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Abstract
In this paper we review recent progress on relativistic hydrodynamics in

(2 + 1)-dimensions with an external magnetic field. We discuss the formalism allowing
for momentum loss due to the explicit and spontaneous breaking of translation

invariance by scalar operators. We also compare to some results from the gauge/gravity
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1 Introduction
In recent years the study of hydrodynamic effective field theories has experienced a strong
revival due to their potential to correctly reproduce the properties of strongly coupled
condensed matter systems. Hydrodynamics is an effective field theory whose fundamental
degrees of freedom are conserved currents and/or long lived Goldstone modes [1,2]. These
kinds of excitations are the only long lived modes expected to survive at strong coupling,
where the notion of “quasi-particle” ceases to exist. Consequently, hydrodynamic effective
field theories have been applied, among other materials, to the study of graphene [3, 4],
quantum hall systems [5–12], bad metals [13–20], Wigner solids [21] and high temperature
superconductors [22–31]. Regarding the latter materials, the community interested in the
hydrodynamic approach has broadly attempted to reproduce the transport properties of
the so called strange metal phase. The formalism necessary to describe the behaviour of
these phases is a guiding thread throughout this review.

There are two minimal ingredients that a consistent hydrodynamic theory must con-
tain in order to reproduce transport properties in the strange metal part of the phase
diagram: an external magnetic field, and some mechanism for momentum dissipation.
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Mechanisms of momentum dissipation are ubiquitous in condensed matter physics as
they are necessary for ensuring that DC conductivities are finite. As for the external
magnetic field, transport experiments in high temperature superconductors are typically
performed by immersing the sample in just such a field. The reason for this is that the
magnetic field lowers the critical temperature for the superconductive phase transition by
means of the Meissner effect. Consequently, the low temperature properties of the normal
phase become accessible.

For our purposes, the magnetic field will be external and non-dynamical as is appro-
priate for most condensed matter experiments. This means that it has no kinetic term
and its profile, which we take to be constant, is an input into the theory. On the other
hand, there has been interesting recent investigations into how dynamical electromagnetic
fields enter into the fluid formalism [32–35].

The construction of hydrodynamic theories with an external magnetic field, which is
a particular limit of magneto-hydrodynamics, and the study of the phenomena associated
with such an external field has a long history. The reasons for this are the existence of
rather unique effects associated with magnetic fields in (2 + 1)-dimensions. For example,
the Hall conductivity and Hall viscosity. The former describes the flow of charge transverse
to an applied electric field in the presence of a magnetic field for planar materials. The
non-zero Hall viscosity is a related effect where the viscosity tensor can contain terms
in addition to the shear and bulk viscosities. This additional viscosity term leads to
interesting dynamical effects (see Ref. [10, 36] for reviews). In the context of strongly
coupled theories described by gauge-gravity dualities one finds the Hall conductivity is
an integral part of the description of systems with a magnetic field; for example in probe
brane models [5, 6, 8, 37], bulk theories with Chern-Simon’s like terms [7, 38–40] and/or
systems with broken translation invariance [41,42]. There has also been related theoretical
work examining constraints on the Hall viscosity [9, 43].

Holographic theories are particularly useful for learning general lessons about the
hydrodynamics of particular strongly coupled theories. Moreover, for holographic models
in (2 + 1)-dimensions there is additional structure that allows us to further examine
the behaviour of systems in external magnetic fields. A particularly famous example
is bulk SL(2,Z) duality [44–46] which in the boundary theory effectively swaps electric
charges for magnetic charges and/or attaches units of magnetic flux to charged particles.
The outcome of such operations is an infinite family of related longitudinal and Hall
conductivities [11, 47–52]. Similarly, by combining certain SL(2,Z) operations in the
presence of background charge and magnetic field one can generate anyons [53,54]. These
unusual particles have fractional statistics and display some interesting fluid behaviour
[12,55–67].

Regarding our other ingredient - momentum loss - there is a long standing research
programme whose aim is to consistently add to hydrodynamic theory mechanisms for
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momentum relaxation. In the earliest approaches this was achieved through relaxing
the equation of motion for the ideal charged relativistic fluid by means of an explicit
effective mechanism of momentum dissipation [22, 24, 25, 68, 69]. These results have
been compared against many holographic realisations with explicit translation symme-
try breaking, spanning: massive gravity models [28, 70–75], axion models [38, 76–86],
and striped theories [87–92]. More recently the holographic-hydrodynamics community
has been pursuing methods to make the momentum relaxation mechanism either spon-
taneous or pseudo-spontaneous [93], opening the path to the construction of hydrody-
namic theories of phonons, pseudo-phonons and charge density waves [14, 21, 29, 94–98].
These hydrodynamic theories have been successfully compared to various holographic
models [31,88,94,96,99–120], and applied to interpret experimental the transport results
of some strongly coupled condensed matter systems such as bad metals and cuprates.

In this review we wish to summarise progress and highlight holes in the literature
regarding the construction of effective hydrodynamic theories which contain both of the
ingredients mentioned above. In particular, we are interested in (2 + 1)-dimensional,
relativistic, charged fluids at finite temperature T and chemical potential µ in the presence
of an external magnetic field B with or without momentum relaxation. The hydrodynamic
equations at least consist of (non-)conservation equations for the stress-energy-momentum
(SEM) tensor T µν and the U(1) charge current Jµ ,

∂µT
µν = F νµJµ + other mechanisms , (1.1a)

∂µJ
µ = 0 . (1.1b)

and constitutive relations expressing the conserved currents in terms of thermodynamic
sources (T, µ,B, . . .), the fluid velocity uµ and their derivatives. In particular, hydrody-
namics is a derivative expansion where each additional derivative acting on a thermody-
namic source or the velocity can be understood to suppress the resultant term compared
to other terms with fewer derivatives. The incorporation of “other mechanisms” in (1.1a)
for relaxing momentum conservation in the presence of an external magnetic field is a
core element of this review. In such cases, the expressions (1.1) will be augmented with
an effective Josephson condition describing the evolution of a set of translation breaking
scalars.

