
Università degli Studi di Genova

Department of Physics

PhD Thesis in Physics

Superconducting magnets

for future accelerators

PhD Candidate

Alessandro Maria Ricci

Supervisor
Dr. Pasquale Fabbricatore

PhD Cycle XXXII





This thesis has been written in collaboration with the Istituto
Nazionale di Fisica Nucleare (INFN).

External Referees
Prof. Marco Breschi - Università di Bologna
Prof. Michela Greco - Università di Torino





οὐ γὰρ ὡς ἀγγεῖον ὁ νοῦς άποπληρώσεως ἀλλ’ ὑπεκκαύματος

μόνον ὥσπερ ὕλη δεῖται, ὁρμὴν ἐμποιοῦντος εὑρετικὴν καὶ ὄρεξιν

ἐπὶ τὴν ἀλήθειαν.

Plutarch, The Art of Listening, 48a





Contents

Preface v

I Theoretical Framework 1

1. Superconducting Accelerator Magnets 3
1.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2. Particle accelerators . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1. Layout of the particle accelerators . . . . . . . . . . . . 4
1.2.2. Accelerating stations and element guides . . . . . . . . 4
1.2.3. Magnet classification . . . . . . . . . . . . . . . . . . . 5
1.2.4. Example: LHC at CERN . . . . . . . . . . . . . . . . . 6

1.3. Dipole and quadrupole magnets . . . . . . . . . . . . . . . . . 8
1.3.1. Coordinate systems . . . . . . . . . . . . . . . . . . . . 8
1.3.2. Normal dipole magnet . . . . . . . . . . . . . . . . . . 8
1.3.3. Normal quadrupole magnet . . . . . . . . . . . . . . . 10

1.4. Superconducting particle accelerators . . . . . . . . . . . . . . 13
1.4.1. Why superconductivity? . . . . . . . . . . . . . . . . . 13
1.4.2. Past and present accelerators . . . . . . . . . . . . . . 14
1.4.3. Next coming accelerators . . . . . . . . . . . . . . . . . 17
1.4.4. Far away accelerators . . . . . . . . . . . . . . . . . . . 22

2. Complex Formalism for the Magnetic Field 27
2.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2. Complex magnetic field . . . . . . . . . . . . . . . . . . . . . . 27

2.2.1. Conductor model and problem symmetry . . . . . . . . 27
2.2.2. Magnetic field outside the conductors . . . . . . . . . . 28
2.2.3. Magnetic field inside the conductors . . . . . . . . . . . 29

2.3. Multipole expansion . . . . . . . . . . . . . . . . . . . . . . . 30
2.4. Sector model . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.5. Integrated multipoles . . . . . . . . . . . . . . . . . . . . . . . 37



ii CONTENTS

3. Extended Sector Model 39
3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.2. Theoretical model . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.1. Asymmetric layout . . . . . . . . . . . . . . . . . . . . 40
3.2.2. Cable modeling . . . . . . . . . . . . . . . . . . . . . . 42
3.2.3. Cross-talk: sector model . . . . . . . . . . . . . . . . . 44
3.2.4. Cross-talk: current-line model . . . . . . . . . . . . . . 49
3.2.5. Total normalized harmonics . . . . . . . . . . . . . . . 53

3.3. Numerical solution . . . . . . . . . . . . . . . . . . . . . . . . 54
3.3.1. Objective function and iterative method . . . . . . . . 54
3.3.2. Differential Evolution algorithm . . . . . . . . . . . . . 55
3.3.3. Non-linear constraints . . . . . . . . . . . . . . . . . . 55

II Numerical Simulations 57

4. Bending Dipole for FCC 59
4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2. Design with symmetric coil . . . . . . . . . . . . . . . . . . . . 59

4.2.1. Design parameters . . . . . . . . . . . . . . . . . . . . 59
4.2.2. Magnetic design . . . . . . . . . . . . . . . . . . . . . . 62
4.2.3. Mechanical design . . . . . . . . . . . . . . . . . . . . . 77
4.2.4. Quench protection . . . . . . . . . . . . . . . . . . . . 81

4.3. Baseline design with asymmetric coil . . . . . . . . . . . . . . 85
4.3.1. Design parameters . . . . . . . . . . . . . . . . . . . . 85
4.3.2. Magnetic design . . . . . . . . . . . . . . . . . . . . . . 86
4.3.3. Mechanical design . . . . . . . . . . . . . . . . . . . . . 91
4.3.4. Cost estimate . . . . . . . . . . . . . . . . . . . . . . . 100

4.4. Alternative coil design . . . . . . . . . . . . . . . . . . . . . . 101

5. Recombination Dipoles for HL-LHC and FCC 105
5.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.2. Design of D2 for HL-LHC . . . . . . . . . . . . . . . . . . . . 105

5.2.1. Magnetic design . . . . . . . . . . . . . . . . . . . . . . 105
5.2.2. Alternative coil design . . . . . . . . . . . . . . . . . . 114

5.3. Design of DARD for FCC . . . . . . . . . . . . . . . . . . . . 116
5.3.1. Magnetic design . . . . . . . . . . . . . . . . . . . . . . 116
5.3.2. Mechanical design . . . . . . . . . . . . . . . . . . . . . 121

Conclusions 127



CONTENTS iii

Bibliography 128

Acknowledgments 137





Preface

The Large Hadron Collider (LHC) at CERN, which is now in operation for
ten years, is not only the largest and more powerful particle accelerator in
the world, but also constitutes one of the greatest applications of the su-
perconducting magnet technology. Nevertheless, the need to increase both
the luminosity in the next future and the energy in more far future is de-
manding for the developments of new and more challenging superconducting
magnets generating higher magnetic fields. Presently all laboratories world-
wide involved in the superconducting magnet technology for accelerators are
performing R&D activities aimed to the development of a high field super-
conducting magnet (16 T) for the Future Circular Collider, an accelerator for
50-TeV energy protons (7 times higher than the energy of the LHC beams).
The needed technology demands for the use of superconducting material
(Niobium Tin) well-known but of difficult application requiring a consider-
able development before it can be used for 16-T magnet. It is also under
study the possible use of cables based on high critical temperature supercon-
ductors (HTS), which are even more difficult and have never been used in
accelerators.

The design of the superconducting magnets for accelerators is closely
related to the physics of the accelerator. In particular, the optics of the
beams is determined by the quality of the magnetic field controlled by dipoles,
quadrupoles and higher-order correctors. To a greater extent than existing
magnets, the optimization of a magnetic design for the dipoles of the Future
Circular Collider, for energies of 100 TeV in the center of mass, has many
critical aspects partly related to the intrinsic limitations of superconducting
cables (critical fields and currents) and partly to the need to develop stable
geometric layouts with respect to geometric variations (mechanical deforma-
tion or manufacturing tolerances).

This thesis is focused on the optimization of the field quality for the mag-
nets in the twin-coil configuration (for FCC as for LHC the two openings of
the dipoles that curve the proton beams circulating in the opposite direction
are assembled in a single cold mass). For this class of magnets, the magnetic
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cross-talk between the apertures presents considerable complications consid-
ering that in a dipole the components of higher-order multipoles must be at
the most of the order of 10−4 with respect to the main dipole field. We have
developed analytical methodologies, complemented with numerical analyzes,
to minimize magnetic cross-talk through suitable asymmetrical configura-
tions. We have applied these methodologies in the various studies carried
out for the development of magnets for the Future Circular Collider con-
tributing to finalize a design, which has been presented as the baseline of an
European project funded within H2020 framework, named EuroCirCol. We
have also applied the developed methods for studying possible improvements
to the present design of the recombination dipoles (called D2) for the high
luminosity upgrade of LHC. These are NbTi magnets with a strong cross-talk
between the two apertures and are under construction at ASG Superconduc-
tors in Genova with a design developed at INFN Genova. At the same time,
we have developed the 3D electromagnetic models of both magnet classes. In
particular, we have been responsible for the 3D electromagnetic simulations
of the EuroCirCol magnet. Finally, we have helped to develop a prelimi-
nary design of the FCC recombination dipoles (called DARD), which have
required a completely different approach with respect to the D2 magnets for
LHC.

The thesis is structured in two main sections with five chapters. The first
section (including three chapters) reports the theoretical background and the
developed methods. The second section (two further chapters) reports the
design activities of the magnets for the high luminosity upgrade of LHC and
for FCC.

• The first chapter is dedicated to a description of the application of
superconductivity to particle accelerators.

• In the second chapter, the complex formalism for the magnetic field
is presented and the concept of integrated multipole for an accelerator
magnet is introduced.

• In the third chapter, the developed methods for optimizing the field
quality in magnets with magnetic cross-talk are presented.

• The fourth chapter is dedicated to the design activities of the FCC
dipole, requiring a strong interplay between magnetic and mechanical
design.

• The fifth chapter illustrates the proposal for optimizing the field quality
in D2 magnets and the preliminary design of the recombination dipoles
for FCC.
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Theoretical Framework





Chapter 1

Superconducting Accelerator
Magnets

1.1 Introduction

The main scope of the High-Energy Physics (HEP) is to study the internal
structure of the particles. The research is carried out by smashing parti-
cles into pieces and by analyzing the nature and the features of the pieces.
The charged particles are broken by accelerating them at high momenta and
either by blasting them against a fixed target or by colliding them among
themselves. To achieve high event rates, the particles are bunched together
into high-intensity beams, which are focused near the targets or collision
points. The more elementary the particles, the higher the energy needed to
smash them. Experiments at the proton scale require beam energies of the
order of 1 TeV or more.

Nowadays, the most powerful accelerator is the Large Hadron Collider
(LHC) at CERN, near Geneva, which accelerates proton beams at an energy
of about 7 TeV per beam [12]. A research infrastructure of such a scale
is the result of advanced technologies, which required a long R&D activity.
The superconducting magnets, which bend and focus the high-energy beams,
have been among the most costly and the most challenging components of
the machine. In the last 30 years, the superconducting magnets have been a
fundamental technology to realize all the high-energy accelerators (Tevatron,
HERA, RHIC, LHC).

In this chapter, we will introduce the layout of the high-energy particle
accelerators and we will illustrate the state of art of the superconducting
magnet technology. A more detailed discussion can be found in Ref. [7, 14].
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1.2 Particle accelerators

1.2.1 Layout of the particle accelerators

There are two main types of particle accelerators: linear accelerators, called
linacs, and circular accelerators. In a linac, the charged particles travel
along a straight trajectory and go successively through a large number of
accelerating stations. In a circular accelerator, the beam is circulated many
times around a closed orbit. A circular accelerator only relies on a few
accelerating stations, through which the particles go at every run. However,
it needs a large number of guiding elements, which are distributed over the
accelerator arcs. The most powerful machines are made up of several stages,
which progressively raise the beam energy. Each stage is a fully-fledged
accelerator, which can be of either linear or circular.

The last stage of these accelerator chains is a closed-orbit ring, called
main ring. It works in three phases, as a synchrotron-type accelerator. In
the injection phase, the beam is prepared in various pre-accelerators and is
injected in the main ring at low-energy. In the acceleration phase, the beam
is accelerated to nominal energy and, in the storage phase, the beam is made
available for physics experiments.

The main ring is usually made up of several bending arcs, separated by
almost-straight insertion regions. The insertion regions house the acceler-
ating stations and the beam injection and extraction lines. In the case of
a collider ring, the two counter-rotating beams are designed to cross in the
middle of at least one of the insertion regions. The points where the beams
cross are called interaction points and the space around them is surrounded
by a detector array.

1.2.2 Accelerating stations and element guides

The particles are accelerated by using electric fields, generated by Radio-
Frequency (RF) resonant cavities, which can be either normal conducting or
superconducting [15].

The beams are bended and focused by using magnetic fields, generated
by normal or superconducting magnets. The Lorentz force, FL, exerted by
the magnetic field, B, on a charge, q, traveling at a velocity, v, is given by
Lorentz’ law

FL = q v ×B . (1.1)

The Lorentz force is perpendicular to the directions of v and B. Its only
action is to bend the particle trajectory. If v and B are perpendicular, the
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Table 1.1: Curvature radius versus magnetic field for a 10-TeV synchrotron-type,
proton accelerator [7].

B(T) r(km) Circumference (km)

Low field 2 16.7 105
Medium field 6 5.6 35
High field 10 3.3 21

particle is deviated on an arc of circle, tangent to v and perpendicular to B,
and of curvature radius, r, which can be computed by the formula

r =
γmv

qB
=

p

qB
≈ p (GeV)

0.3 qeB
, (1.2)

where γ is Lorentz’s factor,m is the particle mass and p its linear momentum.
For convenience, we approximate the formula by using a factor 0.3 for the
light speed, the particle charge in units of electron charge, qe, and the linear
momentum in GeV. Eq. (1.2) shows that, during the acceleration phase, B
must be ramped up linearly with p to maintain a constant curvature radius.

Let us use Eq. (1.2) to dimension a 10-TeV proton accelerator, choos-
ing successively three different values for B. The results are presented in
Table 1.1. They show that, when we design a large synchrotron-type acceler-
ator, a trade-off must be found between, on one hand, the availability of land
and the tunneling costs, and, on the other hand, the feasibility and costs of
the electromagnets.

For LHC at CERN, the curvature radius of the existing LEP tunnel lim-
ited the r-value to 2.5 km. The maximum magnetic field generated by su-
perconducting magnets is 8.3 T. From Eq. (1.2) follows that the maximum
beam energy is 7 TeV.

1.2.3 Magnet classification

The electromagnets around an accelerator main ring can be classified into
three categories: arc magnets, insertion and final focusing magnets and de-
tector magnets.

The magnets distributed over the ring arcs have two main functions:
bending the beam around a closed and constant orbit and focusing it to
achieve proper size and intensity. In large machines, the bending and focusing
functions are separated: the former is provided by dipole magnets, whereas
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the latter is provided by pairs of focusing/defocusing quadrupole magnets
(see section 1.3). These magnets are arranged around the arcs in a regular
lattice of cells, made up of a focusing quadrupole, a string of bending dipoles,
a defocusing quadrupole and another string of bending dipoles [5, 14]. This
arrangement is referred to as the FODO cell (Focusing, zero, Defocusing,
zero). Several correction magnets are also implemented within each cell to
allow better control of the beam optics. Due to their large number, the arc
magnets are usually mass-produced in industry.

In addition to the arc magnets, an accelerator main ring includes several
special magnets. Some of them are used to transport the beam from the
injector chain to the main ring. Sets of strongly focusing quadrupole magnets
are located near the targets or collision points. The design and fabrication
of the insertion and final focusing magnets are very similar to those of the
arc dipole and quadrupole magnets.

The physics experiments surrounding the targets or collision points usu-
ally rely on large magnets systems, which are embedded in the detector array.
The magnet system is based either on a solenoid or on a toroid or on a com-
bination of them. The technology of detector magnets is very different from
that of accelerator magnets.

1.2.4 Example: LHC at CERN

Figure 1.1 shows the schematic layout of the Large Hadron Collider (LHC)
at CERN [12]. The LHC ring is divided into 8 bending arcs, separated by 8
insertion regions. The ring circumference is about 27 km and each insertion
region is about 530 m long. The two counter-rotating proton beams are
circulated around the eight arcs and cross in the middle of four insertion
regions. The accelerating stations are located in one of the insertion regions,
where the beams do not cross. They are made up of 8 single-cell, RF cavities
per beam.

The 8 bending arcs of LHC have identical magnet lattices. They include
23 FODO cells, which are made up of 6 dipole magnets, 1 focusing and 1
defocusing quadrupole magnet, and several corrector magnets. The arc di-
pole and quadrupole magnets have two apertures, housing pipes for the two
counter-rotating proton beams. Such magnets are called twin-aperture mag-
nets. The arc dipole magnets are 14.3 m long and are designed to produce a
magnetic field of 8.33 T during the storage phase. The arc quadrupole mag-
nets are 3.1 m long and designed to operate with a maximum field gradient
of 223 T/m. The inner bore diameter of each coil is 56 mm for both magnet
types. The cell length is about 106.9 m.

The final focusing is provided by the so-called inner triplets, made up
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Figure 1.1: Schematic layout of the Large Hadron Collider (LHC) at CERN [7].
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Figure 1.2: Cell of the magnet lattice of the LHC arcs [7].

of four, high-field-gradient quadrupole magnets. These magnets have one
large aperture with a 70-mm inner bore diameter, and accommodate the two
beams within a single pipe.

1.3 Dipole and quadrupole magnets

1.3.1 Coordinate systems

Let (Ω,X,Y ,Z) designate a Cartesian coordinate system, and let us con-
sider an accelerator ring, whose design orbit is planar and is located in the
(Ω,X,Z) plane, as represented in Fig. 1.3. Let Ω be the center of the de-
sign orbit and r its curvature radius. Let a particle of mass m travel along
the orbit with a relativistic velocity v. Furthermore, let (O,x,y, z) be a
Cartesian coordinate system, such that the center O is a given point of the
design orbit, the x-axis defines the horizontal direction, the y-axis defines
the vertical direction, and the z-axis corresponds to the main direction of
particle motion.

