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Abstract
The present thesis is primarily devoted to developing and applying advanced post-processing
techniques to inspect complex transitional boundary layer (BL) flows evolving under vari-
able inflow conditions. A large amount of data has been experimentally acquired utilizing
particle image velocimetry (PIV) and laser Doppler velocimetry (LDV) in a test section
consisting of a flat plate installed between two adjustable endwalls. Depending on the
Reynolds number (Re), the free-stream (FS) turbulence intensity (Tu) and the adverse
pressure gradient (APG) imposed to the flow, attached or separated boundary layer tran-
sition was obtained. The effects of the inflow parameters variation have been studied in
detail, focusing on the flow statistical and dynamical behavior. Due to the complexity and
variety of the transitional phenomena, data-driven modal decomposition techniques have
been employed to reduce the large amount of experimental data collected here. Moreover,
new variants of well-established post-processing techniques have been developed to iden-
tify the main features embedded into the extensive databases.
In the case of separated flow transition, the modal decomposition procedures allowed a
deep insight into the instability mechanism developing in the shear layer. Dynamic Mode
Decomposition (DMD) was used to analyze the most unstable wavelengths related to the
Kelvin-Helmholtz (K-H) vortices driving transition. Proper Orthogonal Decomposition
(POD) was applied to PIV data, inspecting the main flow structures developing in the dif-
ferent regions of the LSB. Subsequently, an Extended Proper Orthogonal Decomposition
(E-POD) procedure was applied, highlighting the correlation between the main dynam-
ics observed in the forward part of the bubble and the breakup events occurring in the
reattachment region. Regarding the data reduction, the extensive database was used to de-
velop new empirical correlations predicting the transition process regarding the geometry
of a LSB and the related shedding process.
The transition process was systematically analyzed using decomposition techniques in
the context of the free-stream turbulence induced transition. In order to inspect BL re-
ceptivity to free-stream disturbances, a variant of the E-POD was proposed, based on the
correlating events between the FS and the BL. Low-order reconstructions of the original
data were used to highlight the most correlating events directly linked to the formation
and the breakup of streaky structures. Moreover, a turbulent spot recognition algorithm
was implemented to identify the BL statistical response to the inflow parameters through
the probability density function (PDF) of spot nucleation. Thus, a model for the PDF
of spot nucleation is proposed as a function of the main flow parameters involved in the
transition process. Based on the results of the previous analyses, engineering correlations
for predicting the free-stream turbulence induced transition are also introduced.
Independently on the transition type, results obtained employing the aforementioned pro-
cedures allowed a fruitful characterization of the different instability mechanisms devel-
oping in the first stage of transition, the description and evolution of coherent structures,
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and the correlation between their dynamics.

II



Preface
This work concerns attached and separated transitional boundary layer flows and their
analysis through advanced post-processing techniques. Among other analysis tools, modal
decomposition techniques such as the Proper Orthogonal Decomposition (POD), extended
POD (E-POD), and Dynamic Mode Decomposition (DMD) have been used. New proce-
dures based on these techniques have been further developed to provide new tools for
data analysis. The thesis is organized as follows. In chapter 2, the governing equations
of the boundary layer and the state of the art of the boundary layer transition processes
are presented. Chapter 3 illustrates the mathematical framework of the post-processing
techniques used for the data analysis and the development of new procedures. The experi-
mental facility and measurements instrumentation used in the data acquisition campaigns
are described in chapter 4, while in chapter 5 the main findings of this work are presented.
The results obtained for the separation induced transition are proposed first. Then, results
dealing with free-stream turbulence induced transition are discussed. The results collected
in the Ph.D. course have been used to produce the following publications:
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• Dellacasagrande, M., Verdoya, J., Barsi, D., Lengani, D., & Simoni, D. (2020,
September). Dynamic mode decomposition analysis of separated boundary layers
under variable Reynolds number and free-stream turbulence. In Turbo Expo: Power
for Land, Sea, and Air (Vol. 84102, p. V02ET41A038). American Society of
Mechanical Engineers.

• Verdoya, J., Dellacasagrande, M., Lengani, D., Simoni, D., & Ubaldi, M. (2021).
Inspection of structures interaction in laminar separation bubbles with extended
proper orthogonal decomposition applied to multi-plane particle image velocimetry
data. Physics of Fluids, 33(4), 043607.

• Dellacasagrande, M., Verdoya, J., Barsi, D., Lengani, D., & Simoni, D. (2021).
Mixed lse and epod based technique for multi-plane piv measurements synchro-
nization in separated flow condition. Experimental Thermal and Fluid Science,
122, 110313.

• Dotto, A., Luzzi, M., Verdoya, J. , Simoni, D. , Hanifi, A. & Pralits, J. (2022)
Stability analysis of experimentally surveyed turbine-like boundary layers subjected
to free-stream turbulence induced transition under variable Reynolds number and
adverse pressure gradients. Under review for AIAA journal.

• Verdoya, J., Dellacasagrande, M., Lengani, D. & Simoni, D. (2022) Identification of
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free-stream and boundary layer correlating events in free-stream turbulence induced
transition. Physiscs of fluids, 34 (1) .

• Dellacasagrande, M., Verdoya, J., Barsi, D., Lengani, D., Simoni, D. & Bertini,
F. (2021). Effects of streamwise oriented riblets on spot nucleation in free-stream
turbulence induced transition. Under review for review to Experimental Thermal
and Fluid Science.
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Chapter 1

