option value
using CRR, LR1 and LR2 model for K > S
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FIGURE 7.9: Convergence to the expected Flexi Forward option value
using CRR, LR1 and LR2 model for K < S

FIGURE 7.10: The correct fair-value convergence of the American call
option using Trinomial AMM
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FIGURE 7.11: Pricing Surface for the American Call option: S ∈
[50; 150] and T ∈ [10; 360] days (Trinomial Adaptive Mesh Model)

FIGURE 7.12: Pricing Surface for the American Call option: K ∈
[50; 150] and σ ∈ [10%; 90%] days (Trinomial Adaptive Mesh Model)
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7.2 American Option Pricing under negative interest rates

As outlined in a recent note from the Actuarial Association of Europe (Association,
2016), nowadays negative nominal interest rates for long term maturities are observ-
able in both European and American financial markets. In addition to the economic
effects, this led to several technical problems, as the existing pricing models do not
give proper valuations, so that either the financial position cannot be correctly priced
or the results can be questioned (Giribone, 2017c).

From the financial standpoint, it is therefore necessary to check to what extent the
existing pricing models can be adapted to incorporate negative nominal rates. This
aspect has been already investigated in some research papers: (Burro et al., 2017) and
(Giribone, Ligato, and Mulas, 2017) discuss the issue for options written on interest
rates, both from the practical and the theoretical viewpoint (Giribone and Ligato,
2016a); (Recchioni, Sun, and Tedeschi, 2017) focusing on foreign exchange and index
options investigate whether the use of models allowing for negative interest rates
can improve option pricing and implied volatility forecasting; (Abudi and Izhakian,
2013) discusses a new closed form for option pricing that leads to sensitively lower
the error in European options pricing. Besides, (Inui, 2015) adapts the Nelson-Siegel
model (Nelson and Siegel, 1987) to include the negative interests. However, to the
best of our knowledge, much less efforts have been devoted to model the effects of
negative nominal interest rates in option pricing for other types of underlying.

In particular, some issues might arise in the case of equity that does not pay divi-
dends: finding the fair value at early exercise of an American Call might be tricky,
as it could not match the value of a European Call option with the same parameters.
The problem is relevant, because of its corporate implications, as the option evalua-
tion could make the difference when valuing a firm.

This study aims to fill this gap. Our research question is discussing whether the
known approximation formulas can effectively bypass the above highlighted prob-
lems. We illustrate an empirical application, where we compare the estimation of
a number of quasi-closed formulas, with that provided by the stochastic trinomial
trees algorithm, and we highlight how the bias between the fair value of the Amer-
ican Call at early exercise and the value of the corresponding European Call can be
strongly mitigated using this latter methodology.

7.2.1 On the Violation of the Equivalence between American and Euro-
pean Call Value

Let us denote by CA = fA (S, K, T, r, q, σ) the value of an American Call with spot
price S, strike price K, time to expiration T, interest rate r, dividend yield q and
volatility σ. We also denote by CE = fE (S, K, T, r, q, σ) the corresponding value for
a European contingent claim. We focus on the well-known property (Hull, 2018)
according to which in case of an underlying with null dividends we have:

fA (S, K, T, r, 0, σ) = fE (S, K, T, r, 0, σ) (7.2)

In the case of negative interest rate, Equation 7.2 might not be satisfied. The value
of a European Call Option, in fact, cannot be lower than the difference between the
spot price and the actual value of the strike price:
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fA (S, K, T, r, 0, σ) ≥ fE (S, K, T, r, 0, σ) ≥ St − K exp (−rT) (7.3)

Besides:

fA (S, K, T, r, 0, σ) ≥ max [0, St − K] (7.4)

Joining Equations 7.3 and 7.4, we get:

St − K < St − K exp (−rT) (7.5)

Equation 7.5 clearly holds if r > 0.

If r < 0, Equation 7.5 is no more consistent, because the term in the right-hand side
might be either negative or lower than the value in the left-hand side, as: exp (−rT) >
1.

7.2.2 Examples and Discussion

In this section we discuss some interesting cases implementing the quasi-closed for-
mulas (BAW, BS1993 and BS2002) and the CRR Trinomial Trees.

We consider three scenarios (A, B, and C), and for each of them we compute the
value of the American Call. In detail:

• A) represents a typical market situation, with a positive risk-free rate, and with
a dividend-paying stock as underlying;

• B) simulates a market situation with a positive risk-free rate, and with a null
dividend stock as underlying: in this case, as r > 0, Equation 7.2 holds;

• C) considers an atypical situation, with a negative risk-free rate. The underly-
ing stock, likewise in the B case, does not pay any dividend.

The parameters employed in the simulation are reported in Table 7.6: we have used
the annualized value of the volatility, while T is expressed as a fraction of the year;
finally, the value of r in the third scenario corresponds to the 3-months value of the
Euribor at 9th September 2016, as provided by Bloomberg.

Parameters A B C
S 100 100 100
K 100 100 100
r 10% 10% -0.301%
q 10% 0% 0%
b 0% 10% -0.301%
σ 25% 25% 25%
T 0.25 0.25 0.25

TABLE 7.6: Parameters employed in the three scenarios simulation

The simulation results are shown in Table 7.7, where we employed the following
abbreviations: BAW to indicate the Barone-Adesi and Whaley model, BS1993 and
BS2002 referring to 1993 and 2002 Bjerksund and Stensland approximation formulas,
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respectively, and T-TREE for the trinomial tree. In this latter case, the discretization
steps were set to N = 9000.
Looking at Table 7.7, several remarks come out. First, in scenario A, by construction,
the early exercise of the American call is sometimes optimal, and this is duly taken
into consideration by every approximation scheme.

In scenario B, as it replicates a situation where the early exercise is never optimal
and 7.2 holds, all the examined schemes have properly applied the Black-Scholes
formula for the European Call.

In the third case, the methods relying on quasi-closed approximation formulas (BAW,
BS1993 and BS2002) have still exploited 7.2 which is no longer verified, so that
they all incorrectly estimated the American Call value. On the other hand, the T-
TREE scheme generated a more robust estimation, because the convenience for the
early exercise was checked on each node of the tree. As preliminary conclusion,
we can therefore state that using the trinomial trees rather than other approxima-
tion schemes might be preferable, as this methodology seems to be more robust to
anomalous parameters values.

Model A B C
BAW 4.8908 6.2545 4.9479

BS1993 4.8765 6.2545 4.9479
BS2002 4.8802 6.2545 4.9479
T-Tree 4.8801 6.2544 5.0461

TABLE 7.7: Simulation results for the three scenarios under different
estimation models.

We then moved one step further, giving additional instruments to evaluate such
robustness. To such aim, we focused on scenario C (i.e. the one where critical is-
sues arose) and we studied the behaviour of the estimation errors using the T-TREE
(ErrorT−TREE) and the BS2002 (ErrorBS2002) schemes, varying once per time S, K, T,
σ and r. Figure 7.13 shows the behaviour of the variable Error = ErrorT−TREE −
ErrorBS2002.

Looking at the results, from Figure 7.13(a) we observe that, by varying the spot value
S, the Error lies within the interval [0.02, 0.35], and tends to increase, originally in a
more than proportional fashion. This suggests the existence of model risk, raising as
the option’s moneyness increases.

Similar considerations also apply also to the behaviour of Error with respect to the
strike price K, shown in Figure 7.13(b). In this second case, in fact, the lower K(high
moneyness) the higher Error is, i.e. the higher the gap between the T-TREE and the
better the quasi-closed approximation method.

In the case of the time to maturity T, observable in Figure 7.13(c), the divergence be-
tween T-TREE and BS2002 is very evident, with Error varying in the range [0.05, 0.5]:
the longer the hedging period, the worse the performance of conventional methods
is.

As concerns the behaviour of Error varying r, Figure 7.13(d) examines only the case
of negative risk-free rates. In this case, we can observe an elbow-like curve, with
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higher Error values (more than 0.1) concentrated around lowest (and quite unrealis-
tic) negative nominal rates. In every case, as r < 0, Error never falls under the 0.09
threshold.

Finally, from Figure 7.13(e) we can state that there is a positive correlation between
the behaviour of Error and σ, with the former monotonically growing as the annu-
alized volatility increases.

We then examined the impact of different approximation schemes on the value of
the most used Greeks (Hull, 2018) , because of the paramount role that they play
in the hedging activity. We therefore evaluated Delta (∆), Vega (ϑ) and Theta (Θ),
being:

∆ =
∂CA

∂S
, ϑ =

∂CA

∂σ
, Θ =

∂CA

∂T
(7.6)

where CA is the option value, and S, σ and T are as usual. Table 7.8 contains the
estimated values. From the results in Table 7.8, we aim at replicating the situations
already discussed in the first sensitivity analysis, with all the methods generating
the same values for each Greek in Scenarios A and B, and with the T-TREE scheme
providing different results in case C.

Greeks A B C
∆BAW 0.5156 0.6035 0.5225

∆BS1993 0.5151 0.6035 0.5225
∆BS2002 0.5154 0.6035 0.5225
∆T−Tree 0.5152 0.6033 0.5294
ϑBAW 19.5379 19.2716 19.9153

ϑBS1993 19.4847 19.2716 19.9153
ϑBS2002 19.4951 19.2716 19.9153
ϑT−Tree 19.5035 19.2714 20.3289
ΘBAW -9.4356 -15.0457 -9.8153

ΘBS1993 -9.3404 -15.0457 -9.8153
ΘBS2002 -9.3612 -15.0457 -9.8153
ΘT−Tree -9.3662 -15.0424 -10.0203

TABLE 7.8: The impact of different approximation schemes on the
value of Delta, Vega and Theta Greeks.
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FIGURE 7.13: From top to bottom and from left to right: behaviour of
error varying S (a), K (b), T (c), r (d), and σ (e).
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Chapter 8

Implicit Contracts

“If we exclude prodigious and singular moments that destiny can offer us, loving our job is
the best concrete approximation to happiness on earth.
But this is a truth that not many people know.”

Primo Levi, The wrench, 1978

“Se si escludono istanti prodigiosi e singoli che il destino ci può donare, l’amare il proprio
lavoro costituisce la migliore approssimazione concreta alla felicità sulla terra.
Ma questa è una verità che non molti conoscono.”

Primo Levi, La chiave a stella, 1978

This chapter is arranged as follows. Section 8.1 describes the theoretical setting. Sec-
tion 8.2 analyses the deterministic economy. Section 8.3 analyzes the stochastic econ-
omy with uncertainty in the effectiveness of labour. Finally, section 8.4 concludes.

8.1 Theoretical setting

We consider a model economy in which time is continuous and a representative
risk-neutral firm deals with a group of risk-averse identical workers who cannot
purchase insurance against fluctuations in the level of their long-run labour income.
Within this environment, given the different attitude towards risk, we make the hy-
pothesis that the firm and its workers are linked to each other by an informal wage
contract that seeks to stabilize the level of labour earnings. Assuming the absence of
non-labour incomes and savings on the side of workers, this means that the informal
agreement between the workers and the firm will tend to stabilize real consumption
in a long-run perspective (cf. Abowd and Card, 1987).

