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Abstract

In this thesis we build a Kolyvagin system for the Galois representa-
tion attached to a Hida family of modular forms, starting from the big
Heegner point Euler system of Longo and Vigni built in [LV11] in towers
of Shimura curves. We generalize the work of [Biiy14] to a quaternionic
setting, relaxing the classical Heegner hypothesis on the tame conductor
of the family. As a byproduct of this construction, we give a proof of
one divisibility of the anticyclotomic Iwasawa main conjecture for Hida
families.
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Introduction

Motivation

In his seminal series of papers [Kol88], [KL89| and [Kol90|, Kolyvagin introduced a
new method to approach the study of the Birch and Swinnerton-Dyer conjecture.
Let E be an elliptic curve over Q of conductor Ng without complex multiplication
and K be an imaginary quadratic field of discriminant Dy that satisfies the strong
Heegner hypothesis, meaning that every prime dividing Ng is split in K. Fix also
an odd prime p + Di N, denote by E[p] the group of p-torsion points of E and by
Gq the absolute Galois group of Q. Under the hypothesis that the representation
Gg — Aut(E[p]) is surjective, Kolyvagin was able to find an infinite set of points
Yy, in E that satisfy some remarkable properties. These points are the images of
some Heegner points on the modular curve Xo(Ng) via a modular parametrization
and are indexed in a set A of squarefree products of primes of Q inert in K not
dividing pDx Ng. Each y, turns out to be rational over the ring class field H,, of
K of conductor n. Kolyvagin proves that this set of points satisfies the following
compatibility properties. For every prime ¢ € N and every n € N such that ¢ + n,
we fix a compatible set of primes A,, of H,, that lie above ¢. Then the set of points
{Yn }nen satisfies the following

(E1) Try,,/m, Yne = aeyn, where Try /. is the trace of Gal(H,,e/Hy) and £+1-ay
is the number of Fj-rational points of the reduction F [y of E at ¢;

(E2) yne =Fry, yn (mod Ay,¢), where Fry  is the arithmetic Frobenius at A,;

(E3) cyn =co(yn) in E(H,) ®z Q for some € € {1} and o € Gal(H,/K), where c is
the complex conjugation.

The key point of the work of Kolyvagin was to send these points into the coho-
mology over K of the p-torsion points of £ via the Kummer map and to modify them
by applying a suitable derivative operator D,. The rigid properties of this new set
of cohomology classes are the key ingredient for the proof of the following theorem,
that is one of the main consequences of Kolyvagin’s work (see [Kol90, Theorem A]).

Theorem (Kolyvagin). Assume that the point Try, /xc y1 has infinite order in E(K).
Then the group E(K) has rank 1 and the Shafarevich—Tate group II(E/K) is finite.

As explained in the expository article [Gro91], the main step in the proof of this
theorem is to show that the rank of the p-Selmer group of E over K is 1. This result,
together with the famous Gross—Zagier limit formula [GZ86, §I, (6.5)], led to a proof
of the Birch and Swinnerton-Dyer conjecture for elliptic curves of analytic rank 0
and 1.

1X



X 0. Introduction

The idea of building compatible systems of cohomology classes a la Kolyvagin has
been generalized to Galois representations other than elliptic curves since the early
’90s. One important step in this direction is the work [Nek92| of Nekovar, where he
makes use of Heegner cycles in order to produce a compatible system of classes in
the cohomology of the Galois representation attached to an even-weight cusp form.
Similarly to the elliptic curves context, he was able to find bounds for the rank of
the relevant Selmer group attached to the representation.

At the beginning of the new millennium, the incredible fertility of Kolyvagin’s
approach led to an axiomatization of the concepts of Fuler systems and Kolyvagin
systems. A system of cohomology classes for a Galois representation is called an
Euler system if it satisfies a suitable generalization of the properties (E1), (E2) and
(E3) above. The concept of Kolyvagin system, instead, was born to axiomatize the
propery of Kolyvagin’s cohomology classes that arise after the application of Koly-
vagin’s descent. Although the concept of Euler system has not been totally settled
in literature (notwithstanding the seminal work [Rub00]), the theory of Kolyvagin
systems was defined for a very general family of Galois representations thanks to the
work of Mazur and Rubin in [MRO04]. In the same year, Howard [How04b| showed
that the set of cohomology classes built by Kolyvagin for elliptic curves is indeed a
Kolyvagin system, in this new axiomatic language.

The existence of a Kolyvagin system for a Galois representation has many im-
portant consequences (for example, it can be used to deduce information on the
rank of Selmer groups), but in this thesis we will mainly focus on its applications in
anticyclotomic Iwasawa theory, in a sense that will soon be explained. Indeed, the
core of our work is about building a Kolyvagin system for the anticyclotomic twist
of the Galois representation attached to a Hida family of modular forms, starting
from the Euler system of big Heegner classes of [LV11]. In Chapter 6 we explain
how the existence of such a Kolyvagin system yields to a proof of one divisibility
of the Iwasawa main conjecture. Let us get deeper in the subject and explain more
precisely the content of this thesis.

Hida theory

Fix a positive squarefree integer N and a prime p + 6 N@(N), where ¢ is Euler’s
totient function. Fix once and for all embeddings of algebraic closures Q < @p,
Q = C. If ppq is the group of p — 1-th roots of unity, denote by w : (Z/pZ)* - pp-1
the Teichmiiller character, which we view also as a Dirichlet character modulo Np.
Let

oo

f(@) = 3 an(f)g" € Sp(To(Np), o)

n=1
be a normalized eigenform (for all Hecke operators Ty for £ + Np and Uy for £ | Np)
of weight k£ > 2 and j = k (mod 2). Fix a finite extension F'/Q, which contains all
Fourier coefficients of f and call Op its ring of integers. Assume also that f is an
ordinary p-stabilized newform, in the sense that a, € O and the conductor of f is
divisible by N (see §3.2.1). Call

ps: Go — GL(F)

the Galois representation attached to f by Deligne, where the arithmetic Frobenius
Fry at every prime ¢ + Np acts with characteristic polynomial

X2 - ap(f)X +wd ()01,
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Assume also that the residual representation p; is p-distinguished and absolutely
irreducible (see Assumption 3.3.1).

Hida’s theory [Hid86b; Hid86a| incorporates f and the p-adic representation py
into an analytic family of modular forms and Galois representations. This construc-
tion is classical, but has encountered many variations in literature. In Chapter 3 we
settle its different versions (mainly coming from the different approaches of [Hid86b],
[How07, §2.1] and [LV11, §5]) and in the end we define a complete local Noetherian
domain R, finite and free over the Iwasawa algebra Ap := Op[[1 + pZy]], whose set
of arithmetic prime ideals (see §3.2.4) is in 1:1 correspondence with the set of p-adic
modular forms in the Hida family passing through f (see Theorem 3.2.9).

Taking inverse limits over m of the p-adic Tate modules of the Jacobian varieties
of the modular curves Xi(I'o(N)nT'1(p™)), in §3.3.3 we introduce a self-dual Gg-
representation T which is free of rank 2 over R and has the property that, for every
arithmetic prime p of R, the representation VJ =Tl eg Frac(R/p) is a twist of the
representation attached to the modular form corresponding to p.

Big Heegner points

The first construction of an Euler system of Heegner classes (called big Heegner
classes) for the representation T! was pursued by Howard in [How07]. If, again, K
is an imaginary quadratic field of discriminant Dy prime to Np that satisfies the
strong Heegner hypothesis with respect to IV, Howard was able to build a system
of cohomology classes X,, € H 1(Hn,TT) for every n 4+ N that satisfy compatibility
properties similar to (E1), (E2) and (E3) (see |[How07, Propositions 2.3.1, 2.3.2 and
2.3.4]).

Howard’s work was generalized by Longo and Vigni in [LV11]|, with the aim of
building a system of big Heegner points for Hida families over imaginary quadratic
fields that do not satisfy the strong Heegner hypothesis. Indeed, let’s suppose that
there is a factorization

N=N*"N"

such that the primes dividing N* (respectively, N7) are split (respectively, inert) in
K. Although the construction of [LV11] is more general, for the work of this thesis
we assume also that Dy # —3,-4, that the class number of K is prime to p and
that the number of primes dividing N~ is even (see Assumption 2.2.6). Studying the
arithmetic of a certain family of orders in quaternion algebras (see §1.1), Longo and
Vigni built a compatible family of Heegner points in towers of Shimura curves (see
§2.3). Moving to the cohomology, they construct a system of big Heegner classes

kn € HY(H,, T

satisfying compatibility properties generalizing (E1) and (E2) (see Propositions 3.5.5,
3.5.6 and 3.5.7). However, they do not prove a formula for the action of complex
conjugation on the classes k,, and the different approach of [LV11]| does not make
clear how to generalize [How07, Proposition 2.3.4] to the quaternionic context. This
is why, at a certain point, we will need to conjecture that the right generalization
of (E3) holds also in our context (see Conjecture 5.5.7 and Remark 5.5.8). In a
future work, we will present another family of big Heegner points for TT for which

Conjecture 5.5.7 can be easily proven.
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Anticyclotomic Iwasawa theory

The core of this thesis is to perform a suitable Kolyvagin’s descent to the system of
big Heegner classes k,,. At a certain point, we follow some of the ideas of [Biiy14],
where the author explains how to construct a Kolyvagin system out of the set of
Howard’s big Heegner points. This is why we import some of his notation.

Let Ko be the anticyclotomic Zy-extension of K and call K, the a-th layer
of the extension Ko /K, for every a > 1. Define I'* := Gal(K«/K) = 7Z, and
A% = Z,[[T*°]]. Set Lo = H1K, and, for every n coprime with Np, set also
Ly(n):= Hy,L,. See diagram (4.1) for a picture. Then we define the elements

dIn,a = Coanpa+1/La(n) U;:a"{npa“ € Hl (La(n)a TT)v

where cory . /r.(n) 18 corestriction. The collection {31,0}aen is compatible with
np

respect to corestriction (see Lemma 5.3.3), therefore we may set

Koo = {COTLQ/KQ 31,a}aeN € @Hl(Ka,TT),
(0%

where the inverse limit is taken with respect to corestriction maps. Shapiro’s lemma
(see §4.1.2) yields an isomorphism

HY (Ko, Th) 2 HY(K, T ®7, A*/(4"" - 1)),

where 7 is a fixed profinite generator of I'*°. This implies that k. can be seen as an
element of H'(K, TIW) where, by definition, we set TV := T ®z, A, allowing the
group G to act also on the second factor of the tensor product.

Kolyvagin systems

In Chapter 4, we show how one can adapt the theory of Kolyvagin systems of [MRO04]
and [How04b| to our context, working with the representation T™, that is a free
module of rank 2 over the ring R™ := R @7, A*® = R[[I'*]].

Following the ideas of [Biiyl4| and [Biiy16|, we define suitable finite quotients
Ry s of R™ and work with the finite representations T, ¢+ = T R Ry s, for
every m,s,t € Zso. Then we define the set Py, s of inert primes A = (£) of K not
dividing Np such that £+ 1 is divisible by p® and the arithmetic Frobenius Fr) at A
acts trivially on 15, s ¢.

In §4.2.5 we define the module of universal Kolyvagin systems K_S(TIW, Far, P
for T with respect to the strict Greenberg condition (see §4.2.2) and a family of
subsets of the sets of primes P,, s. The precise definition of this module is quite
involved, so we refer to Definition 4.2.17.

Further assumptions and main result

Following the ideas of [Biiyl4|, we have to make some technical hypotheses. The
first assumption is used to bound the p-part of the Tamagawa numbers at the primes
dividing N of the specializations of Tt 1f p is an arithmetic prime of R, we denote
by T'(p) the associated Gg-representation, with coefficients in the integral closure

S(p) of R/p.
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Assumption (Assumption 5.2.3). There is an arithmetic prime p of R such that,
for every prime v of K dividing N,

(1) Tamy” (T(p)) = 1;
(2) T(p)? is a free S(p)-module of rank 1, where J, is a fixed inertia group at v.

This assumption is [Biiyl4, Assumption 3.4] (see also [Biiyl4, Remark 3.5]).

The number Tamz(,p)(T(p)) is the p-part of the Tamagawa number of T'(p) at v, as

defined in [FP94, §4| (see also our §5.2.2). Under this assumption, following closely
[Biiy14], we are able to bound the Tamagawa numbers of all specializations of Tt
(see Proposition 5.2.4) and to prove that H'(J,,T') is R-torsion-free (see Lemma
5.2.5). This last fact is crucial in order to prove that the classes 3,  lie in the strict
Greenberg Selmer group (see Lemma 5.3.7).

We remark here that one could replace this assumption with the hypotesis of Tt
being minimally ramified at every prime v | N (see §5.2.1). In this way, one still
obtains Theorem A. However, for our intended applications to Iwasawa theory of
Chapter 6, we will need the full power of Assumption 5.2.3. For more on this, see
Remark 5.2.6.

We also need to make an assumption on the local cohomology of TT at primes v | p.
In this case, the representation T! comes with an exact sequence (see Proposition
3.3.7)

0 — F;(Th) — T — £, (Th) — 0
of R[[Dy]]-modules, where ®, is a fixed decomposition group at v, F;(TT) and
F; (T1) are free R-modules of rank 1.

Assumption (Assumption 5.4.7). For every valuation v | p of K we assume that
H(K,, F; (T1)) = {0},
where F; (TT) is the residual representation F, (T') @ R/mz.

For the content of this assumption we refer to [Biiy14, (H.stz)|. It can be thought
as an assumption to rule out the existence of exceptional zeroes (in the sense of
[Gre94]) at characters of I'*¢ of finite order.

Finally, we need to define a subset 777',178 of Pp,,s of primes with finer properties
(see Lemma 5.5.6). In order to show that this set is infinite, we must assume that the
image of G inside Autr (TT) is big (see Assumption 5.5.4 for a precise statement).
This type of hypothesis, although not present in [Biiy14], is very classical and seems
necessary to pursue Kolyvagin’s descent. Then, our main result is the following.

Theorem A (Theorem 5.4.14). Under the running assumptions and Conjecture
5.5.7, there is a universal Kolyvagin system K € KS(TIW,fGr,P') such that

Rl=Keo € @Hl(Ka,Tf).
(0%

The proof of this result occupies the whole Chapter 5. We first modify the classes
3n,a in order to find cohomology classes l@%m’s’t) that are rational over K with values
in the finite quotients T}, s; of TV, Then, we show that these classes lie in the
suitable Selmer group. Finally, in §5.5, we show how to build a universal Kolyvagin
system out of them. We remark here that an easier version of the arguments that
come into play in Chapter 5 can be used to build a universal Kolyvagin system for
the representation T in stead of T™V.
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The Iwasawa main conjecture

Once we obtain a Kolyvagin system as in Theorem A, a quasi-standard argument
gives a proof of one divisibility for an Iwasawa main conjecture, sometimes also
called the Heegner point main conjecture. This is a generalization of the Heegner
point main conjecture for elliptic curves forumulated by Perrin-Riou [Per87], first
stated in [How07, Conjecture 3.3.1] and generalized in [LV11, Conjecture 10.8]. It
has been recently proven under mild hypotheses (slightly different than ours) by
Castella and Wan in [CW22].

Suppose that the ring R™ is regular (see Assumption 6.0.1) and let M be a
R™_torsion module. We define the characteristic ideal of M to be

char(M) =]] plensth(Mp)
p

where the product runs over all height-1 primes of R™. Define also
AIW . TIW v (RIW)V,
where (R™)Y is the Pontryagin dual of R™.

Theorem B (Theorem 6.2.6). If koo # 0 then the modules Selr, (K,T™) and
Selz., (K, A™)" have R™-rank 1 and

char (Sel g, (K, A™)Y,..) 2 char (Sel g, (K, T™)/(Ke)).

We devote the entire Chapter 6 to the proof of this theorem and we show how
one can adapt the arguments of [Foul3] to our setting. We hope that our work will
give more consistency to the first lines of the proof of [CW22, Theorem 5.5|, where
they implicitely use the fact that Longo-Vigni’s Heegner points can be modified into
a Kolyvagin system. As stated at the end of [CW22, §4], the class Ko should be
nonzero thanks to a generalization of the arguments in [CV07], therefore we suspect
that one could drop this condition from the hypotheses of Theorem B.

Outline of the thesis

In Chapter 1 we review in great generality the theory of quaternion algebras and
Shimura curves. We compare different level structures on families of abelian surfaces
and explain how one can pass from the moduli to the analytic interpretation for some
Shimura curves of interest. In the end, we define the action of Hecke operators on
the Jacobian of these curves.

In Chapter 2 we review the definition of CM and Heegner points on Shimura
curves. We recall the construction of the compatible family of Heegner points built
in [LV11].

In Chapter 3 we review Hida theory. We compare two different versions of it and
build the big Galois representation T attached to a Hida family of modular forms.
We then recall the construction of [LV11, §6], where they show how to compare
classical with quaternionic Hida theory. In the end, we review the construction of
the big Heegner classes built in [LV11].

In Chapter 4 we present the theory of universal Kolyvagin systems. First, we
define the representation T and its quotients. We recall some Iwasawa theory and
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define some relevant Galois groups and set of primes that will be used in §5. We
then review the theory of Kolyvagin systems and, in the end, define the module of
universal Kolyvagin systems for TV,

In Chapter 5 we apply a suitable Kolyvagin’s descent to the big Heegner classes
of [LV11]. We study the local properties of the modified classes and show that they
lie in the appropriate Selmer group. Then, we prove that a suitable modification of
them form a universal Kolyvagin system for T™.

In Chapter 6 we show how the existence of a nontrivial universal Kolyvagin
system for TV yields to a proof of one divisibility of the Iwasawa main conjecture
for Hida families.

Notation
R the group of invertible elements of a ring R;
Ry the nonnegative elements of a totally ordered ring;
F, the field with ¢ elements;
14 a prime number;
Zy the f-adic integers;
Ry the f-adic completion R ®7 Zy of a ring R;
Qy the field of fractions of Zj;
7 the profinite completion of Z;
R the profinite completion R ®7, 7 of a ring R;
F a field;
F a fixed algebraic closure of F’;

GLy(F) the group of 2 x 2 invertible matrices with coefficients in F;

SLa(F')  the subgroup of GLa(F') consisting of matrices with determinant equal
to 1;

H the upper half plane {z € C : Im(z) > 0};

H the set C\ R.






Chapter 1

Shimura Curves

In this chapter we review the theory of Shimura curves, the main geometric object of
interest in this thesis. These curves were introduced in the 60’s by Goro Shimura in
a series of papers and their study was developed by many other authors in the 70’s
in the broader context of Shimura varieties. They generalize the notion of modular
curves to a quaternionic context, as we will see in detail in the next pages.

1.1 Quaternion algebras

Main reference: [Voi2l]. In this section we introduce and study the arithmetic of
quaternion algebras. We will use the following notation:

F  a field with char(F") # 2;
F  a fixed algebraic closure of F;
{  a prime number.

1.1.1 Basics

Definition. An (associative) algebra B over F' is a quaternion algebra if there
exist 4,7 € B such that 1,4, 7,45 is a F-basis for B and

2-q, j2=b and ji=-ij (1.1)

)
for some a,be F*.

If F' is a topological field, there is a unique topology induced on B as a finitely
dimensional vector space over F. For a,be F* we define (a,b| F') to be the quater-
nion algebra over F' with F-basis 1,1, j,ij subject to the multiplication (1.1). Note
that the map that interchanges ¢ and j gives an isomorphism (a,b| F') = (b,a | F).
If L/F is a field extension and a,b € F', there is a canonical isomorphism

(a,b|F)®p L= (a,b|L).

Example 1.1.1. The quaternion algebra H := (-1,-1 | R) is called the algebra of
Hamilton quaternions.

Example 1.1.2. There is an isomorphism (1,1 | F') > Ma(F') induced by

(10 (01
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Definition. A quaternion algebra B over F' is said to be split if B @ My(F) as
F-algebras.

Definition. If B is a quaternion algebra over F' and L/F is a field extension, L is
called a splitting field for B if B®p L is split.

Lemma 1.1.3. Every quaternion algebra B over F has B®p F = My(F).
Proof. See |Voi2l, Example 2.2.4 |. O

Lemma 1.1.4. Let B be a quaternion algebra over F' and let L 2 F be a quadratic
extension of fields. Then L is a splitting field for B if and only if there is an injective
F-algebra homomorphism L - B.

Proof. See [Voi21, Lemma 5.4.7]|. O
Theorem 1.1.5. If B is an algebra over F, the following statements are equivalent:
(a) B is a quaternion algebra over F.
(b) B is a central simple algebra of dimension 4 over F'.
(c) B is a central semisimple algebra of dimension 4 over F'.
(d) The algebra B ® F is isomorphic to the matriz algebra Ma(F).

(e) FEither B is isomorphic to Ma(F') or B is a noncommutative division ring of
degree 4 over F.

Proof. The equivalence between (a),(b),(c),(d) is [Voi21, Proposition 7.6.1|. For (e)
see [Voi2l, Corollary 3.5.6 and Main Theorem 5.4.4]. O

Following [Voi21, Chapter 3|, we see that on B there exists a unique standard
involution, i.e. an F-linear map * : B — B which satisfies

1. 17 =1.

2. ()" =« for all € B.

3. (aB)* = p*a* for all a, B € B.
4. aa” =a*ae F for all a € B.
5. a+a* e F for all e B.

Definition. Let B be a quaternion algebra over F' and a € B. We define the
(reduced) trace of a to be Tr(a) := a+ ™ € F' and the (reduced) norm of « to
be Nm(«a) := aa™ € F.

Remark 1.1.6. If B = (a,b| F'), as noted in [Voi21, §3.2.9]|, the map

*:B— B

b=t+xi+yi+z2ij— b =t—-xi—yj-zij for t,x,y,z€e F

is the unique standard involution on B. In particular, the element b* is the only
element in B such that b+ b* = 2t.
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Example 1.1.7. The adjugate map

A:(a b)HAT:(d —b)

c d -c a

is the standard involution on My(F'). The operators Tr(A) and Nm(A) coincide
respectively to the usual trace and determinant of A.

Lemma 1.1.8. Let ¢ : B — B’ be a morphism of quaternion algebras over F. Then

p(b”) = p(b)"
for every be B.

Proof. Write b =t + p with ¢t € F' and where p is an F-linear combination of i, j,4j.
Remark 1.1.6 implies that b* =t —p. Since ¢ is F-linear, we have that ¢(b) =t +¢(p)
and ¢(b*) =t - ¢(p). Adding together, we obtain that ¢(b) + ¢(b*) = 2t. By Remark
1.1.6, we conclude that ¢(b*) = ¢(b)*. O

Corollary 1.1.9. Let ¢ : B - B’ be a morphism of quaternion algebras over F.
Then Tr(b) = Tr(¢(b)) and Nm(b) = Nm(p(b)).

Remark 1.1.10. As a consequence of Lemma 1.1.8 and Corollary 1.1.9, whenever
there is an embedding B < Ma(L) of a quaternion algebra B over F' into a matrix
algebra over a field L, the canonical involution on B corresponds to the adjugate
map of Example 1.1.7 on My(L). Moreover, the reduced trace and the reduced norm
on B correspond respectively to the trace and the determinant maps on My (L).

The following is a fundamental result about automorphisms of quaternion alge-
bras, that descends from the Skolem-Noether theorem on simple algebras.

Theorem 1.1.11. Let B be a quaternion algebra over F'. Then every automorphism
of B is an inner automorphism.

Proof. See |Voi2l, Corollary 7.1.4]. O

1.1.2 Lattices and orders

For this subsection let R be a Dedekind domain and consider F' := Frac(R).

Definition. An R-lattice M of a finitely generated F-vector space V' is a finitely
generated R-submodule of V' such that M g F =V.

Definition. Let B be a finite F-algebra. An R-order O of B is an R-lattice that
is also a subring of B. An R-order O of B is maximal if there is no order of B
properly containing O.

If O is an R-order of B we will say that O’ is a superorder of O if O is an
R-order containing O.

Definition. Let B be a quaternion algebra over F. An Eichler order O ¢ B is the
intersection of two (not necessarily distinct) maximal orders.

The following result is an easy consequence of Theorem 1.1.11.
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Lemma 1.1.12. Two R-orders of a quaternion algebra B over F' are isomorphic if
and only if they are B*-conjugate.

Proof. An isomorphism f : O7 — Oy of R-orders extends to an isomorphism
f:B=01®rF —0O,®rF=8B
of F-algebras. We conclude applying Theorem 1.1.11. O

Lemma 1.1.13. Let B be a quaternion algebra over F' and O € B be an R-order.
Then every element c € O is integral over R and Tr(a),Nm(«) € R

Proof. See |Voi21, Corollary 10.3.6 and Lemma 10.3.7]. O

1.1.3 Quaternion algebras over various fields

Quaternion algebras over algebraically closed fields. If F' is algebraically
closed, by Lemma 1.1.3 we have that the only quaternion algebra over F' is My (F).

Quaternion algebras over the reals. When F' = R we have the following theo-
rem.

Theorem 1.1.14 (Frobenius). The algebra of Hamilton quaternions H is the unique
algebraic non-commutative division algebra over R up to isomorphism.

Proof. See |Voi21, Corollary 3.5.8]. O

Theorem 1.1.5 immediately implies that, up to isomorphism, the only quater-
nion algebras over R are the split algebra Ms(R) and the algebra H of Hamilton
quaternions.

Quaternion algebras over finite fields. When F' is a finite field, we have the
following theorem.

Theorem 1.1.15 (Wedderburn’s little theorem). Every finite division ring is a field.
Proof. See [Mac05]. O

This result, together with Theorem 1.1.5, implies that the only quaternion alge-
bras over a finite field F' is, up to isomorphism, the split algebra My (F).

1.1.4 Quaternion algebras over finite extensions of Q

For this subsection let ¢ be a prime, F//Qy be a finite extension of fields and Op be
the valuation ring of F. Fix a uniformizer \ of F' and set [ := (\). Set also kg := Op/l
and call g the cardinality of kp.

Theorem 1.1.16. Let B be a quaternion algebra over F. Then B is a division
algebra if and only if
Bz (e,A|F)

where e € OF is nontrivial in k5/(k5)?%.

Proof. See [Voi21, Corollary 12.3.12 and Theorem 13.3.11]. O
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When B is a division quaternion algebra over F', there are a lot of similarities
between B and finite field extensions of F'. In particular, we can define valuations
and valuation rings. Let v: F - Z U {oo} be the normalized valuation on F.

Lemma 1.1.17. Let B be a division quaternion algebra over F'. The map v can be
uniquely extended to a discrete valuation w: B - RuU {oo}, i.e.:

(a) w(a) = oo if and only if a = 0.
(b) w(ap) =w(Ba) =w(a) +w(B) for all a, B € B.
(¢c) w(a+ ) > min(w(a),w(B)) for all a,B ¢ B.
(d) w(B*) is discrete in R.
Proof. See [Voi21, Lemma 13.3.2]. O

A straightforward consequence of this lemma is that the set
Op:={aeB : w(a)>0}
is a ring, called the valuation ring of B.

Proposition 1.1.18. Let B be a division quaternion algebra over F'. The ring Op is
the unique mazximal Op-order in B, consisting of all elements of B that are integral
over Op.

Proof. See |Voi2l, Proposition 13.3.4]. O

As a consequence, if B is a division quaternion algebra over F, then there is a
unique maximal order in B that is also the unique Eichler order. When, insetad, B
is the split quaternion algebra over F', we don’t have a unique maximal order.

Proposition 1.1.19. After fizing an isomorphism My(F) = Endp(F?), the mazimal
orders in Ma(F') are subrings of the form Endp, (M) where M is an Op-lattice in
F2. As a consequence, the maximal orders in Ma(F) are the conjugates of Ma(OF).

Proof. See [Voi21, Lemma 10.5.4 and Corollary 10.5.5]. O

We pursue now the study of Eichler orders for the split algebra Ma(F'). We have
the following characterization.

Proposition 1.1.20. Let O € B = My(F') be an Op-order. The following are equiv-
alent:

(a) O is an Eichler order.
(b) O is B*-conjugate to the order ((?BF 8?) for a unique e > 0.
(¢) O contains an Op-subalgebra that is B*-conjugate to (OOF OOF )
(d) O is the intersection of a uniquely determined pair of maximal orders.
Proof. See [Voi21, Proposition 23.4.3]. O

Definition. Let O ¢ B = My(F') be an Eichler order. The ideal ¢ € O determined
by point (b) of the previous proposition is called the level of O.
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Corollary 1.1.21. Every superorder of an Eichler order in Ma(F') is Eichler.
Proof. Straightforward from point (c¢) of Proposition 1.1.20. O

Proposition 1.1.22. Let B be a quaternion algebra over F' and let O be an Fichler
order of B. Then

(a) Nm(B*) = F*;
(b) Nm(O*) = OF.

Proof. For (a) see [Voi2l, Lemma 13.4.9]. When B is a division algebra, the Eichler
order O is maximal and point (b) descends from [Voi21, Lemma 13.4.9]. When B is
the split quaternion algebra, [Voi2l, Lemma 13.4.9] implies that Nm(O*) ¢ O}, and
point (c) of Proposition 1.1.20 yields Nm(O*) 2 OF. O

We end this subsection with a remark on the topology of quaternion algebras
over finite extensions of Q.

Lemma 1.1.23. Let B be a quaternion algebra over F and let O be an order of B.
Then O and O™ are compact Hausdorff spaces, whereas B and B> are locally compact
Hausdorff spaces.

Proof. See |Voi21, §13.5.2 and §13.5.6]. O

1.1.5 Quaternion algebras over number fields

For this subsection we let F' be a number field and Of be its ring of integers.

Definition. Let B be a quaternion algebra over F'. For any place v of F', we define
the localization B, of B to be B, := B®p F,.

Definition. Let B be a quaternion algebra over F. For any place v of F we say
that B splits at v if B, @ Ms(F,). Otherwise, we say that B ramifies at v. We
denote by Ram(B) the set of places of F' which are of ramification for B.

Theorem 1.1.24. The map B ~ Ram(B) gives a bijection

Quaternion algebras over F - Finite subsets of noncomplex places
up to isomorphism of F' of even cardinality '

Proof. See |Voi21, Main Theorem 14.6.1]. O

Remark 1.1.25. As a consequence, a quaternion algebra B over a number field F'
is split if and only if Ram(B) = @. Moreover, two quaternion algebras By and Bs
over F' are isomorphic if and only if Ram(B;) = Ram(Bz).

For quaternion algebras over number fields there is a precise characterization of
quadratic splitting fields, that extends Lemma 1.1.4.

Proposition 1.1.26. Let B be a quaternion algebra over a number field F' and let
L/F be a quadratic extension of fields. The following statements are equivalent:

(i) L is a splitting field for B, i.e. B®p L = My(L);

(i) There is an embedding L — B of F-algebras;
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(ii) Every place v e Ram(B) does not split in the field L.
Proof. See [Voi21, Proposition 14.6.7]. O

Definition. Let B be a quaternion algebra over Q. We say that B is definite if B
is ramified at oo, i.e. if B = B®g R = H. We say that B is indefinite if B is split
at oo, i.e. if Bo, 2 Ma(R).

Definition. Let B be a quaternion algebra over Q. The discriminant of B is

disc(B) := I1 L. (1.2)

¢eRam(B)\{oo}

Corollary 1.1.27. Let B be an indefinite quaternion algebra over Q. Then the field
Q(y/—disc(B)) is a splitting field for B.

Proof. Apply Proposition 1.1.26, noticing that every prime dividing disc(B) is ram-
ified in Q(y/-disc(B)). O

Proposition 1.1.28. Let B be a quaternion algebra over F. Then Nm(B>) is the
subgroup of F* consisting of the elements o € F* such that v(«) > 0 for every infinite
(real) place v e Ram(B).

Proof. See [Voi21, Main Theorem 14.7.4]. O

Corollary 1.1.29. Let F = Q. If B is definite then Nm(B*) = Qso, whereas if B is
indefinite then Nm(B*) = Q.

We now move on to study lattices and orders in quaternion algebras over global
fields. We will mostly be interested in Eichler orders of quaternion algebras over Q,
as they will be the main arithmetic ingredient in the definition of the Shimura curves
of interest.

Definition. If B is a quaternion algebra over F' and M is an Op-lattice of B, we
set M, := M ®o, OF, for every finite place v of F, where O, is the valuation ring
of F,. The lattice M, is called the localization of M at v.

Proposition 1.1.30 (Local-global dictionary for lattices). Let M be a lattice in a
quaternion algebra B over F'. There is a bijection between the set of lattices N of B
and the set

{(Ny)v | Ny lattice of By, N, = M, for all but fin. many finite places v of Op}
estabilished by the maps
N (Ny)y, (Ny)y {xeB|xeN, for all finite places v of Op}
which are inverse to each other.
Proof. See |Voi2l, Theorem 9.4.9 and Lemma 9.5.3|. O

Definition. A property P of lattices of B is said to be local if a lattice M of B
satisfies P if and only if M, satisfies P for all finite places v of Op.

Proposition 1.1.31. The properties for a lattice to be

(a) an order;
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(b) a mazimal order;
(¢) an Eichler order
are local.

Proof. This is a consequence of Proposition 1.1.30. O

Let now B be a quaternion algebra over Q. We introduce the notion of reduced
discriminant for an order of B and we pursue a deeper study of Eichler orders in B.

Definition. Let B be a quaternion algebra over Q and let O € B be an order. Fix
a Z-basis aq, as, a3, ay for O. The discriminant of O is

disc(O) := | det(Tr(a;a;))i ;| € Zso.

Remark 1.1.32. The discriminant of an order O is integral thanks to Lemma 1.1.13,
and it is independent on the chosen basis.

The discriminant of an order is always a square (see the first lines of [Voi2l,
§15.4|), therefore the following definition makes sense.

Definition. Let B be a quaternion algebra over Q and let O € B be an order. The
reduced discriminant of O is

discrd(0) = \/disc(O) € Zyp.

Let O be an Eichler order of a quaternion algebra B over Q. By Proposition
1.1.31, we have that the completion Oy ¢ By is Eichler. This implies that for every
¢ ] disc(B) we have that Oy is the unique maximal order of By, while for ¢ 4 disc(B)
Proposition 1.1.20 implies that Oy is conjugate to the order

Ly  Zy
7y Zy

for a unique e > 0.

Lemma 1.1.33. Let B be a quaternion algebra over Q and let O € B be an Eichler
order. Then there is a unique N € Zso coprime with disc(B) such that

(i) discrd(O) = disc(B) - N;

(ii) For every prime { + disc(B), the order Oy is Bj-conjugate to the order

Zy Ly
M7, 7))

where vy is the normalized £-adic valuation on 7.
Proof. See |Voi2l, §23.4.19]. O

Definition. Let O be an Eichler order of a quaternion algebra B over QQ. The
number N = [y qisc(p) ¢ defined in Lemma 1.1.33 is called the level of O.
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Example 1.1.34. If B 2 M3(Q) is the split quaternion algebra over Q, the order

Z 7
ON:(NZ Z)

is an Eichler order of level N for every N € Zy.

Proposition 1.1.35. Let B be an indefinite quaternion algebra over Q and N € Zsg
be coprime with disc B. Then all Eichler orders in B of level N are B*-conjugate.

Proof. By point (ii) of Lemma 1.1.33 and the discussion before it, we have that
any two Eichler orders O and O’ of level N are locally conjugated (meaning that
their localizations at any prime are conjugated). Then, as a consequence of strong
approximation (see [Voi21, Theorem 28.2.11]), we obtain that O is isomorphic to O'.
By Lemma 1.1.12 we conclude that O and O are B*-conjugate. O

1.1.6 The adelic framework

In this subsection, for simplicity, we work with a quaternion algebra B over Q. We
follow closely [Voi21, §27].

Denote by 7 = [1¢ Zy the profinite completion of Z and with Q =7Z®zQ the ring
of finite adeles of Q. There are natural continous diagonal embeddings Z < Z and
Q- Q The group of invertible elements @X of @ is the group of finite ideles of Q.
We recall that QX comes equipped with the topology induced by the embedding
Q*—QxQ

z— (z,271)

rather than the embedding (@X > @, since the former makes (@X a topological group.
For details, see [Voi2l, §27.2].

Definition. The adelization of B over Q is the algebra B:=B ®Q @

We can explicitly describe the Q-algebra B as follows (see [Voi21, §27.3]). Let O
be an order in B and set as usual Oy := O ®z Zy for every prime £. Then we have the
equality

B={(x) ¢ [IBe | #¢ € Oy for all but finitely many primes £}.
l

Notice that the set on the right of this equality is independent on the choice of
O, since any two orders are equal at all but finitely many places by Proposition
1.1.30. A fundamental system of open neighborhoods of 0 in B consists of all open
neighborhoods of 0 in the subrings

HBgXHOg

leS ¢S

for any fixed order O and with S varying among all finite sets of primes of Q. Notice
that this topology is finer than the one induced by the embedding B > I ¢ By.
Therefore, this last map is not a homeomorphism onto its image, but it is continous.

Similarly, we can define the idelization B* of a quaternion algebra B over Q. It
is the group of invertible elements of B with the topology induced by the embedding

B*— BxB

z— (z,27h).



10 1. Shimura Curves

Let O be an order in B. Then we have the equality

B* = {(x¢)¢ € [1B/ | z¢ €Oy for all but finitely many primes £}.
L

A fundamental system of neighborhoods of 1 in B* consists of all open neighborhoods
of 1 in the subgroups

[18/ <[10;

LeS ¢S
for any fixed order O and with S varying among all finite sets of primes of Q. Again,

the map B* o [1¢ B/ is not a homeomorphism onto its image, but it is continous.

Remark 1.1.36. The spaces B and B* are Hausdorff, since their topologies are
finer than the ones coming from their embedding in [, B, and [], B, respectively,
which are Haudorff spaces (see Lemma 1.1.23).

For any order O of B, define

O:leIOgEB and O~ ::IZIOKX c B~

Remark 1.1.37. By definition, the spaces O and O are open in B and B* respec-
tively. Lemma 1.1.23 together with Tychonoff’s theorem implies that O and O™ are
also compact.

We can define the reduced trace and the reduced norm on B componentwise as

Tr:B—»Q and Nm: B* — Q~
(xe)e — (Tr(ze))e (we)¢ — (Nm(z¢))e-

These two maps are well defined thanks to Lemma 1.1.13 and they extend the clas-
sical operators Tr and Nm under the embeddings B < B and B* < B* (see [Vig05,
Proposition 1.2.20] for details). Proposition 1.1.22 implies that the idelic norm map
Nm is surjective.