Introduction

Flow over bodies has long puzzled physicians and mathematicians. The development of
modern aerodynamics and fluid mechanics dates back to the end of the 17th century when
Isaac Newton published its Principia and made a significant step forward in the 18th cen-
tury thanks to Daniel Bernoulli, Jean LeRond d’Alembert, and Leonhard Euler. Euler
was the first to derive a mathematical description of a fluid flow using infinitesimal ele-
ments. He derived the equations governing the so-called inviscid problem, applying the
mass conservation and Newton’s second law, consisting of a couple of nonlinear partial
differential equations. Nevertheless, his model did not consider the effects due to the flow
viscosity. Therefore, at this point, these early and simplified models could not describe
actual flow features such as drag force, as notoriously expressed by the D’Alembert para-
dox.
Half a century later, Claude-Louis Navier and George Stokes discovered the well-known
Navier-Stokes (N-S) equations individually. They formulated a coupled nonlinear partial
differential equations system, including viscous effects in the physical model. Nowadays,
a general solution of the Navier-Stokes equations has not been found yet. Even though
the pressure distribution on an airfoil can be computed referring to the inviscid theory, the
shear stresses are instead the result of the viscous forces. Without any approximation or
new theory, the aerodynamicists of the early 20th century struggled with the impossibility
of solving the N-S equations. Finally, in 1904 Ludwig Prandtl found a “very satisfactory
explanation”to the effect of viscosity on aerodynamic bodies, introducing the concept of
boundary layer. Using Prandtl’s boundary layer concept developing over an aerodynamic
surface, the Navier-Stokes equations could be rearranged in a simplified formulation, the
boundary layer equations. Thus, the N-S equations become a system of parabolic PDE,
which can be solved even analytically in some simple flows. With this model, viscosity
effects are confined in the proximity of the solid surfaces, while away from the wall, po-
tential flow equations give a good approximation of the real flow.
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Solutions of the boundary layer equations were limited to laminar flow or simple flow
configurations. In 1908 Blasius, one of Prandtl’s students, developed a flat plate solution
of the boundary layer in terms of an ordinary differential equation, finding a self-similar
solution of the velocity profiles. This solution was further generalized for variable pres-
sure gradients by V. M. Falkner and Sylvia W. Skan in 1930. However, these simple
solutions have only been found for laminar boundary layers, i.e., up to a specific flow
station developing along a surface. The transition of the viscous layer from a laminar to a
turbulent state still represents a cutting-edge topic in the frontier of knowledge due to its
intrinsic complexity. In this context, one of the most delicate topics is the characterization
of the boundary layer route to transition, that is, the way the laminar to turbulent transition
occurs depending on the external flow conditions (free-stream turbulence, local Reynolds
number, and pressure gradients imposed to the flow, among others). In a subsonic regime,
such transition modes are the natural, the free-stream turbulence induced, the separated
flow, and the wake-induced transition.
The natural transition process occurs with very low turbulence intensity levels, typically
characterizing external aerodynamic applications of wing profiles. It is driven by ex-
ponentially growing eigensolutions of the linearized disturbance equations, referred to as
Tollmien–Schlichting (T-S) waves, whose breakup is responsible for the generation of tur-
bulent spots, thus transition completion. For higher values of the free-stream turbulence
intensity level, the transition process is driven by streamwise elongated structures called
streaks, which constitute low-frequency disturbances of the streamwise velocity compo-
nent and are induced by the free-stream disturbances penetrating the boundary layer (see,
e.g., Klebanoff 1955 Morkovin 1969). BL streaks can be mathematically described as the
optimal perturbation of the linear N-S operator, which admits transient growth of distur-
bances due to its non-orthogonality. The occurrence of high- and low-speed streaks acts
distorting the boundary layer, and the subsequent instability of streaky structures induces
the formation of turbulent spots, thus transition. Moreover, if the initial amplitude of the
perturbation is sufficiently high, the transition can occur at a Reynolds number lower than
the critical one predicted by the modal theory. When a solid adverse pressure gradient
is imposed on the flow, the boundary layer can separate from the wall before the transi-
tion onset. Thus, the boundary layer moves far from the wall toward the potential flow
characterized by higher momentum, inducing a pressure drag whose strength depends on
the size of the separation bubble. Depending on the free-stream conditions, the viscous
effects can be confined in a thin layer close to the walls, or they can sensibly alter the sur-
rounding potential flow due to significant flow separation. In this latter case, the so-called
viscid-inviscid interaction is observed. In the case of laminar separation, velocity fluc-
tuations are amplified in the separated shear layer due to the inviscid Kelvin–Helmholtz
(K-H) instability process. The velocity fluctuations grow until saturation occurs, induc-
ing the roll-up of the shear layer. The consequent formation of large scale vortices (K-H
vortices) and their breakup drives the transition to the turbulent state (see e.g. Gaster
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1967, Pauley et al. 1990, Alam and Sandham 2000). Thus, the boundary layer separation
also induces increased losses due to the generation of vortices. In turbomachinery flows,
another mechanism is possible, called the wake-induced transition. Unsteady wakes pro-
duced by upstream blades periodically impinge the following blade rows. The complex
wake-boundary layer interaction affects the evolution of transition to turbulence following
successive cycles (Dick and Kubacki 2017).
Nowadays, cutting-edge aerodynamic problems concern complex geometries and flow
configurations that require reliable models and a deeper understanding of the phenomena
involved in such applications. To this end, many experiments have been performed in the
last century, providing the basis for developing models that are currently being employed
in applications. However, comprehensive knowledge of transitional and turbulent flows is
still to be achieved.