The structure of this review is as follows: firstly we shall briefly consider global and
local thermodynamics up to and including first order in derivatives. In particular we
shall show how to construct constitutive relations for local thermodynamic equilibrium
in our fluids of interest from the equilibrium generating functional. Subsequently we
go on obtain the dissipative constitutive relations for our fluids consistent with entropy
production, determine the retarded Green’s functions describing the response of such
fluids to external perturbations, and compare the resultant non-zero frequency correlators
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to some results in the literature. Finally, we conclude by considering future directions
necessary to fill holes in the literature.

2 Thermodynamics
We begin our review by detailing the local thermodynamic equilibria of charged fluids in
the presence of an external magnetic field. In this section we sketch the application of
the equilibrium generating functional approach to the problem of finding non-dissipative
constitutive relations. We will also include spontaneously and explicitly broken translation
invariance through the introduction of translation breaking scalar operators.

2.1 On external electromagnetic fields and boosts
We are concerned with U(1) gauge fields which are external, meaning they appear in
any putative microscopic action as through they were a vector of (potentially spacetime
dependent) coupling constants. We further constrain our theory of interest by imposing
that the action respects a (spurious) gauge symmetry Aµ → Aµ + ∂µλ where λ is a
scalar. Consequently, the only local, gauge-invariant observable is the field strength Fµν =
∂µAν − ∂νAµ which satisfies a Bianchi identity

∂[µFνρ] = 0 . (2.1)

We emphasise that our microscopic theory of interest has no kinetic term for the gauge
field and thus the gauge field is not dynamical; its value is an input.

Consider the observations of an experimentalist who applies a constant electromag-
netic field to a fluid. Let τµ be the clock-form representing the infinitesimal experimen-
talist’s coordinate time (dτ = τµdxµ). Given any time-like one-form τµ it is possible to
decompose the field strength into an electric (Eµ) and a magnetic (B) part

Fµν = Eµτν −Eντµ −Bεµνρτ ρ . (2.2)

We note that the definition of electric and magnetic field depends on the choice of τµ and
that because B is defined using a Levi-Civita symbol it is odd under spatial parity. In
particular, if our system depends linearly on the scalar B then spatial parity invariance
is broken. Fluids with broken spatial parity have received significant treatment [121] and
in this review we restrict ourselves to theories where this discrete symmetry is unbroken
i.e. only B2 or Bεµνρ, both spatial parity even terms, will appear in our hydrodynamic
description.
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We note that constant external electric or magnetic fields, as would be typically be
applied to a condensed matter system, generally lead to broken boost invariance. To see
this, consider the currents for Lorentz boosts and spatial rotations which are given by

Mµν
ρ = xνT µρ − xµT νρ . (2.3)

In a Cartesian coordinate system where τµ = δ0
µ, and using that T µν = T νµ for a relativistic

theory, we can write

∂ρM
ijρ = γ(~v2)

[
−B

(
xiεjk − xjεik

)
N vk +N

(
xiEj − xjEi

)]
, (2.4a)

∂ρM
tiρ = γ(~v2)

[(
xiEj −Btεij

)
N vj +N tEi

]
, (2.4b)

where we have set the U(1) charge current to be

Jµ = Nuµ = Nγ(~v2)(1, vi) , γ(~v2) = 1√
1− ~v2

, (2.4c)

with N is the charge density, uµ the fluid velocity and ~v the spatial component of the
fluid velocity. It is straightforward to see that if either Ei 6= 0 or B 6= 0 then the right
hand sides of (2.4a) and (2.4b) are non-zero and both boost and rotational symmetries
are broken. One might object that if Ei = vi = 0 and B 6= 0 then we preserve boost and
rotational invariance, yet by simply boosting from a frame where ~v = 0 to one where it is
not we arrive at the same conclusion.

As boost invariance is broken and in principle one could and generically should include
the spatial velocity as part of the definition of thermodynamic equilibrium. This neces-
sarily requires that coordinate time τµ and the fluid velocity uµ are distinct so that we
can identify the “spatial part” of the fluid velocity. In that case one can form a projector

Π µ
(τ) ν = δµν + τµτν , (2.5)

where τµ has been unit normalized. Subsequently the fluid velocity can be decomposed
into a time-like and a space-like part (vµ)

uµ = − (uντν) τµ + vµ , vµ = Π µ
(τ) νu

ν . (2.6)

One can then include the spatial velocity and its contractions (e.g. v2) as scalars in the
equilibrium generating functional.

On the other hand, in the literature for relativistic fluids, it is conventional to consider
a second decomposition of electric and magnetic field. In the fluid decomposition1 one
defines the electric (Eµ) and magnetic (B) fields in terms of the fluid velocity uµ i.e.

Fµν = Eµuν − Eνuµ −Bεµνρuρ . (2.7)
1We prefer decomposition to frame as the latter can be confused with Lorentz and fluid frames.
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This definition greatly simplifies expressions as one has for example Eµuµ = 0 and, as
we shall see, for a constant fluid magnetic field (B = const.) and vanishing electric field
(Eµ = 0) one can preserve Lorentz boost invariance of the theory. While these facts may
recommend (2.7) for theoretical work, the interpretation of the fluid electric and magnetic
fields are a little odd from the perspective of a laboratory observer. For example, if a given
experimentalist applies a constant magnetic field to a fluid which from their perspective
is flowing - the corresponding non-zero electric and magnetic fields that appear in our
hydrodynamic description depend on the local velocity of the fluid and are thus functions
of space-time e.g.

Fµν = −Bεµνρτ ρ = uµ
(
−Buα(x)εαβρΠβ

νΠρστσ
)

︸ ︷︷ ︸
Eν(x)

−uν
(
−Buα(x)εαβρΠβ

µΠρστσ
)

︸ ︷︷ ︸
Eµ(x)

−(−Bu(x) · τ︸ ︷︷ ︸
B(x)

)εµνρuρ + . . . , (2.8a)

Πµν = uµuν + ηµν . (2.8b)

Similarly, a constant laboratory voltage bias corresponds to non-zero electric and magnetic
fields in the fluid description. The two definitions (2.2) and (2.7) coincide if the fluid is
static in the laboratory frame so that uµ ∝ τµ.

With the above definition of the electric and magnetic field (2.7) we find for the boost
and rotation charges

∂ρM
µνρ = N (xνEµ − xµEν) . (2.9)

In this latter case, we can maintain both boost and rotation invariance if the electric field
is zero. Notice once again, that if we have a constant magnetic field according to the
experimentalist then boost and rotation invariance will still be broken as Eµ 6= 0.