1.3.2 Normal dipole magnet

An ideal normal dipole magnet, whose center is positioned at O, produces,
within its aperture, a uniform magnetic field, parallel to the y-axis (see
Fig. 1.4), and such that

Bx = 0 , By = B1 and Bz = 0 , (1.3)
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Figure 1.3: Coordinate systems associated with the design orbit of an accelerator
ring.

where Bx, By and Bz are, respectively, the x-, y- and z-components of the
magnetic field, and B1 is a constant, referred to as the dipole field strength
and expressed in T.

A charged particle describes an arc of circle parallel to the (O,x, z) plane,
traveling along the direction of the z-axis through the aperture of a normal
dipole magnet of length ld. The angular deflection, φ, of the particle trajec-
tory is defined as

φ =
ld
r
≈ 0.3 qeB1ld

p (GeV)
, (1.4)

where we used Eq. (1.2) to make explicit the curvature radius, r.
The effect of a dipole magnet on a beam of charged particles can be

compared to the effect of a prism on a light ray. The beam is deflected and
dispersed.

For the storage phase of LHC, we have: B1 = 8.3 T, ld = 14.3 m and
p = 7 TeV. It follows from Eq. (1.4) that a single arc dipole magnet bends
the proton trajectory by an angle φ ≈ 5.1 mrad. Hence, a full (2π) rotation
requires a total of 1232 arc dipole magnets.
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Figure 1.4: Magnetic field lines, generated by an ideal normal dipole magnet.

1.3.3 Normal quadrupole magnet

An ideal normal quadrupole magnet, whose center is positioned at O, pro-
duces, within its aperture, a two-dimensional magnetic field, parallel to the
(O,x,y) plane and such that

Bx = gy , By = gx and Bz = 0 , (1.5)

where g is a constant, referred to as the quadrupole field gradient and ex-
pressed in T/m. The field lines of an ideal normal quadrupole magnet are
hyperbolas of center O, whose asymptotes are the bisectors of the first and
second quadrant (see Fig. 1.5). The ideal normal quadrupole magnet gener-
ates a magnetic field, which increases linearly as a function of the distance
from the magnet center.

A beam of positively charged particles, traveling along the direction of the
z-axis through the aperture of an ideal normal quadrupole magnet, is hori-
zontally focused and vertically defocused when g is positive (see Figures 1.6
and 1.7). Conversely, the beam is vertically focused and horizontally defo-
cused when g is negative. In reference to its action along the x-axis (on a
beam of positively charged particles traveling in the positive z-direction),
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Figure 1.5: Magnetic field lines, generated by an ideal normal quadrupole magnet.

a magnet with a positive gradient is called a focusing quadrupole magnet,
while a magnet with a negative gradient is called a defocusing quadrupole
magnet. To obtain a net focusing effect along both x- and y-axes, focus-
ing and defocusing quadrupole magnets must be alternated in the magnet
lattice [5, 14].

The effects of focusing/defocusing quadrupole magnets on a beam of
charged particles are similar to those of convex/concave lenses on a light
ray. By analogy, the focusing/defocusing effect of a normal quadrupole mag-
net of length lq can be characterized by the focal length, f , given by

f =
1

k lq
, (1.6)

where f is taken from the magnet end, where the beam exits (see Figures 1.6
and 1.7), and k is the normalized field gradient, expressed in m−2 and defined
as

k =
g

Br
≈ 0.3 qeg

p (GeV)
. (1.7)

Eq. (1.6) shows that in order to keep the focal length constant during
the acceleration phase, k must be kept constant. Eq. (1.7) shows that in
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Figure 1.6: Horizontal focusing of positively charged particles circulating through
the aperture of an ideal normal quadrupole magnet with a positive gradient.

Figure 1.7: Vertical defocusing of positively charged particles circulating through
the aperture of an ideal normal quadrupole magnet with a positive gradient.
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order to keep k constant, g must be raised in proportion to beam energy.
As a result, during the acceleration phase, the arc dipole and quadrupole
magnets are ramped up together so as to ensure that the bending dipole
field strength and the focusing/defocusing quadrupole field gradients track
the beam energy.

For the storage phase of the LHC, we have: g = 223 T/m, lq = 3.1 m
and p = 7 TeV. It follows from Eq. (1.7) that k ≈ 0.01 m−2, while Eq. (1.6)
yields f = 32.3 m. The LHC arcs count a total number of 386 quadrupole
magnets.

1.4 Superconducting particle accelerators

1.4.1 Why superconductivity?

Throughout the years, the quest for elementary particles promoted the de-
velopment of ever more powerful accelerators. Eq. (1.2) shows that, for a
synchrotron, the particle energy is directly proportional to the product rB.
Hence, to reach higher energies, one must increase either the bending ra-
dius or the magnetic field generated by the arc dipoles (or both). Increasing
the bending radius means to dig a longer tunnel. Increasing the magnetic
field above 2 T implies to use of superconducting magnets. Since the late
1970s, the trade-off between tunneling costs, magnet development costs, and
accelerator operating costs is in favor of using superconducting magnets to
generate the highest possible fields and field gradients [5].

Superconductivity is a unique property exhibited by some materials at
low temperatures, where the resistivity drops to zero. As a result, materials
in the superconducting state can transport current without power dissipation
by the Joule effect. This offers at least three advantages for the large magnet
systems of the accelerators:

1. a significant reduction in electrical power consumption;

2. the possibility of relying on much higher current densities in magnets;

3. a significant reduction of the overall magnet dimensions.

However, there are at least three drawbacks in using superconducting mag-
nets:

1. superconductors generate magnetization effects, which result in field
distortions that have to be corrected;
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2. to reach the superconducting state, the magnets must be cooled down
and maintained at low temperatures, which require large cryogenic sys-
tems;

3. an energized magnet, initially in the superconducting state, can quickly
and irreversibly switch back to the normal resistive state, in a phe-
nomenon called quench.

The occurrence of a quench causes an instantaneous beam loss and re-
quires that the magnet ring is rapidly ramped down to limit the conductor
heating and to avoid possible damages in the quenching magnet. Once the
quenching magnet is discharged, it can be cooled down again and restored
into the superconducting state. Then, the machine operations can resume.
A quench is seldom fatal, but it is always a serious disturbance. All must be
done to prevent it from happening and all cautions must be taken to ensure
the safety of the installation when it does happen.

1.4.2 Past and present accelerators

The first large-scale application of superconductivity was the Tevatron, a
proton synchrotron with a circumference of 6.3 km, completed in 1983 at
Fermi National Accelerator Laboratory (FNAL, also referred to as Fermilab)
near Chicago, in Illinois. The Tevatron operated as a proton/antiproton
collider with a maximum energy of 980 GeV per beam. It relied on about
1000 superconducting dipoles and quadrupoles, with a maximum operating
magnetic field of 4.3 T in the arc dipoles.

The second large particle accelerator to rely massively on superconduct-
ing magnets was HERA (Hadron Elektron Ring Anlage), completed in 1992
at DESY (Deutsches Elektronen-SYnchrotron) laboratory near Hamburg, in
Germany. HERA was an electron/proton collider with a circumference of
6.3 km. It included two large rings positioned on top of each other: an
electron ring, relying on conventional magnets, and a proton ring, relying
on superconducting magnets. In the proton ring, the superconducting arc
dipoles generated a maximum operating magnetic field of 5.3 T. The elec-
tron beam was accelerated to a maximum energy of 27.5 GeV. Instead, the
proton beam was accelerated to a maximum energy of 920 GeV.

Brookhaven National Laboratory (BNL), on Long Island, in New York,
completed in 2000 the construction of the Relativistic Heavy Ion Collider
(RHIC). RHIC has been the first heavy-ion collider in the world. Nowadays,
it is one of the two only operating heavy-ion colliders and the only spin-
polarized proton collider. The proton beams are accelerated in two identical
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Table 1.2: Main features of the major superconducting particle accelerators [7,
30].

Laboratory FNAL DESY BNL CERN
Machine name Tevatron HERA RHIC LHC

Circumference (km) 6.3 6.3 3.8 27
Particle type pp̄ ep pp/heavy ions pp
Energy/beam (TeV) 0.98 0.921 0.25 / 0.12 7

Arc dipole magnets
Number 776 416 264 12323

Aperture (mm) 76.2 75 80 56
Magnetic length (m) 6.1 8.8 9.45 14.3
Magnetic field (T) 4.3 5.3 3.5 8.3

Arc quadrupole magnets
Number 216 256 276 3863

Aperture (mm) 88.9 75 80 56
Magnetic length4 (m) 1.7 1.9 1.1 3.1
Gradient (T/m) 76 91.2 71 223

Commissioning 1983 1992 2000 2009

1 Energy of the proton beam, colliding with the 27.5-GeV electron beam.
2 Per unit of atomic mass.
3 Twin-aperture magnets.
4 Quadrupoles have several lengths.

rings to a maximum energy of 250 GeV per beam. Instead, the heavy-ion
beams are accelerated to a maximum energy of 100 GeV per beam and unit of
atomic mass. Each ring has a circumference of 3.8 km. The superconducting
arc dipoles generate a maximum operating magnetic field of 3.5 T.

In 2009, the European Organization for Nuclear Research (CERN), near
Geneva, completed the construction of the Large Hadron Collider (LHC) in
the 27-km circumference LEP tunnel. As described in section 1.2.4, LHC is
a proton/proton collider with a maximum energy of 7 TeV per beam. For a
few months per year, LHC collides heavy-ion beams at higher energies than
RHIC.

Table 1.2 summarizes the main features of the superconducting particle
accelerators described above. Figure 1.8 shows the cross-sections (to scale) of
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Figure 1.8: Cross-section (to scale) of the dipoles of the four major supercon-
ducting hadron accelerators built to date [30].
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their arc dipole magnets. The field is produced by saddle shape coils that, in
their long straight sections, approximate cos θ-type conductor distributions
for dipole magnets and cos 2θ-type conductor distributions for quadrupole
magnets (see section 2.4). The coils are wound by Rutherford-type cables,
made up of NbTi multifilamentary strands, and are mechanically restrained
by means of laminated collars. The collars apply a suitable compression
(pre-stress) to the coil to avoid movements due to Lorentz forces, which
would lead to heat generation, driving the conductor in the normal state.
The coil in the collar can be pictured as a Roman arch, where the pre-
compression is achieved by inserting an oversized wedge into the coil pole.
The collars, assembled in halves around the coil and locked by keys, provide
the radial load that translates into the required coil pre-compression. The
collar-coil assembly is placed within an iron yoke providing a return path for
the magnetic field.

In the case of the Tevatron, the collar-coil assembly is cold, while the
iron yoke is warm. Starting with HERA, the iron yoke is included in the
magnet cryostat and an outer shell delimiting the region of helium circulation
completes the cold mass. In the case of LHC, the cold mass includes two
collar-coil assemblies within a common iron yoke. The particle beams are
circulated within a vacuum chamber inserted into the magnet coil apertures.
The vacuum chamber, usually called beam pipe, is cooled by the helium
bathing the magnet coil.

1.4.3 Next coming accelerators

As it has been pointed out in Ref. [34], LHC will remain the most powerful ac-
celerator in the world for at least the next two decades. Its full exploitation is
the highest priority of the European Strategy for Particle Physics. To extend
its discovery potential and its operability by another decade, LHC will need
a major upgrade in the 2020s to increase its luminosity (and thus collision
rate) by a factor of five beyond its design value. The project goal is to raise
the integrated luminosity by a factor of ten. As a highly complex machine,
such an upgrade must be carefully studied. The necessary developments
require about 10 years to prototype, test and realize new equipment. The
novel machine configuration, the High Luminosity LHC (HL-LHC), will rely
on several key innovative technologies representing exceptional technological
challenges. These include among others: cutting-edge 11–12 T supercon-
ducting magnets, very compact superconducting cavities for beam rotation
with ultra-precise phase control, a new technology for beam collimation and
high-power superconducting links with almost zero energy dissipation.

In accelerator physics, the particle beam is assumed to have a Gaussian
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shape in the transverse direction. The transverse size is described by the
formula

σ (z) =
√
ε · β (z) , (1.8)

where z is the position along the nominal beam trajectory, σ(z) is the width
of the Gaussian function, ε is the root mean square (RMS) geometrical beam
emittance and β(z) is a periodic function given by the overall focusing prop-
erties of the storage ring. It cannot be directly calculated by an analytical
approach, but it has to be determined numerically [23].

The value of the β-function at the interaction point z0 is referred to as β∗.
The β-function is typically adjusted to have a local minimum at such point
in order to minimize the beam size and thus maximize the interaction rate.
Assuming that this point is in a drift space, one can show that the evolution
of the β-function around the minimum point is given by

β (s) = β∗ +
s2

β∗
, (1.9)

where s = z− z0 is the distance along the nominal beam direction. Eq. (1.9)
implies that the smaller the beam size at the interaction point, the faster the
rise of the β-function (and thus the beam size) when going away from the
interaction point. In practice, the aperture of the beam-line elements (e.g.
focusing magnets) around the interaction point limits how small β∗ can be
made.

The instantaneous luminosity L can be expressed as a function of β∗ by
the formula

L = γ
nbN

2frev

4πβ∗εn
R , R =

(√
1 +

θcσz
2σ

)−1

, (1.10)

where γ is Lorentz’s factor, nb is the number of bunches per beam colliding
at the interaction point, N is the bunch population, frev is the revolution
frequency, εn is the transverse normalized emittance, R is a luminosity geo-
metrical reduction factor from the crossing angle not including the Hourglass
effect, θc is the full crossing angle between colliding beams and σ and σz are
the transverse and longitudinal RMS sizes, respectively.

From Eq. (1.10), one can see that L and β∗ are inversely proportional.
To increase the luminosity we must decrease the factor β∗εn. This needs the
substitution of the magnets (see Fig. 1.9) before and after the interaction
points of the ATLAS and CMS experiments.

The INFN section of Genova has the task to design the new recombination
dipoles [31, 40, 46, 59] (called D2), which bend the two beams in opposite
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Figure 1.9: Cross-sections of the magnets that must be substituted for the High
Luminosity upgrade of LHC [49].
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Figure 1.10: Cross-section of the D2 short model, which is under construction
at ASG Superconductors in Genova. The main components are the conductors (in
red), the copper wedges (in light grey), the stainless steel collars (in grey), the Al
alloy sleeve (in light blue), the iron yoke (in blue), and stainless steel keys, pins
and clamps (in green) [40].
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Figure 1.11: Cross-section of the LHC recombination dipoles [18]. The magnetic
field has the same polarity in both apertures. The iron yoke between the bores is
not saturated and magnetically decouples the coils.
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directions (see Fig. 1.10). These magnets have a twin-aperture layout with a
separation between the apertures of 188 mm and a bore diameter of 105 mm.
They must generate an integrated magnetic field of 35 T/m with the same
polarity in both apertures. The separation distance between the coils allows
their magnetic coupling with a dramatic worsening of the field quality 1. In
the LHC recombination dipoles [8, 18] (see Fig. 1.11), this issue has been
solved by interposing the iron yoke between the apertures. The magnetic
field is low enough (2.77 T) for allowing the iron to magnetically decouple
the two coils. This solution is not practicable in the new D2 design. Due to
the length limitation, the HL-LHC dipole will have to generate a magnetic
field of 4.5 T in each aperture. Because the field direction is identical in both
apertures, the magnetic field between the coils sums up saturating the iron
yoke, which contributes to get dramatically worse the field quality [22].

1.4.4 Far away accelerators

Around 2040, HL-LHC will complete its study program. Hence, new parti-
cle accelerators will be needed to explore unknown regions of High-Energy
Physics (HEP). For this reason, the Future Circular Collider (FCC) study
was launched [21] as a worldwide international collaboration under the aus-
pices of the European Committee for Future Accelerators (ECFA).

Since its beginning, the FCC collaboration studied the physics opportu-
nities, the technical challenges, the costs and the schedule of three circular
colliders: an High-Energy update of LHC (HE-LHC), a new lepton collider
(FCC-ee) and a new hadron collider (FCC-hh), which would be housed in
100-km circumference tunnel in the area of Geneva. Some of these acceler-
ators could be part of an integrated program extending until the end of the
21st century. The results of these studies have been published in a Concep-
tual Design Report (CDR) [53–56] at the beginning of 2019, in time for the
2020 Update of the European Strategy for Particle Physics (EPPSU).

Between the three projects, the most difficult to achieve is the hadron
collider, which will provide proton-proton collisions with 100-TeV energy
in the center of mass, about seven times higher than in LHC. The collider
will require 4668 arc dipole magnets and 744 arc quadrupole magnets in the
twin-aperture layout, because the available space in the FCC tunnel does
not allow two separate storage rings. For bending in the same direction the
50-TeV beams, the dipoles will have to generate a 16-T magnetic field with
the same polarity in the two apertures of 50-mm diameter. For focusing
these beams, the quadrupoles will have to generate a 367-T/m field gradient

1See section 2.3.
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Figure 1.12: Cold mass cross-section of the 16-T arc dipole magnet [55].

in each aperture.
A research infrastructure of such a scale depends on the feasibility of key

technologies, pushed beyond the current state of the art. The accelerator
magnets require innovative designs to generate high-quality fields 2 up to
16 T. The cryogenic beam vacuum system must be designed to cope with
unprecedented synchrotron light power. Therefore, with European Union
support in the H2020 framework and under the umbrella of the FCC col-
laboration, the European Circular Collider (EuroCirCol) consortium was
launched [28] to study the FCC-hh conceptual design.