Lemma 1.1.38. Let O be an order in B. Then O* n B* = O*.

Proof. One inclusion is trivial, the other follows from the local to global principle for
lattices (see Proposition 1.1.30). In particular, if z € B* \ O*, then z, ¢ O/ for some
prime ¢, hence z ¢ O*. O

1.1.7 Strong approximation

In this subsection we let B be an indefinite quaternion algebra over Q. For every
subset A of B or B, we denote by A; the subset of A consisting of elements of norm
1. Notice that B; is a topological group, with topology induced by its embedding
inside B*.

Theorem 1.1.39 (Strong approximation). By is dense in B.

Proof. See [Voi21, Main theorem 28.5.3]. O

An important consequence of strong approximation is the following result.
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Theorem 1.1.40. Let O be an order of B. Then the norm map induces a bijection
Nm: B*\B*/0* = Q*\Q*/Nm(0*).
Proof. See [Voi21, Theorem 28.5.5]. O

We now prove a slight generalization of the previous theorem.

Theorem 1.1.41. Let U be an open compact subgroup of B*. Then the norm map
iduces a bijection

Nm: B*\B*/U = Q*\Q*/Nm(U).

Proof. The surjectivity descends from the surjectivity of the norm Nm : B - Q
together with the fact that Nm(B*) = Q* (see Corollary 1.1.29). In order to prove
injectivity, we proceed in two steps.

Step 1: B; ¢ B*U. Indeed, let b € By. Since bU; is open inside By, by strong
approximation we find a € By and u € U; such that a = bu. But then b= au™ ¢ B*U.

Step 2: Let b, b’ € B*. Since Nm : BX - Q* and Nm : U - Nm(U) are surjective,
to conclude the proof of injectivity it is enough to show that if Nm(b) = Nm(d') € Q*
then b'U = abU for some a € B*. Since b'b™! € By and since bUb™! is compact open,
by step 1 we find a € B* and u € U such that 4’6~ = abub™'. Therefore,

VU = (b'b71)(bU) = abub™"bU = abU,
yielding the claim. O

Corollary 1.1.42. Let U be an open compact subgroup of B* such that Nm(U) 2 Z*.
Then, for every be B* there are a € B* and u € U such that b = au.

Proof. This descends from the isomorphism of Theorem 1.1.41 together with the fact
that Q*\Q*/Z* =1, since Q has class number 1. O

Lemma 1.1.43. Let U be an open compact subgroup of B* that contains an element
of norm —1. Then the map

¢: Q:0\Q"/Nm(U) — Q\Q*/Nm(U)

(2] — [x]
s a bijection.
Proof. The map ¢ is clearly well defined and surjective. In order to prove injectivity,
let b be an element of U of norm -1 and take [z],[y] € Q-0\Q*/Nm(U) such that

o([z]) = ¢([y]). This means that = = qya with ¢ € Q* and o = Nm(u) for some
weU. If ¢>0, then [x] =[y]. If ¢ <0 then

v = (=) -y (~a) = (-q) -y Nm(bu),

and bu € U. Hence also in this case [z] = [y] and we are done. O
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1.2 Shimura curves

For this section we fix an indefinite quaternion algebra B over Q. Recall that indefi-
nite means that B is split at infinity or, equivalently, that disc(B) is the product of
an even number of primes.
For every prime ¢ set By := B ®g Q; and Bo := B ®p R. Fix once and for all
isomorphisms
Loo i Boo —> My(R) and 14 By —> Ma(Qy) (1.3)

for every ¢ 4 disc(B). Note that there are natural inclusions B < Be, and B < By,
hence we can embed B inside Ma(R) and My (Qy) for every ¢ + disc(B). With a little
abuse of notation, these embeddings will be denoted again with the symbols to, and
tp respectively. Finally, notice that the isomorphisms o, and ¢y are also bicontinous,
since they are linear maps between finitely generated normed vector spaces.

1.2.1 Shimura curves as Riemann surfaces

Denote by H the upper half plane of the complex numbers and set 77 := C\R. Let U
be a compact open subgroup of B *, which acts on B* on the right via multiplication
and trivially on #. Moreover, B* acts on the left on B* by multiplication, and on
2 via Mobius transformations induced by B* - B = GLa(R).

Definition. The open Shimura C-curve associated to U is the double coset
Yu(C) 1= BX\(# x BY)U,
taken with respect to the actions cited above.

In the next we will see that Y77 (C) has the structure of a Riemann surface. Since
U acts trivially on S, we can rewrite

Yu(C) = B\( = (B*/U)).

Example 1.2.1. By Remark 1.1.37, an important example of compact open sub-
groups of B* are the groups O, where O is an order in B.

Recall that BY = ker(Nm : B* - Q%) and B = ker(Nm : B* - Q). The

following is the main structure theorem for open Shimura C-curves.

Theorem 1.2.2. Let U be a compact open subgroup of B*, and let ay,. .., ap € Q%
be representatives for the classes in Qs0\Q*/Nm(U). For each i choose b; € BX with
Nm(b;) = a; and set

I == Bf nb;Ub; "

Then the maps
T\H — B*\(# x BX)/U = Yy;(C)
[z] — [(,bi)]
forie{l,...,h} induce a homeomorphism
h o
H Ii\H — Yy (C),

where the space on the left is the disjoint union of the connected Riemann surfaces
Ti\H, all of which are compact if B is a division algebra.
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Proof. See [Vig05, §2.1.1]. O

Lemma 1.2.3. Let U be an open compact subgroup of B* such that Z* < Nm(U).
Then the Riemann surface Yy (C) is connected and the maps

(UnB)\H — B*\(s x B)|U,  (UnB )\ — B\(H x B*)|U
[z] — [(2,1)] [z] — [(2,1)]

are homeomorphisms.

Proof. In order to prove the bijectivity of the first map, by Theorem 1.2.2 we just
need to prove that the set Q>0\@X/ Nm(U) consists of one element.

Since U contains an element of norm —1, by Lemma 1.1.43 there is a bijection
Q>0\QX/Nm(U) - QX\(@X/Nm(U). Since Q has class number one, the double coset
Q*\Q*/Z* consists of one element, and it surjects onto Q*\Q*/Nm(U). Therefore,
this last set consists of one element and the claim is proved.

Turning to the second map, it is easy to see that it is well defined and injective.
To show surjectivity, let [(z,b)] € B*\J# x B*/U. Corollary 1.1.42 implies that there
are a € B and u € U such that b= au. Set z:= a™ 'z € #. We have

[2] = [(z )] = [} (2, b)u™"] = [(,D)],
hence the map is surjective. The proof of bicontinuity is left to the reader. O

Since in general we want a compact Riemann surface, for every open compact
subgroup U of B* we define Xy7(C) to be the Baily-Borel compactification (see
[BB66]) of Y7 (C). Notice that when B is a division algebra, by Theorem 1.2.2 we
have that Xy (C) = Yiy(C), while in the split case Xi7(C) is obtained from Yy (C)
by adjoining a finite number of cusps.

Definition. Let B be an indefinite quaternion algebra over Q and let U be a compact
open subgroup of B*. The Riemann surface X7 (C) is called the (compact) Shimura
C-curve associated to B and U.

Remark 1.2.4. Let B be the split quaternion algebra GLo(Q). If Nm(U) 2 Z*,
we recover the classical case of modular C-curves. For example, if Oy is the Eichler
order of level N of Example 1.1.34, the equality Oy n By = I'o(IN) implies that the
Shimura C-curve Xox (C) is the classical modular C-curve of level I'o(IV).

When, instead, Nm(U') 2 Z* then Xy(C) is not connected and it is the disjoint
union of connected modular curves. The reason to consider also nonconnected curves
is that Shimura curves always have a model over Q, whereas modular curves may
not. See [Mil03, §2| for more details. Anyway, our Shimura curves of interest will
always be connected.

Remark 1.2.5. Let U be an open compact subgroup of B*. Some authors, such
as |[LV11] and [BD96], interchange left and right actions in the double quotients
defining the open Shimura C-curve Yy (C). We give here a dictionary to pass from
one interpretation to the other.

First, denote by U* the image of U under the standard involution of B, that is
induced by the standard involution on B in a natural way. Then, there is a map

Yir(C) = BX\(A# x B*)|U — U*\( x B*)/B* = Y{,(C)
[(z,0)] — [(2,07)],
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where, in the second double quotient, U* acts trivially on 5 and by left multipli-
cation on B*, whereas every b € B* acts by right multiplication on B* and by the
Mobius transformation attached to b* on 4. One can easily prove that the map
above is well defined and bijective.

In the remainder of this subsection, we give a different interpretation of the set
A = C~R. Namely, let Homg(C, B ) be the set of R-algebra homomorphisms
between C and Bo,. There is a left action of the group B* on Homg(C, Bs) by
conjugation.

Theorem 1.2.6. There is a B*-equivariant bijection i Hompg(C, Bs).
Proof. See |Vig05, Proposition 3.1.3|. O

Therefore, the Shimura C-curve attached to an open compact subgroup U of B~
can be written also as

Yy (C) = B*\ Homg(C, B ) x B*/U. (1.4)

1.2.2 The analytic definition of the curves X/, X, and X’m

In this subsection we introduce the Shimura curves that will be relevant in our work.
Recall that B is an indefinite quaternion algebra over Q and that in (1.3) we fixed
embeddings (o, and ¢y for every ¢ + disc(B). As a shortcut, we will use the notation

N~ :=disc(B).

Fix also a positive integer N coprime with N7, call N := N*N~ and fix a prime
p 4+ 6N. The letter M will denote any positive integer coprime with N™.

Fix once and for all a maximal order Op of B such that ¢,(Op ®z Zy) = Ma(Zy)
for every £ + N~. Indeed, up to changing the embeddings ¢y, we may force every
maximal order Op to have this property, since any maximal order of My(Qy) is
conjugated with the order My(Zy) by Proposition 1.1.19.

Definition. For every positive integer M coprime with N7, let Ry € Op be an
Eichler order of level M such that

7 A
w(Ry ®7 Zy) = (gv[(]\j)ze Zj) © Mo (Qr)

for every prime £ | M, where vy is the f-adic valuation. Set also Up(M) = R%,.

Definition. For every integer m >0 let Uy (p™) ¢ @E be the subgroup

m A% - Z Z
™) =05 s {(pm%p 1 +pf”Zp)}’

where, by abuse of notation, ¢, is seen also as a function on B by pre-composing
with the projection B - B,,.

Definition. For all m >0, we define

Uo 1 (N7, p™) = Uo(N™) nUr(p™) = Uo(N"p™) n U1 (p™).
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Lemma 1.2.7. Let U be any of the groups Up(M), Ur(p™) or Up1(N*,p™), for
any M + N~ and m > 0. Then U is open and compact in B* and Nm(U) = Zx.
Proof. The characterization of the topology of B pursued in Subsection 1.1.6 im-

mediately implies that Uy(M) is open. Moreover, the induced topology on Uy(M)
coincides with the product topology coming from the equalities

Uo(M) = Ry = [T(Rm ®2Zo)*,
Y/

therefore Uy(M) is also compact by Lemma 1.1.23 and Tychonoff’s theorem.

The group U; (p™) is closed an open since it is defined as the intersection between
a closed and open subgroup of B* with the preimage under a continous map of a
closed and open set. Since Up(p™) is contained in the compact set @g, it is also
compact.

The group Up,1(N*,p™) is the intersection of two open and compact sets, hence
it is open and compact.

Proposition 1.1.22 implies that Nm((Ry ®z Z¢)™) = Z; for every prime ¢, hence
Nm(Up(M)) = Z*. For the same reason, we have that Nm(Up 1 (N*,p™),) = Z; for
every £ # p. So it is enough to show that Nm(Up1(N*,p™),) = Z,. As noticed
in Remark 1.1.10, the norm map on U (N*,p™), corresponds via ¢, to the deter-
minant map. It is easy to see that for every x € Z; there is an invertible matrix

in {(p’%%p 1+pZ7ZZp )} with determinant x. Therefore Nm(Ug,l(NJ’,pmA)) = 7*. Since
Up1(N*,p™) cUi(p™) € OF, we also have that Nm(U; (p™)) = Nm(Z*). O
Definition. For every m >0 and M 4+ N~, define the compact Shimura C-curves

Xo,m(C) = Xy, ar)(C)

X17m((C) = XUl(pm)((C)

Xm((C) = Xonl(N-%-’pm)(C).
When M = N*p™, we also set
Xm = X07N+pm.

Corollary 1.2.8. For every M + N~ and m > 0, the Riemann surfaces Xo n(C),
X1.m(C) and X, (C) are connected.

Proof. Combine Lemma 1.2.3 with Lemma 1.2.7. O

Example 1.2.9. When B is the split algebra My(Q), we can choose Op = My(Z)
and the embeddings ¢, and ¢ to be the natural embeddings induced by tensorization
with Qy and R respectively. Moreover, we can take

me- {2 2)

Then B = SL2(Q) and one can see that
Uo(M) n B =T'o(M)
Ui(p™) n By =T'1(p™)
onl(N*-,pm) n BT = Fo(N+) N Pl(pm).
This implies that, by Lemma 1.2.3, the Shimura C-curves X /(C), Xi,,(C) and

X,,(C) coincide with the classical modular C-curves of level To(M), T1(p™) and
To(N*)nT1(p™) respectively.
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Remark 1.2.10. The reader familiar with [LV11] will notice that our curve X,,(C)
corresponds exactly to the curve denoted in the same way in [LV11, §2.2| via the
bijection defined in Remark 1.2.5. Indeed, the image via the canonical involution of
the group Up 1 (N*,p™) is the group called Uy, in loc. cit.

1.3 Moduli interpretation and canonical models of Shimura
curves

In this section we see that the Riemann surfaces Xo7(C), X1,,(C) and X,,(C)
consist of the complex points of some curves defined over Q that are solutions of
some moduli problems related to families of abelian surfaces with some additional
structure. For this section we use the following notation:

B an indefinite quaternion algebra over Q;

Op the maximal order of B fixed at the beginning of Subsection 1.2.2;
N~ the discriminant disc(B) of B;

N* a positive integer coprime with N~;

N  the product N*N~;

D the prime fixed in Subsection 1.2.2, with the property that p + 6]N.

1.3.1 Complex abelian surfaces

It is a classical result that the Weierstrass p-function induces a one-to-one corre-
spondence between complex tori of dimension 1 and elliptic curves over C (see e.g.
[DS05, §1.4]). When, instead, the dimension of the torus is greater than 1, it may
happen that there are not enough meromorphic functions in order to realize the torus
as a projective algebraic variety. In the following, we study conditions for a complex
torus of dimension 2 to be an abelian variety, mainly following [Voi21, §43.4 and
§43.5].

Definition. A complex torus of dimension 2 is a complex manifold A = C2/A
where A ¢ C? is a Z-lattice of rank 4. A morphism of complex tori C2/A — C?/A’
is a C-linear map ¢ : C?> - C? such that ¢(A) € A’. An isogeny of tori of dimension
2 is a surjective morphism with finite kernel.

Choose a Z-basis {1, A2, A3, A4} of A. The matrix IT € Moy (C) whose columns
are the coordinates of A1, A2, A3, A4 with respect to the canonical basis of C? is called
the big period matrix of the lattice A with respect to the basis {A1, A2, A3, A\a}.
Notice that

A=C?%/A=C?/(1z").

Definition. A complex torus A of dimension 2 is a complex abelian surface if
there exists a holomorphic embedding A < P"(C) for some n > 1.

Definition. A matrix II € Moy (C) is a Riemann matrix if there is a skew-
symmetric matrix E € My(Z) with det(E) # 0 such that

1. TIE-'Tt = 0;

2. {IIE'II! is a positive definite Hermitian matrix, where i € C is the imaginary
unit and II denotes the conjugate of II.
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Theorem 1.3.1. Let A = C?/(TIZ*) be a complex torus with 11 € Maxs(C). Then A
s an abelian surface if and only if Il is a Riemann matrix.

Proof. See [Voi21, Theorem 43.4.6]. O
We upgrade the above to a basis-free formulation.

Definition. Let F: Ax A — Z be an alternating Z-bilinear map. Let Fg : VxV - R
be the scalar extension of E over R obtained by A ®z R =2 V = C2?. We say that E is
a Riemann form for (V,A) if the following conditions hold:

1. Er(ix,iy) = Er(z,y):
2. The map
VxV—R
(z,y) — Er(iz,y)
defines a symmetric positive definite R-bilinear form on V.

As noted in [Voi21, §43.4.10], after choosing a Z-basis for A, the matrix associated
to F is a Riemann matrix and, conversely, the form associated to the Riemann matrix
is a Riemann form.

Proposition 1.3.2. If E is a Riemann form for (V,A), then the map

H:VxV —C
(z,y) — Er(iz,y) + iEr(z,y)
s a positive definite Hermitian form on V.
Conversely, if H is a positive definite Hermitian form on V such that Tm H(A)

is contained in Z, then Im H|p is a Riemann form for (V,A) (here, Im denotes the
imaginary part operator).

Proof. See |[Voi21, Proposition 43.4.11]. O

The form H of the previous proposition is called the Hermitian form associ-
ated with F.

Definition. A complex torus A = C?/A equipped with a Riemann form is said to be
polarized.

A morphism between two polarized complex tori (C2/A, E) and (C2/A’, E') is
a morphism ¢ : C2/A - C?/A’ of complex tori that respects the polarizations, in the
sense that the diagram

AxA L7

wo| 4
A x A

commutes.

Theorem 1.3.3. A complex torus of dimension 2 is an abelian surface if and only
if it is polarizable.

Proof. See [Mil08, Theorem 2.8]. O
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There is a normal form for skew-symmetric matrices, called Frobenius normal

form. Namely, there is a basis of A such that the matrix of F in this basis is ( 793 g ),

where D is a diagonal 2 x 2 matrix with entries in Zs.

Definition. A Riemann form E whose matrix D in the Frobenius normal form is
the identity is called a principal Riemann form.

Following [Voi21, §43.4.19|, we want to understand polarizations in terms of du-
ality. In order to do that, let A = V//A be a complex torus of dimension 2, where
V=2

Definition. A C-antilinear functional on V is a function f:V — C such that
L. f(z+2")=f(z)+ f(2) for every z, 2’ € V;
2. f(ax)=af(x) for every a € C and z € V.

Call V* the C-vector space of C-antilinear functionals on V.

Then V* is a C-vector space with dim¢ V™" = dimc V' = 2 and the underlying
R-vector space of V* is canonically isomorphic to Homg(V,R). The canonical R-
bilinear form

V*xV —R
(f,x) — Im f(x)
is nondegenerate, so
A ={feV* : Imf(A)cZ}

is a lattice in V™, called the dual lattice of A, hence the quotient AY := V*/A*
is a complex torus of dimension 2. Double antiduality and nondegeneracy gives a
canonical identification (V*)* 2V, giving a canonical identification (AY)" = A.

Suppose now that A is polarized with a Riemann form F for (V,A), and let H
be the associated Hermitian form. Double duality induces a Riemann form E* on
(V*,A*), so AY is a polarized abelian surface. There is a C-linear map

Ag:V— V"
x+— H(z,-)
with the property that Ag(A) € A*. Since the form H is nondegenerate, the induced

homomorphism Ag: A > AY is an isogeny of polarized abelian varieties.

Lemma 1.3.4. The degree of the isogeny Ag is the determinant of the matrix D
appearing in the Frobenius normal form for E.

Proof. See [Voi2l, §43.4.19] O

In particular, if E is principal then Ag is an isomorphism of principally polarized
abelian surfaces. In this case, we define the Rosati involution associated with F
by

T: End(A4) — End(A)
¢r— 67 = Ag' 00" o Ap,

where End(A) is the set of endomorphisms of A as a complex torus (or, equivalently,
as an abelian variety) and ¢" : AY - A is the morphism induced by the pullback.
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Definition. Let D be a finitely dimensional Q-algebra. We say that an involution
*: D - D is positive if Tr(aa*) > 0 for all & € D~ {0}, where Tr: D - Q is the
trace of the left multiplication operator.

Proposition 1.3.5. Let A be a principally polarized complex abelian surface. The
Rosati involution T is a positive involution on the Q-algebra End(A) &z Q.

Proof. See |Voi21, Proposition 43.4.24]. O

Theorem 1.3.6 (Albert). Let A be a principally polarized complex abelian surface.
The Q-algebra D = End(A) ®z Q is exactly one of the following:

(i) D =Q, and we say that A is typical;
(ii) D =F is a real quadratic field, and we say that A has real multiplication;
(i) D =K is a quartic CM field K ;
(iv) D = B is an indefinite quaternion algebra over Q;
(v) D =May(K) where K is an imaginary quadratic field.
Proof. See |Voi2l, §43.5.9]. O

Definition. Let A be a principally polarized complex abelian surface. We say that
A has complex multiplication (CM) if End(A) ®7z Q contains a CM field.

If A has complex multiplication, then End(A) ®7 Q satisfies cases (iii) or (v) of
Theorem 1.3.6. Let now B be an indefinite quaternion algebra and Og be a maximal
order in B.

Definition. Let A be a principally polarized complex abelian surface. We say that
A has quaternionic multiplication (QM) by Op if there is an injective ring
homomorphism i : Op - End(A).

If A has quaternionic multiplication by Op, then End(A) ®7z Q satisfies cases (iv)
or (v) of Theorem 1.3.6. Abelian surfaces with QM are sometimes called false elliptic
curves. We now specialize to the study of abelian surfaces with QM.

1.3.2 Complex abelian surfaces with QM

Recall that we fixed an indefinite quaternion algebra B over QQ with discriminant N~
and a maximal order Op. Throughout, let A be a complex abelian surface.

Lemma 1.3.7. There is an element t € Op such that t> = —-N~.

Proof. Combining Proposition 1.1.26 and Corollary 1.1.27 we obtain that there is an
embedding of Q(v/~N~) in B. Therefore there is t' € B such that (') = -N~, and
t' lies in a maximal order O’ of B. By Proposition 1.1.35 any two maximal orders
are B*-conjugate, so there is a conjugate t € Op that satisfies t> = ~N~. O

From now on we fix t € O with the property that t> = —N~. Indeed, we could
fix the couple {t,—t}, since our construction will be independent on the sign. Notice
anyway that a priori there are many such couples of elements, depending on the
number of embeddings of the ring of integers of Q(v/-N~) in Op.



20 1. Shimura Curves

To the element t we attach the positive involution

*:B— B
b—s b =tb%e,

(1.5)

where * is the standard involution of B.

Definition. A quaternionic multiplication (QM) structure by Op on A is an
injective ring homomorphism i : Op — End(A). In this case, we say that (A,1) is an
abelian surface with QM by Op.

Definition. A morphism (A,i) - (A’,i) of complex abelian surfaces with QM by
Op is a morphism of abelian surfaces that also respects 7,7’, i.e. such that

i'(b)¢(a) = ¢(i(b)a)

for every a € A and b € Op. An isogeny is a surjective homomorphism with finite
kernel.

Definition. A principal polarization F on a complex abelian surface (A4,7) with QM
by Op is compatible with the the couple (Op,t) if the induced homomorphism
i: B -~ End(A) ®z Q respects involutions, i.e. the diagram

B —— End(A) &7, Q
I
B — End(A4) 87 Q

commutes, where * is the involution defined in (1.5) and T is the Rosati involution
attached to E.

Theorem 1.3.8. Let (A,1) be a complex abelian surface with QM by Op. Then
there is a unique principal polarization on A compatible with the couple (Op,t).

Proof. See |Voi21, Remark 43.6.27]. O

Thanks to this theorem, from now on we will just say "abelian surfaces with
QM" instead of "principally polarized abelian surfaces with QM", understanding that
every such surface is endowed with the unique principal polarization coming from
our choice of t. Morally, we can say that we settled the problem about polarizations
and from now on we can forget about them.

Lemma 1.3.9. Let Ay be an abelian surface, (A1,i1) be an abelian surface with QM
by Op and ¢ : Ay - As an isogeny with ker ¢ stable under i,(Op). Then there is a
unique quaternionic multiplication is : Op < End(Az) characterized by the property

iz(b) - ¢(a) = ¢(ir(b) - a)
for every be Op and a € Ay.

Proof. In order to see that iy is well defined, take a,a’ € Ay such that ¢(a) = ¢(a’),
i.e. a—a' eker(¢). Then

¢(i1(b) - a) = ¢(i1(b) -a’) = (i1 (b) - (a—a')) =0
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for every b € Op, since ker ¢ is stable under i1 (Op). This implies that iy is well
defined.

In order to verify injectivity, take b € Op such that iz2(b) - ¢(a) = 0 for every
a € Ay. This implies that ¢(i1(b)-a) =0, i.e. i1(b) - a € ker ¢ for every a € A;. Since
ker ¢ is finite, this means that i1 (b) has finite image, hence it is the zero morphism.
The injectivity of ¢; implies that b = 0. O

Example 1.3.10. ([Voi21, §43.6.12]). Extend the embedding o, fixed at the begin-
ning of Section 1.2 to a map te : B = B®g C 2 M(C). Let 7 be an element of the
upper half plane H of C. Define the lattice

Ar = 10 (Op) (I) cC?

and let A, := C? /A be the associated complex torus. The map i induces a nat-
ural injective ring homomorphism i, : Op — End(A;) by left multiplication, since
Lo (OB)A; € A;, hence the couple (Ar,i,) is an abelian surface with QM by Op.

Proposition 1.3.11. Every complex abelian surface with QM by Op is isomorphic
as such to one of the form (Ar, i) for some 7€ H.

Proof. See |Voi2l, Proposition 43.6.28|. O

Quaternionic action on torsion points

We give now a deeper look at the action of Op on the torsion points of A. First
of all, notice that if (A,7) is a complex abelian surface with QM by Op and M is
a positive integer, there is an induced action of Op on A[M] that factors through
Op/MOg.

Let now M € Z,y be coprime with N~. Take m € Z.o and a prime £ such that
™| M. The chosen isomorphism t;: Op ®y Zy - Ma(Zy) induces an isomorphism

Op/lMOp = Op@yZ/I™Z = O Z®7, LML —> My(Zy)®7,Z]0™ 7 = Mo (ZI™Z),

where the equal signs correspond to canonical isomorphisms. The Chinese remainder
theorem then yields an isomorphism

mr: Op/MOp — My(Z/MZ) (1.6)

that only depends on the chosen embeddings ¢y for all primes ¢ | M. Therefore,
the left Op-action on A[M] induced by ¢ can be interpreted as a left action of
My (Z/MZ).

Lemma 1.3.12. Let (A,i) be a complex abelian surface with QM by Op and M be
a positive integer coprime with N™. Let epr = (§9) and far:=(94) in Ma(Z/MZ).

(i) A[M] splits as Im(eps) x Im(1 —eps) as a group.
(i) The action of far induces an isomorphism between ker(eps) and ker(1 —epy).

Proof. (i) Since P = ep P+ (1 —ep)P for every P € A[M], we obtain the equality
A[M] =TIm(eps) + Im(1 - epr). On the other hand, if there are P,Q € A[M] such
that ey P = (1 —ep)Q, then ey P = e?\/[P =ep(1-epn)@Q = O, therefore the sum is
direct.
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(ii) Since fas is invertible in My(Z/MZ), it induces an isomorphism of A[M].
The equalities ey farens = 0 and (1 — ens) far(1 — epr) = 0 together imply that
frr(Im(eps)) € Im(1 - epr) and far(Im(1 - epr)) € Im(ens). Since f2, = 1, applying
far to the previous relations we obtain that converse inclusions. O

Since A[M] = (Z]/MZ)* as groups, this lemma implies that both Im(eys) and
Im(1-eps) are isomorphic to (Z/MZ)? as abelian groups. It can also be seen easily
that Im(eps) = ker(1 - epy) and viceversa.

Proposition 1.3.13. Keep the notation as in Lemma 1.5.12 and fix a basis Py, Pa
for Im(enr) as a Z]MZ-module. Call P{ = farPy and Py = fyrPo. Then the map

O: A[M]=Im(ep) x Im(1—eps) — Mo(Z/MZ)

aPy +bPy + cPl +dP}) —> (CCL Z)

is a (noncanonical) isomorphism of left Ma(Z/MZ)-modules, where the action on
the codomain is via left multiplication.

Proof. 1t is straightforward to see that the map ® is an isomorphism of abelian
groups, therefore we just need to prove that ® is Mo (Z/MZ)-invariant. Notice that
My (Z/MZ) is generated as a Z/MZ-algebra by the three elements 1, ep; and fyr,
therefore we just need to check the compatibility of ® with respect to the action of
the last two elements. So let Q = aPy +bPs + cP| + dP;y. Then

®(enrQ) = P(aPr+bP2) = (§§) =en (2]) = enr®(Q).

Similarly,

O(fuQ) =P(cPL+dPy+aP{+bPy) =(¢¢) = far (24) = fu®(Q).
O

This proposition, together with the isomorphism of (1.6), implies that A[M ] and
Op/MQOp are isomorphic as left Og-modules. On the other hand, this isomorphism
is not canonical. We will see in the next section that choosing such isomorphisms
has something to do with the choice of a level structure on (A,i). We now study
Op-submodules of A[M].

Lemma 1.3.14. Let (A,i) be a complex abelian surface with QM by Op and let M
be a positive integer coprime with N—. Then there is a bijection
{subgroups of Im(eps)} < {Op-submodules of A[M]}
CwCxfyC
€M(D) «~ D

that restricts to a bijection

{cyclic subgroups of Im(epr) of order M’} <~ {cychc Op-submodules OfA[M]}

isomorphic to (Z/M'Z)?

for every M'" | M.
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Proof. Let C be a subgroup of Im(eys). The action of Op corresponds to the left
action of elements of My (Z/MZ), and this last ring is generated by 1, eps, far. There-
fore, the subgroup C x f3;C is an Op-submodule of A[M].

On the other hand, let D be an Op-submodule of A[M]. Then the action of
ey restricts to D, therefore we may decompose D = ep (D) x (1 —epr)D. Since
also the action of fjs restricts to D, it induces an isomorphism between e (D) and
(1 -ear)D. Therefore, we have the claimed bijection. O

Remark 1.3.15. In the case that M is a squarefree product of primes, the bijection
of Lemma 1.3.14 restricts to a bijection

cyclic Op-submodules of A[M ]
of order (M")? ’

{cyclic subgroups of Im(exs) of order M’} < {

for every M’ | M. 1f, instead, M is not squarefree, this is false. Set for example
M = M' = ¢? for a prime ¢ + N~. Choosing an isomorphism A[M] = My (Z/¢(*Z), one
can see that the element (5 9) generates an My (Z/(*Z)-submodule of Ma(Z/(*Z) of
cardinality £*, but its projection to the esp-part is isomorphic to (Z/(Z)?.

1.3.3 Level structures and moduli interpretation

In this subsection we show that the Shimura C-curves parametrize families of complex
abelian varieties with QM and fixed level structure. We mainly follow [Mil79, §1| and
[Buz97|. See also [Mag22, §2|. Our first aim is to define level structures on complex
abelian surfaces with QM by Op associated to open compact subgroups of @E In
literature, there are many different definitions of such objects: we check that they
are all equivalent.

Milne’s level structures

Definition. Let (A,%) be a complex abelian surface with QM by Op. The (complete)
Tate module of A is the inverse limit of the M-torsion groups of A

T(A) = lim A[M].
M

The structure theory of finite abelian groups implies that T'(A) = [T, 7;(A), where
the product is taken among all primes ¢ and T;(A) = lim A[€™] is the usual ¢-adic
Tate module of A.

By Proposition 1.3.13 we know that A[M] and Op/MOp are (noncanonically)
isomorphic as left Op-modules, for every M + N™. One can prove that their profinite
completions T(A) and Op are isomorphic as left O z-modules (see [Mil79, §1]). One
can see this also noting that, by Proposition 1.3.11, (A,4) is isomorphic to a QM
abelian surface (C/A,,i,) for some 7 € H (see Example 1.3.10). Using the explicit
description of A;, one can easily build an isomorphism A[M ]z Op/MOpg for every
positive M, yielding the desired isomorphism 7T'(A) = Op as left Og-modules.

Definition. Let U be an open compact subgroup of @g Two isomorphisms of
left Op-modules a1,a9 : Op - T(A) are U-equivalent if there is u € U such that
Qa1 = aig 0 1y, where 1, is right multiplication by w.

The map aa —» aory for b € @E defines a left action of (’573 on the set of Op-
isomorphisms between Op and T (A).
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Lemma 1.3.16. The action of @E on the set of @B-isomorphisms between Op and
T(A) is free and transitive.

Proof. Let a: Op — T(A) be an O p-isomorphism and let b € (’A)f9 with the property
that a = awo 7. Then, for every b’ € Op, we have a(b') = a(ry(b')) = a(b'b). Since
« is an isomorphism, this implies that b’ = b’b. Choosing b’ = b™!, we obtain that
b~! =1, hence b = 1. Therefore, the action is free.

Let now aq,aq : Op — T(A) be @B—isomorphisms. Then 061 oay: O - Op
is an isomorphism of left @g-modules. Basic non-commutative algebra implies that
there is an element § € O% such that a;' o ay = r5 (more precisely, & := az' (a1 (1))).
Hence aq = ag o rg, therefore the action is transitive. O

Let Uy and Us be two open compact subgroups of @g The previous lemma
implies that if &7 is a set of Op-isomorphisms between Op and T(A) that is a

Ui-equivalence class and a Us-equivalence class (with respect to the action defined
above), then U; = Us.

Definition ([Mil79]). Let (A,4) be a complex abelian surface with QM by Op and
let U be an open compact subgroup of Of. A U-level structure <y on (A,7)

is a U-equivalence class of @B—isomorphisms between Op and T(A). The triple
(A,i,9) is called a U-triple.

Definition. Let (A,1,.9;) and (A',4',.4%)) be two U-triples, for some open compact
subgroup U contained in O. An isomorphism between U-triples is an isomorphism
¢: (A1) > (A)i") of QM abelian surfaces such that the map

Op % T(A) -5 T(A)
lies in 7, for every a € 7, where g% denotes the map induced by ¢.

Definition. Let U be an open compact subgroup of @g We define Cy to be the
category whose objects are U-triples and whose morphisms are isomorphism of U-
triples.

Equivalence classes of full level structures

Let M be a positive integer coprime with N™.

Definition (|[Buz97]). Let (A,7) be a complex abelian surface with QM by Op and
M + N~. A full level M structure on (A4,i) is an Og-modules isomorphism
(67 OB/MOB —;> A[M]

Let 0 € (Op/MOpg)* and call rs the right multiplication by ¢ on Og/MOp. For
any full level M structure o, the map a — aors induces a left action of (Op/MOp)*
on the set of full level M structures on A.

Lemma 1.3.17. The action of (Og/MOp)* on the set full level M structures of
(A7) is free and transitive.

Proof. Follow verbatim the proof of Lemma 1.3.16, mutatis mutandis. O

Definition. Let H be a subgroup of (Op/MOp)* = GLo(Z/MZ). Two full level M
structures oy, a9 on (A,i) are H-equivalent if there is h € H such that a; = agory,.
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Let H; and Hs be two subgroups of GLa(Z/MZ). Lemma 1.3.17 implies that
if & is a set of full level M structures that is an Hi-equivalence class and an Ho-
equivalence class, then Hy = Ho.

Definition ([Buz97]). Let (A,7) be a complex abelian surface with QM by Op and
let H be a subgroup of GLa(Z/MZ). An H-level structure </ on (A,7) is a
H-equivalence class of full level M structures. The triple (A,i,.o7y) is called an
H-triple.

Definition. Let M be a positive integer coprime with N~. Let (A,i,y) and
(A', i, o) be two H-triples, for a subgroup H of GLy(Z/MZ). An isomorphism
of H-triples is an isomorphism ¢ : (A,i) - (A’,i") of QM abelian surfaces such that
the map

Op/MOg - A[M] -2 A'[M]

lies in <7}, for every o € oy.

Definition. Let H be a subgroup of GLg(Z/MZ). We define Cy to be the category
whose objects are H-triples and whose morphisms are isomorphism of H-triples.

A first equivalence between level structures

Notice that the isomorphism 7y, of (1.6) induces also a natural surjective map

M

(f)M : @B =0p ®ZZ - Op ®y Z/MZ = OB/MOB —> MQ(Z/MZ)

and, on invertible elements, ¢y @ OF - GLo(Z/MZ). Let H be a subgroup of
GLo(Z/MZ) and U = ¢3-(H) € O%. Define a functor ® : Cy — Cpy in the following
way:

o If (A,i,9s) is an object of Cy, then its image under the functor @ is the
H-triple (A,i,®(7)) where ®(o7;) is the set of full level M structures ag
induced by any « € @y via the commutative diagram

Op —2— T(A)

ld’M l (1.7)

Op/MOpg -2 A[M]
of Op-modules.

o If Y: (A, i, o) - (A1, o7}) is a morphism between objects of Cy, call with
the same letter 1) the induced isomorphism between abelian surfaces with QM.
Then ®(¢) : (A, i, 2(y)) - (A',i',®(})) is the morphism of Cy that has
1 as underlying isomorphism between abelian surfaces with QM.

The following lemma gives some highlights on why ® is a well defined functor.
Lemma 1.3.18. With notation as above, we have the following:
(i) ®(y) is an H-level structure for A.

(ii) ®(v) is a morphism of H-triples.



26 1. Shimura Curves

Proof. (i) Let a,a’ € ofy. Then there is an element u € U such that a = a’or,. Since
H = ¢p(U), the element ¢ps(u) lies in H and, following the diagram in equation
(1.7), we have that ag = ag 074, (4). This implies that ®(.o%s) contains an H-level
structure. But now, if ag € ®(y) and & := ag o ry, for some h € H, then calling «
an element of o7; corresponding to ag via ® and taking u € U such that ¢ps(u) = h,
it is easy to see that (aory)e = @. Therefore ® () is also contained in an H-level
structure.

(ii) We need to prove that any isomorphism 1 : (A,i, %) - (A',1', <}) of U-
triples preserves also the induced H-level structures ®(.%;) and ®(.7;). This is
straightforward noting that, for every « € &, the diagram

Op — 5 T(4) —s T(A)
b 1
Op/MOp —2%5 AIM] —2— A'[M]

1S commutative. O

Proposition 1.3.19. Let H be a subgroup of GLo(Z/MZ) and U = ¢3+(H). The
functor ® : Cy — Cy defined above is an isomorphism of categories.