In what follows we shall use (2.7) as our definitions of electric and magnetic field;
keeping in mind the limitations that we face in using them. In particular, as we shall
treat Eµ ∼ O(∂) and B ∼ O(∂0) we will not be able to describe the experimentalist’s
constant magnetic field in ourformalism unless the ground state of the fluid is also static
from their perspective.

2.2 Global thermodynamic equilibrium
We are working at non-zero temperature T , chemical potential µ and external magnetic
field B. As discussed above we also consider a set of scalars φI(x) which are the Goldstone
bosons of spontaneously broken translation invariance. For simplicity we assume that the
broken configuration is homogeneous and isotropic. We define the term “spontaneous
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breaking” to mean that the microscopic action for the Goldstones will have a preserved
shift symmetry φI(x) → φI(x) + aI . Thus the effective theory will be expressed only in
terms of derivatives of φI , i.e. ∂µφ

I , and not φI alone. Correspondingly, the “pseudo-
spontaneous breaking” occurs when there are terms in the microscopic action that weakly
break the shift symmetry; by which we mean that the couplings of the breaking terms are
small. The contribution of such terms can be represented by a misalignment vector [98]
ψI . Assuming our system is extensive such that the grand canonical free energy is given
by the pressure multiplied by the volume we have

dP = sdT + ndµ+mdB + 1
2rIJd

(
∂µφI∂µφ

J
)

+mIJψ
IdψJ (2.10)

where we identify

s = ∂P

∂T
, n = ∂P

∂µ
, m = 2B ∂P

∂B2 , rIJ = 2∂P
∂(∂µφI∂µφJ) , mIJ = ∂2P

∂ψI∂ψJ
, (2.11)

as the entropy density, the charge density, the magnetisation density, the elastic stress
tensor and the effective thermodynamic mass of the pseudo-Goldstone bosons. It will be
convenient to define the parity invariant quantity m

m = 2 ∂P
∂B2 such that m = mB , (2.12)

in what follows.

2.3 Local thermodynamic equilibrium with a magnetic field
To describe local thermodynamic equilibrium we turn to the equilibrium generating func-
tional formalism. We must define the temperature, chemical potential and other thermo-
dynamic quantities in terms of geometry. We posit the existence of a time-like Killing
vector field V µ on some general manifold with metric gµν and external gauge field Aµ.
The temperature, chemical potential and fluid velocity are defined with respect to this
field by

T = 1√
−V 2

, µ = V µAµ + ΛV√
−V 2

, uµ = V µ

√
−V 2

, (2.13)

where the first two quantities are particular Wilson loops around the Euclidean time
circle, ΛV is a gauge parameter that ensures µ is gauge invariant and the final quantity
defines the fluid velocity. The magnetic field (2.7) is defined in terms of V µ to be

B = − 1
2
√
−V 2

εµνσVσFµν , (2.14)
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and we have normalised the fluid velocity to one uµuµ = −1.
Given these quantities (2.13) and (2.14), one constructs the thermodynamic gener-

ating functional W order by order in derivatives. By varying this generating functional
with respect to the metric, gauge field and field strength we find

δW =
∫
d2+1x

√
−g

[1
2T

µνδgµν + JµδAµ + 1
2M

µνδFµν

]
(2.15)

where the numerical factors are conventional and Mµν = (2/√−g)δW/δFµν is the mag-
netisation tensor describing the response of the system to an external field strength. 2

Before proceeding to obtain the constitutive relations we note that given a time-like vector
uµ we can decompose each of the quantities appearing in (2.15) in the following manner

T µν = Euµuν + Pµuν + Pνuµ + PΠµν + T µν , (2.16a)
Jµ = Nuµ + J µ , (2.16b)

Mµν = pµuν − pνuµ −mεµνρuρ , (2.16c)

where pµ is the polarisation vector and m the magnetisation density following the con-
ventions of Ref. [122]. The projector Πµν is defined in (2.8b). Each index above that does
not appear on a uµ is transverse e.g. uµJ µ = 0 and T µν has the additional property of
being symmetric and traceless (T µµ = 0).

Given this data (2.13) and (2.14) we can construct the following equilibrium gener-
ating functional up to first order in derivatives

W = −
∫
d2+1x

√
−g

[
Pf(T, µ,B2)−MΩ

f (T, µ,B2)Bεµνρuµ∂νuρ +O(∂2)
]
, (2.17)

with Pf the pressure of the fluid and because of unbroken spatial parity invariance argu-
ments of thermodynamic functions depend on B2. We have introduced a subscript f in
(2.17) to distinguish contributions to energy, pressure, . . . in the absence of the Goldstone
degrees of freedom. In the next section contributions to energy, pressure, . . . that are only
present due to the Goldstone fields will be denoted with a subscript l.

The constitutive relations given by applying (2.15) to (2.17) for a constant magnetic
field are [122]

E = εf − g1BΩ , P = Pf −Bmf , (2.18a)
Pµ = g1Bε

µνρuνaρ + g2Bε
µνρuνEρ , T µν = 0 , (2.18b)

for the SEM tensor and

N = nf +BΩ (g2 −mf) , J µ = εµνρuν∂ρmf + εµνρuνaρmf , (2.19a)
pµ = 0 , mf = 2B (mf +BΩg3) +MΩ

f Ω , (2.19b)
2Note that the variations of the gauge field Aµ and the field strength Fµν are not independent.
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for the U(1) charge current with

dPf = sfdT + nfdµ+ 2mfBdB , εf + Pf = sfT + nfµ , (2.20a)

g1 = 2MΩ
f − T

∂MΩ
f

∂T
− µ∂M

Ω
f

∂µ
, g2 = ∂MΩ

f
∂µ

, g3 = ∂MΩ
f

∂B2 , (2.20b)

aµ = uν∂νu
µ , Ω = −εµνρuµ∂νuρ . (2.20c)

We have employed the decompositions defined in (2.16). One can continue to progressively
higher orders in derivatives or work in other spacetime dimensions [122] obtaining more
sophisticated equilibrium expressions. For our purposes however the above expressions
will be sufficient.

