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ABSTRACT
The increased availability of multivariate time-series asks for the de-
velopment of suitable methods able to holistically analyse them. To
this aim, we propose a novel flexible method for data-mining, fore-
casting and causal patterns detection that leverages the coupling
of Hidden Markov Models and Gaussian Graphical Models. Given
a multivariate non-stationary time-series, the proposed method
simultaneously clusters time points while understanding proba-
bilistic relationships among variables. The clustering divides the
time points into stationary sub-groups whose underlying distri-
bution can be inferred through a graphical model. Such coupling
can be further exploited to build a time-varying regression model
which allows to both make predictions and obtain insights on the
presence of causal patterns. We extensively validate the proposed
approach on synthetic data showing that it has better performance
than the state of the art on clustering, graphical models inference
and prediction. Finally, to demonstrate the applicability of our ap-
proach in real-world scenarios, we exploit its characteristics to
build a profitable investment portfolio. Results show that we are
able to improve the state of the art, by going from a -%20 profit to
a noticeable 80%.

CCS CONCEPTS
• Theory of computation→Unsupervised learning and clus-
tering; Structured prediction; Nonconvex optimization; • Com-
puting methodologies → Learning latent representations; •
Mathematics of computing → Markov networks.
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Multivariate time-series, Graphical Models, Non-stationary pro-
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1 INTRODUCTION
Local multivariate time series analysis involves a variety of tasks
that aim at studying the characteristics of subsequent points in
time, such as their short or long term similarities or effect on future
behaviour.

Consider the example of stock trends in a financial system. Each
stock has an associated value that changes in time. Such value
could possibly depend on other stocks behaviour as well as external
environmental causes. At each time point one may want to obtain
various insights on such stock values. Here, we refer to the following
scenarios: (a) understanding how stocks are related to each other
(multivariate correlation analysis) [7] ; (b) detecting patterns of stock
interactions repeated in time (time points clustering) [28, 41]; (c)
predicting their value at the next time-point (forecasting) [8, 37, 52],
and, lastly (d) understanding possible causal relationships among
them (non-stationary causality) [40].

These tasks aim at locally characterizing every single observation
in the time series under different perspectives. If applied on the
same time series, these local characterizations can naturally enable
a global understanding of the underlying system. Typically, these
tasks are approached separately by restricting the problem to a
constrained setting (i.e., strong assumptions on data) with the intent
of having the best possible performances on such domain [14, 18,
19, 25, 30, 36, 44, 47]. Nonetheless, we argue that these tasks are
deeply connected to one another (Figure 1). Solving them globally
may therefore result both in an increased accuracy per-task and
a more in-depth insight on the system as a whole. On the latter,
especially, the unified analysis makes the a posteriori global analysis
easier to perform as the learned models are coherent with the initial
assumptions and between each other by construction.

The main contribution of this paper is a framework that solves
tasks a-d globally, filling a missing gap in the literature. Our method
synergically solves the four tasks by leveraging their dependencies
as depicted in Figure 1. It achieves this goal with a simple cou-
pling of two statistical models which allows to retain a single set of
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Figure 1: Schematic representation of the four tasks and how they
impact each other in our framework. Multivariate correlation anal-
ysis (task (a)) and time point clustering (task (b)) are mutually sup-
portive to one another, together (purple arrows) they allow for fore-
casting (task (c)) and the understanding of non-stationary causal
patterns (task (d)). This last is also influenced by forecasting.

mild assumptions on the data. More formally, we present a statisti-
cal model, Time Adaptive Gaussian Model (TAGM), that combines
Hidden Markov Models (HMMs) and Gaussian Graphical Models
(GGMs). The main idea is presented in Figure 2. Given a time series
{x1, . . . , x6} ⊂ R5, we assign to each time point a hidden state
{z1, . . . , z6} that, in the specific example, assumes 𝐾 = 2 values 𝑘1
or 𝑘2. Suppose to observe the state 𝑘1, all observations assigned to
that state (i.e., {x1, x2, x5}) are then i.i.d. and assumed to be drawn
from a multivariate Gaussian distribution N(`1,Θ−1

1 ). The asso-
ciated distribution is inferred through a GGM from {x1, x2, x5}.
Specifically, a GGM univocally determines the underlying distri-
bution through a graph that is encoded in the matrix Θ1. Such
matrix is called precision matrix and is the inverse of the covari-
ance matrix. In the graph we can directly read pairwise conditional
independencies among variables, e.g. 𝑣1 ⊥⊥ 𝑣2 |𝑣3, 𝑣4, 𝑣5 if and only
if Θ1 (1, 2) = 0, or, equivalently, there is no edge between the two
nodes in the corresponding graph.

TAGM naturally solves tasks (a) and (b) (Section 2). Indeed, we
can divide the time points into clusters by pairing each cluster to
a hidden state. At the same time, multivariate correlation analysis
is achieved through the inference of the corresponding underly-
ing graph. This coupling is both advantageous and necessary. On
the one hand, it is advantageous since knowledge on the variable
dependencies can be leveraged to better assign each time point to
a cluster. On the other hand, it is necessary as the inference of a
GGM requires more than one observation. Thus, we can exploit the
division into clusters to collect independent and equally distributed
samples. TAGM can also be directly used for forecasting (task (c),
Section 3). At training time, we construct an augmented version of
the input time series in which we concatenate each time point with
the next one (Figure 6). We then apply TAGM on this augmented
time series to infer the relative clusters and variable dependencies.
At prediction time, we predict the next most probable state/cluster
by exploiting the information on the previous inferred states in the
HMM. The values of the unseen point are then estimated exploiting
the GGM associated to that cluster. The same procedure can be
used to understand causal patterns (task (d), Section 4). Indeed, the
learned statistical dependencies and sequentiality allow us to have

Figure 2: Schematic representation of the simultaneous instantia-
tion of multivariate correlation analysis and time point clustering.
Given a time series of multi-dimensional vectors, through anHMM,
we associate each time point to a hidden state (i.e., cluster). Given
the K=2 hidden states, we infer two GGMs that model the underly-
ing distributions. Note that, if we observe the Markov chain of the
HMM, we can assume the time points associated to a specific state
to be i.i.d.

insights on causal relationships. Note that, the ability of detecting
more than one GGM allows for non-stationary causality patterns,
which entails high flexibility.