1.1 Complex aerodynamics and big-data analysis
The transitional boundary layer flows encompass a wide range of problems affected by
complex dynamics due to instabilities, coherent structure interactions, and breakdown to
turbulence. The analysis of such flows must rely on highly time-resolved spatiotempo-
ral data that can describe high-dimensional and nonlinear dynamics. Due to the progress
in computational capabilities and experimental measurement techniques in recent years,
more detailed analyses of transitional fluid flows have become achievable. However, the
greater the details characterizing complex flow dynamics, the more demanding the data
analysis.
The reduction of a vast amount of flow field data to a low-dimensional form is a fun-
damental topic when dealing with complex flows (see Taira et al. 2017) and developing
models for understanding and interpreting their dynamical behavior. Modal decomposi-
tion techniques are currently at the heart of data reduction. These mathematical techniques
allowed to extract energetically and dynamically essential characteristics of the sampled
fluid flows, unveiling the spatial features, their dynamical properties, and the energy con-
tent or the growth rates and frequencies associated with each flow feature. Among the
techniques adopted in the fluid dynamics community, the proper orthogonal decomposi-
tion (POD), the extended proper orthogonal decomposition (E-POD), and the dynamic
mode decomposition (DMD) find an extensive range of applications. POD (see Lum-
ley 1970 and Sirovich 1987) is the most common choice for the detection of coherent
structures in both experimentally and numerically derived fields. The POD eigenvectors
describe the dynamic behavior of the main coherent structures within the flow (ranked by
their energy content), while the corresponding modes describe their spatial features. Fol-
lowing the formulation of Borée (2003), the Extended Proper Orthogonal Decomposition
obtains extended modes by the projection of the snapshot matrix on the temporal coeffi-
cient matrix computed in a different spatial domain or with different quantities used for
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the definition of the POD kernel. Thus, the projection depends on the correlation between
the POD eigenvectors obtained from the two different sets of observations and preserves
the correlating evens only. Modal analysis can also be used to determine the growth rate of
particular flow features, as in the case of DMD. This technique is a snapshot-based method
(see Schmid 2010) which requires experimental or numerical realizations of an observable
(a pressure or velocity field, for example). The DMD algorithm provides the best linear
approximation mapping the observables into subsequent time instants. The factorization
of the linear operator provides modes and complex eigenvalues driving the system evo-
lution. While the modes are a spatial representation of coherent patterns within the flow
(similar to POD), the complex eigenvalues provide information about the growth/decay
rate (real part) and the frequency (imaginary part) of the corresponding modes.
Irrespective of the specific technique used, modal-decomposition offers a powerful tool
for identifying low-dimensional descriptions of dominant flow mechanisms and has there-
fore been used in several research fields to analyze complex systems. Additionally, it also
offers exciting possibilities for developing reduced-order models and flow control in the
context of machine learning and artificial intelligence for several engineering applications.
The present work focuses on applying advanced post-processing techniques on large ex-
perimental databases describing the boundary layer transitional flow under conditions rel-
evant to operating low-pressure turbine blade profiles of modern aero-engines. The appli-
cation of well-established modal decomposition techniques and the development of new
procedures allows the characterization of the transition mechanisms in the case of both
separated and attached flows. This allowed to shed light on the critical underlying phe-
nomena of the flow for a wide range of inflow conditions and to develop new empirical
correlations for transition evolution prediction.
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Chapter 2

Boundary layer transition

In the following sections, the theoretical and mathematical background of the boundary
layer theory is presented for a better understanding of the results shown in section 5. An
overview of the most relevant parameters involved in the flow transition, namely the free-
stream turbulence level, the pressure gradient, and the Reynolds number, will be discussed
regarding the main literature works.

2.1 Theory of boundary layers
The boundary layer concept is used to keep into account the viscous effects in the motion
of fluid flows, i.e., the property of fluids of transmitting shear stresses between portions
of the flow that have different velocities (Schlichting and Gersten 2000). The velocity
gradients occurring in flows over a solid surface are responsible for generating shear. At
the solid surface, the shear stress is defined as:

τw = µ

(
du
dy

)
y=0

(2.1)

Where µ is the dynamic viscosity, and the normal to the wall derivative of the streamwise
velocity component (u) is computed at the wall (y = 0). It can be seen that the higher
the gradients or viscosity, the greater the shear stress. Close to the surface, the viscous
effects play a crucial role, varying the velocity of the flow particles from zero at the
wall (i.e., from the no-slip condition, due to electrostatic forces) to the free-stream value.
Conversely, above the BL edge, the effects of viscosity are negligible. The effect of
friction is to transmit shear stresses. Thus, the velocity of the fluid particles close to the
wall increases. Therefore, the fluid in the faster region far from the wall is slowed by
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the action of the shear. By definition, the height of the fluid layer that includes 99%
of velocity variation between the no-slip and the free-stream velocity is defined as the
boundary layer thickness δ99(x).
In order to discuss the effects of the boundary layer evolution on its growth and the

Figure 2.1: Boundary layer development on a flat plate, from laminar (left) to turbulent
(right) profile.

viscous stresses, it is useful to introduce the simplified Blasius solution valid for a flat
plate under no pressure gradients. For an incompressible, two-dimensional flow, Blasius
obtained the self-similar solution shown in figure 2.3 where η and f ′(η) are similarity
functions, which will be briefly discussed in section 2.2 (for further details see Anderson Jr
2010). For this simplified model, the values of δ99(x) and the skin friction coefficient C f
can be exactly predicted as a function of the streamwise distance x from the flat plate
leading edge. C f , defined as the ratio between the shear stress at the wall τw and the
dynamic pressure 1/2ρ∞U2

∞, depends on the local Reynolds number in the form:

C flam =
0.664√

Rex
(2.2)

That is, C f decreases inversely proportional to the square root of the distance from the
leading edge. Additionally, the solution for the laminar boundary layer thickness results:

δlam =
5.0x√

Rex
(2.3)

i.e., the laminar boundary layer thickness over a flat plate grows as x
1
2 with the distance

from the leading edge. Similar correlations for integral boundary layer parameters will be
developed in section 2.6.

6



CHAPTER 2. BOUNDARY LAYER TRANSITION

Previous equations derived from Blasius’ solution are valid only in the case of laminar
flow. Moving downstream, the local Reynolds number becomes sufficiently high to in-
duce transition. Thus a turbulent boundary layer occurs. The Blasius’ similarity solution
decays, while other empirical correlations are adopted for the prediction of δ99 and C f for
fully developed turbulent boundary layers:

δturb =
0.37x

Re
1
5
x

(2.4)

C fturb =
0.027

Re
1
7
x

(2.5)

Turbulent boundary layer thickness varies as x
4
5 , growing more rapidly with the stream-

wise coordinate compared to the laminar case. Its faster growth is due to a higher mixing
effect between adjacent portions of fluid. Moreover, the friction coefficient is proportional
to Re−

1
7 (Prandtl’s law), yielding a more significant friction drag coefficient.