The obtained constitutive relations (2.18) and (2.19) will identically satisfy the con-
servation equations on profiles for the thermodynamic sources constrained to fulfill

LV (T, µ) = 0 LV (uµ) = 0 , LV (Aµ) = 0 , LV (gµν) = 0 , (2.21)

where LV is the Lie derivative along V µ and again B is constant by assumption. These
Killing conditions (2.21) can alternatively be rewritten as

σµν = Π α
µ Π β

ν

(
∂αuβ + ∂βuα −

1
2∂σu

σΠαβ

)
= 0 , θ = ∂µu

µ = 0 , (2.22a)

uµ∂µT = uµ∂µµ = 0 , Π ν
µ ∂νT = −Taµ , Eµ − TΠ ν

µ ∂ν

(
µ

T

)
= 0 , (2.22b)

so that, for example,

∂µuν = −aνuµ −
1
2Ωεµνρuρ . (2.23)

2.4 Local thermodynamic equilibrium with a magnetic field and
translation breaking scalars

In order to introduce momentum relaxation through translation breaking scalars we follow
the approach of Ref. [95] (see Ref. [123] for a complementary approach based on locality).
Namely we define the crystal displacement fields φI , which in the spontaneous case can
be interpreted as the Goldstone bosons for translation symmetry breaking. The indices
I, J, ... = 1, ..., k ≤ d run over the number of broken translations, while µ, ν, ... = 0, ...d
run over spacetime indices. We define a vielbein eIµ(x) = ∂µφ

I(x) and “crystal metric”,

hIJ = gµνeIµe
J
ν . (2.24)
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The I, J, ... indices are raised/lowered using hIJ and hIJ = (h−1)IJ . There is a (spatial
isotropy respecting) preferred metric for the position of the crystal cores in the absence
of external forces which we take to be 1

α2 δIJ . The coefficient α parametrises the inverse
size of the crystal [95, 124].

From this starting point one can construct a hydrodynamic theory with spontaneously
broken translational invariance. The crystal fields φI(x) are the Goldstone fields of the
symmetry breaking GLint. × GLMinkowski → GLdiagonal where GL is the general linear
group. The equilibrium generating functional at zeroth order is given in terms of the
integral of a pressure dependent on the usual thermodynamic variables plus hIJ and uIJ =
(hIJ−1/α2δIJ)/2 as these latter combinations make spatial isotropy of the system manifest
[95,124]. However, we are also interested in pseudo-spontaneously broken symmetries. In
this case one breaks not a true symmetry of the system, but an approximate symmetry.
For example, if the microscopic action contains a mass term of the form

∫
d2+1x

√
−g m

2

2 δIJφ
IφJ , (2.25)

then the translational part of the internal GLint.(d) symmetry, i.e. φI → φI+aI , is broken.
However if the mass is small, it is only approximately broken and one expects to be able
to account for the mass term as a small correction to the spontaneous results.

A convenient trick to ensure complete expressions in the pseudo-spontaneous case is
to introduce a spurion field ΦI(x) to restore translational invariance. The new field has
no kinetic term and transforms under the translational part of the internal GLint.(d) in
precisely the manner necessary to ensure the full system has translational symmetry (i.e.
ΦI → ΦI + aI). The corresponding equations must then transform correctly under the
now unbroken symmetry. For example, in the case of a mass term we modify our theory
to ∫

d2+1x
√
−g m

2

2 δIJ
(
φI − ΦI

) (
φJ − ΦJ

)
. (2.26)

One can then break the symmetry again by selecting some particular value for the spurion
field. Thus, in addition to constructing our equilibrium generating functional from the
vielbein, we should also allow for dependence on

ψI = φI − ΦI , (2.27)

called the “misalignment vector” [95]. Consequently, the Killing conditions of (2.21) are
supplemented by

LV (φI) = 0 , LV (ΦI) = 0 , LV (ψI) = 0 . (2.28)
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Again, these latter conditions can be rewritten, to find

eIµu
µ = uν∂νψ

I = 0 . (2.29)

At each order in derivatives there are an infinite number of scalar quantities that we
can construct that will preserve O(2) invariance of the crystal. For example, at zeroth
order we have

hIJδJKh
KLδLM . . . δZI . (2.30)

Earlier we introduced the strain tensor

uIJ = 1
2

(
hIJ −

1
α2 δIJ

)
(2.31)

which measures the departure of the crystal lattice from its reference state. We restrict
ourselves to a generating functional which is at most quadratic order in the strain. As
such the zeroth order scalars we can consider are

hIJuIJ , hIJuJKh
KLuLI ,

(
hIJuIJ

)2
,

F IJuJKF
KLuLI , F IJuJKh

KLuLI , (2.32)

where
F IJ = F µνeIµe

J
ν . (2.33)

Note that as uIJ is symmetric we cannot contract all its indices with F IJ . We shall
also only consider the simple quadratic term mδIJψ

IψJ in the misalignment vector ψI as
generalizations will be straightforward if tedious.

With these conditions in mind our equilibrium generating functional up to and in-
cluding first order in derivatives becomes

−
∫
d2+1x

√
−g

[(
Pf +MΩ

f BΩ
)

+
(
Pl +MΩ

l BΩ
) (
hIJuIJ + hIJuJKh

KLuLI
)

−
(
K +MΩ

KBΩ
) (

hIJuJKh
KLuLI −

1
2
(
hIJuIJ

)2
)

−
(
H +MΩ

HBΩ
) (
F IJuJKF

KLuLI
)

−
(
J +MΩ

J BΩ
) (
F IJuJKh

KLuLI
)

− 1
2
(
G+MΩ

GBΩ
) (
hIJuIJ

)2
+ 1

2mhIJψ
IψJ

+Kext.
I φI +O(∂2, u3)

]
, (2.34)
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where all the above expressions are functions of (T, µ,B2) and the underlined terms were
already present in (2.17). The reason that there are no additional first derivative correc-
tions follows from the equilibrium conditions, spatial isotropy [124] and ensuring we do
not introduce kinetic terms for ΦI .