Until now, all the superconducting accelerator magnets used a NbTi alloy,
which has a critical field of about 15 T. So, a 10-T magnetic field in the beam
pipe is considered to be the practical limit for this material. Nowadays,
the intermetallic Nb3Sn compound is the only functional material, which
can generate a higher field with affordable costs on an industrial scale [67].
However, it is a brittle material, whose superconductivity may be reduced or
destroyed from too high strains [3]. Therefore, the EuroCirCol collaboration
studied different layouts for the 16-T bending dipole (arc dipole magnet) [41,
50, 66]. Block-coil, common-coil, cos θ and canted-cos θ designs have been

2See section 2.3.
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Figure 1.13: Electromagnetic cross-sections of the 16-T dipole design vari-
ants [56].
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explored by four different teams (see Fig. 1.13) [35, 39, 42–44, 47, 48, 51,
61, 68, 69]. These studies led to choose as baseline design the cos θ layout,
designed by the INFN sections of Genoa and Milan (see cross-section sketch
in Fig. 1.12 and details in chapter 4). It turned out to be the most efficient
in terms of conductor amount. Compared to the cos θ design, the block-coil
requires 3.7%, the common-coil 25.4% and the CCT 27.7% more conductor.
Minimizing the superconductor amount in the coils allows to significantly
reduce the magnet costs, which are an important voice in the overall costs of
the accelerator.

The FCC-hh superconducting magnets have been designed to be com-
patible with the LHC tunnel. So, they can be alternatively used for the
High-Energy upgrade of LHC (HE-LHC). This would allow LHC to achieve
a 27-TeV energy in the center of mass.





Chapter 2

Complex Formalism for the
Magnetic Field

2.1 Introduction

The accelerator magnets must generate a high-homogeneous field. The gen-
eral rule is that, in the power series expansion of the magnetic field, any
higher-order multipole must be lower than 10−4 of the main component.

The complex formalism is an elegant way to compute two-dimensional
fields in the magnet aperture. This was a standard method in the design
process of the early superconducting magnets. For a long time, Beth’s pa-
pers [1, 2] have been the main references for the magnet designers. Although
numerical methods have widely replaced the complex analysis, the definition
of the field quality is still based on this formalism [7, 18].

2.2 Complex magnetic field

2.2.1 Conductor model and problem symmetry

Let (O,x,y, z) is the Cartesian coordinate system. Let us assume that the
beam runs along the z-axis and is surrounded from a cylinder of indefinite
radius, which represents the beam pipe. Let us consider a set of conductors
parallel to the z-axis and uniform in z, located outside the cylinder. This
case is representative of a coil assembly around the aperture of an accelerator
magnet. Furthermore, let us assume that the conductors carry a constant
current density, parallel to the z-axis and uniform in z. If we point out Vcond
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the volume inside the conductors, we can write

J =

Jz (x, y) z ∀ (x, y, z) ∈ Vcond ,

0 otherwise .
(2.1)

Given the problem symmetry, the currents carried by the conductors pro-
duce a magnetic field B uniform in z. Hence, we can write

B = Bx (x, y)x +By (x, y)y +Bz (x, y) z . (2.2)

According to Biot and Savart’s law, the magnetic field B is perpendicular
to the z-axis, and therefore

Bz (x, y) = 0 ∀ (x, y) . (2.3)

Given the two-dimensional problem symmetry, we work below in the plane
(O,x,y) and designate by Σcond the cross-section of the conductors.

Making explicit Maxwell-Gauss’s equation

∇ ·B = 0 , (2.4)

we get
∂Bx (x, y)

∂x
+
∂By (x, y)

∂y
= 0 ∀ (x, y) . (2.5)

Instead, making explicit Maxwell-Ampere’s equation

∇×B = µ0J , (2.6)

where µ0 = 4π · 10−7 H/m, we obtain

∂By (x, y)

∂x
− ∂Bx (x, y)

∂y
= µ0Jz (x, y) ∀ (x, y) ∈ Σcond (2.7)

and
∂By (x, y)

∂x
− ∂Bx (x, y)

∂y
= 0 ∀ (x, y) 6∈ Σcond . (2.8)

2.2.2 Magnetic field outside the conductors

Let us consider the region outside the conductors and let s is the complex
variable defined as

s = x+ iy . (2.9)
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Furthermore, let us define the complex magnetic field B as

B (s) = By (x, y) + iBx (x, y) ∀s 6∈ Σcond . (2.10)

The real and imaginary parts, Re(B) and Im(B), are simply

Re (B) = By (x, y) and Im (B) = Bx (x, y) . (2.11)

The complex function B is continuous and single-valued. Now we demon-
strate that it is holomorphic. This can be done by demonstrating that Re(B)
and Im(B) satisfy Cauchy-Riemann’s equations:

∂Re (B)

∂x
− ∂Im (B)

∂y
= 0 (2.12)

and
∂Re (B)

∂y
+
∂Im (B)

∂x
= 0 . (2.13)

On one hand, we have

∂Re (B)

∂x
− ∂Im (B)

∂y
=
∂By (x, y)

∂x
− ∂Bx (x, y)

∂y
, (2.14)

which by combining with Eq. (2.8) yields Eq. (2.12).
On the other hand, we have

∂Re (B)

∂y
+
∂Im (B)

∂x
=
∂By (x, y)

∂y
+
∂Bx (x, y)

∂x
, (2.15)

which by combining with Eq. (2.5) yields Eq.(2.13).
From these results follows that the complex magnetic field B is single-

valued and holomorphic on the region outside the conductors.
For deriving Cauchy-Riemann’s equations from Maxwell’s equations, the

complex magnetic field must be defined as By + iBx or Bx − iBy. Indeed,
the function defined as Bx + iBy is not holomorphic.

2.2.3 Magnetic field inside the conductors

Let us now consider the region inside the conductors Σcond and let us assume
that the z-component of the current density is uniform over Σcond:

Jz (x, y) = J0 ∀ (x, y) ∈ Σcond , (2.16)

where J0 is a constant.
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Let us define the complex magnetic field B as

B (s) = By (x, y) + iBx (x, y)− µ0J0

2
s∗ ∀ (x, y) ∈ Σcond , (2.17)

where s∗ is the complex conjugate of s. This time, the real and imaginary
parts, Re(B) and Im(B), are

Re (B) = By (x, y)− µ0J0

2
x (2.18)

and
Im (B) = Bx (x, y) +

µ0J0

2
y . (2.19)

The complex function B is continuous and single-valued. Now we show
that it is holomorphic over Σcond by demonstrating that Re(B) and Im(B)
satisfy Cauchy-Riemann’s equations (2.12) and (2.13). On one hand, we have

∂Re (B)

∂x
− ∂Im (B)

∂y
=
∂By (x, y)

∂x
− ∂Bx (x, y)

∂y
− µ0J0 , (2.20)

which by combining with Eq. (2.7) and Eq. (2.16) yields Eq. (2.12). On the
other hand, we have

∂Re (B)

∂y
+
∂Im (B)

∂x
=
∂By (x, y)

∂y
+
∂Bx (x, y)

∂x
, (2.21)

which by combining with Eq. (2.5) yields Eq. (2.13).
From these results follows that the complex magnetic field B is single-

valued and holomorphic over Σcond.

2.3 Multipole expansion
Let (O,x,y, z) designate a Cartesian coordinate system and let us consider
a current line of intensity I, parallel to z-axis and crossing the plane (O,x,y)
at the position s0 ≡ x0 + iy0, as represented in Fig. 2.1.

As we showed in the previous section, Biot and Savart’s law set that the
current line I generates a magnetic field B parallel to the plane (O,x,y)
and independent from the variable z. Its module can be represented by
the complex function B(s), defined by Eq. (2.10) and explicitly expressed
according to Biot and Savart’s law, as

B (s) =
µ0I

2π (s− s0)
for s 6= s0 . (2.22)
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Figure 2.1: Current line of intensity I at the position s0 in the complex plane.
The versus of the current line is outgoing from the page.

Because B(s) is holomorphic, it can be expanded in a power series. Know-
ing that for s < 1

1

1− s
= 1 + s+ s2 + s3 + · · · =

∞∑
n=1

sn−1 , (2.23)

we can develop the multipolar expansion of the magnetic field for s < s0, as

B (s) =
µ0I

2π (s− s0)
= − µ0I

2πs0

1

1− s/s0

= − µ0I

2πs0

∞∑
n=1

(
s

s0

)n−1

= − µ0I

2πs0

∞∑
n=1

(
Rref

s0

)n−1(
s

Rref

)n−1

,

(2.24)

where Rref is a reference radius. It is just introduced to avoid coefficients
with the physical dimensions depending over the order of the multipoles.
It does not have any physical meaning and it has nothing to do with the
convergence radius of the series.
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We can re-write the multipolar expansion in the European notation as

B (x, y) = By (x, y) + iBx (x, y) =
∞∑
n=1

(Bn + iAn)

(
x+ iy

Rref

)n−1

, (2.25)

where

Bn + iAn = − µ0I

2πs0

(
Rref

s0

)n−1

= − µ0I

2πRref

(
Rref

s0

)n
. (2.26)

The coefficients An and Bn have the dimensions of the magnetic field (T)
and they are called skew and normal cylindrical harmonics, respectively. In
the European definition (2.25), each term of order n represents the 2n-pole
component.

Eq. (2.26) shows that, except for n = 1, the cylindrical harmonics depend
on the reference radius and that their values change according to the scaling
law

B
′

n + iA
′

n =

(
R

′

ref

Rref

)n−1

(Bn + iAn) , (2.27)

where B′
n and A′

n are the coefficients at a reference radius R′

ref and Bn and
An are the coefficients at a different reference radius Rref.

The choice of the reference radius has evolved in the time [7]. It was
12.7 mm for the Tevatron magnets, which had a 38.1-mm aperture radius. It
was 12.5 mm for the HERA magnets, which had a 37.5-mm aperture radius.
In those days, the general rule for Rref was to take 1/3 of the aperture radius.
Today, the reference radius for an accelerator magnet is usually chosen as 2/3
of the aperture radius.

The cylindrical harmonics can be dimensionless and normalized to units
as

bn = 104 Bn

Bref
and an = 104 An

Bref
, (2.28)

where Bref is the main field component at the reference radius Rref. Thus,
Eq. (2.25) becomes

B (x, y) = By (x, y) + iBx (x, y)

= 10−4Bref

∞∑
n=1

(bn + ian)

(
x+ iy

Rref

)n−1

,
(2.29)

where an and bn are called normalized skew and normal cylindrical harmonics,
respectively.
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The representation of the magnetic field by a power series expansion is
very useful for computing the beam orbits in the accelerator physics. As
a consequence, the field quality requirements, for the accelerator magnets,
are usually formulated as tolerances on the various terms of the power series
expansion of the magnetic field. An important aspect in the accelerator
magnet design is to find the conductor arrangements, which minimize the
coefficients of the power series expansion in the magnet aperture. Typical
acceptable field quality deviations from the ideal field are of the order of
0.01% at 2/3 of the reference radius. This is why the factor 10−4 is factored
in Eq. (2.29). In this way the normalized harmonics have values of the order
of the unity and the exponential notation can be avoided.

2.4 Sector model

Let us consider Fig. 2.1 again. From Eq. (2.26) follows that the cylindrical
harmonics generated by the current line I are

Bn + iAn = − µ0I

2πRref

(
Rref

s0

)n
= − µ0I

2πRref

(
Rref

ρ

)n
e−inθ

= − µ0I

2πRref

(
Rref

ρ

)n
(cosnθ − i sinnθ) .

(2.30)

Now let us consider the quadruplet of current lines (I, ρ, θ), (−I, ρ, π −
θ), (−I, ρ, π + θ) and (I, ρ,−θ) shown in Fig. 2.2. The magnetic field gener-
ated by this quadruplet is the sum of the contributions of each current line.
Within the circle of center O and radius ρ, the field B(s) can be calculated
for s < ρ by Eq. (2.25), where

Bn + iAn = − µ0I

2πRref

(
Rref

ρ

)n
×
[
e−inθ − e−in(π−θ) − e−in(π+θ) + einθ

]
.

(2.31)

Knowing that
cosn (π − θ) = (−1)n cosnθ ,

cosn (π + θ) = (−1)n cosnθ
(2.32)
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Figure 2.2: Quadruplet of current lines with an even symmetry about the x-axis
and an odd symmetry about the y-axis.

and similarly
sinn (π − θ) = − (−1)n sinnθ ,

sinn (π + θ) = (−1)n sinnθ ,
(2.33)

we get

e−inθ − e−in(π−θ) − e−in(π+θ) + einθ = 2 [1− (−1)n] cosnθ , (2.34)

which is only non-zero when n is odd. Therefore, the complex magnetic field
can be written for s < ρ with the only non-zero coefficients

Bn = − 2µ0I

πRref

(
Rref

ρ

)n
cosnθ n odd , (2.35)

which are called allowed cylindrical harmonics of this current distribution.
The even symmetry about the x-axis deletes the skew harmonics and the odd
symmetry about the y-axis drops the even normal harmonics.

Let us consider a dipole, whose quarter coil layout is a sector of width
w and bending radius R, spanning the angle from 0 to φ. The layout is
symmetric both about the x-axis and about the y-axis. A uniform current
density J flows in the right half coil and −J in the left (see Fig. 2.3). The
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Figure 2.3: Sector coil layout for a dipole of inner radius R and coil width w,
spanning the angle from 0 to φ. The layout is symmetric both about the x-axis
and about the y-axis. A uniform current density J flows in the right half coil and
−J in the left. The magnetic field for r < R has the component By only.

allowed harmonics can be obtained by integrating the current in Eq. (2.35)
over the sector (I → Jρ dρ dθ):

Bn =
2µ0JR

n−1
ref

πn (n− 2)

(
1

(R + w)n−2 −
1

Rn−2

)
sinnφ . (2.36)

Solving Eq. (2.36) we find that the first allowed harmonics B3 vanishes for
φ = 60◦ and the second allowed harmonics B5 for φ = 36◦ and for φ = 72◦.
Therefore, we cannot have B3 = B5 = 0 with a single sector.

If we consider a coil composed by two sectors [0, φ1] and [φ2, φ3], with a
wedge between φ1 and φ2 (see Fig. 2.4), we can set B3 = B5 = B7 = 0 by
numerically solving the equation system

sin (7φ3)− sin (7φ2) + sin (7φ1) = 0 ,

sin (5φ3)− sin (5φ2) + sin (5φ1) = 0 ,

sin (3φ3)− sin (3φ2) + sin (3φ1) = 0 ,

(2.37)

which gives the solution (0◦ − 43.2◦, 52.2◦ − 67.3◦). Putting a second wedge
in the coil, we add two free parameters and we can set to zero from b3 to b11,



36 Complex Formalism for the Magnetic Field

Figure 2.4: Sector coil layout with a dipole symmetry and an angular wedge.

by resolving the new equation system

sin (11φ5)− sin (11φ4) + sin (11φ3)− sin (11φ2) + sin (11φ1) = 0 ,

sin (9φ5)− sin (9φ4) + sin (9φ3)− sin (9φ2) + sin (9φ1) = 0 ,

sin (7φ5)− sin (7φ4) + sin (7φ3)− sin (7φ2) + sin (7φ1) = 0 ,

sin (5φ5)− sin (5φ4) + sin (5φ3)− sin (5φ2) + sin (5φ1) = 0 ,

sin (3φ5)− sin (3φ4) + sin (3φ3)− sin (3φ2) + sin (3φ1) = 0 ,

(2.38)

which gives the solution (0◦ − 33.3◦, 37.1◦ − 53.1◦, 63.4◦ − 71.8◦).

Theoretically, P wedges allow setting to zero up to (2P + 1) allowed
harmonics. The wedges introduce a geometric spacing in the current distri-
bution, which imitates with a good approximation the ideal cos θ annulus,
i.e., an annulus crossed from a current density proportional to the cosine of
the azimuth. It has been demonstrated that this arrangement produces a
pure dipole magnetic field in its aperture. The coils based on this geome-
try are called cos θ coils. All the superconducting accelerators described in
section 1.4.2 used cos θ dipole magnets and cos 2θ quadrupole magnets.
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2.5 Integrated multipoles
The overall effect of the multipoles on the particle trajectory is described
by the cylindrical harmonics integrated over the magnet length (integrated
harmonics).