On the productive side – similarly to (Guerrazzi, 2011) and (Guerrazzi, 2020) – we
assume that the representative firm is endowed with a quadratic production func-
tion so that instantaneous output Y (t) is equal to:

Y (t) = A (t) L (t)− 1
2
(L (t))2 (8.1)

where A (t) > 0 is a technology variable and/or measure of the economy-wide out-
put taken as given by the firm and its workers whereas L (t) is the labour provision
of the workers attached to the firm measured in hours.
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On the supply side, the variable A (t) in eq. 8.1 affects the marginal productivity
of employed workers in a linear manner and it conveys the actual realization of
the state of the world. Specifically, the higher (lower) the value of A (t), the higher
(lower) the marginal productivity of employed workers and the better (worse) the
realized state of the world. On the demand side, higher (lower) values of A (t) mean
that the firm can obtain a higher (lower) relative price for each level of production.
We assume that A (t) might move over time according to an Ornstein-Uhlenbeck
process (cf. Cox and Miller, 1967). Formally speaking, this means that

Ȧ (t) = κ (µA − A (t)) + σA ẋ (t) (8.2)

where µA > 0 is the long-run mean of the process, κ > 0 is its speed of mean re-
version, σA > 0 is its instantaneous standard deviation whereas ẋ (t) is a standard
Brownian motion with zero drift and unit variance.

As implied by the text-book treatment of the implicit contract theory offered by
Romer (Romer, 2019, Chapter 11), in a time-less contracting model with stochas-
tic productivity, the fixed level of consumption granted to workers in all the states
of the world can be conveyed as a non-linear combination of the possible realiza-
tions of productivity shocks whose weights are affected by workers preferences,
the available productive technology and the probability distribution of the already
mentioned productivity shocks (a formal proof for this statement is sketched in the
Appendix of the paper (Guerrazzi and Giribone, 2019). Consequently, under the as-
sumption that agents are rational and the information on these fundamental factors
is costlessly available to all the involved parties of the contract, such a critical level
of consumption can be taken as exogenously given without any loss of generality.

Along these lines, in what follows we will not specify the form of workers’ utility
function and we will assume that the long-run consumption granted to employed
workers who reached an agreement with the firm is fixed at the constant level C > 0.
Thereafter, the out-of-equilibrium dynamics of the contract real wage w (t) aimed at
equalizing in the long-run the wage bill to C will be given by

ẇ (t) = θ

(
C

L (t)
− w (t)

)
(8.3)

where θ > 0 is a measure of the attrition between the actual and the long-run real
wage that stabilizes consumption.

The expression in Eq. 8.3 represents the evolution of contract wages coming from
the informal agreement achieved between the firm and its workers and it implies
that in each instant w (t) increases (decreases) whenever it is below (above) the level
of long-run consumption per working hour. Such a differential equation can be con-
ceived as a reduced form that binds in a dynamic way the choice of the firm regard-
ing labour intensity by summarizing in a compact manner all the relevant terms of
the implicit contract. In detail, its formal specification is not affected by the evolu-
tion of A (t) in order to capture the idea that the wage contract is not renegotiated
when the state of the world changes (cf. Ham and Reilly, 2013). Furthermore, having
in mind the way in which workers’ preferences usually affect the terms of implicit
contracts, the parameter θ in the RHS of Eq. 8.3 can be taken as a measure of the
degree of aversion with respect to situations of under- or overconsumption; indeed,
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for any given level of L, the higher (lower) the value of θ, the faster w adjusts it-
self in the direction of C. As we show in (Guerrazzi and Giribone, 2019), assuming
that the real wage increases (decreases) when labour earnings are below (above)
the long-run level of consumption specified in the contract complicates the analyti-
cal treatment of the model without any substantial modification in the conclusions
achieved throughout the study.

The adherence of the firm and its workers to the trajectories generated by the re-
duced form that enters model to represent the implicit contract and makes the wage
a state variable deserves further explanations. Following the game-theoretical argu-
ments put forward by (Bull, 1987), the wage trajectory implied by Eq. 8.3 should be
thought as the outcome of a Nash equilibrium of a post-hiring trading game whose
self-enforceability is supported by intra-firm reputation. In other words, given the
preferences of the firm and the ones of its workers, the values of the parameters
C and θ have to be selected in order to avoid the existence of any incentive to re-
nege on the contract (cf. (Thomas and Worral, 1988), (Pearce and Stacchetti, 1998),
(Michelacci and Quadrini, 2009)). In (Guerrazzi and Giribone, 2019), we will show
that the factors that usually drive enforceability in inter-temporal implicit contract
models in our theoretical context determine the existence and dynamic properties of
stationary solutions. Since reneging on the contract means that one of the two parties
– or both – has the desire to deviate from the achieved agreement, the enforceability
of the wage contract described by Eq. 8.3 will be assimilated to the existence of a
stable stationary solution for working hours and wages.

8.2 The deterministic economy

We begin our analysis by considering what happens in a model economy without
uncertainty so that the state of the world is revealed to the firm and its workers at the
beginning of time and then it is assumed to remain constant thereafter. Specifically,
we initially assume that

A(t) = A > 0 for all t (8.4)

In each instant, given the values of C, θ, and A, the inter-temporal problem of the
representative firm in the model economy described above is to set the optimal
labour input aiming at maximizing its profits by taking into account that the real
wage adjusts according to the differential equation 8.3. Formally speaking, taking
into account the production function in eq. 8.1 and the simplifying assumption in
8.4, the problem of the representative firm is the following:

V (w0) = max{L(t)}∞
t=0

∞∫
t=0

exp (−ρt)
(

AL (t)− 1
2 (L (t))2 − w (t) L (t)

)
dt

s.to
ẇ (t) = θ

(
C

L(t) − w (t)
)

w (0) = w0

(8.5)

where V is the value function, ρ > 0 is the discount rate of entrepreneurs whereas
w0 > 0 is the initial level of the real wage rate quoted on the implicit contract.
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The solution of the problem in 8.5 defines a trajectory for working hours and a tra-
jectory for wages that lead to the stabilization of labour income in the direction of
the level of the long-run consumption established in the implicit contract.
The first-order conditions (FOCs) of the problem in 8.5 can be written as

A− L (t)− w (t)− θC
Λ (t)

(L (t))2 = 0 (8.6)

Λ̇ (t) = (ρ + θ)Λ (t) + L (t) (8.7)

lim
t→∞

(−ρt)Λ (t)w (t) = 0 (8.8)

where Λ (t) is the costate variable associated to w (t).

Eq. 8.6 is the FOC with respect to the control variable of the firm, that is, L (t). More-
over, the differential equation in 8.7 describes the optimal path of Λ(t), whereas 8.8
is the required transversality condition.

After a trivial manipulation, the results in eq.s 8.6 and 8.7 allow us to obtain the fol-
lowing differential equation for the out-of-equilibrium dynamics of working hours:

L̇ (t) =
(ρ + θ) L (t) (A− L (t)− w (t)) + θ (2C− w (t) L (t))

2 (A− L (t)− w (t))− L (t)
(8.9)

Starting from given initial conditions to be defined, the differential equations in 8.3
and 8.9 describe how hours of work and wages move over time once an everlasting
state of the world is revealed to the firm and its workers. Consequently, eq.s. 8.3 and
8.9 convey the dynamics of wages and hours for a given level of labour productivity.

8.2.1 Steady-state equilibria

Within the model under investigation, steady-state equilibria are defined as the set
of pairs {L∗, w∗} such that L̇ (t) = ẇ (t) = 0. Obviously, the elements of that set are
given by allocations in which the real wage bill equals the fixed level of consumption
quoted on the implicit contract on which the firm and its workers agreed upon.

From a formal point of view, the derivation of {L∗, w∗} is straightforward. First,
setting ẇ (t) = 0 in eq. (3) leads to

w∗ =
C
L∗

(8.10)

Thereafter, setting L̇ (t) = 0 in eq. 8.9 and plugging the result into eq. 8.10 leads to
the following quadratic expression:

(L∗)2 − AL∗ +
Cρ

ρ + θ
= 0 (8.11)

The parabola in eq. 8.11 allows to state the following three plain propositions:

Proposition 1: When A = 2
√

Cρ/ (ρ + θ), there is only one stationary solution given
by L∗0 ≡ A/2 and w∗0 ≡ 2C/A.
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Proposition 2: When A > 2
√

Cρ/ (ρ + θ), there are two distinct stationary solutions
given by:

L∗1 ≡ 1/2
(

A−
√

A2 − 4Cρ/ (ρ + θ)
)

and w∗1 ≡ 2C/
(

A−
√

A2 − 4Cρ/ (ρ + θ)
)

as well as

L∗2 ≡ 1/2
(

A +
√

A2 − 4Cρ/ (ρ + θ)
)

and w∗2 ≡ 2C/
(

A +
√

A2 − 4Cρ/ (ρ + θ)
)

.

Proposition 3: When A < 2
√

Cρ/ (ρ + θ), there are no (real) stationary solutions.

Proposition 1 provides the parameters’ combination under which there is a unique
steady-state (L∗0 , w∗0). In that allocation, equilibrium hours are an increasing function
of the parameter that conveys the actual state of the world, whereas the equilibrium
wage increases (decreases) with the fixed level of consumption granted by the im-
plicit contract (the realized state of the world) virtually signed by the firm and its
employees. It is worth noticing that the unique stationary solution falls in the con-
cave part of the production function in eq. 8.1. This pattern clearly points out the
insurance component of the implicit contract under which workers tend to work
more (less) for less (more) in good (bad) states (cf. (Romer, 2019), Chapter 11).
By contrast, Proposition 2 reveals the condition under which – similarly to what
happens in the dynamic search model with multiple equilibria by (Diamond, 1982)
– there are two different steady-states, that is, (L∗1 , w∗1) and (L∗2 , w∗2). Obviously, for
(L∗1 , w∗1) to be feasible it must hold that A >

√
A2 − 4Cρ/ (ρ + θ).

Assuming separability between leisure and consumption in the utility function of
workers, the two stationary solutions pointed out in Proposition 2 can be ordered
according to the preferences of the involved economic agents. Specifically, since the
implied level of consumption – or the implied labour earnings – is the same in both
allocations, (L∗1 , w∗1), that is, the stationary solution with low equilibrium hours and
high equilibrium wage, is the most preferred by workers because it implies more
leisure, whereas (L∗2 , w∗2), that is, the stationary solution with high equilibrium hours
and low equilibrium wage, is the most preferred by the firm because – everything
else being equal – it implies higher profits.

Furthermore, Proposition 3 shows the condition under which a steady-state does not
exist. For a given value of the state of the world conveyed by A, the impossibility to
retrieve a stationary solution for the dynamics of working hours and wages appears
alternatively related to an excessive degree of impatience on the side of the firms mir-
rored in the value taken by ρ, to an excessive fixed level of long-run consumption
granted to workers embodied in the actual level of C or to a mild rate of mean rever-
sion of contract wages conveyed by the value of θ. Overall, this proposition suggests
that in our dynamic implicit-contract model the existence of a stationary solution re-
quires appropriate levels of firm’s profitability and workers’ risk-aversion together
with not exorbitant discount rates and insured long-run levels of labour income.

The requirements for the existence of a steady state summarized by Proposition 3
mirror the usual combination of factors that according to the literature reviewed in
paragraph 1.1.2 should determine the existence and the enforceability of implicit
contracts. In detail, a certain degree of risk aversion is the main reason why a group
of workers decide to engage in a long-run relationship with a risk-neutral firm (cf.
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(Baily, 1974), (Gordon, 1974) and (Azariadis, 1975)). Moreover, the result on dis-
counting recalls the one achieved by (Gurtel, 2006) in a repeated-game setting where
higher values of the discount rate yield a decrease in the future value of firm’s pro-
fits. Consequently, it becomes less worthwhile for the firm to honour the implicit
agreement achieved with its workers since the punishment for reneging on the con-
tract decreases and in that case the firm may find profitable to withdraw from the
agreement (cf. Pearce and Stacchetti, 1998). Furthermore, similar arguments hold for
the measure of firm’s profitability; indeed, a reduction of output can make it diffi-
cult for the firm to respect the terms of the wage contract (cf. Harris and Holmstrom,
1982).