The lack of an exact similarity solution for the turbulent BL is due to a viscous sub-layer
near the wall where the viscous effects dominate. More precisely, three different regions
with different growth and velocity distribution can be identified in a turbulent boundary
layer. These are the viscous sub-layer, the buffer layer, and the logarithmic layer, as re-
ported in the scheme of figure 2.2. The turbulent boundary layer is described utilizing

Figure 2.2: The viscous sub-layer, the buffer layer and the logarithmic layer of a turbulent
boundary layer
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two dimensionless parameters, scaling the wall-normal coordinate and the streamwise
flow velocity. The wall distance can be expressed in terms of the dimensionless coordi-
nate y+ = y

ν

√
τw
ρ

. The velocity corresponding to each of these three regions is instead

express in terms of the dimensionless velocity u+ =U∞

√
ρ

τw
, where

√
τw
ρ

is the so called

friction velocity uτ , such that u+ = u
uτ

. The viscous sub-layer is confined in the region
y+ < 5. In this region, the flow stays laminar due to the strong influence of viscosity, and
the u+ is directly proportional to y+. For y+ > 30 extends the so-called logarithmic zone,
in which the flow can be considered turbulent and subjected to strong velocity fluctuations
in both intensity and direction. In this region, the logarithmic law is valid and u+ is pro-
portional to the logarithm of y+, that is u+ = 1

k ln(y+)+C+, where k and C+ are the Von
Karman constants. The zone between the viscous and the logarithmic layers, called buffer
zone, shows properties gradually shifting from the viscous to the logarithmic regions, and
neither of the two laws holds.

2.2 Differential equations of the boundary layer
In order to derive the differential equations of the boundary layer, the starting point is
given by the continuity equation and the complete set of Navier-Stokes equations. For
an incompressible, viscous, and three-dimensional flow, neglecting the volume forces the
system of partial differential equations results:

∂u
∂ t

+u
∂u
∂x

+ v
∂u
∂y

+w
∂u
∂ z

=− 1
ρ

∂P
∂x

+ν

(
∂ 2u
∂x2 +

∂ 2u
∂y2 +

∂ 2u
∂ z2

)
(2.6)

∂v
∂ t

+u
∂v
∂x

+ v
∂v
∂y

+w
∂v
∂ z

=− 1
ρ

∂P
∂y

+ν

(
∂ 2v
∂x2 +

∂ 2v
∂y2 +

∂ 2v
∂ z2

)
(2.7)

∂w
∂ t

+u
∂w
∂x

+ v
∂w
∂y

+w
∂w
∂ z

=− 1
ρ

∂P
∂ z

+ν

(
∂ 2w
∂x2 +

∂ 2w
∂y2 +

∂ 2w
∂ z2

)
(2.8)

∂u
∂x

+
∂v
∂y

+
∂w
∂ z

= 0 (2.9)

This system of PDE further reduces for a two-dimensional stationary flow. The Navier-
Stokes equations hence become:

u
∂u
∂x

+ v
∂u
∂y

=− 1
ρ

∂P
∂x

+
1
ρ

∂

∂x

(
µ

∂u
∂x

)
+

1
ρ

∂

∂y

(
µ

∂u
∂y

)
(2.10)

u
∂v
∂x

+ v
∂v
∂y

=− 1
ρ

∂P
∂y

+
1
ρ

∂

∂x

(
µ

∂v
∂x

)
+

1
ρ

∂

∂y

(
µ

∂v
∂y

)
(2.11)
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∂u
∂x

+
∂v
∂y

= 0 (2.12)

The system of equations can be further manipulated by introducing simplifications based
on the orders of magnitude of each element of the equations, as first suggested by Prandtl
in his boundary layer theory. For a laminar boundary layer developing on a flat plate of
length L, it can be assumed that:

u ∼Ue x ∼ L y ∼ δ ν ∼Ue
δ

L

The value of L is much greater than δ , implying δ/L << 1. Ignoring the higher-order
terms, the simplified equations for the laminar boundary layer are expressed as:

u
∂u
∂x

+ v
∂u
∂y

=− 1
ρ

∂P
∂x

+
1
ρ

∂

∂y

(
µ

∂u
∂y

)
(2.13)

∂P
∂y

= 0 (2.14)

∂u
∂x

+
∂v
∂y

= 0 (2.15)

From which it is evident that within the boundary layer, pressure does not change in the
wall-normal direction, and therefore, the pressure in the boundary layer can be computed
employing the inviscid theory.

2.3 Boundary layer similarity solutions
Simplified yet intriguing results for the laminar boundary layer are given by the bound-
ary layer similarity solutions, from which some immediate considerations on the BL de-
velopment can be discussed. One of them is the Blasius solution, which applies to a
two-dimensional, incompressible flow developing over a flat plate with constant density
and viscosity, under no incidence and no pressure gradients. The starting point for the
derivation is the set of simplified equations obtained for the laminar boundary layer (2.13-
2.15). The reference system is changed from the Cartesian coordinate system (x,y) to
(ξ ,η), with:

ξ = x η = y

√
U∞

νx
(2.16)

and it is defined a stream function that satisfies the continuity equation as:

ψ =
√

νxU∞ f (η) (2.17)

9
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Where the derivative of f (η) has the property of giving the streamwise velocity compo-
nent trough:

f ′(η) =
u(x)
U∞

(2.18)

The stream function allows writing a formulation for the velocity components u = ∂ψ

∂y and

v =−∂ψ

∂x , from which follows the Blasius equation:

2 f ′′′+ f f ′′ = 0 (2.19)

This is an ordinary differential equation, different from the previous PDE system. Apply-

Figure 2.3: The Blasius self similar velocity profile in a laminar boundary layer develop-
ing on a flat plate

ing the boundary conditions f (η = 0) = 0, f ′(η = 0) = 0 and f ′(η → ∞) = 1 to equation
2.19, the self similar velocity profile shown in figure 2.3 can be obtained. Based on this
model, the evolution of a flat plate boundary layer can be described analytically also in
terms of δ99, C f , δ ∗ and θ .
Another similarity solution was proposed by Falkner and Skan, keeping into account the
effect of both favorable and adverse pressure gradients on the development of the BL. The
velocity profiles are characterized by a power-law dependence of the free-stream velocity:

U∞ =C(x)m (2.20)

10
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which is related to the pressure gradient. As for the Blasius solution, a similarity variable
is defined as follows:

η =

√
m+1

2
Re2

δ ∗ν

U∞xm−1 y (2.21)

and a stream-function is introduced in the form:

ψ =

√
2

U∞νx
m+1

f (η) (2.22)

The boundary layer equations thus reduces to a nonlinear ordinary differential equation in
η :

f ′′′+ f f ′′+B(1− f ′2) = 0 (2.23)

with B= 2m
m+1 referring to the acceleration or deceleration of the free-stream. The equation

is solved for the boundary conditions f (0) = f ′(0) = 0 and f ′(∞) = 1. The case of an

Figure 2.4: Falkner-Skan self similar velocity profiles (solid lines) against the Blasius so-
lution (dotted line) in a boundary layer developing on a flat plate for (a) favorable pressure
gradient and (b) adverse pressure gradient (Schmid 2001).

accelerating flow (m > 0) is shown in the left plot of figure 2.4. The mean streamwise
velocity profile appears fuller than the one provided by the Blasius’ solution, obtained
with m = 0. Conversely, for a decelerating flow (m < 0), the mean Falkner-Skan profile
shows inflectional points (see the right plot of figure 2.4). The boundary layer separates

11
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when the adverse pressure gradient increases above a critical level. The critical level is
found for B = −0.199. This value is sensibly lower than what is observed in real flows,
where the turbulence intensity plays a role in keeping the boundary layer attached.