Let (O,x,y, z) designate a Cartesian coordinate system and let z-axis
be the magnet axis. Formally, the 3D main field component is defined as
the average of the 2D main field component, Bref, on the straight part of the
magnet:

B̄ref ≡
∫

s.p.Bref (z) dz∫
s.p. dz

. (2.39)

The magnetic length or effective length, Lm, of the magnet is defined as
the length of an equivalent magnet without the coil ends and with the same
3D main field component:

Lmag ≡
∫∞
−∞Bref (z) dz

B̄ref
. (2.40)

The magnetic length is an important parameter in the magnet design. The
magnet length is always given in terms of magnetic length.

Knowing that, for the accelerator magnets, B̄ref = Bref, the integrated
harmonics are defined as

b̄n ≡
∫∞
−∞Bn (z) dz∫∞
−∞Bref (z) dz

=

∫∞
−∞Bn (z) dz

LmagBref
=

∫∞
−∞ bn (z) dz

Lmag
(2.41)

and

ān ≡
∫∞
−∞An (z) dz∫∞
−∞Bref (z) dz

=

∫∞
−∞An (z) dz

LmagBref
=

∫∞
−∞ an (z) dz

Lmag
. (2.42)

Then, the integrated harmonics can be computed by integrating the bn(z)
and an(z) harmonics along the z-axis and dividing by Lmag.





Chapter 3

Extended Sector Model

3.1 Introduction

The first step in the coil design is to find the block arrangements, which
generate a high-homogeneous magnetic field, given the bending radius, the
cable width, the layer number and the inter-beam distance. These config-
urations cannot be derived explicitly and many numerical algorithms exist
to find the optimal cross-sections [18]. Owing to the complicated magnet
geometry (coils made of blocks, blocks made of cables and cables made of
strands), they are time-consuming and, to be really effective, they have to
operate on configurations which are not too far from a local optimum.

In the single-aperture layout, the sector model, approximating the blocks
as annular sectors, is a powerful analytical tool, which allows to carry out
an initial scan on a very large number of possible configurations [16, 25, 60].
This makes easier to find the cross-section which best suits the specifications.

The twin-aperture layout introduces a complicating factor: the contribu-
tion to the harmonic components which one coil exerts on the other aperture.
This effect is referred to as cross-talk. If it is not negligible, an extension of
the single-aperture sector model is required to analytically scan the param-
eter space. This is the case of the recombination dipole D2 for the High
Luminosity upgrade of LHC (HL-LHC) and the 16-T bending dipole for the
Future Circular Collider (FCC).

The FCC bending dipole presents two further issues. On one hand, the
small keystoning of the conductors brings to non-negligible geometrical differ-
ences between real blocks and radial sectors. This gap leads to non-negligible
errors in the computation of the coil harmonics1 (geometric harmonics),
which could cause the optimization process to fail. On the other hand, the

1Up to 100 units on b3 in the first layer.
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minimal distance between neighboring blocks makes difficult to consider the
harmonic contribution generated by the iron saturation (saturation harmon-
ics) only in the next phase of the design process. Indeed, fine-tuning the
block positions to correct the too high geometrical and saturation harmonics
could lead to too small wedges.

For solving the previous issues, we developed an extension of the sector
model [64], which we used to find the asymmetric coil configurations, that
minimize the cross-talk in the new dipole D2 of HL-LHC and the 16-T bend-
ing dipole of FCC. In a computational time of few minutes for D2 and few
tens of minutes for the FCC dipole, this method allowed to find magnetic
designs better than those found with the standard techniques [18] (see sec-
tions 4.4 and 5.2.2). These results show that this method can be used as an
optimal tool at the early stage of the coil design of a twin-aperture dipole,
which presents a non-negligible cross-talk.

3.2 Theoretical model

3.2.1 Asymmetric layout

Compared to the single-aperture layout described in Section 2.4, the magnetic
cross-talk can bring to non-zero normal multipole coefficients also for even
orders. To control the even normal harmonics we must break the symmetry
of the current lines about the y-axis.

Let us consider a quadruplet of current lines, which is symmetric only
about the x-axis (see Fig. 3.1). The normal multipoles can be written as

Bn =− µ0I

πRref

(
Rref

ρ

)n
cosnθ1

− µ0 (−I)

2πRref

(
Rref

ρ

)n
cosn (π − θ2)

− µ0 (−I)

2πRref

(
Rref

ρ

)n
cosn (π + θ2) .

(3.1)

Owing to Eq. (2.32), Eq. (3.1) becomes

Bn = − µ0I

πRref

(
Rref

ρ

)n [
cosnθ1 − (−1)n cosnθ2

]
. (3.2)
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Figure 3.1: Asymmetric quadruplet of current lines about the y-axis and with an
even symmetry about the x-axis.

Integrating the current for passing to an asymmetric sector coil about the
y-axis (see Fig. 3.2), we obtain

Bn = −
µ0JR

n−1
ref

π

∫ R+w

R

1

ρn−1
dρ

×

(∫ φ
′

φ

cosnθ1dθ1 − (−1)n
∫ ψ

′

ψ

cosnθ2dθ2

)
,

(3.3)

where R is the bending radius, w is the coil width, φ and φ′ are the starting
and final angles respectively for the right sector and ψ and ψ′ are the starting
and final angles respectively for the left sector. For n 6= 2 we get

Bn =
µ0JR

n−1
ref

πn (n− 2)

(
1

(R + w)n−2 −
1

Rn−2

)
×
[
sinnφ

′ − sinnφ− (−1)n
(

sinnψ
′ − sinnψ

)]
,

(3.4)

and for n = 2

B2 =
µ0JRref

2π
ln

R

R + w

(
sin 2φ

′ − sin 2φ− sin 2ψ
′
+ sin 2ψ

)
. (3.5)
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Figure 3.2: Asymmetric sector coil about the y-axis and symmetric about the
x-axis. φ and φ′ are the starting and final angles of the right sector respectively. ψ
and ψ′ are the starting and final angles of the left sector respectively. All sectors
have the bending radius R and the width w.

3.2.2 Cable modeling

For solving the conductor issue with a small keystoning, we include the cable
in the sector model. We define the final angles of the sectors as

φ
′
= φ+m∆φ ,

ψ
′
= ψ +m∆φ ,

(3.6)

where m is the number of turns of each sector and ∆φ is the angle underlying
the turn (see Fig. 3.3). The angle ∆φ is calculated as

∆φ = arcsin
l̄

R̄
, (3.7)
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Figure 3.3: Asymmetric sector coil about the y-axis and symmetric about the
x-axis. φ and ψ are the starting angles of the right and left sectors respectively.
Both sectors have the bending radius R and the width w. They are composed from
m turns and ∆φ is the angle underlying each turn.

where l̄ is the mean cable thickness, considered as conductor plus insulation,
and R̄ is the mean bending radius of the cable, computed as

R̄ = R +
w

2
. (3.8)

The choice to work with the mean cable thickness on the mean bending
radius leads to geometric differences of opposite sign between real blocks and
radial sectors (see Fig. 3.4 for the dipole D2, Fig. 3.5 and Fig. 3.6 for the FCC
bending dipole). These geometrical differences bring to errors of opposite sign
in the harmonic computation. The opposite sign errors partially offset each
other and minimize the overall harmonic error. The maximum error on the
most sensible harmonic becomes ∆b3 < 19 units in the 16-T bending dipole
and ∆b3 < 11 units in the dipole D2.
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The equations (3.4) and (3.5) are rewritten as

Bn =
µ0JR

n−1
ref

πn (n− 2)

(
1

(R + w)n−2 −
1

Rn−2

)

×
[

sinn (φ+m∆φ)− sinnφ− (−1)n (sinn (ψ +m∆φ)− sinnψ)

] (3.9)

and

B2 =
µ0JRref

2π
ln

R

R + w

×
[

sin 2 (φ+m∆φ)− sin 2φ− sin 2 (ψ +m∆φ) + sin 2ψ

]
.

(3.10)

In the twin-aperture layout, Eq. (3.9) and Eq. (3.10) are the harmonics
generated from the right coil in its aperture and, hereafter, we will indicate
them as Br

n.

3.2.3 Cross-talk: sector model

Let us consider a quadruplet of current lines (−I, ρ, θ1), (I, ρ, π−θ2), (I, ρ, π+
θ2) and (−I, ρ,−θ1), as reported in Fig. 3.7. The polar coordinates of the
quadruplet are in the coordinate system centered in O′ . The quadruplet is
symmetric about the x-axis and asymmetric about its vertical axis. The
positions of the current lines in the complex plane centered in O are

s1 = −2d+ ρ eiθ1 , s2 = −2d+ ρ ei(π−θ2) ,

s3 = −2d+ ρ ei(π+θ2) , s4 = −2d+ ρ e−iθ1 ,
(3.11)

where d is half of the inter-beam distance.
The multipoles generated on the reference radius follow from Eq. (2.26):

Bn + iAn = −µ0IR
n−1
ref

2π

(
1

sn1
+

1

sn4

)
− µ0 (−I)Rn−1

ref

2π

(
1

sn2
+

1

sn3

)

= −µ0IR
n−1
ref

2π

[
1

(−2d+ ρ eiθ1)n
+

1

(−2d+ ρ e−iθ1)n

]

− µ0 (−I)Rn−1
ref

2π

[
1

(−2d+ ρ ei(π−θ2))
n +

1

(−2d+ ρ ei(π+θ2))
n

]
.

(3.12)
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Figure 3.4: Drawing of a coil quarter of the dipole D2. The blue areas, overlapped
to the conductors, are the radial sectors, built with the angle ∆φ computed as in
Eq. (3.7). The geometric differences are always of opposite signs and this allows
to minimize the errors in the computation of field harmonics.



46 Extended Sector Model

Figure 3.5: Drawing of a coil quarter of the first (top) and second (bottom) layer
of FCC bending dipole. The blue areas, overlapped to the conductors, are the
radial sectors, built with the angle ∆φ computed as in Eq. (3.7). The geometric
differences are always of opposite signs and this allows to minimize the errors in
the computation of field harmonics.
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Figure 3.6: Drawing of the third (top) and fourth (bottom) layer of FCC bending
dipole. The blue areas, overlapped to the conductors, are the radial sectors, built
with the angle ∆φ computed as in Eq. (3.7). The geometric differences are always
of opposite signs and this allows to minimize the errors in the computation of field
harmonics.
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The presence of the inter-beam distance prevents the analytical development
of the power elevation, as it has been done in Eq. (2.31). The simplest way
to work around the problem is to pass through the Cartesian coordinates, as

Bn + iAn = −µ0IR
n−1
ref

2π

(
1

sn1
+

1

sn4

)
− µ0 (−I)Rn−1

ref

2π

(
1

sn2
+

1

sn3

)

= −µ0IR
n−1
ref

2π

[(
x1 − iy1

x2
1 + y2

1

)n
+

(
x4 − iy4

x2
4 + y2

4

)n]

− µ0 (−I)Rn−1
ref

2π

[(
x2 − iy2

x2
2 + y2

2

)n
+

(
x3 − iy3

x2
3 + y2

3

)n]
.

(3.13)

Knowing that

cos (π − θ) = − cos θ , cos (π + θ) = − cos θ , cos (−θ) = cos θ , (3.14)

sin (π − θ) = sin θ , sin (π + θ) = − sin θ , sin (−θ) = − sin θ , (3.15)

we get

x1 − iy1

x2
1 + y2

1

=
(−2d+ ρ cos θ1)− iρ sin θ1

(−2d+ ρ cos θ1)2 + ρ2 sin2 θ1

=
−2d+ ρ (cos θ1 − i sin θ1)

4d2 + ρ2 − 4dρ cos θ1

,

(3.16)

x2 − iy2

x2
2 + y2

2

=
(−2d− ρ cos θ2)− iρ sin θ2

(−2d− ρ cos θ2)2 + ρ2 sin2 θ2

=
−2d− ρ (cos θ2 + i sin θ2)

4d2 + ρ2 − 4dρ cos θ2

,

(3.17)

x3 − iy3

x2
3 + y2

3

=
(−2d− ρ cos θ2) + iρ sin θ2

(−2d− ρ cos θ2)2 + ρ2 sin2 θ2

=
−2d− ρ (cos θ2 − i sin θ2)

4d2 + ρ2 − 4dρ cos θ2

(3.18)
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and

x4 − iy4

x2
4 + y2

4

=
(−2d+ ρ cos θ1) + iρ sin θ1

(−2d+ ρ cos θ1)2 + ρ2 sin2 θ1

=
−2d+ ρ (cos θ1 + i sin θ1)

4d2 + ρ2 − 4dρ cos θ1

.

(3.19)

Eq. (3.13) becomes

Bn + iAn =− µ0IR
n−1
ref

2π

[(
−2d+ ρ (cos θ1 − i sin θ1)

4d2 + ρ2 − 4dρ cos θ1

)n

+

(
−2d+ ρ (cos θ1 + i sin θ1)

4d2 + ρ2 − 4dρ cos θ1

)n]

− µ0 (−I)Rn−1
ref

2π

[(
−2d− ρ (cos θ2 + i sin θ2)

4d2 + ρ2 − 4dρ cos θ2

)n

+

(
−2d− ρ (cos θ2 − i sin θ2)

4d2 + ρ2 − 4dρ cos θ2

)n]
.

(3.20)

For passing to a sector coil, we have to integrate the current lines over
the sectors (I → Jρdρdθ). However, Eq. (3.20) can not be analytically
integrated over the polar coordinates, and a numerical solution is required.
In an optimization process, we should iteratively solve the integral over a
higher number of sectors. The iterative numerical solution of this integral
would be time-consuming and slow down the optimization process. Thereby,
we considered another way.

3.2.4 Cross-talk: current-line model

The left coil conductors are far from the right coil aperture, the region where
the harmonics are computed. Therefore, we can analytically describe the left
coil harmonic contribution approximating each conductor by a single current
line, flowing in the center of the turn itself (see Fig. 3.8). Modeling each
conductor of the left coil by a matrix of current lines, we verified that this
approximation brings to a maximum error of about 5% on the harmonics
computation.
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Figure 3.7: Quadruplet of current lines for building the left coil in the twin-
aperture layout. The quadruplet is symmetric about the x-axis and asymmetric
about its vertical axis. d is half of the inter-beam distance.

The contribution of the left coil, in the right coil aperture, is

Bl
n = −

µ0IR
n−1
ref

2π

m∑
i=1

cosn (π − θi)
ρni

−
µ0IR

n−1
ref

2π

m∑
i=1

cosn (π + θi)

ρni

−
µ0 (−I)Rn−1

ref

2π

m∑
i=1

cosn
(
π − θ′

i

)(
ρ

′
i

)n
−
µ0 (−I)Rn−1

ref

2π

m∑
i=1

cosn
(
π + θ

′
i

)(
ρ

′
i

)n ,

(3.21)

where ρi and θi are the polar coordinates of the current lines of the left
sectors and ρ

′
i and θ

′
i are the polar coordinates of the current lines of the
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Figure 3.8: Twin-aperture layout. The two sector coils are mirrored, because the
beams are counter-rotating. Each coil has the asymmetric cross-section about its
vertical axis. The conductors of the left coil are approximated by single current
lines, flowing in the center of the conductors themselves (black points). ρ, θ, ρ′

, θ
′

are the coordinates of each current line. ρ and θ are linked to the coordinates φ
and m of the corresponding sector in right half of the right coil (top figure), while
ρ
′ and θ′ are linked to the coordinates ψ and m of the corresponding sector in the

left half of the right coil (bottom figure). d is half of the inter-beam distance.
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right sectors. By using Eq. (2.32), we get

Bl
n = − (−1)n

µ0IR
n−1
ref

π

m∑
i=1

cosnθi
ρni

− (−1)n
µ0 (−I)Rn−1

ref

π

m∑
i=1

cosnθ
′
i(

ρ
′
i

)n .

(3.22)

We set the verses of the currents in a way that the magnetic field in the
left aperture has polarity opposite than the right aperture. This is the case
of the 16-T bending dipole for FCC. Instead, for the recombination dipole
D2 of HL-LHC, the magnetic field must have the same polarity in the two
aperture and this condition is realized if we reverse the verses of the currents
in Eq. (3.22).

The current density J , which flows in the conductors of the right coil, is
linked to the current intensity I, as J = I/S, where S is the area of each
conductor, computed as

S =

∫ R+w

R

ρ dρ

∫ ∆φ

0

dθ =
(R + w)2 −R2

2
∆φ . (3.23)

The polar coordinates of the current lines, ρi, θi, ρ
′
i, θ

′
i, are linked to the

angles φ or ψ of the corresponding sector of the right coil, by the simple
trigonometric formulas. First, we define the polar coordinates of the current
lines in the middle of each turn of the right coil as

r = R +
w

2
,

γi = φ+

(
i+

1

2

)
∆φ ,

γ
′

i = ψ +

(
i+

1

2

)
∆φ ,

(3.24)

where i is an integer number from 0 to m − 1. Then, we set the polar
coordinates of the current lines of the left coil, splitting between right and
left sectors. Indeed, because the beams are counter-rotating, the left coil is
mirrored to the right coil. Therefore, the left sectors of the left coil correspond
to the right sectors of the right coil and the right sectors of the left coil
correspond to the left sectors of the right coil.
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For the left sectors of the left coil, the trigonometric formulas are

θi = arctan

(
r sin γi

2d+ r cos γi

)
,

ρi =
2d+ r cos γi

cos θi
,

(3.25)

where d is half of the inter-beam distance; while for the right sectors of the
left coil we have

θ
′

i = arctan

(
r sin γ

′
i

2d− r cos γ
′
i

)
,

ρ
′

i =
2d− r cos γ

′
i

cos θ
′
i

.