We now vary the generating functional (2.34) again to obtain our constitutive rela-
tions. To linear order in uIJ the elastic stress tensor, defined in (2.11), is given by

rIJ = −mψIψJ −
(
Pl +MΩ

l BΩ
)
hIJ +

(
G+MΩ

GBΩ
)
uKLh

KLhIJ

+2
(
H +MΩ

HBΩ
)
FIKu

KLFLJ + 2
(
K +MΩ

KBΩ
)(

uIJ −
1
2hIJuKLh

KL
)

+O(u2, ∂2) , (2.35)

where K is the shear modulus and G is the bulk modulus and J makes no contribution
at this order in u. Notice in the above expression that if we linearise around backgrounds
with φI = αxI − δφI and ψI = −δφI then terms involving MΩ

G , MΩ
K and m drop out of

the expression for the elastic stress tensor. Given that the constitutive relations will be
quite complicated and we wish to consider perturbations about just such a background
we only display in our constitutive relations terms that can contribute at the linearised
level. Other terms will be indicated by ellipsis.

With the above limitation in mind, the constitutive relations are

E =
(
εf + (uIJhIJ)εl

)
− g1BΩ + . . . , (2.36a)

P =
(
Pf + (uIJhIJ)Pl

)
−B

(
mf + (uIJhIJ)ml

)
− rIJ

2 eIαΠαβeJβ + . . . , (2.36b)

Pµ = g1Bε
µνρuνaρ + g2ε

µνρuνEρ + . . . , (2.36c)
T µν = −rIJeIαΠα〈µΠν〉βeJβ + . . . , (2.36d)

N =
(
nl + nl(uIJhIJ)

)
+BΩ

(
∂MΩ

f
∂µ
−mf

)
+ . . . , (2.36e)

J µ = εµνρuν∂ρ
(
mf + (uIJhIJ)ml

)
+ εµνρuνaρmf + . . . , (2.36f)

ml = 2Bml + . . . , (2.36g)

where we have employed the decompositions defined in (2.16) and defined

dPl = sldT + nldµ+ 2mlBdB , εl + Pl = slT + nlµ . (2.37)

The conservation equations [124] take the form

∂µT
µν = F νµJµ −

(
∂µ
(
rIJΠJµ

)
+mhIJψ

J
)
eνI +mhIJψ

J∂µΦI , (2.38)
ΠµI = ΠµνeIν . (2.39)

12



The source terms on the right hand sides of these equations are spatial momentum and en-
ergy relaxation terms. Additionally, because we know the microscopic origin of relaxation
we have a Josephson equation

∂µ
(
rIJΠJµ

)
+mhIJψ

J = (Kext.)I , (2.40)

given by varying (2.34) with respect to φI . This equation allows us to solve for the profiles
of the translation breaking scalars at equilibrium.

3 Out of equilibrium constitutive relations and en-
tropy production

Having reviewed hydrostatic configurations in the previous section, we now proceed to go
beyond into the realm of dissipative hydrodynamics. Our (non-)conservation equations
become

∂µT
µν = F νµJµ +KIe

νI + LI∂
µΦI , (3.1a)

∂µJ
µ = 0 , (3.1b)

KI = Kext.
I , (3.1c)

where the equilibrium expressions for KI and LI are given in (2.40) and (2.38) respectively.
To the equilibrium expressions for T µν , Jµ, KI and LI given by (2.36), (2.40) and

(2.38) we need to add dissipative terms. In doing this we impose constraints on our
hydrodynamic theory consistent with a local version of the second law of thermodynamics
[125,126]. In particular we posit the existence of a local entropy current whose divergence
is positive semi-definite for every non-equilibrium configuration of the fluid. We define
the canonical entropy current to be

Sµcanon. = 1
T

(Puµ − T µνuν − µJµ) = suµ +O(∂) . (3.2)

Subsequently the total entropy current

Sµ = Sµcanon. + Sµeq. (3.3)

is defined such that in equilibrium the terms contained in the divergence of Sµeq. cancel any
non-zero equilibrium terms coming from the divergence of the canonical entropy current.

13



In other words

∂µS
µ = − 1

T
T µνnonσµν −

Pnonθ

T
− 1
T 2Enonu

µ∂µT −
1
T 2P

µ
non

(
Π ν
µ ∂νT + Taµ

)
− 1
T
Nnonu

µ∂µ

(
µ

T

)
+ J µ

non.

(
Eµ − TΠ ν

µ ∂ν

(
µ

T

))
−(Knon.

I + Lnon.
I )

T
eIνu

ν + Lnon.
I

T
uν∂νψ

I ≥ 0 , (3.4)

where the subscript non. indicates terms that vanish in equilibrium i.e. dissipative terms.
The tensor structures in (3.4) multiplying the various pieces of the constitutive rela-

tions are precisely the quantities that were set to zero by the equilibrium conditions (2.22)
and (2.29). As all the equilibrium terms have cancelled the tensor structures in (3.4), to
lowest order in derivatives, must be expressable as linear combinations of precisely the
terms that are set to zero by the equilibrium conditions. It arguably follows from consis-
tency of derivative counting that because the left hand side of (3.4) is at least order one
in derivatives, the right hand side must be also and therefore uµeIµ ∼ O(∂). Nevertheless,
one may treat ΠµI ∼ O(1) without loss of consistency. This is in opposition to the count-
ing used in Refs. [95,124] where the authors take uµeIµ ∼ O(1) as they treat φI ∼ O(∂−1).
Such a counting leads to a spurious pole in the correlators which our counting regimen
avoids.

Before proceeding further we must deal with the issue of frame dependence (see Ref.
[1] for a discussion). Outside of thermodynamic equilibrium the temperature, chemical
potential and fluid velocity have a redundancy in their definition. In particular it is
possible to redefine these quantities

T → T + ∆T , µ→ µ+ ∆µ , uµ → uµ + ∆uµ (3.5)

where ∆T , ∆µ and ∆uµ are at least order one in derivatives to set to zero Enon, Pµnon and
Nnon in (3.4). Schematically,

E(T + ∆T, . . .) = ε(T + ∆T, . . .) + αTu
µ∂µT + . . .+O(∂)

= ε+
(
∂ε

∂T
∆T + αTu

µ∂µT + . . .