We extensively evaluate TAGM on synthetic data sets and show
how it leads to significant improvement compared to the state of the
art in clustering, learning graph structures and prediction. Results
are presented in Section 2.2 for tasks (a) and (b), and Section 3.1 for
task (c). We also show the applicability of our method to real-world
scenarios through a financial use case (Section 5). In particular, we
exploit it to construct a profitable investment portfolio [13]. The
standard approach used in finance is to fix a temporal window on
which perform correlation analysis [39]. Such approach does not
account for underlying changes and thus assumes all time points
in that window to be stationary. Differently, our method removes
such assumption while also exploiting the interpretability of GGMs
to understand the dependencies among stocks. This is fundamental,
as simple correlation analysis often carries spurious information
that can lead to poor decision making. We show that TAGM over-
comes the state-of-the-art approach for building a portfolio in terms
of profit and loss variations, obtaining a 80% profit compared to
the -%20 of standard methods. We conclude the paper showing
how the proposed approach is interconnected with a variety of
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state-of-the-art methods (Section 6) and suggesting possible future
improvements or research directions (Section 7).

2 THE TIME ADAPTIVE GAUSSIAN MODEL
TAGM is based on the assumption that the system under analysis
is non-stationary, i.e., the underlying distribution of variables at
each time point may change in time. One of the possible meth-
ods to analyse sequential non-stationary data is a Hidden Markov
Model (HMM) [2]. HMMs assume that the series of observations
is generated by a certain number of (hidden) internal states con-
nected through a Markov chain of latent variables. If we consider
Figure 2, the latent variables are modelled as z1, . . . , z6. Such vari-
ables may assume possible 𝐾 = 2 different states, each of these gets
associated to a possibly different distribution. The family of such
distributions depends on the type of data in analysis, in this paper,
for simplicity, we consider continuous data and we assume under-
lying multivariate Gaussian distributions. Nonetheless, adopting
the same idea for other distribution assumptions is straightforward
from the model definition. Differently from standard approaches,
instead of directly estimating the empirical means and covariances
of such distributions from observations, we associate a graphical
model where the lack of an edge explicitly encodes the conditional
independencies between a pair of variables. We exploit Gaussian
Graphical Models (GGMs) [29] where the precision matrices (Θ1
and Θ2) are the inverse of the covariance matrices and they can
be interpreted as the adjacency matrices of a graph. This switch
of perspective still allows us to estimate a multivariate Gaussian
distribution, while allowing for directly imposing sparsity on the
adjacency matrices [18]. Sparsity is fundamental as: it provides a
higher stability to noise in presence of fewer samples; it grants
higher interpretability as it allows for identifying the most relevant
dependencies (i.e. the edges) while removing spurious correlations
that would be captured by the empirical covariance matrix; and,
it allows us to extend this method to perform prediction as well
as understand causality patterns (more details about this will be
provided in Section 3 and 4).

2.1 The model
Consider 𝑁 sequential (temporal) observations, x𝑛 ∈ R𝐷 for 𝑛 =

1, . . . , 𝑁 on 𝐷 variables. We assume that such observations follow
a non-stationary process, and thus are generated by possibly more
than one underlying distribution. The number of such distributions
could be ideally infinite [4], but, for the sake of simplicity, we here
assume them to be fixed to 𝐾 . In order to map each observation x𝑛
to one distribution, HMM pairs them to a hidden (latent) variable
z𝑛 ∈ {0, 1}𝐾 , that has only one non-zero component at position 𝑘
if the 𝑛-th observation is associated to the 𝑘-th distribution. In the
rest of the paper, we will use the notation 𝑧𝑛,𝑘 to indicate the 𝑘-th
positional value of the vector z𝑛 .

The sequence of latent variables follows a Markov chain process,
meaning that z𝑛+1 ⊥⊥ z𝑛−1 |z𝑛 . As a consequence, if we condition on
the latent variables, the observations x𝑛 and x𝑛+1 become indepen-
dent thus allowing to freely use them to infer the corresponding
underlying distributions (see Figure 2).

The joint distribution on observed X = (x1, x2, . . . , x𝑁 ) and
latent variables Z = (z1, z2, . . . , z𝑁 ) is given by

𝑝 (X,Z |𝜋,𝐴,𝜙) = 𝑝 (z1 |𝜋 )
[ 𝑁∏
𝑛=2

𝑝 (z𝑛 |z𝑛−1, 𝐴)
] 𝑁∏
𝑛=1

𝑝 (x𝑛 |z𝑛, 𝜙), (1)

where [2]:
• the probability 𝑝 (z1 |𝜋) =

∏𝐾
𝑘=1 𝜋

𝑧1,𝑘
𝑘

, with
∑
𝑘 𝜋𝑘 = 1, is

the initial latent node z1 probability, which differs from the
other states as there is no parent node;

• the probability 𝑝 (z𝑛 |z𝑛−1,𝐴) =
∏𝐾
𝑘=1

∏𝐾
𝑗=1𝐴

𝑧𝑛−1, 𝑗𝑧𝑛,𝑘
𝑗,𝑘

is the
transition probability of moving from one state to the other.
Here, 𝐴 ∈ [0, 1]𝐾×𝐾 is the transition matrix that we assume
to be constant in time and it is defined as

𝐴 𝑗,𝑘 = 𝑝 (𝑧𝑛,𝑘 = 1|𝑧𝑛−1, 𝑗 = 1)
with 0 ≤ 𝐴 𝑗,𝑘 ≤ 1 and

∑
𝑘 𝐴 𝑗,𝑘 = 1.