(3.26)

Equations (3.24), (3.25) and (3.26) require to rewrite the summation in
Eq. (3.22), which becomes

Bl
n = − (−1)n

µ0IR
n−1
ref

π

m−1∑
i=0

cosnθi
ρni

− (−1)n
µ0 (−I)Rn−1

ref

π

m−1∑
i=0

cosnθ
′
i(

ρ
′
i

)n .

(3.27)

3.2.5 Total normalized harmonics

The normalized harmonics, produced in the right coil aperture by the two
coils, are

bcoiln (φ1, ψ1,m1, . . . , φN , ψN ,mN)

= 104

∑N
p=1

[
Br
n (φp, ψp,mp) +Bl

n (φp, ψp,mp)
]∑N

p=1

[
Br

1 (φp, ψp,mp) +Bl
1 (φp, ψp,mp)

] , (3.28)

where N is the number of the coil sectors.
In the FCC bending dipole, the minimal distance between neighboring

blocks makes difficult to consider the iron yoke saturation only in the next
phase of the design process. Indeed, fine-tuning of the block positions to
correct too big iron yoke contributions and too large errors in the harmonics
computation could lead to too small wedges.
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For solving this issue, we must consider in the theoretical model the iron
yoke saturation and the harmonic error due to the geometric differences be-
tween the sector coil and the real coil. We observed that these contributions
poorly depend from the “coordinates” of the configuration (φp, ψp,mp). Then,
we can regard the shift from the model solution, ∆bsat+geomn , approximately
as a constant value, which can be estimated by a single FEM evaluation [18].
Therefore, the total normalized harmonics are

bn (φ1, ψ1,m1, . . . , φN , ψN ,mN)

= bcoiln (φ1, ψ1,m1, . . . , φN , ψN ,mN) + ∆bsat+geomn .
(3.29)

3.3 Numerical solution

3.3.1 Objective function and iterative method

The global minimization of the quadratic sum of the total normalized har-
monics is a so-calledMixed-Integer Non-Linear Programming (MINLP) prob-
lem, which can be solved through the Evolutionary Algorithms (EA). The
Genetic Algorithms (GA) have been the prototype of EA. They can quickly
scan design spaces with multiple minimums and discrete design variables,
but undergo the problem of the so-called premature convergence, i.e., they
stop before the global optimum is reached because they remain trapped into
a local optimum [18].

This problem turned out particularly important in the global minimiza-
tion of the quadratic sum of the total harmonics. Setting to zero the overall
contributions of both coils is more complicated than setting to zero the con-
tributions of only one coil. Moreover, we want to find the coil designs with
few sectors as possible. Decreasing the number of the sectors, we have fewer
design variables to minimize the same number of harmonics. Considering
that we must put also some non-linear constraints over the variables, the
problem becomes computationally difficult. For simplifying the issue and for
reducing the probability of premature convergence, we minimize the objective
function through an iterative procedure:

1. we generate a random configuration of the left coil (φ1, ψ1, m1, . . . ,
φN , ψN , mN) and compute the harmonics Bl

n (φp, ψp,mp) in Eq. (3.28);

2. we numerically find a configuration of the right coil (φ
′
1, ψ

′
1,m

′
1, . . . , φ

′
N ,

ψ
′
N ,m

′
N), for whom the multipoles Br

n

(
φ

′
p, ψ

′
p,m

′
p

)
delete the harmonics

Bl
n (φp, ψp,mp);
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3. we check the total normalized harmonics bn(φ
′
1, ψ

′
1, m

′
1, . . . , φ

′
N , ψ

′
N ,

m
′
N) and we stop if b2 and b3 are within few units (the higher order

harmonics are already within one unit after the first iteration);

4. otherwise we update the contributions of the left coil Bl
n

(
φ

′
p, ψ

′
p,m

′
p

)
and we repeat the steps 2 and 3.

3.3.2 Differential Evolution algorithm

The second step of the iterative method is solved through the Differential
Evolution (DE) algorithm [4, 6]. It is arguably one of the most powerful
stochastic real-parameter optimization algorithms in current use. Many en-
gineering applications have benefited from the powerful nature of DE. An
overview of the main algorithm variants and the engineering applications
can be found in Ref. [19].

We used the version implemented in Wolfram Mathematica 11.3 [70].
The algorithm works with a population of m points, (x1, x2, . . . , xj, . . . , xm),
where m� n, with n being the number of variables. A new population of m
points is generated during each iteration of the algorithm. The new point xj
is built by picking three random points xu, xv and xw from the old population
and forming the point xs as

xs = xw + s (xu − xv) , (3.30)

where s is a real scaling factor. Then, a new point xnew is generated from
xj and xs by taking the coordinates from xs with probability ρ and from xj
with probability 1−ρ. If f(xnew) < f(xj), xnew replaces xj in the population.
The probability ρ is called cross probability.

The process stops if the difference between the best function values in the
new and old populations, as well as the distance between the new best point
and the old best point, is less than the tolerances.

We empirically determined that the optimal values of the scaling factor
s are 0.2 for the dipole D2 and 0.3 for the FCC bending dipole. We used
a population of 2000 points for the dipole D2 and 1800 points for the FCC
bending dipole.

3.3.3 Non-linear constraints

The objective function is minimized with lower and upper limits on each
variable φp, ψp,mp. However, if the positions and the dimensions of the coil
blocks are unknown, as it usually happens in the early stage of the design
process, these limits require careful. Indeed, too tight limits could lead to
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fail the optimization process and too wide limits could bring to overlap the
sectors. This problem is solved by putting the non-overlapping constraints:

φp+1 ≥ φp +mp ∆φ ,

ψp+1 ≥ ψp +mp ∆φ .
(3.31)

Owing to the previous constraints, we can put wide limits on each variable
because the non-overlapping of the sectors is guaranteed.

Eq. (3.31) is sufficient in the dipole D2 of HL-LHC, but not in the FCC
bending dipole. Due to the geometric differences between the real blocks and
the radial sectors (see Fig. 3.5 and Fig. 3.6), it still allows the overlapping
of the real blocks. This issue can be solved reinforcing Eq. (3.31) in two
different ways. On one hand, we can add a distance factor D, as

φp+1 ≥ φp + (mp +D) ∆φ ,

ψp+1 ≥ ψp + (mp +D) ∆φ .
(3.32)

On the other hand, in the constraint definition we can use an angle ∆φ
′

greater than ∆φ, as
φp+1 ≥ φp +mp ∆φ

′
,

ψp+1 ≥ ψp +mp ∆φ
′
.

(3.33)

Eq. (3.32) and (3.33) impose a minimum distance between the sectors and
then guarantee that when we change to the real blocks, they are not over-
lapped. For FCC bending dipole we chose to use the distance factor, which
we empirically determined for each layer.

To ensure that the found solutions generate the nominal dipole field in
the bore, we put constraints on the number of conductors per layer, as

Minf ≤
Nl∑
p=1

mp ≤Msup , (3.34)

where Nl is the number of blocks per layer, Minf and Msup are the minimum
and maximum number of conductors per layer, respectively. Eventually, it is
possible to put a constraint also on the overall number of the coil conductors.
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Chapter 4

Bending Dipole for FCC

4.1 Introduction

As members of the EuroCirCol collaboration, we have helped to develop the
2D electromagnetic design of the cos θ layout. In particular, we have been
responsible for the 3D electromagnetic modeling, which we have realized by
two different tools. The first is the commercial software Opera [45] based on
the Finite Element Method (FEM). The second is a specific CERN program,
ROXIE [9], based on the coupling between the Boundary Element Method
and the Finite Element Method (BEM-FEM) [18].

In this chapter, we describe two designs of the 16-T bending dipole (arc
dipole magnet). The former is characterized by a symmetric coil cross-section
and an inter-beam distance of 204 mm. This layout is an evolution of that
published in Ref. [44, 48] and has been the first design to be chosen as
baseline. However, it has a high quadrupole harmonics due to the magnetic
cross-talk. Studies on the beam dynamics showed that this component is not
acceptable. So, the design has been changed by increasing the inter-beam
distance to 250-mm and by adopting an asymmetric coil layout [69]. The
analytical methodologies described in chapter 3 have been useful to quickly
scan the parameter space and ensure that the proposed configuration is one
of the best possible.

4.2 Design with symmetric coil

4.2.1 Design parameters

The EuroCirCol collaboration approved a common design parameter set for
comparing the different layouts and choosing the preferred design between



60 Bending Dipole for FCC

Table 4.1: Main design parameters.

Feature Unit Value

Material Nb3Sn
Bore magnetic field T 16
Magnetic length m 14.3
Aperture diameter mm 50
Beam distance mm 204
Iron yoke outer radius mm 300
Operating temperature K 1.9
Critical current density A/mm2 2250
Operating point on load-line % 86
Maximum no. of strands 40
Cu/non-Cu ≥ 0.8
Insulation thickness mm 0.15
Field harmonics (geom/sat) unit ≤ 3/10
Number of apertures 2

the four options (see Fig. 1.13) [41, 50]. We report these parameters in
Table 4.1.

Initially, the inter-beam distance had been set to 250 mm to accommodate
an adequate mechanical structure. However, after an optimization process,
we found that smaller and more compact solutions are possibles. So, the
collaboration reduced the inter-beam distance to 204 mm.

The analysis of the fringe magnetic field, i.e., the magnetic field dispersed
in the tunnel, permitted to fix the maximum iron yoke diameter at 600 mm.

These choices are not strictly necessary for the FCC tunnel. However,
they allow to fit the cryostat dimension at the LHC tunnel and to use the
same magnet design both for FCC and HE-LHC. Unfortunately, in these size
constraints, the cross-talk is not negligible and requires careful evaluation in
the magnetic optimization process.

An important feature of the superconducting material is the critical cur-
rent density (Jc). It defines the maximum current density that can flow in
the superconductor. Consequently, it set how much superconductor is needed
in the coils to achieve the nominal field. Reducing this amount is very im-
portant for decreasing the magnet costs. An R&D program is in progress
to increase the Nb3Sn strand performances. The EuroCirCol collaboration
decided to use the expected Jc-value, which is fixed to about 1500 A/mm2

at 16 T with a temperature of 4.2 K [27, 58]. The cost target is fixed to
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Figure 4.1: The superconductor critical current density, Jc, as a function of the
magnetic field in the aperture. The red curve corresponds to Nb3Sn strands cooled
at the temperature of 4.2 K. The blue curve corresponds to strands cooled at the
temperature of 1.9 K.

5 AC/kAm, which is competitive for the industrial production [38, 66].
If we plot the critical current density as a function of the magnetic field

in the aperture, we obtain the critical curve of the superconducting material.
Fig. 4.1 shows the critical curves expected from the high-performance Nb3Sn
strands. The red curve corresponds to strands cooled at the temperature
of 4.2 K. The blue curve corresponds to strands cooled at the temperature
of 1.9 K. Because the magnet must work at the temperature of 1.9 K, the
corresponding critical current density at 16 T is about 2250 A/mm2.

If we plot the current density that really flows in the superconductor as
a function of the magnetic field generated in the aperture, we obtain the so-
called load-line (see Fig. 4.4). It must cross the critical current density in an
intersection point, which depends on the temperature. This point represents
the maximum current that the magnet can carry. Above this value, a quench
certainly occurs. A superconducting magnet cannot work at its maximum
current, because the slightest disturbance can induce a quench. Therefore,
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Figure 4.2: Design of the iron yoke surrounding the two coils. The magnetic field
is shown at the operating current.

the magnet must work at an operating point, which is under the critical
curve with a minimum margin. For the FCC bending dipole, the EuroCirCol
collaboration chose a minimum margin of about 14%.

4.2.2 Magnetic design

2D model

The magnet cross-section is shown in Figures 4.2 and 4.3. The former shows
the design of the iron yoke surrounding the two coils. The latter displays
the coil cross-section, symmetric with respect to the horizontal and vertical
axes. As we demonstrated in Section 2.4, these symmetries delete the skew
and normal even harmonics, which are generated by only one coil. Due to
the cross-talk, only the skew harmonics are zero and the normal harmonics
must be controlled by the optimization process.

For obtaining the nominal field in the bore, we designed the coil with
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Figure 4.3: Symmetric coil cross-section. The magnetic field is shown at the
operating current.

four layers. The cable used in the first and second layer is different from that
used in the third and the fourth layer. This technique is called grading and is
commonly used to increase the cable efficiency in the areas far away from the
bore, where the field is smaller. Indeed, the conductor used in the last two
layers is thinner and permits to obtain a higher current density. In this way,
the cable efficiency is higher and allows to minimize the conductor amount.
At the same time, the copper content in the cable is higher for decreasing the
current density that flows in the copper during a quench. Table 4.2 shows
the main features of the two conductors and Fig. 4.4 shows their load-lines.
“High-field (HF) conductor” refers to the cable used in the first two layers,
while “low-field (LF) conductor” refers to the cable used in the last two.

Each coil is shaped by winding the two conductors to form four double
pancakes, which are connected in series on the mid-plane by using joints
in NbTi, a technique which has been already used for the Nb3Sn MQXF
magnets [32].

The number of turns for each layer is shown in Table 4.3. The large
amount of wedges between the blocks (8 for coil quarter) helps to reduce the
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peak field on the conductors. The minimum wedge thickness is 0.86 mm,
between second and third block of the first layer. The peak field (16.4 T) on
the HF conductor is localized on the fourth block of the first layer in the coil
side facing the other coil (the left side of the coil in Fig. 4.3). The peak field
(12.8 T) on the LF conductor is situated on the third block of the third layer
in the coil side facing the other coil (the left side of the coil in Fig. 4.3).

Fig. 4.5 shows the inductance and the energy stored in the magnet as a
function of the current. At the nominal one, the inductance is 39.6 mH/m
and the stored energy is 2.6 MJ/m. The total inductance is about 570 mH
and the stored energy is roughly 37 MJ.

Tables 4.4 and 4.5 show the normal harmonics at the nominal current up
to the 20th order. They depend only on the geometry and the iron saturation,
because the persistent current effect has not been yet considered at this
design stage. All harmonics are within requirements (see Table 4.1), except
b2. Fig. 4.6 shows the field quality as a function of the current intensity. The
strong variation of b2 and b3 is due to the iron saturation.

3D model

A magnet for accelerator has two ends: the side of the connections between
the blocks and the layers (see Figures 4.7), and the side opposite to the
connections (see Fig. 4.8). Due to the complexity of the coil and for easing
the computation through ROXIE and Opera, we have created an independent
model for each extremity with a magnetic length arbitrarily shorter than the
design one. These models have allowed to quickly evaluate the effects of
each head on the harmonics of the cross-section. Then, we have predicted
the overall harmonics integrated over the nominal magnetic length (Lmag =
14.3 m) by using the formula

b̄n =
b̄n, soc Lmag, soc + b̄n, cs Lmag, cs + bn (z = 0) (Lmag − Lmag, soc − Lmag, cs)

Lmag
,

(4.1)
where b̄n, soc and Lmag, soc are respectively the integrated harmonics and the
magnetic length of the short model for the side opposite to the connections,
and b̄n, cs and Lmag, cs are respectively the integrated harmonics and the mag-
netic length of the short model for the connection side. The electromagnetic
analysis has shown that the two ends have similar effects on the field quality.
In particular, the connection side generates a small component of the dipole
skew harmonics (a1 = −0.35 units at the nominal magnetic length) due to
the connections that break the coil symmetry with respect to the x-axis. The
elevate number of blocks allows to minimize the contribution of each head
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Table 4.2: Main features of the conductors.

Feature Unit HF LF

Material Nb3Sn Nb3Sn
Cu/Non-Cu 0.82 2.08
No. of strands 22 38
Strand diameter mm 1.1 0.7
Bare width mm 13.2 14
Bare inner thickness mm 1.892 1.204
Bare outer thickness mm 2.0072 1.3261
Insulation thickness mm 0.15 0.15
Keystone angle ° 0.5 0.5
Operating current kA 11.39 11.39
Peak field T 16.4 12.8
Operating point on load-line % 86 86

Table 4.3: Number of turns on a coil quarter.