Proof. (Idea). Using almost the same ideas as before, it is possible to build a functor
U : Cy — Cy in the following way.

If (A, i, ) is an object of Cy, then its image under ¥ is the triple (A, i, ¥(«7y))
where W(.27py) is set of all isomorphisms ayg that make the following diagram com-
mutative

Op —2X 5 T(A)

l¢1\l l
o B / MO B L) A[M ]

for every a € oy, If ¢ : (A4, o) - (A',i,o7};) is a morphism of objects of Cp,
call with the same letter 1 the induced isomorphism between abelian surfaces with
QM. Then ¥ (v) : (A,i,¥(y)) - (A',',¥(;)) is the morphism of Cy that has
1 as underlying isomorphism between abelian surfaces with QM.

Following the ideas of Lemma 1.3.18 one can prove that ¥ is a well defined
functor. It is also not hard to show that ®¥ = 1¢, and ¥® = 1¢,, as functors, giving
the claimed isomorphism. O

Now we know that, whenever H is a subgroup of GLy(Z/MZ) and U = ¢;3;(H),
working with (isomorphism classes of) U-triples is the same as working with (iso-
morphism classes of) H-triples.

1.3.4 Level structures attached to X/, X ,, and Xm

We now give a more explicit interpretation of the level structures associated with the
Shimura C-curves X 3/(C), X1,m(C) and X,,,(C) defined in Subsection 1.2.2. For
every m >0 and M + N~ define the groups

Ho(M)={(8h) e GLo(Z/MZ) : a,b,deZ|MZ};

Hi(p™) ={(3%) e GLy(Z/p™Z) : a,beZ|p"ZL};
Ho1(N*,p™) ={(&}) e GLo(Z/N*p™Z) : a,b,de Z/N*p™Z and d =1 mod p™}.
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Since we have that
Uo(M) = ¢y (Ho(M)),
Ur(p™) = dpm (H1(P™)),
UO,I(N+7pm) = gb]_\fl*pm (HO,I(N+7pm))

as subgroups of @E, the result of Proposition 1.3.19 is valid for these groups. We
want to give an even more explicit notion of level structures for these three cases.

Let (A,7) be a complex abelian surface with QM by Op. In Lemma 1.3.12 we
defined the idempotent element e, that acts on A[M] and gives the decomposition
A[M] =Tm(eps) x Im(1 - epr).

Definition. A Vy(M)-triple is a triple (A,i,C) where (A, i) is a complex abelian
surface with QM by Op and C' is an Op-cyclic submodule of A[M] isomorphic to
(Z/MZ)?. The group C is called a Vo(M)-level structure on (A,17).

By Lemma 1.3.14 any Op-cyclic submodule C of A[M] isomorphic to (Z/MZ)?
decomposes as C' = ey (C) x (1 - epr)C and is uniquely determined by the M-cyclic
group e (C). Therefore, a V(M )-level structure on (A, 1) is equivalent to the choice
of an M-cyclic subgroup of Im(exy).

Definition. An isomorphism v : (A4,:,C) - (A',i',C") of V(M )-triples is an
isomorphism ¢ : (A,7) - (A’,4") of abelian surfaces with QM such that ¢ (C) = C".

Definition. We define Co(M) to be the category whose objects are Vp(M)-triples
and whose morphisms are isomorphisms of V(M )-triples.

Lemma 1.3.20. The categories Cyy(ary and Co(M) are isomorphic.

Proof. We build an explicit isomorphism ® : Cgy, a5y = Co(M) and its inverse.

Take (A,4,7) to be an object of Cy,(ar), so that & is an Ho(M )-equivalence
class of full level M structures. Take « € o/. The isomorphism 7, of (1.6) allows us
to see a as an isomorphism

a: My(Z/MZ) = A[M]

of Op-modules, where Op acts on the domain by left multiplication by the image of
the map
Op » Op/MOg 25 My(Z/MZ).

Similarly, the right multiplication by elements of (Og/MOpg)* on Op/MOpg cor-
responds to the right multiplication of GL2(Z/MZ) on My(Z/MZ). The group of
matrices

0 d

is an Op-cyclic submodule of My(Z/MZ), isomorphic to (Z/MZ)? as an abelian
group. Therefore its image C := a(Lg) is a well determined Opg-cyclic submodule
of A[M] isomorphic to (Z/MZ)?. A straightforward computation shows that right
multiplication by elements of Hy(M) stabilizes Ly. Therefore, for any other o’ € &7,
we still have that Cy = @’(Lg). This implies that the group C,, depends only on
the equivalence class 7, and we can set

Lo {(0 b)eMg(Z/MZ) : b,deZ/MZ}

O(A,i, o) :=(A,i,Cy).
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Let now ¢ : (A,4,.97) - (A’,i',.2") be a morphism of Cy (pr, i-e. an isomorphism
of Ho(M)-triples, and call with the same letter the underlying isomorphism of abelian
surfaces with QM. We define

(I)(w) : (Aalaod) - (Alvilac@/’)

to be the morphism induced by 1. We need to show that it preserves the level
structures. If a € &7, then &7’ is the Hy(M )-equivalence class of 1) o a. But then

Cor = (Yo a)(Lo) =¢(a(Lo)) = ¢¥(Cu).

Therefore, 1 induces an isomorphism of Vo (M )-triples.

We now build the inverse functor W. Let (A,7,C) be an object of Co(M ), where
C is a given Op-cyclic submodule of A[M] isomorphic to (Z/MZ)?. Let </ be
the set of all full level M structures that send Lo (isomorphically) to C. The set
¢ is nonempty because, using Lemma 1.3.14, one can complete a basis of C' (as a
Z|MZ-module) to a basis of A[M] and find an element of <7~ applying Proposition
1.3.13.

A direct computation shows that for any element a € o/, the entire Ho(M)-
orbit of « is contained in 7. On the other hand, if there are a1, as € @/ that lie
in different Ho(M)-orbits, the transitivity of the action of GLo(Z/MZ) proved in
Lemma 1.3.17 implies that there exists a matrix § = (2 4) € GLo(Z/MZ) with ¢ # 0
such that a1 = ag ors. But r5(Lg) is not contained in Lg, therefore if ay(Lg) = C
one cannot have that a1(Lg) = C, yielding a contradiction. Therefore, <7~ consists
of a single orbit. We can hence define

U(A,i,C) = (A,i, o).

Let now ¢ : (A,4,C) — (A’,i',C") be a morphism of Cy(M), i.e. an isomorphism
of Vo(M)-triples, and call with the same letter the underlying isomorphism of abelian
surfaces with QM. We define

U(y): (Ai, o) > (ALi, )

to be the morphism induced by . We need to show that it preserves the level
structures. Since ¥(C') = C’, for any « € &/ we have that ¢ o a € v, by definition
of Acr. Therefore, 1 induces an isomorphism of abelian surfaces with QM and
Hy(M)-level structure.

Using their definition, it is now straightforward to see that ® and ¥ are mutually
inverse functors. O

The previous lemma together with Proposition 1.3.19 implies that there is a one to
one correspondence between (isomorphism classes of ) Uy (M )-triples, Ho(M )-triples
and Vo (M )-triples.

Definition. Let m > 0. A Vi (p™)-tripleis a triple (A, i, P) where (A, ) is a complex
abelian surface with QM by Op and P is a point of order p in Im(e,m) < A[p™].
The point P is called a Vi (p™)-level structure on (4,17).

By Lemma 1.3.14 the Op-cyclic submodule generated by P has cardinality p*™,
and the choice of P in Im(e,m) is equivalent to the choice of (¢ §) P in Im(1 - exy).

Definition. An isomorphism ¢ : (A,i,P) — (A’,i',P") of Vi(p™)-triples is an
isomorphism v : (A4,1) - (A’,i") of abelian surfaces with QM such that ¢¥(P) = P'.
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Definition. We define C1(p™) to be the category whose objects are V;(p™)-triples
and whose morphisms are isomorphisms of V;(p™)-triples.

Lemma 1.3.21. The categories Cy, (ymy and C1(p™) are isomorphic.

Proof. As in the proof of Lemma 1.3.20, we start building explicitly an isomorphism
D CHl(pm) - Cl(pm).

Take an object (4,4, %) of Cy, (pmy, s0 that &/ is an H;(p™)-equivalence class of
full level p™ structures. Any « € o/ corresponds to an isomorphism

a: Ma(Z/p"Z) — A[p"]
of Op-modules. Then the point

Py=a (8 (1)) e A[p"™]

lies in Im(epm) and has order p™. Since the matrix (J{) is fixed by the right
multiplication of elements of Hy(p™), the point P, is independent on the choice of
a € o/. We then define

D(A,i, o) :=(A,i,Py).

Let now v : (A,i,4) — (A',i', /") be a morphism of Cp, (,my, i.e. an isomor-
phism of Hj(p™)-triples, and call with the same letter the underlying isomorphism
of abelian surfaces with QM. We define

‘I)(W : (Avivpﬂ) - (Al,ilaP,Qf’)

to be the morphism induced by ®. We need to show that it preserves the level
structures. If a € o7, then &’ is the Hy(p™)-equivalence class of ¢ o a. But then

Pyr=(Yoa) () =v(Py).

Therefore, ¢ induces an isomorphism of V;(p™)-triples.

We now build the inverse functor . Let (A, i, P) be an object of C1(p™), where
P e Im(epm) is a point of order p™. Let o/p be the set of full level p™-structures
that send (J{) to P. Combining Proposition 1.3.13 and Lemma 1.3.14 one can see
that @7p is not empty.

Since (§§) is fixed by the right action of Hy(p™), for every a € «/p the entire
Hy(p™)-orbit of « lies inside «/p. On the other hand, if there are aq, as € &p that lie
in different H;(p™)-orbits, the transitivity of the action of GL2(Z/p™Z) proved in
Lemma 1.3.17 implies that there exists a matrix § = (‘; Z) € GLo(Z/p™Z) with ¢ £ 0
or d # 1 such that a; = ag org. Then r5 does not fix 8(1]), therefore if asg 8(1)) =P
one cannot have that a; (§§) = P, yielding a contradiction. Therefore, @p consists
of a single orbit. We can hence define

U(A,i,P)=(Ai,9p).
Let now ¢ : (4,4, P) - (A’,i, P") be a morphism of C1(p™), i.e. an isomorphism
of V1 (p"™)-triples, and call with the same letter the underlying isomorphism of abelian

surfaces with QM. We define

V() : (A, i, ap) — (A, opr)
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to be the morphism induced by 1. Since )(P) = P’, for any « € &/p we have that
o€ Apr, by definition of «7p,. Therefore, ¥ induces an isomorphism of Hy(p™)-
triples.

Using their definition, it is now straightforward to see that ® and ¥ are mutually
inverse functors. O

The previous lemma together with Proposition 1.3.19 implies that there is a one
to one correspondence between (isomorphism classes of) U;(p™)-triples, Hi(p™)-
triples and V; (p™)-triples.

Definition. Let m > 0. A V1 (N*, p™)-quadruple is a quadruple (4,4, C, P) where
(A,i) is a complex abelian surface with QM by Op, C is a V(N ™)-level structure
on (A,i) and P is a Vi (p™)-level structure on (A,1).

Notice that the data of a V1 (N, p™)-quadruple (A, 1, C, P) is equivalent to the
data of the Vp 1 (N*p™,p™)-structure (A,i,(C, P), P).

Definition. An isomorphism ¢ : (A,i,C,P) —» (A',i',C',P") of Vo 1(N*,p™)-
quadruples is an isomorphism ¢ : (A,i) - (A’,i") of abelian surfaces with QM such
that ¢(C) = C" and (P) = P'.

Definition. We denote by Co 1 (NN, p™) the category whose objects are Vo 1 (N, p™)-
quadruples and whose morphisms are isomorphisms of V1 (N ¥, p™)-triples.

Lemma 1.3.22. The categories Cp, , (n+pmy and Co1 (N*,p™) are isomorphic.

Proof. Let (A,i) be a complex abelian surface with QM by Op. The Chinese re-
mainder theorem induces decompositions

Op/N p"Op 2 Op/N*Op xOp[p"Op and A[N"p"]z A[N"]x A[p™],
and the left action of Og coincides with the left action of
Ma(Z/N*p™Z) = Mo(Z/N*Z) x Mo (Z/p" 7).

Moreover, the group Ho 1(N*,p™) decomposes as the product Ho(N™) x H;(p™) in
GLo(Z/N*p™Z) =2 GLo(Z/N*Z) x GLo(Z/p™Z) and acts on the right on the module
Op/N*p™Op. This implies that there is a natural one-to-one correspondence be-
tween Hy 1 (N, p™)-level structures and couples of Hy(N™) and H;(p™)-level struc-
tures on (A,7). We then conclude applying Lemma 1.3.20 and Lemma 1.3.21. OJ

The previous lemma together with Proposition 1.3.19 implies that there is a
one to one correspondence between (isomorphism classes of) Up1(NT,p™)-triples,
Ho1(N*, p™)-triples and Vo 1 (N, p™)-triples.

Moduli interpretation of Shimura curves

Having settled the equivalence of all relevant level structures, we now see that the
open Shimura C-curves parametrize triples of complex abelian surfaces with QM by
Op and level structure.

Theorem 1.3.23 (Milne). Let U be an open compact subgroup of @g There is a
bijection between the open Shimura C-curve Yy (C) = B*\( x B*) /U and the set of
isomorphism classes of U-triples (A, i, ;).
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Proof. See [Mil79, Theorem 1.2]. See also [Mil03, Proposition 2.19 and Proposition
5.1]. O

Corollary 1.3.24. Let M + N~ and m > 0. There is a bijection between the open
Shimura C-curve Yy 31 (C) (resp. Y1,;m(C), resp. Y1, (C)) and the set of isomorphism
classes of Vo(M)-triples (resp. Vi(p™)-triples, resp. Vo1(N™)-quadruples).

Proof. Combine Theorem 1.3.23 with, respectively, Lemma 1.3.20, Lemma 1.3.21
and Lemma 1.3.22. ]

Remark 1.3.25. Let B be the split quaternion algebra My (Q) and let O = M3 (Z)
as in Example 1.2.9. A complex abelian variety (A,7) with QM by Op decomposes
as a product of an elliptic curve with itself via

10 0 0
as(t 9as(s 9)a
All level structures on A easily correspond to the respective classical level structures

on the elliptic curve (§§) A, giving the classical modular interpretation of modular
curves.

1.3.5 Canonical models over Q

In this subsection we see that all Shimura C-curves have a model over Q, meaning
that they consist of the complex points of some algebraic curves defined over Q.

For a compact open subset U of (;)E recall that Cy is the category of U-triples
(A,i, o). There is a natural action of Aut(C) on Cy and Cy/ %, defined in the
following way. If A is a complex abelian variety and o € Aut(C), define 0 A to be the
fibre product

cA — A

| |

Spec(C) —— Spec(C)

in which the bottom arrow is induced by o. More explicitly, if I4 is the homogeneous
ideal attached to a model of A inside P"(C), then o A is associated to the ideal o(14)
obtained by twisting by o the coefficients of every polynomial in 4. Every point
P=(xy::x,) € P"(C) that lies in A defines a point o P := (oxy :+--: 0xy,) € 0A,
and this correspondence induces an isomorphism o : A - g A.

If (A,7) has QM by Op, then there is an induced QM structure ?i on o A defined
as

%i(b) (o P) = o (i(b) P).

for every be Op and P € A (see Lemma 1.3.9).

If U is an open compact subgroup of @g and o is an U-level structure, define
o4 to be the set containing all o o « for every « € o/. Therefore, we get an action
of Aut(C) on the set of all U-triples,

o(Ayi, o) =(cAf i,04),

which preserves isomorphism classes.
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Theorem 1.3.26. Let U be a compact open subgroup of @g Then there is a unique
model Yy of the Shimura C-curve Yy (C) over Q for which the identification

Yy (C) = B\( x B)JU &5 ¢y ) =

of Theorem 1.3.23 is compatible with the actions of Aut(C) on Cy/ = and on Yy (C)
defined by its identification with the complex points of Yy .

Proof. For existence, see [Mil03, Theorem 3.1 and Theorem 5.2]. A discussion about
unicity is given in [Mil03, Theorem 3.10] and at the end of [Mil03, §3]. O

The model Yy; is called in literature the canonical model for the Shimura curve.
The study of canonical models of Shimura varieties has been started by Shimura and
Taniyama in the 60’s and continued later on by many other authors. For a summary
of the earlier work of Shimura, see [DelO6b].

Remark 1.3.27. Let U be an open compact subgroup of @g When B is a division
ring, the equality Xy7(C) = Y7(C) together with the previous theorem implies that
there is a canonical model Xy for Xy (C) over Q.

When, instead, B is the split algebra M3(Q), our compact Shimura curves of
interest are connected and correspond to compact modular curves which are defined
over Q by classical results (see for example [DS05, §7.7]).

From now on the algebraic curve Xy over Q will be called the Shimura curve
of level U, whose complex points are in bijection with the previously-called Shimura
C-curve Xy (C).

Remark 1.3.28. There is a purely algebraic way to define the scheme Xy over
@, namely as the solution of a moduli problem of families of abelian surfaces with
level structure. This interpretation allows one to generalize the correspondence of
Theorem 1.3.23 to Q-algbebras different from C.

One can indeed go further and discuss integral models of Shimura curves, find-
ing that Xy has a proper and smooth model over Z[1/N~ My ] for some My € Z
associated to the compact open subgroup U. The scheme Xy is the coarse moduli
space for a moduli problem that involves families of QM abelian surfaces defined over
schemes defined over Z[1/N~ My ] with some level structure. The scheme Xj; is the
fine moduli space for this moduli problem if U is small enough. For more on this,
see |Cla03|, [Buz97| and [Mil03, §2]. We won’t give more details since we will mainly
work with some special complex points on Shimura curves, called Heegner points.

1.3.6 From the moduli to the analytic interpretation

In this subsection we focus on the curves X,,, for m >0 and build an explicit corre-
spondence between isomorphism classes [(A,i,C, P)] of QM abelian varieties with
Vo1 (N*,p™)-level structure and elements of

Y;,(C) = B*\(Homg (C, Boo) x B*)/Ug 1 (N*,p™),

where the equality comes from (1.4). In [Vig05, §3.2] and [BD9S8, §4.1I] they treat
the same construction for the curves X /.
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The set Homg(C, B, ) as a moduli space

Definition. A quaternionic space attached to B is a 2-dimensional complex vector
space V equipped with a left action of By, i.e. an injection of rings B, = Endc (V).
An isomorphism of quaternionic spaces is an isomorphism of vector spaces com-
muting with the action of Be.

If V is a 2-dimensional complex vector space, we denote by Vg the 4-dimensional
real vector space underlying V. For a quaternionic space V we define Endp_ (Vkr)
to be the set of R-linear endomorphisms commuting with the action of Bs.

Lemma 1.3.29. The algebra Endp, (VRr) is (non-canonically) isomorphic to Be.
Proof. See [BD98, Lemma 4.3]. O

Definition. A rigidification of a quaternionic space V is an isomorphism

p: Bo — Endp_ (WR).
A pair (V| p) consisting of a quaternionic space V and a rigidification p is called a
rigidified quaternionic space.

A rigidification is usually seen as a way to define a right action of B, on Vg or,
equivalently, a left action of By on Vg. Look at the proof of Proposition 1.3.30 for
more insights on this.

Definition. An isomorphism between two rigidified quaternionic spaces (V, p) and
(V',p") is an isomorphism of quaternionic spaces ¢ : V — V' such that the diagram

Boo
\L x
P
Endpg,(Vk) —— Endp,_ (Vi
s (V) o Bnd s (1)

is commutative.

Proposition 1.3.30. There is a canonical bijection between Homg(C, By ) and the
set of isomorphism classes of rigidified quaternionic spaces.

Proof. See |BD98, Proposition 4.5]. We recall here how the bijection is built.
First, let 1 € Homg(C, Bs). Then we define V := Bo, viewed as a two-
dimensional complex vector space via the rule

M i=wvp(N)  for every v eV and X e C.

The left multiplication by Bs on V endows V with the structure of quaternionic
space. We define also a rigidification on V by the composition of the canonical
involution with right multiplication:
p: Beo —> Endp_ (VR)
br— (v vb").
The element v then corresponds to the isomorphism class of (V p).
On the other hand, let (V,p) be a rigidified quaternionic space. If A\ € C, mul-

tiplication by A\ determines an element of Endp_(Vk) denoted by my. Then the
map

Y: C— Bw
A pl(my)
determines the element of Homg (C, Bs,) attached to [(V,p)]. O
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Orientations of the Eichler order Ry+

Recall the Eichler order Ry+pm of level N*p™ defined in Subsection 1.2.2, for some
m > 0. For every prime ¢ we set (Ry+pm )¢ = Ry+pm ®7, Zy.

Lemma 1.3.31. With the notation above,

(1) if ("||N*p™ there are exactly two surjective homomorphisms of Zg-algebras

02' : (RN+pm)g —> Z/gnZ.

(i1) if £ | N~ there are exactly two surjective ring homomorphisms
oy i (Rnwpm)e=(0p)e — Fpe
where Fp2 is the finite field with (% elements.
Proof. See [Vig05, Lemma 3.2.2]. O

Definition. An orientation of the Eichler order Ry+,= is the choice of one of the
two homomorphisms o; for all £ | N*p™ and of one of the two homomorphisms o,
for all | N™.

From now on we fix orientations o for all /| N* and o, for all £| N~.

As seen in Lemma 1.1.17, for every ¢ | N~ the ring (Op); = Op ®z Z; is a non-
commutative valuation ring. We denote by m, the maximal ideal of (Op),. By
Proposition 1.1.26, (Op), contains the ring of integers of an unramified extension
of Q¢ of degree 2, therefore (Op)s/my = Fyp2. As pointed out in [BD98, §4.1], if A is
an abelian surface with QM by Op, the subgroup A[m,] ¢ A[{] of points of A killed
by my is a free (Op)¢/my-module of rank 1. We regard A[my] as a one dimensional
[Fj2-vector space by means of the orientation o, : (Op)¢ - Fyp2 chosen above.

The rigidified quaternionic space attached to a QM surface

Let (A,4,C, P) be an abelian surface with QM by Op and Vj 1 (N, p™)-level struc-
ture. We regard A as a compact, connected, complex Lie group. Then A = V/A
where V' = Lie(A) is the Lie algebra of A (which is a 2-dimensional complex vector
space) and A is an Opg-stable sublattice of V, explicitly given as the kernel of the
exponential map V — A. The left action of Op on A induces an action of Op on V.
By extending scalars from Z to R, we obtain an action of B, on V, therefore V is
a quaternionic space in a natural way.

Alternatively, by Proposition 1.3.11 we can suppose that A = A, and i = i, (see
Example 1.3.10). Then A = V//A; where V is a two dimensional C-vector space with a
left action of B, obtained extending the map too to a map Be 5 My(R) € My(C), as
explained in Example 1.3.10. In this way we recover the same quaternionic structure
on V.

Let now Mo(N*) = {(¢4) : a,b,d € Z/N*Z} and My(p™) = {(&}) : a,b,d €
Z[p™Z}. Recall also that the N*-level structure C' is equivalent to the data of
the N*-cyclic subgroup en+(C). A straightforward matrix computation shows that
en+(C) is stable with respect to the left action of My(N*) induced by the action of
Op via the isomorphism (1.6).

Lemma 1.3.32. (i) The ring Op is (noncanonically) isomorphic to Endp, (A).
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(ii) The ring Mo(N*) < Op/N*Op is (noncanonically) isomorphic to the subring
of Endp, (A) ® Z/N*Z preserving the Vo(N™)-level structure C' (or, equiva-
lently, en+(C)).

(i1i) The multiplicative monoid Mi(p™) ¢ Op/p™Op is (noncanonically) isomor-
phic to the submonoid of Endo, (A)®Z[p™Z preserving the Vi (p™)-level struc-
ture P.

Proof. For (i) and (ii) see [BD98, Lemma 4.6]. Also (iii) can be proven in the same
way, but we want here to build an explicit isomorphism.

Let </m be the Hy(p™)-level structure attached to P. Let a € </m be an
isomorphism of left Op-modules between Op/p™Op = My(Z/p™Z) and A[p™]. In
the proof of Proposition 1.3.21 we saw that P = a({{), and one can check that
(aory)(34) = P for every v € Mi(p™), where 7, is right multiplication by ~.
Moreover, this last property characterizes My (p™).

We define an injection

[ Mi(p™) — Endo, (A[p™]) 2 Endog (A) ® Z/p™Z

in the following way: for every @ € A[p™] and v € M7(p™) we define f(v)(Q) to be
(aoryoa™)(Q). Tt is then straightforward that f(v)(P) = P for every v € M (p™),
hence f induces an isomorphism between M;(p"™) and the subset of Endp, (A[p™])
preserving P.

A similar argument can also be used to find an explicit isomorphism for (ii). O

We now choose an isomorphism p : Op — Endp,(A) such that its profinite
completion

p:Op — Endp, (M) ®z Z,

has the following properties.

1. The reduction py+ of p modulo N* induces an isomorphism between My(N™)
and the subring of Endp,(A) ® Z/N*Z preserving the Vo(IN™)-level structure
C. We require also that the composition

PN+

RN*’pm —>> MQ(N+) — /)N+(M0(N+)) - Z/N+Z

corresponding to the action of py+(My(NT)) on en+(C) is equal to the product
of the chosen orientations o; for all £| N*.

2. The reduction pym of p modulo p™ induces an isomorphism between M;(p™)
and subring of Endp, (A) ® Z/p™Z preserving the level p™ structure P. This
choice automatically implies that pym (Mo(p™)) preserves (P). Moreover, the
choice of putting 1 in the lower right entry of the matrices in My (p™) deter-
mines uniquely the map

Ppm
Ryspm = Mo(p™) = ppr (Mo(p™)) — Z[p"™

corresponding to the action of ppm (My(p™)) on (P). More precisely, this map
sends (@ 4) e Mo(p™) to d (and it determines a unique orientation 0,)-
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3. For each ¢ | N7, notice that the action of p((Og)¢) = p((Rn+pm)¢) preserves
A[my], and its action commutes with the Fj-action defined by the chosen
orientation o,. We require the map

(O8)e 2 p((OB)e) » Fpe

attached to this action to coincide with the chosen orientation 0.

Then, if we call U the subset of Endp,(A) ®z 7 preserving C' and P, we have
that p~1(U)* = Uy 1(N*,p™). Moreover, the map p is well defined up to conjugation
by elements of Uy 1 (IN",p™) on the domain. By extension of scalars from Z to R the
map p induces an isomorphism

p: Boo — Endp_ (Vie).

Thus, the pair (V, p) associated to (A,i,C, P) is a rigidified quaternionic space.
It can be shown that it depends only on the isomorphism class of (A, i, C, P) and it is
defined up to the action of I" := Up 1 (N*,p"™) n B* on p by conjugation. By Proposi-
tion 1.3.30, the pair (V, p) gives a well defined point on the quotient I'\ Homg (C, By ),
hence on the Shimura curve X,,(C) by Lemma 1.2.3. This is the point of X,,(C)
that corresponds to [(A4,1,C, P)].

1.3.7 From the analytic to the moduli interpretation

In this subsection we give an idea on how one can pursue the converse of the con-
struction of the previous subsection.

Let T' := Up 1 (N*,p™) n B* and take [f] € I'\Homg(C, Bs). As shown in the
proof of Proposition 1.3.30 the rigidified quaternionic space attached to f is (V,p)
where V' = B, (with C-structure induced by f) and

p: Be —> Endp, (Vi)
br— (v vb").

The map p is the extension of scalars of a map py : Op — Endp,(Op). Calling
A := Op, we see that A =V/A is an abelian surface with QM by Op induced by left
multiplication.

The group of N*-torsion points corresponds to %A/A ¥ Op/N*Opg, which cor-
responds to Ma(Z/N*Z) via the isomorphism ny+ of (1.6) induced by the chosen
embeddings. We choose the V(NN *)-level structure on A to be the Op-submodule
that coincides with {(8 ¢) : a,beZ/N +Z} under these isomorphisms.

Similarly, take the Vi(p")-level structure P to be the point corresponding to
(3 3) under the isomorphism Op/p"Op = My(Z/p™Z).

One can prove that (A4,:,C, P) is a V5 1(N*, P)-quadruple whose isomorphism
class corresponds to the point [f] on the Shimura curve Y, (C).

1.4 Hecke operators on Shimura curves

In this section we review the theory of Hecke operators for the curves X, := Xo n+pm
and X,,. Thanks to the work of the previous sections, we are able to give a complete
description of their action both in the analytic and in the modular interpretation of
the curves.

Definition. Call Div(X,,) and Div(X,,) the groups of divisors of the Riemann
surfaces X,,,(C) and X,,,(C) respectively.
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1.4.1 The Hecke operators T}

Let m >0 and fix a prime ¢ + Np™. For all j € {0,...,£ -1} denote by 5\j € B the
idele whose ¢-component is equal to ( g 1 ) and whose components at all other primes
are equal to 1. Similarly, let Moo be the idele whose f-component is equal to ((1) 2)

and whose all other components are equal to 1.

Definition. ([LV11, §2.4]) The Tj-operator on Div(X,,) and Div(X,,) acts as

-1

To([(f.0)]) = Y L(F0A)] + [(f,bAe0)]

7=0
for every b e B* and f € Homg(C, Boo).

Passing to the modular interpretation, recall that any complex abelian surface
(A,i) with QM by Op has £+ 1 cyclic Og-submodules annihilated by ¢ (see Lemma
1.3.14 and Remark 1.3.15). Denote them by Dy,...,Dy. Then, the quotient isoge-
nies 9; : A - A/D; induce a natural QM structure i; on A/D; by Lemma 1.3.9.
Therefore, the action of the Hecke operator Ty on Div(X,,) can be described as

4

Ti([(A,3,C, P)]) = Z;)[(A/Djjiwcj,Pj)],
i

where C; and P; are the images of C' and P respectively under the quotient isogeny
;. A similar (and more classical) interpretation is also available for the curve X,.

1.4.2 The Hecke operator U,

Let m > 1. For all j € {0,...,p—1} denote by 7; € B* the idele whose p-component

is equal to (fg {) and whose components at all other primes are equal to 1.

Definition. ([LV11, §2.4]) The Up-operator on Div(X,,) and Div(X,,) acts as

p-1

Up ([(£,0)]) = 2 [(£.b7;)]

=0
for every b e B* and f € Homg(C, Bo).

Let now [(A,i,C,P)] be a Vp1(N*,p™)-quadruple. Since p + N~ then any
complex abelian surface (A,7) with QM by Op has p + 1 cyclic Og-submodules
annihilated by p, one of whom is the one generated by P. Denote the other ones
by D1,...,D,. Notice that two different cyclic Opg-submodules annihilated by p
intersect only in {O}. The quotient isogenies ¢; : A - A/D; induce a natural QM
structure i; on A/D; by Lemma 1.3.9. Therefore, the action of the Hecke operator
U, on Div(X,,) can be described as

Uy([(A.i,C.P)]) = i[(A/Dj,ij,cj,Pm,

where C; and P; are the images of C' and P respectively under the quotient isogeny
;. A similar interpretation is also available for the curve X,,.
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1.4.3 The diamond operators

Let m > 0. For any a € Z,, we denote with the same letter the idele of Q* c B~

whose p-component is a and whose components at all other primes are equal to 1.

Definition. For any a € Z;, the diamond operator (a) on Div(X,,) and Div(X,,)
acts as

(a)([(f,0)]) = [(f,ba)]
for every be B* and f € Homg(C, Boo).

Notice that [(f,-b)] = [(=1) - (f,=0)] = [((" %) - £,0)] = [(f.D)], therefore we
obtain the equality (-1) = (1).

If [(A,4,C,P)]is a Vo1 (N, p™)-quadruple, the diamond operator can be de-
scribed as

<a>([(A7’LvC7P)]) = [(A>i>0aa'P)]'

Thanks to this interpretation, it is immediate that the action of diamond operators
on Div(X,,) factors through (Z/p™Z)*.

1.5 The tower of curves

In the rest of the thesis, we will mainly work with the curves X, := X y+,m and Xm
defined in Subsection 1.2.2. In the previous section we have seen that these curves
are defined over Q and have a modular interpretation.

If we let m > 0 vary, the inclusions Uy(N*p™™) ¢ Ug(N*p™), Up 1 (N*,p™1) c
Uo1(N*,p™) and Up 1 (N*,p™) € Up(N*p™) yield a commutative diagram of curves

&m+2

st X, Sl X S

5ml %Hl (1.8)

b X e Xl
in which all maps are finite coverings that are defined over Q. Every such morphism
has an easy modular interpretation as a map forgetting the suitable level structure.
For example, the map f,, sends the class of a Vj1(N*,p™)-quadruple (A,i,C, P)
to the class of the Vo(N*p™)-triple (A4,1,(C, P)o,), where (C,P)p, is the Op-
submodule of A[N*p"] generated by C' and P.



Chapter 2

Heegner points on Shimura curves

In this chapter we introduce the theory of Heegner points on the curves X,, and X
In the modular interpretation, they correspond to abelian varieties with CM by an
imaginary quadratic fields. Their arithmetic will be fundamental for our work. For
this chapter, we mainly refer to [BD96|, [BD98| and [LV11] and use the following
notation:

Y.,  the open Shimura curve Yy y+,m for some m > 0;
Xy, the open Shimura curve Xg y+pm for some m > 0.

2.1 Abelian surfaces with QM+CM

In Theorem 1.3.6 we classified all possible endomorphism algebras for a complex
abelian surface. Among all complex abelian surfaces (A,7) with QM by Op, those
whose endomorphism algebra End(A) ®z Q is isomorphic to Ma(K) for some imag-
inary quadratic field K will play an important role for us.

Definition. Let (A,7) be a complex abelian surface with QM by Op. Then
Endop,(A):={feEnd(A) : foi(b)=1i(b)o f forall be Op}
is the group of endomorphisms of A commuting with the action of Op.

Definition. Let (A,i) be a complex abelian surface with QM by Op and let ¢ > 1.
If
EndoB (A) > O,

for the order O, of conductor ¢ in an imaginary quadratic field K, we say that (A, 1)
has QM+CM by (Op,O.). The number c is called the central conductor of A.

Lemma 2.1.1. Let (A,i) be a complex abelian surface with QM+CM by (Op,O.)
for an order O. in an imaginary quadratic field K. Then

(i) End(A) ®z Q = Ma(K);
(ii) K embeds in B;

(iii) A is not simple and is isogenous to E x E, where E is an elliptic curve with
CM by an order of K.

39
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Proof. (i) Theorem 1.3.6 gives only two possibilities for End(A) ®7 Q. If it were
End(A)®zQ = B, the centrality of the Q-algebra B would imply that Endp,(4) ®z
Q = Q, which is not true. Therefore End(A4) ®z Q = My(K') for some imaginary
quadratic field K'. But then K’ = K since K = O.®7Q is contained in End(A) ®7Q.

(ii) Since the center of B is Q, we have that Endp, (A) is not contained in i(Op).
Then, we have that End(A) = i(Op) ®z Endp,(A), that yields Ma(K) = B®g K.
Therefore, K is a splitting field for B and we conclude applying Proposition 1.1.26.

(iii) Since End(A) ®7 Q is not a division algebra then A is not simple, therefore
it is isogenous to the product of two elliptic curves Ej x Ey. By (i) we know that
End(E1xFE2)®7Q = Ma(K), hence we must have End(E1)®zQ = End(EF2)®7Q = K,
therefore £ and Fs have CM by an order in K and are isogenous. O

Remark 2.1.2. For those who are aware of the theory of complex multiplication
for abelian surfaces, in the language of [Mil07| or [Bil] we have that every abelian
surface with QM+CM by (Op, O.) has complex multiplication by the étale algebra
KxK.

One can go further in the characterization of abelian surfaces with QM+CM.

Theorem 2.1.3. Let (A,i) be an abelian surface with QM+CM by (Op,O.) for
some ¢ >1 and let E be an elliptic curve with CM by O.. Then there is an elliptic
curve E' of conductor ¢ | ¢ such that

AzExFE
as complexr abelian surfaces.

Proof. See |Ufel2, Theorem 4.4]. O]

Definition. If U is an open compact subgroup of Op and (A, 1) is an abelian surface
with QM+CM by (Op, O.) for some ¢ > 1, we say that the point [(A, i, )] € Xy (C)
is a CM point of conductor O, for any U-level structure ;.

2.2 Heegner points on X,, and X,,

In this section, we define Heegner points on the curves X,, and X,, and study some
of their properties.

2.2.1 Optimal embeddings

Just for this subsection, we let B be a quaternion algebra over any field F' that is
a finite extension of Q or of Q for some prime ¢. Let also K/F be a quadratic
F-algebra, fix an order O of K and an Eichler order R of B.

Definition. An optimal embedding of O into R is an embedding f : K - B
such that f~1(R) = O (equivalently, f(O) = Rn f(K)).
2.2.2 Heegner points on X,,

We now focus on the Shimura curves X, := Xo y+pm for m > 0.

Definition. Let (A,i,C) be a Vo(N"p™)-triple. Define End,, . (A) to be the subset
of Endp, (A) consisting of all endomorphisms that preserve the Op-submodule C' of
A.
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Definition. Let ¢ be an integer coprime with N = N*N~ and K be an imaginary
quadratic field. A Heegner point of conductor ¢ on X, is a point on X,,(C)
corresponding to a Vo(N*p™)-triple (4,4, C) such that

End,  (A) 2 O,
where O, is the order of K of conductor c.

Remark 2.2.1. This definition follows [BD98, Definition 5.1]. For example, a triple
[(A,i,C)] with QM+CM is a Heegner point of conductor equal to its central con-
ductor if C' is stable under the action of Endp,(A). In general, the conductor of
a Heegner point divides the central conductor of the corresponding surface with

QM+CM.

In [BD98, §4.1I] they describe how one can explicitly build the point of X,,(C)
corresponding to a Vo(N*p™)-triple (A,i,C) (their contruction is indeed the inspi-
ration for what we did in Subsection 1.3.6). We recall here some highlights.