8.2.2 Local dynamics

Given the stationary solution {L∗, w∗}, the local dynamics of working hours and
wages is described by the following 2× 2 linear system:(

L̇ (t)
ẇ (t)

)
=

[
j1,1 j1,2

− θC
(L∗)2 −θ

](
L (t)− L∗

w (t)− w∗

)
(8.12)

where j1,1 ≡ ∂L̇ (t) /∂L (t)
∣∣

L(t)=L∗,w(t)=w∗ and j1,2 ≡ ∂L̇ (t) /∂w (t)
∣∣

L(t)=L∗,w(t)=w∗ .
In general terms, the two unspecified elements on the first row of the Jacobian matrix
in 8.12 can be written as

j1,1 =

(
(ρ + θ)Φ (L∗)− θC

L∗
)
(2Γ (L∗)− L∗) + 3

(
(ρ + θ)

(
AL∗ − (L∗)2 − C

)
+ θC

)
(2Γ (L∗)− L∗)2

(8.13)

j1,2 =
2
(
(ρ + θ)

(
AL∗ − (L∗)2 − C

)
+ θC

)
− (ρ + 2θ) L∗ (2Γ (L∗)− L∗)

(2Γ (L∗)− L∗)2 (8.14)

where Φ (L∗) ≡
(

AL∗ − 2 (L∗)2 − C
)

/L∗ and Γ (L∗) ≡
(

AL∗ − (L∗)2 − C
)

/L∗.
Under the condition pointed out in Proposition 1, that is, when there is only one sta-
tionary solution given by (L∗0 , w∗0), the Jacobian matrix of the system in 8.12 merely
reduces to [

ρ + θ ρ

− θ(θ+ρ)
ρ −θ

]
(8.15)

The trace of the matrix in 8.15 is equal to ρ whereas its determinant is equal to zero.
This means that one eigenvalue of the system is zero whereas the other is equal to ρ.
Consequently, when the parameters of the deterministic model deliver a unique sta-
tionary solution, the out-of-equilibrium dynamics of working hours and wages can-
not be assessed; indeed, this characterization represents a degenerate case in which
convergence towards the stationary solution is possible only if time flows in reverse
(cf. Lesovik et al., 2019).

From an economic point of view, this result can be rationalized by arguing that when
the condition indicated by Proposition 1 is met the agreement achieved between the
firm and the workers – described by the problem in 8.5 – is not self-enforcing. In
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fact, when there is only one resting point in the system of eq.s 8.3 and 8.9, the insur-
ance mechanism provided by the implicit contract becomes pointless. In a forward-
looking environment, despite the constancy of labour effectiveness, the implemen-
tation of the agreement between the firms and its workers requires at least the ex-
istence of multiple equilibria. Therefore, when the condition for the uniqueness of
stationary equilibrium is met, the solution of the firm problem is not able to pin
down a meaningful out-of-equilibrium dynamics for contract hours and wages.

Under the condition pointed out by Proposition 8.2, that is, when there are two dis-
tinct stationary solutions given by (L∗1 , w∗1) and (L∗2 , w∗2), analytical results are diffi-
cult to be derived. Fixing the value of ρ and relying on a computational software,
however, it becomes possible to assess – for different values of A, θ and C – the mag-
nitude of the eigenvalues associated to the Jacobian matrix in 8.12 – say r1 and r2 –
for each implied stationary solution. Specifically, setting the value of the discount
rate as in (Alvarez and Shimer, 2011), some sets of numerical solutions are collected
in Tables 8.1, 8.2 and 8.3.

A L∗1 w∗1 r1 r2 L∗2 w∗2 r1 r2

1.3 0.351 2.845 0.025 + 0.039i 0.025− 0.039i 0.948 1.054 0.091 −0.041
1.4 0.304 3.287 0.025 + 0.043i 0.025− 0.043i 1.095 0.912 0.100 −0.050
1.5 0.271 3.686 0.025 + 0.046i 0.025− 0.046i 1.228 0.813 0.107 −0.057
1.6 0.246 4.061 0.025 + 0.048i 0.025− 0.048i 1.353 0.738 0.112 −0.062
1.7 0.226 4.421 0.025 + 0.049i 0.025− 0.049i 1.473 0.678 0.117 −0.067

TABLE 8.1: Numerical solutions for different values of A
(ρ = 0.05, θ = 0.10, C = 1)

θ L∗1 w∗1 r1 r2 L∗2 w∗2 r1 r2

0.08 0.328 3.046 0.025 + 0.039i 0.025− 0.039i 1.171 0.853 0.092 −0.042
0.09 0.296 3.368 0.025 + 0.042i 0.025− 0.042i 1.203 0.831 0.100 −0.050
0.10 0.271 3.686 0.025 + 0.046i 0.025− 0.046i 1.228 0.813 0.107 −0.057
0.11 0.250 4 0.025 + 0.049i 0.025− 0.049i 1.250 0.800 0.115 −0.065
0.12 0.231 4.311 0.025 + 0.052i 0.025− 0.052i 1.268 0.788 0.122 −0.072

TABLE 8.2: Numerical solutions for different values of θ
(ρ = 0.05, A = 1.5, C = 1)

C L∗1 w∗1 r1 r2 L∗2 w∗2 r1 r2

0.8 0.206 3.881 0.025 + 0.049i 0.025− 0.049i 1.293 0.618 0.116 −0.066
0.9 0.237 3.787 0.025 + 0.047i 0.025− 0.047i 1.262 0.713 0.112 −0.062
1.0 0.271 3.686 0.025 + 0.046i 0.025− 0.046i 1.228 0.813 0.107 −0.057
1.1 0.307 3.577 0.025 + 0.044i 0.025− 0.044i 1.192 0.922 0.103 −0.053
1.2 0.346 3.459 0.025 + 0.042i 0.025− 0.042i 1.153 1.040 0.098 −0.048

TABLE 8.3: Numerical solutions for different values of C
(ρ = 0.05, A = 1.5, θ = 0.10)

The numerical results in Tables 8.1, 8.2 and 8.3 can be summarized in the following
proposition:
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Proposition 4: When A > 2
√

Cρ/ (ρ + θ), the stationary solution (L∗1 , w∗1) defined
in Proposition 2 is an unstable source with complex dynamics whereas (L∗2 , w∗2) is a
saddle point.

Proposition 4 reveals that when the condition for multiple stationary solution is met
the steady-state with low equilibrium hours and high equilibrium wage is unstable
whereas the steady-state with high equilibrium hours and low equilibrium wage is
characterized by saddle-path dynamics. This means that given an initial value for
the contract wage – say w(0) = w0 > 0 – there is only one trajectory that satisfies the
dynamic system in 8.12 which converges to (L∗2 , w∗2) while all the others diverge. In
other words, the equilibrium path towards the steady-state with high equilibrium
hours and low equilibrium wage is locally determinate, that is, taking the contract
value of w0 there is only a unique value of the initial hours – L(0) – in the neighbour-
hood of L∗2 that generates a trajectory converging to (L∗2 , w∗2) whereas all the others
diverge. Strictly speaking, the value of L(0) should be selected in order to verify
the transversality condition in 8.8 by placing the system in 8.12 exactly on the stable
branch of the saddle point (L∗2 , w∗2). For the arguments put forward above, the fact
that there is a unique optimal converging trajectory means that the dynamic wage
contract described by eq. 8.3 is self-enforceable; indeed, all the diverging trajectories
imply lower profits for the firm and do not allow workers to achieve the insured
level of consumption.

An interesting implication of Proposition 4 is that – unless the system rests in (L∗1 , w∗1)
– working hours and wages tend to converge towards (L∗2 , w∗2), that is, the allo-
cation which leads to higher profits with respect to (L∗1 , w∗1). To some extent, the
difference in the levels of profits in these two allocations, that equals A (L∗2 − L∗1)−
1/2

(
(L∗2)

2 − (L∗1)
2
)

can be taken as a proxy of the equilibrium reward that the firm
receives for its insurance service. In a similar manner, if U(C)−V(L) is the separable
utility function of workers, then the cost of the insurance service measured in utils
amounts to V (L∗2) − V (L∗1). Moreover, everything else being equal, the absolute
value of the convergent root (r2) is an increasing function (decreasing) of A and θ
(C). Obviously, this means that high levels of firm’s profitability as well as a strong
risk-aversion for under- or overconsumption imply a quick convergence towards
(L∗2 , w∗2). By contrast, high values of the constant level of consumption granted by
the implicit contract delay the process of convergence. In addition, it would be possi-
ble to show that firm’s impatience works against convergence, indeed, the modulus
of r2 results in being a decreasing function of the value of ρ.

Using the baseline calibration indicated in the fourth row of Tables 8.1, 8.2 and 8.3
and assuming that w (0) is 1% below or above w∗2 , the saddle path dynamics of hours,
wage and their product – which is assumed to coincide with workers’ consumption
stated by the implicit contract – is illustrated in the two panels of Figure 8.1.
The two diagrams in Figure 8.1 show that when the starting level of the wage un-
dershoots (overshoots) its stationary reference by 1% hours overshoot (undershoot)
their long-run equilibrium value by 0.35%, whereas earnings undershoot (overshoot)
their fixed contractual value by 0.65%.

Thereafter, consistently with the micro-econometric tests of the implicit contract the-
ory, wages move counter-cyclically until (L∗2 , w∗2) is reached. Moreover, given the
absence of savings, the whole adjustment process of hours and wages is character-
ized by a pattern of under- or overconsumption depending on the initial value of the
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contract wage.
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FIGURE 8.1: Saddle path adjustments of hours, wages and earnings
A = 1.5, ρ = 0.05, θ = 0.10, C = 1

The pattern of hours and wages described above follows in a straightforward man-
ner from the role played by the wage rate in the model economy under investigation.
Indeed, taking into account the insurance scheme provided to workers by the self-
enforcing implicit contract, the wage does not play any allocative function but it can
be thought as a sort of indemnity that the firm corresponds to its workers with the
aim of stabilizing their consumption (cf. Barro, 1977; Hall, 1980).

On the side of the firm, large (small) indemnities are profitable only when its prof-
itability is high (low) and this happens when the amount of working hours is low
(high).

On the side of workers, given the targeted stability of consumption, higher (lower)
indemnities will be used to buy additional (sell some) leisure - which is assumed to
be a normal good - by leading the insured employees to work for a lower (higher)
amount of hours. In other words, consistently with wage equations run in the US
at the micro level by controlling for labour productivity, higher (lower) wages have
only a positive (negative) income – or endowment – effect that leads workers to
work less (more) (cf. Beaudry and Nardo, 1995).

Finally, very different arguments hold when the condition indicated by Proposition
3 is met, that is, when the stationarity loci for hours and wages do not intersect to
each other. In this case, a stationary solution does not exist and hours (wages) tend
to implode (explode). Obviously, this pattern cannot be optimal since it violates the
transversality condition in Eq. 8.8.

