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Abstract

In modern power systems, the proliferation of power electronics converters, and dis-
tributed generation raises important issues concerning inter-connected switching units in
terms of performance, stability and robustness. Such phenomenon are more prominent in
micro-grids, such as modern local low voltage distribution systems, more electric aircraft
power systems etc., where many power converters are connected to the same non-stiff low
power ac grid, and strongly interact with each other. Locally designed converter control
systems on the same electrical bus exhibit interactive behaviour. If not taken properly into
account, external disturbances to the system at given operating conditions may result in
the degradation of performance, failure to meet operating conditions and, in some cases,
instability. This paper presents a new approach to synthesise converter controllers in more
electric aircraft ac distribution grids (which is, however, applicable to all power electronics
embedded systems), keeping in consideration dynamic interactions among subsystems. An
optimal control design approach based on H2 optimisation is therefore proposed. Phase-
locked loops have also been considered, and their tuning has been included in the general
tuning procedure of the whole system. Simulation, and experimental results show good
improvements in terms of dynamic performance, and interaction mitigation.

1 INTRODUCTION

Advancement in modern power electronics have, for applica-
tions such as more electric aircraft, led to power electronics
embedded grids becoming an integral part of the aircraft elec-
trical systems, [1] as well as in renewable energy [2, 3], and
electrical storage systems to name a few [4, 5]. With the increas-
ing prevalence of embedded grids found in such systems, sub-
system interactions, power quality, stability and global robust-
ness are becoming increasingly studied topics of research [6, 7].
Momentum in the development of MEA relies heavily on the
optimisation of on-board electrical power networks in aspects
regarding system weight and size reduction, as well as increas-
ing power ratings and efficiency for these reduced size systems.
These embedded power systems generally consist of multiple
power converters which are interfaced to one another through
input and output filters. [8] The general approach to mitigat-
ing interactions between interfaced converters is to increase the
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size of these filters [9, 10]. However, they contribute to approx-
imately 25–40% of the total weight of the system [11], therefore
reduction in the size of these filters must occur, at the expenses
of interactions between converters that can no longer be con-
sidered negligible [12, 13]. Several studies analysing stability and
dynamic interactions of multiple-converter systems have been
published. One common approach is based on impedances
matching between two sub-systems [14–16]. This approach,
however, is limited to examining a single converter at a time
to verify its interaction with the rest of the power network.
Other works propose to develop a state space model of the
closed-loop system and analyse the poles location to evaluate
the power network stability [10, 17, 18]. Both methods are lim-
ited to stability analysis. If these approaches are to be used for
tuning each of the converters controllers, an iterative procedure
must be adopted where the closed-loop stability is first checked,
controllers are then modified according to some rules, the sta-
bility then being checked again, and so on. Control structures

690 wileyonlinelibrary.com/iet-pel IET Power Electron. 2021;14:690–705.
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FIGURE 1 Electrical sub-system under investigation

based on PI controllers are very commonly employed to con-
trol power converters, especially for grid-tied converters. These
standard methods are very well understood and relatively easy to
design and implement [19, 20]. However, their design is based
on local converter dynamics and the only way interactions with
other converters are taken into account is through stability anal-
ysis as previously described. This paper therefore proposes a
control design method for a multiple converter power system to
tune each individual inverters’ controllers keeping in considera-
tion cross-converter interaction. Compared to previous works,
the proposed approach is not limited to investigating the stabil-
ity of the network, but aims to automatically design controllers
for each of the individual inverters that compose the power sys-
tem. Starting from the global state space model of the system,
local converter controllers are synthesised by solving an optimal
H2 structured control problem [21]. The power of this approach
lies in the ability of handling complex control problems, whilst
always returning a stable controller with great robustness to sys-
tem disturbances and parametric uncertainty [22]. Phase locked
loops (PLLs) are an important component in grid connected
ac systems to implement power flow control and synchronisa-
tion with the grid and between converters [23]. It is of great
importance to design PLLs correctly as it has a great effect on
the overall stability and performance of the embedded system
[24, 25]. Attempts to optimise the PLL to ensure system stabil-
ity have been performed in the literature in light of these issues
[7, 27]. In this paper, PLL tuning has been embedded in the gen-
eral tuning procedure of the whole system. In this way its impact
on the global stability of the system is considered and PLLs are
automatically tuned together with converters controls, ensuring
guaranteed global stability and improved dynamic performance
over traditional methods. For clarity, the proposed approach is
applied in this work to an ac sub-system within a power network
as shown in Figure 1. However, the mathematical formulation
of the presented method is easily extendible to complex power
system with multiple converters.

2 SYSTEM MODEL

The system investigated in this study is shown in Figure 2. The
model consists of a voltage source inverter (VSI) which is fed
from a dc source and presents an LC output filter on the ac

FIGURE 2 The notional test system in this study

side. A three-phase active front end (AFE) is directly connected
to VSI output via its input LR filter. The output of the AFE has
a dc-link capacitor across positive and negative terminals, which
is in turn connected to a constant power load (CPL). A PLL has
also been implemented into the AFE’s control architecture.

When developing the control of ac systems, a very common
approach is to first convert from the ac abc-frame to the rotating
dq-frame, which in turn converts the three-phase system into
two coupled dc systems. To observe the equivalent circuits by
which the following state-space expressions are derived, please
refer to [28].

2.1 VSI dq model

The VSI state equations can be described in dq-reference frame
as [28]

İid = −
R

L
Iid −

1
L

Vcd + 𝜔Iiq +
md

2L
Vdc

V̇cd =
1
C

Iid + 𝜔Vcq −
1
C

Iad

İiq = −𝜔Iid −
R

L
Iiq −

1
L

Vcq +
mq

2L
Vdc

V̇cq = −𝜔Vcd +
1
C

Iiq −
1
C

Iaq.

(1)

In this model, Iid and Iiq represent the dq-axis currents,
respectively, across the output filter inductors L, with R being
the inductors intrinsic resistance. Vcd and Vcq represent the dq
voltages across the VSI output filter capacitors C .Iad and Iaq

define the currents through the AFE input filter inductors La

(shown later), md and mq represents the modulation indexes
in the dq-frame and Vdc represents the dc supply voltage to
the VSI.