• the probabilities 𝑝 (x𝑛 |z𝑛, 𝜙) =
∏𝐾
𝑘=1 𝑝 (x𝑛 |𝜙𝑘 )

𝑧𝑛,𝑘 , are the
emission probabilities where 𝜙 = {𝜙1, . . . , 𝜙𝐾 } is a set of 𝐾
different parameters governing the distributions, one for
each of the possible 𝐾 states.

CombiningHHMswithGGMs is achieved by setting the emission
probabilities to

𝑝 (x𝑛 |z𝑛, 𝜙) =
𝐾∏
𝑘=1

N(x𝑛 |`𝑘 ,Θ−1
𝑘
)𝑧𝑛,𝑘

in such a way to have an explicit correspondence between the dis-
tribution of each state and a graph, modelled through the precision
matrix Θ𝑘 . Moreover, we impose sparsity by coupling the emission
probabilities with a Laplacian prior on the precision matrices. The
posterior of the final model is defined as

𝑝 (𝜋,𝐴, `,Θ|X,Z) ∝𝑝 (z1 |𝜋)
[ 𝑁∏
𝑛=2

𝑝 (z𝑛 |z𝑛−1, 𝐴)
]

𝑁∏
𝑛=1

𝐾∏
𝑘=1

N(x𝑛 |`𝑘 ,Θ−1
𝑘
)𝑧𝑛,𝑘 𝑒−

_
2 | |Θ𝑘 | |1,𝑜𝑑 .

(2)

Optimization. The optimization of parameters \ = {𝜋,𝐴, `,Θ}
in functional (2) is performed through a Maximum A Posteriori
approach. In particular, we employ the Baum’s version of the ex-
pectation maximization (EM) algorithm [3]. In short, it consists in
an alternating minimization procedure, in which the parameters
𝜋,𝐴, ` are updated as in a standard HMM, while the inference of
the Θ reduces to solving a Graphical Lasso [18]

Θ𝑘 = argmin
Θ≻0

tr(ΘSk) − log det(Θ) + _ ∥Θ∥1,𝑜𝑑 (3)

where 𝑆𝑘 is the empirical covariance matrix of the observations
that are associated to the 𝑘-th hidden state, and if we denote such
observations as X𝑘 , it is defined as

S𝑘 =
1∑𝑁

𝑛=1 𝑧𝑛𝑘

𝑁∑
𝑛=1

𝑧𝑛𝑘 (x𝑛 − �̂�𝑘 ) (x𝑛 − �̂�𝑘 )T, �̂�𝑘 =
1∑𝑁

𝑛=1 𝑧𝑛𝑘

𝑁∑
𝑛=1

𝑧𝑛𝑘x𝑛 .

The objective value tr(Θ𝑆𝑘 ) − log det(Θ) is the negative log like-
lihood of the multivariate normal distribution and ∥ · ∥1,𝑜𝑑 is the
off-diagonal ℓ1-norm that imposes sparsity on the precision matrix
Θ without considering the diagonal elements. More details on the
optimization of this model can be found in [11].
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Higher order and online extensions. TAGM could benefit from two
extensions to better handle real-world scenarios. The first extension
is an online learning variation, Incremental TAGM or IncTAGM, that
could be useful in presence of high-frequency data. Indeed, in real-
world contexts where new observations arrive at a high rate (e.g.
every second) one may want to be able to fine tune the model online
in order to consider such observations instantaneously instead of
re-fitting on the complete time series. We derive such extension
following the idea in [10]. In practice IncTAGM starts as a standard
TAGM on the available data, as a new time point becomes available
the set of parameters is updated accordingly and the new point gets
assigned to a state. Such update can be achieved by a variation in
the E step of the EM algorithm, more details in [11].

The second extension is a higher-order Markov chain version,
Memory TAGM or MemTAGM. It is based on the idea that latent
states could have higher order dependencies, which are not cap-
tured if we consider a Markov chain of order one. In short, the
main idea is to allow the emission probability of x𝑛 to depend not
only on z𝑛 but also from the previous𝑚 ∈ Z+ sequence of states
𝑝 (x𝑛 |{xℓ }ℓ<𝑛, {zℓ }ℓ≤𝑛) = 𝑝 (x𝑛 |{zℓ }𝑛ℓ=𝑛−(𝑚−1) ) . Each observation
is conditionally independent of the previous ones and of the state
sequence history, given the current and the preceding𝑚 − 1 states.
For the derivation of the related optimization algorithm we fol-
lowed [20]. The main drawback is a much higher computational
time as the transition matrix and the corresponding initial state
dimensions increase, more details in [11].