)
︸ ︷︷ ︸

=0

+O(∂2) = ε+O(∂2) . (3.6)

In fact we can get rid of more than the non-equilibrium corrections to these quantities,
we can also absorb the equilibrium corrections and in doing so set

E = εf + εluIJh
IJ = εtot , (3.7)

N = nf + nluIJh
IJ = ntot , (3.8)
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where we have again dropped terms that will not be relevant in the linearised limit. The
vanishing of corrections to E , Pµ and N is equivalent to working in the Landau frame
which is defined by

uµTµν = −εtotuν , Jµuµ = −ntot . (3.9)

In this frame, our equilibrium constitutive relations take the form

E =
(
εf + (uIJhIJ)εl

)
, N =

(
nl + nl(uIJhIJ)

)
, (3.10a)

P =
(
Pf + (uIJhIJ)Pl

)
−B

(
mf + (uIJhIJ)ml

)
− rIJ

2 eIαΠαβeJβ − χ̃ΩBΩ , (3.10b)

Pµ = 0 , T µν = −rIJeIαΠα〈µΠν〉βeJβ , (3.10c)

J µ = εµνρuν∂ρ
(
mf + (uIJhIJ)ml

)
− (mf +Bχ̃T ) εµνρuν

∂ρT

T
+Bχ̃EεµνρuνEρ , (3.10d)

where again we have dropped terms that will not be relevant for the linearised constitutive
relations. The terms χ̃T , χ̃E and χ̃Ω can be expressed entirely in terms of thermodynamic
quantities (in particular g1, g2 and g3). While the structure of our equilibrium constitutive
relations bears more than a passing resemblance to those given in Ref. [121] the reader
should remember that our fluid is not parity violating and the magnetic field is O(∂0).
Our expressions also compare favourably with those in Ref. [95] on setting B = 0 up to
a minor caveat; in Ref. [95] the published expression for the stress tensor is not in the
Landau frame.

With the Landau frame equilibrium expressions to hand we can add back terms
proportional to the equilibrium constraints (2.21) and (2.28). The difference from zero
of these constraints is always taken to be at least O(∂). For example, Πµν∂νφ

I ∼ O(∂0)
while uµ∂µφI ∼ O(∂). Hence we find

T µνnon. = −2ησµν − 2η̃σ̃µν , Pnon. = −ζθ , (3.11a)

Jµnon. = σµνn

(
Eν − TΠ ρ

ν ∂ρ

(
µ

T

))
+ γIJ1 P µ

I u
νeνJ + γ̃IJ1 P µ

I u
ν∂νψJ , (3.11b)

with

σ̃µν = B
(
εµρσuσσ

ν
ρ + ενρσuσσ

µ
ρ

)
, (3.12)

while

Knon.
I = γ′IJP

Jµ
(
Eµ − TΠ ν

µ ∂ν

(
µ

T

))
− σ′Φ

IJu
µeJµ + σ×IJu

ν∂νψ
J , (3.13)

Lnon.
I = γ̃′IJP

Jµ
(
Eµ − TΠ ν

µ ∂ν

(
µ

T

))
− σ′×

IJu
µeJµ + σΦ

IJu
ν∂νψ

J . (3.14)
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Following [69] each of our transport coefficients contains a longitudinal and a Hall piece
e.g.

σIJ = σ(L)δ
IJ + σ(H)F

IJ , F IJ = F µνeIµe
J
ν . (3.15)

This decomposition with the explicit field strength tensor is appropriate for a spatial
parity invariant theory. In particular, fluids whose microscopic theory breaks spatial
parity invariance contain Hall terms that are proportional to εµνρuρ and not Bεµνρuρ ∼
F µν . Positivity of entropy production (3.4) then imposes constraints on the longitudinal
transport coefficients. For example;

η, ζ ≥ 0 . (3.16)

As these constraints are somewhat complex in our case, and will not play a role in our
story, we do not record them here suffice to say that longitudinal components are con-
strained while Hall components are not.

4 The hydrodynamic Green’s functions
The response of a system to turning on a perturbing operator about some particular
ground state is encoded in the Green’s function. While the precise form of the Green’s
function is dependent on both the system and operator they are nonetheless constrained
by any discrete or continuous symmetry of the problem. In particular, current operators
associated with continuous symmetries such as the stress tensor or U(1) charge current
must obey the “Ward identities”. We shall now obtain the linearised constitutive relations
for out-of-equilibrium fluids and by imposing the Ward identities constrain transport
coefficients.

4.1 Ward identities
We suppose that there exists some microscopic action S[φ; g, A] describing our system
where g is the metric, A an external gauge field, Kext. an external source for the effective
translation breaking scalars φI and ϕ denotes all microscopic matter fields including those
that break translation invariance. Consequently we can define the generating functional
for n-point functions of the stress tensor, U(1) charge current and pseudo-Goldstone field
to be

eW [ϕ;g,A,Kext.] = Z[ϕ; g, A,Kext.] =
∫
Dϕ eiS[ϕ;g,A]+

∫
d2+1x

√
−gKext.

I φI . (4.1)
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Derivatives of this expression with suitable boundary conditions yield the various time or-
dered correlators. In particular, the SEM tensor, U(1) charge current and scalar operator
one-point functions are given by

Jµ = 〈Jµ〉 = δW

δAµ

∣∣∣∣∣
(g,A,Kext.)=(η,A0,0)

, T µν = 〈T µν〉 = δW

δgµν

∣∣∣∣∣
(g,A,Kext.)=(η,A0,0)

,

φI = 〈φI〉 = δW

δKext.
I

∣∣∣∣∣
(g,A,Kext.)=(η,A0,0)

(4.2)

where η is the Minkowski metric and Aµ0 some background value for the gauge field. The
hydrodynamic equations of motion subsequently follow from diffeomorphism and gauge
invariance of the generating functional (4.1).

We also have cause to consider the various two point functions given by a second
variation of the generating functional with respect to the metric, external gauge field and
translation breaking scalar source. An in depth discussion of how to obtain these Ward
identities can be found in Ref. [127]. For our purposes however it is sufficient to assume
homogeneity and following a convention where

f(t, ~x) =
∫ d2kdω

(2π)3 f(ω,~k)e−i(ωt−i~k·~x) , (4.3)

one finds at zero-wavevector (~k = 0) the following relations

iω〈QiQj〉 = −
(
iωµδik − F i

k

)
〈QkJ j〉+m〈QiφJ〉δjJ − iω (χππ − µn) δij , (4.4a)

iω〈QiJ j〉 = −
(
iωµδik − F i

k

)
〈JkJ j〉+m〈J iφJ〉δjJ − iωnδij , (4.4b)

iω〈QiφJ〉 = −
(
iωµδik − F i

k

)
〈JkφJ〉 −m〈φIφJ〉δiI + δiJ , (4.4c)

where Qi = T it − µJ i is the canonical heat current and m is the pseudo-Goldstone
mass. We use the canonical heat rather than the entropic heat (that which enters the
entropy production equation) as in principle one needs to work at all orders in derivatives
to determine the one-point Ward identity satisfied by the entropic heat current, and
subsequently the two-point Ward identity.