2.2 AFE dq model

The AFE state equations can be described in dq-reference frame
as [28]

İ
p

ad
=

1
La

V
p

cd
−

Ra

La
I

p

ad
+ 𝜔I

p
aq −

pd

2La
Vdca

İ
p

aq =
1

La
V

p
cq − 𝜔I

p

ad
−

Ra

La
I

p
aq −

pq

2La
Vdca

V̇dca
=

3
4Ca

(I
p

ad
pd + I

p
aq pq ) −

Pl

CaVdca

(2)
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692 DEWAR ET AL.

FIGURE 3 Block diagram of the SRF-PLL

where Ra is the intrinsic resistance of the filter inductances
La,Ca is the dc link capacitance on the AFE output. pd and
pq depict the dq-axis AFE modulation indexes. Pl depicts the
power desired at the load of the AFE at steady state, and Vdca

is
the dc voltage across the dc-link capacitance. The superscript p

identify quantities represented in AFE dq-reference frame. This
aspect will be further explained in Section 2.3. The non-linear
system (2) has two equilibrium points: only one is in the oper-
ative range of the converter and it is the one considered in this
paper hereafter [28].

VSI dq voltages are controlled such that the d-axis con-
trols the peak voltage of the 3-phase grid, whilst the q-axis
is controlled to 0 to maintain unity power factor. Similarly, to
ensure unity power factor on the AFE side, the q-axis cur-
rent of the AFE is controlled to zero. As standard on MEA,
the frequency of the ac grid is set to 400Hz [1]. Generally the
ac grid is at 115 Vrms, but due to limitations of the experi-
mental setup (described in Section 6) this has been reduced to
100 Vrms. This is deemed as acceptable for proof-of-concept
purposes.

2.3 PLL model

A synchronous reference frame phase locked loop (SRF-PLL)
has been used in this work to synchronise the AFE reference
frame to that of the VSI reference frame.

Figure 3 shows the generalised block diagram for the SRF-
PLL [12]. Its dynamic equations can be derived as[

V
p

cd

V
p

cq

]
= T𝜃p

[
Vc𝛼

Vc𝛽

]
=

[
cos(𝜃p) sin(𝜃p)
− sin(𝜃p) cos(𝜃p)

] [
Vc𝛼

Vc𝛽

]
(3)

where 𝜃p is the PLL estimated angle and T𝜃p
is the transforma-

tion from 𝛼𝛽 to dq. The superscript p identifies quantities in
the PLL dq-reference frame. All quantities without superscript
are represented in the grid reference frame. The PLL control
equations can be evaluated as

�̇�p = −Kp sin(𝜃p)Vc𝛼 + Kp cos(𝜃p)Vc𝛽 + xi

ẋi = −Ki sin(𝜃p)Vc𝛼 + Ki cos(𝜃p)Vc𝛽

(4)

where Kp and Ki represent the proportional and integral gains of
the PLL, respectively. It is convenient to rewrite PLL equations
in terms of angle error between the estimated angle and the true

FIGURE 4 DQ frame operational angles between estimated and true grid
frequencies

angle of the grid 𝜃0

𝜃e := 𝜃p − 𝜃0 ⇒ 𝜃p = 𝜃e + 𝜃0. (5)

Figure 4 shows the relation among these quantities. Since a
rotation by 𝜃e + 𝜃0 can be split in two rotations by 𝜃0 and subse-
quently by 𝜃e , substituting Equation (5) into Equation (4) results
in the following state-space expressions for the PLL:

�̇�e = −Kp sin(𝜃e )Vcd + Kp cos(𝜃e )Vcq + xi + 𝜔0

ẋi = −Ki sin(𝜃e )Vcd + Ki cos(𝜃e )Vcq.
(6)

The exogenous term 𝜔0 represents the nominal grid fre-
quency and can be dropped during control design. Equation
(6) can be linearised around the equilibrium steady-state point
𝜃∗e = 0,V ∗

cq = 0 resulting in

�̇�e = −KpV
∗

cd
𝜃e + KpVcq + xi (7a)

ẋi = −KiV
∗

cd
𝜃e + KiVcq (7b)

where superscript ∗ identifies quantities at system equilib-
rium point.

Due to the presence of the PLL, VSI and AFE equations are
expressed in two different reference frames. The cross-coupling
terms must be therefore transformed in the correct reference
frame before merging the two models. AFE currents found in
the VSI state Equation (1) have to be rotated by −𝜃e to be
expressed in the VSI reference frame, resulting in

Iad = I
p

ad
cos(𝜃e ) − I

p
aq sin(𝜃e )

Iaq = I
p

ad
sin(𝜃e ) + I

p
aq cos(𝜃e ).

(8)

Similarly, VSI voltages found in the AFE state Equation (2)
must be rotated by 𝜃e to be expressed in the AFE reference
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DEWAR ET AL. 693

frame, resulting in

V
p

cd
= Vcd cos(𝜃e ) +Vcq sin(𝜃e )

V
p

cq = −Vcd sin(𝜃e ) +Vcq cos(𝜃e ).
(9)

Substituting Equations (8) and (9) in Equations (1) and (2),
respectively, it is possible to merge the two sub-systems together
into one global model.

3 H2 SYNTHESIS AND CONTROLLER
DESIGN

The main contribution of this work is to present a strategy to
design inverter controllers of a power network with full con-
sideration of interactions between sub-systems. On authors’
knowledge, proposed works in the literature describe method-
ologies to tune converters controllers independently or to check
the global system stability after the tuning has been performed.
Here, we are presenting a strategy to automatically tune all the
systems controllers (including PLL) at the same time ensuring
the resulting global system will be stable. Hereafter the method-
ology will be described for the model presented in previous sec-
tion. However its mathematical formulation permits to extend
the concept to all converters presents in the power network.