Let (A,i,C) be a Vo(N*p™)-triple. Then A =V /A where V is a two-dimensional
C-vector space and A is an Op-stable sublattice of V. The left action of Og on A
induces a natural action of Op (and hence of Op ®7 R = By ) on V. Therefore, V is
a quaternionic space. One then defines a rigidification starting from an isomorphism

p:Op — Endp, (A)

that must satisfy the properties corresponding to (1) and (3) of Subsection 1.3.6
(i.e. properties (1) and (2) of [BD9S8, §4.II]). In particular, we must have that
p induces a bijection between Ry+,m and the subset of Endp,(A) preserving the
group C. Extending the scalars from Z to R, we see that the space (V,p) is a
rigidified quaternionic space. For every A € C call m) the multiplication by A in
Endp_ (Vg). Then we define the homomorphism

P : C— By

A p7H(my).

This morphism induces a well defined element of I'\ Homg (C, Beo ), where I' = Ry .
This quotient is in bijection with Y;,(C) by Lemma 1.2.3.

Starting now with a triple (A,7,C) whose isomorphism class is a Heegner point
of conductor ¢, we see that End,  (A) = O, is contained in the subset of Endo, (A)
that preserves C'. The map ¢ is then the extension of scalars of a map

1/}0 : Oc - RN*pm'

The map g := Yo ® Q induces an optimal embedding of O, inside Ry+p». Indeed,
if there was Oy with ¢’ | ¢ such that ¢g(Or) € Ry+pm then the multiplication by
any element of O would be an endomorphism of Endp, (A) that fixes C. Therefore
¢=c'. Then we have the following theorem.

Theorem 2.2.2. Let ¢ be a positive integer coprime with N. There is a bijection
between the set of Heegner points of conductor ¢ on X,,(C) and the set of points

[f] € Ry+pm\ Homg (K, B)

such that f is an optimal embedding of O. into Ry+pm.
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Proof. With the discussion above (see also [BD98, Theorem 5.2|) we have seen that
every Heegner point of conductor ¢ corresponds to an optimal embedding.
Conversely, let f € Homg(K, B) be an optimal embedding and take (V,p) to
be the rigidified quaternionic space attached to f ®p R. With the same ideas of
Subsection 1.3.7 one can build a Vo(N*p™)-triple (A,4,C), where A = V/A with
V = Bo and A = Op. Since f is an embedding of O, in Ry+,m, the rigidification
p induces an embedding of O, in End,_ (A). The optimality of f implies that
End, . (4) = O.. O

Applying the isomorphism of Lemma 1.2.3, one easily finds that an element
[(£,5)] € BX\(Homg (K, B) x B*)/R-pyn € Yin(C)
is a Heegner point of conductor c if and only if
FE) nbRypmb™ = f(O0),

i.e. if and only if f is an optimal embedding of O, into the order bRN+pmb_1 n B.
Therefore, we recover the definition of [BD96, §2.1|. For more properties of Heegner
points on X,,, see [Vig05, §3|.

2.2.3 Heegner points on X,,

Recall that, for every m > 0, there are degeneracy maps S, : X, = Xy defined in
(1.8).

Definition. Let ¢ be a positive integer coprime with N = N*N~ and K be an
imaginary quadratic field. A pre-Heegner point of conductor ¢ on X,,(C) is
any point P € X,,,(C) such that §,,(P) is a Heegner point of conductor ¢ on X,,.

Remark 2.2.3. Let f € Homg(K, B) and b € B*. The discussion of the previous
section implies that [(f,b)] € X,;n(C) is a pre-Heegner point if and only if f is an
optimal embedding of O, into the Eichler order bRN+pm b 'nB.

On the modular side, the class of a Vp1(N*,p™)-quadruple [(A4,i,C,P)] is a
pre-Heegner point of conductor c if the subset of Endp, (A) consisting of all endo-
morphisms that preserve the Op-submodule generated by C and P is isomorphic to

the order O, of K.

We now want to streghten the condition of being a pre-Heegner point, in order to
control the field of rationality and to have compatibility when changing the parameter
m. In literature, there are some different ways to do that. We present here the
approach of [LV11, Definition 3.1].

Definition 2.2.4 ([LV11]). We say that a pre-Heegner point P = [(f,b)] € X, (C)
is a LV-Heegner point of conductor ¢ on X, if

5 ((0c® Zp) ) n by Uppbp) = (Oc ® Zp)* 0 (1+ 9" O ® Z,,)%,

where Uy, = Up1(N*,p™) and the subscript p means that we are taking the p-
component of the object.

This definition has the merit of having a meaning both in the definite and in the
indefinite case (although in this thesis we are only considering indefinite Shimura
curves). We will see later that Longo and Vigni were able to build a family of big
Heegner points starting from this definition.
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Remark 2.2.5. There is a second possible approach to define Heegner points on
X,,. The construction is modular and is a direct translation of the work of Howard
in [How07, §2.2] in the context of indefinite Shimura curves. The idea is to build
explicitly a family of pre-Heegner points and prove directly the needed compatibility
relations. We will present this construction in a future work.

Following [LV11, §3]|, we list some properties of LV-Heegner points on X,,. In
order to do this, we must fix once and for all an imaginary quadratic field K with
the following properties.

Assumption 2.2.6. From now on we fix an imaginary quadratic field K such that

e The discriminant of K is not —3 or —4, so that O = {+1}.

e The primes dividing Np do not ramify in K;

e The class number of K is prime to p;

e The primes dividing N* (respectively, N™) are split (respectively, inert) in K.

This last condition, sometimes called the generalized Heegner hypothesis,
implies that there is an embedding of K into B (see Proposition 1.1.26). The third
condition will be exploited in Chapter 4.

For any ¢ > 1 coprime with N we denote by O, the order of K of conductor ¢ and

with H, the ring class field of K of conductor c¢. We also denote by p,m the group
of p™-th roots of unity.

Proposition 2.2.7. Let P € X (C) be a LV-Heegner point of conductor cp™ on
Xpm. Then P is defined over Hepm (pipm), i.e. P e Xy (Hepm (pipm)).

Proof. See |LV11, Propositions 3.2 and 3.3|. O

Proposition 2.2.8. Let P« X@(C) be a LV-Heegner point of conductor cp™ on X
for somen>m>1 and let Q € X,,(C) belong to the support of U,(P). Then

UP(P) = TrHcp7L+1(/‘Lpn+1)/HCpn(up"L+1)(Q)
in Div(X,,).
Proof. See |LV11, Proposition 3.4]. O

Proposition 2.2.9. Fiz a prime £ + Np™c which is inert in K. Let P € X (C)
be a LV-Heegner point of conductor cfp™ on X, and let Q € X,,,(C) belong to the
support of Ty(P). Then

Ty(P) = Tr 1,y (uym ) Hoyr 1) (Q)
in Div(X,,).

Proof. See [LV11, Proposition 3.5|. O
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2.3 A compatible family of Heegner points

In this section we review the properties of the compatible family of LV-Heegner
points built in [LV11, §4].

Let ¢ > 1 and m > 0 be integers with (¢, N) = 1. Using the theory of optimal
embeddings, Longo and Vigni built in [LV11, §4] a family of Heegner points Iac,m of
conductor ¢p™ on X,,, that satisfy the following compatibility properties. Write

Gmx : Div(Xy,) — Div(X,,1)
for the map between divisor groups induced by @, (see (1.8)).

Proposition 2.3.1. Let m >0 be an integer and c > 1 be coprime with N. Then
(a) If £ + Np™c is a prime inert in K, then
Te(Fen) = T g () Her () (Pet.m)

in Div(X,,).

(b) If m >1 then
Up(Pcvm) = TrHEpm+1 (/prerl )/Hcp”L(Iprerl)(Pcpvm)

in Div(X,,).

(¢) If m>1 then
Up(pc’m) = dm"'l’* (TrHcpm+1 (l"‘pm+1 )/ch?m(“pm+1)(Pc’m+1))
in Div(X,,).

Proof. See |LV11, Propositions 4.7, 4.8 and 4.9]. Notice that the assumption at the
end of [LV11, p.293] that Ogm = {£1} is automatically verified here thanks to the
first point of Assumption 2.2.6. O

Let ecyc : Gg — Z, be the p-adic cyclotomic character and set p* = (—1)%1]7.
By class field theory, Q(\/p*) € Q(n,,) and Q(v/p*) € Hp. The restriction of ecye to
Gal(Q/Q(+/p*)) takes values in (Z;)Q, hence there is a unique continous homomor-
phism

6: Cal(Q/Q(V/p")) — Zp/{21)

such that 62 = Ecye-

Lemma 2.3.2. Let ¢c,m > 1 and (¢, N) = 1. For every o € Gal(Q/Hpm) we have
that

0(Pen) ={0(0))Pen.
Proof. See [LV11, §4.4]. O



Chapter 3

Hida theory and big Heegner
points

In his seminal papers [Hid86b| and [Hid86a|, Hida described a way to build families of
p-adic modular forms passing through a fixed ordinary modular form. These p-adic
families have their own associated Galois representations, which will be fundamental
for our work. Until today, Hida theory has been developed by many other authors
in many different directions.

The aim of this chapter is to give an introduction to classical Hida theory, focusing
on the Galois representation side of the matter. Nothing here is really new, but we
hope that our work of summarizing and re-ordering results will be useful to somebody.

For this chapter we use the following notation:

N  asquarefree integer greater than 0;

P a prime with the property that p 4+ 6.V;

®,, the group T'o(N) nT'1(p™) for some m > 0;

E,  either the group I'1 (Np™) or the group ®,, for some m > 0;
r the group 1+ pZ,;

F a finite extension of Q.

Notice that the assumptions on N and p are compatible with the choices of the
same letters done in the previous chapters. We will eventually assume that they are
the same numbers.

3.1 p-adic Hecke algebras

Let m > 0. Let S.(I't(Np™)) and S,(®,,) be the spaces of cusp forms of weight
r > 2 and level T'1(Np™) and ®,, := To(N) nT'1(p™) respectively. We will use the
letter =, to denote any of the groups I'; (Np™) or ®,,.

Definition. For any subalgebra A of C we define S, (Z,,, A) to be the A-submodule
of S;(E,,) consisting of all modular forms with Fourier coefficients in A.

We have the following integrality result.

Lemma 3.1.1. For any subalgebra A of C and =, as above, the map

S (Bm,Z) ®7, A —> S, (Em, A)
f®a—af

45
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s an isomorphism.

Proof. See [Hid00, Theorem 3.12]. O

This lemma allows us to define S, (Z,,, A) as S.(Zm,Z) ®z A for any algebra A,
not necessarily contained in C. Since S,(Z,,,Z) is a finitely generated torsion-free
Z-module, it is also free over Z. This implies that S,(Z,,, A) is finitely generated
and free over A.

Deﬁniti_on. The space of p_—adic cusp forms of level =, and weight r > 2 is
Sr(EmyQp) = Sr(Ema Z) ®7 Qp-

3.1.1 Hecke algebras

By [Hid00, Theorem 3.13|, the usual Hecke operators T, for ¢ + Np, together with
operators Uy for | Np and diamond operators (d) for d € (Z/Np™Z)* acting on the
space Sy (I'1(Np™)), restrict their action also to S;(®,,). The same result implies
that the space S,(Z,,,7Z) is stable under their action, for Z,, equal to I'1(Np™) or
®,,. This last fact allows us to define the action of these operators on the space
Sy (Em, A) for every algebra A, by linearity.

Definition. Let A be any subring of Q,. Denote by h,(Z,,, A) the A-algebra of all
Hecke and diamond operators acting on Sy (Z,,, A4).

For every A € Q,, the space S,(Z,, A) is generated as an A-module by S,(Z,,7Z)
and all Hecke and diamond operators are A-linear. Hence, the A-algebra b, (Z,,, A)
can be naturally identified with the A-algebra generated by all Hecke and diamond
operators acting on the space of p-adic cusp forms S, (Z,,, @p). We will mainly deal
with the case when A is the ring of integers of a finite extension of Q,,.

Lemma 3.1.2. Let F' be a finite extension of Q, and call O its ring of integers.
Then

br(Ema OF) = br(Emyz) ®z OF
is commutative, free of finite rank over Op for every r > 2.

Proof. Tt is well known that b, (Z,,,Z) is commutative, free of finite rank over Z (see
for example [DI95, Corollary 12.4.3]). The equality b,.(Z,,,Ofr) = b,.(E,,Z) ®7z O
is just commutative algebra (see for example [Mat89, Theorem 7.11]), and the result
follows. O

From now on F will be a fixed finite extension of Q,. The Op-algebra b, (=,,, OF)
can be endowed with the structure of an Op[(Z/p™ NZ)* ]-algebra via the morphism

Or[(Z[p"NZ)*] — b,(T'1(Np™),OF)

(4] — d2(d) (31)

for d € (Z/p™NZ)*. Here we denote with square brackets the group elements of
Or[(Z[p™NZ)*] and with angled brackets the diamond operator in b,(Z,,,OF).
The choice of this map is made following [How07| and [LV11] rather than [Hid86b],
|[Hid86a| and [NPO0O], where they use a different normalization.

When =, = ®,,, the map in (3.1) factors via Op[(Z/p™Z)*]. For fixed r > 2 and
m >t > 1, the inclusion of Sr(Et,@p) into Sr(Em,@p) induces a canonical surjective
homomorphism

¢m,t : bT‘(Eﬂ’M OF) - hr(E’tv OF) (32)
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defined by sending each Hecke operator in b, (Z,,, Or) to its corresponding one in
hT(Eta OF)

Definition. Let r > 2. We define the big Hecke algebras of tame level N and
weight r to be

hl,?" = linbr(rl(Npm),OF) and b, ::lil_nbr(q)maoF)a

m m
where the inverse limit is taken with respect to the maps ¢, ; defined in (3.2).

Taking the inverse limit of the maps in (3.1), b1, is naturally an algebra over

Op([Zx]] = lim Op[(Z)p" NZ)],
m

where Zy = Liilm(Z/pmNZ)X = 1i£1m((Z/me)X x (Z|NZ)*) = Z, x (Z|NZ)*. In

particular, we can view by, also as a module over Op[[Z,]]. The structure map

Or[[Z;]] = b1, is explicitly given by

[2] — 2" 7%(2) (3-3)

for every z € Z,, where (2) € b1, is the unique element that projects to (z (mod p™))
on h,.(T'1(Np™),Or), for every m > 1. In the same way, mutatis mutandis, also the
big Hecke algebra b, is naturally an Op[[Z; ]]-algebra.

The decomposition Z); = (Z/pZ)* x (1+pZ,) induced by the Teichmuller character
gives also an action of

Ap:=0p[[1 +pr]]

on by, and b,.

3.1.2 The ordinary part

The algebras b1, and b, are too big to work with. For this reason, we are going to
define canonical subalgebras, called big ordinary Hecke algebras. One reference for
this construction is [Hid93, §7.2]. The construction is purely algebraic, so we give
first a general treatment of the theory.

Lemma 3.1.3. Let A be a ring, I an ideal of R. If R/I and I are finite, then R is
finite.

Proof. The function

R/IxI— R
(r+I,i)—r+i
is clearly surjective, hence the lemma follows. O

Proposition 3.1.4. Let F/Q, be a finite extension, Of the ring of integers of F.
Let A be a commutative Op-algebra of finite rank over Op and take x € A.

(a) The limit

. |
ey :=lima™
n

exists in A and is an idempotent of A.
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(b) If e, # 0, then e, A is the greatest factor of A in which the projection of x is
wnvertible.

Proof. (a) Suppose first that A is local, call m its unique maximal ideal. Since A
is finite over Op, then A/m is a finite extension of the residue field of O, hence
the cardinality of A/m is finite. Since A is Noetherian, the quotients m/m‘*! are
finite vector spaces over A/m for every i > 1, so, applying the previous lemma, the

cardinality of A/m” is finite for every r > 1. Call

Ay = #(A/m’/‘)x

and notice that a, | a1 for every r > 1. If z € A (i.e. x ¢ m), then 2% =1 (mod m?)
for every 7 < r. By Krull intersection theorem, N2, m’ = 0, hence the limit lim,, 2™
exists and is equal to 1, since a, will eventually divide n! for every r. If x ¢ A* (i.e.
z em), then 2™ € m™ hence lim, 2" = 0.

We move now to the general case. Since A is a finite commutative algebra over
a complete local noetherian ring, by [Eis13, Corollary 7.6] A is the (finite) product

S
A=]]An,

i=1
of the completions Ay, of A at all its maximal ideals m;. Moreover, the topology of
A as an Op-algebra corresponds to the product topology on [];_; Am, (this is clear
when looking at the proof of [Eis13, Corollary 7.6]). We can now write our fixed
element x € A as

x=(r1,...,%5)

where z; € An,. Then, applying the result of the previous paragraph,
lirrln;r"! = (liyrlnx?!, e ,li}lna:;‘!) €{0,1}°

is an idempotent.

(b) Follow the proof of point (a). If A is local, then e, # 0 implies e, = 1 and
x invertible. If A = [];_; Aw, is not local, then e,x corresponds to the s-uple where
(ezx); is equal to z; or 0 depending on whether (e;); =1 or (e;); = 0, i.e. whether
x; is invertible or not in Ap,. Since ez A corresponds to the product of those local
factors Am, such that (eg); = 1, then e, is invertible in e; A, and e; A is maximal
with this property. O

Remark 3.1.5. Point (a) of the proposition above is [Hid93, Lemma 7.2.1], but
here we gave a slightly different proof, in order to have point (b) as an immediate
consequence.

Now we apply this theory to our specific case, with A = h,(E,,,OF) and z = U),.

Definition. Let r > 2 and m > 0. We define Hida’s ordinary projector to be the
idempotent
. | —_
67?,1;(111 =ey, = h?gn U;L €b.(Em, OF),

whose existence is granted by point (a) of Proposition 3.1.4.

Definition. For any b, (Z,,, Or)-module M we define the ordinary part of M to
be
Mord o eord]u—
T otrom .
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Notice that when M =, (Z,,,Op) we have an algebra decomposition
b'r(Enu OF) = br(Emu OF)Ord X (1 - eg,r;?il)hr(Emy OF)

By point (b) of Proposition 3.1.4, b, (Z,,, Or)° is the greatest factor of b,.(Z,,, Or)
on which U, is invertible.
By definition, the maps ¢p+1,m, defined in (3.2) satisfy

d
¢m+l,m (egfrcrlwl ) = egfmv

ord

hence we can define €™ = lim ¢
T T,m
«~—m

ordinary projector.

in b1, and b,. This element is also called Hida’s

Definition. The big ordinary Hecke algebras or tame level N and weight
r > 2 are the algebras

{5 = e = lm b (D (Np™). 0p)™ and 57 = 2", = Ly (@0, 06)™.

m m

o in this case, for an by, or h-module M we denote e v . Again,
Also in thi f , dule M we denote ™M by M. Agai
h(fff and f],?rd are the greatest factors of b1, and b, respectively where U, is invertible.

3.1.3 Duality

Let A be any commutative ring and =, be either I'; (Np™) or ®,, for some m > 0.
For any cusp form f € S, (E,,,A) we denote with a,(f) the n-th coefficient of the
Fourier expansion of f.

Definition. For every r > 2 and m > 0 we define the following pairing:
(, ):br(Em, A) x 8 (Em,A) — A
(T, f) — a1 (T f).
Theorem 3.1.6. The pairing ( , ) is perfect, i.e. induces isomorphisms of A-modules
HomA (S, (Em, A),A) 25,.(Em, A) and Homa(h,(E,,,A),A) 2 S.(En, A)

for every v > 2 and m > 0. The same pairing restricts to the ordinary parts and
induces isomorphisms of A-modules

Hom (S, (B, A), A 2 b, (En, A, Homa(hr(Em, A)7 A) 2 5. (E,,, A)

Proof. The first part descends from [Hid00, Theorem 3.17|. The second statement
is a consequence of the fact that

(T, €258 1) = (€5 T, e3ia ) = (2T f)

' Crom » Crm ,m

for every T € b, (E,,,A) and f € S (En, A). O

Let now OF be the ring of integers of a finite extension of Q,. Recall that the ring

b, (Em, Or) is an Op[(Z/Np™Z)*]-algebra via the map [d] = d"2(d) (see (3.1)).
We can make S,(E,,,Or) an Op[(Z/Np™Z)* ]-module via

[d] - f = d"*(d) . (34)

This induces an Op[(Z/Np™Z)*]-module structure also on Hom 4 (S, (E,,, Or), OF).
Then we have the following result.

Lemma 3.1.7. If A= Op, the pairing ( , ) and the isomorphisms of Theorem 5.1.6
are Op[(Z|Np™Z)*]-equivariant.

Proof. Straightforward. O
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3.1.4 Structure theorems

In this section we sum up the most important structure theorems for the big ordinary
Hecke algebras h‘frd and h24. The first has been widely studied in [Hid86b], [Hid86a]
and [NPO0O|, while the second has been used in [How07| and [LV11]. We try here to
fill some gaps in literature and show how one can derive the properties of b?rd from
the known results about h‘fﬂ. The key result in this direction is the following lemma.
Recall that at the end of Subsection 3.1.1 we defined a structure of Ap-modules for
b1, and b, that naturally induces a structure of Ap-modules on b‘fﬂ and f)?rd.

Lemma 3.1.8. If the cardinality of (Z/NZ)* is not divisible by p, we have that Hod

is a direct summand of b3*Y as a Ap-module.

Proof. Let m be a fixed uniformizer of Op. [Hid00, Theorem 3.15| implies that the
module D, := S@"Y(®,,, Op /7" OF) corresponds to the submodule of fixed elements
for the action of G := (Z/NZ)* on E,, := ST (Np™), Op /7" OF) via the diamond
operators. The map

E,— ES =D,

1
Tr— — ) gT
Gl 2

(3.5)

is well defined since p 4 |G| and it gives a G-equivariant splitting of the injection
D, = E¢ < E,,, hence D,, is a direct summand of E,, as an (Op/7"Op)-module.

Taking inverse limits on n, we obtain that S*4(®,,,Or) is a direct summand
of ST (Np™),OF) as an Op-module. It is immediate to see that the split-
ting induced by (3.5) is linear with respect to the action of Op[(Z/Np™Z)*] on
SO (T (Np™), OF) defined in (3.4). Therefore, S (®,,,OF) is a direct summand
of ST (Np™),OF) as an Op[(Z/Np™Z)*]-module.

The duality between cusp forms and Hecke algebras (see Theorem 3.1.6 and
Lemma 3.1.7) gives that b, (®,,, O)° is a direct summand of b, (T';(Np™), Op)°4
as an Op[(Z/Np™Z)*]-module. Taking the inverse limit on m, we obtain the claim
of the lemma. O

Theorem 3.1.9. Let r,r’ > 2.

(a) There is a canonical isomorphism of Ap-algebras

hord ~ rord

1,r = Y1,/

that sends Hecke operators Ty, Uy and d"2(d) to Ty, Uy and d”'=2(d) respec-
tively.

(b) The algebra f)cl’ff is finite and free over Ap for any r > 2.

Proof. Point (a) is [Hid86a, Theorem 1.1], point (b) comes from [Hid86b, Theorem
3.1]. See also [NP0O, Proposition 1.4.3|. O

Corollary 3.1.10. If the cardinality of (Z/NZ)* is not divisible by p, then:

(a) The isomorphism of point (a) of Theorem 3.1.9 induces an isomorphism of
Ap-algebras Ho'd = h?fd,

(b) The algebra ho™ is finite and free over Ap for any r > 2.
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Proof. (a) By Lemma 3.1.8 we know that f)?rd is a direct summand of h(ff;i, therefore

we can restrict the isomorphism of point (a) of Theorem 3.1.9 to h%'. Since each

Hecke operator is sent to the corresponding one in hcl’rf},, we see that h?rd is sent

surjectively to hord.

(b) By Lemma 3.1.8, h%¢ is a direct summand of f)‘l’rf Applying point (b) of
Theorem 3.1.9 we have that h;’rd is finite and projective over Ap, hence it is free
since Ap is a local ring. O

Remark 3.1.11. This corollary is stated at the beginning of [How07, §2.1] and at
the end of [LV11, §5.1] without proof and without the assumption of p not dividing
the cardinality of (Z/NZ)*. However, we were able to derive it only assuming this
further hypothesis and we still don’t have a proof for the general case. An idea could
be trying to follow the proof of [Hid86a, Theorem 1.1| using the group ®,, instead
of T'1(Np™), but we haven’t investigated further.

From now on we identify all big ordinary Hecke algebras f)cl’frd for all 7 and Hord
for all » by means to the isomorphisms of Theorem 3.1.9 and Corollary 3.1.10 re-
spectively, so we simply set

ord ._ pord ord _ ypord
1 =912 and h™" =hy'".

We will also use the letter I' to denote the group 1+ pZy, so that Ap = Op[[T']], and
we fix a profinite generator v of T'.

Definition 3.1.12. For every r > 2 and m > 1 define

m—1

o wrm = (1" A0 e A

1

o Po=[v]-e(7)y" 2 € Op[e][[T]] for every homomorphism ¢ : T/T?" " — Q3.

Notice that there are identifications I?"" =1 +p™Zy and F/I‘pm_1 = Z[p" 1.

Lemma 3.1.13. Let r >2 and m > 1. We have the equality

Wrom = H Pna €A,

€ F/Fpm_l —>QI>;

1

- Q3.

where the product runs over all possible homomorphisms € : F/Fpm_

1

Proof. The roots of the polynomial XP" ' —(=2p""" ip Qp are e(y)y"? with ¢
varying among all possible characters of F/FPWH ~ 7Z/p™ 7. The lemma follows by
substituting X with [~v]. O

Corollary 3.1.14. For a fized r > 2, we have that wym | Wrms1 0 Ap for every
m>1.

Proof. Appling Lemma 3.1.13 we find that

wrm = 1 Pre= I P I Pe=wrm- JI Pre
& D/TP™ 0y R & DI S
€ primitive € primitive
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Following the conventions of [Hid86b| and [Hid86al, for any congruence subgroup
To(Np™) 2 A 2 T1(Np™) and for any character x of A/T'1(Np™) we denote by
Sy (A, x) the subspace of S,(I';(Np™)) made by all modular forms such that the
modular action of matrices in A factors via x on them. We will use a similar
notation for the corresponding algebras of Hecke operators.

Theorem 3.1.15. The canonical maps h"4 5 h(l’ff - b (T (Np™), 0p)°™ induce
isomorphisms

07"/ P S by (T (NP)ATo(p7), 2, OF) ™, 05 feormb$™® = b, (T1(Np™), Op) ™
for everyr>2, m>1 and ¢: F/I‘pmi1 - O%.
Proof. This is a consequence of [Hid86a, Theorem 1.2|. In particular, the images of
the elements P, of [Hid86a, Theorem 1.2] in h$™¢ via Hida’s structure map (that
differs from ours for a factor) correspond (up to a unit) to the images of our elements
P.=[v]-e(7)y % in b4 via our structure map.

Then our element w;.,, coincides up to a unit with the element with the same
name defined by Hida a few lines after [Hid86a, Theorem 1.2], and the lemma follows.
See also [NP0O, Proposition 1.4.3]. O

Corollary 3.1.16. If p does not divide the cardinality of (Z/NZ)*, the canonical
maps h°4 S 50" = b (D,,, Op)° induce isomorphisms

64/ P, 5 S 5,(D1(p) N To(Np™), 2, 01)% %, 5w, b = b,(Dy, O )

m—1

for everyr>2, m>1ande:T'/T?" - OF.
Proof. Immediate from Theorem 3.1.15 and the splitting of Lemma 3.1.8. OJ

Remark 3.1.17. In the previous theorem, the character ¢ is seen as a character of
(T1(p) nTo(Np™))/T1(Np™) via the natural isomorphism

1

(T1(p) nTo(Np™))/T1(Np™) = (ZNZ) x Z[p™ ' Z = (Z/NZ)* < T /TP,

being by definition the trivial character on the factor (Z/NZ)*.

3.2 Hida families

In the previous section we studied the structure of p-adic big ordinary Hecke alge-
bras. We now fix a cusp form (with certain properties) and see that it defines a
decomposition of the big ordinary Hecke algebra that is associated, by duality, to a
family of p-adic cusp forms. We will then focus on the Galois representation attached
to this family.

3.2.1 A fixed cusp form f

We review some terminology and some facts about cusp forms. Let M > 1 and k > 2
be integers. For every congruence subgroup I' contained in SLy(Z), there is the so
called Petersson inner product, defined by

B 1
Ve Jxm

(f.9)p F(2)3(2) Im(2)"dp()
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for every f,g € Sp(T'), where X(T') is the compact modular curve attached to I,
du(z) = dz# is the hyperbolic measure of the upper-half plane (for z = x +iy), Vp
is the volume of X (I") with respect to p and g denotes the complex conjugate of
g. For more details, see for example [DS05, §5.4]. The Petersson inner product is

Hermitian-symmetric and positive definite.
Definition. For each divisor d of M we define
iq: (Sk(P1(M/d)))* — Sp(T1(M))
(fo9)—f+(39)9.

If M = AB with (A, B) =1, the subspace of B-old cusp forms of level M is

SpMTM)) = Y da(SeTi(M/d)))*.
(dc,lJ'B]\)4¢1

The subspace S2™%(I';(M)) of B-new cusp forms of level M is the orthogonal
complement of SZ~°4(T'; (M)) with respect to the Petersson inner product.

When B = M we will write S’gld and S7°V instead of S ,iw —old and S,]y W respec-
tively. The spaces SZ=°4(T'y(M)) and SZ1°W(I'y(M)) are stable under the action
of all Hecke and diamond operators (see [DS05, Proposition 5.6.2|). Notice that there
is the decomposition

Sp(T1(M)77 = @ | @ ia(Su(T1(P)™™)? |,

BIPIM | a2

as remarked also in [MT99, Equation 3.4].

Definition. Let f € Sp(I'1(M)). We say that f is an eigenform if it is an eigen-
vector for the action of all Hecke operators Ty for £ + M, U, for £| M and (d) for all
d € Zso. An eigenform f(z) =77 an(f)q" is normalized if a;(f) = 1.

Proposition 3.2.1. Let f € S(T'1(M)) be a normalized eigenform. Then there is a
normalized eigenform g € Si(T1(P))"Y for a uniquely determined P | M such that
an(g) = an(f) for all n coprime with M.

Proof. See |[DS05, Proposition 5.8.4]. O
The level P of the newform ¢ in the proposition is called the conductor of f.

Definition. Let f € S,(I'1 (M), OF) for some finite extension F' of Q,. We say that
f is p-ordinary if a,(f) € OF.

Definition. Let f € Si(I'1(Np™),Op) with k£ > 2. We say that f is an ordinary
p-stabilized newform of tame level N if m > 1, f is p-ordinary and the conductor
of f is divisible by V.

As remarked in [NP0O|, f is an ordinary p-stabilized newform of tame level N if
and only if f is p-ordinary and is either a newform on I';(Np') for some ¢ > 1 or it
is equal to the p-stabilization of a newform on I'; (V). For more on p-stabilizations,
see [NP00, §1.3.6] or [Vig22, §2.4].
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We now fix embeddings Q — @p and Q - C, so that the Teichmuller character
w:(Z[pZ)* — Z; can be seen as a Dirichlet character modulo p. For the rest of the
thesis we fix

f= Z an(f)q" € Sk(Lo(Np),w)
n>0
to be a normalized eigenform of weight k > 2 and character w’ for some j > 0 (here,
as usual, ¢ = €™ for z € H). Since w is an odd character (i.e. w(-1) = -1), the
existence of such a form implies that j =k (mod 2).
Fix now a finite extension F'/Q, that contains all Fourier coefficients of f, that
in fact lie in the ring of integers Op of F' (see [DS05, Theorem 6.5.1]).

Assumption 3.2.2. We require that f is an ordinary p-stabilized newform of tame
level N without complex multiplication (in the sense of [Rib77, p. 34]).

3.2.2 The Hida family passing through f - Hida’s version

In this subsection we describe the construction of Hida families following the work of
Hida in [Hid86a, §1] (see also [LV11, §5.3] and [NP0O, §1.4.4]). We will assume that p
does not divide the cardinality of (Z/NZ)*, so that h'¢ is a direct summand of h$"4
as a Ap-module (here F is the field chosen at the end of the previous subsection).

Local decomposition

Since §°' and b‘frd are finitely generated commutative A p-modules, a classical result

in commutative algebra (see [Eis13, Corollary 7.6]) implies that they split as finite
products

64 =TTba? and by =TT (3.6)
m n

of their localizations (equivalently, completions) at their maximal ideals m and n
respectively. Every summand appearing in these decompositions is a complete local
ring, finite and free over Ay since h° and f)‘frd are so by Theorem 3.1.9 and Corollary
3.1.10. Moreover, since §'¢ is a direct summand of b‘l’rd, it happens that each bﬁfd
coincides with one of the f)(ff. In general, these local factors are not integral domains;
to get a further decomposition we can proceed in two ways. In this subsection we
follow the approach of Hida. Call £ the fraction field of Ap.

Lemma 3.2.3. There are splitting of L-algebras

bord®AF£:(H.7-})®M and hj’rd®AF£:(HICj)@N

iel jedJ

where K; are finite field extensions of L, {Fi}ier is a subset of {K;}jes, M and N

are nilpotent.

Proof. The algebras h" 9@, »L and f)‘l’rd® A L are finite-dimensional artinian algebras
over L. The field £ has characteristic 0, therefore it is perfect. Moreover, for artinian
algebras, the nilradical is nilpotent and coincides with the Jacobson radical (see
[AM69, Corollary 8.2 and Proposition 8.4]). Therefore, by Weddeburn principal
theorem, every finite dimensional algebra over L splits into the sum of a semisimple
and a nilpotent algebra. A semisimple finitely generated artinian algebra over L is
the product of finite field extensions of L. O
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In Hida’s terminology, the fields F; and K; are called primitive components
of B ®@p, £ and h>"4®,,, L, respectively. The splittings of (3.6) induce the decom-
positions

hd@p, L= H(h‘”d@AFc) and h9e@y, L= H(b‘fﬂi‘mp L).

Definition. We say that F; (resp. K;) belongs to m (resp. n) if it is a direct
summand of h&4 @y, L (resp. h‘frf A, L).

The Hida family passing through f

Recall that the algebras h'd and h*d are Or|[Z,]]-modules. Our fixed cuspform f
determines, using the duality of Theorem 3.1.6, an Op-algebra map

07: 5o — hp(Do(N) N1 (p),0p)™ —— Op (3.7)
characterized by 0¢(Ty) = ae(f) for £ + Np, 0¢(U;) = ae(f) for £| Np and

05([0]) =872, 0y([2]) =2

for § € (Z/pZ)* and v €I" = 1 + pZ,. We define also a morphism 6 5 : ho'd — Op by
pre-composing ¢y with the natural projection h‘l’rd - pord,

Since O is a domain, the maps 67 and 6; ; factor through a unique local factor
of o4 and H$™¥ respectively. Call m; and ny the maximal ideals corresponding to
these two local factors, respectively. Since §*4 is a direct summand of f)cl’rd, we have
that hord = f]ord Since from now on we will work with this local component, it

happens that there is no difference in using H°¢ or b(l’rd, as long as the first is a
direct summand of the second (that is always the case if we assume that p does not
divide the cardinality of (Z/NZ)*).

Making a finite extension of F', we can assume that F' is equal to the algebraic
closure of Q, in K for any field K = K; appearing in the decomposition of Lemma
3.2.3 (see [Hid86b, Proposition 3.4]). We define h(K) to be the image of hS™ in K,
B(K) to be the free Ap-closure of h(K) in K and J(K) to be the integral closure of
Ap in K. Equivalently, h(K) is the intersection of all localizations of h(K) at height
one prime ideals of Ap, and it is free of finite rank over Ap. As noted in [NPOO,
§1.4.4|, there are inclusions

h(IC) € H(KC) € T (K).

For every r > 2, m > 1 and character ¢ : F/Fpmi1 — O} we have a natural morphism

Orc Y/ P ™ — B(K)/Pr.2H(K)
induced by the projection of f)cl’rd into h(KC).

m—1

Definition. Let » > 2, m > 1 and ¢ : ['/T? - OF% be a character. Take g ¢
S, (D1 (Np)nTo(p™), e, Op)°*d and fix a local component K appearing in the decom-
position of Lemma 3.2.3. We say that g belongs to K if there is a map ¢ making
the diagram

h(ljrd/Pr,sh(ljrd L) E(K)/PT,EB(IC)

hod(T'1(Np) nTo(p™),e, OF) B — Or
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commutative, where ¢, is the map attached to g by duality.

Theorem 3.2.4 (Hida). Letr>2, m>1 and ¢: F/I‘pm_1 - Op be a character. If g
is an ordinary p-stabilized newform of tame level N in S, (I'1(Np) nTo(p™),e,OF),
there is a unique field Ky to which g belongs.

Proof. See [Hid86a, Corollary 1.3]. O

We now fix the field K to which our fixed cusp form f belongs. Then K belongs
to the maximal ideal ny of b4, Since the form f has trivial character at N, the field
Ky is also a local component of hord @ » £ and the field £y belongs to the maximal
ideal m; of h°rd. We call R := J(K;) the integral closure of Ap in Ky.

Definition. The local ring h‘l’f‘ff = hg{f is called the Hida family of f and the ring
Ry is the branch of the Hida family on which f lives.

Theorem 3.2.5. The ring Ry is a complete local Noetherian domain which is finitely
generated over Ap. Moreover, it is a Cohen-Macaulay ring, free over Ap.

Proof. The first part is [LV11, Proposition 5.2]. Since Ry has Krull dimension 2 and
is integrally closed, Serre’s criterion for normality implies that it is a Cohen-Macaulay
ring. By miracle flatness, we conclude that Ry is free over Ap. O

The natural map
foo b — B(Kf) — Ry (3.8)

gives a structure of hg{f—module on Ry.

3.2.3 The Hida family passing through f - Nekovai’s version

In this section we relate Hida’s version (used also in [LV11]) with Nekovai’s version
(used for example in [Nek06, §12.7], [How07] and [Biiy14]) of Hida theory. The
difference lies in the definition of the branch of the Hida family passing through the
fixed cusp form f.

Lemma 3.2.6. Let f)%r? and ICy be the components to which f belongs (in the sense
of the previous section). Then the kernel of the natural map

T b > h(Ky)

mg
is a minimal prime of f)ﬁf;i contained in the kernel of 0.