We note the existence of a ladder structure in (4.4) which reduces the number of
independent correlators from six to three: 〈φIφJ〉, 〈J iφJ〉 and 〈J iJ j〉 i.e. every other
correlator can be determined in terms of these three. As a consequence one finds that
the leading terms in the ω → 0 limit of the original six correlators are all contained
in the low frequency expansion of the independent correlators. Hence, knowing the DC
values of all the correlators is as good as knowing the low frequency expansion of the
independent correlators. Comparing the hydrodynamic expressions at low frequencies
with what is imposed by the Ward identities (4.4) allows us to fix the hydrodynamic
transport coefficients analytically when we know the DC terms analytically.
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4.2 Onsager relations
Having determined the two-point functions, one can also impose the so-called Onsager
relations to further constrain the dissipative transport coefficients. These discrete sym-
metry relations tie together particular transport coefficients to each other by asking how
the two-point functions transform under time reversal invariance. Keeping in mind that
B is a time reversal odd scalar [1] one finds that

σ
′Φ
IJ = wf

χππ

(
σ×IJ − σ

φ
IJ

)
− P 2

l
wfχππ

(
σ×IJ + σΦ

IJ

)
, (4.5a)

σ
′×
IJ = χππ

wf

(
σ×IJ + σΦ

IJ

)
, γ̃′IJ = −γ̃IJ , (4.5b)

γ′IJ = wf

χππ
γIJ + γ̃IJ + Plqf

χππ
δIJ , (4.5c)

where we have defined

χππ =
(
εf + Pf + Pl − 2mfB

2
)
, (4.6a)

wf = χππ − Pl , (4.6b)

to be the momentum susceptibility and free enthalpy respectively while σφIJ is the crystal
diffusivity [95]. Given the above relations, upon setting Pl = 0 and B = 0 we find that
the our constitutive relations become a natural generalisation to the relativistic case of
the expressions given in Ref. [98].

4.3 Diffusion and linearised, out-of-equilibrium constitutive re-
lations

4.3.1 With only a magnetic field

The simplest holographic model for hydrodynamics in (2 + 1)-dimensions with an exter-
nal magnetic field is the dyonic black hole [22, 47, 69, 128]. Early studies [47] initially
missed important Hall transport coefficients in their constitutive relations. It turns out
such a coefficient is a necessary consequence of the Ward identities (as was demonstrated
recently [69]) in the presence of a non-zero magnetic field in global thermodynamic equi-
librium. This was the cause of an infamous discrepancy between holographic and hydro-
dynamic calculations where the latter could only reproduce the DC thermal conductivities
at leading order [22] in (n/B)2.

The electric current-current correlator for these systems can be obtained by linearising
our hydrodynamic expressions with all the translation breaking scalar terms set to zero.
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Im[σinc
+ ]

πnf
s

Re[σinc
+ ]

πnf
s

Figure 1: Plots of the constant term in the Laurent expansion of the charge correlator
about the hydrodynamic pole, denoted σinc.

+ against the charge density. The blue dots
are data and the red lines analytic expressions obtained from hydrodynamics. Left: The
imaginary part of σinc.

+ against our analytic expression for σ0. The three red lines represent
πB/s = 1/1000 (solid), 1/25 (dashed) and 3/50 (dotted). Right: The real part of σinc.

+
against our analytic expression for σ̃H. The three red lines represent πB/s = 1/1000
(solid), 5/1000 (dashed) and 10/1000 (dotted).

As the electric conductivity, σij(ω), is the only independent two point function at zero
wavevector we only need to specify its form:

σ̂(ω) =
(
σn,(L)1̂2 + σ̃n,(H)F̂

)
− Λ̂−1

(
n1̂2 + F̂ ·

(
σn,(L)12 + σ̃n,(H)F̂

))2
, (4.7a)

Λ̂ = iω
(
εf + Pf − 2mfB

2
)
1̂2 + F̂ ·

(
n1̂2 + F̂ ·

(
σn,(L)12 + σ̃n,(H)F̂

))
, (4.7b)

σ̃n,(H) = σn,(H) − χ̃E , (4.7c)

where the superscriptˆindicates a (2× 2)-matrix quantity.
We notice the appearance of χ̃E given in (4.7c). Such a term is missing in even the

latest treatments [69] and as far as the authors are aware its value has not been obtained
for the dyonic black hole in the holographic literature. It enters into the current-current
correlator in precisely the same manner as σn,(H) and thus the quantity identified as the
incoherent Hall conductivity in Ref. [69] is (4.7c). To isolate the effects of χ̃E it is necessary
to look at other correlators that are given by a variation with respect to δµ, rather than
δEx, such as 〈J iρ〉.

Given (4.7a), the transport coefficients σn,(L) and σ̃n,(H) can be obtained by comparing
the low frequency expansion of (4.7a) against the expansion dictated by the Ward iden-
tities (4.4). This fixes σn,(L) and σ̃n,(H) uniquely in terms of the longitudinal and Hall DC
thermal conductivities. That σ̃n,(H) must be non-zero can be demonstrated by extracting
the constant term of the Laurent expansion about the hydrodynamic pole (σinc

+ ) which at
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small B has the form

σinc
+ = i

[
σn,(L)

]
B=0

+B
[
σ̃n,(H)

]
B=0

+O(B2) . (4.8)

This quantity is displayed in fig. 1 where, importantly, we see that the real part is non-zero
and therefore σ̃n,(H) 6= 0.

4.3.2 With translation breaking scalars

Turning now to the case of broken translation invariance. We linearise our hydrody-
namic expressions - having imposed the Onsager relations (4.5) - around a zero velocity
background where T , µ, B are constants and

φi = xi − δφi , Φi = xi , ψi = −δφi . (4.9)

We Laplace and Fourier transform then take the zero wavevector limit. Fluctuations of the
chemical potential and temperature, δµ and δT , will play no role in our current analysis.
In what follows we take σ̂Φ = σ̂× = ˆ̃γ = 0. The reason for doing this is that we compare
against a holographic model and to date the values of these coefficients are not known.
Nevertheless we do know that they must be small as the holographic result without them
matches well the hydrodynamic result within the regime where hydrodynamics is expected
to apply.