The proposed approach is based on the optimal linear
quadratic regulator (LQR). Given a linear time invariant system,
LQR theory defines the optimal control action as

u(t ) = arg min
u(t ) J (x(t ), u(t ))

J (x(t ), u(t )) =
1

2
∫ ∞

0
x(t )T Q𝛾x(t ) + u(t )T R𝛾u(t )dt

(10)

where x and u are system state and control action, respectively,
whilst Q𝛾 is the diagonal positive semi-definite state weighting
matrix, and R𝛾 is the positive definite diagonal input weighting
matrix. It can be shown the solution to problem (10) is in the
full state feedback form

u = Kx (11)

where K is the control gain matrix. LQR offers different advan-
tages such as good dynamic response, robustness against param-
eters variation and tuning simplicity, especially when applied to
multi-variate systems [29]. However, feedback matrix K is, in
general, full. This implies all system control actions are a func-
tion of all system states. In the case study analysed in this work,
it causes VSI control action to be a function of both VSI and
AFE states requiring additional communication between con-
verters. This also applies for AFE control action and, in general,
for any converter connected to the power system. Communica-
tion links between converters are not desired as they increase the
system cost and complexity and reduces reliability. A solution is
to impose a diagonal block structure to the matrix K in order to
impose each converter control action as a function of the con-

verter’s own states. To do this, it is necessary to reformulate the
LQR problem as an H2 optimal control problem.

Let us consider the following system:

P ≜
⎧⎪⎨⎪⎩

ẋ(t ) = Ax(t ) + B1w(t ) + B2u(t )

z (t ) = C1x(t ) + D12u(t )

y(t ) = C2x(t )

(12)

where x represents the system states, w are the plant dis-
turbances, u is the plant control action, z is the perfor-
mance output and finally y are the measured outputs. The
matrix A is the state matrix while B1 is the disturbance
input matrix. B2 represents the control matrix. In this study,
the state measurement matrix C2 is set to be an identity
matrix since all states are directly measurable. Let us assume
to adopt a full state feedback control approach as described
in Equation (11). In addition, let us consider the following
assumptions:

B1 = I, C1 =

[
Q

1

2
𝛾

0

]
, D12 =

[
0

R

1

2
𝛾

]
. (13)

The H2 optimal control problem can then be formulated as
follows:

K = arg min
K
‖P‖2‖P‖2 = tr

(∫ ∞

0
e(A−B2K )T t We(A−B2K )t dt

)
W = (Q𝛾 + K T R𝛾K )

(14)

where ‖P‖2 is the H2 norm of system (12). It can be shown
that problems (10) and (14) are equivalent and return the same
optimal control action [30].

In the following, a brief explanation about how to numerically
solve problem (14) is provided. For more details please refer to
[30]. The H2 norm in Equation (14) can be computed as

‖P‖2 = tr (Σ) (15)

where Σ is the solution of the Lyapunov equation

(A − B2K )T Σ + Σ(A − B2K ) = −(Q + K T RK ). (16)

The gradient of ‖P‖2 with respect to K can be computed as

∇‖P‖2 = 2(RK − BT
2 Σ)Ψ (17)

where Ψ is the solution to the Lyapunov equation

(A − B2K )Ψ + Ψ(A − B2K )T = I. (18)

Problem (14) can then be formulated as a non-linear pro-
gramming problem and solved using a gradient descent algo-
rithm [31].
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694 DEWAR ET AL.

The advantage of H2 formulation compared to LQR is that
the former can handle constraints on matrix K . It is therefore
possible to impose a block diagonal structure to matrix K ensur-
ing each converter control action is only a function of states
of the converter itself. Problem (14) can then be reformulated
as

K = arg min
K

‖P‖2 s.t. K ∈ S (19)

where S is the desired structural constraint. Please note prob-
lems (10) and (19) are no longer exactly the same. However,
in most cases, the advantages of LQR are maintained also in
the structured H2 formulation. Another drawback is that prob-
lem (14) is non-convex, and therefore, this work uses a multiple
starting point approach to avoid local minima.

3.1 Optimal H2 problem implementation

To apply the control design technique just described, it is
required to merge all sub-systems equations presented in Sec-
tion 2 into a single linear state space form as in Equation (12).
VSI and AFE equations are in open-loop form and therefore it
is straightforward to put them in this form. PLL equations (7),
however, are in a non-canonical closed-loop form. Some addi-
tional manipulation is therefore necessary.

A change of variable is firstly executed as

y := −𝜃eV
∗

cd
+Vcq ⇒ 𝜃e =

Vcq − y

V ∗
cd

(20)

ẏ = −�̇�eVcd − 𝜃eV̇cd + V̇cq. (21)

Substituting Equation (20) into Equation (7a)

�̇�e = Kpy + xi . (22)

Substituting Equation (22) into Equation (21), and Equa-
tion (20) into Equation (7b), the new PLL state equations are
obtained as

ẏ = −(Kpy + xi )V
∗

cd
+ V̇cq

ẋi = Kiy
(23)

where Equation (23) can be now rewritten as[
ẏ

ẋi

]
=

[
0 −V ∗

cd

0 0

][
y

xi

]
+

[
−V ∗

cd
0

0 1

][
𝜖1

𝜖2

]
+

[
V̇cq

0

]
(24a)

[
𝜖1

𝜖2

]
= Kpll

[
y

xi

]
=

[
Kp 0

Ki 0

][
y

xi

]
(24b)

𝜖1 and 𝜖2 are dummy inputs defined to obtain the final form
(24).

It is now possible to obtain the global open loop system
model in Equation (12) form merging Equations (1), (2), (8),
(9), (20) and (24a), and linearising them about the equilibrium
point. The resulting matrices are

A =

⎡⎢⎢⎢⎢⎣
Avsi ACv

APv

ACa
Aa fe APa

AVp
AAp

Apll

⎤⎥⎥⎥⎥⎦
(25)

B2 =

⎡⎢⎢⎢⎢⎣
Bvsi 0 0

0 Ba fe 0

0 0 Bpll

⎤⎥⎥⎥⎥⎦
(26)

and detailed matrices are provided in appendix. The system
states are defined as

x =
[
x̃vsi x̃a fe xpll

]T
(27)

where

x̃vsi =
[
Iid Vcd Iiq Vcq wvcd

wvcq

]T
(28)

x̃a fe =
[
I

p

ad
I

p
aq Vdca

wiaq
wvdca

]T

(29)

xpll =
[
y xi

]T
. (30)

Please note that system states have been extended with 𝜔 states
as integral states in order to remove steady-state error [32]. Sys-
tem inputs are defined as

u =
[
uvsi ua fe upll

]T
, uvsi =

[
md mq

]T
(31)

ua fe =
[
pd pq

]T
, upll =

[
𝜖1 𝜖2

]T
. (32)

A full state feedback in the form of (11) can now be synthe-
sised solving problem (19) as explained before. The structure
adopted for the feedback matrix K is

K =

⎡⎢⎢⎣
Kvsi 0 0
0 Ka fe 0
0 0 Kpll

⎤⎥⎥⎦ (33)

where Kvsi ∈ ℝ2x6 and Ka fe ∈ ℝ2x5 are VSI and AFE con-
trollers gains, respectively. Kpll ∈ ℝ2x2 are PLL gains as defined
in Equation (24b).