8.3 The stochastic economy

Now we deal with the more realistic case in which the variable that conveys the
realized state of the world and the firm’s profitability is not constant but it follows
instead the stochastic process in eq. 8.2. In this case, the firm problem becomes the
following:
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V (A0, w0) = max{L(t)}∞
t=0

E0

 ∞∫
0

exp (−ρt)
(

A (t) L (t)− 1
2 (L (t))2 − w (t) L (t)

)
dt


s.to

ẇ (t) = θ
(

C
L(t) − w (t)

)
Ȧ (t) = κ (µA − A (t)) + σA ẋ (t)

w (0) = w0, A (0) = A0
(8.16)

where E [·] is the expectation operator whereas A0 > 0 is the initial value of the state
of the world.

Denoting by Q and S, respectively, the set in which are defined all the eligible func-
tions for the control variable L and the set in which are defined all the eligible func-
tions for the state variables A and w, the Hamilton-Jacobi-Bellman (HJB) equation
for the firm problem can be written as

ρV (A0, w0) = maxL∈Q
{

AL− 1
2 L2 − wL+

+θ
(C

L − w
) ∂V(A0,w0)

∂w + κ (µA − A) ∂V(A0,w0)
∂A + 1

2 σ2
A

∂2V(A0,w0)
∂A2

} (8.17)

where Q ⊆ <+ whereas (A, w) ∈ S ⊆ <2
+.

Obviously, AL− 1
2 L2 − wL will be a function defined in S× Q which returns non-

negative values.
The FOC for L(t) requires that along an optimal path it must hold that

∂V (A0, w0)

∂w
=

L2 (A− L− w))

Cθ
(8.18)

It is worth noting that the expression for ∂V/∂w in eq. 8.18 is equal to the expression
for Λ implied by eq. 8.6. Moreover, the envelope condition for w is given by

(ρ + θ) ∂V(A0,w0)
∂w = θ

(C
L − w

) ∂2V(A0,w0)
∂w2 +

+κ (µA − A) ∂2V(A0,w0)
∂A∂w + 1

2 σ2
A

∂3V(A0,w0)
∂A2∂w + σ2

A
∂2V(A0,w0)

∂A2

(8.19)

Despite the simplicity of the stochastic process used to describe the evolution of
labour effectiveness, analytical results for the dynamics of hours and wages may be
difficult to find. Nevertheless, the solution of the stochastic model can be retrieved
by using numerical techniques aimed at approximating the value function over a
given grid (cf. Kushner and Dupuis, 1992).

8.3.1 Simulating the stochastic model with a Markov decision chain ap-
proximation

Here we examine a mathematical tool that allows to solve numerically the stochas-
tic optimal control problem outlined in the previous section. The approach imple-
mented by the tool is described by (Krawczyk and Windsor, 1997) and here we pro-
vide the principal ideas underlying its solution method.
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The first step is the discretization of the state-equation system using the Euler -
Maruyama approximation scheme (cf. Kloeden and Platen, 1992). Consider the fol-
lowing general continuous-time form:

dX(t) = f (X(t), u(t), t) dt + b (X(t), u(t), t) dW(t) (8.20)

where X is the vector of state variables, u(t) is the vector of control variables whereas
W(t) is a Wiener process.

According to the Euler-Maruyama scheme, the approximation of 8.20 in N partitions
is given by

Y = {Yl , l ∈N, 0 ≤ l ≤ N} (8.21)

The expression in 8.21 has to be consistent with the following expression:

Yl+1 = Yl + f (Yl , ul , τl) (τl+1 − τl) + b (Yl , ul , τl)
(
Wτl+1 −Wτl

)
(8.22)

where l = 0, . . . , N − 1 whereas the initial seed equals to Y0 = X(0).
Thereafter, in order to determine the Markov decision process, we have to define a
discrete state space, the transition probabilities for each state, and a reward func-
tion associated with each transition. The discrete state space for stage l is denoted
by Xl whereas the extreme values of the state grid are given by Ul = max

{
Xl
}

and Ll = min
{

Xl
}

. Consequently, a point x ∈ X is in the grid Xl , if and only if
Ll ≤ x ≤ Ul . Moreover, the set of the discrete state spaces for all stages, formally
speaking

{
Xl
}N

l=0, is denoted by X. Heuristically, the adopted numerical scheme is
able to approximate a generic point of X at stage l by the points of Xl which are
adjacent to it.

Having defined the discrete state space, we now move to the definition of the tran-
sition probabilities.

Consider the stochastic process in eq. (8.21), i.e., Y = {Yl , l = 0, . . . , N}, where Yl is
defined by (8.22). This process, although defined at discrete times, can take any real
value.

For a given control sequence ul and an equidistant discretization time-steps, we can
re-write the iterative scheme of (8.22) in the following abbreviated form:

Yl+1 = Yl + δ fl + bl∆Wl (8.23)

where fl = f (Yl , ul , τl), bl = b (Yl , ul , τl) whereas ∆Wl = Wτl+1 −Wτl .

Suppose that we are at time τl , so that Yl = Yl ∈ Xl . In a deterministic context (that
is, whenever ∆Wl = 0 , l = 0, . . . , N − 1), for a given control value ul , the process
moves to Yl+1, according to eq. 8.23. Consequently,

Yl+1 = Yl + δ fl (8.24)

If Yl+1 has only one state adjacent to it, then the transition probability from Yl is
equal to 1. By contrast, if there is a pair of states adjacent to Yl+1, called

(
Y
	
l+1, Y

⊕
l+1

)
,
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such that hl = Y
⊕
l+1−Y

	
l+1 > 0, the transition probabilities are determined according

to an inverse distance method. Formally speaking, we have

p
(

Yl , Y
⊕
l+1|ul

)
=

Yl+1−Y	l+1
hl

p
(

Yl , Y
	
l+1|ul

)
=

Y⊕l+1−Yl+1
hl

(8.25)

In a stochastic context, a Gaussian noise is present in (8.23) and, consequently, Yl+1 is
no longer deterministic. In this case, we can use a partition of the realizations of the
Gaussian process ∆Wl into M steps. If we choose M = 3 and we use these intervals:(
−∞,−

√
δ
)

,
(
−
√

δ,+
√

δ
)

,
(
+
√

δ,+∞
)

, where
√

δ is the standard deviation of
∆Wl , then we can compute the expected values of the noise by using the following
expression:

ω =

√
2δ

√
πe
(

1− er f
(

1√
2

)) (8.26)

where er f (·) is the standard error function defined by er f (t) = 2/
√

π
∫ t

0 e−t2
dt.

The transition probabilities for an approximated situation in which the process Y is
perturbed by the discretely valued noise ωl are defined by:

P (ωl = −ω) = p−
P (ωl = 0) = p0

P (ωl = +ω) = p+
(8.27)

As a result, if Yl+1 is obtained by (8.23) and there is a single adjacent state, then the
process reaches l + 1 with the following probabilities:

Y−l+1 = Yl+1 + blω− with probability p−
Y0

l+1 = Yl+1 with probability p0
Y+

l+1 = Yl+1 + blω+ with probability p+
(8.28)

By contrast, if there are two adjacent states, then it is reasonable to apply the inverse
distance method as in (8.25) weighted by the proper probabilities defined in (8.28).
For instance, if we consider Y−l+1 with the two adjacent states Y

−	
l+1 and Y

−⊕
l+1, then the

transition probabilities are given by

p
(

Yl , Y
−⊕
l+1|ul

)
= p−

Yl+1−Y−	l+1
hl

p
(

Yl , Y
−	
l+1|ul

)
= p−

Y−⊕l+1−Yl+1
hl

(8.29)

where hl = Y
−⊕
l+1 − Y

−	
l+1 > 0.

The next phase is to assign the performance function at every transition of the Markov
chain. The objective function to maximize must be the discretised version of the
original performance function J on the allowable controls, that is, maxu J (0, x0; u)
subject to eq. (8.23). This completes the description of the numerical instrument for
the solution of a stochastic problem.

8.3.2 Calibration and simulation results

The stochastic model is simulated in order to match the volatility of the log-deviations
of US GDP from its long-run level as reported by (Ravn and Simonelli, 2007). In
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other words, we calibrate the model with the aim of replicating the volatility of the
observed output fluctuations. To this end, the baseline calibration indicated in the
fourth row of Tables 8.1, 8.2 and 8.3 is integrated by calibrating the stochastic process
in eq. 8.2 in the following manner. First, the long-run mean of the stochastic process
that conveys the effectiveness of production (µA) is set at the same value exploited
for the deterministic simulations in Figure 8.1. Second, the speed of mean reversion
of the effectiveness of production (κ) is fixed at the value of the convergent root of
implied by the baseline calibration of the deterministic model. Moreover, the volati-
lity of the effectiveness of production (σA) is tuned in order to achieve the targeted
value of the standard deviation of output. The calibration is completed by fixing
w0 = 0.81, A0 = 1.51 and setting the time-step of simulation to 0.004. The whole set
of parameters, their description and the respective values are collected in Table 8.4.

PARAMETER DESCRIPTION VALUE

C Long-run consumption 1.000000
ρ Discount rate 0.050000
θ Attrition of the contract wage 0.100000

µA Long-run productivity 1.500000
κ Attrition of productivity 0.057000

σA Standard deviation of productivity 0.004225

TABLE 8.4: Calibration

Given the parameters’ value in Table 8.4, the theoretical values implied by the model
economy are retrieved by replicating the typical steps followed in business cycles
contributions (cf. Shimer, 2005). Specifically, we first generate 1, 200 theoretical ob-
servations. Throwing away the first 1, 000 in order to mitigate the butterfly effect,
we remain with 200 observations that represent the corresponding quarterly figures
of the typical 50-year horizon covered by business cycle analysis. For each variable
of interest, we take the standard deviation and the correlation matrix of the log de-
viations from the corresponding deterministic long-run reference. Thereafter, such
a procedure is repeated for 10, 000 times and theoretical values are obtained by av-
eraging the outcomes of each replication. Defining z as ln z− ln z∗, where z∗ is the
stable stationary solution for the variable z, the simulation results for a set of selected
variables are collected in Table 8.5 (observed values in parenthesis).

VARIABLE Y wL L w

STANDARD DEVIATION (%)
1.56
(1.56)

0.57
(1.01)

0.92
(0.51)

0.69
(0.86)

Y 1 0.63
0.94
(0.67)

−0.71
(0.18)

CORRELATION MATRIX wL − 1 0.66 −0.04

L − − 1
−0.76
(0.01)

w − − − 1

TABLE 8.5: Simulation results

The figures in Table 8.5 suggest the following broad conclusions. First, the stochastic
model understates the volatility of labour earnings and wages but it overstates the
one of working hours. According to simulated figures, earnings should be the vari-
able with the smaller volatility while in real data the lowest dispersion around the
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mean is instead observed for hours. If we interpret earnings as a measure of con-
sumption, then the figure of volatility is still understated though to a lower extent;
indeed, the observed standard deviation of consumption amounts to 0.86% which is
definitely higher than 0.57%. An explanation for this pattern is that our theoretical
framework does not account for the consumption of unemployed workers which is
usually more volatile than the consumption of the employed ones (Pissarides, 2004).