2.4 Turbulent BL equations
When dealing with turbulent boundary layers, the equations keep a formulation similar
to the laminar case, with the main difference due to the addition of new terms describing
the effects of turbulence in the momentum equations. In order to derive the equations in
the case of turbulent flows, the velocity components and pressure appearing in the N-S
equations have to be expressed as the sum of the time mean value and the fluctuating
component, according to the well known Reynolds decomposition:

u(t) = u+u′(t) (2.24)

P(t) = P+P′(t) (2.25)

Where u is the mean value, constant over time and defined as:

u = lim
t→∞

1
t

∫ t

0
u(τ)dτ (2.26)

From which, substituting the definition of u(t) given by equation 2.24, it can be concluded
that the time mean fluctuating component is null. Substituting the definition of u(t) and
p(t) given by equations 2.24 and 2.25 in the two-dimensional Navier-Stokes equations and
averaging, the Reynolds Averaged Navier-Stokes (RANS) equations for turbulent flows
can be obtained:

u
∂u
∂x

+v
∂u
∂y

=− 1
ρ

∂P
∂x

+
1
ρ

∂

∂x

(
µ

∂u
∂x

−ρu′2
)
+

1
ρ

∂

∂y

(
µ

∂u
∂y

−ρu′v′
)

(2.27)

u
∂v
∂x

+v
∂v
∂y

=− 1
ρ

∂P
∂y

+
1
ρ

∂

∂x

(
µ

∂v
∂x

−ρu′v′
)
+

1
ρ

∂

∂y

(
µ

∂v
∂y

−ρv′2
)

(2.28)

∂u
∂x

+
∂v
∂y

= 0 (2.29)

Three additional terms appear, namely u′v′, v′2 and u′2 which are respectively the Reynolds
stress tensor tangential and normal components. Applying the same considerations on the
orders of magnitude used for the laminar case, the system of RANS equations can be
simplified, providing the equations for the turbulent boundary layer:

u
∂u
∂x

+v
∂u
∂y

=− 1
ρ

∂P
∂x

+
1
ρ

∂

∂y

(
µ

∂u
∂y

−ρu′v′
)

(2.30)

12
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1
ρ

∂P
∂y

≈ 0 (2.31)

∂u
∂x

+
∂v
∂y

= 0 (2.32)

Similar to the laminar boundary layer, the turbulent one shows a negligible pressure gra-
dient in the normal to the wall direction. The set of equations shows the presence of
the additional term provided, in case of a two-dimensional flow, by −ρu′v′. This is the
tangential term of the Reynolds stress tensor that considers the mixing effects inside the
boundary layer.

2.5 Boundary layer stability
The stability analysis of the boundary layer aims to characterize the amplification pro-
cesses of small perturbations that can grow until the ordered motion typical of laminar
flows breaks into turbulence. The starting point for the BL stability analysis is the lin-
earization of the N-S equations 2.6-2.8. Considering the Reynolds decomposition of the
velocity and pressure fields (see equations 2.24 and 2.25), the equations for the space-
time evolution of the velocity perturbation can be derived. Under the hypothesis of 2D
mean parallel flow (i.e., u = u(y)), considering an initial infinitesimal perturbation and
neglecting second-order terms of fluctuating velocity components, the following system
of linearized equations is obtained:

∂u′

∂ t
+u

∂u′

∂x
+ v′

∂u
∂y

+
1
ρ

∂ p′

∂x
− 1

Re
∇

2(u′) = 0 (2.33)

∂v′

∂ t
+u

∂v′

∂x
+

1
ρ

∂ p′

∂y
− 1

Re
∇

2(v′) = 0 (2.34)

∂w′

∂ t
+u

∂w′

∂x
+

1
ρ

∂ p′

∂ z
− 1

Re
∇

2(w′) = 0 (2.35)

with ∇2 the Laplacian operator. This system of equations has to be solved together with
the continuity equation for the fluctuating velocity components:

∂u′

∂x
+

∂v′

∂y
+

∂w′

∂ z
= 0 (2.36)
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The streamwise and spanwise perturbation velocity components can be related through
the normal perturbation vorticity as:

η
′ =

∂u′

∂ z
− ∂w′

∂x
(2.37)

and the perturbation pressure can be eliminated, thus the following system of two equa-
tions for the normal to the wall perturbation velocity v′ and the normal perturbation vor-
ticity η ′ can be written:

[(
∂

∂ t
+u

∂

∂x
− 1

Re
∇

2
)

∇
2 − ∂ 2u

∂ 2y
∂

∂x

]
v′ = 0 (2.38)

(
∂

∂ t
+u

∂

∂x
− 1

Re
∇

2
)

η
′ =

∂u
∂y

∂

∂ z
v′ (2.39)

which has to be solved by imposing the following boundary conditions

(v′,η ′) = 0 f or y = 0 (2.40)

(v′,η ′) = 0 f or y → ∞ (2.41)

Assuming a waveform of the generic three-dimensional perturbation, except for the non-
homogeneous normal to the wall direction y:

v′(x,y,z, t) = ṽ(y)e j(αx+β z−ωt) (2.42)

η
′(x,y,z, t) = η̃(y)e j(αx+β z−ωt) (2.43)

where α,β are the streamwise and the spanwise wavenumbers, while ω is the complex
frequency. Substituting equations 2.42 and 2.43 into equations 2.38 and 2.39, the system
of equations can be rewritten as:

[
(− jω + jαu)

(
∂ 2

∂y2 − k2
)
− jα

∂ 2u
∂y2 − 1

Re

(
∂ 2

∂y2 − k2
)2

]
ṽ = 0 (2.44)