The model used to tune inverter controllers is a global model
of all the considered power networks. Solving the structured
H2 problem for this system permits to synthesise all inverters
controller gains (including PLL) at the same time, keeping
automatically in consideration dynamic interaction between
sub-systems. The stability of the power network is guaranteed,
and therefore there is no need for further stability analysis
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DEWAR ET AL. 695

after the tuning. Imposing structure (33) permits to avoid any
communication between sub-systems. Even if the design as
demonstrated is for a simple power network sub-system, and its
mathematical formulation is easily extendible to any number of
converters.

3.2 H2 controller tuning procedure

Apart from the constraint imposed in the feedback gain matrix
for the H2 optimisation, the optimisation problems defined in
Equation (10) and (19) can adopt the same cost functions. For
this reason, the tuning procedure can be explained referring
to the LQR control problem (10). There is no direct relation
between the Q𝛾 and R𝛾 weights and the time and frequency
domain performance, however, each of the assigned weights
does designate how we wish the system to behave, since the
larger the weight in each respective matrix, the more the states
and inputs are penalised, respectively, as per Equation (10). As
an example, the larger the R𝛾 weights, the more the inputs are
penalised to change during transients, reducing the controller
bandwidth. Conversely, decreasing the weight of R𝛾 results in
less penalisation on the inputs, allowing the inputs to move
more flexibly which, in turn, results in an overall increase in the
controller bandwidth. With regards to the Q𝛾 matrix, larger val-
ues of the Q𝛾 weights increases the penalisation of system states,
resulting in the controller trying to stabilise the system with as
little change to the states as possible, resulting in an increase in
overall bandwidth. Conversely, with a decrease in Q𝛾 weights,
the less penalisation of the states and thus implies less concern
about the changes of the states, allowing them to move further
from their equilibriums to stabilise the system, and thus exhibits
a reduction in controller bandwidth. In general, it is often neces-
sary to perform a trial and error approach in the weight selection
in order to get the desired performance. However, some simpli-
fications can be made in order to develop a simple tuning pro-
cedure to attain desired performance from the grid. First of all,
when a system is extended with integral states, it is convenient in
the Q𝛾 matrix to weight only these terms to ensure good refer-
ence tracking and disturbance rejection. Another simplification
is that for the VSI, there is no need to have alternate weights for
each the d and q axes; as is shown in [12] the equivalent circuits
are almost identical.

Since there is a trade-off between weighting either the Q𝛾

or R𝛾 matrix, and the system performance, the starting point
to any LQR-based optimisation is to initially set all the con-
cerned weights in each matrix to 1, the most simplest form these
weights can be. Incorporating this, and the above simplifications
on Q𝛾 , the initial weighting matrices are

Q𝛾 =

⎡⎢⎢⎢⎢⎢⎢⎣

0

I 2×2

0

I 2×2

0

1

⎤⎥⎥⎥⎥⎥⎥⎦
, R𝛾 = I 6×6. (34)

TABLE 1 Nominal system parameters

VSI AFE

C 33𝜇F Cdc 100𝜇F

R 57mΩ Ra 85mΩ

L 240𝜇H La 570𝜇H

Vdc 290V Pl 1kW

Reference Values

Vcdre f
100

√
2V Iaqre f

0A

Vcqre f
0V Vdcare f 400V

fswitching 10kHz

fsample 20kHz

AC Grid frequency

f 400Hz

When designing LQR-based controllers, typically the R𝛾
matrix is first tuned by adjusting a constant 𝜌, such that R𝛾 =
𝜌I . This constant is adjusted across all the input weights until
satisfactory performance of the system is attained. This is effec-
tive when optimising a single sub-system, but in this case there
are many sub-systems whose input characteristics are different
from one another and therefore should not be weighted using
the same universal constant 𝜌. Therefore, for the initial tuning
step it is helpful to split 𝜌 into weighting constants for each sub-
system.

R𝛾 =
[
𝜌

1×mvsi

vsi 𝜌
1×ma fe

a fe
𝜌

1×mpll

pll

]
I 6×6 (35)

where m is the number of inputs attributed to sub-scripted
sub-system. As a general rule when it comes to tun-
ing these weighting matrices, increasing the corresponding
weights of R𝛾 reduces the control effort from the respec-
tive input during transients and therefore decreases the cor-
responding converter bandwidth. For example, if the weight-
ing constant 𝜌a fe corresponding to the inputs pd and pq is
increased, the AFE bandwidth decreases accordingly. For the
system described in Table 1 the R𝛾 matrix selected which
brought the system to satisfactory performance was selected
as

R𝛾 =
[
101×mvsi 21×ma fe

(
1 × 10−8

)1×mpll

]
I 6×6. (36)

Even with the Q𝛾 matrix left at its default setting in Equation
(34), one should find this ought to bring the system close to the
desired performance. Therefore, the Q𝛾 matrix can then be used
to adjust and fine tune the controller to as close to the specifica-
tion required. For an increase in a given weight in Q𝛾 the less the
respective state can vary during transients, effectively increasing
the bandwidth of said state. Simply, if one finds the dynamic
response of the dc-link voltage Vdca

induces too large a under-
shoot for a given transient, and too slow to recover back to equi-
librium using the R𝛾 matrix in Equation (36), one can simply
increase the weight to effectively speed up the response of Vdca

.