2.2 Experimental assessment
In order to evaluate the performance of TAGM we devised three
sets of synthetic experiments. We generated data fixing the number
of states 𝐾 ; for each state 𝑘 = 1, . . . , 𝐾 , the mean `𝑘 ∈ R𝐷 is as-
sumed to be drawn from amultivariate standard normal distribution
N(0,I), while the precision matrix Θ𝑘 ∈ S𝐷×𝐷 is generated as a
sparse semi-positive definite matrix. The sequence of hidden states
is generated by sampling from a transition matrix 𝐴 ∈ [0, 1]𝐾×𝐾
where each row is sampled from a Dirichlet distribution (see Appen-
dix A for more details). Given the sequence of states and the related
`s and Θs, we draw a sequence of 𝑁 samples in 𝐷 dimensions.
TAGM has two hyper-parameters, the number of hidden states 𝐾
and the sparsity penalty _ in the Graphical Lasso (see Equation (3)).
We cross-validated such parameters using the Bayesian Informa-
tion Criterion (BIC) [43] (see Appendix B). Note that the problem is
non-convex, thus different initialization may lead to different local
minima. To handle this issue, we performed multiple initializations
and we select the result with highest likelihood (possible ways for
initializing the model are described in Appendix C). Results are
presented in terms of V-measure for clustering performance [42],
and Matthews correlation coefficient (MCC) for network inference
performance [33] where we binarise the inferred precision matrix
in such a way that 0 corresponds to a missing edge and 1 indicates
an identified edge, see Appendix D for details. The optimization
algorithm and data generation pipelines for the experiments are im-
plemented within an open-source Python framework that contains
the real-world dataset as well 1. ß

1https://github.com/veronicatozzo/regain/tree/HMM

Studying asymptotic behaviour. As a first assessment we char-
acterized the model in terms of number of observations needed to
learn the data structure and its sensitiveness to external noise.On
both experiments we fixed 𝐷 = 10 variables and 𝐾 = 5 states, for
the first experiment we incremented the number of observations 𝑁
until perfect inference is reached, while in the second experiment
we fixed 𝑁 = 2000 and we let the noise to signal ratio increments
until the performances are equal to chance. The results are shown
in Figure 3. As can be seen from the left panel of Figure 3, our model
is able to converge to the real cluster labels after 400 observations
while to infer the real graphs is necessary to have 10000 observa-
tions. On the right panel of Figure 3 we observe, as expected, that
TAGM performance decreases as the noise standard deviation in-
creases. We can also note that model performance remains good up
to the point where noise to signal ratio is equal to one. Beyond that
point the model is not able to distinguish the signal from the noise
and therefore it reaches the performance of a random model. Given
these results, for the following experiments we set the number of
observations to 𝑁 = 2000 and the noise to signal ratio to 1.

Clustering and network inference performance. Here, we wanted
to assess the ability of TAGM to infer the correct states of the system
and the related GGMs. We generated synthetic datasets allowing
for both the number of states 𝐾 and the number of dimensions
𝐷 to vary in the sets {2, 5, 10, 15} and {10, 15, 20, 30} respectively
and we fixed 𝑁 = 2000. We compared TAGM with state-of-the-art
methods, in particular HMM [2], Gaussian Mixture Models (GMM)
[14], spectral clustering [36] and K-Means [32]. Of these methods
the only one that directly provides an estimate of the underlying
distribution is HMM, note that it provides the empirical covariance
matrix that we need to invert to be able to compare it with the
precision matrix. For the other methods, we first infer the clusters
and then on the samples belonging to each cluster we perform
Graphical Lasso separately. Results are shown in Figure 4. On the
left we show the point per point behaviour of the methods as both
the number of states and the number of dimensions vary, while on
the right we show the mean behaviour across different dimensions
for the different number of states. It is evident that TAGM is the
one that performs best in both V-measure and MCC and that HMM
and GMM have close performance in clustering but have less ability
in detecting the true graph.

Higher order and on-line extension. We finally performed two
experiments to compare TAGM to the online and the higher order
extensions. To compare TAGM and IncTAGM, we generated a syn-
thetic dataset with 𝐾 = 5 states, 𝐷 = 10 dimensions and 𝑁 = 2000
observations. We wanted to assess the behaviour of IncTAGM with
respect to TAGM as the percentage of initial data given in input
�̂� = %𝑁 to IncTAGM increases. The results are shown on the left
panel of Figure 5, where we can see that IncTAGM has reasonable
performances when the percentage is low and it asymptotically
tends to the performance of TAGM as the percentages of input
data reaches 100%. To compare TAGM and MemTAGM we gener-
ated a synthetic dataset with 𝐾 = 3 states, 𝑑 = 10 dimensions and
𝑁 = 2000 observations, while letting the memory of the hidden
Markov process vary in the set {1, . . . , 5}. In this way we are able
to evaluate the behaviour of MemTAGM with respect to TAGM as
the memory of the hidden Markov process increases. The results
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are shown on the right panel of Figure 5, where we can see that
MemTAGM performance in terms of V-measure is slightly better
than TAGM for every considered memory window. On the other
hand, the MCC results are comparable. We want to point out that
the time complexity of the step of the optimization algorithm that

assigns each point to a state is 𝑂 (𝐾2𝑁 ), and MemTAGM number
of states has a number of possible states �̂� = 𝐾a (with a being the
memory window), thus having complexity 𝑂 (𝐾a2𝑁 ). Therefore,
the slight improvement in performances that we see in Figure 5 does
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Figure 6: Schematic example of the construction of the augmented
time series given in input to TAGM to perform predictions.

not justify the need of a such increased complexity and therefore
higher computational time.

3 MAKING PREDICTIONS
Being able to predict future time points may be useful in applied
contexts in which, for example, we seek to make decision based on
unseen data. Here, we aim at performing a multi-output regression
where given the values at time point 𝑛, x𝑛 ∈ R𝐷 , we want to predict
the values at time point 𝑛 + 1, denoted as y𝑛 ∈ R𝐷 .