Proof. The kernel of 7 is prime since h(Ky) is a domain. Moreover, since both pord
and h(K¢) have Krull dimension 2, the kernel of m must be a minimal prime. Since f
belongs to K¢, the map 6 factors through 7 and we obtain that ker(7) ¢ ker(6y). O

It is also known (see [Nek06, §12.7.5] or [Hid86a, Corollary 1.4]) that the localiza-
tion of hﬁfjfi at ker(fy) is a discrete valuation ring, unramified over the localization of

Ap at Apnker(6s). Therefore, ker() is the unique minimal prime of hfnr;i contained
in ker(6y).

Definition. The Nekovar branch of the Hida family on which f lives is the ring
Ry = hgf;l/ ker (7).
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Lemma 3.2.7. The ring Ry is a complete local Noetherian domain which is finitely
generated over Ap. It is a Cohen-Macaulay ring, free over Ap. The integral closure
of Ry in its field of fractions Ky is Ry.

Proof. By Lemma 3.2.6 we know that R; is isomorphic to h(/Cy), therefore the first
and the last sentences are trivial. The fact that R is Cohen-Macaulay and free over
A is verified in [Foul3, Lemma 3.6]. O

Comparing Theorem 3.2.5 with Lemma 3.2.7 one can notice that Ry and Ry
have the same relevant algebraic properties, except for normality. With the same
notation as in Hida’s setting we denote by fo, =7 : hg{f - Ry the quotient map.

3.2.4 Arithmetic primes

We now study some properties of Hida families. With this purpose, we introduce
the concept of arithmetic primes following [NP0O, §1.4.4|, [How07, §2.1] and [LV11,
§5.5].

Definition ([How07]). Let A be a finite commutative Ap-algebra. An Op-algebra
map A - @p is arithmetic if the composition

r 2201 4 y Q
has the form 7 + ()72 for some r > 2 and some finite order character ¢ of T
The kernel of an arithmetic map is called an arithmetic prime of A.

As noted in [Nek06, §12.7.2 and §12.7.4], the arithmetic primes of A are exactly
all primes lying above Py o Aps N Ap for some 7’ > 2, F' finite extension of F' and
¢’ : T — Op finite order character.

Given an arithmetic prime p, the residue field F, = A,/pA, = Frac(A/p) is a
finite extension of F'. The composition I' > A* — I has the form v — ¢ (y)y"v 2
for a finite order character ¢ : I' - F* called the wild character of p and an
integer ry > 2 called the weight of p.

Example 3.2.8. The map 6y : bﬁf]fi — Op is an arithmetic map with trivial wild
character and weight k.

Theorem 3.2.9 (Hida). Ler R be any of Ry or Ry and fiz an arithmetic prime p
of R of weight 1, and character 1,. Set my to be the mazimum between 1 and the
p-adic order of the conductor of 1. Then the composition

foo
hord — gffHR_’Fp

factors through b, (®m,, Or) and determines by duality an ordinary p-stabilized new-
form ‘
fo € Sy (Po(NP™) 9p™ 7" ).

Proof. See [How07, p.97|, [LV11, p.300| and [Nek06, §12.7.4 and §12.7.5]. O

Remark 3.2.10. For more insights on why there is no difference in using Ry or Ry
in Theorem 3.2.9, see [NP0O, Proposition 1.4.6]. From now on we fix R := Ry, but
everything can be probably done also using Ry instead.
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3.3 The big Galois representations attached to a Hida
family

Hida in [Hid86a, §2] showed a canonical way to build a Galois representation at-
tached to a Hida family of modular forms. We will be interested in a twist of Hida’s
representation, therefore we will mainly follow [How07, §2] and [LV11, §5]. We first
briefly recall how one can attach a p-adic Galois representation to the fixed modular
form f.

3.3.1 Deligne’s Galois representation attached to f

For the content of this subsection we mostly refer to [Vig22, §2]. According to
Deligne [Del06a| there is an Op-module T of rank 2 with an action of Gg such that
the representation

Pf: GQ — GL(Tf) = GLQ(OF) c GLQ(F)

attached to f has the property that the characteristic polynomial of the arithmetic
Frobenius Fry at every prime ¢ + Np is

X% —au(f)X +wl(0)0F 1,
We also set Vi =T ®0, F.
Definition. Let mg be a uniformizer of Op. The composition
Go — GL(Ty) — GL(Tt/mpTy)
is called the residual representation attached to py, and will be denoted by py.

From now on, as in [LV11, Assumption 5.1|, we assume the following property
on the residual representation attached to f.

Assumption 3.3.1. The residual representation py is p-distinguished and absolutely
irreducible.

Here we recall that py is said to be p-distinguished if its restriction to a decom-
position group D, at p can be put in the shape py|o, = (501 ;2) for characters €1 # €9
(see |Gha05, Definition 4]). Notice that, since f is p-ordinary, it is a result due to
Mazur and Wiles that pr|o, is always upper triangular (see [Gha05, §1]).

Remark 3.3.2. Absolute irreducibility of p; is equivalent to irreducibility, as re-
marked for example in [Vig22, Remark 2.5]. Notice also that since py is irreducible,
it coincides with its semisimplification.

3.3.2 Critical characters

We now go back to the context of Hida families and define critical characters, fol-
lowing [How07, p. 96| and [LV11, §5.4].

Definition. Factor the p-adic cyclotomic character ecyc : Gg — Z,, as the product
Ecyc = Etame - Ewild With tame : Gg = pp-1 and eyqq : Gg — I'. Define the critical
character ©: Gg - A}, by

o)

_ .2 i
o= €tame € wild

1/2

where £, is the unique square root of eyilq taking values in T'.
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Decompose Z, = AxT" and recall that w : A — 1,1 is the Teichmiiller character.
For each i € Z/(p — 1)Z define the idempotent
1 —1 X
€; 5=—1 w™(0)[9] EOF[[Zp]]v
D=1 sen

that satisfies the relation

ei-[C]=C"e forall Cepp.

We can see e; in via the structure map induced by (3.3). Since 6;(e;) = 0 for
every ¢ # k + 7 — 2, we must have

[]ord

d d
ek+j—2h§ff = hgff 9

therefore the image of ey, j_o is a unit in h&r;i. Combining the last two equations, we

obtain that [etame] = Ef;;;Q in hg{;}. It follows that

0% = [eeye]  in Y,

and therefore also in Ry and in R = Ry via the map fo. In particular, for every
prime ¢ 4 p, the relation
0% (Fre) = [ecye(Fre)] = [/] (3.9)

holds in [];’f;i, Ry and R, for every chosen frobenius element Fr, at /.

Definition. Let R denote R as a module over itself but with G acting through
the character ©71.

3.3.3 The big Galois representation

For every integer m > 0 denote by Xo1(N,p™) the compactified modular curve of
level structure ®,,, = To(N)nI'1(p™), viewed as a scheme over Q, by Jac(Xo 1(NV,p™))
its Jacobian variety and by Ta,(Jac(Xo1(N,p™))) the p-adic Tate module of the
Jacobian, i.e. the inverse limit of all the p"-th torsion subgroups of the Jacobian. All
Hecke and diamond operators act on Jac(Xo,1(N,p™)) and on Ta,(Jac(Xo 1 (N,p™)))
via the Albanese action. There is also a natural action of Gg on them, coming from
the fact that the curve Xo1(IN,p™) is defined over Q.

As in [How07, §2.1] and [LV11, §5.5], for every integer m > 1 we define h°rd-

modules

p?m

Taord .= eord( Tay,(Jac(Xo,1(N,p™))) ®z, OF)

ord ._ 7 ord
Ta™>" := 1(£n Ta, 1,

m

d . d d
Tagff = Taor ®hord b&rf

T:= Tagf;i ®h?nr;1 R.
All these modules are endowed with §*-linear actions of the Galois group Gg, and
the inverse limit in the definition of Ta®? is taken with respect to the maps induced
by the degeneracy maps Xo1(N,p™"!) - Xo1(N,p™).
Write mp for the maximal ideal of the local ring R and set Fg := R/mg for the
residue field of R. Denote with T := T/mgz T for the residual representation attached
to T.
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Theorem 3.3.3. The residual Gg-representation T is equivalent up to a finite base
change to the residual representation py of f. In particular, it is absolutely irre-
ducible.

Proof. See |LV11, Proposition 5.4]. O

The big Galois representation has the following fundamental property with re-
spect to the arithmetic specializations.

Theorem 3.3.4. For every arithmetic prime p of R the representation T ®g F, is
equivalent up to a finite base change to the representation Vy, attached by Deligne to
the modular form f, attached to p via Theorem 5.2.9.

Proof. See [NP0O, (1.5.5)] (see also [Vig22, §2.5]). O
Definition. The critical twist of T is the Gg-module
T := Teog R

Corollary 3.3.5. The residual Gg representation T/ = Tf/mTf s absolutely irre-
ducible.

Proof. The representation T' is a one-dimensional twist of T, and irreducibility is
preserved by tensorization with one dimensional representations (see [Kow14, Exer-
cise 2.2.14, (2)]). We conclude applying Theorem 3.3.3. O

Proposition 3.3.6. The R-module T is free of rank two. As a Gq-representation,
T/ is unramified outside Np. The arithmetic Frobenius of a prime £ + Np acts on
T with characteristic polynomial

X2 - eil(Frg)TgX + ﬁ,

where © s the critical character defined in Subsection 5.5.2.

ord

Proof. We prove the claims for the representation T := Ta;, + ®pord R}, since we rely

on some results of [How07]. The proposition will easily follow from the fact that
T =T ®p, R.

The first claim follows then immediately from [How07, Proposition 2.1.2]. The
second claim follows from [How07, Proposition 2.1.2] and the fact that the charac-
ter © is unramified outside p (this is true since the p-adic cyclotomic character is
unramified outside p).

In order to prove the third claim, we start from the fact that the action of Fry on
Taﬁf;i has characteristic polynomial

X2-T,X +[0]¢,

as explained in [How07, Proposition 2.1.2]. When we move to T', the original action
of G becomes twisted by ©7!. Elementary computations show that the action of
Fry has characteristic polynomial

X2 -0 Y (Fr)) Ty X + ©72(Fr,)[]¢

on TT. The relation of equation (3.9) yields a simplification in the characteristic

polynomial, that becomes
X2 -0 Y (Fr)TyX +¢

as claimed. O
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Proposition 3.3.7. Let ©,, a fized decomposition group for p in Gg. Then there is
an ezact sequence of R[[Dp]]-modules

0— F(T") — T — F,(T") —0
where Fg(Tf) and Fp_(Tf) are free R-modules of rank 1.
Proof. See |LV11, p.300] and [How07, Proposition 2.4.1]. O

3.4 Hida theory on indefinite quaternion algebras

In this section we recover the notation of the first chapter and see how one can join
classical Hida theory with the theory of Galois representations coming from towers
of Shimura curves attached to division quaternion algebras. We mainly follow |[LV11,
§6].

Recall the indefinite quaternion algebra B over QQ of discriminant N~ and that
N := N*N~ for a positive squarefree integer N* coprime with N~. In this section we
assume that B is a division algebra, the theory for the split case B @ Ms(Q) having
been considered earlier.

Recall the curves X,, defined in Subsection 1.2.2 for every m > 0 and studied
thereafter. Fix m > 0 and let Div(X,,) and Div®(X,,) denote the groups of divisors
and of degree zero divisors, respectively, on )me((C)

Let Princ(Xm) be the group of principal divisors on Xm((C) and denote, as usual,
the Picard groups

Pic(X,,) == Div(X,,)/Princ(X,,) and Pic’(X,,) := Div®(X,,)/ Princ(X,,).
The degree map induces the short exact sequence of abelian groups

0 —— Pic®(Xn) — Pic(Xm) —25 7 —— 0. (3.10)

3.4.1 Hecke modules

Thanks to Abel’s theorem (see e.g. [DS05, Theorem 6.1.2]) the group Pic’(X,,) can
be identified with the Jacobian variety Jac(X,,) of Xm, which is an abelian variety
defined over Q of dimension equal to the genus of X,,. More prec1sely, Plc(Xm)
identifies with the Q-points of the Picard scheme of Xm and Pic’(X,,) with the
identity component of this scheme.

In Section 1.4 we defined Hecke operators for every ¢ + N and diamond operators
acting on Div(X,,). As explained for example in [Foul3, §2.1.3], it is possible to
define also Hecke operators Uy for all primes ¢ | N*, following the same construction
of Subsection 1.4.2, but we don’t recall the details since we don’t need them explicitly.
The Op-algebra generated by all these Hecke operators is called the full classical
Hecke algebra and written B,,,. As in the classical case, we define Hida’s ordinary
projector

erd = lim U} € By,
n
and set B4 := 2B, Taking inverse limits with respect to the maps induced by
the tower of curves (1.8), we set
= hm B,, and B°9:=1i mlBord
‘m ‘m
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Write Ta,(Jac(X,,)) for the p-adic Tate module of Jac(X,,) and define

Tort i e Tay (Jac( %) ©2, O ),

ng = Lin e%dTm,

m

which are left BI4[Gg] and B™4[Gg] modules, respectively.

3.4.2 New quotients and Jacquet-Langlands correspondence

Let 7 > 2, m > 0 and assume that p does not divide the cardinality of (Z/NZ)*.
We are now interested in the space S~ ~°V(®,,, Q,) of cusp forms of level ®,, =
Lo(N) nT1(p™) with coefficients in Q, that are new at N, as defined in Subsec-
tion 3.2.1. Write T,,, for the image of h,(®,,,Of) in the endomorphism ring of

SN"=mew (@, @,). Set also

13 ord ._ _ord ord ,_ 7: ord
TT o @Tﬁm’ Tr,m =Cnm TT,m TT T linr]rr,m?

m m

where e%d is Hida’s ordinary idempotent projector. The isomorphisms of Corollary

3.1.10 yield isomorphisms of A-modules
Tord ~ Tord
r =4

for all weights r,7’ > 2, so we identify the algebras T4 with T := ']I‘grd.
As explained in [LV11, §5.3] one can pursue Hida theory working with the algebra
T in stead of h°™, obtaining that the map 6, of (3.7) factors as

0 : hord s Tord s Op.

There is a unique maximal ideal ny of T through which 0y factors. The field
Ky to which f belongs is isomorphic to the field appearing in the decomposition of
']I‘ﬁl}d ®A L to which f belongs, in the same sense.

Since Tﬁ;d is finite over Ap, it is also integral over Ap. This implies that the

image of ']I‘ﬁ;d in K is contained in Ry. We denote by the symbol
d
foo :’]I‘ﬁ; — Ry (3.11)

the structure map.
There is a canonical way to define an Or[[Z;]]-algebra structure on B°*d such
that the following result holds.

Theorem 3.4.1 (Jacquet-Langlands). There is a canonical isomorphism of Op[[Z;]]-
algebras
JLord . ord =, Berd

that sends every Hecke operator to the corresponding one.

Proof. See |LV11, Proposition 6.1]. See also [MT99, Theorem 20]. O

In light of this theorem, from now on we will identify that algebra B4 with T,
and use the latter symbol to denote both Hecke algebras.
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3.4.3 Galois representations

In this subsection, as in [LV11, §6.4], we work under the following assumption, whose
analogue for the Hida family bﬁf}i is true by [How07, Proposition 2.1.2].

Assumption 3.4.2. The Ap-algebra ’]I‘g‘}d is Gorenstein, that is

T = Homy,, (T, Ar)

as ']I‘ﬁ;d-modules.
Define the Galois modules

TOI‘d = Tc?ord ®Tord TOI‘d TSh = TOI‘d ®Tord R, T.iS‘h = TSh ®R RT
nf

oo,nf nf Y oo,nf
As in [LV11, §6.4] we need the following assumption.

Assumption 3.4.3. The residual Gg-representation Tgp/mgTgy is absolutely irre-
ducible.

Now recall the R[Gg]-module T defined in Subsection 3.3.3. The following result
will be crucial.

Proposition 3.4.4. There are isomorphisms of Tg;d[GQ]—modules T = T, and
T/ =T .

Proof. See [LV11, Corollary 6.5]. O

In light of this proposition, from now on we unify the notations and write T in
place of Tgp,. Notice that, when we will study the action of the operators Ty and U,, on
(the cohomology of) T, we always see them via the structure map fo : ’H‘ﬁ;d — Ry.
This is because we have to work with points and cohomology classes that come from
the Shimura world, and for them there is not an action of the bigger algebra hﬁf}?.
However, the entire philosophy of [LV11| makes clear that this is not a big deal,
because the relations that they found (and that we sum up in the next section) are

formally the same as those presented in [How07] for the classical split case.

3.5 Big Heegner points

In this section we review the contruction of big Heegner points in an indefinite quater-
nionic context, mainly following [LV11, §7-8]. We will stress that the construction
and the properties of big Heegner points will depend only on the compatibility prop-
erties satisfied by the classes of points that will be used. This is why we work with
the abstract data of a system of LV-Heegner points P ,, € X, of conductor cp™ for
m >0 and ¢ > 1 such that (¢, N) = 1 satisfying the properties of Proposition 2.3.1
and Lemma 2.3.2. An example of a system of points satisfying these properties is
the set of points P, built in [LV11, §4] and recalled in Section 2.3.
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3.5.1 Big Heegner classes

Recall that, by Proposition 2.2.7, the point P, is rational over L, := Hepm (fipm ).
Following [LV11, §6.2] we denote by .J,, and J% the functors from the category of
Q-algebras to the category of Op-modules which associate with any Q-algebra L the
Op-modules

Jm(L) = Pic(X,,) (L) ®2 Op and  JO (L) = Jac(X,,) (L) ®z Op,

respectively. Set also Jy,(Lem ) = e%dJm(Lqm) and J%(Lqm)ord = e%dJ,?l(Lc,m).
From the short exact sequence (3.10) we obtain the Hecke equivariant exact sequence

0 — JO (Lewm) — Jm(Lem) —25 Op — 0.

Since the action of U, on O is via the multiplication by p = deg(U,), the fact that
2 = lim,, Ug! yields an identification

0 d ., d

Iy (Lem) ™ 2 T (Lem ).

Viewing F.,, as a divisor on X,,, we obtain an element
P € T (L)

We want to move to the component identified by the Hida family attached to f. This
is why we define

30 (L) = T (L) @qua R and - 30, (L) i I (L) @pca R,
Write also P, for the image of e%qum in J?n(Lc’m)Ordﬁ_
Lemma 3.5.1. With the notation above, Py, € HO(Hepm, I (Lem ) 7).

Proof. As explained in [LV11, §7.1], the action of ©(o) coincides with the action of
(0(0)) on IO (Lem)°™ for every o € G He.n- One then concludes by applying Lemma
2.3.2. =

One then defines

pc,m - TrHCpm/Hc (Pc,m) € HO(H JD (LC,m)Ordj)'

crYm

Recall the reduction maps @, : Xy = X1 of (1.8).
Lemma 3.5.2. The equality
&m(Peym) = Up(Pem-1)
holds in HO(He, 30, _1 (Lem-1)"%T) for all m > 1.
Proof. See |[LV11, Corollary 7.2]. O
There is a twisted and Hecke-equivariant Kummer map

Ot H'(He, 30 (L)) — HY(H,, T))

CrYm
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where T:rn = Tagf% ®TordRT. Set Kem = Om(Pem). The previous lemma gives the
relation

dm('l{c7m) = Up(/{07m—1)-
Thanks to this relation and the isomorphism of T°"4-modules

lim H'(H,,T},) = H' (H,, T'),

m

we define, as in [LV11, Definition 7.4],

Definition 3.5.3. The big Heegner class of conductor c attached to the system
{Pem}m>0 is the element

Ke = LiI_nUI:m(Kqu) € Hl(chT.il)

m

Remark 3.5.4. As noticed in [LV11, §7.4], one can be more precise and prove that
the big Heegner class k. is unramified outside Np, meaning that it lies in the kernel
of the restriction map

res

H'(H,, TH = HY(HOP T

where Hc(Np ) is the maximal extension of H, unramified at outside Np.

3.5.2 Euler system relations

We sum up the main compatibility properties of big Heegner points, proven in [LV11,
§8]. Their proofs rely only on the fact that their points satisfy the relations of
Proposition 2.3.1 and Lemma 2.3.2, therefore are still valid for our big Heegner
points that are built starting from the more generic system { P, ,, }cn defined at the
beginning of this section.

Proposition 3.5.5. Let ¢ > 1 coprime with N. The relation
Up(ke) = CorHcp/Hc(K/Cp)
holds in H'(H,, T7).
Proof. See [LV11, Corollary 8.2|. O

Proposition 3.5.6. Let ¢ > 1 coprime with N and £ + Npc be a prime which is inert
i K. The relation

Ty(ke) = cory, . (Kee)
holds in H'(H,, TT).
Proof. See |LV11, Corollary 8.4]. O

Let ¢ > 1 be an integer coprime with N and ¢ + Npc be a prime which is inert
in K. By class field theory, ¢ splits completely in the extension H./K. Fix a prime
A€ H. above £. Then A is totally ramified in H.y, so AOp,, = M1 for a prime ideal
X of the ring of integers Op,, of Hey. Denote by Frp e Gal((H.)»/Q¢) the arithmetic
Frobenius at /.

Proposition 3.5.7 (Eichler-Shimura relation). Let ¢ + Npc be a prime inert in K.
Then ke and Fry(k.) have the same image (via restriction) in Hl((Hcg)S\,Tf).

Proof. See |LV11, Proposition 8.7|. O






Chapter 4

Kolyvagin systems

In this chapter we review the theory of Kolyvagin systems, first settled in the foun-
dational work [MRO04] and then developed by others. We will mainly follow [Biiy14,
§4], |Biiy16] and [How04b] since our setting needs a greater generality than [MRO04].

In the first section we fix some fields and define some quotients of the big rep-
resentation. Then we present the general theory of Kolyvagin systems, with an eye
at the examples coming from the objects we defined before. These examples will be
part of the setting of the next chapters.

4.1 The anticyclotomic setting

Let H,, be, as usual, the ring class field of K of conductor n. For « € Z.y define L,
to be the maximal p-extension in H,a+1/H;. The class number formula (see [Cox22,
Theorem 7.24|) implies that [L, : H1] = p®. By Assumption 2.2.6, the degree of the
extension Hi/K is prime to p, therefore there exists a unique subextension of L, /K
of degree p® disjoint with H;. We call this extension K. Let

Le:=|J Lo and Ko:= |J K.

a€Zso aelsq
We have that Gal(Leo/L) = Gal(Kw/K) = Zp.
Definition. K is called the anticyclotomic Z,-extension of K.

For n € Zsy coprime with p we also set K(n) to be the maximal p-extension of
H,/K, Ly(n) to be the composite of L, and H,, and K,(n) to be the composite of
K, and K(n). The picture is the following:

H

npaJrl

e

Loo ) Hpa+1 La(n)
Ko Le, Ko(n) H, (4.1)
Ko H K(n)
k ‘ /
K
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Notice that the fields L, and H, are disjoint over H; by ramification issues. The
fields K., H; and H,, are pairwise disjoint over K by ramification issues and from
the hypothesis (see Assumption 2.2.6) that [H; : K] is coprime with p. This implies
that any prime v of K (resp. of Hp) that lies over p is totally ramified in K, (resp.
in Ly).

Definition 4.1.1. We define I'*® = Gal(Kw/K) 2 Gal(Loo/L), A* = Z,[[I'*]] and
fix a profinite generator vy of I'*°.

For more properties on the anticyclotomic Zy,-extension of K, see [Bri07]. We will
use the ring A*® to twist the big Galois representation, in order to get information
about the anticyclotomic tower, and work out one divisibility of the Iwasawa main
conjecture.

4.1.1 Quotients and anticyclotomic twist of the big representation

P,. € Ap[e] for a character & of T' that factors through T/T?". We can see these
elements in R and R[e] respectively via the structure morphism Ap - R.

Let » > 2 and m > 1. In Definition 3.1.12 we defined elements w,,, € Ar and

Lemma 4.1.2. The ring R/(wr,m) is a free Op-module of finite rank.

Proof. Since R is finite and free over Ap by Theorem 3.2.5, then R/(wym) is free
over Ap/(wrm), that is a free Op-module of finite rank because wy , is not divisible
by the uniformizer 7 of Op. O

Remark 4.1.3. By definition of the element ws,,, the action of T' on R/(w2m)
factors through I /Fpmfl. Moreover, by Lemma, 3.1.13 the element of w ,,, is contained
in any arithmetic prime of R of weight 2 and character ¢ that is trivial on I
Lemma 4.1.4. Let np be a uniformizer of Op. The sequence {wym,, 75} is a regular
sequence in R for everyr>2, m>1 and n> 1.

Proof. It is enough to show that the sequence {wy m,7F} is regular in R. Clearly,
{Wrm,mp} is regular in Ap, since wy,, is not divisible by mp. The lemma then
follows from the fact that Ap - R is finite and flat (see Theorem 3.2.5), therefore it
preserves regular sequences. O

Definition. For each m,s,t € Zs, let
Ry = R)(wam); Rms = R)(wWam,p®) and Ry sp = Rys ®z, A/(47 ~1).
Define also
T =T ®r Ry, Tps=T ®g Rys and Tps= T ®r Ry

Since, by Corollary 3.1.14, wa,, divides wa 41, we have that R, is naturally a
quotient of Ry,41. The modules T}, and T}, s are Gg-modules with respect to the
action induced by the action on TT. The module T, s+ is naturally a G'g-module,
where we allow G to act on both factors defining T, s+ (on the right factor via the
map Gg - I'*).

By the discussion in Remark 4.1.3, if p is an arithmetic prime of R of weight 2
and character  that is trivial on I?", then the specialization map R — Frac(R/p)
factors through R,,.
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Lemma 4.1.5. The rings Ry, s and Ry, s are finite for every m,s,t € Zsg.

Proof. 1t is enough to prove that R,,, is finite. By Lemma 4.1.4, we have that
{wa,m,p®} is a regular sequence in R. It is known (see e.g. [AMG69, Corollary 11.18])
that the quotient of a local Noetherian ring with a non zero divisor has dimension
equal to the dimension of the ring minus one. Therefore, R,, ; has dimension 0,
hence it is an Artinian local ring. This implies that the descending chain of ideals
m 2 m? 2 ... must stabilize, where m is the maximal ideal of R,, s. By Nakayama’s
lemma, this sequence stabilizes to 0. Also, all quotients of subsequent elements in
the chain are finitely generated vector spaces over R, s/m = R/mg that is finite field,

as R is a finite extension of A. Therefore we have a finite chain
Rys2m2m?2---2m° = {0}

where all quotients of subsequent elements are finite. This implies that R,, s is
finite. O

Since their residue fields have characteristic p, we have that the cardinality of
R, s and Ry, s is a power of p.

Corollary 4.1.6. The modules Ty, s and Tpy, ¢ are finite for every m,s,t € Zso and
they have cardinality equal to a power of p.

While T, and T, are quotients of TT, the modules T, ,; are quotients of
T ®z, A*. This last object is a module over the ring R ®z, A", that is a local
domain isomorphic to R[[T'*‘]], as noted at the beginning of [Och05, §1|. Again, we
allow Gk to act also on A? in the definition of T ®z, A* and R ®z7, A*°.

Definition. Call R™ := R ®z, A" and set TV .= Tt ®z, A*.

Lemma 4.1.7. The R™-module T is free of rank two. As a Gg-representation,
it is unramified outside Np.

Proof. Follows directly from 3.3.6 and the fact that I'*® does not contain any inertia
outside p. O

Call m'™ the maximal ideal of R™ and denote by T™ the residual representation
TIW /mIWTIW.

Lemma 4.1.8. There is an isomorphism of G -representations between T and
.
Proof. By definition, there is a canonical isomorphism of G'g-modules

TV /m™ T = TV /mp T ®F, Fruw

where Fr is the residue field of R and Fgue is the residue field of R™, with Galois
action induced by the action on R'. But since [y]-1 € m"", then the action of G is
trivial on Fp1w. Moreover, the isomorphism R = R[[T*¢]] 2 R[[X]] as R-algebras
(see INSW13, Proposition 5.3.5]) implies that Friw = Fr as fields. O

Remark 4.1.9. The reason of working with T (and with its quotients) instead of
T relies on the applications of Kolyvagin systems to Iwasawa theory. See Chapter
6 for more details.
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The following lemma allows us to use the residual representation to deduce the
absence of invariants in the actual representation.

Lemma 4.1.10. Let (A,my4) be a local Noetherian ring and T be a finitely generated
A-torsion-free module, with a continuous action of a profinite group G on it compat-
ible with the A-module structure. If HO(G,T[mAT) = {0}, then H*(G,T) = {0}.

Proof. We need to prove that, under our hypotheses, T¢ = {0}. Notice that the
submodule (T¢ + mT)/mAT is contained in (T/m4T)%, hence it is trivial. This
implies that T¢ ¢ m4T. Then, we can write any nonzero element n € T as n = at
with a emg \ {0} and t € T. For every o € G the relation on = n implies that

O0=0o(at) —at =a(o(t) -1t).

Since T is A-torsion-free, we obtain that o(t) -t = 0, i.e. t € TS, hence we have
that 7¢ ¢ muT%. Since T is finitely generated over a Noetherian ring, then also
TC is finitely generated over A. Applying Nakayama’s lemma, we conclude that
T = {0}. O

Corollary 4.1.11. The Gg-representations T7L, T and Ty, s have no Gg-invariants.

Proof. We just need to check that all representations satisfy the hypotheses of Lemma
4.1.10. This is true because the rings R, R,,, ;s are Noetherian, the modules
T, T, T m,s are free of rank 2 over the corresponding ring and the residual G-
representation is irreducible by Corollary 3.3.5. O

We now improve the previous corollary showing that the relevant representations
have no invariants over the absolute Galois group of some extensions of Q.

Lemma 4.1.12. Let Dg be the discriminant of K and let n be a positive integer
coprime with NpDy. The representations Tf, T, and Thy, s have no Gy, -invariants.

Proof. Let T be one of TT7 Ty, or Ty, s, and denote by T the residual representation.
Then T is free module of rank 2 over a finite field, unramified outside Np. Call Q(T)
the finite extension of Q determined by the subgroup of Gg that fixes T’ pointwise.
We want to show that Q(T) n H, = Q.

Let F be any field different from Q that is contained in Q(7') n H,,. Since the
Hilbert class field of Q is Q itself, there must be a prime ¢ that ramifies in F'. Since
the extension Q(7T')/Q is unramified outside Np, we must have that ¢ | Np. From
the fact that the extension H,/Q is unramified outside nDy, we must have that
¢ | nDg. But this is impossible, since Np is coprime with nDy (see Assumption
2.2.6). Therefore, Q(T) n H, = Q.

The action of Gg on T factors through Gal(Q(T)/Q), and it is possible to lift
the elements of Gal(Q(7)/Q) to elements of Gy, . Since, by Corollary 3.3.5, T has
no Gg-invariants we conclude that it does not have any Gy, -invariant. The lemma
follows applying Lemma 4.1.10. O

Corollary 4.1.13. Let Dy be the discriminant of K and let n be a positive integer
coprime with NpDyg . The representations TV and Tin,s,t have no Gy, -invariants.

Proof. By Lemma 4.1.8 there is an isomorphism of G i-representations between T
and TIW, therefore they are isomorphic also as Gy, -representations. Then, by the
proof of Lemma 4.1.12, the representation T™ has no G H,,-invariants, and we con-
clude applying Lemma 4.1.10. O
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Finally, we study the action of the complex conjugation ¢ on the representations
TT, T, and Ty, .

Lemma 4.1.14. Let p >3, let T be a Z,[Ggl-module and let c € Gg be the complex
conjugation. Then T =Ty & T_1 where Ty is the £1-eigenspace for the action of ¢
onT.

Proof. Since c is an automorphism of 7" and 2 is invertible in Z,, we have that
T=2Tc(c+1)T+(c-1)TcT.

The relation ¢ = 1 implies that if z € (¢ + 1)T then (¢ - 1)z = 0, and similarly if
y € (c—1)T then (c+1)y =0. Also, if z€ (c+1)Tn(c—1)T then (¢c-1)z = (c+1)z =0,
i.e. 2z =0. Since 2 is invertible, this yields that z = 0. O

Lemma 4.1.15. The modules Tf, T and T,y s can be decomposed into the direct
sum of their £1-eigenspaces under the action of the complex conjugation c € Gg, each
of which has rank 1.

Proof. Lemma 4.1.14 implies that the action of ¢ on T is diagonalizable, and the
same is true for T}, and T}, s just tensoring Tt over R with R, and R, s respectively.
Hence it remains to study the rank of the eigenspaces.
According to [How07, Equation (3)] there is a perfect, alternating, Gg-invariant,
A-bilinear pairing
v: T x T — R(1).

Let #,y € TT be an R-basis of Tt Then

~v(w,y) = c-v(w,y) = vlcx,cy) = det(c| T - v(z,y),

therefore the determinant of the action of ¢ on T is —1. This implies that the action
of ¢ on TT has eigenvalues 1 and —1. The same holds for T}, and T, m,s just tensoring
T' over R with R,, and R,, s respectively. ]

4.1.2 Shapiro’s lemma

Let F' be a perfect field and Foo/F' be a Zy-extension. For any o > 1 call F,, the a-th
layer of the extension. Let T" be a Z,-module together with an action of Gr. We
allow G to act on both factors of T'®z, Z,[Gal(Fo/F)] and T ®z, Z,[Gal(Fo/F)]
via the natural projection.

Lemma 4.1.16. Let a > 1. Shapiro’s lemma induces isomorphisms
(i) H'(F,T ®z, Z,[Gal(Fu/F)]) 2 H'(F,,T);
(ii) H'(F,T ®z, Zy[Gal(Fe/F)]) = lim H'(Fo,T).

Proof. This is essentially [Col98, Proposition II1.1.1] (see also [MR04, Lemma 5.3.1]).
Point (i) is a consequence of the isomorphisms

HY(F,T &z, Z,[Gal(F,/F)]) = H'(F,Ind};, T) =z H'(F,,T),

where the first is elementary (see e.g. [Mil20, Remark I1.1.3] or the proof of [Col98,
Proposition II.1.1]) and the second is Shapiro’s lemma (see e.g. [Mil20, Proposition
I1.1.11]). Point (ii) descends from (i) by taking inverse limits on «. O



72 4. Kolyvagin systems

Let now a > 8 > 1 and call 9,3 : Z[Gal(Fu, F)] - Z[Gal(Fg, F)] the map
induced by the natural projection between Galois groups. As noted in the proof of
[Col98, Proposition II.1.1], the following diagram

HY(F,,T) —=— HY(F,T ®z, Z,[Gal(F,/F)])

l |2 (4.2)

HY(F3,T) —— HY(F,T 8y, Z,[Gal(F3/F)))

is commutative, where the two horizontal maps are the isomorphisms of Lemma
4.1.16, the left vertical map is corestriction and the right one is the map induced by

wa,ﬁ‘

4.1.3 Choice of Galois groups and primes

In this subsection we define some set of primes of Ok that will be used when building
Kolyvagin systems. For every field L and every finite G-representation 1" we denote
by L(T) the smallest extension of L such that G'1(r) acts trivially on 7.

Definition. Let m,s,t € Zg.
(a) We define P to be the set of all primes A € O inert over Q such that A\ + Np.
(b) We define P,, s to be the subset of P made by all primes A = (¢) such that

(i) £=-1 (mod p*);
(ii) Fry = Fr? acts as the identity on T}, .

(c) We define the sets N and N, s to be the sets of all square-free products of the
rational primes that lie below the primes chosen among P and P, s respectively.

(d) For ne N, define G, := Gal(H,/H,).
Lemma 4.1.17. Let (¢) = X € Py, s. Then Fry acts trivially on Ty, s4.

Proof. The element Fry acts trivially on T}, s by hypothesis and it acts trivially on
A?¢ since A is split in Ko /K by class field theory. O

Since 1), s and T}, s; are unramified at ¢, we also have that any decomposition
group at A acts trivially on 7}, s and T;,, s ;. We also have the following consequence
of point (b).

Lemma 4.1.18. Let A = (£) € Py, s. Then the element Ty is divisible by p° in Ry,
therefore it is 0 in Ry, s and Ry, s¢.

Proof. By condition (b), the characteristic polynomial of Fr, on Ty, divides X2 -1
modulo p®. By Proposition 3.3.6 we know that the characteristic polynomial of Fry
on T, divides X% - ©71(Fr,)T;X + £. Since ¢ = -1 (mod p*), comparing the two
polynomials we obtain that p® | ©@~1(Fr,)T,. Since ©1(Fry) is a unit, we must have
that p® | Tp. O
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Remark 4.1.19. As noted in [Bes97, Remark 3.1|, Lemma 4.1.18 implies that Fry is
conjugated to the complex conjugation ¢ in Gal(K (T,,s)/Q), where K (715, ) is the
extension of K attached to the group of Galois morphisms that fix 7}, s pointwise.
This is clear after comparing the characteristic polynomial for the action of ¢ on T, s
(which is X2 -1 by Lemma 4.1.15) with the characteristic polynomial of the action
of the Frobenius (see Proposition 3.3.6).

For every prime q of K we denote by ky the residue field of K at g.
Lemma 4.1.20. For every n € N we have that
(a) Gn = Ty Ge where € varies among all prime divisors of n.
(b) For every prime £ € N the group G, = kX/[F}; is cyclic of order ¢+ 1, where
A= (0).
Proof. See |Gro91, §3|. O

Definition. For every prime ¢ € N we fix a generator o, for the group G,.

Since the primes A € P are principal, class field theory implies that they split
completely in Hy and in Hj,e for every a > 1. Moreover, every prime Ay of H; above
A is totally ramified in Hy. This implies that A is totally ramified in K (¢). For the
same reason, we have that every prime above p in K (resp. in H;) is totally ramified
in Ko (resp. Leo).

Lemma 4.1.21. Let A = ({) € Py, s. The extension K(£)\/Ky is a mazimal totally
tamely ramified abelian p-extension of K.