 17554543, 2021, 3, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/pel2.12056 by U

niversity D
egli Studi D

i G
enova, W

iley O
nline L

ibrary on [22/11/2022]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



696 DEWAR ET AL.

FIGURE 5 Decentralised H2 controller block diagram

This example is an instance that actually occurred when design-
ing the controller for this work. Consideration should also be
made as to which states should be prioritised for increasing the
bandwidth. For instance, increasing the bandwidths of all the
states can lead to large values in K , which for some applica-
tion can greatly reduce the robustness of the control. Bearing
this in mind, the selected Q𝛾 matrix where the dynamics of
Vdca

and I P
aq were prioritised for improved performance is the

following:

Q𝛾 = diag
([

0 1 1 0 2 4 0
(
1 × 10−3

)])
. (37)

4 IMPLEMENTATION OF THE
CONTROLLER

In Figure 5, the block diagram of the H2 decentralised controller
is presented. As it can be seen, the general structure of the con-
troller is not trivial, and shares similarities to that of a more
complicated PI controller. In order to generate the decentralised
H2 controller, the structured H2 problem (14) has been solved
using HIFOO Matlab toolbox [35]. As the output global con-
troller from the H2 optimisation is constrained to the structure
imposed by (33), several independent but globally optimal con-
trollers are generated for each of the sub-systems. The resultant
output is a decentralised controller where each diagonal element
in Equation (33) are the independent state-feedback controller
gains for each of the sub-systems. Each of these controllers
can be further separated down into their constituent propor-
tional gains (KvsiP

& Ka feP
) which provide a desired actuation

based on the value of the states for each respective converter
directly; and integral gains (KvsiI

& Ka feI
) which act on the inte-

grals of the error of the references at that instant moment in
time. Therefore, each of the decentralised controllers presented
in (33) can be further broken down into their proportional and

integral controllers such that

Kvsi =
[
K 2×4

vsiP
K 2×2

vsiI

]
(38)

Ka fe =
[
K 2×3

a feP
K 2×2

a feI

]
(39)

and where Kpll follows the structure as presented in Equation
(24b). With the separation of the control across proportional
and integral actions, the control law for each converter as shown
in (11) can also be further split down in to their respective parts
such that

[
md

mq

]
= KvsiP

⎡⎢⎢⎢⎢⎢⎣

Iid

Vcd

Iiq

Vcq

⎤⎥⎥⎥⎥⎥⎦
+ KvsiI

[
𝜔Vcd

𝜔Vcq

]
(40)

[
pd

pq

]
= Ka feP

⎡⎢⎢⎣
Iad

Iaq

Vdca

⎤⎥⎥⎦ + Ka feI

[
𝜔Iaq

𝜔Vdca

]
(41)

where

𝜔Vcd
= ∫ (Vcdre f

−Vcd ), 𝜔Vcq
= ∫ (Vcqre f

−Vcq ) (42)

𝜔Iaq
= ∫ (Iaqre f

− Iaq ), 𝜔Vdca
= ∫ (Vdcare f

−Vdca
). (43)

Since in this study the VSI is assumed the generator of the
grid, the desired angle of the grid (𝜔) is set in software, and
fed into each of the dq transformations. The AFE on the other
hand has the angle computed by the SRF-PLL. To compute the
angle, the three-phase voltages are measured, and fed into a dq
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DEWAR ET AL. 697

FIGURE 6 Configuration of the PWM comparator for modulator range

transform whose angle is that estimated by the SRF-PLL (𝜃p),
with this angle also being sent to each of the dq transforms
required by the AFE.

The resultant modulation indexes calculated from Equations
(40) and (41) is atypical from standard modulation schemes in
that these variables vary between −1 and 1. Therefore in each
of the PWMs, which dictate the demanded switching action, the
carrier wave fed into the comparator action also varies by the
same amount, as shown in Figure 6. This does not affect the
performance of the converter as opposed to conventional mod-
ulation schemes.

5 SIMULATIVE ANALYSIS

In order to characterise and ascertain the performance of the
proposed decentralised controller, simulative tests will be car-
ried out within the MATLAB 2020a Simulink environment. To
best determine the performance of the control, the proposed
controller will be compared against a standard PI controller,
whose control structure is that presented in Figure 7, and an
LQR controller, which has the exact same control structure as
that presented in Figure 5. For the LQR augmented system,
however, unlike the proposed H2 controller, each converter has
an LQR controller locally optimised to its own dynamics, since
LQR controllers cannot be structured into decentralised form,
and a centralised control architecture is undesired in this study.
Since the PI is the controller with the slowest stable bandwidth,
the decentralised H2 and LQR controllers are tuned to achieve
similar performance as that with the PI controller to maintain
fairness in the analysis between each of these controllers.

The parameters used for the simulation, and the experimen-
tal setup for which these controllers will be tested upon are pre-
sented in Table 1. In designing the PI controller, the procedure
from [12] was used, where the PI controller bandwidths which
achieved the best overall dynamic performance, as well as stable
performance on the experimental setup described in Section 6,
and are presented in Table 2. Any higher bandwidth resulted in
steady state oscillatory behaviour or instability. By general con-

FIGURE 7 The cascade PI control architecture for the VSI(a) and AFE(b)

TABLE 2 PI controller gains used for testing

VSI bandwidth AFE bandwidth

Current (𝜔i ) 900 Hz 900 Hz

Voltage (𝜔v ) 90 Hz 45 Hz

vention, internal current loops are designed to be 10x the band-
width of the outer voltage loop. It was however observed that to
get the best stable performance from the AFE PI controller, the
inner current control loop had to have a bandwidth of approxi-
mately 20x that of the outer voltage loop. The damping factor 𝜁
is set to 0.7 for all PI controllers.

The tuning of the LQR control is similar to that of the pro-
posed H2 controller, however performed on the local level of
each converter instead of the global system. The cost function
defined in Equation (10) is used to synthesise each of the con-
trollers.

To synthesise the LQR controller for the VSI, Bvsi from the
appendix was used, as well as the VSI state-matrix Avsilqr

defined
in (44)

Avsilqr
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
R

L
−

1

L
𝜔 0 0 0

1

C
0 0 𝜔 0 0

−𝜔 0 −
R

L
−

1

L
0 0

0 −𝜔
1

C
0 0 0

0 −1 0 0 0 0
0 0 0 −1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (44)

Likewise, for the AFE LQR controller, the AFE input and
state-matrices Ba fe and Aa fe , respectively, as defined in the
appendix are used for the synthesis. The Qlqr and Rlqr weighting
matrices used to achieve similar dynamic performance to the H2
and PI controllers are given in Table 3; selected to attain as close
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698 DEWAR ET AL.