If we are provided 𝑁 observations in 𝐷 variables, in order to
exploit TAGM to predict the observation at 𝑁 + 1, we first need
to augment the time series. In practice for each time point 𝑛 =

1, . . . , 𝑁 − 1 we stack x𝑛 and y𝑛 = x𝑛+1 in a new vector x̂𝑛 =

[x𝑛, y𝑛] ∈ R2𝐷 (see Figure 6).
If we now apply TAGM on the newly built time series, we obtain,

for each time point its state and related underlying GGMs.
Suppose now that, at time 𝑛, we inferred a hidden state 𝑘 with

the related precision matrix Θ𝑘 ∈ R2𝐷×2𝐷 . Such matrix can be
divided in blocks as

Θ𝑘 =

(
Θ𝑘

xx Θ𝑘
xy

Θ𝑘⊤
xy Θ𝑘

yy

)
where Θ𝑘xx indicates the sub-matrix that encodes the conditional
independencies of the vector x𝑛 , Θ𝑘yy denotes the sub-matrix of
conditional independencies of the vector y𝑛 and the block Θ𝑘xy
encodes the conditional independencies among x𝑛 and y𝑛 . Similarly,
we can divide the inferred means vector as `𝑘 = [`𝑘x , `𝑘y].

We can now observe that each y𝑛 is normally distributed, indeed
𝑝 (y𝑛 |x𝑛, 𝑧𝑛,𝑘 = 1) = N( ¯̀, Θ̄−1) (4)

where
¯̀ = `𝑘y + (Θ𝑘

xy)⊤ (Θ𝑘
xx)−1 (x𝑛 − `𝑘x ), (5)

and,
Θ̄ = Θ𝑘

yy − (Θ𝑘
xy)⊤ (Θ𝑘

xx)−1Θ𝑘
xy . (6)

Then, given a time-series of length 𝑁 , and an inferred TAGM
model on the augmented time series on the first 1, . . . , 𝑁 − 1 time
points, we aim at estimating the unknown values of y𝑁 , given

Method K=2 K=3 K=4 K=5
Emp Cov last 25 days 0.23 ± 0.03 0.14 ± 0.07 0.00 ± 0.09 0.04 ± 0.12
Emp Cov last 50 days 0.29 ± 0.02 0.17 ± 0.13 0.02 ± 0.06 0.09 ± 0.15
Emp Cov last 100 days 0.31 ± 0.05 0.12 ± 0.11 0.04 ± 0.11 0.05 ± 0.09
TAGM 0.65 ± 0.03 0.56 ± 0.09 0.62 ± 0.11 0.67 ± 0.12

Table 1: Performance in the prediction of the next precisionmatrix
in terms of MCC.

the observed x𝑁 as y𝑁 = 𝑓 (x𝑁 ). It is trivial to observe that the
minimization of the expected squared prediction error 𝑓 (x𝑁 ) =

E[y𝑁 |x = x𝑁 ] corresponds to Equation (5). Thus, we predict the
value of y𝑁 as

y𝑁 = `ℎy + (Θℎ
xy)⊤ (Θℎ

xx)−1 (x𝑁 − `ℎx ) (7)

which corresponds to a time-varying lasso linear regression [17].
This regression model assumes the knowledge of ℎ, i.e., the hidden
state assigned at time point𝑁 . Such state cannot directly be inferred
from data because we do not have the complete values for 𝑥𝑁 , but
it can be estimated propagating the information from the Markov
chain of the HMM. To this end we exploit the Viterbi method [15].

This approach not only allows us to estimate the values of y𝑁 , it
also provides information on the predicted underlying GGM whose
precision matrix is obtained as in Equation (6).

Moreover, this approach is flexible to consider more than one
previous time point for the prediction of y𝑁 . Indeed, if we want
to exploit information on a window of length𝑤 , it is sufficient to
build an augmented time series where, for each 𝑛 = 1, . . . , 𝑁 − 1,
we define x̂𝑛 = [x𝑛−𝑤 , . . . , x𝑛, y𝑛] ∈ R𝐷𝑤 .

3.1 Experimental assessment
We evaluated the performance of TAGM for prediction on one syn-
thetic experiment. Data are fixing 𝐾 = 2, 3, 4, 5 and 𝑁 = 2000. The
generation method is as described in Section 2.2 and Appendix A.
The hyper-parameters are cross-validated with BIC (Appendix B)
and results are presented in terms of Mean Absolute Error (MAE)
(Appendix D). For the estimate of the next time point precision
matrix we compared the performances of TAGM with the inverse
of the empirical covariance matrix of the last 25, 50 and 100 days on
a time series of dimension 𝐷 = 10. The results are in Table 1 where
we observe that TAGM greatly outperforms the prediction com-
pared to the estimate of the covariance matrix. For the evaluation of
the prediction of the specific values we compared our model with
Gradient Boosting (LGB) [30], Long-Short Term Memory Neural
Network (LSTM) [25], Kernel regression with Gaussian assump-
tion (Kernel RBF) [47] and vector autoregression (VAR) [44] on a
time-series of 𝐷 = 5 variables. The results are in Table 2 where we
observe that TAGM has always a lower prediction error compared
to all the other considered methods.