Proof. Local class field theory (see the proof of [Neu86, Theorem 7.9] and [NeuS86,
Corollary 7.18|) implies that every abelian totally ramified extension of K has degree
that divides ¢?"(¢2 - 1) for some n. Then, maximal totally tamely ramified abelian
extensions of K have degree £2 — 1. Since £+ 1 =0 (mod p®) and p > 2, the p-part
of 2 —1 equals the p-part of £ + 1, that is equal to the cardinality of the p-Sylow of
kX /F; =G O
Lemma 4.1.22. Let s>m and A = (£) € Py, 5. Then O(Fry) = (—l)k%f1 in Ry,

Proof. Let ey benote the p-adic cyclotomic character, and recall that ecyc(Fry) = £.
Since £ = -1 (mod p*), we have the decomposition

Ly > (ZpL)* x (1 +pZyp)
(— (p-1,1+p°x)
for some x € Z,. Then, by definition of ©, we obtain that
O(Fn) = (-1) 7 [(1+p2) ] e A,

where (1 +p5x)% is the unique square root of 1+ p°z in 1+ pZ,. Since p > 2, the
element (1 +psx)% is of the form 1 + p®*y for some y € Z,. Since s > m, we have that
7" s trivial in R,. Therefore [1+p°y]=(1+p°y)=11in R,,. O

Corollary 4.1.23. Let s > m. The Frobenius Fry of a prime £ that lies below a prime
of Pm,s acts on Tp, with characteristic polynomial

X2 (-1)F X 1+ 0=0.
Proof. Combine Proposition 3.3.6 with Lemma 4.1.22. O
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4.2 Kolyvagin systems

4.2.1 Preliminaries

Throughout this subsection, let L be a finite extension of K and for each prime
v of L define L))" to be the maximal unramified extension of L,. Let J, ¢ ©, be
a fixed choice of inertia and decomposition groups of v. Let R be any complete
local Noetherian ring with finite residue field of characteristic p and let M be any
R[[G]]-module which is finitely generated and free as an R-module and unramified
outside a finite set of primes.

Definition. A Selmer structure F on M is a collection of local conditions on
M (viewed as an R[[D,]]-module) for every valuation v of L, i.e. a choice of an
R-submodule Hj(L,, M) c H'(L,, M) for every v.

Definition 4.2.1. Given an R[[®,]]-submodule (resp. quotient) N of M and a
local condition F on M we define the propagated condition, still denoted by F,
on N to be the preimage (resp. image) of Hx(L,, M) under the natural map

HY(L,,N) — H(L,, M)
(resp. H'(Ly, M) - H'(Ly, N)).

Definition. Given a Selmer structure F on M, define the Selmer module to be

Sel(L, M) :=ker (H' (L, M) — [] H"(Ly, M)/ H}(Ly, M))

where v runs over all places on L.
We will be concerned primarily with local conditions of the following type:

(i) The unramified condition

Hy(Ly, M) =ker (H'(Ly, M) —> H'(L™, M)).
When L, has residue characteristic different from p and M is unramified at
v, we shall refer to the unramified condition on M as the finite condition
-Hf(L’lM M) :

(ii) If L, has residue characteristic different from p, we define the transverse

condition
res

Htlr(Lm M) = ker (Hl(Lva M) — Hl(im M))v
where L, is a maximal totally tamely ramified abelian p-extension of L.

Remark 4.2.2. The definition of the transverse condition is made following [Biiy14,
Definition 4.9] and [How07, Definition 1.1.1] rather than [MRO04, §1.2|. The difference
is that our field L, is the maximal p-subextension of the field L, chosen in [MRO4].
Nevertheless, notice that if M is a p-group unramified at v, then our transverse con-
dition coincides with the one of [MRO04|. This can be seen using inflation-restriction,
the fact that M is unramified at v and noticing that all continous homomorphisms
from Gal(L! /L,) to a p-group must factor via Gal(L,/L.,).

Definition. When L, has residue characteristic different from p and M is unramified
at v, we define the singular quotient by the exactness of

0 — Hi(Ly, M) —— H(Ly, M) — Hy(Ly, M) — 0.
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4.2.2 The Greenberg Selmer structure on T

In this section we define a Selmer structure on the R[[G'x ]]-module T™ = T1 ®z, A%
This structure will then be propagated to quotients T}, s ;. We follow and expand
the ideas of [Biiy14, §4.1.1].

Lemma 4.2.3. Let v be a place of K above p, call D, a fixed decomposition group
for v. Then there is an exact sequence of R[[D,]]-modules

0— FEY(TV) - T — F (T") — 0
where FF(T™) and F; (T™) are free R™-modules of rank 1.

Proof. The Z,-algebra A*® = Z,[[I'*]] is flat over Z,, therefore the lemma follows
by tensoring the exact sequence of Proposition 3.3.7. O

Remark 4.2.4. The R™-modules F(T™) and E; (T™) of the previous lemma
coincide with F;f (T") ®7, A* and F, (T') ®7, A* respectively.

Fix now a finite extension L/K.

Definition 4.2.5. The (strict) Greenberg Selmer structure Fg, on T™ is
defined by setting local conditions as

H&r(L’U’TIW) if v +p

Hy . (L, TV) =
Fo (Lo, T) {ker(H%Lv,TIW)HH%Lv,F;(TIW))) it | p

with v running over all places of L, where the unnamed map is induced by the exact
sequence of Lemma 4.2.3.

The Greenberg Selmer module for the representation T'V is then
Sely, (L, TY) := ker (Hl(L, ) — [T H' (Lo, TV)/HE, (Lo, TIW))

where v runs over all places of L.

Remark 4.2.6. Following the definitions above, one can define the strict Greenberg
Selmer structure and the Greenberg Selmer module also for the representation T
(as done in [Biiy14, §4.1.1]), just erasing the tensorization with A®°.

Notice that the natural surjective map T™ —» Ty, is R[[Gx]]-equivariant for
every m,s,t € Zsg. We can hence propagate the structure Fga, to Tj, s, following
Definition 4.2.1. We remark that in general

H&r(L’UaTm,S,t) lf v JFP

Hy, (Lo, Ti,st) # ,
Far ait) {ker(Hl(LU,Tms,t) - HY(Ly, F,(Trns1))) ifvlp

where F (T st) = Fy (T™) ®riw Ry st Anyway, we have the following partial
result.

Lemma 4.2.7. Ifv 4 Np is a prime of L, then
H}-'Gr(Lva Tm,s,t) = ker (Hl(Lvmi,s,t) - Hl (LZJTaTm,s,t)) = I_If1 (vaTm,s,t)

for every m, s,t € Zsg.
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Proof. This is [Rub00, Lemma 3.5, (iv)], but we give here a direct proof. The
commutative diagram with exact rows

HE(Ly, T) —— HY(L, V) " B (L, T)

| |

Hfl(vaTm,s,t) — HI(LU,Tm,s,t) &) Hl(Lgrva,SJ)

induces a map
(ﬁ : Hfl (LU, T) —> Hfl(Lme,s,t)-

To conclude the proof, it suffices to show that ¢ is surjective. By inflation-restriction,
the map ¢ corresponds to the map

H'(Ly" Ly, (T™)™) — H'(LY /Lo, Ty 1)

induced by the morphism (T™)% — T3

s, where Jy, is a fixed inertia at v. Since
v + Np, the inertia J, acts trivially both on T'V and on Ton,st (see Lemma 4.1.7).
The claim follows by applying the long exact sequence in cohomology to the surjective

map TV - m.s,t, Doticing that Gal(LY"/L,) = 7 has cohomological dimension 1. [

In particular, Lemma 4.2.7 applies for every place v that lies above a prime A € P.

4.2.3 The finite-singular isomorphism

For the following two subsections, we fix m, s,t € Zso. When working with the field K
and with a place A € P, we choose K (¢)y to be the maximal totally tamely ramified
abelian p-extension of K occurring in the definition of the transverse condition,
where )\’ is a prime above A. We can also improve Remark 4.2.2.

Lemma 4.2.8. Let A= ({) € P and M be any finite R[[Gk ]]-module unramified at
A. Then

res

H{y (K, M) = ker (H' (K, M) <5 H'((Hy)x,, M),
where A\p a prime of Hy above .
Proof. Let A be the prime of K () below \y. Using the functoriality of the restriction

we can decompose the map that defines the right hand side as

res res

H'(K\,M) — H'(K(£)x, M) — H'((H¢)»,, M).

We just need to prove that the second restriction is injective. By inflation-restriction,
its kernel is

Hl(Gal((Hg))\é/K(f))\/)’MG(Hz)AZ) - Hom(Gal((He),\,_,/K(E)N),MG(H‘W)

since \’ is totally ramified in (Hy), and M is unramified at A\. Since M is a fi-
nite R-module it is also a finite p-group. Since, by definition of K (¢), the group
Gal ((H /K (L) A') has cardinality coprime with p, we conclude that the object in
the previous equation is {0}. O
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Fix now A € Py, s and call ¢ the prime of Q below A. By definition of Py, s, we
have that the action of G, is unramified on 7}, s; and that the cardinality of the
invertible elements of the residue field k) of K equals 02— 1, therefore it kills 75, 5.¢
since £ + 1 is divisible by p®. These conditions imply that our setting is compatible
with the one of [MRO04, §1.2]. We list here some of the key results that will lead to
the definition of a Kolyvagin system for 75, s ;.

Lemma 4.2.9. Let A € Py, 5. There are canonical functorial isomorphisms
(7’) Hfl(K/\7Tm,s,t) = Tm,s,t-
(“) H;(K/\, Tm,S,t) ® Gy Tm,s,t-

Proof. Point (i) is [MR04, Lemma 1.2.1] combined with the fact that Fry acts triv-
ially on T}y, s+ Let’s move to point (ii). From [MR04, Lemma 1.2.1] we have the
isomorphism

Hsl(K)\, Tm,s,t) ® k;\ i~ Tm,s,t-

Since Ty, s+ is a finite p-group, then also Hsl(KA,Tm,&t) is a p-torsion group. This
implies that tensoring HS1 (K, Tn,s,¢) with kY is the same as tensoring HI(K)y, Tons,t)
with the p-Sylow subgroup of kY. Since p | (¢ +1) and p > 2, the p-Sylow of kJ is
isomorphic to the p-Sylow of k3 /F; = G,. O

Remark 4.2.10. As noticed in the proof of [How04b, Proposition 1.1.7] the isomor-
phism of point (i) of Lemma 4.2.9 is given by evaluating cocycles at the Frobenius
automorphism Fry, whereas the isomorphism of point (ii) is given by sending £ ® oy
to £(&¢) for any lifting 6, € Gal(K\/KY*) of oy.

Definition 4.2.11. Let A € P,, ;. We define the finite singular isomorphism
N D Hf (K Ton,sg) — H{ (K, Tngs) ® G
to be the isomorphism induced by Lemma 4.2.9.

Remark 4.2.12. This definition does not coincide with [MR04, Definition 1.2.2],
otherwise our finite-singular morphism would have been the zero map. Instead, our
definition is compatible with [How04b, Definition 1.1.8] and [Biiy14, Proposition 4.7].

Lemma 4.2.13. Let A € Py, s. The transverse subgroup Htlr(K)\,Tmys,t) projects 1so-
morphically onto the singular quotient H;(K)\,Tms’t) under the natural projection.
In other words, there is a functorial splitting

Hl(Kvam,s,t) = Hfl(KAmi,s,t) ® Htlr(K)\aTm,s,t)-

Proof. This descends from [MR04, Lemma 1.2.4] and Remark 4.2.2. O

4.2.4 Kolyvagin systems for 7, ,

We are going to define Kolyvagin systems for the R,, s;-module T, ;. The first
key ingredient is working with a slight modification of the strict Greenberg Selmer
structure, that involves the transverse condition.
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Definition. For n € N, s, we define the modified (strict) Greenberg Selmer structure
on Tp, s+ to be

HL. (K,,T, if vtn
H;_—Gr(n) (K,U’ Tm’s,t) — {Gr( v m,s,t) .
HA(Ky Tsa) o n
for every place v of K.
Definition. For n € N/, define G(n) = Qi Ge-

We recall now some basics about sheaves of graphs.

Definition. Let X be an (undirected) graph, R be a ring and Modp be the category
of R-modules. A simplicial sheaf S on X with values in Modp, is a rule assigning

e an R-module S(v) for every vertex v of X;
e an R-module S(e) for every edge e of X;

e an R-module homomorphism v¢ : S(v) - S(e) whenever the vertex v is an
endpoint of the edge e.

Definition. Let S be a simplicial sheaf on a graph X. A global section of S is a
collection
{ky € S(v) : vis a vertex of X}

such that, for every edge e = {v,v'} of X, we have

Py () = Y (ko)
in S(e). We write S(X) for the R-module of global sections of S.

Definition. For any subset Py, ; of Py, s, we define Ny, ¢ to be the set of all squarefree
products of primes that lie below elements of Py, ..

Fix now a subset Py, ; of Pp .

Definition. We define a graph X = X (P, ;) attached to the triple (T, s.¢, Far, Prn.s)
by taking the set of vertices of &' to be Ay, ¢, and the edges to be {n,nf} whenever
n,nt € Ny, ; and £ is prime.

Definition. The (Greenberg) Selmer sheaf H = H,, ; is the simplicial sheaf on
X given as follows. We take:

o H(n) = Selg,, (n) (K, Tm,st) ® G(n) for ne N, ;

o H(e)=HI (K, Trnst)®G(nl) if e is the edge {n,nf} and X is the prime of K
above /.

We define the vertex-to-edge maps to be (see the next remark for more details)

o Ur, i Selrg, (o) (K, Tnyst) ® G(nl) > HY (K, Tm.st) ® G(nl) is restriction at A
followed by the projection to the singular cohomology;

o Uf = Selg, (n) (K, Trnyst) ® G(n) - HY(Kx, Trnst) ® G(nl) is restriction at
followed by the finite-singular comparison map qﬁff‘.
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Remark 4.2.14. Let T :=T), ;. The vertex-to-edge maps of the previous proposi-
tion are described by the following diagram

Selzg, (ney (K, T) ® G(nt)

-
/ lres A ®id
1

vel HL(KT) ® G(nt)

29U 11K, T) © G(n) ¢—; H (K, T) © G(nf)

res) ®id

SGIJ:G (n) (K T) ® g(n)

where for the most left arrow and for the upper arrow we are using the definition of
the Greenberg Selmer group and Lemma 4.2.7, for the horizontal right arrow we are
using the finite-singular isomorphism and for the bottom vertical arrow we are using
the isomorphism coming from Lemma 4.2.13.

Definition. A Kolyvagin system for the triple (7, m,s,t7~7:Gr,777'n, ) is any element
of H(X), i.e. any global section for the sheaf H. We call

KS(Tm,S,t7 fGr, P,r,n’s) = H(X)
the set of all Kolyvagin systems for the triple (T}, s+, FGrs Py ’S).

More explicitely, an element x € KS(Ty,s.¢, Far, Py, s) is a collection of cohomol-
ogy classes {knfnenr, , such that, for every n,nl € Ny, s with £ prime, we have:

(1) Kn € Sel]‘—Gr(") (K, Tm,s,t) ® g(n),
(i) 5 (kn) = ¥y (kine)

where e is the edge {n,nf}. Since all involved maps are R, s;-linear, the set
KS(To.5.ts Far, Pr, s t) is naturally an R,, s ;-module.

4.2.5 Kolyvagin systems for T™

In this subsection we show how to patch together the R,, s ;-modules of Kolyvagin
systems KS(To s.¢, Far, P s¢) When (m,s,t) € Z3, vary, in order to build what we
will call a universal Kolyvagin system for the big representation T'V. We mainly
adapt the definitions of |Biiy16, §3|.

Definition. For any two triples (m,s,t) and (4,7,7) in Z3,, we say that

(m,s,t) < (i,7,7)

if m<i, s<jandt<r. A similar definition can be done for couples of positive
integers.

Notice that if (m,s) < (,7) then Py, s 2 P; ;. We also suppose that Py, (2 P; ;.
In this case we denote by KS(T;, s 1, .7:Gr, P! ) the set of global sections for the Sheaf
Hin,s,t restricted to the subgraph X' (P} ;) of X(P;n ). For (m,s) < (i,5) < (i',5") we

also have a natural map

KS(Tm,s,tnyhP@'lJ) - KS(Tm,s,tafGrvpil’,j’) (43)
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defined by restricting global sections on X (731-'7 j) to global sections on X (P}, jr). With
respect to these maps, with (m,s,t) € ZEO fixed, one can define the direct limit

]'i)n KS(Tm,s,t) FGrs Pz',,j)
(4.4)

for all (i,5) = (m,s). Now we want to make (m,s,t) vary.

o and v be a valuation of K.

Lemma 4.2.15. Let (m,s,t) < (m',s',t"), ne N,
(i) If v|n, the natural projection Ty sty = Ty s+ yields a morphism

Htlr(va Tm’,s’,t’) - Htlr(Km Tm,s,t)-

(it) If v + n, the natural projection Ty oy = T s+ yields a surjection

H}'—Gr (Kv7 Tm’ﬂs,vt,) - H‘lfGr (KU’ Tm757t)‘
Proof. Let v | n. The commutative diagram with exact rows

HY(Ky, T ) —— HY Ky, T 1 r) —= HY(K (£)r, Trnr s747)

| |

Htlr(vaTm,s,t) — Hl(vaTm,s,t) i) HI(K(E)v’mi,s,t)

induces a map
Htlr(KW Tm,7sl7t/) - Htlr(va Tm757t)'

Let v + n. Recall that the Selmer structure Fg, on the quotients of T is
propagated (in the sense of Definition 4.2.1) from the Selmer structure of T W This
yields the commutative diagram

Hy . (Ky, TV) — Hy (Ky, T s 1r)

\ l

H-'}:Gr (Kv7 Tm,s,t)

where the vertical arrow is surjective since the diagonal arrow is so. O

When v + Np, combining the previous lemma with Lemma 4.2.7, we obtain a
surjection
Hfl(KvaTm’,s’,t’) - Hfl(vaTm7S7t)'

Proposition 4.2.16. Let (m,s,t) < (m/,s',t") < (', 5',r"). Call o: Ty 530 > Tinst
the natural projection. Then the map

Oy * KS(Tm',S',tlafGraPi,”j’) I KS(Tm,s,t;thPi”’j’)
{rn} — {au(ky)}

is a well-defined morphism of R™ -modules.
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Proof. Fix n e Nj) ;. Let’s first show that

o (Ky,) € Sel gz, (n) (K, Tinyst) ® G(n).

Call T := Tpyy g and T := Ty, 5. The definition of the modified Selmer group and
Lemma 4.2.15 yield the following commutative diagram with exact rows

Selg., (n)(K,T") —— HY(K,T') =5 T, Hl(Kv,T’)/H}Gr(n)(KU,T’)

- ol

Selg,, (n)(K,T) —— H'(K,T) —— nvHl(KU,T)/H;Gr(n)(KU,T),

where v runs over all places of K. This diagram yields the desired map

v, 1 Selg, () (K, T") ® G(n) — Selg, (n)(K,T) ® G(n)

Kl > (K.

Fix now A = (£) € P}, ;. We need to show that ¢} (a(ky,)) = ¥, (ax(ky,)), where
e is the edge {n,nf}. The strategy is to prove that a, commutes with vy, and ¢,
and then conclude just using that {x} is a Kolyvagin system. In order to prove
the commutativity above, we show that a, commutes step by step with all maps
defining 1);, and v, (look at Remark 4.2.14 for a picture). Consider the diagram

T i 5oid
Selzg, oy (K. 1) ® G(n) 225 H (165, T') @ G(n) 225 HI(K).T') @ G(nl)

a*l a*l oc*l

res) ®id .1 ofeid
Sel]—'(;r(n)(K7T) ® g(n) — Hf (K)\, T) ® g(n) — H| (KA,T) ® g(nf)
The left square is well defined by definition of the Selmer group, by Lemma 4.2.7 and
by Lemma 4.2.15, and it is commutative since the restriction map is functorial (see
[NSW13, Proposition 1.5.2]). The right square is well defined and commutes since
the finite-singular morphism is functorial by Lemma 4.2.9. Hence v;, o o, = ai 0 9y
Consider the diagram

%umwﬂKJU®gm@@2%%%UQJ0®QWO—iﬁ}ﬂﬂﬁjﬂ®QMQ

Ot*l/ ax—l a*l
Sel g, (ney (K, T) ® G(nt) “225 H(K,,T)® G(nt) —— H2(K\,T) ® G(nl).
The left square is well defined by definition of the Selmer group and by Lemma
4.2.15, and it is commutative since the restriction map is functorial. The right

square is well defined and commutative since it is induced by the right square of the
following diagram with exact rows

0 — HYNK\T") — HY(K),T') — HI(K)\,T') —— 0

o | a*l a*l

0 —— H}(K)\,T) — HY(K),T) —— HNK),T) — 0,

that is commutative since the left square is commutative by Lemma 4.2.15. This
shows that ¢, 0 a, = a0 9y,. As remarked above, this implies that the map o.
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between Kolyvagin systems is well defined. The fact that it is a morphism of R'W-
modules descends from the fact that all maps that come into play are morphisms of
R™-modules. O

Fix (m/,s’,t") = (m,s,t). It is easy to see that the maps a, of the proposi-
tion above commute with the maps defined in (4.3), hence we have a well defined
morphism of R'-modules

&x- : h_I)l’l KS(Tm',S',t’M’]:GI‘)Pi/’,j’) - h_H>1KS(Tm,S,t)]:Gr7Pz'/7j)a
(i"3") (i)

where the limits are taken for (i’,5") > (m’,s’) and for (4,7) > (m,s). The set

{ lim KS(Tm,s,t;mePi’,j,r)}

3
(i) (D

is an inverse system with respect to the maps «.. This implies that we can take the
inverse limit with respect to these maps. This fact leads us to the following final
definition (see also [Biiy16, Definition 3.4]).

Definition 4.2.17. The R™-module

KS(T", Fr, P') = lim lim KS(Ton s, Far Pr)
(m.st) (i)

is called the module of universal Kolyvagin systems for the representation T™.

In [Biiy14, Definition 4.12], it is stated that there is an equality

KS(TV, For, P') = lim KS(Tn,s.t: Frs Prns)-

(m,s,t)

We will use this fact at the end of the next chapter. It is possible that a proof of this
equality follows the steps showed in [Biiy16, Definition 3.6 and Lemma 5.7|. This
seems possible under the assumption that the local condition Fq; is cartesian, which
will be the case under some new assumptions to be made in the course of the next
chapter. Indeed, one can prove (exactly as in Proposition 6.2.5) that Fg, coincides
with the Bloch-Kato condition, which is cartesian by [How04a, §2.2].



Chapter 5

The big Heegner point Kolyvagin
system

In this chapter we build a universal Kolyvagin system for the representation T,
starting from the set of big Heegner classes of Definition 3.5.3.

5.1 Summary

We fixed a prime p > 5 and a positive squarefree integer N coprime with p and
such that p does not divide the cardinality on (Z/NZ)*. We assume that there are
N* N~ € Zsg such that

N=N*N",

where N~ is a squarefree product of an even number of primes. We fixed an imaginary
quadratic field K of discriminant Dy prime to 6 Np with class number prime to p
such that the primes dividing N* (respectively, N™) are split (respectively, inert) in
K (see Assumption 2.2.6).

In Subsection 3.2.1 we fixed a normalized eigenform f € Si(T'o(N) nT1(p),w’)
that is an ordinary p-stabilized newform of tame level N whithout complex multipli-
cation, for fixed k > 2 and j > 0. We are also assuming that the residual representation
ps attached to f is p-distinguished and absolutely irreducible (see Assumption 3.3.1).
We called F' a finite extension of @, containing the Fourier coefficients of f and O
its ring of integers.

We denoted by R the branch of the Hida family where f lives, T' is the twisted
Galois representation attached to the Hida family and TV is T ®z, A*. This last
is a module over the complete Noetherian local domain R ®z, A*® = R[[I"*‘]]. The

residual Gg-representation T' is absolutely irreducible (see Corollary 3.3.5).

In Subsection 4.1.1, for every triple (m,s,t) € ZEO we defined the rings Ry, Ry, s
and R, s; together with the Galois modules 7T}, T}, s and T, s ;. By Lemma 4.1.12
and Corollary 4.1.13, all these modules have no H,-invariants, for n coprime with
NpDK.

At the beginning of Section 4.1 we defined some abelian extensions Hppa, Lq,
Lo(n), Koy, Ko(n), K(n), Ko and Lo, of K, for a € Zso and n coprime with p (see
diagram (4.1)). We have also the set P of primes of K that are inert and coprime with
Np, together with its subset P, s of primes A = (¢) of P such that £=-1 (mod p*)
and with the property that Fry acts trivially on T, s and T}, s;. We called N and
Nms the set of squarefree products of primes lying below primes of P and Py, s,

83
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respectively. Also, for every n € N there are groups G, := Gal(H,/H1) = 1y, G¢ and
G(n) := @, Ge- For (£) € P, the groups Gy are cyclic of order £+ 1, and we fixed a
generator oy.

For every ¢ € Zsq coprime with N we have the big Heegner class x. € H'(H,, TT)
of conductor ¢ defined in Definition 3.5.3. This class can be built from any system
of compatible points on towers of Shimura curves (see Section 3.5). An example of
a compatible family that satisfies these properties is the one built in [LV11].

5.2 Controlling Tamagawa elements

In this section, following the ideas of [Biiy14, §3] and [Foul3, §5] we study the p-
part of the Tamagawa numbers attached to the specializations of T!. We also make
two assumptions that will be fundamental when checking the local properties of our
classes at the primes dividing N.

5.2.1 Minimally ramified modules

In this subsection we introduce the notion of minimally ramified module, as presented
in [Foul3, Definition 5.6].

Definition. Let L be a finite extension of Q, v be a place of L, S be a local Noethe-
rian commutative domain with maximal ideal mg and T' be an S[G]-module. We
say that T is minimally ramified at v if the nautural map

T7 — (T/mgT)™
is a surjection, where J, is a fixed inertia group at v.

If T is minimally ramified at v, we then have that (7//mgT)?" is isomorphic to
77 /mgT?* under the natural map.

Lemma 5.2.1. Let T be a S[G]-module minimally ramified at v and let B be a
quotient of S. Then

(i) The module T ®g B is minimally ramified at v.
(ii) The map T — (T ®g B)”* is surjective and (T ®5 B)? =T ®g B.

Proof. Since B is a quotient of S, the surjective morphism T — (T/mgT)”* factors
through the module (T ®g B)’*. This fact yields the surjectivity of the natural
morphism (T ®g B)” - (T/mgT)% = T /mgT7. This last isomorphism yields
also the equality (T ®s B)™ =T ®g B. O

Lemma 5.2.2. Let T be a S[Gr]-module minimally ramified at v. Then
(i) HY(3,,T) is S-torsion-free.

(it) If S is a DVR then an S[Gr]-module T' is minimally ramified at v if and only
if HY(3,,T) is S-torsion-free.

Proof. (i) Suppose that 7' is minimally ramified at v and let = € S~ {0}. The
multiplication-by-z map induces the long exact sequence

% —— (T/2T)% —— HY(3,,T) —2> H'(3,,T). (5.1)
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Thanks to point (ii) of Lemma 5.2.1, the first map is surjective and hence the mul-
tiplication by z in H'(J,,T) is injective.

(i) When S is a DVR, we let x be a generator of its maximal ideal. Then, the
exact sequence (5.1) with 7" in place of T' yields the needed converse implication. [

For the applications to Iwasawa theory, we would like to control minimal ramifica-
tion under tensorization with respect to maps S — S’ where S’ is a discrete valuation
ring. This seems impossible without a careful study of Tamagawa elements, as done
in |Biiy14, §3|. We explain this approach in the next subsection.

5.2.2 Tamagawa numbers

In this subsection we briefly recall the work of [Biiy14, §3]. Notice that our assump-
tion p + #(Z/NZ)* is enough to replace [Biiyl4, Assumption 3.1] in the arguments
of [Biiy14, §3].

Since we assumed N to be squarefree, [BCS23, Proposition 4.25| implies that, for
every place v of K dividing N, there is an exact sequence of R[D,]-modules

0—RMWeou—T —ROu—0

where p: ®, — {£1} is a quadratic character. With this exact sequence in hand, the
whole work of [Biiy14, §3| is available, as we now recall. See also [BCS23, §4.4] for a
further discussion on this subject.

Let now T be a Gg-module that is finite and free over the ring of integers S of a
finite extension of Q). For every place v of K dividing N, following [FP94, §4| (see
in particular [FP94, Proposition 4.2.2]), we define the p-part of the Tamagawa
number at v to be

TamP)(T) := #H (3, T)F=L,

tors

As noticed at the end of the proof of [Biiyl4, Proposition 3.2] (see also [Rub00,
Lemma 1.3.5]), there is an equality

Tam{? (1) = #((T ©s (Frac(S)/9))™ /(T ®s (Frac(5)/$))3,)™"

9

where the subscript "div" means that we are taking the divisible part of the module.

Let now p be an arithmetic prime of R and call S(p) the integral closure of R/p,
that is the ring of integer of a finite extension of Q,. Call T'(p) = T' ®x S(p) the
twisted Galois representation attached to p by Hida theory. For the content of the
following assumption, see [Biiyl4, Assumption 3.4 and Remark 3.5].

Assumption 5.2.3. There is an arithmetic prime p such that, for every v | N
(1) Tam{" (T(p)) = 1.
(2) T(p)? is a free S(p)-module of rank 1.

Under Assumption 5.2.3, Biiylikboduk builds a Tamagawa element 7 € R that
contains informations about the Tamagawa numbers at any specialization of T!. In
particular, under the same assumptions, we have the following result.

Proposition 5.2.4. Let s : R — S be any Op-algebra map, where S is a discrete
valuation ring. Under the running assumptions, Teurm(,p)(Tf@)5 S) =1 for everyv | N.

Proof. See [Biiyl4, Proposition 3.9]. O
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The second fundamental consequence of the assumptions of this subsection is the
following result.

Lemma 5.2.5. Under the running assumptions, the module H'(J,, T7L) is R-torsion-
free for every v| N.

Proof. See |Biiyl4, Lemma 3.11]. O

Remark 5.2.6. In this remark we investigate the relation between working under
Assumption5.2.3 (as done in [Biiy14]) and working under the assumption of TT being
minimally ramified at every prime v | N (as suggested in [Foul3, Assumption 5.10]).

First, notice that Lemma 5.2.5 is true in both contexts (see Lemma 5.2.2). More-
over, minimal ramification alone would be enough for the work of this chapter, since
we will just need the surjectivity of (TT)% — Tf,f:s, which follows from Lemma 5.2.1.

On the other hand, also Assumption5.2.3 gives the surjectivity of (TT)jv - Tg;js
(see |Biiyl4, Lemma 4.27]) and have the plus of giving Proposition 5.2.4 in its full
generality, which will be used in Chapter 6. For this reason, from now on we work
under Assumption 5.2.3.

5.3 Construction of the classes

Recall the big Heegner classes k. € H'(H., T") of conductor ¢ coprime with N defined
in Definition 3.5.3.

Definition 5.3.1. Let a,n € Z.g with n prime to Np. We define
dno = COTH oy [La(n) Uy, “Kppost € Hl(La(n), TT),
where U, € R is the image of the Hecke operator U, in R.

Remark 5.3.2. The operator U, is invertible in R since it is the image of an in-
vertible element in the big ordinary Hecke algebra T (see point (b) of Proposition

ny
3.1.4) via the map foo : Tg;d - R.
The aim of this section is to massage these classes in order to build a system of
elements in the cohomology over K of some quotients of T™.
5.3.1 Compatibility
Let’s look at the compatibility properties of the classes 3, q-

Lemma 5.3.3. Let n € Zsg be prime to Np and o > 2. Then

COT L, (n)/La1(n)(3n,a) = dna-1-

Proof. From Proposition 3.5.5 we have that cor H, st | e (Upfl Kppo+t) = Kppa. The

claim follows applying cor Hppo /Lo (n) °Up @+l to both sides, remembering that the
Hecke algebra is a commutative algebra defined over @@, hence it also commutes with
corestriction. O

Lemma 5.3.4. Let n € Zsg be prime to Np, £ be a prime not dividing nNp and
a>1. Then

COI'f, ., (n€)/La(n) (3n€,a) = Tf(ﬁn,a)‘
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Proof. From Proposition 3.5.6 we have that COTH o [H, ot (Fngpas1) = Ty(Kppost).
The claim follows applying cor H, av1/La(n) oU,“ to both sides, remembering that the
Hecke algebra is a commutative algebra defined over @@, hence it commutes also with
corestriction. I

5.3.2 The classes lie in the Selmer group

Let n € Zsg be prime to Np and let a > 1. We want to work with classes that lie in the
Greenberg Selmer group Selr, (La (1), TT) (see Subsection 4.2.2 for details on the
Greenberg conditions). This goal is usually reached by multiplying the classes 3, q
by a fixed element of R (see [LV11, Proposition 10.1]). In our setting, Assumption
5.2.3 allow us to get rid of this extra element.

Proposition 5.3.5. For every n € Zsg and a > 1 we have
Fonper € Selz, (Hppe, TT).

Proof. Following the proof of [LV11, Proposition 10.1], one shows that the restriction
of Kppa to H'((Hyppe )y, TT) lies in the Greenberg condition for every v + N~. For
those primes v dividing N, one is able to show that the restriction of kype to
HY((Hppe )Y, TT) is R-torsion. By class field theory, Ky = (Hppe )y where £ is the
rational prime below v. By Lemma 5.2.5 we know that Hl(K(ufr), TT) is R-torsion-
free, hence the restriction of kppe to it is zero. This implies that s,y satisfies also
the Greenberg condition at v. ]

Remark 5.3.6. Without Assumption 5.2.3, one can choose an element a € R (inde-
pendent on n and «) that lives in the annihilator of the finitely generated R-module
[Tyn- H YK FZ)’ TJf)torS and work with the modified classes a - kppe in place of Kypa,
as done in [LV11, §10]. In this setting the results of this chapter remain true, mod-
ulo assuming further that TT is minimally ramified at every prime dividing N (see
Remark 5.2.6). However, in Chapter 6 we will need Assumption 5.2.3, therefore we
assume them to be true and get rid of the unwanted factor a.

Proposition 5.3.7. Let n € Z.g be prime to Np and o > 1. Then

3n.a € Selz,, (La(n), T1.

Proof. We need to check that 3, € H}GT(LQ(n)U,TT) for every place v of Ly (n).
In order to ease the notation, for primes w of H,,s1 and v of Ly(n) we write
Ly = (Hypor1 ) and Ky := (La(n))o.

Fix primes w | v | A + p where w (resp. v, resp. A) is a prime of H,, a1 (resp. of
Ly (n), resp. of K). By Proposition 5.3.5 we have that

resy (Kppa+1) € H}Gr(ﬁw,TT). (5.2)

A careful study of restriction and corestriction maps (see Corollary A.1.2) yields a
commutative diagram

H'(Hpporr, TT) 228 @ HY(L,, TN 225 @, H' (22, T)
U;gaocorl lUZ;O‘O(j) l/U;O‘od) (53)

HY(Lo(n), Ty —=— HY(&,, TT) —=— g1(&¥,TT)
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for some morphisms ¢ and ¢, where w runs over all places of H,,«+1 over v (that
is supposed to be fixed here). Then, using (5.2) and chasing the diagram above, we
conclude that

resy (3n,a) € Hr,, (R, T').

If w|v|\]|p, using the commutative diagram

HY (L4, TH) —— HY(L4y, F; (TH)

- -
lU p ocor lUp ocor

together with Proposition 5.3.5 we conclude that

resy (571704) € H,}—‘Gr (R, TT)'

5.3.3 Kolyvagin’s derivative

Our aim is building out of these classes 3, a universal Kolyvagin system for the
representation TV = T ®z, A* over the field K. The first step is, for now, fixing
m, s,t € Zso in order to define classes in the cohomology of T}, s ;.

Notice that if o > ¢, then 47" -1 € (th —1) in A®*, where 7 is a fixed generator
of I'*¢. Therefore the augmentation ideal

Ag =ker (Op[[Gal(Kw/Ko)]] — OF)

is contained in (7 ~1). This implies that, for every a > ¢, the action of Gal( Ko /Kg)
is trivial on Ry, ¢ -

Remark 5.3.8. A similar fact is also used [Biiy14, (4.2)], but here the result is easier
since we are using the elements 'ypt -1 instead of (y—-1)*. One can also easily prove
(see [Was97, p.116]) that wpt —1e(p,y-1)"! and that p + ’ypt —1. This implies that
the sequence ps,’ypt —1 is regular in A®°.

Let now n € Ny, s. Recall that G, = Gal(H,/H;) is isomorphic to the product
[T Ge of cyclic groups of order £+ 1 generated by oy, for every prime divisor ¢ of n.
Ramification issues imply also that

Gn =Gal(H,/Hy) = Gal(Ly(n)/Ly) 2 Gal(Ky(n)/Ky)
for every a > 1.

Definition. Define the derivative operators D, = Y¢_; io? € Z[G,] for a prime £ | n
and Dy, = [1g, De € Z[Gn].

Notice that the action of D,, on any G,-module is a product of the action of
elements that lie in inertia groups above the primes that divide n. Since Tt and TV
are unramified outside Np (see Proposition 3.3.6 and Lemma 4.1.7), we can lift D,,
to an element of Z[Gg] that acts trivially on TT and T'V.

Since G, is a normal subgroup of Gal(H,/Q) = Gal(H,/K) » Gal(K/Q), the
complex conjugation ¢ € Gal(K/Q) acts on G, with the relation coc = o=}, for all
o€gy,.
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Lemma 5.3.9. For A= ({) € Py, s and n € Ny, s we have the relations
(a) (Ug—l)Dg=€+1—T1“gl.
(b) ¢Dy = (-1)*MD,e (mod p*) in Z[Gal(Hy/Q)], where w(n) is the number of

prime factors of n.

Proof. Point (a) is a classical straightforword computation (see [Gro91, Equation
(3.5)]). Turning to point (b), let ¢ be a prime factor of n. Using the fact that
p®| ¢+ 1, we obtain that

4 ) 4 . 4 . 4 ) L 4 )
cDg =Y icoy =Y iog'c= Ziaﬁ””c =Y (+1-i)opc=l+1)> opc— Y ioyc
i=1 i=1 i=1 i=1 i=1 i=1
= —Dyc + p®(something)
in Z[Gal(Hy/Q)]. Then, for every ¢ | n, we can compute
cDy = cD¢Dy,jp = =DycD,,  + p° (something),
and point (b) follows by induction on the number of prime factors of n. O]

We now fix m,s,t,a € Zso and n € Ny, s and massage the elements 3, using
cohomology operators in order to build classes in H'(K, Tnsit)-

Definition. For any element z € H'(Lq(n), TT) we write Z for the image of z in
HY(Lo(n),Trns).
Proposition 5.3.10. For every n € Ny, 5, we have Dy o € Hl(La(n),Tm,s)gn.