Second, contrary to what is shown by the deterministic model, the stochastic model
displays a sound degree of real-wage stickiness; indeed, the standard deviation of
simulated wages is more than twice with respect to the one of output (Shimer, 2005).
In comparison with actual data, however, our theoretical model tends to exacer-
bate the cyclical correlation of hours with respect to output. Moreover, the stochas-
tic model replicates in a strong manner the counter-cyclicality of wages that also
characterizes the saddle-path trajectories of the deterministic model. Obviously, this
means that the insurance scheme implied by the dynamics of hours and wages is
unable to explain the mild pro-cyclicality of wages observed at the macro level (cf.
Calmes, 2007). Considering A as a measure of the economy-wide output, however,
this finding can be reconciled with a more refined empirical evidence that shows the
counter-cyclical patter of US wages in response to demand shocks. Indeed, (Fleis-
chman, 1999) estimates that correlation of real wages and output in response to an
aggregate demand shock amounts to −0.49. An example of a typical trajectory of
hours, wages and labour earnings is illustrated in Figure 8.2.
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FIGURE 8.2: Stochastic adjustments of hours, wages and earnings

The diagram in Figure 8.2 clearly shows the pronounced consumption smoothing
operated by the dynamic implicit contract via the dynamics of labour earnings as
well as the counter-cyclical behaviour of wages; indeed, working hours (wages)
are always above (below) their stable long-run references. Such a pattern reveals
the existence of a strong amplification mechanism of productivity shocks inside the
stochastic model coming from the rigidity of wages. Although the negative corre-
lation between hours and wage appear at odds with the available macro evidence,
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that kind of dynamic behaviour is a direct consequence of the insurance scheme de-
scribed above and is also consistent with the empirical tests of the implicit contract
theory carried out with micro data on hours and wages even outside the US (cf.
(Bellou and Kaymak, 2012) and (Chiarini, 1998)).

8.4 Main findings

In this study, we developed a dynamic implicit-contract model grounded on optimal
control. Specifically, we explored the out-of-equilibrium dynamics of working hours
and wages in a model economy where a risk-neutral representative firm and its risk-
averse workers are linked to each other by an implicit contract that is assumed to
smooth labour earnings and consumption in a long-run perspective. In detail, we
build a theoretical framework in which the firm inter-temporally sets its optimal
level of labour utilization by taking into account that the implied wage bill tends
to adjusting in the direction of a fixed level that seeks to stabilizing workers’ equi-
librium consumption (cf. (Beaudry and Pages, 2001) and (Romer, 2019, Chapter 11)).

On the one hand, ignoring uncertainty in firm’s profitability revealed that our the-
oretical setting may have one, two or no stationary solution depending on factors
traditionally related the enforceability of contracts. The out-of-equilibrium dynam-
ics of the deterministic economy, however, can be assessed only in the two-solution
case and it reveals that wages tend to moving in the opposite direction with respect
to working hours by converging towards the allocation in which firm’s profit is rel-
atively higher than the corresponding workers’ utility. This result corroborated the
micro-econometric evidence on the implicit contract theory obtained by regressing
wage on hours by controlling for productivity (cf. Beaudry and Nardo, 1995). More-
over, we showed that when the initial value of the contract wage falls above (below)
its long-run equilibrium value, the pattern of workers’ consumption is characterized
by overconsumption (underconsumption).

On the other hand, adding uncertainty in firm’s profitability with the aim of repli-
cating the magnitude of observed output fluctuations revealed the potential of the
model to miming the real wage stickiness conveyed by macro data (cf. (Shimer,
2005) and (Ravn and Simonelli, 2007)). The insurance mechanism provided by our
dynamic implicit contract, however, understates the volatility of labour earnings and
confirms the counter-cyclicality of wages observed in micro data and in the macroe-
conomic response to aggregate demand shocks detected in a number of developed
countries (cf. (Bellou and Kaymak, 2012) and (Chiarini, 1998)).

In the absence of any substitution effect on workers’ labour provision, the failure of
our model to predicting a pro-cyclical pattern of wages in response to supply shocks
is easily attributable also to the lack of adjustments on the extensive margin of the
labour input. If positive shocks to the effectiveness of labour lead the firm to hire
additional workers and the path of contract wages is given, then the marginal pro-
ductivity of working hours does not necessarily moves in the same direction of the
effectiveness of labour because not only its vertical intercept, but also its slope will
be affected by the level of employment. Obviously, this may open the door to a pos-
itive co-movement of hours, employment and wages as observed in real macro data
where there is no distinction between supply and demand shocks. Furthermore,
there might be too much symmetry in our model economy. For instance, it is quite
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likely that the firm would be willing to lower the wages when earning are above
long-run consumption, but it may be much more reluctant to raise them when it
holds the opposite. This kind of asymmetric behaviour may have important cycli-
cal consequences both on hours and wages. The implied extensions of the model,
however, are left to further developments.
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Chapter 9

Wage Bargaining

“Have you seen a man who is an expert in his work? He will hold his place before kings”

The Old Testament, Proverbs 22,29

“Hai guardato un uomo abile nel suo lavoro? Saprà porsi davanti ai re”

Antico Testamento, Proverbi 22,29

In this chapter, we explore how different bargaining settings affect labour market
fluctuations. Specifically, modelling wage bargaining as a problem of stochastic op-
timal control, we analyse how productivity disturbances shape the dynamics of out-
put, employment and wages by focusing on the way in which firms’ and workers’
preferences interact with the rules for employment adjustments underlying the bar-
gaining process. With a quadratic production function and risk averse workers, we
show that wage bargaining outcomes whose employment adjustments go in the di-
rection of the labour demand schedule of the firms match the cyclical behaviour
of the involved variables but fail to replicate the observed real wage rigidity. By
contrast, we show that wage bargaining outcomes whose employment adjustments
target the contract curve of two negotiating parties are also able to deliver a strong
degree of wage stickiness.

9.1 Theoretical setting

We consider a model economy hit by stochastic disturbances that affect the effective-
ness of production in which time is continuous and labour is the only productive
factor. Within this stylized economy, a risk neutral representative firm and a union-
ized group of risk averse workers bargain over the wage under the supervision of
an infinitely lived mediator – or arbitrator – that counterbalances the instantaneous
objective functions of the two parties over an infinite horizon. Since the instanta-
neous solution of the bargaining process is assumed to have an influence on future
bargaining opportunities, in what follows we explicitly consider the inter-temporal
features of the negotiation activities in which the firm and the union are assumed
to be permanently involved (cf. Raiffa, 1953). On the productive side, we make the
hypothesis that the production function is given by the following quadratic expres-
sion:

Y (t) = α1 (t) L (t)− α2 (t) (L (t))2 (9.1)
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where Y (t) is the instantaneous output of the representative firm, L (t) is the num-
ber of employed workers whereas α1 (t) and α2 (t) are random shocks that effect,
respectively, the intercept and the slope of the instantaneous marginal productiv-
ity of labour; indeed, the expression for Y (t) implies that ∂Y (t) /∂L (t) = α1 (t)−
2α2 (t) L (t). A similar production function is used by Lockwood and Manning
(1989). Following Guerrazzi (Guerrazzi, 2011, Guerrazzi, 2021), we assume that in
each instant α1 (t) is defined as:

α1 (t) ≡ 1 + 2α2 (t) (9.2)

The normalization of the two shocks conveyed by eq. 9.2 has two important im-
plications. First, an increase (decrease) in α2 (t) increases (decreases) the intercept
and the absolute values of the slope of the instantaneous marginal productivity of
labour. Consistently with the implicit hypothesis that on the background there ex-
ists a fixed factor in addition to labour, this means that a technological improvement
(worsening) increases (decreases) the level of the marginal productivity but it also
accelerates (delays) labour saturation. Moreover, normalizing to 1 the membership
of the workers’ union, eq. 9.2 implies that the level of the marginal productivity of
labour achieved when all the members of the union are employed is equal to 1 as
well. Therefore, w0 ≡ 1 can be taken as the fall-back level of the wage for the union
sat at the bargaining table. We also make the hypothesis that the motion of α2 over
time is described by an Ornstein-Uhlenbeck process, so that:

α̇2 (t) = κ (µα − α2 (t)) + σα ẋ (t) (9.3)

where µα > 0 is the long-run mean of the process, κ > 0 is its speed of mean re-
version, σα > 0 is its instantaneous standard deviation whereas ẋ (t) is a standard
Brownian motion with zero drift and unit variance (cf. Cox and Miller, 1967). The
expression in eq. 9.3 reveals that in each instant the value of α2 tends to fluctuate
around µα that represents its long-run value. Moreover, it also shows that the ampli-
tude of short-run fluctuations directly depends on the magnitude of σα whereas the
speed of convergence towards µα is an increasing function of the parameter κ. The
building blocks fixed above allow us to derive the preferences of the firm and the
ones of the union. On the one hand, given the production function in eq. 9.1 and the
normalization of the two shocks in eq. 9.2, the profit of the firm can be written as

Π (L (t) , w (t)) = (1 + 2α2 (t)− w (t)) L (t)− α2 (t) (L (t))2 (9.4)

where w (t) is the real wage paid in instant t.
Implicitly, eq. 9.4 reveals that the fall-back level of profits for the firm is identically
equal to zero. In other words, the firm is assumed to leave the bargaining table
whenever its profits become negative. On the other hand, recalling that 1 is the
wage that fully employs all the union members, the union utility is assumed to be
given by

U (L (t) , w (t)) = L (t)
(
(w (t))β − 1

)
(9.5)

where 0 < β < 1 is a parameter that measures the degree of risk aversion of union-
ized workers. Following Guerrazzi (Guerrazzi, 2011; Guerrazzi, 2021), we model
wage bargaining as an optimal control problem solved by the mentioned media-
tor by considering a right-to-manage, a monopoly union and an efficient-bargaining
setting that differ from one another for the rules underlying the employment ad-
justments. According to such a theoretical proposal, the evolution of employment
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over time as well as the one of labour effectiveness are taken as dynamic accumu-
lation constraint affecting the size of future surpluses of the two bargaining parties
(cf. Muthoo, 1999, Section 10.3). In the dynamic right-to-manage and monopoly
union cases, the infinitely lived mediator sets the wage by considering that in each
instant employment tends to adjust itself with some exogenous attrition towards the
level that maximizes the instantaneous firm’s profits, an allocation that – given the
effectiveness of labour and the bargained wage – corresponds to the labour demand
schedule implied by the productive technology (cf. Nickell and Andrew, 1983).
Consequently, taking into account the expression in eq. 9.4, in a dynamic right-
to-manage framework and in the one of the dynamic monopoly union employment
dynamics will be described by

L̇ (t) = θ

(
1 + 2α2 (t)− w (t)

2α2 (t)
− L (t)

)
(9.6)

where θ > 0 is a parameter that measures the attrition between actual and desired
employment. Given the realization of the stochastic process α2 and the bargained
wage set by the mediator, the differential equation in 9.6 reveals that in each instant
employment tends to adjust in the direction of the downward-sloping line (LD) de-
picted in Figure 9.1 (the gray area denotes all the unfeasible allocations).