4 UNDERSTANDING CAUSALITY
The ability of making predictions allows us to connect the inferred
GGMs to Granger causality test [19]. Multivariate Granger causal-
ity analysis aims at detecting those variables that across all time
series are causal for other. Typically, this is achieved by fitting an
autoregressive model on the time series. The main drawback of
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Method K=2 K=3 K=4 K=5
Lgb 1.17 ± 0.23 1.43 ± 0.46 1.95 ± 0.45 1.55 ± 0.63
LSTM 1.16 ± 0.26 1.42 ± 0.45 2.06 ± 0.51 1.50 ± 0.38
VAR 1.14 ± 0.24 1.43 ± 0.45 1.97 ± 0.45 1.37 ± 0.36
Kernel RBF 1.15 ± 0.24 1.43 ± 0.45 1.97 ± 0.49 1.47 ± 0.46
TAGM 1.09 ± 0.23 1.40 ± 0.46 1.93 ± 0.41 1.35 ± 0.34

Table 2: Performance in the prediction of the next time point val-
ues in terms of MAE (below table).

this approach is that it assumes that all the observations are i.i.d.
and, therefore, that causal relations do not change in time. TAGM,
on the other hand, provides more flexibility and interpretability in
this matter as to each of the 𝐾 state is associated a different causal
pattern given by the inferred precision matrix Θ𝑘 . By looking at
Equation (7), we can observe that the regression coefficients are
given by𝑊 = (Θℎxy)⊤ (Θℎxx)−1. Thus, for each variable y[ 𝑗] for
𝑗 = 1, . . . , 𝐷 the features that are causal for it are given by the
coefficients in the 𝑗-th column of𝑊 . The causality of this is simply
implied by the sequentiality of the data. Under a different perspec-
tive, our predictive model (Equation (7)) can be seen as a solution of
an ordinary differential equation that models mass-action kinetics
as specified in [40], Equation (2). Thus, TAGM allows us to detect
possibly 𝐾 multivariate non-stationary causality patterns in any
input time-series.

5 USE CASE: STOCK PRICES
TAGM can be exploited to analyse stock market prices. In particular
we consider the tasks of building an investment portfolio as well as
forecasting of tomorrow stock values.

Building an investment portfolio. Ideally, a portfolio consists in
set of stocks on which one invest. The best portfolio is one that
provides the highest possible profit while maintaining a low fixed
risk level. Stock picking (i.e., the selection of the best stocks to put
in the portfolio) is a hard task, indeed, even if you restrict to a given
industrial sector, there are many factors that can cause underlying
variations in the market. Moreover, stocks may be dependent on
each other in a way that is often difficult to disentangle. The ability
to detect and understand stock dependencies as well as changes
in the market would allow to perform the best hedging strategy.
Hedging is the process of investing in contrary or opposite sectors
in order to balance against a possible loss.

Nowadays, the study of stock dependencies is performed by
fixing a temporal window and inferring the related empirical co-
variance matrix. Such method does not account for possible under-
lying changes in the distribution in that window, and, moreover,
it requires to fix an arbitrary cut-off in the length of the analysed
time series. TAGM, on the other hand, solves both problems as
it could be applied as an exploratory step on the complete time
series, while automatically detecting when the underlying distribu-
tion changes possibly due to environmental or political conditions.
Simultaneously, it provides a cleaner view on the dependencies
than the empirical covariance matrix as the GGMs graphs remove
spurious dependencies among stocks.

We performed a small experiment by considering three securi-
ties (i.e. tradable financial assets): Petrobras (PETR4), WTI crude
Oil front futures, and exchange from US dollar to Brazilian Real
(USD/BRL).We considered the period from 12/01/2010 to 15/09/2016,
corresponding to 1635 trading days which have many price swings
(up and down) (see Figure 7 leftmost panel). We trained our model
on the first 1470 days and we tested on the last 165 (from 20/01/2016
to 15/09/2016). Such securities have deep investment connections
and the goal is to find a combination of weights (i.e., amount of
invested money) for each security which allows to earn a positive
return in the long run and being backed from big losses in case
of price oscillations (i.e. keeping a fixed risk). According to the
Markowitz mean-variance portfolio optimization theory the two
quantities of interests are: the expected value of returns and their
covariance [5]. As these two quantities vary, the portfolio weights
should vary accordingly.

To this end, each day starting from 20/01/2016, we fit TAGM
on all the previous observations of the time series. The inferred
GGM at the current date is used as weights for the securities. Note
that, we adjust such weights if and only if there has been a change
in the underlying distribution (i.e. the hidden state of the HMM)
otherwise we keep the weights fixed to the previous day values. We
compared the performance of our approach against the common
state-of-the-art method of taking the last 50 days covariances. The
performances are given in terms of profits and losses (P&L) and in
the evaluation we suppose for simplicity that there are no trading
fees. Results are shown in Figure 7 central panel where it is possible
to see how TAGM greatly outperforms the empirical covariance
approach going from a -20% to a 80% profit. This is due to the
changes in trend of the WTI Crude Oil security, that are captured
by TAGM but not by the mean empirical covariance strategy.

Stock values forecasting. To test TAGM regression performance
on real datawe considered a period of 30 trading days from 4/08/2016
to 15/09/2016. We compare our results with the same state-of-the-
art regressionmethods used in synthetic experiments. Figure 7 right
panel shows that the performance of all the considered methods are
very closed to each other, with TAGM slightly improving overall.
This is due to the fact that past price values are not very informative
to predict the next values since their short-run movements depend
on the real time news and market sentiment. Therefore, as long
as we do not introduce this information in the prediction it would
be difficult to evaluate the prediction performance as all methods
catch the same information (typically just noise).

6 RELATEDWORK
We position TAGM against various state-of-the-art approaches that
perform clustering, temporal network inference, forecasting and
causality analysis. All these approaches perform these tasks in
isolation whereas TAGM can be used to simultaneously perform
all four.

The combination of inferring a latent representation as clustering
coupled with GGMs was presented in [14, 31], where the authors
combined GGMs with Gaussian Mixture Models. Note that, such
approach does not explicitly account for sequential data.