TABLE 3 LQR controller weights for the individual converters

Q weight R weight

VSI Qvsilqr
= diag

([
0 0 0 0 4 4

])
Rvsilqr

= I 2×2

AFE Qa felqr
= diag

([
0 0 0 0 4 4

])
Ra felqr

= I 2×2

as dynamic performance attained for both the PI and H2 con-
trollers.

In the proposed controller, as per Equation (33), the PLL is
automatically tuned with consideration to the global dynamics
of the system. However, for the LQR controller, due to that
the output controller cannot be constrained, the PLL cannot be
augmented in the AFE LQR controller synthesis. Therefore, for
both the LQR and PI controllers in this study, and to ensure the
same dynamics for each test, the PLL in both cases is designed
with a bandwidth of 100 Hz, and a damping of 0.707, based
on the PLL transfer functions as defined in [37]. Therefore, the
PLL controller gains for the LQR and PI controller tests are

Kp = 0.6282, Ki = 27.92. (45)

Two different simulative tests will be investigated. The first
being a step load test from when the system is initially at no-
load steady state; and the second being a parametric robustness
test to analyse the performance of each controller when faced
with non-nominal parametric quantities.

5.1 Simulative tests - 1kW step load

In this test, the dynamic performance of each controller shall
be compared, when each system is brought to no-load steady
state, and at an instant a 1 kW step load is applied at the CPL
of the AFE converter. To start, the average simulation of the
traditional PI controller is presented in Figure 8.

For each of the simulative tests to be investigated, the load
step is initiated at 0.3 s and the dynamic performance of each
controller will be analysed. For the PI controller in Figure 8,
the interactive effects between converters are very evident. A
locally sourced disturbance on the AFE perturbed across all
the system states. In fact, for this particular system configu-
ration, this particular disturbance perturbed md so much that
it inflicted the VSI to enter saturation, due to large deviations
incurred caused on Vcd and Vcq . Due to the nature of the CPL,
large decreases in voltage results in large increase in current.
The large 3A overshoot incurred in Iad in turn brought down
the dc-link voltage 50 V below reference, which, due to the
controllers not being designed with consideration to the other
controllers dynamics, inflicted large perturbations on the VSI
states, and thus perturbations directly on the grid currents and
voltages. This in turn caused saturation of the VSI modulators
for a time, which caused prolonged effect of the disturbance as
the controller attempted to return the system to operate at its
new steady state point. Therefore, the disturbance on the AFE
influenced the grid voltages greatly, and in turn extended the

FIGURE 8 PI controller step load test - No load steady state to 1 kW

FIGURE 9 LQR controller step load test - No load steady state to 1 kW

non-alignment of the PLL to the grid, further prolonging the
disturbance dynamic. As will be shown, optimal controls greatly
mitigates these issues, however, the LQR not being optimised
to the network globally starts showing similar behaviours to this
PI control.

In these types of power systems, the PI controller is by far the
most popular methodology of controlling these power convert-
ers, however, LQR controllers, due to ease of design and their
superior optimal performance having been gaining popularity.
The performance of the system under the influence of an LQR
controller is shown in Figure 9. Dynamic performance across
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DEWAR ET AL. 699

FIGURE 10 H2 controller step load test - No load steady state to 1 kW

almost all states is improved in the LQR controller, due to the
controllers being optimal to the local dynamics of their asso-
ciated converter, whilst PI is design based on specified band-
widths. To quantify the performance improvement of the LQR
controllers, distortion across Vcd and Vcq has been reduced to
magnitudes of 4 V each, whilst for PI it was 50 V and 30 V,
respectively. The dc-link also exhibits a dramatic improvement,
with a undershoot magnitude of 20 V in comparison to the PIs
60 V deviation. The only state, where the LQR performs worse
is in Iaq , where disturbance magnitude was increased from 0.2 A
in PI to 2 A in LQR. As with any design improvements, there is
always a necessary draw back, and for use of this optimal con-
troller, Iaq does unfortunately suffer performance degradation,
in order to attain performance benefits across the other states.
Additionally, note that for the PI and LQR, the PLLs are identi-
cal, yet the LQR achieved upto 20x performance boost in terms
of error mitigation, and provided no oscillatory response; all due
to the vastly improved performance of the grid voltages under
LQR control.

On the contrary, however, is the proposed H2 controller. As
explained, the LQR and H2 share some similarities in terms of
their generation, but the H2 controller allows for constraints to
be imposed on the output control structure, as per (33), such
that independent decentralised controllers are generated, that
are not only global optimal to all grid dynamics, but are also
optimal concerning the closed-loop performance of each sub-
system of the network since all the controllers in K are opti-
mised simultaneously. The simulation results for the H2 con-
troller are shown in Figure 10, and the performance improve-
ment attained over the LQR is clear. Firstly, the magnitudes
of state deviations are significantly reduced. Vcd and Vcq for
instance have their undershoots reduced by half to 2 V, and incur
no oscillatory overshoots, albeit a more damped response. This
in turn results in less significant distortion on the on the grid

FIGURE 11 Performance of LQR controller under 1.6kW step load

voltages, as will be observed later in the experimental setup.
Since the grid voltages become less distorted, this also means
the optimised PLL error is reduced by 60%, resulting in better
tracking of the AFE to the grid dq angle. With better tracking
of the grid, comes better transmission between converters, and
as such, the deviation in the reactive VSI current Iiq is signifi-
cantly reduced to 2.3 A, compared to the LQRs 3.5 A. Compar-
ing the H2 and LQR controller performance across other states,
one can observe for Iid overshoots of 1.2 A and 2.2 A, respec-
tively, and Iaq undershoots of -2.2 A and -3.2 A, respectively. Per-
formance improvement for the H2 controller is most notably
improved on the dc-link voltage. Whilst both controllers under-
shoot by 20 V during the transient, the H2 quickly brings the
voltage to equilibrium with minimal overshoot of 1 V; compared
to LQR whose overshoot was 8 V and exhibited more oscilla-
tory response upon reaching equilibrium than the response of
H2. These at first might seem minimal improvements, however,
this is just that start, and the performance improvement is even
clearer, when the system is subject to even greater load step.