1+2α2(t)

FIGURE 9.1: Employment adjustments in the dynamic right-to-
manage model

Employment adjustments that go in the direction of the labour demand schedule
of the firm like the ones indicated by the arrows in Figure 1 are usually rational-
ized with the observation that the level of employment is almost never the subject
of collective wage bargaining (cf. Oswald, 1993). Consequently, when an agree-
ment on the wage is achieved by the two bargainers, the firm has an incentive to
adjust employment towards the level that maximizes its profits and – by hypothesis
– the mediator will accommodate this tendency. Furthermore, the diagram in Figure
9.1 shows that a positive (negative) productivity shock leads the employment-wage
pairs such that employment is stable to rotate in a clockwise (counter-clockwise)
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direction pivoting on the outside option of the union. In the dynamic efficient-
bargaining case, the mediator is instead assumed to set the wage by considering
that employment tends to adjust – again with some attrition – in the direction of
the contract curve implied by the preferences of the firm and the ones of the union
(cf. Leontief, 1946). Therefore, considering the expressions in eq. 9.4 and 9.5 and
recalling that the contract curve is given by the employment-wage pairs in which
the isoprofit curves of the firm are tangent to the indifferent curves of the union,
in an inter-temporal efficient bargaining framework employment dynamics will be
described by

L̇ (t) = θ

(
β (1 + 2α2 (t)) + (1− β)w (t)− (w (t))1−β

2α2 (t) β
− L (t)

)
(9.7)

Symmetrically, given the realization of α2 and the wage, the differential equation in
9.7 reveals that employment tends to adjust in the direction of the upward-sloping
contract curve (CC) depicted in Figure 9.2 (the gray area denotes the unfeasible allo-
cations for the union).

FIGURE 9.2: Employment adjustments in the dynamic efficient bar-
gaining model

The employment adjustments illustrated by the arrows in Figure 9.2 describe a situ-
ation in which the wage bargaining process going on between the risk-neutral firm
and the utilitarian union made by risk averse workers over an infinite time hori-
zon has a concern also for the level of employment. There are a number of reasons
why the mediator may accommodate this kind of tendency that leads necessarily to
over-employment, i.e. a bargained value of L higher than 1. For example, (Pohjola,
1987) argues that the wage-employment pairs on the contract curve can be actually
achieved when there is bargaining over profit sharing, with the firm fixing employ-
ment. Moreover, (Johnson, 1990) states that a concern for employment may endoge-
nously arise when labour-management negotiations have as a subject the number of
workers assigned to each machine and/or the amount of work intensity that each
worker is required to provide on the job. In all these cases, bargained employment
can go well above the level of union membership leading the mediator to comply
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with this kind of out-of-equilibrium dynamics. Furthermore, similarly to what we
observed before, even in the case depicted in Figure 9.2 a positive (negative) pro-
ductivity shocks leads the employment-wage pairs such that employment is stable
to rotate in a clockwise (counter-clockwise) direction.

9.1.1 The dynamic right-to-manage model

As argued by (Guerrazzi, 2011), when the wage is bargained in a right-to-manage
manner the infinitely lived mediator maximizes a weighted average of the profit of
the firm and the utility of the union by taking into account the employment dynam-
ics conveyed by eq. 9.6 and the evolution of the productivity parameter described in
eq. 9.3. Consequently, the stochastic-dynamic problem of the mediator becomes the
following:

V (α0, L0) =

max{w(t)}∞
t=0

E0

 ∞∫
0

exp (−ρt) (γΠ (L (t) , w (t)) + (1− γ)U (L (t) , w (t))) dt


s.to

(9.8)
L̇ (t) = θ

(
1+2α2(t)−w(t)

2α2(t)
− L (t)

)
α̇2 (t) = κ (µα − α2 (t)) + σα ẋ (t)

L (0) = L0, α2 (0) = α0

where V (·) is the value function, E [·] is the expectation operator, γ ≥ 0 is a pa-
rameter that measures the weight assigned by the mediator to firm’s profits, ρ > 0
is its discount rate whereas L0 and α0 are, respectively, the initial level of employ-
ment and the initial value of the stochastic process that hits labour productivity.
The linear bargaining solution implemented in the maximandum of the problem
in 9.8 is appealing and analytically tractable but it may lead to some unpleasant
inconsistencies. Specifically, taking values of γ in the closed interval [0, 1] as is com-
monly done with the multiplicative Nash solution may drive the outcomes of the
dynamic bargaining problem towards meaningless allocations for the firm and/or
the union (cf. Lockwood and Manning, 1989). However, as shown by Guerrazzi
(Guerrazzi, 2011; Guerrazzi, 2021), these inconsistencies may be easily bypassed
by allowing the parameter γ to vary in a given interval – say [γmin, γmax] – where
γmin is not necessarily equal to zero and γmax is lower than 1. In detail, for the
dynamic right-to-manage model Guerrazzi (2011) shows that the required limit-
ing values for the weight attached by the mediator to firm’s profits are γmin = 0
and γmax = β/ (1 + β); indeed, straightforward differentiation of the linear max-
imandum in 9.8 reveals that taking values of γ within the interval [0, β/ (1 + β)]
the instantaneous marginal evaluation of wage variation is never negative for the
mediator. Consequently, when γ = γmax = β/ (1 + β) the bargained employment-
wage pair is (1, 1). Moreover,when γ = γmin = 0, i.e. when the mediator gives no
importance to firm’s profits, the problem in (8) describes a dynamic version of the
monopoly union model so that the bargained employment wage pair is

(
wMU

max, LMU
min

)
,

where wMU
max > 1 and LMU

min ≡
(
1 + 2α2 − wMU

max
)

/2α2 < 1 fix a point on the labour
demand schedule (cf. Hoel, 1991; Booth and Schiantarelli, 1987; Oswald, 1982; Lind-
blom, 1948).
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Allowing γ to vary in the closed interval [0, β/ (1 + β)] and taking values of the state
L belonging to [LMU

min, 1] together with values of the control w belonging to [1, wMU
max],

the Hamilton-Jacobi-Bellman (HJB) equation for the mediator problem can be writ-
ten as follows:

ρV(α0, L0) = maxw∈[1,wMU
max] γΠ (L, w) + (1− γ)U (L, w)

+θ
(

1+2α2−w
2α2

− L
)

∂V(α0,L0)
∂L +

κ (µα − α2)
∂V(α0,L0)

∂α2
+ 1

2 σ2
α

∂2V(α0,L0)
∂α2

2

(9.9)

where γΠ (L, w) + (1− γ)U (L, w) is a function defined in (LMU
min, 1)×

(
1, wMU

max
)

that
returns non-negative values.

Given the expressions in eq.s (4) and (5), the first-order condition (FOC) for w re-
quires that along the optimal path it must hold that

∂V(α0, L0)

∂L
=

2α2L
(
(1− γ) β (w)β−1 − γ

)
θ

(9.10)

Moreover, the envelope condition for L is given by

(ρ + θ) ∂V(α0,L0)
∂L = θ

(
1+2α2−w

2α2
− L

)
∂2V(α0,L0)

∂L2

+κ (µA − α2)
∂2V(α0,L0)

∂α2∂L + 1
2 σ2

α
∂3V(α0,L0)

∂α2
2∂L + σ2

α
∂2V(α0,L0)

∂α2
2

(9.11)

9.1.2 The dynamic efficient-bargaining model

When the wage is bargained in an efficient manner, the mediator maximizes the
same integral collected in problem 9.8 under the same dynamic constraint for the
evolution of α2. However, as argued by Guerrazzi (Guerrazzi, 2011; Guerrazzi,
2021), it takes into consideration that employment follows the adjustment process
described by eq. 9.7. Consequently, the stochastic-dynamic problem of the mediator
becomes the following:

V (α0, L0) =

max{w(t)}∞
t=0

E0

 ∞∫
0

exp (−ρt) (γΠ (L (t) , w (t)) + (1− γ)U (L (t) , w (t))) dt


s.to

(9.12)

L̇ (t) = θ

(
β(1+2α2(t))+(1−β)w(t)−(w(t))1−β

2α2(t)β
− L (t)

)
α̇2 (t) = κ (µα − α2 (t)) + σα ẋ (t)

L (0) = L0, α2 (0) = α0

In this case, as shown by (Guerrazzi, 2021), the value of γmax for which the lin-
ear maximandum deliver meaningful solutions is the same of the dynamic right-
to-manage model whereas the value of γmin is not zero but is given instead by the
value of γ such that the bargained wage leads to zero profits. Specifically, a value of
γ equal to zero would lead the solution of the bargaining problem to climb indefi-
nitely on the contract curve depicted in Figure 9.2. That value of the wage is the one
at which the contract curve illustrated in Figure 9.2 intersects the zero-profit curve
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of the firm and it coincides with the unique root of the non-linear function given by
f (w) ≡ wβ−1 ((1 + β)w− β (1 + 2α2))− 1.

Plugging the root of this function – say wEB
max – into the contract curve conveys the

maximum level of bargained (over)employment achievable in the efficient bargain-
ing setting, i.e. LEB

max ≡
(

β (1 + 2α2) + (1− β)wEB
max −

(
wEB

max
)1−β

)
/2α2β > 1.

Allowing γ vary in the closed interval [γmin, β/ (1 + β)] and taking values of the
state L belonging to [1, LEB

max] together with values of w belonging to [1, wEB
max], now

the HJB equation for the mediator problem can be written as

ρV(α0, L0) = maxw∈[1,wMU
max] γΠ (L, w) + (1− γ)U (L, w)

+θ

(
β(1+2α2)+(1−β)w−(w)1−β

2α2β − L
)

∂V(α0,L0)
∂L

+κ (µα − α2)
∂V(α0,L0)

∂α2
+ 1

2 σ2
α

∂2V(α0,L0)
∂α2

2

(9.13)

In this case, γΠ (L , w) + (1− γ)U (L, w) is defined in [1, LEB
max]× [1, wEB

max] but – as
it happens for the HJB equation in 9.9 – it always returns non-negative values. The
FOC for w requires that

∂V(α0, L0)

∂L
=

2α2βwβL
(
(1− γ) βwβ−1 − γ

)
θ (1− β)

(
1− wβ

) (9.14)

Moreover, the envelope condition for L is given by

(ρ + θ) ∂V(α0,L0)
∂L = θ

(
β(1+2α2)+(1−β)w−w1−β

2α2β − L
)

∂2V(α0,L0)
∂L2

+κ (µA − α2)
∂2V(α0,L0)

∂α2∂L + 1
2 σ2

α
∂3V(α0,L0)

∂α2
2∂L + σ2

α
∂2V(α0,L0)

∂α2
2

(9.15)

9.2 Numerical simulations

Despite the elementary features of the stochastic process exploited to describe the
evolution of labour effectiveness over time, analytical results for the dynamics of
employment and wages may be difficult to derive. Nevertheless, the solution of the
stochastic model can be retrieved by relying on numerical techniques aimed at ap-
proximating the value functions in 9.9 and 9.13 over a given grid (cf. Kushner and
Dupuis, 1992). Following (Krawczyk and Windsor, 1997), we simulate the different
dynamic bargaining models developed above by means of a Markov decision chain
approximation. A detailed review of such a numerical method is found in (Guer-
razzi and Giribone, 2019).