[
(− jω + jαu)− 1

Re

(
∂ 2

∂y2 − k2
)]

η̃ = jβ
∂u
∂y

ṽ (2.45)
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where k = α2 +β 2. Equation 2.44 is the well-known Orr-Sommerfeld equation, which
reduces to the Rayleigh equation for an inviscid flow (i.e., Re → ∞), while equation 2.45
is the Squire equation for normal vorticity. The terms ṽ and η̃ can also be combined in a
unique vector rewriting the previous system of equations in matrix form as:

jω ×
[

ṽ
η̃

]
=

[
∇2 0
0 I

]−1[
Ω 0
Ψ Σ

]
×
[

ṽ
η̃

]
= Λ

[
ṽ
η̃

]
(2.46)

where

Ω =− jαu∇
2 + jα

∂ 2u
∂y2 +

1
Re

∇
4 (2.47)

Ψ = jβ
∂u
∂y

(2.48)

Σ = jαu− 1
Re

∇
2 (2.49)

It should be noted that the linearized Navier-Stokes operator Λ is not self-adjoint, i.e.,
the transient evolution of the system 2.46 is affected by modal interaction and cannot be
described by a single eigensolution. Therefore, this kind of system can exhibit instability,
or a so-called transient growth of the initial disturbance, on finite time scales while having
all stable modes. Due to the transient instability of the system, non-linearity can be acti-
vated, and transition may occur even if all the eigensolutions decay when considered one
by one alone. Moreover, in the case of β = 0, that is, the disturbance is two dimensional
in the spanwise direction, the term Ψ is null, and the equations for ṽ and η̃ can be solved
separately.
When studying the temporal stability of a given system, that is (α ,β ) ∈R and ω = cα ∈C,
the modal approach can be used to determine the most unstable eigensolutions associated
with the highest growth of disturbance (see Corbett and Bottaro (2000), Luchini and Bot-
taro (2014) and Koch (2002) among others). Note that instead of considering the complex
frequency ω as the eigenvalue of the problem, it is often used the complex phase speed c.
In this context, the system becomes unstable if the imaginary part of one or more complex
eigenvalues c is positive, which produces exponential amplification of the initial distur-
bance expressed by equations 2.42 and 2.43. When looking at the transient behavior, the
eigenmodal analysis fails to predict the evolution of the system due to instability occurring
at finite time scales. In this context, optimization techniques looking for the growth of the
disturbance energy at t << ∞ have to be considered (see Butler and Farrell (1992), Reddy
and Henningson (1993) and Levin and Henningson 2003). Once defined the energy of
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the disturbance as E = (ṽ, ṽ), with (,) indicating the inner product, the growth rate of an
initially infinitesimal perturbation can be expressed through the following function:

G(τ) =
E(τ)
E0

(2.50)

This normalizes the energy of the disturbance at a finite time instant t = τ by its initial
energy E0. Therefore, the transient analysis is performed by solving an initial value prob-
lem to find the optimal disturbance maximizing the function G(τ) for a given set of α ,
β , and Re. Considering equation 2.46, the evolution of the perturbation can be expressed
following the linear system theory as:

ṽvvk = Λ
kṽvv0 (2.51)

or
ṽvvk+1 = Λṽvvk (2.52)

with k referring to a generic time instant. Note that Λ can be defined following equation
2.46 or it can be a data-driven matrix. The maximum energy amplification can be obtained
maximizing the norm of ṽvvk for a finite time instant k << ∞ with respect to the norm of ṽvvk,
assumed to be unitary:

G(k) =
(ṽvvk+1, ṽvvk+1)

(ṽvvk, ṽvvk)
=

(
Λkṽvv0,Λ

kṽvv0
)

(ṽvv0, ṽvv0)
(2.53)

which results in the Rayleigh quotient:

G(k) =
ṽvvT

0 Λk T Λkṽvv0

ṽvvT
0 ṽvv0

(2.54)

Thus, the maximum growth is obtained by the largest eigenvalue of the eigenproblem:

Λ
k T

Λ
k ṽvv0 = G(k)ṽvv0 (2.55)

and the related eigenvector represents the optimal disturbance. Among others, Andersson
et al. (1999), Chevalier et al. (2004) and Luchini and Bottaro (2014) used an optimization
technique to determine the optimal disturbance in non-parallel boundary layers. The role
of eigenmodal and non-modal instability in the BL transition will be further discussed in
the following, referring to the different transition processes.
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2.6 Boundary layer integral parameters
In the analysis of transitional boundary layers, it is helpful to introduce some integral
definitions, which refer to the entire height of the boundary layer, being functions only
of the x−coordinate along the surface. These integral parameters provide information
about the global behavior of the boundary layer in the case of both attached and separated
flows. The definition of the main BL integral parameters are reported here since they are
used for the development of empirical correlations for the prediction of BL transition, and
they will be referred to in the following sections, where the experimental results will be
presented.
The first integral parameter is the displacement thickness of the boundary layer δ ∗, which
is associated with the loss of mass flow due to viscous effects in the boundary layer and it
is defined as follows:

δ
∗ =

∫
δ

0

(
1− u(y)

Ue

)
dy (2.56)

where Ue is the free-stream velocity at the edge of the BL. According to equation 2.56, the
displacement thickness represents the increase of the body thickness necessary to generate
a non-viscous dummy flow that has the same flow rate as the viscous flow. It represents,
in other terms, the outward deflection of the streamlines caused by the viscous effects
on the plate. The distribution of the displacement thickness provides information about
the growth of the boundary layer. In the case of laminar separation bubbles, the position
of the maximum peak in the distribution of δ ∗ is associated with the bubble maximum
displacement position (see, e.g., Simoni et al. (2014) and Dellacasagrande et al. (2020)).
Another useful quantity for the integral analysis of the boundary layer is the momentum
thickness θ :

θ =
∫

δ

0

u(y)
Ue

(
1− u(y)

Ue

)
dy (2.57)

This parameter quantifies the loss of momentum directly related to the viscosity of the
boundary layer. It can be shown that θ evaluated at a given station is proportional to the
integral of the friction drag coefficient from the leading edge x = 0 up to that streamwise
position. Thus θ ∝

1
x
∫ x

0 c f dx =C f , with c f is the local skin friction coefficient and C f is
the total skin-friction drag coefficient for the length of the surface extending from x = 0
to x (see also Anderson Jr 2010).
In addition to the dimensional quantities described above, a dimensionless parameter
called shape f actor H1,2 is introduced. It is defined as the ratio between the displace-
ment thickness and momentum displacement:
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H1,2 =
δ ∗

θ
(2.58)

The value of H1,2 determines when the flow is laminar or turbulent since this parameter
assumes precise values in different cases:

• H1,2=2.55 in case of a flat plate laminar boundary layer;

• The value decreases to H1,2=1.43 when the boundary layer becomes fully turbulent
under no pressure gradients;

• H1,2 > 3 when a BL separation occurs due to an adverse pressure gradient imposed
to the flow. Then, its value reduces if reattachment and transition occurs, falling
towards the expected value for a turbulent flow.