Layer 1 13
Layer 2 19
Layer 3 29
Layer 4 39
Total 200

Table 4.4: Lower-order normal harmonics at the operating current.

b2 b3 b4 b5 b6 b7 b8 b9 b10

−56.61 1.52 −1.17 −0.97 −0.01 1.78 0 1.45 0

Table 4.5: Higher-order normal harmonics at the operating current.

b11 b12 b13 b14 b15 b16 b17 b18 b19 b20

1.06 0 −0.19 0 0 0 −0.07 0 0 0
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Figure 4.4: Load-lines of the Low-Field (LF) conductor and the High-Field (HF)
conductor. The red curve is the Nb3Sn critical current density. The operating
points are about at 86% of the load-lines.
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Figure 4.5: Inductance (top) and energy stored (bottom) in the magnet as a
function of the current intensity. I0 is the operating current.
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Figure 4.6: Field harmonics as a function of the current intensity.
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Table 4.6: Peak fields on the conductors at the operating current in the side
opposite to the magnet connections.

Conductor Cross-section (T) Coil end (T) ∆Bpeak (T)

LF 12.8 12.7 0.1

HF 16.4 14.9 1.5

Table 4.7: Lower-order normal harmonics at the operating current and integrated
over the nominal magnetic length for the magnet with the symmetric coil ends (two
sides opposite to the connections).

b̄2 b̄3 b̄4 b̄5 b̄6 b̄7 b̄8 b̄9 b̄10

−57.23 1.56 −1.17 −0.95 −0.01 1.78 0 1.45 0

by only optimizing the end spacer positions without the need to compensate
the residual harmonics with small corrections of the straight part.

Due to the coil return, the peak field on the conductors in the ends is
usually higher than in the cross-section (typically several %) [18]. So, spacers
are often added in the extremities to reduce the magnetic field. This behavior
manifests in the external layers of the coil. In the mechanical design, each
layer has its pole (see Fig. 4.19) and this allows the cables to curve in different
longitudinal positions (see Figures 4.9 and 4.10). This possibility can be
exploited to reduce the peak field without adding spacers and/or drawing
back the iron yoke (see Fig. 4.12). In the internal layers, the peak field on
the conductors begins to quickly drop after the end of the yoke (see Fig. 4.13).
This phenomenon simplifies the design process, precisely where the magnetic
field is greater and more difficulties may arise.

In light of these results, we decided to finalize only the side opposite
to the connections and postpone the other side after the 3D mechanical
simulations. Figures 4.8, 4.10 and 4.11 show the final design. The conductors
begin to curve about 10 mm after the end of the iron yoke. The minimum
and maximum longitudinal distances between the blocks are about 5.5 mm
and 55 mm respectively. The coil end is 230 mm long. The head has a major
number of blocks than the cross-section. The first blocks in the third and
in the fourth layer have been split with respect to the cross-section. This
division has been done because, in a preliminary phase, we have evaluated
that such big blocks could be difficult to manage in the ends, which are
the most difficult parts to manufacture and are the most unstable from a
mechanical point of view. The peak fields on the conductors are reported in
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Figure 4.7: Side of the magnet connections in ROXIE. The coils are in yellow
and the iron yoke in blue. The latter is a slightly different version with respect to
the final one shown in Fig. 4.8.
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Figure 4.8: Side opposite to the magnet connections in ROXIE. The coils are in
yellow and the iron yoke in blue.
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Figure 4.9: Section of the connection side of the magnet. The blocks of the
cross-section have been split because of the connections between the blocks and
the layers. The peak fields are in the leftmost conductors of the first and third
layer. Their values are comparable with those reported in Table 4.6.

Figure 4.10: Section of the side opposite to the magnet connections. The peak
fields are in the leftmost blocks of the first and third layer. Their values are reported
in Table 4.6.
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Figure 4.11: 3D electromagnetic model in Opera with the symmetric coil ends
(two sides opposite to the connections). The magnetic field is shown at the oper-
ating current.

Figure 4.12: Magnetic field at operating current in the third and fourth layer of
the side opposite to the magnet connections.
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Figure 4.13: Magnetic field at operating current in the first and second layer of
the side opposite to the magnet connections.

Figure 4.14: The harmonics b1 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 890 mm.
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Figure 4.15: The harmonics b2 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 890 mm.

Figure 4.16: The harmonics b3 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 890 mm.
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Figure 4.17: The harmonics b4 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 890 mm.

Figure 4.18: The harmonics b5 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 890 mm.
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Table 4.8: Material mechanical properties at room temperature (RT).

Material Maximum stress [MPa] E[GPa] ν α [·10−3]

Coil 150 Ex = 30 0.3 αx = 3.1
Ey = 25 αy = 3.4

Copper wedges 270 100 0.3 3.37
Austenitic steel 350 193 0.28 2.8
Titanium 800 115 0.3 1.7
Iron 230 213 0.28 2.0
Aluminum 480 70 0.3 4.2

Table 4.6. Table 4.7 shows the lower-order normal harmonics at the operating
current and integrated over the nominal magnetic length for the magnet
with the symmetric coil ends (two sides opposite to the connections). The
higher-order integrated normal multipoles are identical at those reported in
Table 4.5. Figures 4.14, 4.15, 4.16, 4.17 and 4.18 display the lower-order
normal harmonics as a function of the position along the z-axis.

4.2.3 Mechanical design

The Nb3Sn is an extremely brittle material. There is little experience in how
to optimize design criteria for high-field accelerator magnets made with this
material. These concern the ideal pre-stress conditions to apply before and
during powering, the treatment of interfaces (free, glued, with or without
friction) and the maximum allowed strain and stress on the coil. Efforts in
that sense are being supported by the development program carried out in
the US National Laboratories [29, 33] and by ongoing work being performed
at CERN mostly on the 11 T and the MQXF programs [32]. Starting from
the above-mentioned experience, it was decided that stress on all materials
are limited by their yield strength, except for coils, which are limited by
degradation in the critical current (see Tables 4.8 and 4.9).

Concerning the ferromagnetic material (low carbon steel), a limit of ten-
sile stress of σ1 < 380 MPa shall be considered at cold. This limit has to
be considered as a prudent design threshold: it may change considerably de-
pending on the exact steel composition and on its treatment. At this stage
of exploring, the coil must not detach from the pole tip [17]. This is also a
conservative constraint, aimed to avoid unwanted movements and consequent
quenches in the magnet.

The design proposed is schematically drawn in Fig. 4.19. The conductor
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Table 4.9: Material mechanical properties at 1.9 K.

Material Maximum stress [MPa] E[GPa] ν α [·10−3]

Coil 200 Ex = 33 0.3 αx = 3.1
Ey = 27.5 αy = 3.4

Copper wedges > 300 110 0.3 3.37
Austenitic steel 1050 210 0.28 2.8
Titanium 1650 126 0.3 1.7
Iron 7201 224 0.28 2.0
Aluminum 690 79 0.3 4.2

1 380 MPa is the allowed limit for the first principal stress at cold conditions.

blocks are shown in red. They are separated and sustained by the copper
wedges, displayed in orange, and pressed at the pole by titanium tip (in
light grey). This structure is inserted in a steel pad, colored in light green,
composed of two halves cut horizontally. Then there is the iron yoke, in blue,
which is composed of four pieces, cut at 45°, and externally an aluminum alloy
shell, in dark grey.

In such a configuration, the Lorentz forces tend to push the coil outward
in the radial direction and toward the mid-plane in the azimuthal direction
(see Fig. 4.20). This last component of the Lorentz force could cause the de-
tachment of the conductor from the pole, which must be avoided to prevent
local heating due to friction and, consequently, quenches. To compensate
the Lorentz forces and keep the magnet in position to avoid unwanted move-
ments, a suitable compression must be provided, the so-called pre-stress.
Nb3Sn is brittle, in particular at room temperature, so that giving the nec-
essary pre-stress is a delicate issue. The well-known collaring system is not
suitable, because it would give all the compression at room temperature,
producing a too high level of stress in the conductor. Another method is
the so-called bladder & keys, which has been already investigated in several
works [10, 32], but is however quite innovative, since it has not been used yet
in any magnet in present accelerator machines. The working principle is the
following: aluminum bladders are inserted in the gap between the steel pad
and the iron yoke and inflated by pressurized water, allowing the insertion of
some keys, whose thickness is greater than the nominal gap between the two
components. At that point, the bladders are deflated and removed from the
gap. The interference between the keys, the pad and the yoke compresses
the winding and generates the pre-load at room temperature. When the sys-
tem is cooled down, the aluminum outer ring shrinks more than the inner
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Figure 4.19: Layout of the cold mass.

components, giving an additional compression to the system. This method
allows to give only a part of the pre-stress at room temperature, when the
conductor is more brittle, and the remaining part at cryogenic temperature.
Most of the geometrical parameters, such as the dimension and the shape
of the steel pad, the dimension and position of the keys, the position of the
cut in the iron yoke and the thickness of the aluminum shell were obtained
by several iterations of optimization. Also the shape of the titanium pole is
the result of extensive analysis. The notch in the first two layers allows to
keep the contact between the conductor and the pole even after the energiza-
tion. In fact, in this way, the pole behaves like a spring, which is compressed
during assembly and cool down, and releases after the powering.

The problem was studied using the finite element analysis (FEA) ANSYS
code [71]. The FEA model represents a quarter of the entire magnet, with
proper boundary conditions. The contact elements between the four layers of
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Figure 4.20: The Lorentz forces tend to push the coil outward in the radial
direction and toward the mid-plane in the azimuthal direction.

conductors simulate a glued structure, while the fourth layer of the winding
is in contact with the steel pad but can also slide with a friction coefficient
of 0.28. The keys are glued to the pad, while sliding is permitting at their
interference with the iron yoke. The aluminum shell can slide with respect to
the yoke, and can also detach. The results of this configuration are reported
in Fig. 4.21.

In the first row, the contact pressure between the pole and the conductor is
shown for the three main steps, i.e., assembly, cooling down and energization.
As can be seen, the contact pressure is very good in the first two phases,
thanks to the bladder and key pre-stress, while it decreases after the powering
of the magnets, remaining thus at an acceptable level. In the second row,
the Von Mises (VM) stress in the conductor is displayed for the same three
steps, showing that the constraints on the stress limit are fulfilled. The
most critical step is the cooling down, where a hot spot of 211 MPa can be
noticed at the edge in the third layer, though it is very localized and could
be considered acceptable. Also the stress on the mechanical structures was
studied in detail.

In Figures 4.22,4.23 and 4.24, the Von Mises (VM) stress on the steel pad,
the iron yoke, the aluminum ring and the titanium pole are shown for the
three main steps. Unavoidable hot spot very localized can be noted under
the keys, where both the pad and the yoke undergo plasticization, though
they do not affect the effectiveness of the structure.

During the assembly, the titanium pole presents a small region where
the stress exceeds the yield, but this issue could be avoided with a finer
optimization of the shape of the notch. After energization, the upper part
of the iron yoke detaches of about 0.3 mm from the aluminum ring. To



4.2 Design with symmetric coil 81

Figure 4.21: On the first row, contact pressure between conductor and pole at
assembly (left), cooling down (center) and energization to 16 T (right). On the
second row, Von Mises (VM) stress for the same three steps.

avoid this detachment, different configurations for the iron yoke, composed
of only two pieces and cut horizontally or vertically in the middle, were also
investigated. This configuration, though, makes the insertion of the keys
unfeasible, requiring an unbearable bladder pressure. The solution found
is then satisfying from the mechanical point of view and fulfilling all the
previously cited constraints.

4.2.4 Quench protection

The quench protection is a challenging aspect due to the large energy stored
in the magnet. Therefore, accurate studies were performed during the design
phase [36, 37, 52, 63, 65]. For making a fair comparison between the four
magnet options, the EuroCirCol collaboration defined the following rules
for the quench protection: the protection system has 20 ms to detect the
quench and other 20 ms to activate itself. Considering a quench with the
105% of the operating current, the magnet is considered acceptable if the
hot spot temperature (Thot spot) is below 350 K and the maximum voltage
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Figure 4.22: Von Mises stress on mechanical structures normalized to their yield
strength at room temperature (RT) after assembly.
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Figure 4.23: VM stress on mechanical structures normalized to their yield
strength after cooling down.



84 Bending Dipole for FCC

Figure 4.24: VM stress on mechanical structures normalized to their yield
strength after energization to 16 T.
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Table 4.10: Quench simulation results.

Devise option Thot spot(K) Vground(V)

QH 322 870
CLIQ 286 800

toward ground (Vground) is below 1.2 kV. These values were determined by
the HL-LHC experience with Nb3Sn [26]. In the case of the cos θ magnet,
the quench protection analysis was performed considering Quench Heaters
(QH) or Coupling-Loss Induced Quench system (CLIQ). Both of them allow
to satisfy the above requirements. The results are summarized in Table 4.10.

4.3 Baseline design with asymmetric coil

4.3.1 Design parameters

Studies on the beam dynamics showed that an integrated quadrupole har-
monics of about 65 units at the nominal current and its variation on the ramp
greater than 40 units are not acceptable for the bending dipole. Therefore,
the EuroCirCol collaboration decided to increase the inter-beam distance and
the iron yoke diameter to 250 mm and 660 mm respectively for reducing as
much as possible the cross-talk effect.

Furthermore, for mechanical purpose, the iron yoke is enclosed in an
aluminum alloy shell, 50-mm thick, to provide the additional pre-stress in
coils during the cool down. Besides, everything is bound together by a steel
shell, 20-mm thick, which works as a vessel. The whole cold mass diameter
is 800 mm. Taking into account that in the LHC tunnel the maximum outer
cryostat diameter must be 1215 mm, the cold mass is compatible for the
high-energy upgrade of LHC (HE-LHC). Table 4.11 shows the new design
parameters.

With respect to the previous magnet design, the EuroCirCol collaboration
decided to add some requirements for the 3D model: the length of each coil
end must be within 300 mm and the peak field in the head must be at least
0.2 T lower than in the straight part.
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Table 4.11: Main design parameters.

Feature Unit Value

Material Nb3Sn
Bore magnetic field T 16
Magnetic length m 14.3
Aperture diameter mm 50
Beam distance mm 250
Iron yoke outer radius mm 330
Operating temperature K 1.9
Operating point on load-line % 86
Cu/non-Cu ≥ 0.8
Maximum no. of strands 40
Field harmonics (geom/sat) unit ≤ 3/10
Number of apertures 2

4.3.2 Magnetic design

2D model

According to the new design parameters, we increased the iron yoke diameter
and the inter-beam distance of the previous configuration. We obtained the
cold mass cross-section shown in Fig. 4.25. The field quality of this layout
is not yet satisfactory, because of the wide b2 and b3 values at the injection
and collision energy (see Fig. 4.27). We studied different shapes of the iron
yoke to minimize the harmonics variation during the ramp. The final result
is shown in Fig. 4.25. The iron insert between apertures works as a pole and
can decrease the b2 variation from 35 units to 6 units (see Fig. 4.28). Nev-
ertheless, an offset of about −35 units remains, which can not be eliminated
by iron shaping only. Therefore, we decided to compensate for the cross-
talk effect, breaking the left-right symmetry in the cross-section of each coil.
The asymmetric configuration has been achieved in two different ways. On
one hand, starting from the symmetric design described in section 4.2.2 we
changed the angular positions and the tilt angles of each block by using the
local ROXIE optimizer, named Extreme algorithm. On the other hand, we
reconsidered the whole design on the basis of the developed analytic approach
and looked for new coil configurations (see section 4.4).

Both methodologies found the coil cross-section shown in Fig. 4.30. The
minimum tip thickness of the wedge in contact with the mandrel is 0.74 mm,
located between the first and second block of the first layer on the right side
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Figure 4.25: Iron yoke before the optimization. The magnetic field is shown at
the operating current.

Figure 4.26: Iron yoke after the optimization. The magnetic field is shown at the
operating current.
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Figure 4.27: Field quality with the previous iron yoke design (see Fig. 4.25) and
the symmetric coil configuration.

Figure 4.28: Field quality with the new iron yoke design (see Fig. 4.26) and the
symmetric coil configuration.
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Table 4.12: Lower-order normal harmonics at the operating current.

b2 b3 b4 b5 b6 b7 b8 b9 b10

0.01 0.22 0.31 0.17 0.35 0.19 0.37 0.57 0.13

Table 4.13: Higher-order normal harmonics at the operating current.

b11 b12 b13 b14 b15 b16 b17 b18 b19 b20

1.1 0.09 −0.24 0.03 −0.02 0 −0.06 0 0 0

of the aperture. The conductor parameters are the same as the previous con-
ceptual design, but the operating current has been increased to 11.44 kA to
restore the bore field to 16 T. The operating point on the load-line remains at
the 86% both for the low-field and high-field cables, i.e., within the minimum
value determined by EuroCirCol collaboration (see Table 4.11). The peak
field (16.4 T) on the high-field conductor is localized on the fourth block of
the first layer in the coil side facing the other coil (the left side of the coil in
Fig. 4.30). The peak field (12.7 T) on the low-field conductor is situated on
the third block of the third layer in the coil side facing the external part of
the iron yoke (the right side of the coil in Fig. 4.30).

The asymmetric coil allows to remove the b2 offset. Now, the field quality
fulfills any requirement. In fact, at the injection energy the harmonics are
far below the threshold of 10 units, and at the collision energy they are not
far from zero (see Fig. 4.29 and Tables 4.12 and 4.13).