9.2.1 Calibration

The model economy is calibrated on a quarterly basis by taking as reference the US
economy by means of the following strategy. First, the values of the parameters that
represent the attrition of employment, the preferences of the workers, the degree of
impatience of the mediator and the technology of the firm are chosen in accordance
to similar contributions. Specifically, the attrition of employment (θ) is set according
to the estimations retrieved by (Abowd and Zellner, 1985) whereas the discount rate
of the mediator (ρ), the degree of risk aversion of workers (β) as well as the mean
of the technology parameter (µα) are calibrated as in (Guerrazzi, 2011; Guerrazzi,
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2021). Second, given the value of these fixed fundamental parameters, the weight
assigned by the mediator to each party in the right-to-manage and in the efficient-
bargaining version of the model is set in order to respect the efficiency-criterion pro-
posed inter alia by (Shimer, 2004). In detail, we fix the value of the weight assigned
by the mediator to firm’s profits (γ) with the aim of achieving a stationary solu-
tion – denoted with asterisked variables – in which the total surplus produced in
the model economy is equally split between the firm and unionized workers (cf.
Guerrazzi, 2021). In other words, in the dynamic right-to-manage model and in the
dynamic efficient-bargaining model the parameter γ is set in order to achieve

Π (L∗, w∗)
Π (L∗, w∗) + U (L∗, w∗)

=
1
2

(9.16)

Thereafter, we also consider the monopolistic union version of the model in which
employment is assumed to adjust in the direction of the labour demand schedule
implied by the production technology and firm’s profits are not taken into account
by the mediator (γ = 0). We do not consider the right-to-manage and the efficient
bargaining cases in which γ is equal to γmax because there is no dynamics when
the firm has full power. Moreover, for the resulting three model specifications the
speed of mean reversion of the effectiveness of production (κ) is set at the value
of the convergent root implied by the deterministic version of each model under
examination whereas its volatility (σα) is tuned in order to replicate the observed
value of the standard deviation of real output (cf. Guerrazzi and Giribone, 2019). On
the other hand, the choice of the value of σα allows to make a comparison between
the simulated dynamics and w and L and their observed counterparts. The whole
set of fixed parameters, their description and the respective values are collected in
Table 9.1.
The parameters’ values in Table 9.1 have two important implications that is worth
mentioning before giving the output of simulations. First, the maximum weight
attachable to firm’s profits, i.e. γmax is given by 0.80/(1 + 0.80) = 0.4444. Moreover,
the maximum wage achievable by the union in the dynamic efficient bargaining
model – say wEB

max – coincides with the unique solution of:(
wEB

max

)0.80−1 (
(1 + 0.80)wEB

max − 1.60
)
− 1 = 0

which is given by 1.4906. Such a value of the bargained wage implies that for the
dynamic efficient bargaining model the value of γmin is equal to 0.4020 that is strictly
lower than γmax (cf. Guerrazzi, 2020).

PARAMETER DESCRIPTION VALUE

µα Long-run productivity 0.50
θ Employment attrition 0.10
ρ Discount rate of the mediator 0.03
β Degree of workers’ risk-aversion 0.80

TABLE 9.1: Simulation results
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9.2.2 Numerical results

After having completed the calibration of the model by supplementing the struc-
tural parameter values in Table 9.1 with the proper figures for γ, κ and σα, the the-
oretical values of output, employment and wages implied by the different versions
of our theoretical framework are obtained by replicating the typical steps followed
in business cycles contributions (cf. Shimer, 2004). Specifically, we first generate
1, 200 theoretical observations. Throwing away the first 1, 000 in order to mitigate
the possible butterfly effect, we remain with 200 observations that represent the cor-
responding quarterly figures of the typical 50-year horizon covered by business cycle
analysis. For each variable of interest, we take the standard deviation and the cor-
relation matrix of the log deviations from the corresponding deterministic long-run
reference. Thereafter, such a procedure is repeated for 10, 000 times and theoret-
ical values are obtained by averaging the outcomes of each replication. Defining
x as ln (x) − ln (x∗), where x∗ is the stationary solution for the generic variable x,
the simulation results for output, wages and employment as well as the values of
the model parameters omitted in Table 9.1 are collected in Tables 9.2, 9.3 and 9.4
(observed values in parenthesis). Looking first at the figures in Table 9.2, we im-
mediately realize that in the dynamic right-to-manage model the bargaining power
of the firm increases at increasing rates with respect to the variations of the weight
attached by the mediator to firm’s profit; indeed an equal division of the surplus
between the two bargainers is actually achieved with a value of γ higher than the
half of the implied value for γmax. Moreover, the present version of the dynamic bar-
gaining model matches the positive correlation of employment and wages to output
and it fairly replicates the standard deviation of employment. However, it deeply
overstates the volatility of wages. This feature of the theoretical model presented in
the first part of Section 9.1 is due to the specification of the production possibilities
of the firm; indeed, according to the production function in eq. 9.1 and the nor-
malization adopted in eq. 9.2, the elasticity of the labour demand schedule is not
constant but it is given instead by w (t) /(1 + 2α2 (t) − w (t)) and such an expres-
sion – given the bargained wage – is a decreasing function of the productivity shock.
Consequently, when the model economy is hit by a positive (negative) productivity
shock, labour demand becomes more (less) rigid by making the firm (union) more
willing to accept a wage increase (reduction) for any given level of employment (cf.
McDonald and Solow, 1981; Layard and Nickell, 1990). Obviously, as it is illustrated
in Figure 9.3 that tracks a sample of typical trajectories of L, w and α2, this pattern
will tend to exacerbate the volatility of wages with respect to the one of employ-
ment. Switching to Table 9.3, we notice that the dynamic monopoly-union model,
i.e. the model specification in which γ is equal to zero so that the wage pressure is
at its maximum level at the expense of the employment level; indeed, w∗ > wEB

max,
confirms the cyclical properties of the right-to-manage framework but it leads to a
reduction of the volatility of employment and wages. Nevertheless, the simulated
standard deviation of wages remains far above its observed counterpart. The lower
standard deviation of employment and wages retrieved in this case is due to the
fact that in the monopoly union model the mediator determines the wage instant
by instant by giving full power to the risk averse unionized workers. Consequently,
since the preferences of the risk neutral firm are completely neglected in the maxi-
mization process, its choices will tend to smooth the path of employment and wages
over time. However, as it is illustrated by the sample trajectories of Figure 9.4, such
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a smoothing effect driven by the preferences of unionized workers does not counter-
balance in a significant manner the amplification mechanism of productivity distur-
bances induced by the aforementioned counter-cyclical elasticity of labour demand
implied by the production technology adopted by the firm. Finally, focusing on the
results disclosed in Table 9.4 we realize that the shape of the curvature of the rela-
tionship between the bargaining power of the firm and γ is the opposite with respect
to the one that holds in the dynamic right-to-manage model; indeed, the value of the
weight attached by the mediator to firm’s profits in order to split equally the surplus
between the two parties is lower than (γmin + γmax)/2 = 0.4232. Obviously, as ex-
plicitly recognized by (Guerrazzi, 2021), this means that in this case the bargaining
power of the firm increases at decreasing rates with respect to γ. Moreover, it clearly
emerges that the dynamic efficient-bargaining model preserves the pro-cyclical pat-
tern of employment and wages and – at the same time – the model economy starts
to display a quite strong degree of real-wage rigidity that is missing in the bargain-
ing settings analyzed before. However, the dynamic cooperative bargaining model
deeply underestimates the volatility of employment and wages as it usually hap-
pens in labour contracts that cannot be reneged by a risk neutral firm that employs
risk averse workers (cf. Thomas and Worral, 1988; Asheim and Strand, 1991). As ar-
gued by (McDonald and Solow, 1981), the smooth dynamics of wages reveals that in
the theoretical model presented in the second part of Section 9.1 a positive (negative)
productivity shock leads the contract curve to rotate in clockwise (counterclockwise)
direction and the equity locus that splits the total surplus between the firm and the
union to shift to the right (left). As illustrated in the sample trajectories in Figure
9.5, where on the left-hand (right-hand) side scale we find steady-state deviations
of α2 (L and w), these two distinct movements tend to offset almost perfectly the
wage impact of productivity disturbances whose final effect will fall mainly on par-
allel employment adjustments. The values of the elasticity of the labour demand
schedule implied by the numerical results in Tables 9.2 and 9.3 are certainly too high
with respect to the available empirical evidence. Actually, (Hamermesh, 1993) and,
more recently, (Hijzen and Swaim, 2010) reports values between 0.15 and 0.70. On
a very different scale, our model implies instead an average value of 3.4953 for the
monopoly union model, a value of 2.2938 for the right-to-mange model and a value
of 1.7739 for the efficient bargaining model. These high figures of the reactivity of
the labour demand with respect to wages suggest that even if wage negotiations
proceed by targeting the contract curve of the firm and the union, then the observed
volatility of employment – in comparison with the one of wages – is too low with
respect of what will be generated by the optimal wage choices of an omniscient me-
diator that continuously supervises the bargaining process by counterbalancing the
objective functions of the two players in an optimal manner.

9.3 Main findings

In this study, we explored the way in which different bargaining settings affect the
shape of labour market fluctuations given the production technology available to
firms and the preferences of unionized workers. Specifically, after having devel-
oped non-deterministic versions of the dynamic bargaining models set forth orig-
inally by Guerrazzi (Guerrazzi, 2011; Guerrazzi, 2021), we showed how produc-
tivity disturbances affect the path of output, employment and wages by making
different hypothesis about the instantaneous out-of-equilibrium adjustments of em-
ployment underlying the wage negotiation process. In detail, we developed a set
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of stochastic dynamic models where an omniscient infinitely lived mediator super-
vises the bargaining process going on between a representative firm an a pool of
unionized workers. Our theoretical settings can be considered as useful device to
analyse the dynamics of the involved variables from a normative perspective. On
the one hand, assuming that employment adjustments are constrained towards the
labour demand schedule of the representative firm as it happens in the right-to-
manage and in the monopoly-union models of wage bargaining, we showed that
with a quadratic production function and risk averse workers our theoretical frame-
work reproduces the pro-cyclical pattern of wages and employment but it cannot
mimic the observed rigidity of wages (cf. McDonald and Solow, 1981). That pattern
is due to anti-cyclical behaviour of the elasticity of labour demand implied by the
productive technology taken into consideration. On the other hand, assuming that
employment adjustments go in the direction of the contract curve of the two bargain-
ers our model economy displays a strong degree of wage stickiness that is typical of
wage contracts that cannot be reneged (cf. (Thomas and Worral, 1988) and (Asheim
and Strand, 1991)). This result can be attributed to the fact that productivity shocks
leads the contract curve and the equity locus underlying the determination of bar-
gained wages to move in a way that offset wage variations (cf. McDonald and Solow,
1981). The theoretical analysis carried out in this study could be extended in differ-
ent directions. As argued by (Hizinga and Schiantarelli, 1992), we could consider the
effects on output, wage and employment driven by variation in the outside option
of the union. This will provide a dynamic general equilibrium model of bargaining
(cf. Layard and Nickell, 1990). In addition, some refinements should be done in the
definition of the union’ preferences, an issue on which labour economists are still
debating without reaching an agreement (cf. Farber, 1987; Gahan, 2002; Kaufman,
2002). The implied extensions are left to further developments.