It is pointed out that the term
(

1− u
Ue

)
is always greater than u

Ue

(
1− u

Ue

)
, thus H1,2 > 1

Figure 2.5: Boundary layer profiles in case of laminar (left) turbulent (middle) and incip-
ient separation (right) flows with the related value of H1,2

always. The upper limit of the shape factor for an attached boundary layer is H1,2 ≈ 3,
value typical of incipient separation, as shown in figure 5.7 in comparison with a turbulent
and laminar boundary layer.
Recalling the Blasius solution introduced in section 2.1, theoretical relations can also be
derived for the integral parameters. For a laminar, 2D steady flow

θ =
C f

2
=

0.664x
2
√

Rex
(2.59)

θ and the friction coefficient vary inversely with the square root of the Reynolds number
and proportionally to x1/2. For the displacement thickness, it is found
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δ
∗ =

1.721x√
Rex

(2.60)

which share the same growth of the momentum thickness, thus the resulting H12 is con-
stant.

2.7 Transition to turbulence of boundary layers
The flow transition from the laminar to the turbulent state occurs with the breakdown of
the ordered motion characterizing the laminar BL through the development of turbulent
spots. Subsequently, the turbulent spots merge, leading to a fully turbulent state. The way
spots are formed and coalesce depends on the incoming flow Reynolds number, pressure
gradient, and free-stream turbulence. Thus, turning on different values of these three
parameters, different routes to transition are possible, each one characterized by sensibly
different disturbances amplification mechanisms. With the aim of providing an overview
of the main transition features, a description of the different mechanisms is reported in the
following, and a literature overview of state-of-the-art concerning the two mechanisms
that have been analyzed in detail in this work is also presented.

2.7.1 Natural transition
The natural transition occurs in attached boundary layers under a statistically steady mean
flow with a low disturbance environment (Tu < 0.5%). In terms of boundary layer sta-
bility, the natural transition takes place due to the modal instability of the linearized
N-S operator reported in equation (2.46). The leading unstable eigenmode of the Orr-
Sommerfeld equation was obtained by Tollmien and Schlichting in case of 2D parallel
flow (i.e. with spanwise wavenumber β = 0). These eigensolutions of the viscous prob-
lem described by the Orr-Sommerfeld operator appear as streamwise two-dimensional
waves growing or decaying exponentially. Their secondary instability promotes the (nat-
ural) transition of the BL. The existence of such solutions was experimentally verified by
Schubauer and Skramstad (1947) in a zero-pressure-gradient boundary layer. They found
that when an amplified T-S wave grows above the amplitude of about 1.5% with respect to
the free-stream velocity, the flow becomes susceptible to secondary instability, and non-
linearities become relevant (Fasel 2002, Liu et al. 2008). This phenomenon is followed
by a three-dimensional instability, leading to the formation of spanwise periodic vortices
(with a specific rate of production), which then cause the breakdown of the laminar layer
with the generation of turbulent spots in a narrow space strip. These spots finally merge,
resulting in a fully turbulent boundary layer formation. Schematic visualization of this
scenario is shown in figure 2.6. The natural transition is a relatively slow process, and it
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is observed only in flows subjected to modest mean-flow turbulence levels, as in exter-
nal aerodynamics applications. Indeed, it is susceptible to all sorts of perturbations, from
FST to environmental noise, making the prediction of this type of transition very intricate
(see Abu-Ghannam and Shaw (1980)). However, since this work focuses on the transition
process under turbulence intensities much higher than 0.5%, no further description of this
transition mechanism is provided in the following.

Figure 2.6: Schematic of the natural transition process Schlichting and Gersten (2000)

2.7.2 Free-stream turbulence induced transition
Free-stream turbulence induced transition takes place under a sufficiently high turbulence
intensity level, generally above Tu = 0.5%–1%. In this context, streamwise elongated
structures (called streaky structures or Klebanoff modes) play a key role in the transition
process. These flow structures exhibit a strong spanwise periodicity with a deterministic
wavelength that scales with the boundary layer thickness or displacement thickness (see,
e.g., Matsubara and Alfredsson 2001, Dick and Kubacki 2017 Fransson et al. 2005). Due
to the high FST level, the instability mechanism of the lower disturbance environment
typical of the T-S waves is bypassed. The resulting breakdown to turbulence is then much
faster. From a mathematical point of view, significant transient growth occurs in the case
of free-stream turbulence induced transition (see Butler and Farrell 1992, Schmid 2001)
due to the non self-adjoint N-S operator. This growth is substantial for disturbances that
exhibit periodicity in the spanwise direction, particularly for low streamwise wavenum-
bers in a temporal formulation or low frequency in a spatial one. Indeed, the out of
diagonal term in the N-S operator (see equation 2.46) couples the velocity and vorticity
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equations. This term is the only one directly dependent on the spanwise wavenumber β .
When the transient amplification of disturbances takes place, it can lead to transition for
flow Reynolds numbers that are sensibly lower than the ones predicted by the linear modal
stability analysis (Andersson et al. 2001). Thus, the eigenmodal stability analysis shows
limitations in the transition prediction in the case of high FST intensity. Therefore, the
stability analysis focuses on the solution of an initial value problem to find the optimal
disturbance and maximize the normalized disturbance energy gain at a given finite time.
In these terms, optimization procedures have been applied in order to determine the opti-
mal initial perturbation and the effect on the energy growth of the initial and final position
of the evolution of disturbances (see among others Andersson et al. 1999 and Levin and
Henningson 2003). Andersson et al. (1999) and Luchini (2000) investigated the shape of
disturbances promoting the development of boundary layer streaks. They identified a cou-
ple of counter-rotating streamwise oriented vortices as the optimal disturbance in streaky
structures generation. On the one hand, this pair of counter-rotating vortices induces the
lift-up of low momentum fluid toward the edge of the boundary layer. On the other hand, it
forces a downward motion of fluid filaments with higher velocity. The fluid displacement
produces the alternating pattern of high- and low-speed flow regions that are periodic in
the spanwise direction as reported in figure 2.7. Among the broadband spectrum of the