3D model

The changes in the cross-section and the new constraints on the coil ends have
required a new design of the side opposite to the connections (see Fig. 4.31).
In the new mechanical design, the pole is common for all layers (see Fig. 4.42).
So, to ensure that there are no uncompressed parts, all layers begin to bend
nearly in the same longitudinal position (see Fig. 4.32). The solution adopted
in the old design to reduce the peak fields in the heads is not practicable.
For avoiding to space too much the blocks we have chosen to draw back the
iron yoke with respect to the straight part. The coil extremity begins 40 mm
after the end of the yoke. The minimum longitudinal distance between the
blocks is about 5 mm and the maximum roughly 31 mm. The EuroCirCol
collaboration considers reasonable these values, which will have to be con-
firmed through the 3D mechanical simulations. With respect to the previous



90 Bending Dipole for FCC

Figure 4.29: Field quality with the new iron yoke design (see Fig. 4.26) and
optimized asymmetric coil arrangement (see Fig. 4.30).

Figure 4.30: Asymmetric coil cross-section. The magnetic field is shown at the
operating current.
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Table 4.14: Peak fields on the conductors at the operating current in the side
opposite to the connections.

Conductor Cross-section (T) Coil end (T) ∆Bpeak (T)

LF 12.7 12.5 0.2

HF 16.4 15.4 1

Table 4.15: Lower-order normal harmonics at the operating current and inte-
grated over the nominal magnetic length for the magnet with the symmetric coil
ends (two sides opposite to the connections).

b̄2 b̄3 b̄4 b̄5 b̄6 b̄7 b̄8 b̄9 b̄10

−0.6 −0.65 0.32 0.17 0.35 0.18 0.37 0.57 0.13

head design, we have removed all cross-section block divisions to make the
head as compact as possible. The experience in magnet design teaches that
the more compact the head, the easier the mechanical design. Since such a
coil has never been made, the collaboration decided to postpone any block
splits until after the mechanical simulations. Now, the extremity is 152 mm
long, far below the requirements of the EuroCirCol collaboration.

The peak fields in the high and low field regions have been computed by
using ROXIE and Opera. The values obtained are reported in Table 4.14.
Both codes have confirmed that the peak fields in the straight part are higher
than in the coil end. In particular, they have shown that in the first layer
the peak field strongly decreases in the coil extremity, dropping from 16.4 T
in the straight part to 15.4 T at the beginning of the bend (see Fig. 4.34).
In the third layer, the field decrease is less pronounced (see Fig. 4.35).

Table 4.15 shows the lower-order normal harmonics at the operating cur-
rent and integrated over the nominal magnetic length for the magnet with the
symmetric coil ends (two sides opposite to the connections). The higher-order
integrated normal multipoles are identical at those reported in Table 4.13.
Figures 4.36, 4.37, 4.38, 4.39 and 4.40 display the lower-order normal har-
monics as a function of the position along the z-axis.

4.3.3 Mechanical design

The optimization of the field quality required a certain number of modifi-
cations, the main one being the increase of the inter-beam distance from
204 mm to 250 mm, to reduce the magnetic cross-talk between the two
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Figure 4.31: Side opposite to the magnet connections in ROXIE. The coils are
in yellow and the iron yoke in blue.

Figure 4.32: Section of the side opposite to the connections in ROXIE. The
peak fields are in the leftmost blocks of the first and third layer. Their values are
reported in Table 4.14.
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Figure 4.33: 3D electromagnetic model in Opera with the symmetric coil ends
(two sides opposite to the connections). The magnetic field is shown at the oper-
ating current.

Figure 4.34: Magnetic field at operating current in the first layer of the side
opposite to the magnet connections.
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Figure 4.35: Magnetic field at operating current in the third layer of the side
opposite to the magnet connections.

Figure 4.36: The harmonics b1 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 750 mm.
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Figure 4.37: The harmonics b2 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 750 mm.

Figure 4.38: The harmonics b3 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 750 mm.
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Figure 4.39: The harmonics b4 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 750 mm.

Figure 4.40: The harmonics b5 as a function of the position along the z-axis for
the side opposite to the magnet connections. The iron yoke ends at 750 mm.
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apertures. This main modification, besides the requirement of keeping the
compatibility with the LHC tunnel, leads to several changes in the design,
as it can be seen from the comparison between Fig. 4.19 and Fig. 4.41. The
main modifications are listed below:

1. an iron wall with a particular pole shape was added between the two
apertures, to optimize further the field quality;

2. the outer diameter of the iron yoke was enlarged from 600 mm to
660 mm, to accommodate the new inter-beam distance;

3. the thickness of the aluminum ring was reduced from 70 mm to 50 mm
to make the magnet more compact and keep the compatibility with the
LHC tunnel;

4. a loading plate (i.e., a flat stainless steel sheet aligning all the four
layers) was introduced to give pre-compression to the coil more uni-
formly and efficiently, and the shape of the titanium pole was modified
accordingly.

The outer stainless steel shell is soldered under compression, so to com-
pensate the thickness reduction of the aluminum shell in the new baseline
design. When the system is cooled down, the aluminum shell shrinks more
than the inner components, giving additional pre-stress. In this way, most of
the pre-compression is given at cryogenic temperatures, where Nb3Sn exhibits
better mechanical properties. Fig. 4.42 shows an enlargement of the keys re-
gion, with indication of bladder positions. Due to the irregular pad/yoke
shape, the inner vertical key has no interference; the total interference has
been attributed to the right vertical key and corresponds to 1.2 mm. The
bladder pressure needed to open those interference gaps is 60 MPa. The
horizontal keys are much less critical, having an interference of only 0.2 mm.

A mechanical model was prepared with FE code ANSYS [71] including all
the relevant geometrical details. The material properties for the structural
components are listed in Tables 4.8 and 4.9. The four layers are assumed
to be glued together, including the wedges. This possibly implies that the
four layers are impregnated together, but to definitely set how to construct
and assemble the two double pancakes an intense R&D activity has been
funded and is foreseen in the next years. The coil and the titanium pole
can slide (with a friction coefficient of 0.2) and detach from each other. The
same kind of contact surfaces were also defined between the keys, the iron
yoke, the aluminum ring and the steel shell. The simulation reproduces the
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Figure 4.41: Main dimensions of the baseline design published in the CDR.

Figure 4.42: Enlargement of the keys region, with indication of bladder positions.
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Figure 4.43: Contact pressure between the coil and the pole (upper row) and Von
Mises stress in the conductor (lower row) after assembly (left), cool down (center)
and energization to 16 T (right).

Figure 4.44: Von Mises stress in the structural components after energization to
16 T.
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following three main steps: the assembly of the magnet, which includes the
insertion of the keys and the closing of the steel shell in pressure, the cool
down and the energization to 16 T. The results regarding the VM stress
in the conductor and the contact pressure between the coil and the pole
are shown in Fig. 4.43: the stress is below the acceptable limit in all the
calculation steps. The requirements on the pole-coil contact pressure are
also satisfied. As the coil are not glued to the pole, a small gap of 2 µm
opens in that region, but it can be considered negligible. The asymmetry in
the coil position does not introduce any issue from the mechanical point of
view. The radial displacement of the mid-plane turns goes from −85.6 µm to
226 µm from energization to cool-down and this can be taken into account
during the coil construction to not affect the field quality. The stress on
the mechanical structures are shown in Fig. 4.44. For sake of simplicity, the
results are shown only after energization. The level of stress was found to
be lower than the limits, except for very localized hot spots under the keys,
where interference cause plasticization to occur, but without compromising
the effectiveness of the structure.

4.3.4 Cost estimate

The EuroCirCol collaboration has made a careful assessment of the magnet
costs [38, 66] and split them into three main contributions: the conductor
cost, the assembly cost, and the cost of the magnet parts. The main con-
tributor is the conductor cost, which is of about 670 kAC/magnet, considering
the FCC target conductor cost of 5 AC/kAm at 4.2 K and 16 T. This cost
is between three and four times lower than the present cost of the HL-LHC
conductor, noting that the expected Jc-increase has a direct impact on the
cost reduction [27, 58]. Recent results demonstrated that is possible to ob-
tain a Jc-enhancement well above than the target cost [57]. These results
will have a positive impact on the cost reduction. Due to the limited number
of suppliers and limited demand on the market at this stage, this cost is
considered the most uncertain.

The cost of the parts amount to 450 kAC/magnet. It is based on present
costs and is estimated to be solid as the production can be performed by
standard manufacturing industry.

The assembly cost is set to 600 kAC, which is about twice the cost of
the LHC magnet assembly. This cost is dominated by the number of coils
in the magnet and by their increased complexity. The manufacturing will
require a tailor-made production line, and the final cost will depend on the
industrialization degree that can be achieved during the series production.

Mainly due to the uncertainty of the cost of the conductor, and also to
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Figure 4.45: Asymmetric coil cross-section which is alternative to that shown in
Fig. 4.30. The magnetic field is shown at the operating current.

the opportunities that an R&D program may provide to simplify the magnet
manufacture, the EuroCirCol collaboration has believed more reasonable to
give a range than a given number: between 1.7 and 2.0 MAC/magnet.

4.4 Alternative coil design

A global scan of the parameter space by using the genetic algorithm of the
ROXIE optimizer has required a computational time of the order of a few
seconds to evaluate both the iron yoke saturation and the asymmetric coil
cross-section, made of 12 blocks of Rutherford cables. Because the algorithm
has taken tens of thousands of evaluations, the optimization has been time-
consuming.

By applying the analytical approach described in chapter 3, we have
looked for new configurations with a lower or equal number of sectors. By
performing just one iteration, we have minimized the quadratic sum of the
bcoiln in Eq. (3.28) up to bcoil10 . In this way, we have generated a coil cross-
section to estimate the shifts ∆bsat+geomn of Eq. (3.29) by means of a usual
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Table 4.16: Lower-order normal harmonics at the operating current before and
after a small fine-tuning by means of ROXIE.

b2 b3 b4 b5 b6 b7 b8 b9 b10

0.82 −1.68 0.15 −0.66 −0.02 0.17 0.02 −0.36 0.02

0 0 0 0 0 0.49 0 −0.24 0.02

Table 4.17: Higher-order normal harmonics at the operating current before and
after a small fine-tuning by means of ROXIE.

b11 b12 b13 b14 b15 b16 b17 b18 b19 b20

1.09 0 −0.26 0 −0.05 0 −0.05 0 0 0

1.13 0 −0.25 0 −0.05 0 −0.05 0 0 0

numerical code and by assuming the iron yoke in Fig. 4.26. We have consid-
ered non-negligible only the terms ∆bsat+geom2 and ∆bsat+geom3 (about 30 units
and −20 units respectively). Then, by using the iterative method and by
assuming 10-12 sectors we have minimized the quadratic sum of Eq. (3.29)
up to b10 with the only non-zero terms ∆bsat+geom2 and ∆bsat+geom3 . Our code
has evaluated the asymmetric coil cross-section up to 12 sectors in a com-
putational time of about 6 milliseconds, i.e., roughly 1000 times faster than
the traditional numerical codes, as ROXIE or Opera. The computational
time of every iteration has been at most of about 20 minutes. The code has
stopped almost always after one iteration. This means that every 20 minutes
we had the coordinates of a possible asymmetric coil cross-section, which al-
ready considered with excellent approximation the iron yoke saturation (see
Tables 4.16 and 4.17). Owing to this speed, we were able to scan a much
higher number of possible configurations. This fact, united with the ability
of our code to better escape the local minima (see section 3.3), has allowed
to find more than 30 possible solutions with the coil cross-section made of
10-12 sectors.

We have inserted the found configurations in ROXIE, for computing the
peak fields and the operating margins with the coil cross-section made of
blocks of Rutherford cables and the iron yoke shown in Fig. 4.26. The analysis
has shown that all the configurations with less than 12 sectors bring to either
too high peak fields or too big blocks.

Fig. 4.45 shows the alternative solution which best fits the specifications.
Tables 4.16 and 4.17 show the harmonics of this configuration. The first
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line displays the multipoles at the nominal current when the solution has
been inserted in ROXIE. The second line shows the harmonics after a small
fine-tuning on the positions and the tilts of the blocks by using the local
optimizer of ROXIE. The current intensity in each block is 11.41 kA, the
peak fields are 16.4 T in the high-field conductor and 12.5 T in the low-field
conductor, the operating points on the load-line are about at 86% for the
high-field conductor and roughly at 85% for the low-field conductor. This
design has a field quality lightly better than the baseline configuration and
has a margin lightly higher on the load-line of the low-field conductor. These
results show that in principle this configuration could be a valid alternative
to the current one.





Chapter 5

Recombination Dipoles for
HL-LHC and FCC

5.1 Introduction
We have used the analytical method described in chapter 3 to study possible
improvements to the present design [31] of the recombination dipoles D2 for
HL-LHC. Moreover, by using the commercial software Opera [45] we have
developed the 3D electromagnetic simulations of the short model under con-
struction at ASG Superconductors in Genova [40, 46, 59]. We have generated
a magnetic field map on the coil conductors and have found the position of
the peak field in the coil end of the side opposite to the magnet connections.

We have helped to develop the preliminary electromagnetic design of the
Double-Aperture Recombination Dipoles (DARD) for FCC [62]. The design
is based on the study for the cos θ bending dipole presented in chapter 4
and shares with that several features. The Nb3Sn Rutherford cable allows to
generate a 10-T field in a 60-mm bore, resulting in an integrated magnetic
field of 122 T m, with the same polarity in both apertures. The inter-beam
distance is 204 mm and the asymmetric coil has been optimized (by using
only ROXIE [9]) to cope with the cross-talk between the two apertures.

5.2 Design of D2 for HL-LHC

5.2.1 Magnetic design

2D model

The recombination dipoles D2 must bend the particle beams in opposite
directions. They are twin-aperture magnets with a separation between the
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Table 5.1: Main requirements for the recombination dipoles D2.

Feature Unit Value

Integrated magnetic field T m 35
Magnetic length m < 10
Aperture diameter mm 105
Inter-beam distance mm 188
Operating temperature K 1.9
Margin on load-line % 35
Multipole variation due to iron saturation unit < 10
Number of apertures 2

apertures of 188 mm and a bore diameter of 105 mm. The dipoles must
generate an integrated magnetic field of 35 T m with the same polarity in both
apertures. The separation distance between the coils allows a strong magnetic
cross-talk. In the LHC recombination dipoles [8, 18] (see Fig. 1.11), this issue
has been solved by interposing the iron yoke between the apertures. The
magnetic field is low enough (2.77 T) for allowing the iron to magnetically
shield the two coils from each other. This solution is not practicable in the
new D2 design. Due to the length limitation (< 10 m), the HL-LHC dipole
will have to generate a magnetic field higher than 3.5 T in each aperture.
Because the field direction is identical in both apertures, the magnetic field
between the coils sums up and saturates the iron yoke [22], resulting in a
dramatic increase of unwanted multipoles, b2, b3, and b4 mainly.

Studies performed at CERN [20], Fermilab [13], BNL [22] and LBNL [24]
showed that solutions can be found with no iron close to the coils and a
asymmetric coil geometry. Starting from these ideas, the INFN section of
Genova have developed the new magnet design.

The baseline requirements given by CERN for the recombination dipoles
D2 of HL-LHC are shown in Table 5.1. The INFN has moved toward a
design with no iron between the apertures, because this choice reduces the
saturation effects on the field quality. At the same time, just due to the lack
of the iron, a magnetic cross-talk between the two coils takes place from very
low currents.

The basic idea is that the magnetic cross-talk could be suitably compen-
sated through a left-right asymmetric coil layout. In order to simplify the
design, the choice has been made to proceed with 4–5 blocks in single-layer
coils. This option practically limits the magnetic field to about 4.5 T. The
Rutherford cable used for the winding is that of the outer layer of the LHC



5.2 Design of D2 for HL-LHC 107

Table 5.2: Main features of the D2 short model.

Feature Unit Value

Magnetic length m 7.78
Bore magnetic field T 4.5
Peak field T 5.2
Operating current kA 12.34
Stored energy MJ 2.28
Overall current density A/mm2 443
Magnet physical length m 8.11
Operating point on load-line % 66.7

Table 5.3: Main features of the conductor.

Feature Unit Value

Material NbTi
Cu/Non-Cu 1.95
No. of strands 36
Strand diameter mm 0.825
Cable bare width mm 15.1
Cable bare inner thickness mm 1.362
Cable bare outer thickness mm 1.598
Insulation azimuthal thickness mm 0.1
Insulation radial thickness mm 0.125

bending dipoles [11] (see features in Tab. 5.3). Some interesting configura-
tions have been found with low or negligible unwanted multipoles. Neverthe-
less, the asymmetric coil design alone has been unable to completely solve
the problem of the multipole variation due to iron saturation.