In the context of graph inference, TAGM can be seen as a gener-
alisation of current state-of-the-art methods for temporal graphical
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Figure 7: TAGM enables significantly improvement in the construction of a financial portfolio (central panel) due to its ability to promptly
detect changes in underlying dependencies among stocks (data showed on the left). TAGM shows better performance also in the prediction
of next day stock prices (right panel).

models inference. Such methods typically rely on the assumption
that the time points within a chunk, which size is arbitrarily cho-
sen, are i.i.d. [16, 21]. Our approach relaxes such assumption mak-
ing it more reliable for real-world analysis. We can find methods
that perform simultaneous graph inference and clustering [22, 46].
Nonetheless, being based on the assumption of chunks they are
impossible to compare directly with the presented model. All the
previous methods have to rely on the imposition of norms to con-
sider sequentiality. We avoid such imposition by relying on the
Markov chain of the hidden states. In literature, we also find papers
that look at single time points assuming local topological changes
[7, 23, 35, 50] but they do not provide a way to directly perform
clustering of the inferred networks.

For prediction tasks, we found in literature two examples that
explicitly consider non-stationarity and sequentiality in a setting
similar to ours. In [6] the authors use a vector autoregressive model
(VAR) on time-dependent splines while in [35] they infer a dynamic
graphical model and they predict the topology of the next time
point. These last two methods, while allowing for next time point
prediction, do not directly allow us to estimate the underlying pre-
cision matrix. Another interesting relationship of TAGM is with
multivariate gaussian process regression [9], which makes explicit
use of the conditional dependencies to estimate future time points.
We want to point out that many methods that perform prediction
on time series exist. We do not explicitly report them as their inte-
gration with GGMs is not obvious.

Lastly, differently from our setting, causality is often studied
assuming stationarity of the time series, thus causal relationships
are inferred as constant in time [12, 25, 30, 40, 44, 47]. In literature,
we can find research directions that consider non-stationarity [24,
38, 45], but, to the best of our knowledge, the explicit use of dynamic
graphical models to this aim is not present in literature.

7 CONCLUSIONS AND FUTURE DIRECTIONS
We present a novel methodology to perform data-mining, forecast-
ing and understanding causality patterns on multi-variate time-
series. Our method combines HMMs and GGMs, providing a way to
simultaneously cluster non-stationary time-series into stationary
sub-groups and for each cluster detecting probability relationships
among variables through graphical model inference. This simulta-
neous inference is suitable to be transformed into a time-varying
regression model that allows to make predictions on non-stationary
time-series. Moreover, the regression coefficients can be interpreted
as causal patterns. Our method generalizes many state-of-the-art
methods and provides a wide range of analysis type to be performed
on time series. Both synthetic and real experiments show that it
does indeed outperform state-of-the-art method for clustering, net-
work inference and prediction.

There are many improvements that could be performed. One
could add flexibility in the detection of each observation state by
making the transition probabilities (the matrix 𝐴) time-dependent
[26]. Also, using a non-parametric Bayesian approach would allow
us to transform TAGM into an infinite-state model [4] thus remov-
ing the problem of identifying the most suitable hyper-parameter 𝐾
(the number of states). Moreover, TAGM could benefit from conver-
gence analysis and faster optimization techniques as it requires a
high computational time when dealing with long time-series as the
inference of the Markov chain cannot be easily parallelized. Two
future interesting directions could be to relax the assumption of
Gaussian distributed data and thus, by changing the emission proba-
bilities to graphical models that allow for other type of distributions
(e.g., Poisson, Binomial, or others) [1, 23, 27, 49]. Moreover, if one
is interested just in exploiting graphical models to study causality,
we want to point out an interesting resemblance between Equation
(2) in [40] that models system kinetics and Equation (8) in [48] that
define a pairwise graphical model on a general exponential family
distribution. To conclude, the urge to dissect the underlying system
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observed through time series has led current research to deeply
rely on graphical models. The approach we presented in this paper
reinforces the general understanding that, indeed, graphical models
are a powerful tool to study time series under a variety of different
perspectives.
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A SYNTHETIC DATASET GENERATION
We generated data through a Markov process which controls the
probability to remain in the same state or to go from one state to
another one.

The synthetic data generation comprehend the following steps:

(1) we fix suitable values for the number of observations 𝑁 , the
number of states 𝐾 and the number of multivariate time
series 𝐷 .

(2) for every state 𝑘 = 1, . . . , 𝐾 , we allow for several combina-
tions of distributions to generate the observations.

(a) The mean can be drawn in two ways: from a multivariate
normal distribution`𝑘 ∼ N(0,I), where I is the identity
matrix, or from an uniform distribution with `𝑘 ∼ U(𝑎, 𝑏)
and 𝑎, 𝑏 ∈ R with 𝑎 < 𝑏. If 𝑎 ≪ 𝑏 then the generated
cluster are more likely to be separated between each other.

(b) The covariance matrix Σ𝑘 can be set in three ways: fix-
ing a certain maximum degree for each node 𝑑 , we ran-
domly selected its neighbours and put deterministically
the weights of the edges to 0.98/𝑑 to ensure positive def-
initeness of the resulting precision matrix [34, 51]; from
the tool scikit-learn.datasets which generates a random
symmetric, positive-definite matrix; from the precision
matrix stressing the links between nodes, starting from
the identity matrix and putting randomly ones in the
off-diagonal places respecting the symmetric matrix con-
straint. In this way we are generating precision matrix
with either strong links between nodes or no links at all.
This case is interesting because in this way the networks
corresponding to each state 𝑘 are very different between
each others like the case with means very far away.