VARIABLE Y L w

STANDARD DEVIATION (%)
1.56
(1.56)

1.42
(1.46)

5.74
(0.86)

Y 1
0.17
(0.81)

0.97
(0.18)

CORRELATION MATRIX L − 1 0.06
w − − 1

PARAMETER γ κ σα

0.2670 0.4564 0.0185

TABLE 9.2: The dynamic right-to-manage model
(L∗ = 0.6072, w∗ = 1.3928)
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VARIABLE Y L w

STANDARD DEVIATION (%)
1.56
(1.56)

0.68
(1.46)

3.14
(0.86)

Y 1
0.10
(0.81)

0.94
(0.18)

CORRELATION MATRIX L − 1 0.25
w − − 1

PARAMETER γ κ σα

0 0.6842 0.01755

TABLE 9.3: The dynamic monopolistic union model
(L∗ = 0.4449, w∗ = 1.5551)

VARIABLE Y L w

STANDARD DEVIATION (%)
1.56
(1.56)

0.13
(1.46)

0.04
(0.86)

Y 1
0.64
(0.81)

0.99
(0.18)

CORRELATION MATRIX L − 1 0.61
w − − 1

PARAMETER γ κ σα

0.4164 0.0956 0.0103

TABLE 9.4: The dynamic efficient bargaining model
(L∗ = 1.0067, w∗ = 1.2790)
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FIGURE 9.3: Stochastic trajectories of the dynamic right-to-manage
model
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FIGURE 9.4: Stochastic trajectories of the dynamic monopoly union
model
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Chapter 10

Conclusions

“Equations are more important to me, because politics is for the present, but an equation is
something for eternity”

Albert Einstein quoted by Stephen W. Hawking in A brief history of Time: from the
Big Bang to Black Holes, 1988

“Dal mio punto di vista le equazioni sono più importanti, perchè la politica è per il presente,
ma un’equazione è qualcosa per l’eternità”

Albert Einstein citato da Stephen W. Hawking in Dal Big Bang ai Buchi Neri:
breve storia del tempo, 1988

The second part of the PhD thesis is focused on Deterministic and Stochastic Opti-
mal Control in application of Quantitative Finance and Labour Economics problems.

A short literary review in option pricing, implicit contracts and wage bargaining
theory has been provided and, at the end of chapter 1, a list of published studies of
the candidate in this field is presented.

Chapter 2 deals with the derivation of the well-established Black-Scholes formula for
European plain-vanilla options, through the analytical solution of the fundamental
PDE. The end of the chapter shows how the original formula can be extended for
handling different underlyings such as stocks with a pay-out, index, futures, curren-
cies, . . .

If the fundamental Black-Scholes-Merton PDE cannot be analytically solved due to
an exotic pay-off specification, a numerical scheme must be implemented. Chapter 3
deals with the most widespread PDE numerical approaches: Finite Difference Meth-
ods, Finite Elements Method and Radial Basis Functions.

Another way to approach the numerical solution of the PDE is to use lattice meth-
ods. Chapter 4 presents a large number of Markov chains models that can be imple-
mented in option pricing:

• Binomial Stochastic Trees (Cox-Ross-Rubinstein, Tian, Jarrow-Rudd, Drifted
CRR, Leisen-Reimer PP1 and Leisen-Reimer PP2)

• Trinomial Stocastic Trees (CRR Trinomial and the Adaptive Mesh Model)
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• Pentanomial Lattice

• Heptanomial Lattice

The Monte Carlo method works directly on the SDE that rules the Black-Scholes dy-
namics (i.e. Geometric Brownian Motion). Chapter 5 deals with the Euler-Maruyama
scheme and shows how to improve the pricing engine convergence implementing
the so-called Variance Reduction Techniques (i.e. Antithetic Variates, Control Vari-
ates, Stratified Sampling, Latin Hypercube Sampling, Moment Matching and Impor-
tance Sampling).

Once the convergence of all the covered models has been verified, the problem of
how to evaluate the early exercise has been introduced. As a result, Chapter 6 shows
how to implement the dynamic programming methods based on the Bellman prin-
ciple of Optimality in the previous techniques, allowing the fair value computation
for American and Bermuda options.

Chapter 7 is dedicated to some case studies that involve the early redemption fea-
tures in particular contexts. The first one regards the pricing of a flexible forward, a
product that can be decomposed in an American call option and a European down-
and-out put barrier option, in which the barrier level is dynamically fixed in func-
tion of the probability state for which the American option goes in-the-money. The
second case deals with the early redemption features under negative interest rates.
Despite the problem of pricing an option under negative interest rates being a well-
known problem in the Euro area since 2015, it still is a hot topic in the financial
community thanks to the current low level of USD risk free rates. In the last year
journalists of the most important financial media have interviewed in the last year
a lot of European Quants and Financial Engineers who have faced this problem in
the previous years. I was honored to discuss about my researches in this field in an
interview with the Editors Brandon Kochkodin (Bloomberg) and Philip Stafford (Fi-
nancial Times). In the present work, in accordance with the chosen research topic, I
have only reported the bias introduced by low-level rates in the evaluation of Amer-
ican Call Options written on a risk asset that has no pay-out.

The last two chapters regard the solution of deterministic and stochastic optimal
control problems in the field of Computational Economics. In particular, two case
studies in the field of Labour Economics are provided: Dynamic Implicit Contracts
(Chapter 8) and Dynamic Wage Bargaining (Chapter 9). From a mathematical point
of view both problems have been handled according to the following procedural
steps:

• Infinite-horizon deterministic optimal control problem formulation. The solu-
tion for this kind of problem can be found applying the Hamilton – Jacobi –
Bellman (HJB) Equation.

• Design of a Markov Decision Chain for the numerical solution of the previous
problem.

• Infinite-horizon stochastic optimal control problem formulation. After the val-
idation of the discretization scheme in the deterministic context, the Markov
Decision Chain can be extended in order to solve the stochastic version of the
problem: to this end, an Ornstein-Uhlenbeck process has been introduced in
the model.
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According to the latest theory, Deterministic and Stochastic Optimal Control play a
fundamental role both in Economics and in Financial problems, as we have seen.

I consider this research topic of extreme interest and actuality for different reasons.
Starting from its application in Computational Economics, it is difficult to find a
multi-purpose algorithm that solve every kind of Optimal Control problem. For
instance, it is hard to find a package or toolbox that is able to numerically find solu-
tions for a generic stochastic optimal control problem.

In my opinion, this is an interesting fact: apparently the task of solving a specific
class of optimal control problem is similar to the work of a skilled mathematical
craftsman: it is difficult to standardize or map the solving procedure in a routine
that proves valid for a general problem definition.

As a result, solving a Deterministic or Stochastic Optimal Control problem in Eco-
nomics is a challenging task for which a researcher has to develop a particular sen-
sibility towards the application and a specific knowledge in the optimization theory.

Concerning the Financial Industry, as we have seen, Optimal Control Theory is
strictly linked with the problem of the evaluation of the early exercise feature in
options.

Despite my preference to code my own pricing routines, typically in Matlab, R, C#
or Python, a user can quite easily implement functions that belong to an external
package for solving standard pricing problems.

It is not difficult to implement a library that is able to give an estimation of the fair
value of an American Option with a standard payoff. In this case the standardiza-
tion for solving an Optimal Control Theory (especially using Quasi-closed formulas
or a Binomial Tree) is possible and the Banking Industry can benefit from this mod-
ularization of a complex theory.

The advantages of having a well-established approach for pricing standard products
with the early-exercise feature is clear: Credit Institutions are able to trade deals us-
ing a standard pricing protocol, financial statements can be compared, greeks and
other risk measures can be estimated in a shared framework . . .

As we have seen in the case studies section, not all of the derivatives can be priced
using standard techniques. I refer to structured products like Flexy-forward or pric-
ing the early-exercise feature in the current extreme market context.

As a result, there is here too the opportunity for a researcher not only to improve
existing standardized techniques (in terms of performance or computational time)
but also to find new methods for solving the problem of early-redemption for non-
standard derivatives.

Both kinds of research are very interesting and challenging: the former is likely more
technical and related to the engineering field. It deals with finding a way to write
an excellent vectorized code or using special technologies (GPU or Quantum Com-
puting) for decreasing the overall time-machine. I think that a customization of a
well-established standard method with the aim of better fitting a specific pricing
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problem can also fall into this research category. I offer an example of such a case:
the Leisen-Reimer tree is a particular class of binomial lattice specific for pricing
American options with a standard pay-off according to a log-normal framework;
as a result, this technique, being designed for this particular problem instance, per-
forms better than a general Cox-Ross-Rubinstein Tree.

A deep knowledge of Optimal Control Theory is undoubtedly necessary for pricing
highly exotic derivatives or non-standard products or even common products with
exotic features in the early-exercise specifications. No standardized rules or routines
are written in these cases and thanks to the knowledge and a bit of creativity (. . .
why not?)these pricing problems should be solved.

I explicitly deal with Flexible Forward contracts in this work, but the challenges are
always numerous in the field of Quantitative Finance.
Still referring to the problem of early exercise, I have solved for Banca CARIGE the
problem of evaluating the convenience to exercise a Bermuda Option written on
interest rates in a particular compounded swap with a non-standard frequency (2
months), using a trinomial lattice. This means that a Quant has no chance to mod-
elize this derivative using standard pricing routines or Bloomberg SWPM modules.

Due to the low yields in financial markets, Certificates and structured products be-
come a popular investment for retail and private costumers. A problem that I find
interesting is the valuation of the Issuer Call in Barrier Reverse Convertibles.

This is a special feature that allows the Issuer to redeem the instrument in certain
agreed dates. Mathematically, this means evaluating the convenience to exercise a
Bermuda option by comparing the future expectation of the underlyings with the
simulated performance at these event dates. It is a stochastic optimal control in a
Monte Carlo pricing framework for which it is hard to find specific literature.

Despite all the theory behind the problems and the elegant abstractness of certain
concepts, the practical implications of estimating the fair value (and the related risk
measures) of these financial instruments are clear: in the daily process of checking
the portfolio values with counterparties/clearing houses, during a trading session
to understand whether the counterpart quotes a reasonable price, for the financial
statement, . . . etc.

How well should you know your Mathematics to understand how many theorems
are used for pricing a financial instrument traded in nowadays markets? How much
Engineering should be studied to make these concepts concrete in reality?

With this part of my PhD thesis, I hope to be able to lead the way to answer these
questions. In my personal opinion, considering the amount of scientific disciplines
on which Quantitative Finance is based, the dynamics of modern markets, the new
technologies and, in general, the fact that the more you learn the more new interest-
ing topics you discover, it will never be possible to give a fully perfect answer to the
above questions.

Well, Yes . . . and that is the reason why I love this job.
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MODELLERS OF ALL MARKETS, UNITE!
You have nothing to lose but your illusions.

THE MODELLERS’ HIPPOCRATIC OATH

I will remember that the World doesn’t satisfy exactly my equations.
Though I will use models boldly to estimate value, I will not be overly impressed by
mathematics.
I will never sacrifice reality for elegance without explaining why I have done so.
Nor will I give the people who use my model false comfort about its accuracy.
Instead, I will make explicit its assumption and oversights.
I understand that my work may have effects on society and the economy.

Emanuel Derman & Paul Wilmott, Frequently Asked Questions in Quantitative
Finance, Chapter 3: The Financial Modelers Manifesto (7th January 2009)

MODELLISTI DI TUTTI I MERCATI, UNITEVI!
Non avete nulla da perdere se non le vostre illusioni.

IL GIURAMENTO DI IPPOCRATE PER I MODELLISTI

Ricorderò che il mondo non soddisferà mai esattamente le mie equazioni.
Anche se userò intensivamente i modelli, non sarò troppo ammaliato dalla matema-
tica a questi sottostante.
Non sacrificherò mai la realtà per l’eleganza senza spiegare il motivo per cui l’ho
fatto.
Non fornirò un falso comfort agli utilizzatori dei miei modelli riguardo la loro accu-
ratezza. Anzi, renderò esplicite le assunzioni ed le verifiche condotte.
Capisco che il mio lavoro può avere conseguenze sulla società e sull’economia.

Emanuel Derman & Paul Wilmott, Frequently Asked Questions in Quantitative
Finance, Chapter 3: The Financial Modelers Manifesto (7 Gennaio 2009)
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