Taking advantages of the studies done in BNL [22] about the possibility
to control the saturation effects through a suitable shaping of the iron yoke
with an elliptical cross-section (307 mm semi-major axis, 275 mm semi-minor
axis), the INFN has found that one particular configuration was fulfilling the
magnetic requirements shown in Table 5.1. Figures 5.1 and 5.2 show the
best configuration found following this approach. The first figure shows the
elliptical cross-section of the iron yoke and the latter displays the asymmetric
coil layout with 31 turns on a coil quarter. The coils are placed in an almost
rectangular window of the iron yoke with round corners (398 mm wide and
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Figure 5.1: Iron yoke design of the recombination dipoles D2. The magnetic field
is shown at the operating current.

211 mm high). The curvature radius of the corners is an important factor
limiting the multipole variation as the magnetic field is increased, as well
as the elliptical outer shape of the yoke. The main characteristics of the
optimized layout are shown in Table 5.2 (target data shown in Table 5.1 are
not duplicated if unchanged). The optimization has been performed with
ROXIE, after preliminary systematic analyses done with ANSYS [71], which
has been also used for mechanical analyses and for calculating the effects of
mechanical deformation on multipoles. Tables 5.4 and 5.5 show the normal
harmonics at the operating current and Fig. 5.3 displays the lower-order
multipoles as a function of the magnetic field in the aperture. The four holes
of the yoke closer to the horizontal axis have been design to control the b3

and b5 variation due to the iron saturation.
Fig. 5.4 shows the load-line of the D2 conductor. The operating point

is at about 66.7% of the load-line, slightly higher than the initial project
specification. Taking into account that the LHC bending dipoles work at
about 86% of the load-line, CERN and INFN have evaluated that a slightly
lower margin than the initial project requirement will not cause issues. The
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Figure 5.2: Asymmetric coil cross-section of the recombination dipoles D2. The
magnetic field is shown at the operating current.

Table 5.4: Lower-order normal harmonics at the operating current.

b2 b3 b4 b5 b6 b7 b8 b9 b10

0 0 0 0 0 0 0 0 0

Table 5.5: Higher-order normal harmonics at the operating current.

b11 b12 b13 b14 b15 b16 b17 b18 b19 b20

−1.89 −1.80 −1.91 −1 −0.76 0.12 −0.04 0.14 0.16 −0.07
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Figure 5.3: Normal harmonics as a function of the magnetic field in the aperture.

peak field (5.24 T) is localized on the fourth block in the coil side facing the
other coil (the left side of the coil in Fig. 5.2).

3D model

The coil end design of the D2 magnet has required a compromise between
the minimization of the peak field and the optimization of the integrated
harmonics. On one hand, the heads must be as compact as possible to
optimize the field quality. On the other hand, the turns must be located as
far as possible from each other to lower the peak field on the conductors.
The design of the short model is the best compromise between these two
requirements. Figures 5.5 and 5.6 show the coil ends in ROXIE.

The peak field in the connection side (4.84 T) is lower than the peak value
in the straight part (5.24 T). Instead, the peak field in the side opposite to
the connections is slightly higher (5.26 T). The region of the peak field is
the point where the margin on the load-line is lower, i.e., the point where
a transition of the superconductor is more probable. Hence, it is important
to know its location. The minimal difference between the values of the peak
field in the straight part and the coil end has required confirmation by using
other simulation software.

We have performed the 3D electromagnetic simulations by means of
Opera, building the short model with the symmetric coil ends, i.e., two sides
opposite to the magnet connections (see Fig. 5.7). The ROXIE and Opera
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Figure 5.4: Load-line of the D2 conductor for HL-LHC. The red curve is the NbTi
critical current density. The operating point is about at 66.7% of the load-line.
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Figure 5.5: Side of the magnet connections in ROXIE. The coils are in yellow
and the iron yoke in blue.

Figure 5.6: Side opposite to the magnet connections in ROXIE. The coils are in
yellow and the iron yoke in blue.
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Figure 5.7: 3D electromagnetic model in Opera with the symmetric coil ends
(two sides opposite to the magnet connections). The magnetic field is shown at
the operating current.

Figure 5.8: Map of the magnetic field on the conductors. The yellow point in the
most internal conductor shows the position of the peak field.
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Figure 5.9: Asymmetric coil cross-section which is alternative to that shown in
Fig. 5.2. The magnetic field is shown at the operating current.

simulations have shown a difference of about 0.1 T in the values of the mag-
netic field on the conductors. The electromagnetic model has confirmed that
the peak field in the coil end is slightly higher than in the straight part. In
particular, both ROXIE and Opera have confirmed that the peak field is
located in the most internal conductor of the extremity (see Fig. 5.8).

5.2.2 Alternative coil design

The ROXIE optimizer has required a computational time of the order of
the seconds to evaluate both the asymmetric coil cross-section, made of 4
or 5 blocks of Rutherford cables, and the iron yoke saturation. Because the
genetic algorithm has taken thousands of evaluations, the optimization has
been time-consuming.

We have reconsidered the D2 design on the basis of the analytical ap-
proach described in chapter 3 and have looked for new coil configurations
with four or five sectors. By performing just one iteration, we have minimized
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Table 5.6: Lower-order normal harmonics at the operating current before and
after a small fine-tuning by means of ROXIE.

b2 b3 b4 b5 b6 b7 b8 b9 b10 b11

8.98 3.23 9.35 2.92 0.72 −1.81 0.08 −0.66 −0.12 −0.09

0 0 0 0 0 0 0.05 0 −0.25 0.03

Table 5.7: Higher-order normal harmonics at the operating current before and
after a small fine-tuning by means of ROXIE.

b12 b13 b14 b15 b16 b17 b18 b19 b20

−0.2 0.14 −0.29 0.41 −0.71 −1.12 0.12 −0.09 0.09

−0.37 −0.02 −0.38 0.43 −0.7 −1.09 0.11 −0.10 0.09

the quadratic sum of the bcoiln in Eq. (3.28) up to bcoil9 . In this way, we have
generated a coil cross-section to estimate the shifts ∆bsat+geomn of Eq. (3.29)
by means of a usual numerical code and by assuming the iron yoke in Fig. 5.1.
We have considered non-negligible only the terms ∆bsat+geom2 and ∆bsat+geom3

(about −200 units and −80 units respectively). Then, by using the iterative
method we have minimized the quadratic sum of Eq. (3.29) up to b9 for 4
sectors and up to b11 for 5 sectors, with the only non-zero terms ∆bsat+geom2

and ∆bsat+geom3 . Our code has evaluated the asymmetric coil cross-section,
made of 4 or 5 sectors, in a computational time of about 2 milliseconds, i.e.,
roughly 1000 times faster than the traditional numerical codes, as ROXIE or
Opera. The computational time of every iteration has been at most of about
7-8 minutes. The code has stopped after about 2-3 iterations. This means
that about every 15-20 minutes we had the coordinates of a possible asym-
metric coil cross-section, which already considered with good approximation
the iron yoke saturation (see Tables 5.6 and 5.7). Owing to this speed, we
were able to scan a much higher number of possible configurations. This fact,
united with the ability of our code to better escape the local minima (see
section 3.3), has allowed to find more than 40 possible solutions with the coil
cross-section made of 4 or 5 sectors.

We have inserted the found configurations in ROXIE, for computing the
peak fields and the operating margins with the coil cross-section made of
blocks of Rutherford cables and the iron yoke shown in Fig. 5.1.

Fig. 5.9 shows the solution which best fits the specifications. Tables 5.6
and 5.7 show the harmonics of this configuration. The first line displays
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Table 5.8: Main design parameters for DARD.

Feature Unit Value

Material Nb3Sn
Bore magnetic field T 10
Magnetic length m 12.2
Aperture diameter mm 60
Beam distance mm 204
Operating temperature K 1.9
Operating point on load-line % 74
Cu/non-Cu ≥ 0.8
Maximum no. of strands 40
Field harmonics (geom/sat) unit ≤ 10
Number of apertures 2

the multipoles at the nominal current when the solution has been inserted
in ROXIE. The second line shows the harmonics after a small fine-tuning
on the positions and the tilts of the blocks by using the local optimizer of
ROXIE. The current intensity in each block is 12.72 kA, the peak field is
5.34 T and the operating point on the load-line is about at 68.3%. This coil
design has a field quality lightly better than the current configuration, but
it has a margin lightly lesser on the load-line. These results, united with the
more simple layout, show that in principle this coil arrangement could be a
valid alternative to the current one.

5.3 Design of DARD for FCC

5.3.1 Magnetic design

The design parameters given by the EuroCirCol collaboration for FCC DARD
are shown in Table 5.8. Based on previous experiences, i.e., LHC D2 [12] and
HL-LHC D2, we moved toward a winding layout with a left-right asymmetry,
an elliptical iron yoke and a rectangular window for the iron yoke in which
the coils are installed. The simultaneous optimization of all the geometri-
cal parameters of these components is needed to suitably compensate the
magnetic cross-talk in order to obtain a field quality that completely fulfills
all the project requirements. In particular, the optimization proved that an
elliptical iron yoke is mandatory to reach this goal.

Fig. 5.10 shows the cross-section of the cold mass and Fig. 5.11 displays
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Table 5.9: Main features of the optimized design.

Feature Unit Value

Peak field T 10.56
Operating current kA 14.68
Iron yoke semi-major axis mm 330
Iron yoke semi-minor axis mm 265
Stored energy at nominal current MJ/m 0.8
Inductance at nominal current mH/m 7.5

Table 5.10: Main features of the conductors.

Feature Unit Value

Material Nb3Sn
Cu/Non-Cu 2.1
No. of strands 40
Strand diameter mm 0.8
Bare width mm 16.8
Bare inner thickness mm 1.376
Bare outer thickness mm 1.610
Insulation thickness mm 0.15
Keystone angle ° 0.8
Operating point on load-line % 74

in more detail the cable distribution in the winding. In Table 5.9 the main
characteristics of the optimized magnetic design are listed. The peak field is
localized on the fourth block of the first layer in the coil side facing the iron
yoke (the right side of the coil in Fig. 5.11).

The magnetic cos θ layout is based on two asymmetric apertures with an
inter-beam distance of 204 mm and a bore diameter of 60 mm. To have a
magnetic field of 10 T in the bore, two layer of conductor are required. The
main features of the conductor used for this preliminary design are listed in
Table 5.10. Fig. 5.12 shows the load-line of the conductor. The operating
point is about at 74% leaving a wide margin on the load-line, as required in
the specifications.

The magnetic optimization has been performed by using ROXIE. The
lower-order and higher-order normal harmonics at the operating current are
listed in Tables 5.11 and 5.12 respectively. While the field multipoles as a
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Figure 5.10: Design of the iron yoke for DARD. The magnetic field is shown at
the operating current.
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Figure 5.11: Asymmetric coil cross-section for DARD. The magnetic field is
shown at the operating current.
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Figure 5.12: Load-line of the DARD conductor for FCC. The red curve is the
Nb3Sn critical current density. The operating point is about at 74% of the load-line.
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function of the current intensity are shown in Fig. 5.13. All harmonics stay
well within the limits and the field quality of this optimized magnetic design
completely fulfills all the requirements imposed by the project.

5.3.2 Mechanical design

The pre-stress is provided by the bladder and key technique. The iron yoke
is divided into four pieces to ensure the correct insertion of the bladders. In
this way, during assembly, part of the pre-stress is given by the interference
of the keys. Then, in the cool down, the aluminum shell shrinks more than
the inner components, so that additional pre-stress is given to the coil at
cryogenic temperature when Nb3Sn is less brittle.

This preliminary design aims to guarantee the contact pressure between
the pole turn and the titanium nose after energization at 10 T and ensure
that each component of the structure stays within its stress limit during as-
sembly, cool down and energization to prevent any degradation of the magnet
performances.

In Table 4.8 the material properties and stress limit for each component
of the model at room temperature (293 K) are reported, while in Table 4.9
the same parameters are given at cryogenic temperature (1.9 K).

The mechanical analysis has been performed using ANSYS code [71]. The
optimized cross-section is shown in Fig. 5.14. The finite element method has
been iteratively used to optimize position, length, and interference of the
keys and thickness of the aluminum shell. To guarantee an optimal match
between the elliptic iron yoke and the external aluminum shell a stainless
steel filler has been added.

The preliminary design of the recombination dipole for FCC widely fulfills
all the project requirements regarding the contact pressure and the Von Mises
stress distribution with no particular criticality. In Fig. 5.15 the contact
pressure between pole and nose and the Von Mises stress distribution inside
the winding after assembly, cool down, energization at the operating current
and energization at 110% of the operating current are shown.

The peak stresses are well below the limits in all conditions. It is worth
noting that the mechanical structure is optimized to ensure that the contact
pressure of the winding at the pole level is positive everywhere in operating
conditions. At 110% of the operating current, it is required that the peak
stress remains within safe limit, but there is no additional requirement on
the contact pressure. Finally, the Von Mises stress distribution in the overall
cold mass after energization is shown in Fig. 5.16.
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Figure 5.13: Field harmonics as a function of the current intensity.

Table 5.11: Lower-order normal harmonics at the operating current.

b2 b3 b4 b5 b6 b7 b8 b9 b10

2.73 0.84 0.18 0.51 1.83 −1.31 0.08 5.37 −0.66

Table 5.12: Higher-order normal harmonics at the operating current.

b11 b12 b13 b14 b15 b16 b17 b18 b19 b20

−1.59 −0.27 −0.68 −0.06 −0.08 0.06 0.03 0.01 0.05 −0.02
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Figure 5.14: Main dimensions of the cold mass.
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Figure 5.15: Contact pressure and Von Mises stress distribution [MPa]: after
assembly at room temperature, after cool down, after energization at the operating
current and after energization at 110% of the operating current.
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Figure 5.16: Von Mises stress distribution [MPa] in the cross-section of the mag-
net after energization at 10 T.





Conclusions

The first step in the coil design is to find the block arrangements, which
generate a high-homogeneous magnetic field, given the bending radius, the
cable width, the layer number and the inter-beam distance. These config-
urations cannot be derived explicitly and many numerical algorithms exist
to find the optimal cross-sections [18]. Owing to the complicated magnet
geometry (coils made of blocks, blocks made of cables and cables made of
strands), they are time-consuming and, to be really effective, they have to
operate on configurations that are not too far from a local optimum.

In the single-aperture layout, the sector model, approximating the blocks
as annular sectors, is a powerful analytical tool, which allows to carry out
an initial scan on a very large number of possible configurations [16, 25, 60].
This makes easier to find the cross-section which best suits the specifications.

The twin-aperture layout introduces a complicating factor: the contribu-
tion to the harmonic components which one coil exerts on the other aperture.
This effect is referred to as magnetic cross-talk. If it is not negligible, an ex-
tension of the single-aperture sector model is required to analytically scan
the parameter space. This is the case of the recombination dipoles D2 for
the High Luminosity upgrade of LHC and the 16-T bending dipole for the
Future Circular Collider.

We have developed an extension of the sector model [64], which we have
used to find the asymmetric coil configurations, that minimize the magnetic
cross-talk. Both for D2 and the FCC dipole, this method has allowed to
faster optimize the magnetic designs and to find better configurations (lower
higher-order harmonics) than those found with the standard techniques [18].
Our methodology has helped to finalize a design, which has been presented as
the baseline in the Conceptual Design Report of FCC [55, 56]. Moreover, this
method has allowed to find a new coil design for the recombination dipoles
D2 of HL-LHC. The new layout is more simple and generates a magnetic
field more homogeneous than the configuration currently under construction
at ASG Superconductors in Genova.

We have developed the 3D electromagnetic simulations of both magnet
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classes. In particular, we have been responsible for the 3D electromagnetic
modeling of the FCC bending dipole, which we have realized by two different
tools. The first is the commercial software Opera [45] based on the Finite
Element Method (FEM). The second is a specific CERN program, ROXIE [9],
based on the coupling between the Boundary Element Method and the Finite
Element Method (BEM-FEM) [18].

A magnet for accelerator has two ends: the side of the connections be-
tween the blocks and the layers of the coil, and the side opposite to the
connections. Each head generates unwanted multipoles, which alter the field
homogeneity. Due to the magnet complexity and for easing the computa-
tion by ROXIE and Opera, we have created an independent model for each
extremity with a magnetic length arbitrarily shorter than the design one.
These models have allowed to quickly evaluate the effects of each head on
the field harmonics. Projecting the results on the nominal magnetic length
by appropriate analytical formulas, we could minimize the 3D multipoles and
obtain a high-homogeneity magnetic field.

Due to the coil return, the peak field on the conductors in the ends is
usually higher than in the straight part (typically several %) [18]. A tran-
sition of the superconductor due to possible disturbances is more probable
in the region where the peak field is localized. The electromagnetic analy-
sis has pointed out that, in the inner layers of the FCC coil, the magnetic
field on the conductors quickly drops after the end of the iron yoke. This
phenomenon has simplified the design process, precisely where the magnetic
field is higher and more difficulties may arise.

Finally, we have helped to develop a preliminary design of the FCC recom-
bination dipoles (called DARD), which have required a completely different
approach with respect to the D2 magnets for LHC. The design is based on
the study for the 16-T bending dipole and shares with that several features.
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