(3) each row of the transition matrix𝐴 is generate from a Dirich-
let distribution Dir(𝛼) where 𝛼 ∈ R𝐾+ . In particular, to not
have too quick transitions from one state to another we im-
pose 𝛼𝑖 = ^ · 𝛼 𝑗 with 𝑖 ≠ 𝑗 where 𝑖 is the index of the row
transition we are drawing and 𝛼 𝑗 all the other element of 𝛼
different than 𝛼𝑖 . ^ is also known as the force constant, in
the sense that the bigger ^ is the more likely the state 𝑖 is
respect to the others;

(4) finally, for each time point 𝑛, the state 𝑘 is drawn from the
transition matrix 𝐴 then the data are drawn from the related
normal distribution X𝑛 ∼ N(`𝑘 , Σ𝑘 ).

B MODEL SELECTION
Our model has two hyper-parameters to cross-validate:

(1) the number of finite states 𝐾 ;
(2) the regularization parameter _ which regulates the sparsity

of the precision matrix Θ𝑘 ;

To estimate these two hyper-parameters we employ cross vali-
dation (CV) with a Bayesian Information Criterion (BIC) score. To
determine the number of hidden states we use the BIC approach
[43] which has the form

BIC(𝑚) = ln p(X|𝑚,\ ) − a

2
ln(𝑛).
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Figure 8: Cross validation

a represents the number of free parameters and𝑚 the considered
model. In our case the number of free parameters can be computed
in the following:

• the probabilities 𝜋 have dimension 𝐾 with one constraint,
so a𝜋 = 𝐾 − 1;

• the transition matrix 𝐴 has dimension 𝐾 × 𝐾 but each row
has a constraint, so a𝐴 = 𝐾 (𝐾 − 1);

• the means ` are 𝐾 with dimension 𝑑 without any constraint,
so a` = 𝐾𝐷 ;

• the precision matrices Θ are 𝐾 , one for each state, with di-
mension𝑑×𝑑 but they have the constraint given by graphical
lasso therefore aΘ =

∑
𝑖≥ 𝑗 𝑒𝑖, 𝑗 where 𝑒𝑖, 𝑗 = 0 if Θ̂𝑖, 𝑗 = 0 and

𝑒𝑖, 𝑗 = 1 otherwise. Θ̂ is the estimated precision matrix.
Putting all together the total number of free parameter a is

a = a𝜋 + a𝐴 + a` + aΘ = (𝐾 − 1) (𝐾 + 1) + 𝐾𝐷 +
𝐾∑
𝑘=1

aΘ𝑘
.

To see that this CV combination of methods is suitable for the
estimation of the hyper-parameters of our model we generated
a multivariate time series with 𝐷 = 10 and 𝐾 = 5 and we cross-
validate 𝐾 and _ from the sets 𝐾 ∈ {3, . . . , 8} and _ ∈ [18, 25]. We
show in Figure 8 the results and as we can see it found the 𝐾 from
which we have generated the data.

C INITIALIZATION CHOICES
The optimization algorithm requires an initialization of the initial
parameters \ . Since the likelihood function we are considering
is non-convex the parameters initialization is crucial to find the
optimal solution. In particular,given the cluster number 𝐾 we have
to initialize four parameters: the transition matrix 𝐴 and the initial
probabilities 𝜋 and the Gaussian distribution parameters Θ and
`. In our implementation we adopt the following initializations
choices:

• the transition matrix 𝐴 and the initial probabilities 𝜋
can either be initialised with equal probabilities for each state
1
𝐾

or by randomly sampling from a uniform distribution

Research Track Paper KDD ’21, August 14–18, 2021, Virtual Event, Singapore

1602



U(0, 1) or symmetric Dirichlet distribution Dir(1), with the
constraints that each row has to sum to one;

• the Gaussian distribution parameters Θ and ` are ini-
tialized by computing an initial subdivision of the time points
into clusters. To this aimwith used K-means or Gaussianmix-
ture model (GMM). Both GMM and K-means are non-convex,
thus, depending on initialisation lead to different solutions
as well. Given the dataset initial subdivision, we compute
respectively the empirical covariances and means. Finally
we run the graphical lasso to compute the corresponding
precision matrix and we use that as initial parameters.

D EVALUATION METRICS
We use a metric score for each of the following aspects:

(1) clustering performance: we compare the clustering re-
sults in terms of V-measure [42] which returns a value 𝑣 ∈
[0, 1] where 𝑣 = 0 means that the cluster labels are assigned
completely randomly while 𝑣 = 1 means that there is a per-
fect match between the true labels and the one found by the
models.

(2) network inference performance: in order to evaluate the
performances of the methods we need to identify a map

between the true clusters and the identified ones in order
to compare the underlying graphs. Such map is obtained
by taking the maximum per row of the contingency table
of the true and predicted labels. We then consider the true
and inferred graphs as binary classes (0 no edge identified, 1
edge identified) and we compute the Matthews correlation
coefficient (MCC) [33]

MCC =
TP × TN − FP × FN√

(TP + FP) (TP + FN ) (TN + FP) (TN + FN )
which return a value in the interval[−1, 1] where 0 corre-
sponds to chance.

(3) forecasting performance: we used as score the Mean Ab-
solute Error (MAE) which measures the error between the
true next point value and the predicted one. Since we are
predicting 𝑑 values for each future time point we compute
the mean MAE across entries of the vector:

𝑀𝐴𝐸 =
1
𝑛

𝑁∑
𝑖=1

(
1
𝐷

𝐷∑
𝑑=1

|𝑥𝑛𝑑 − 𝑥𝑛𝑑 |
)

.
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