Following Ref. [118], let us define the AC transport coefficients matrices
(
σij, αij, $iJ

)
(ω) = 1

iω

(
〈J iJ j〉, 〈QiJ j〉, 〈J iφJ〉

)
, (4.10)(

κij, ζIJ , θiJ
)

(ω) = 1
iω

(
〈QiQj〉, 〈φIφJ〉 − 1

m
δIJ , 〈QiφJ〉

)
, (4.11)

which can be expanded into longitudinal and Hall components,

(σ̂n, α̂, κ̂, $̂, ζ̂, θ̂)(ω) = (σn, α, κ,$, ζ, θ)(L)(ω)12 + (σn, α, κ,$, ζ, θ)(H)(ω)F̂ . (4.12)

With these definitions to hand we find the three independent AC correlators are then
given by

σ̂n(ω) = Ξ̂−1 ·
[
ω2

0χππωwf σ̂n + ωn2
f σ̂φ − i(ω2 − ω2

0)χππσ̂′ − nf
(
iω2

0χππρ̂+ ωF̂ · σ̂′
)]

,

(4.13a)
$̂(ω) = Ξ̂−1 ·

(
ωwf γ̂ + i(nf σ̂φ − F̂ · σ̂′)

)
, (4.13b)

ζ̂(ω) = 1
ω2

0χππ
Ξ̂−1 ·

(
ωχππσ̂φ − ωPl

(
F̂ · ρ̂+ iωwf12

)
+ iF̂ · (nf σ̂φ − F̂ · σ̂′)

)
, (4.13c)
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where we have defined

σ̂′ = γ̂2 + σ̂n · σ̂φ , ρ̂ = 2γ̂ + F̂ · σ̂n − nf12 , (4.14a)
Ξ̂ = ω2

0χππ
(
ωwf12 − iF̂ · ρ̂

)
+ ωnfF̂ · σ̂φ − i(ω2 − ω2

0)χππσ̂φ − ωF̂ 2 · σ̂′ . (4.14b)

Consequently, by employing the Ward identities (4.4) the three hydrodynamic transport
matrices σ̂n, σ̂φ and γ̂ are expressed in terms of the DC values of the electric, thermoelec-
tric and thermal conductivity σ̂n(0), α̂(0) and κ̂(0) hydrodynamic transport coefficients:

σ̂n = −Ψ̂−1 · π̂(0) , (4.15a)
σ̂φ = Ψ̂−1 ·

[
w2
f12 +

(
F̂ · π̂(0)− 2wf (α̂(0) + µσ̂n(0))

)
· F̂
]

+ nfF̂ , (4.15b)

γ̂ = Ψ̂−1 ·
[
F̂ · π̂(0)− wf (α̂(0) + µσ̂n(0))

]
+ nf12 , (4.15c)

Ψ̂ = µ2σ̂n(0) + 2µα̂(0) + κ̂(0) , (4.15d)

where we have defined
π̂(0) = α̂2(0)− κ̂(0) · σ̂(0) . (4.16)

In Ref. [118] these holographic correlators have been compared to a holographic model in
which the breaking of translations is realised either spontaneously or pseudo-spontaneously
by means of scalar operators which acquire a non-trivial position dependent profile. The
agreement between the hydrodynamic and the holographic results holds up to four signif-
icant digits.

5 Future work
In this review we have provided a (naturally non-exhaustive) summary of the literature
on charged hydrodynamics in (2 + 1)-dimensions with an external magnetic field, and a
particular mechanism for broken translation invariance. We have highlighted some of the
interesting research that has been done and noted issues with the literature; nevertheless,
these issues bare repeating.

As yet we lack a holographic model where the additional transport coefficients given
in (3.11a) and (3.13) have been determined. Certain of these transport coefficients and
thermodynamic parameters are obtainable using Kubo formulae - however, when this is
not the case it is dangerous to extract the unknown coefficients using a quasinormal mode
analysis, as is sometimes done in the literature. Hence why we have championed the Ward
identity approach whenever it can be applied. The reason for this caution is that it is
difficult to separate contributions to the quasinormal modes coming from the additional
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coefficients displayed in (3.11a) and (3.13), compared to higher derivative corrections.
Even more so as the number of transport coefficients multiplies.

One of the key features missing from previous work is a complete treatment of electric
and magnetic fields; especially if the fluid has a non-zero velocity in global thermodynamic
equilibrium. In particular it is very natural from the experimental point of view to have
a steady flow of charge in the presence of a constant, external, electric field - such is how
most electronic devices work when attached to a battery. Naturally, potential devices
that can be described by a fluid will have broken boost invariance and one can expect the
spatial velocity to be an important piece of the definition of equilibrium for such models.

Additionally, the literature is too reliant upon models where the microscopic mech-
anism of momentum loss is known. This should be compared to the robustness of the
Drude model where it is not necessary to know the precise mechanism responsible for
momentum loss to derive useful results. It would be quite interesting to understand the
constraints one may impose on generic models with momentum relaxation when one de-
liberately chooses to remain agnostic about the microscopic mechanism. A step in this
direction will be the subject of upcoming work [129].
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and universal relaxation of holographic phonons. JHEP, 10:068, 2019.

[108] Aristomenis Donos, Daniel Martin, Christiana Pantelidou, and Vaios Ziogas. In-
coherent hydrodynamics and density waves. Class. Quant. Grav., 37(4):045005,
2020.

[109] Aristomenis Donos and Christiana Pantelidou. Holographic transport and density
waves. JHEP, 05:079, 2019.

[110] Matteo Baggioli and Sebastian Grieninger. Zoology of solid \& fluid holography —
Goldstone modes and phase relaxation. JHEP, 10:235, 2019.

30



[111] Andrea Amoretti, Alessandro Braggio, Giacomo Caruso, Nicola Maggiore, and
Nicodemo Magnoli. Introduction of a boundary in topological field theories. Phys.
Rev. D, 90(12):125006, 2014.

[112] Andrea Amoretti, Daniel Areán, Blaise Goutéraux, and Daniele Musso. Gapless
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