Proof. By the functoriality of the Galois action on cohomology groups (see [NSW13,
Proposition 1.5.2|), we have that

Dnﬁn,a = Dngn,a'
Since Gy, = [1y, e, 1t suffices to prove that
(Uf - 1)Dn3n,a =0

in H'(La(n),Tns) for every prime £ | n. Using Lemma 5.3.9 and the fact that G,
is abelian, we obtain that

(Uf - 1)Dngn,a = (02 - 1)DZDn/€3n,a = (6 +1- Trgz)Dn/fgn,a =
= (E + 1)Dn/f3n,oc - Dn/€ TI'gZ (gn,a)'

Since ¢ lies below a prime in Py, s we have that p® | £+ 1, hence £+ 1 is zero in Ry, s.
It suffices now to prove that Trg,(3,,,) = 0.
By [NSW13, Corollary 1.5.7| there is a commutative diagram

1 Trgl 1
H (La(n), Tim,s) —— H (La(n),Tm,s)

cor
| %

HY(Lao(n/€), Tms)-
Using the functoriality of the corestriction together with Lemma 5.3.4 we obtain that

COT L, (n)/La(n/t) Gnya) = Te(3nje.a)s

and the lemma follows from the fact that 7} is zero on T}, s by Lemma 4.1.18.
O
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The end of the proof of the previous proposition yields the following corollary,
that has some importance on its own.

Corollary 5.3.11. With the notation of the proof of the previous proposition, we
have that

COT L. (n)/La(n/t) Gn,a) =0
in HY (Lo (nf), T.s).

Lemma 5.3.12. The restriction map
ves : H' (Lo, Tms) — H'(La(n), Tin.s) o
s an isomorphism.

Proof. We will prove that H%(La(n), Tin s) = {0} and then conclude via the inflation-
restriction exact sequence.
By Lemma 4.1.12, we have that H°(H,, Trns) = {0}. We can write

{0} = H°(H,,, T ) = H(Lo(n)/Hy, H(La(n), T s) ),

and notice that the group Gal(Ly(n)/H,) has order p®. Suppose by contradiction
that HY(Lo(n), Tins) # {0}. Then, since T}, s is a finite abelian p-group, the cardi-
nality of H(La(n), T s) is equal to p¢ for some ¢ > 1. By [Ser77, Lemma 3|, we have
that p divides the cardinality of H°(La(n)/Hp, H(La(n), Tyn.s)). But since the el-
ement 0 is always stabilized, the cardinality of H(La(n)/H,, H*(La(n),Tins)) is
greater then 0, hence greater or equal then p. This is absurd since we know that
H°(H,, Ty s) = {0}. O

Definition. For n € Ny, s and a > ¢, define K[, 4] = res ™ Dpina € H (Lo, Trns)-
Point (i) of Lemma 4.1.16 yields an isomorphism
Shy : HY (Lo, Tyns) — HY(H1, Tos ®7, A/(47" =1)) = HY(H1, Trnsa)  (5.4)
Whenever « > t, the fact that 'ypt -1] AP" =1 implies that there is a natural map
Yar: H (H1,Tpsa) — H'(H1,Tinst)-
Definition. For every n € N, s define Kin] = Shi(K[p) € HY(Hy,Trnst)-

The following lemma explains the compatibility in the anticyclotomic tower sat-
isfied by the classes K.

Lemma 5.3.13. For every a > t, there is an equality
K] = (Yat © Sha ) (K[n,a])-
Proof. Lemma 5.3.3 yields the relation

COT L., (n)/Ls(n) (n.a) = dnit-

Corestriction commutes with the action of D,, (see [INSW13, Proposition 1.5.4]), with
reduction to T, s and, since L, and L¢(n) are disjoint over L;, also with the inverse
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of the restriction defining K[, o] and K[, ¢ (see [NSW13, Corollary 1.5.8]). Therefore,
we obtain that

corr, /L, (K[n,a]) = K[n-

As noted in (4.2), there is a commutative diagram

Sha a
H'(La,Tin,s) —> H'(Hy, Tins ®2, A*[(47" - 1))

corl lwa t

Shq
Hl(Lt>Tm,s) —_— Hl(HbTm,s ®Zp AaC/(,th - 1))
where 1, ¢ is the map attached to the projection A2¢/(4?" ~1) - AaC/(va —1). This
implies that the image of Shq (K[,4]) in HY(Hy, T, s:) coincides with Sh(kpn). O
Definition. For n € N, s we define
Ky = COI'HI/K K/[n] € Hl(K, Tm,s,t)-

The main goal of the rest of this chapter will be to prove that a slight modification
of the classes {Kn }nen, , form a Kolyvagin system for T, s ¢ over K with respect to
the Greenberg condition. The first step in this direction will be proving that they
lie in the proper Selmer group.

5.4 Local properties of the classes

The aim of this section is to show that the classes k,, lie in SelfGr(n)(K yTmsit), by
checking all local conditions at the primes of K. In order to do this, we keep working
with fixed m, s,t € Zso and n € Ny, 5.

Remark 5.4.1. Let a > 1, v, be a prime of L, and w, be a fixed place of L,(n)
above v,. Since D,, € Z[G,], its action is well defined on H'(Ly(n), T}, s) but it is
not defined on a single local component H'(Ly(1)w,,Tm.s), since the action of an
element of G, may twist local components. This is why we will extensively make use
of the following semilocal commutative diagram

H'Y (Lo (), Trns) =% @i, H' (La(1)ws Trns)

i b

Hl(Loc(n)7 Tm,S) @r—eSw) ®w\vaH1 (La(1)w, Tm,S)’

where w runs over all places of Ly(n) over v,. See also Section A.1 and [Rub00,
§B.5] for a discussion on semilocal Galois cohomology.
5.4.1 Local properties away from Np

Proposition 5.4.2. Fiz a place v + Nnp of K and let v, be a place of L, over v.
Then, for all o > 1 we have

(a) resva(""[n,a]) € Hfl((La)vam,s) = H}‘Gr((La)vam,S)-

(b) res,(kn) € Hfl(Kv,Tm,&t) = Hjl_-Gr(KU,Tm757t).
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Proof. Before starting the actual proof, notice that the equality signs in (a) and (b)
between local conditions come from Lemma 4.2.7.

(a) Let w be a place of Ly(n) above v,. Since the extensions Lq (1)w/(La)v, [ Ky
are unramified, then Lo(n)y = (La),. = K. Thanks to the functoriality of the
restriction (see INSW13, Proposition 1.5.2] and [NSW13, Proposition 1.5.4]) and to
the commutative diagram of Remark 5.4.1 we obtain the commutative diagram

Hl(La(n)aTT) m) @wh}a Hl(LOA(n)w’TT) L @wh}a Hl(La(n)‘{lvr’TT)

Hl(L (n), Tm,s) orey @w|va Hl(L (M)ws Tm,s) — @wh}a Hl(L (M) Tim,s)
l)n\L l)n\L l)nj/
Hl(La(n)aTm,S) @wlva Hl(L (n)w, mS) ~Tes 7 ®w|va Hl(L (n) ; mS)

dresy

Following the path of 3, . from the upper left to the bottom right of the previous
diagram and applying Proposition 5.3.7 we obtain that

resw(Dnﬁn,a) € Hfl(La(n)vam,S)

for every w | vo. Point (a) descends from the following commutative diagram

Hl(La(n)aTm,S) Ko Hl(L (7w, mS) —= Hl(L (7)) mS)

I'QST I'QST ‘

HY (Lo, Thns) —e H'((La)vas Tinys) —=— H'((La)¥, Tns)-

(b) Let now v; be a place of H; above v and take a = ¢. Semilocal Shapiro’s lemma
(see e.g. [Rub00, Proposition B.4.2|) yields the following commutative diagram

@D resy,
Hl(Lt’Tm,S) — @vt|v1 Hl((Lt)vam,S) m) @vt|v1 Hl((Lt v mS)

Sh{L Sh{L ShaL

resy
H'(Hy, Tnysp) ——— H' ((H1)vy, Tinysy) ———— H'((H1)2, Tinst)-

Following the path of K[, from the upper left to the bottom right and applying
point (a), we obtain that

resvl(n[n]) € Hfl((Hl)UlaTm,S,t)'

Corollary A.1.2 yields a commutative diagram

Hl(Hl mst) ﬂ ®U1|1)H1((H1)U17 mst) m) @vl‘le((H1)317 mst)

lcor l l

resy

Hl(KaTm,s,t) —_— Hl(KvaTmst) —) Hl( 7 mst)

that gives point (b). O
Proposition 5.4.3. Let A\ = (¢) be a prime of K such that £ |n. Then

1
resy kn € Hi (K, T t)-
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Proof. Fix o > 1 and let v, (resp. w, resp. w') be a place of L, (resp. Ly (£), resp.
L,(n)) that lies above A (resp. above v, resp. above w). By Lemma 4.2.8, we must
prove that resy Kk, lies in the kernel of

res: H' (K, Tims0) — H' ((Hg) vy, Trnst),

where vy is the prime below w.

First step: prove that the restriction of Dy,35.0 t0 H((La(1))wr, Tin.s) is trivial,
where 3, o is the reduction of 3, o to Hl(La(n),Tms).

First, by Proposition 5.3.7 and Lemma 4.2.7 we know that res,s 3, lies in
Hf1 ((La(n))w, Trm,s). Since the operator D,, commutes with restriction (in the sense
of Remark 5.4.1), the same is true for res, Dpjn -

By the explicit description of the isomorphism of point (i) of Lemma 4.2.9 (see
Remark 4.2.10) and the fact that Dy, = [1p), Der, it suffices to show that the evalu-
ation (Dgjn,a)(Fry) of a cocycle representing D3y, o at Fr, is trivial. Since T}y, ¢
is unramified outside Np, we know that o, (our fixed generator for G,) can be lifted
to an element that acts trivially on T}, s. This, together with the fact that the co-
cycle resyy 3n,qo is inflated by an unramified cocycle, implies that the action of o, on
€Sy 3n,qo 18 trivial, therefore

L(L+1)
2

‘ , ¢
(Dé?;n,a)(Frw’) = 22 : (Uégn,a)(Frw’) = ZZ 'Zn,a(Frw’) = 'gn,a(Frw’) =0
i=1 i=1

since (¢ +1)/2 is zero on Tpy, .
Second step: prove that the restriction of K, o] to HY(Lo(£)w, T s) is trivial.
Recall that there are disjoint field extensions

Lo(n)

La(0)

N
L

Hn/f

ANV

H,

Hy
Since A = (¢) is a principal prime in K, by class field theory we have that \ splits
completely in H, . Elementary algebraic number theory shows that this implies
that w splits completely in L,(n). This implies that Ly (£)y = Lo (1)

Our claim now follows easily from the first step of this proof together with the
commutativity of the following diagram

res,, s

Hl(La(n)aTm,s) > Hl(La(n)w’aTm,s)

H"(La, Trnys) ——2% H'((La)ves Trns) —=2 HY(La (O, Tin,s)-

Third step: we conclude as in the proof of point (b) of Proposition 5.4.2. Precisely,
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setting a = t, we have the commutative diagram

@Dresy
Hl(LtaTm,S) — Eth\)\ Hl((Lt)Ut7Tm73) % EBw|/\ Hl((Lt(g))me,S)

lSht lSht lSht

P resy

H'(Hy, Trst) ——3 @pyp HH((H1) oy, Trnsst) ~% @uyn HU((He)ogs Trnost)

[ ! !

resy

Hl(KvTﬂ%S,t) S HI(KMTm,S,t) L) Hl((HZ)vam,s,t)a

where the two upper squares are induced by semilocal Shapiro’s lemma and the two
bottom squares are a consequence of [NSW13, Proposition 1.5.6] (see also Corollary
A.1.2). In particular, since A is split in Hy, the bottom vertical central and right
maps are just a sum of Galois actions, and in the bottom right cohomology group
the field (Hy),, is intended to correspond to the intersection between the chosen
decomposition group at A with G, . O

5.4.2 Local properties at p

For this subsection, we fix a place v of K above p. Since F; (TT) is flat over R, by
tensoring the exact sequence of Proposition 3.3.7 over R with R,, s, we obtain the
exact sequence of Ry, s[[Gk,]]-modules

0 —— Fy(Tns) —— T —— Fy (Tms) —— 0

where, by definition, F*(T},.s) = F£¥(TT)®Rr Ryn.s. For a similar reason, from Lemma
4.2.3 we obtain the exact sequence

0 —— Fy(Tmst) — Tmst — Fy (Tst) —— 0 (5.5)

where, by definition, Fjy (T s¢) := F;(TIW) Oriw Rom,s.t-

Proposition 5.4.4. Let a > 1. For any place v, of Lo above v, we have

ey, (Kna1) € ker (H'((La)va: T s) — H' ((La)uas Fy (Tns)))-

Proof. Let a > a be a positive integer, fix v, a valuation of L, abowe v,. We have
the following commutative diagram

Hl(La(n)vTT) B — EDw|va Hl(La(n)w7TT) — EBw\va Hl(La(n)w7qu(TT))

@ resy

i a o

Hl(La(n)vTT) ry— e9w|va Hl(La(n)waTT) — EBw\va Hl(La(n)W7Fv_(TT))

@ resy

| ! |

H' (La(n), Tin,s) m Duwjvg Hl(La(n)w: Tns) — S Hl(La(n)w’ Fy(Th,s))

where w varies among all places of L,(n) above v,, and:

(i) the commutativity of the two upper squares follows from the fact that D,
commutes with the restriction (see Remark 5.4.1) and from the fact that the
action of D,, is functorial (see [NSW13, Proposition 1.5.2]);
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(ii) the commutativity of the two bottom squares comes from the fact that tensor-
ing over R commutes with restriction in cohomology and with R-linear maps.

From the commutativity of the diagram above and the fact that, by Proposi-
tion 5.3.7, 3pn.q € SelfGr(La(n),TT) we obtain that the image of 3, , inside the sum
Duwlva HY((Lo(n))w, F; (Tms)) is zero. This implies that, chasing the commutative
diagram

HY(Lo(n), Trns) —2 HY(La(n)w, Trm,s) —— HY(La(n)w, Fy (Tyn.s))

I‘CST I'CST I‘CST

Hl(LaaTm,S) Tva) Hl((La)va»Tm,S) — Hl((La)vaaFJ(Tm,S))a
the image of Kk, 4] is zero in HY(Lo(n)w, F, (Tin.s)) for every place w above v,. Our
claim reduces to show that the image of k[, 4 in HY((La)vy, Fy (T.s)) is zero when
a = «. For any a > «, call this image c[, 4]-

From the discussion above we know that cf, o) lies in the kernel of the right
vertical restriction map of the last diagram. We call this kernel M,.

Chasing the norm compatibility properties of the 3, , (shown in Lemma 5.3.3)
in the diagrams above (mainly using [NSW13, Corollary 1.5.8] and observing at a
certain point that any prime above v is totally ramified in the extension Lo,/H7),
one is able to prove that

COT(La)ug /(La-1)vg_y (C[n,a]) = Cln,a-1]-

for every a > a. Therefore, our claim reduces to prove that cf, 41 = 0 for some a > a.
Moreover, the corestriction maps naturally restrict to

Cor(La)va/(La—l)va_l : Ma - Ma71~

By inflation-restriction

My = H'(La(n)w/(La)uy, H(La(n)w, Fy (Tin,s)) ) = Na,
and the corestriction maps on the M,’s correspond, on the N,’s, to

¢a : Na - Na—l
[£1 = [TCL () /Lar () OF © ']

on classes of cocycles, where i, is the natural isomorphism

ia : GaI(La(n)w/(La)UQ) - Gal(La—l(n)w/(La_l)UG—l)

and where the trace acts on the codomain of the cocycle. The proof of this fact
is just bookkeeping up to making a smart choice for representatives of the group
Gal((La)v./(La-1)v,-,) inside G(z, ), -

Notice that, since by Corollary 4.1.6 the module T, s is finite, the size of the
modules H%(Lq(n)w, F}; (Tin,s)) is bounded independently on a, hence these modules
stabilize for large enough a. For these large enough values of a, the trace map in the
defintion of ¢, equals the multiplication by the cardinality of Gal((Lq)v, /(La-1)v,_1)s
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that is p (since the primes of Hj above v are totally ramified in Lo,). This implies
that, for big enough a, there is an @ > a such that

Pa+1 0 Par2 00 Qg
is the zero map. Since c[, ) lies in the image of this map, it is zero. Therefore,

C[n,a] =0. O

Corollary 5.4.5. res,(k,) € ker (Hl(KU, Trnst) — HY(K,, Fv_(Tm,s,t)))‘

Proof. The exact sequence (5.5) yields the commutative diagram

@Dres, _
Hl(Lt’Tm,S) — Eth|v Hl((Lt)vtaTm,S) — @vt\v Hl((Lt)quv (Tm,S))

ls ht lSht lS ht

@D resy _
Hl(HlaTm,s,t) —§ EBvl|v Hl((Hl)vUTm,S,t) — 69v1|v Hl((Hl)m»Fv (Tm,S,t))

lcor l l

H(K, Tin,s,t) —= Hl(vaTm,s,t) — Hl(Kvan;(Tm,s,t))

where the bottom vertical maps come from Corollary A.1.2 and the functoriality of
corestriction and Galois action in cohomology. Following the path of K, ;; from the
upper left to the bottom right and applying Proposition 5.4.4, we conclude. O

Remark 5.4.6. Thanks to the exact sequence (5.5), Corollary 5.4.5 is equivalent to
ves, (1) € T (H' (Ko, By (Tne1)) — H' (Ky, T s1))-

As we noticed before Lemma 4.2.7; the result of Corollary 5.4.5 is not enough to
conclude that res,(k,) € H jerr(KiU7 Ton.s.t), because

Hjl‘-Gr (K”’Tm’s’t) =Im (Hl (K”’ FJ(TIW)) - Hl(KUa Tm,s,t))'

This is why, following the ideas of [Biiy14, Hypothesis (H.stz)|, we make the following
assumption.

Assumption 5.4.7. For every valuation v | p of K we assume that
H(K, F, (T1)) = {0},
where FU_(TT) = F; (T or R/mg.

Remark 5.4.8. By Lemma 4.1.8, the residual G g-representation T coincides with
T™. Therefore Assumption 5.4.7 is equivalent to assume that

H°(K,, F, (T")) = {0}.

Notice that F (TIW) = F (TT) is a vector space of dimension 1 over a finite
field. Moreover, the action of Gk, on it factors through the product of characters
7,071, where 1, : Gx, - R* is the unramified character defined by sending Fr, to
Up (see [LV11, p. 300]). Therefore, Assumption 5.4.7 is equivalent to require that
the character 1,071 is not identically congruent to 1 modulo mz.

We will also see in Chapter 6 that Assumption 5.4.7 will be useful to compare
different local conditions on spme specializations of T™ (see Proposition 6.2.5). For
more insights on this Assumption 5.4.7, see [Biiyl4, Remark 4.24].
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Proposition 5.4.9. Under Assumption 5.4.7 we have that
resy(kn) € H, (Ko, Tinst)-

Proof. Let’s use the letter T' to denote one of T™, T™/(wa,m), T™/(wam,p®) or
TIW/(wg,m,pS,’ypt —1) =Ty, 5. Assumption 5.4.7 together with Nakayama’s lemma
(see Lemma 4.1.10) yields that H°(K,, F,(T)) = {0}. The duality between F, (T')
and F, (T") coming from the perfect alternating pairing of [How07, (3)| together with
Tate local duality implies that

H*(K,, F;(T)) = {0}, (5.6)

as noted also in [Biiy14, p. 809]. Since E(T™) is free over R™Y, multiplication by
wa,s yields the exact sequence

0 — EF(T™) =25 FH(TY) —— ES(T™/(wam)) — 0.
Taking the long exact sequence in cohomology, equation (5.6) gives a surjection
H' (Ko, Fy (T™Y)) > H' (Ko, Fy (T (w2,m)))-

Repeating the same argument to the exact sequences attached to the multiplication
t
by p° and AP — 1, we eventually obtain a surjection

HY(Ky, Ff (T™)) > H' (Ky, Fy (Tis.0))-
Then we have the commutative diagram

HYK,,Ff(TY)) —— H'(K,,T")

| !

Hl(KvaF;(Tm,s,t)) — Hl(KvaTm,&t)

where the left vertical map is surjective. By Remark 5.4.6 we know that res, (&)
lies in the image of the bottom horizontal map, hence it comes from an element of
HY(K,, F}(T™)). By definition of the Greenberg condition on Ty, s, this implies
that

res,(Kn) € H}GT(KU,Tm@t).

5.4.3 Local properties at primes dividing N

For this subsection, fix a place v | N of K.

Proposition 5.4.10. Let v, be a place of Ly such that v, |v. Then for every a > 1
we have that

(a) resva(ﬁ[ma]) € ker (Hl((La)Ua,Tm’s) — HY((L,, EQ,TWS)).

(b) ves, () € ker (H'(Ky, Tsz) — H' (K, Ton,s1))-

Proof. The proof of Proposition 5.4.2 goes through verbatim. O
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As in the case of the previous subsection, when v | p, this proposition is not
enough to conclude that res,(k,) € H }Gr (Ky, Tin,s,t). However, since we are working
under Assumption 5.2.3, we have a control on Tamagawa factors and we can deduce
the following result.

Proposition 5.4.11. With notation as above, we have that
resy(n) € Hr,, (K, Tonyst)-

Proof. The commutative diagram with exact rows

HE (K, T) ——— (I, T) —S F (K, T)

| |

H&r(Kme,S,t) — Hl(Kv’Tm,S,t) &) Hl(qujlrva7S7t)

induces a map
¢ : H&r(va TIW) - H&r(Kme,s,t)-

To conclude the proof, it suffices to show that ¢ is surjective. By inflation-restriction,
the map ¢ corresponds to the map

H' (K} [ Ky, (T)™) — H'(K)' /Ko, Ti )

induced by the morphism 1 : (TIW)jv - T

st As proven in [Bilyl4, Lemma 4.27]
(see also Remark 5.2.6), under Assumption 5.2.3 the natural morphism ¢’ : (TT)% —
Tf,i;js is surjective. Since J, acts trivially on A®, semilocal Shapiro’s lemma on
the 0-th cohomology groups (see [Rub00, Proposition 4.2]) implies that also 1 is
surjective. The claim now follows by applying the long exact sequence in cohomology
and noticing that Gal( K"/ K, ) has cohomological dimension 1, exactly as in the end

of the proof of [Biiy14, Proposition 4.26]. O]

5.4.4 The Kolyvagin system

Under the running assumptions, the results of Proposition 5.4.2, Proposition 5.4.3,
Proposition 5.4.9 and Proposition 5.4.11 lead to the following theorem.

Theorem 5.4.12. Let m,s,t € Zsg and let n € Ny, 5. Then

Kn € Selfcr(n) (K, Tm,s,t)-

We want to build a Kolyvagin system out of the classes k,. Denote by mfn =

COrr, /i, K[n,t]- The diagram

Hl(LtaTm,s) E— Hl(HlaTm,S,t)

COI‘\L lcor

Hl (KtaTm,s) E— Hl (K7 Tm,si)

is commutative, where the horizontal maps are Shapiro’s maps Shy, so the classes
mfn 4] are another byproduct of the descent procedure of Subsection 5.3.3 (they are
closer to the classes used in [Biiy14]).
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We now study what happens when we move the parameters m,s,t. With this

aim, we denote by ngm’s’t) what we called k,,, in order to make clear the dependence

on m,s,t. If we take m := (m,s,t) <i:= (i,7,7) (see Subsection 4.2.5), there are
natural maps

Gim + H' (K, T;) — H' (K, Tr).
Lemma 5.4.13. For every m <i and n € N; we have

(50 = A,

Proof. By the compatibility of Lemma 5.3.13, both nﬁf) and K:,(zm) come from a

unique class 3y, € H YL, (n), TIW), and the maps used to define m(f) and n%m) from
3n, commute with ¢; 5, since they just involve restrictions, corestrictions, Galois
actions and Shapiro’s maps. O

From the fact that m Tt = TIW, we obtain that

(m,s,t)

. . t .
lim H'(K,Tps) =lim H' (K, T @z, A/(7"" - 1)) 2 lim H' (K;, T"),
(m787t) t t

where the last isomorphism comes from Lemma 4.1.16. When n = 1, the system of
elements {ngm’s’t)}mvs,tezw, that is compatible with respect to the maps of Lemma
5.4.13, yields an element of lim H'(K;, TT), that coincides with Keo = {”[*1,t]}t€Z>0'
Explicitely,

*

= — -t
K14 = COTL, /K 31t = COTH /K, U, Fpt+1,

where k,a+1 is the big Heegner class of Definition 3.5.3. The main result of this

P
chapter is that the system of elements {mgm’s’t)}m&t@m can be slightly modified in
order to obtain a universal Kolyvagin system whose set of classes at n =1 coincides
with K. However, we are not able to get this result in great generality, but we need
to work under some (technical) assumptions and to select a subset Py, ., of Py 4
of primes to work with.

Theorem 5.4.14. Under_Assumption 5.5.4 and Conjecture 5.5.7, there is a univer-
sal Kolyvagin system & € KS(T™, Far, P') such that

’%1 = {R§m787t)}m,8,t62>0 =R € @Hl(Kta T]L)
t

For a precise statement and a proof of this theorem, see Corollary 5.5.11 and the
assumptions made in the next section.

Remark 5.4.15. At this point, our arithmetic context is formally equivalent to the
one of |Biiyl4, Theorem 4.28]. There, Theorem 5.4.14 is claimed without any further
assumptions. However, we were not able to find a proof that works in great generality.
In particular, it seems fundamental to require some "big image" condition for the
Go-representation TT (see Assumption 5.5.4) and to work with some well-chosen

subsets of Py, s.
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5.5 On the proof of Theorem 5.4.14

In this section we prove that a slight modification of the set of elements {kn }nen .
form a Kolyvagin system for T}, s;, and that these Kolyvagin systems can be put
together in order to form a universal Kolyvagin system for the representation T™.
The main idea is to adapt arguments of [Nek92, §7-12], [Bes97| and of [How04b, §1.7]
to our context.

5.5.1 The arithmetic context

In this subsection we prove that our arithmetic context satisfies conditions (i)-(x)
described in Subsection A.3.2, and we derive a key formula.

Fix m,s,t € Z,o with s > m. Let n € Ny, and (¢) = X € Py, 5 such that £ + n.
Choose a prime )\, of Hy above A. For every element ¢ € H'(—, TT) denote by &’ the
image of ¢ in HY(-,T,).

Set G = Gr,(n)+ (Where Li(n)™ is the maximal real subfield of L;(n)), G = G, (n),
H =Gp, ), G =Gg, Go=Gk,, Ho = G(He)xg’ o=0¢, A=Ty, S=Ry, ¢ =Fry,
d=4€ M=10+1, My =Ty ¢ Ry, © = Dpglyy € H(Li(n),T,n) and y = Dnjly, €
H'(L¢(nf),T;,). The goal of this subsection is to check that these elements satisfy
conditions (i)-(x) of Subsection A.3.2.

Point (i), (ii) and (iv) can be easily verified. Point (iii) descends from a study of
the maximal tamely ramified extension of Q, (see Section A.2). Point (vi) descends
from the fact that A € Pp, 5, point (vii) is a consequence of Lemma 5.3.4 and point
(viii) is a direct consequence of the proof of Lemma 5.3.12. Point (v) is a consequence
of the following proposition.

Proposition 5.5.1. Let L be a finite extension of Qg and recall that s > m. The
nflation map
inf: HY(L™/L,T,,) — H'(L,Ty,)

is an isomorphism.

Proof. Let ¢¢ be the cardinality of the resudue field of L. In order to apply Lemma
A.2.2, we need to check that ¢ is not an eigenvalue for the action of Fry, on T,.

Let p be an arithmetic prime of R of weight 2 and character ¢ : ['/T?" — @;
Then p contains ws ,, and w5, and gives an arithmetic map

R — Rs — R,, — Frac(R/p)
that yields a specialization
T — T, — T,,, ®,, Frac(R/p).

The representation T, ®g,, Frac(R/p) is the twist by ©7! of the representation
attached by Deligne to the modular form of the Hida family passing throug f that
corresponds to the arithmetic prime p (see Theorem 3.3.4). Lemma 4.1.22 implies
that ©(Fry) acts as 1 on T},, hence by Weil conjectures we obtain that ¢¢ is not
an eigenvalue for Fry, on T),, ®g,, Frac(R/p) (see also the end of the proof of [Nek92,
Lemma 4.1]). The Galois equivariancy of the specialization map implies that +0% ig
not an eigenvalue for Fry on T),, and we conclude by applying Lemma A.2.2. O

Point (ix) of Subsection A.3.2 is a consequence of the following lemma.
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Lemma 5.5.2 (Eichler-Shimura relation). Let w(n) denote the number of prime
divisors of n.

(a) The classes 3,,,, and Fre(3,,) coincide when restricted to Ly(nl)y,, = (He)y,
for any prime A,y above \p.

(b) The classes Dnj,,, and (-1)*M Fry(Dy3") coincide modulo p* when restricted
to Li(nl)x,, = (He)x,-

Proof. Point (a) descends from Proposition 3.5.7 together with the functoriality of
the action of Fry and its commutativity with the operators U, and cor.

Turning to point (b), Remark 4.1.19 says that the action of Fry on T, coincides
with the action of the complex conjugation ¢ modulo p°. Then the claim follows
by applying the operator D,, to point (a), together with the commutativity relation
proved in point (b) of Lemma 5.3.9. O

Finally, by Corollary 4.1.23 we know that the characteristic polynomial of the
action of Fry, on T,, is

X2 (-1)F X 1o,

therefore point (x) of Subsection A.3.2 is satisfied. Then, applying the machinery
explained in Subsection A.3.2, the key formula (A.6) translates to

((—1)“’(”)(6 +1)Fr-T)a, = ((—1)%71% Fro—(¢+1))(a - p®(something)) (5.7)

in T),, where a, € T, is congruent to (Dn3;7t)(Fr>\) modulo (Fr)-1)T,, and a is
congruent to —(resii(n)/h(nz) Dhi3p,4)(6¢) modulo p*, where &y is a fixed lifting of
o¢ to Gal(K)/K}") (see (A.4)). Applying Lemma 5.3.12, using bars in order to
denote projections to 7T}, s and the fact that Fry = Frg is the identity on 7, s we
obtain that

® (, = K[n,t] (FI“)\) in Thy s;
e (= _K'[n&t](5€) in Tm75.

Remark 5.5.3. Here we comment the importance of the relation (5.7). Suppose
that one wants to prove that the set {K,, ®gj, 0¢}nen, . is a Kolyvagin system. Then,
by definition (see also Remark 4.2.14), one needs to check that for every nf € N, s
the equality

d5 (resy(kn)) = resy(Kne) ® oy

holds in H!(Ky,Tinst) ® G- By the explicit description of the isomorphisms of
Lemma 4.2.9 (see Remark 4.2.10), this amounts to check that

Kn(Fry) = k(7).

Equation (5.7) is then a first step in finding a relation between the left and the
right-hand side of this equation. As we will see, we will not be able to prove that
the set {k, ®¢jn 00} neNym ., 18 a Kolyvagin system, but we will need to do some slight
modifications.
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5.5.2 A finer choice of primes

Let’s continue to work with fixed m,s,t € Z.g with s > m. Recall that, by Lemma
4.1.18, for every prime (£) = X € P,, s we have that p® | £+ 1 and p°® | Ty as elements
of R,,. We need to control also the non-divisibility at p of a linear combination of
these elements.

In order to do that we need to study the image of G in Autg,,(T),). In partic-
ular, we will need the following big image result.

Assumption 5.5.4. The image of G in Aut(7},) contains the scalars 1+ p°Z,.

Remark 5.5.5. We present here an infinite set of representations for which Assump-
tion 5.5.4 is verified, but we suspect it to be true for many other families.

First, suppose that the cusp form f fixed in Subsection 3.2.1 has weight k£ = 2.
This is not a strong assumption, since inside the Hida family of any fixed (admissible)
cuspform there is always a p-adic form of weight 2. Then, thanks to [Fis02, Theorem
4.8, there is a set of primes of density 1 (called ¥ in [Fis02, p.355]) with the property
that if p € X then the image of Gg in Autr (T) contains SLa(R) (see also the proof
of [Vig22, Theorem 4.15]). This implies that the image of Gg in Autg,, (T/(w2,m))
contains SLa(Ry,).

Call @ the image of Gg in Autg,, (T},). Since T}, is a twist of T/(w2.m) by a
character of finite order, every element of Autg, (7,,) has a scalar multiple that
lies in ®. Since SLa(R;,) is the commutator of Autg,, (T},), then ® must contain
SLa(Rm)-

For all £ + Np, the image of Fry has determinant ¢ in Autg,, (7,,) by Proposition
3.3.6, therefore ® contains all matrices of determinant ¢. The set of primes ¢ + Np is
dense in Z;, ® is closed and the determinant map is continuous, therefore ® contains
the whole GL2(Z,). In particular, T), satisfies Assumption 5.5.4 for every m > 1.

Now we present the main consequence of Assumption 5.5.4.
Lemma 5.5.6. There is an infinite subset Py, ; of Py, s such that

(a) for every (£) € Py, s we have that
Py l+1+Ty
as elements of Ry ;

(b) for every (£),(¢") € P! . we have that

m,s

(+1=¢+1 (modp*) and T,=Ty (mod p*).

Proof. Fix a prime £ below a prime of Pins- By Corollary 4.1.23 we know that the
action of Fr; on T;;, has the properties

Te(Fry) = (-1)2 Ty and  det(Fr;) = .

Let now « € 1+ p°Z,. By Assumption 5.5.4 there is an element o, € Gg such that
the image of o, in Aut(7,,) is a. Then, on T},, we have

Tr(Frjoq) = (—1)%7104% and det(Frjoq) = o2
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Take now a prime ¢ such that Fr, is conjugated to Fryo, in Gal(K (Tin2:)/Q). By
Chebotarev’s density theorem, we can find infinitely many such primes. One can
check directly that (¢) € Py, s, since

Ty =od; (mod p*) and (=%l (mod p*) (5.8)

in Ry, (see also Remark 4.1.19).
Let p be an arithmetic prime of R,, of weight 2 and character ¢ : I‘/Fps - @;
and consider the two relations
o2l + al;+1 (5.9)

with coefficients in R, /p and variable a. Our claim is that there is always « € 1+p°Z,,
(depending on our choice of 57) that makes both these relations not congruent to 0
modulo p**!. This can be checked directly in the following way. Set o = 1 + ap°,
0 =-1+ap® and T, = bp® for fixed a € Z, b ¢ R,,/p and variable x € Z,. A direct
computation yields that equation (5.9) becomes

(a -2z +¢)p® + p** - (something).

Since p is a power of a prime element in Ry, /p, we just need to ask that p + (a—2x+c).
Since p > 5, there is an x € Z,, such that its reduction Z modulo p satisfies T # (a+c)/2.
We then have that & :=1 + xp® satisfies the claim.

Lifting to R,,, one obtains then that dQEidTg+1 #0 (mod p**!). Define now Py,
to be the set of all primes ¢ such that Fry is conjugated to Fr;og in Gal(K(Tr,,25)/Q).
For every (/) € Py, s, since £+ 1+ T} is congruent to (5.9) modulo p**L, we have that

(+1+£T;20 (mod p*™h),
yielding point (a). By (5.8) we also have that
Ty =aT; (mod p*) and ¢=a&%* (mod p*®),
yielding point (b). O

Definition. We define /\/7;175 to be the set of squarefree products of primes lying
below elements of Py, ..

5.5.3 The result

Before stating the main result, we need to spend a few words on the action of the
complex conjugation. In particular, we will work under the following conjecture.

Conjecture 5.5.7. For every n € N, s the complex conjugation ¢ acts on the element
K[nt] € H' (L, Tom.s) as

C’Q[n,t] = 5n0"3[n,t]

for some o € Gal(L;/K) and some ¢, € {1} that depends only on the number of
prime factors w(n) of n.

Remark 5.5.8. This conjecture should descend from a quaternionic counterpart of
[How07, Proposition 2.3.5|, that gives an explicit description for the action of the
complex multiplication on classical big Heegner points. The dependence on w(n)
would then be a consequence of the action of D,, on our starting points, as explained



104 5. The big Heegner point Kolyvagin system

for example in [Nek06, Proposition 10.2, (1)] (it is essentially a consequence of point
(b) of Lemma 5.3.9).

The problem in proving this conjecture is that we do not have a clear modular
description of Longo and Vigni’s big Heegner points, therefore the generalization of
[How07, Proposition 2.3.5] is not straightforward. However, we believe that a deeper
study of Longo and Vigni’s points would give this result. In a future work, we will
also present another family of big Heegner points for which this conjecture can be
easily proven.

From now on, we assume Conjecture 5.5.7 to be true. Let now A = (¢) € Py, s and
Be: HY (K, Tm.s) ® Gy = Tpn.s be the isomorphism coming from point (b) of Lemma
4.2.9. The following lemma studies the behaviour of the action of the complex
conjugation ¢ under the isomorphism [.

Lemma 5.5.9. Let A= ({) € Py, s and { @ oy € Hl(KA,TmS) ®Gy. Then

c- B ®ay) = —Bu(cE ® op).

Proof. As noticed in Remark 4.2.10, the isomorphism f; is given by sending the
element & ® o, to £(5¢) for any lifting &, of oy to Gal(K/K}*). However, since 3
does not depend on the chosen lifting, the value {(6¢) only depends on the class of &y
in Gal( K\ (H,),/K}¥), that is a quotient of Gal(K¢°/KY"). Then, we can compute

Be(c€ ® a¢) = c-&(cdec) = ¢ £(67 1),

where the last equality comes from the fact that the class of cgyc modulo G Kb

coincides with the class of 5;1 modulo G Kgb- But then, since 621 acts trivially on
Tn,s, we have that

c-&(6,1) = ¢ &(60).
OJ

This lemma implies that the natural action of the complex conjugation on the
module Hl(K,\,Tm,s) ® Gy is sent, under the isomorphism Sy, to the action of —c on
Tyn,s- We are now ready to prove the first main result of this section.

Theorem 5.5.10. Let m >s. Then there is a Kolyvagin system {K;, fnen:, | for the
triple (Tm,s,t, Far, P s) such that k] = k1.