5.1.1 Analysis of performance at 1.6kW step
load

Figures 11 and 12 present the LQR and H2 controllers of
each system, respectively, with each controller re-optimised with
Pl = 1.6kW . Since this load step rendered the PI controller
unstable, the PI results are not presented. Comparing the results
between the LQR and H2 controls, it can be seen the the LQR
starts incurring a larger oscillatory dynamics back to equilibrium
than that of the H2. Most evidently are that of the currents and
the dc-link voltage. Extrapolating some numbers for the LQRs
increase in oscillations, Iid overshoot is 3.5 A greater; Iiq under-
shoot is 3 A lower; Vcd overshoot is 6 V higher; Vcq undershoot
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700 DEWAR ET AL.

FIGURE 12 Performance of H2 controller under 1.6kW step load

4 V lower; Iad overshoot 3 A greater, and Iaq undershoot 1 A
lower when compared with the proposed H2 maximal devia-
tions per state. Most substantial change is the dc-link voltage
where the LQR now incurs a maximal deviation of 40V, com-
pared to H2 control 30 V deviation, whilst additionally incurring
further oscillatory dynamic response.

So, increasing the power, the deviations in performance
between the two controllers become more evident, and increas-
ing the load step, causes further deterioration of LQR perfor-
mance in comparison to the H2. In fact, during simulative test-
ing, LQR could cope with step loads of upto 8kW before insta-
bility, whilst the H2 controller was capable of 10kW. This largely
results from the fact that since the non-linear dynamics of the
CPL in the AFE are not considered in the LQR VSI controller,
system interaction becomes ever prevalent as the non-linear
term grows. The un-modelled non-linear dynamic results incurs
further oscillatory responses from the LQR controller, compa-
rable in effect to the oscillations observed with the PI control
dynamic response.

On the other hand, for the H2 controller, each controller is
optimal to the dynamics of every other closed loop sub-system,
and thus, accounts for the non-linear CPL dynamic in all the
controller designs. Therefore, sub-system interaction between
sub-systems is largely mitigated, resulting in the non-oscillatory
behaviour between sub-systems, and the overall performance
increase when subject to greater non-linear CPL dynamics. As
a result, the drawback is a more slower, damped response to
state-deviations, but attains more robust and non-oscillatory
behaviour across the system states as a whole.

5.2 Parametric robustness analysis

When developing controllers on the assumption of the system
having specified parametric values, it is important to evaluate the

FIGURE 13 PI step load performance with parameter variation of±55%
subject to 1kW step load

performance when some parameters deviate from their nominal
value, as is typical in industrial design due to component toler-
ances, or due to degradation of devices through continuous use
or ageing.

Parametric test shall be conducted using the same simulative
model as the previous tests, using a 1kW step load. In each of
the tests, all parameters will collectively altered by ±55%, and
the resultant performance will be analysed. The PI controller
test are shown in Figure 13.

As it is to be expected, as parameters are lowered, the vari-
ation of the states increases, and thus, performance worsens.
Once the system goes beyond a −55% variation, the PI con-
trolled system incurs instability. This is mainly attributed to
Vdca

as when the step load initiates, the dc-link drops to 0 V.
Additionally, the overshoots of the currents Iad and Iaq increase
rapidly as parameters are reduced, with any further variation
may potentially cause safety measures to trip on the convert-
ers. On another note, Iiq will increase as the parameters increase
in value, due to the impedance of the grid increases requir-
ing greater reactive current. This too could also make the
system more susceptible to tripping if not properly account
for.

Figure 14 presents the results for the LQR controller fol-
lowing the same parametric variation as that for the PI test.
In this test, it becomes markedly clear that the oscillatory
behaviour, which was starting to become evident during the
1.6-kW tests, becomes even more pronounced in the pres-
ence of uncertain parametric values. In fact, in some case due
to the incurred oscillations present on the LQR controller,
states such as Iid , Iad and in some regards Vdc , at a +55%
variation are worse in terms of their oscillatory dynamic per-
formance than that of the PI controller. This again, is not
only due to the interaction between un-modelled sub-system
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DEWAR ET AL. 701

FIGURE 14 LQR step load performance with parameter variation
of±55% subject to 1kW step load

dynamics, and un-modelled non-linear CPL dynamic of the
AFE in the VSI controller, as was discussed earlier, it is also
due to the fact that each LQR controller, like the PI, has not
accounted for possible uncertainty elsewhere on the grid. To
explain this latter point, let’s first analyse the H2 controller
performance.

The proposed H2 controllers’ parametric variation results
are presented in Figure 15. When compared to the PI and
LQR controllers, it is very evident how no oscillatory behaviour
is present across any of the states during the transitions. In
fact, the H2 controller shows little in the way of dynamic per-
formance change across the whole range of parameter varia-
tions. All results show the same damped, stable, non-oscillatory
responses, with only greater deviations occurring in some states,
as inductive and capacitive parametric values change, in turn
changing the dynamic behaviour of the current and voltages,
respectively. The performance is maintained due to another
feature present in the H2 optimisation procedure, which also
explains the poorer performance observed in the LQR. The
optimisation as defined in (14), whereby the H2 norm of the
global system is minimised, can also be defined as the min-
imization of the transfer function between any external dis-
turbances of the system, and the errors (or performance out-
put) of the system. For more information, please refer to
[30]. For the H2 controller, where all the system dynamics are
accounted for, this results in all the synthesised closed loop
controllers globally minimizing all disturbances to the system
and the resultant errors inflicted on the states. As parameters
vary, so can the disturbances across sub-systems increase. But
since the decentralised H2 controllers account for these dis-
turbances globally, detrimental effects to the states are min-

FIGURE 15 H2 step load performance with parameter variation of±55%
subject to 1kW step load

imised, sub-system interaction mitigated, and thus, oscillation
are not present on the H2 controlled system. The LQR, as
previously mentioned, shares similar features to the H2 con-
troller, including the just described minimization of disturbance
to system error. However, due to the inability of the LQR con-
troller to be constrained to a structure, the global dynamics of
all the sub-systems cannot be accounted for. Whilst on the local
level, the transfer function from disturbance to error is min-
imised [30], resulting in the improved performance over the
PI, this does not happen globally, and thus each LQR con-
troller is not designed to minimise globally such disturbances.
As parameters vary in value, so will the disturbances increase
or decrease across the states of the other sub-systems, which
are unaccounted for by the independent LQR controllers and
thus results in an increase in cross-converter interactions. There-
fore, oscillations across the states incur, suffering similar the PI
controller which also does not incorporate dynamics of other
sub-systems in its design. Therefore from the simulative tests,
the proposed H2 controller when compared to the LQR and PI
controller has been shown to be more robust, and offer better
dynamic performance in the presence of a non-linear step load;
and better performance to parametric uncertainty, whilst hav-
ing the minor drawback of more damped system response to
disturbances.