Proof. Let nt € Py, ; and call A = (£) the prime of K above £. From the key formula
(5.7) we know that

((=1)*C (0 + 1) Fry~T;)aq = (1) "2 T, Fry —(£ + 1)) (a - p* (something)) (5.10)
on T,,, where, denoting with a bar the reduction to 7}, ,
® Gy = K (Fry) in Topy s
® a=—K[p(G¢) in Tins

for any fixed lifting &, of oy to Gal(K,/K}"). Notice that both members of equation
(5.10) are divisible by p*, hence we can first divide and then quotient by p®, obtaining

_1)em) )51
(( 1) (hl)m—ﬁ)ax:(( 1) TgFr£_€+1)_
S pS

’ pee p a on Ty .
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By Remark 4.1.19, Fr; acts as the complex conjugation ¢ on T}, . Applying the
isomorphism 3, 1 to both members of the previous equation, Lemma 5.5.9 yields

(i(€+ 1)C_Tg

. +T, l+1
; —s) O (resy Ky ) = = ( :
p p

e - F) (Tesy Kne4]) ® 00),

where ¢§\S is the finite-singular isomorphism defined in Definition 4.2.11. Thanks
to Conjecture 5.5.7, applying semilocal Shapiro’s map followed by corestriction we
obtain the relation

(i(€+ ) T,
p? p*

1T, (+1
P P

)¢§S(resA w) =

) (resy kne ® o)

in H} (K, Trn,s¢) ® G- Since A € P;, ., point (a) of Lemma 5.5.6 implies that the co-
efficients in the last relation are not divisible by p, hence they are units of R,, s ;. The
+ signs in the previous relation are either fixed or depend only on w(n). Therefore,
applying point (b) of Lemma 5.5.6, we find elements u, € Ry, ., for every n € N,
that depend only on w(n) such that

resy Kne ® oy = ungqﬁf\s(res)\ Kn) on Ty ;. (5.11)
Set also u1 = 1 and take n € Ny, .. Factor n = £1---¢; as product of primes. We define
K’;L = (“211 ’ UZ11€2”'u211€2~~~€i)H” ® (®04) € HI(K7 Tm757t) ® g(n)
Ln

Since u,, depends only on w(m), the definition of ;, does not depend on the chosen
order for the prime factors of n. Notice that k;, € Selg, (n)(K,Tins) ® G(n) by
Theorem 5.4.12. Equation (5.11) implies that

resy Ky ® op = ¢ (resy kL) on Ty e

for every nl € Ny, s, therefore the set {K], }nenr | is a Kolyvagin system for the triple

(Tm,s,tvfGnP;n,s)' =
Denote by KS(TY, Fg,, P') = liLn(m@t) KS(T,s,t, Fars Pry.s)- As in Subsection
5.4.4, denote by I@%m’s’t) the elements k,,, and similarly let /-c,(lm’s’t) the elements k.,

in order to make clear the dependence on m, s,t. Recall that we defined
(m757t) *
Roo = {Hl }m,s,t€Z>0 = {K’[l,t] }t€Z>0'

Corollary 5.5.11. There is a universal Kolyvagin system & € KS(T™, Fgr, P')
such that

~ . 1 7‘

Kl =Ko € %HH (K, TT).

Proof. For a fixed n, the elements lcq(@m’s’t)l defined in the previous theorem are com-

patible, thanks to Lemma 5.4.13 and to the fact that the factors u,, come from global
elements of R and depend only on n. Taking the inverse limit on m, s,t, we obtain
the claim. O






Chapter 6

Anticyclotomic Iwasawa theory

In this chapter we study Iwasawa theory for the representation TT. The main goal is
to explain the connection between Kolyvagin systems for T'V and the Iwasawa main
conjecture for the representation Tf. In particular, we will see that the existence of a
Kolvagin system with nontrivial first element implies one divisibility of the Iwasawa
main conjecture. The whole conjecture has been proven under mild hypotheses
(slightly different than ours) in [CW22| with a different method. We will instead
adapt some ideas from [Foul3] to our context.

For this chapter, we keep the setting of the previous one and further make the
following assumption, that is often satisfied (see for example [FO12, Lemma 2.7]).

Assumption 6.0.1. The ring R is regular.

6.1 The Iwasawa main conjecture

In this section we introduce the material that will be needed for the statement of the
Iwasawa main conjecture.

6.1.1 Duality

Let R be a complete noetherian regular local ring with maximal ideal mg, of Krull
dimension d > 1, with finite residue field k = R/mgrR of characteristic p. If M is an
R-module and I ¢ R is an ideal, denote by M[I] the I-torsion R-submodule of M.

Definition. Denote by M* := Homg(M, R) the R-linear dual of R (where Hompg
denotes the set of R-linear homomorphisms) and by M" := Homeont (M, Qp/Zy) the
Pontryagin dual of M (where Homcy,; denotes the set of continuous group homo-
morphisms).

By [Nek06, §2.9.1, §2.9.2], if M is a finitely generated R module or a discrete
cofinitely generated R-module then

MY =Hompg(M, R). (6.1)
Following [Nek06, §0.4], define ®(M) := M ®r R". By [Nek06, (0.4.4)] we have that
(M*)Y = ®(M) and (P(M))Y = M*. Further, by basic properties of Pontryagin

duality, if I is an ideal of R then (M[I])" 2 MY /IM" and, if M is a G-module for
some profinite group G, we have (M) = (MY)¢.

107



108 6. Anticyclotomic Iwasawa theory

6.1.2 Modules over Iwasawa algebras

In this subsection we specialize to the case R = R or R™ and study the properties
of some relevant modules, mainly following [KL.23, §2|. Recall that R is a complete
Noetherian regular local domain of dimension 2, by Theorem 3.2.5 and Assumption
6.0.1.

Recall also that R = R @z, A* = R[[T"*]] is isomorphic to the power series
ring R[[X]] via the map that sends a topological generator v of I'* to 1 + X (see
[NSW13, Proposition 5.2.5]). Therefore, the Krull dimension of R™ is 3.

Proposition 6.1.1. The rings R and R™ are complete noetherian regular local
integrally closed UFDs whose height 1 prime ideals are principal.

Proof. The fact that R™ is a complete noetherian regular local ring descends from
[Mat89, Theorem 3.3, Exercise 8.6, Theorem 19.5]. Then, by Auslander-Buchsbaum’s
theorem (see [Mat89, Theorem 20.3]), both R and R'Y are UFD. Then, they are also
integrally closed (see [Mat89, Example 1]) and every high 1 prime ideal is principal
by [Mat89, Theorem 20.1]. O

Remark 6.1.2. The proof of Proposition 6.1.1 goes through with Ry in place of R
and R;[[T'*]] in place of R™ (see Subsection 3.2.3 for the definition and properties
of these objects), under the assumption that Ry is regular. Since, by Lemma 3.2.7,
R is the integral closure of Ry, we find that the regularity of Ry implies that Ry = R.
Therefore, all the work done in literature under the assumption that R is regular
fits also our hypotheses.

Following [Bou98, §VII.4.4] we now review the theory of pseudo-isomorphisms
and characteristic ideals for modules over R™Y.

Definition. Let M be a module over a commutative ring R. We define Supp (M)
to be the support of M over R, that is the set of all primes p of R such that the
localization M, # {0}.

Definition. ([Bou98, §VII.4.4, Definition 2|). A finitely generated R'-module M
is said to be pseudo-null if Suppgriw (M) contains only prime ideals of height at
least 2.

Definition. Let M and N be finitely generated R™-modules. We say that M is
pseudo-isomorphic to N if there is an exact sequence

0 y A > M > N > B > 0
where A and B are pseudo-null R'"W-modules. In this case, we write M ~ N.

Remark 6.1.3. The relation of pseudo-isomorphism between finitely generated R™-
modules is not symmetric. Nevertheless, it can be shown that if we restrict to torsion
R™_modules, then pseudo-isomorphism is an equivalence relation.

Proposition 6.1.4. Let M be a finitely generated R™ -module. Then

i=1

M- (R o (@R (50

for some r,n; >0, m>1 and g; prime (hence irreducible) elements of RV,
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Proof. By |[Bou98, §VII.4.4, Theorem 4| we have that M is pseudo-isomorphic to
F x T where F is a free R™-module and T is R™-torsion. Then the result follows
from the explicit description of 7' made in [Bou98, §VII.4.4, Theorem 5| together with
the fact that all primes of height 1 of R™ are principal (see Proposition 6.1.1). [

The elements g;" of Proposition 6.1.4 are unique up to multiplication by units,
as stated in [Bou98, §VII.4.4, Theorem 5|, and the number 7 is called the R'-rank
of M. Therefore, we can make the following definition.

Definition. Let M be a finitely generated R™-module and keep the notation of
Proposition 6.1.4. Define the characteristic ideal chargiw (M) of M to be 0 if
r# 0 and

chargre (M) = (H g:”) c R
i=1

otherwise.

6.1.3 Iwasawa Selmer modules

In this subsection we introduce the objects that appear in the statement of the
Iwasawa main conjecture.

Definition. Define
AT=9(TH) =T er R and A" :=o(T™) =T @ (R™)".

Remark 6.1.5. These definitions follow [KL23]. As noticed in [Nek06, §0.4], the
operator ® on R and R'™-modules is the correct generalization of the operator
(=) ®z, Qp/Zy, on finite free Z,-modules. This last operator is frequently used to
define A-objects starting from representations attached to elliptic curves or modular

forms (see e.g. [How04b], [LV19]).

As remarked in [KL23, §2.4], there is an isomorphism
(R™)Y = Homg (R, RY),

where we use the standard R™-action on Homg (R™,RY) induced by the relation
(v-¢)(x) = (v 'z) for v € 7. We can hence endow A™ with a natural action of
Gx. As explained in [KL23, §2.4] we have an isomorphism of R'-modules

A™ = Homp (R™, AT).

Let v be a place of K dividing p. Applying the operator ® to the filtrations of
Proposition 3.3.7 and Lemma 4.2.3 we obtain exact sequences of R[[G, ]]-modules

0— F/(A) — A — F;(A) —0

for A equal to AT and A™ respectively. Therefore, we can define the (strict)
Greenberg local conditions on Af and on A™ exactly as done in Definition 4.2.5
and the (strict) Greenberg Selmer modules Selz, (K, A") and Selz, (K, A'™).

Lemma 6.1.6. Let ~y be the profinite generator of I'*¢ fixed in Definition 4.1.1. There
are A-modules isomorphisms
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(a) Selg, (K, T™) = @m,g,t Selr,, (K, Tmst) = lim, Selz, (K¢, TT), where the last

limit is taken with respect to corestriction maps in cohomology.

(b) Selrg, (K, AIW) =lim Selzg, (K, AIW[W = 1]) = lim, Selz, (K, A7), where the
last ltmit 1s taken with respect to restriction maps in cohomology.

Proof. The proof goes through exactly as in [KL23, Lemma 2.8|, applying limits,
Lemma 4.1.16 and taking track of the local conditions defining the appropriate Selmer
groups. O

If M is either TT, T™, AT or A™ and L/Q is a finite extension of fields, one has
also a family of extended Selmer groups I:I]’}(L, M) defined by Nekovar [Nek06|
using similar local conditions to those defining Selz, , but with the local conditions
imposed to the level of cochain complexes rather than on cohomology. As noticed
in [KL23, (6), (7)] and [How07, (21)] (see also (6.3)), Assumption 5.4.7 implies that
there are isomorphisms

Selr., (Ki, AT) 2 Hj(K;,AT) and Selg, (K, TT) = H{(K;, TT)

for every ¢ > 1 and, taking direct (resp. inverse) limits with respect to the canonical
restriction (resp. corestriction) maps,

Selr., (K, A™) =lim H(K;, AT) and  Selz,, (K, T™) = lim H}(K;, TT). (6.2)
t t

Remark 6.1.7. The Selmer groups appearing in the equation (6.2) are sometimes
called Iwasawa Selmer modules (cfr. [How07, §3.3|, [Biiyl4, §5] and [LV11,
§10.3]).

Proposition 6.1.8. The modules Selr,, (K, T and Selr,, (K, T™) are R and R™-
torsion-free respectively.

Proof. See |Biiyl6, Remark 4.5], [Foul3, Proposition 6.2, (ii)] or [CW22, Lemma
3.3]. If follows from the discussion of [Per00, §1.3.3]. O

Proposition 6.1.9. The modules Selr,, (K, ™) and Selz,, (K, AM™)Y have the
same R™ -rank.

Proof. See [CW22, Lemma 3.2]. O

6.1.4 The Iwasawa main conjecture

Recall that, thanks to Theorem 5.4.14, there is a universal Kolyvagin system in
k€ E(TIW, Far, P) such that K1 = Koo € Selr, (K, TIW). We are now ready to state
our version of the anticyclotomic Iwasawa main conjecture for the representation T
(see [How07, Conjecture 3.3.1], [LV11, Conjecture 10.8] and [Foul3, (1.1.2)]).

Conjecture 6.1.10. Assume that ke, # 0. Then the modules Selz,, (K, T™) and
Selz., (K,A™)" have R™-rank 1 and

charpiw (Sely:Gr(K, TIW)/(RM))2 = chargrw (Sely:Gr(K, AIW)tvors)

Remark 6.1.11. A few comments about this conjecture:
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(i) A conjecture of this form for Hida families was first stated in [How07, Con-
jecture 3.3.1] as an extension of the Heegner point main conjecture for elliptic
curves formulated by Perrin-Riou in [Per87]. It is usually stated using Nekovar’s
extended Selmer groups, but we will see in the next chapter that our formula-
tion is equivalent to the classical one.

(ii) Howard’s conjecture was generalized to the quaternionic setting in [LV11, Con-
jecture 10.8] and [Foul3, (1.1.2)]. It has been proven by Castella and Wan in
[CW22, Theorem 5.5] with a slightly different set of hypotheses than ours.

(iii) The assumption that ke # 0 is a counterpart of [LV11, Conjecture 10.3|. Fou-
quet noticed after [Foul3, Theorem 6.3] that it should hold in general, thanks
to some results of Cornut and Vatsal. Castella and Wan, at the end of [CW22,
§4], claim that the class Ko is not zero thanks to a generalization of the argu-
ments in [CVO07].

6.2 Kolyvagin systems and the Iwasawa main conjecture

The main goal of this section is to show that the existence of a nontrivial Kolyvagin
system yields a proof of one divisibility of Conjecture 6.1.10. The arguments are
quite standard and we mainly follow [Foul3, §5-6].

6.2.1 Specializations

In Subsection 3.2.4 we defined arithmetic specializations for finite Ap-algebras. We
generalize now this concept with the following definition.

Definition. Let A be a complete local Noetherian A p-algebra.

(i) An Op-algebra morphism s from A to a complete local Noetherian domain S
with finite residue field of characteristic p is called an S-specialization of A.

(ii) If T is an A module, denote by Ty := T ®; S the specialization of T" associated
with the S-specialization s.

If s is an S-specialization of R™, the Greenberg local conditions on T induce
local conditions on TI (to be denoted in the same way) and a canonical map

s: KS(T", Far, P') — KS(T, Far, P')

induced by the natural map H'(K,,T™) ®, S - H'(K,, TV ®, S), as noticed in
[MRO4, Remark 3.1.4] and [How07, Remark 1.2.4]. From now on we will denote TL¥
with T5.

Definition. Let s : R'™Y - S be a specialization of R to a discrete valuation ring
S finite over Op. Define Vi, As, Fi(T5), Ff(V;) and Ff(As) to be T, ®g Frac(.S),
T, ®s (Frac(S)/S), F*(T™) ®, S, F*(T;) ®5 Frac(S) and F*(T;) ®g (Frac(S)/S)
respectively.

Definition. A specialization T, of T'V is said to be exceptional if there exists a
finite extension L of Q, such that H°(L, F, (T})) # 0.
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The natural maps
t:Ts—>Vy and n:V;—> A

induce maps ¢ : H'(L,Ty) - HY(L,V,) and 1 : HY(L,V,) - H'(L, As) for every

finite extension L of K.

Definition. (|[Foul3, Definition 5.20]). Let L be a finite extension of K and s be a
non-exceptional specialization of R™ to a discrete valuation ring S finite over Op.
Define the Bloch—Kato Selmer structure Fpi on 75 by setting local conditions
as

H(H (Lo, Va)) if o | N
HE (L, Ty) = N (HY Ly, FF (V2))) ifv|p
Hfl(Lv:Ts) if v + Np.

Similarly, we define the Bloch—Kato Selmer structure Fgx on A; by setting local
conditions as

n(H}(Ly, Vz)) if v| N
HE (Lo, As) = {n(H (L, F} (V2))) ifv|p
H{(Ly, As) if v + Np.

The Bloch—Kato Selmer module for the specialization T is then

Selipyy (L, Ty) 1= ker (H' (L, 1) — [ H' (Lo, 1)/ Hy (Lo, T2))

where v runs over all places of L. In the same way we can define the Bloch-Kato
Selmer module for A;. In next subsection we see how to relate the Bloch—Kato Selmer
group with the Greenberg Selmer group. We remark here that there are inequalities

Selr.,, (L, Ts) € Selry (L, Ts) and  Selr,, (L, As) 2 Selry, (L, As)

that descend directly from the definitions and [Rub00, Lemma 3.5]. Also, one can
define the S-module of universal Kolyvagin systems KS(T, Fgk,P’) with respect
to the Bloch—Kato local conditions following what was done in Chapter 4 using
Greenberg local conditions. The inclusion Fg, € Fpk in the cohomology of T yields
an injective map

KS(T:, For, P') — KS(Ts, Fk, P'),

as noticed in [MR04, Remark 3.1.4].
Now we state the first fundamental step in the proof of the Iwasawa main conjec-
ture. For every S-module M we denote by £s(M) the lenght of M as an S-module

Theorem 6.2.1. Let s : R™Y — S be a non-exceptional specialization with values in a
discrete valuation ring S flat over Z,, and let k € KS(Ty, Fpk,P') with the property
that k1 # 0. Then Selr,, (K, Ty) is free of rank 1 over S and there exists a torsion
module M finitely generated over S with

fg(M) < ES( Sel}‘BK (K, Ts)/(lﬂ))

such that
Sel . (K, Ag) 2 Frac(S)/S e M & M.



6.2. Kolyvagin systems and the Iwasawa main conjecture 113

Proof. The arguments in the proof of [Foul3, Corollary 5.21] carry over verbatim
to our setting. They consist in checking that the module T, and the condition Fgk
satisfy the conditions (H1)-(H5) of [How04a, §2.2| (or, equivalently, conditions (HO)-
(H5) of [How04b, §1.3|) in order to apply [How04a, Theorem 2.2.2| (or, equivalently,
[How04b, Theorem 1.6.1]). O

We now apply this result to the Kolyvagin system & of Theorem 5.4.14.

Corollary 6.2.2. In the setting of Theorem 6.2.1, if the image Koo 5 Of Koo under
the map induced by s is not zero then Selg,, (K, Ts) is free of rank 1 over S and
there exists a torsion module M finitely generated over S with

fs(M) < fs( Sel}'BK(K, Ts)/(kw,g))
such that
Selr, (K, Ag) = Frac(S)/Se M & M.
6.2.2 Relations between Bloch—Kato and Greenberg Selmer groups

In this subsection we restrict to consider specializations s : R™ — S where S is a
discrete valuation ring flat over Z, and finite over Im(s). In concrete examples, S is
usually the integral closure of Im(s).

Lemma 6.2.3. Let G be a profinite group, T be an R™[G]-module and call T, the
specialization via s. Then the residual G-representation T is equivalent to T up to
a finite base change.

Proof. With the obvious notations, there is an isomorphism
Ts/msTﬁ = T/mRIWT ®]FRIW Fg,
where the residue field Fg of S is a finite extension of Fpiw by assumption. O

Corollary 6.2.4. With the notation as above, if T is R™ -torsion-free and H°(G,T) =
0 then H°(G,T;) = 0.

Proof. Combine Lemma 6.2.3 with Proposition 4.1.10. O
As a consequence of Assumptions 5.2.3 and 5.4.7 we obtain the following result.

Proposition 6.2.5. Let s: R™Y — S be a specialization where S is a discrete valua-
tion ring flat over Z,, and finite over Im(s). Then

Selpy (K, Ty) = Selr,, (K, T;) and  Selg,, (K, As) = Selr,, (K, As).

Proof. We check that the local conditions Fg, and Fgk coincide at every place v of
K. Let X denote T; or A,.

If v + p, [Rub00, Lemma 3.5, (iii) and (iv)| together Proposition 5.2.4 imply that
Hz. (Ky,X)=Hg, (Ky, X).

Let now v | p. There is a commutative diagram with exact rows

0—— Hl(KmFJ(Ts)) e Hl(KmTﬁ) e Hl(vaFv_(Ts)) — 0

| | |

0 —— HY(K,,Ff (V) — HY(K,, V) — HY(K,,F; (Vs)) — 0.
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The module H Jl’Gr(K”’ Ts) is the kernel of the third upper horizontal arrow, whereas
H}BK(KQ),E) is the kernel of the map from H'(K,,T;) to H'(K,, F,(Vs)). In
order to show the desired equality, it is enough to prove that the right-most vertical
arrow is injective. Its kernel coincides with HY(K,, F, (A)) and this group is trivial
combining Assumption 5.4.7 together with Corollary 6.2.4, recalling that F, (As) =
F,(T;) ®s Frac(95)/S.

Consider now the commutative diagram with exact rows

0 —— HY (K, Ff (V) —— HY(K,,V;) —— HY(K,,F; (Vs)) — 0

| l |

0 —— HY(Ky, Ff(As)) —— HY(Ky, As) —— HY (K, F, (As)) — 0.

The module H }Gr(Ky,Ag) is the image of the second bottom horizontal arrow,
whereas H}BK(KU,AS) coincides with the image of H'(K,, F,"(V;)) in HY(K,, As).
In order to show that they are equal, it is enough to prove that the left-most vertical
arrow is surjective. Its cokernel coincides with H?(K,, F; (7)) and this group is
trivial combining Corollary 6.2.4 with Assumption 5.4.7 (and local duality), exactly
as done at the beginning of the proof of Proposition 5.4.9. O

Combining the exact sequence of [Foul3, (5.1.4)] with Assumption 5.4.7 and
Corollary 6.2.4, we have isomorphisms

Selrg, (K, X) = Hi (K, X) (6.3)
where .FNI}(K , X) is Nekovai’s extended Selmer group and X coincides with one of

TV, T or T}.

6.2.3 Main result

The results of the previous subsections enable us to apply the machinery of [Foul3,
§6.3|, and to obtain the following result.

Theorem 6.2.6. Assume that k1 = ke, # 0. Then the modules Selr., (K, T™) and
Selz., (K, A™)" have R™-rank 1 and

chargiw (Selg,, (K, A™){,.) 2 chargiw (Selz, (K, TIW)/(K;OO))2.
Proof. We first recall that equation (6.2) yields an isomorphism
Selz,, (K,A™) = Hi(K,A™)

where I:I}(K, AlY) = lim, ﬁ}(Kt, AT) is Nekovai’s extended Selmer group (see [Nek06,
§0.11-0.13]). Asnoticed in [How07, Remark 3.3.3|, the global duality of [Nek06, §0.13|
yields an isomorphism

Selrg, (K, A™)Y = H} (K, T™)

where, again, I;TJ%(K , TIW) is Nekovai’s extended Selmer group. Using also the iso-
morphism of (6.3), we can translate the statement of the theorem as

chargiw (I;TJ%(K, TIW)tors) 2 charprw (E[}(K, TIW)/(/%O))Z.
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Let s: R™Y - S be a specialization to a discrete valuation ring flat over Z,, and finite
over Im(s). Combining Corollary 6.2.2 with Proposition 6.2.5, if the image Koo g of
Koo via the map induced by s is non-zero, there is an inequality of lengths

Cs(HF (K, Ty )tors) < 205 (H (K, Ty) [(Koo,s))- (6.4)

Then, the arguments of [Foul3, §6.3] carry on verbatim, with the easier equation
(6.4) in place of [Foul3, (6.3.2)]. Our claim then follows from the same arguments
that occur in the proof of [Foul3, Theorem 6.3]. See also [CW22, Theorem 5.5]. [

Remark 6.2.7. As noticed in point (iii) of Remark 6.1.11, under our assumptions
the class Ko should always be nontrivial.






Appendix A

Some (Galois cohomology

A.1 (Semi-)local Galois cohomology

The aim of this section is to study the commutativity properties of restriction and
corestriction in Galois cohomology, that are intensively used in Chapter 5. We will
mainly rely on [NSW13, §1.5].

For this section, let L/K be a Galois extension of number fields, let v be a prime
of K and fix a decomposition group ©, of v in Gi. Let wy,...,w, be the primes
of L above v, where w; has fixed decomposition group ©,, = ®, NG in Gp. For
any element o € Gal(L/K) fix a lifting 6 to Gi. Let also o; € Gal(F/K) such that
w; = wy 0 0; and set Dy, =07, 12‘31”161-. Then, ©,, is a fixed decomposition group for
w;. Let J,, be the inertia inside ©,,, and fix a G x-module 7.

Proposition A.1.1. (a) If v is split in L then Dy, =Dy, Ju, = Ty and there is a
commutative diagram

Hl(L T) A n Hl(gw“T) % e, Hl(jwi7T)©wi/jwi
lCOI“L/K J/Zz & l/Zl &
HI(K7T) &) HI(QU’T) L} Hl(fjv,T)gv/jv

(b) If v is totally ramified in L there is a commutative diagram

reSy,

HY(L,T) —% HY (Dy,,T) == H (Jy,, T) w1/ 7w

lcorL/K lcorgwl/@v lcorjwl/jv

HY(K,T) == HY(D,,T) —=— H'(3,,7)°/.
c) If v is inert in L then J,,, =J, and there is a commutative diagram
1

HY(L, T) — HY(Dy,,T) == HY(Jy,,T) /7w

lcorL/K lcoerI/Qv lTrDU/le

HI(K T) =, resy H1(©y7T) _res o HI(JU,T)QU/%.

Proof. Point (a) descends directly from [NSW13, Proposition 1.5.6] and [NSW13,
Proposition 1.5.4]. Point (b) is a consequence of [NSW13, Corollary 1.5.8]. Point (c)
again descends from [NSW13, Proposition 1.5.6]. O
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We don’t usually need Proposition A.1.1 in its full power, so we state here an
easier-to-remember corollary.

Corollary A.1.2. In the setting of this section, there are two morphisms ¢ and
that make the following diagram

@; resyw

H'(L,T) = @ H'(Du,, T) = @y H' (Ju,, T)wil 70

o I I

HY(K,T) —=— H'(Dy,T) ——=—— H'(3,, 7)™/
commutative.

Proof. Just decompose the extension L/K into a chain of split, inert and totally
ramified extensions and apply Proposition A.1.1. O

A.2 Tame ramification and cohomology

In this section we review the structure of the maximal tamely ramified extension
of a local field and investigate its role when computing the first cohomology group
of some relevant Galois representations. Let £ be a prime of Q and L be a finite
extension of Q.

Definition. The maximal tamely ramified extension L' of L is the union of
all finite tamely ramified extensions of L, i.e. the union of all finite extensions of L
whose ramification index is coprime with £.

Lemma A.2.1. With the notation as above, we have that
(i) The profinite group Gal(Q/L?) is a pro-f-group.
(it) Gal(L'/L™) = [1,40 Zq.

(i) Gal(L'/L) = Gal(L'/L") » Gal(L"™ /L) = [l4srZg » Z, where the action of
Gal(L™/L) 2 Z on Gal(L!/L™) = 440 Zq, defined by the relation -7 := o1
for any o € Gal(L™/L) and 7 € Gal(L!/L"™), is via the product of the q-adic
cyclotomic characters.

Proof. Point (i) is [Clal0, Theorem 2.64]. Point (ii) and (iii) descend from [Clal0,
Theorem 2.67]. O

Aiming to include the action of the semidirect product in the notation, we will
write
Gal(L'/L) 2 []Zq(1) % Z
q*l
in order to say that the action of 7 on 1420 Z¢(1) is via the product of the g-adic
cyclotomic characters prime to /.

Let ¢? be the cardinality of the residue field of L. The procyclic group 7 =
Gal(L"/L) is topologically generated by Fry, and the g-adic cyclotomic character
computed at Fry, equals ¢¢, for any ¢ # £. This implies that, if 7 is a topological
generator for Gal(L'/L"™), the action of Gal(L"/L) on Gal(L'/L"™) is characterized
by the relation

-1_ ¢
Frp7Frp, =7 .
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Lemma A.2.2. Let p be a prime different from ¢ and let T be an unramified Zy[Gr,]-
module with the property that (¢ is not an eigenvalue for the action of Fry, onT. Then
the inflation map

inf : HY(LY/L, T) —— HY(L,T)
s an isomorphism.

Proof. Since T is unramified, we have that
HY(L',T) = Hom(Gal(L/L"),T) = {0},

the last equality coming from the fact that Gal(L/L!) is a pro-f-group by Lemma
A.2.1 and T is a Zp-module. This implies that

inf: HY(L'/L,T) — H'(L,T).
is an isomorphism. The inflation-restriction sequence yields the exact sequence
{0} —— HY(L™/L,T) 205 HY(LY/L,T) —= HY(LY/L™,T,) /D)
Again, the unramifiedness of T yields
HY(L'/L™,T) = Hom(Gal(L'/L"™), T).
Looking just at the group structure, we have that

Hom(Gal(L'/L"™),T) = Hom([ | Zq,T) 2 Hom(Z,, T) = T
q#l

as groups, where the isomorphism is induced by the evaluation at a fixed generator
7 of Gal(L!/L"). Let now o be an element of Gal(L"/L), & be a lifting of o to
Gal(L'/L) and ¢ e Hom(Gal(L!/L"™),T). Then, by Lemma A.2.1 we have that

(0-€)(7) = 5€(57176) = ¢ (Mo a7 ) = &} (o) 6 ()

where g, is the g-adic cyclotomic character. This implies that we have an isomor-
phism
Hom(Gal(L'/L™),T) = T(-1)

as Gal(L"/L)-modules, where T'(-1) is T" with the Galois action twisted by the
inverse of the p-adic cyclotomic character. We must show that T7'(~1)G2(E"/1) = [0},
Notice that

T(-1)®E) = fre T+ (Frp—04)(t) = 0},

where ¢? is the cardinality of the residue field of L. Since ¢¢ is not an eigenvalue for
the action of Fry, on T', we conclude that T'(-1)G(E"/1) = {0}, O

A.3 Kolyvagin’s corestriction and Nekovar’s work

In this section we generalize the ideas of [Nek92, §7-9] to our context. These results
are the key for the proof of Theorem 5.4.14. We collect them here because the work
is quite long and general.
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A.3.1 Kolyvagin’s corestriction

Let M € Zsg, G be a topological group, H be a closed normal subgroup of G such
that G/H is cyclic of order M. Fix a generator ¢ of G/H and let A be a G-module
killed by M. Let [x] € H'(H, A) be a cohomology class with cor[2] =0 € H!(G, A).

Call D := ¥Mig?. Choosing a cocycle x representing [z], we find that corg[a:]
can be represented by the cocycle

corx: G— A

M-1 ) )
h— > ¢'z(6'hd') for he H
=0
& — x(6™M)

for a fixed lifting ¢ of o to G. Since corg [x] =0, on the cocycle level we also have
that

corr: G— A

g— (9-Da (A1)

for some @ € A. Notice that the element a is determined modulo A, therefore when
A% =0 we have that @ is uniquely determined. Define the cocycle

Dr:H— A
M_l . . .
h— > ic'z(6"hd").
i=1

Then Nekovar proved in [Nek92, §7| that the function
Jo: G — A
h— (Dz)(h) for he H (A.2)

o+— —0a

defines a cocycle which satisfies resg fz = Dx. Moreover, when AY = {0}, the class
[f.] € H'(G, A) depends only on [x] and satisfies

resf;[f2] = D[],

A.3.2 Localization of Kolyvagin’s corestriction

We set up some more notation, following [Nek92, §9].

(i) Let G be a profinite group, ¢ and p be two distinct odd prime numbers. Let
H < G 4G be a chain of normal closed subgroups with G/H = () x(c) dihedral,
where (o) is cyclic of order M, {c) is cyclic of order 2 acting on (o) by coc = oL
Moreover, G/H = (o) and G/G = (c).

(ii) Let Go be a closed subgroup of G and call Gy := Gon G and Hy := Gy n H.
Suppose that G /Hy is cyclic of order M, generated by an element oy and that
Go/Hy = (00) % (co) is dihedral with ¢y element of order 2.
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(iii) The group Gy is equipped with a surjective homomorphism

7: Gy — [124(1) VA
q#l

where [1,.¢Zy(1) and 7 have fixed generators 7 and ¢ respectively, satisfying
the relation ¢7¢~! = 7¢ for some integer d prime to p. One also requires 7 to
induce surjections

Go — [[2,(1) %22, Hy— M]]Z,(1) = 2Z,
q+l q+l

and we also want the generator oy of Go/Hy to correspond to 7 modulo M
(i.e., 7 is a lift of o¢ to G).

(iv) Let A be a torsion-free module of finite rank over a finite extension S of Z,
with a continous action of G.

(v) G acts on A through its quotient Z, ker(7) has order prime to p as a profinite
group and every arrow in the diagram

H'(Go, A) ™ H'(Igus Z(1) % 22, A)

inf‘ll
H' (27, A)
inf‘lT

H'(Ho, A) 2 HY(M [1,.0 Zg(1) % 22, A)

is an isomorphism.
(vi) ¢? acts as the identity on A/p*A for some s > 1 such that p* | M.
(vii) Let y e H'(H, A) and x € H' (G, A) with corf(y) = Mz with M € S divisible
by p°.
(viii) (A/p*A)% = 0.

We now combine all these assumptions in order to find a relation between x and
y that has a particular importance for us. First, notice that assumption (v) yields

HY(Hy, A) = H (Go, A) = H (27, A) = A/(¢* - 1)A, (A.3)

where the last isomorphism is given by evaluating cocycles at ¢? (see [Rub00, Lemma
B.2.8]). Equation (A.3) is true also with A replaced by any of its finite quotients.
Let now F € Z'(I144¢ Zq(1) % 2Z, A) be a 1-cocycle. Assumption (v) implies that

F is inflated by an 1-cocycle F € Z 1(22, A), up to summing a coboundary. Hence
F(Tu¢2v) - F(qbQU) I (TUQSQU _ 1)b - (1 i ¢2 I ¢2(v—1))ﬁv(¢2) i (¢2v _ 1)b

for any u, v € Zsp and some b € A, where we used the fact that 7 acts trivially on A (see
assumption (v)). Calling ap := F(¢?) € A, the cohomology class of F' corresponds to
[ar] € A/(¢* — 1) A via the last isomorphism in equation (A.3). A similar argument
can be pursued starting from a cocycle F € Z'(M [1 . Zq(1) » 27, A).
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Consider now the following commutative diagram with exact rows

HI(G’ A/pSA) i) Hl (H) A/pSA)

resl lres

0 —— HY(Go/Ho, Alp°A) — H'(Go, A/p*A) —~> H'(Ho, A/p°A)

where (A/p*A)Ho = A/p* A, since by point (v) and (vi) the action of Hy is trivial on
A/p*A. Call e HY(G,A/p*A) and 5 € H'(H, A/p*A) the elements corresponding
respectively to x and y via the natural projection map. Thanks to assumptions
(vii) and (viii) the cocycle f; € Z'(G, A/p*A) defined in equation (A.2) that has the
following property

resiy([fy]) = Dy € H' (H, A[p°A),

where D = Y io?. By assumptions (iii), (v) and (vi), one can prove (exactly as in
the first step of the proof of Proposition 5.4.3) that the image of the operator D in
H'(H, A/p®A) goes to zero when restricted to H'(Hy, A/p*A)*, hence resgo([fg]) is
trivial. Following the diagram above, we find an element yo € H'(Go/Ho, A/p*A) =
.. ¢Go/H

Hom(Go/Hy, A/p®A) such that 1nfG2/ O yg = resgo[fg].

We now have to do some computations at the level of cocycles, to be denoted
with the same letters as their cohomology class. According to assumption (vii) there
is an element a € A such that

(cort (y))(9) - Miz(g) = (g - 1)a

for every g € G. When quotienting A by p®A, the explicit description of the corestric-
tion from the previous section yields that the element a is congruent modulo p°®A to
the one defined in equation (A.1), and its class modulo p®A is uniquely determined.
Then, the definition of fy (see equation (A.2)) implies that, for any lifting ¢ of oy
to G whose projection to 927, is trivial,

yo(00) = (res&, f3)(50) = f(50) = —Goa = —a (A4)

since &g acts trivially on A by assumption (v), where a is the reduction of a modulo
p®A. Since 7 is a lifting of g to Gg, we can choose &g = 7.
Restricting to g = gg € Hg, we get the relation

M

>

-1
=0

y(77'got") = Miz(g0) = (90 - 1)a.

The isomorphisms in equation (A.3) (coming from assumption (v)) allows us to

consider resgox and resgoy coming (via inflation) from cocycles on the abelian

quotient 27 of Gy and Hy, respectively. This implies that the previous relation
becomes

My(go) = Miz(go) = (g0 - 1)a.

By (A.3) it is enough to prove that (D€)(#?) = 0 for every cocycle € € Z' (Ho, A/p*A). By (iii)
and (v), 7 is a lift of o¢ and it acts trivially on A/p°A. By (A.3), the cocycle ¢ is inflated by an
element of Z'(2Z, A/p*A) and therefore 7¢ = €. This implies that (D€)(¢?) = %f(dﬁ), that
is zero in A/p°A.
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Moreover, the computations above yield, for 7(go) = 7%¢??, the following

2(go) = (1+ 6% + -+ > Day + (6% - 1)b,
y(go) = (1+¢% + -+ ¢ D)ay + (6% - 1)b,

for some a, ay, by, by € A, where a, and a, correspond, modulo (¢2-1)A, to resg0 (x)
and resgo (y) respectively via the last isomorphism of equation (A.3). When v = 1,
putting the last three equations together we obtain

May, — Mya, = (¢* - 1)(a — Mb, + Myb,) (A.5)
on A. We impose the last two assumptions
(ix) ay =ed(a;) (mod (¢* - 1)A) for some € € {+1};
(x) ¢*-5Mi¢p+d=0 on A for some 0§ € {+1}.
Using Assumption (ix), relation (A.5) becomes
(eM¢ - M)ag = (¢* —1)(a - p*(something))
on A. Applying assumption (x), we obtain the key formula

(eM¢— My)az = (OMi¢p— (d+1))(a - p®(something)). (A.6)
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