6 EXPERIMENTAL RESULTS

Experiments are conducted on the setup shown in Figure 16.
Both the VSI and AFE are commercially available inverters.
The VSI is a 2kW, 300V converter from BMT (Best Motion
Technology). The AFE is a 3kW converter from Semicron. The
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702 DEWAR ET AL.

FIGURE 16 Experimental test rig

controller platform used is the uCube, which was developed by
The University of Nottingham [33]. The nominal values of the
system in this study are shown in Table 1, as well as reference
values for the control.

It is of greater interest to compare the performances of the
LQR and H2 controller experimentally in this study. As it was
shown in Section 5.1.1, exhibiting the system system to higher
powers highlights the performance differences between these
optimal controls in greater detail, and thus experiments shall be
analysing the dynamic performance with a step of 1.6kW. Since
the PI controller was not stable at these powers, and that the
performance was worse and incomparable to that of the opti-
mal controls and finally due to space requirements, experimental
results of the PI have not been been presented. The aim of the
experiment is to validate that the simulative analysis accurately
portrays the controllers on hardware, and to analyse any further
performance differences.

In each case, the AFE dc-link capacitor was pre-charged
while the VSI was at no-AFE steady state, as to procedure
detailed in [34]. This is to safely soft-start the AFE, and min-
imise inrush currents.

6.1 LQR control system performance

For the experimental test conducted in this study, initially both
the VSI and AFE are running at no-load steady state condition.
At 25 ms, a 1 kW CPL step is applied on the output of the
AFE. The system response to this disturbance for the LQR con-
troller can be observed in Figure 17. From first observations,
it is clear that the experimental results reflect that of the sim-
ulative results presented in Figure 11 relatively accurately, with
only some minor differences to note. Firstly, the dc-link volt-
age did drop slightly further than was predicted, resulting in a
drop of 45 V, as opposed to 40 V achieved in simulation. Due
to the nature of the CPL, this in turn resulted in a slightly higher
Iad overshoot than predicted, of around 2 A. Other than these
minor differences, the rest of the system states are fairly accu-
rate to that obtained in simulation. The tests also confirmed
what was observed in simulation, in that the more oscillatory

FIGURE 17 Experimental performance results of the LQR controller
under 1.6 kW step CPL

dynamic as observed at transient is atypical of a stand-alone
LQR response, and thus, characterises the increase in interac-
tive behaviour between sub-systems, tending towards similar
behaviour to that observed in the PI controller.
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FIGURE 18 Experimental performance results of the H2 controller under
1.6 kW step CPL

6.2 Decentralised H2 control system
performance

For comparison, the experimental performance of the struc-
tured H2 controller under a 1.6 kW step load, using the weights
from Equations (36) and (37) is shown in Figure 18. When com-
pared with the simulative results presented in 12 it is clear that

each complement on another with similar performance attained.
In contrast to the LQR results, it is clear that in many regards
the proposed H2 controller outperforms that of the LQR con-
trol. Firstly, whilst the drop in dc-link voltage is less than that
of the LQR controller by about 10 V, consistent with the simu-
lations, it is clear a less oscillatory response has been achieved,
reducing distortion, and in turn improving the dynamic speed o
the response. This is also seen with Iad where the more damped,
speed response, and the undershoot of Iaq is reduced. Transfer-
ring to the VSI and its a similar story. Vcd and Vcq only incur
minor perturbations which results in less distortion on the grid
voltages. The grid currents, albeit more damped than that of
the LQR provide less distortion, and is immediately clear the
improvement of performance in three-phase obtained over the
LQR controller. As was mentioned before, the H2 and LQR
controllers share much of the theory in how each is gener-
ated, and the response obtained in hardware is more typical
to the response of an LQR controller; fast damped response
and non-oscillatory. It is therefore immediately clear, and can be
confirmed that the interactive behaviour between sub-systems,
when utilising the proposed controller in this paper can largely
be mitigated. Additionally, the THD performance of each con-
troller has been analysed. Since each uses the same control archi-
tecture, differences were minimal. Grid voltages with H2 had
2% THD, whilst LQR had 3%. Currents were comparable to
each other, suggesting slightly better quality output signals were
attained adopting the proposed H2 approach. As was observed
in simulation, the PLL performance for each controller fits per-
fectly to that predicted. Again, the H2 has shown that the mag-
nitude of the error can be reduced significantly by 35%, but in
order to attain this performance, the PLL does incurs a very
damped response, however this does not seem to overly effect
performance of the system, since error is kept so low through-
out the disturbance.

7 CONCLUSION

This paper has presented an approach to design a global decen-
tralised H2 optimal control for converters forming an embed-
ded power network, taking into account their interactions on
the common ac grid. From the global model of the system,
the proposed method synthesises individual standalone con-
trollers of each converter keeping in consideration dynamic
interactions. The PLL, which often can cause stability issues,
was successfully tuned as part of the whole system. There is
no need to additional stability check after tuning procedure as a
global stable system is guaranteed in the adopted method. The
method has been successfully been tested through experiment
and compared to traditional PI control, as well as another form
of optimal control, LQR. The results have presented signifi-
cant improvements in the decentralised controller design. For
instance, significant reduction in the effect of sub-system inter-
actions, which opens further possibility of reducing the need of
bulky passive filters, often used as decoupling elements, paving
way for the possibility of reduced system size and cost. It was
also shown to have improved robustness to parametric uncer-
tainty, and against highly non-linear CPL dynamics. For clarity
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the proposed approach has been presented using as an exam-
ple a notional sub-system consisting of two converters on the
same ac grid. However its formulation is easily scalable to a
more complex network, and will be presented in future works.
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