Figure 2.7: Streaky structures developing in the boundary layer visualized on a wall par-
allel plane. Visualization obtained by means of PIV measurements.

free-stream turbulence, only low-frequency oscillations are indeed capable of penetrating
the boundary layer, while higher frequencies are dumped according to the shear shelter-
ing phenomenon (see Zaki and Saha 2009). Once they are generated, the boundary layer
streaks develop high amplitude velocity fluctuations, which can be larger than 15% of the
mean flow velocity (Zaki and Saha 2009). Finally, the secondary instability of particu-
lar streaks arises, leading to their breakdown into turbulent spots. The breakdown of BL
streaky structures has been studied extensively in the past. Their amplification process
under the effect of the free-stream turbulence have been investigated experimentally (see
e.g., Mandal et al. 2010, Matsubara and Alfredsson 2001 and Fransson et al. 2005) or by
means of direct numerical simulations (Vaughan and Zaki 2011, Zaki 2013 and Wu and
Moin 2009). Among others, Jacobs and Durbin (2001) unveiled the role of free-stream
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fluctuations in the breakdown of BL streaks. The authors showed that high-frequency
disturbances filtered by the shear sheltering process at the beginning of transition could
interact with well-developed unstable streaks. Once they are lifted toward the edge of the
BL, FS disturbances promote their breakdown and thus lead to transition.
Among the different analyses, early hot-wire measurements primarily focused on flat
plate boundary layers (see the classic work of Klebanoff 1955 or the more recent pa-
pers of Roach 1987 and Westin et al. 1994), providing evidence of the penetration of
disturbances inside the boundary layer, inducing streamwise velocity fluctuations and in-
creasing the Reynolds shear stress responsible for a quick transition process. More recent
works provided the evidence of boundary layer streaks by means of Direct Numerical
Simulations (Jacobs and Durbin 2001, Högberg and Henningson 2002), dye visualisa-
tion method (Mans et al. 2005) and Particle Image Velocimetry measurements (Mandal
et al. 2010, Nolan and Walsh 2012 and Lengani et al. 2017). Such analyses proved that
the low-frequency disturbances penetrate the laminar boundary layer at different depths
generating high- and low-speed streaky structures and allowed to inspect the evolution
of the disturbances within the boundary layer, from their formation to transition comple-
tion. The wall-normal rms profiles have been found to preserve a self-similar shape at
different streamwise positions once scaled with the rms peak and the boundary layer dis-
placement thickness, as highlighted in figure 2.8 (see also Luchini 2000, Matsubara and
Alfredsson 2001 and Mandal et al. 2010). Moreover, the rms peak was found to follow

Figure 2.8: Streamwise velocity rms profile produced by an optimal perturbation (solid
line) against experimental data for different Reynolds numbers based on displacement
thickness δ ∗ (Luchini 2000).

the transient growth in the pre-transitional part of the boundary layer (see, e.g., Westin
et al. 1994 and Nolan and Zaki 2013). Unstable streaks undergoing secondary instability
exhibit time dependent fluctuations (Swearingen and Blackwelder 1987) which can occur
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in both symmetric (varicose) and antisymmetric (sinuous) configurations (see e.g., Brandt
and Henningson 2002, Asai et al. 2002 and Schlatter et al. 2008), with the sinuous mode
being the most unstable one in terms of streaks breakup (Andersson et al. 2001, Mans
et al. 2005). These two instability modes are shown in figure 2.9. Streak instability is
driven by the strong shear effects associated with the presence of adjacent high- and low-
speed filaments, resulting in an inviscid instability mechanism excited by high-frequency
modes forming close to the boundary layer edge (see the DNS reported in Brandt et al.
2004). Additionally, Mans et al. (2007) found that the sinuous mode of streaks invis-
cid instability scales with the boundary layer thickness for both the streamwise and the
spanwise wavelengths. Different mechanisms can trigger the turbulent spot formation re-
sulting from unstable streaks. Brandt and De Lange (2008) inspected the role of streak
interaction in the formation of turbulent spots. The authors observed that the collision of
two boundary layer streaks can cause their breakup without external disturbance. Jacobs
and Durbin (2001) and Durbin and Wu (2007) performed DNS in order to study the sec-
ondary instability of low-speed streaks, observing their interaction with high-frequency
free-stream fluctuations (see also Zaki and Durbin 2006). In this case, the instability of
streaky structures was ascribed to high-frequency disturbances carried by the free-stream,
with no need for a sinuous or varicose mode. Thus, only a high- and low-frequency mode
of the Orr-Sommerfeld spectrum can be sufficient to achieve the transition. Regardless of

Figure 2.9: Instantaneous streamwise velocity in the (x,z)-plane. Top - sinuous mode and
bottom - varicose mode (Li and Malik 1995).

the dominant mechanism leading to streak breakup, the nucleation of turbulent spots oc-
curs (see e.g., Emmons 1951, Brandt and Henningson 2002, Nolan and Zaki 2013, Marxen
and Zaki 2019). The breakdown of unstable streaks induces the formation of structures
typical of the turbulent boundary layer, such as hairpin, cane, and lambda vortices (see
Mandal et al. 2010, Lengani and Simoni 2015 and Brandt and Henningson 2002), which
are directly related to the intermittent behavior of the flow (see Simoni et al. 2016).
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The FST induced transition has been widely studied by means of DNS data (see, among
others Saric et al. 2002, Hunt and Durbin (1999), Jacob and Durbin 2001, Zaki and Durbin
2005 and Zaki and Saha 2009). In this context, literature works have mainly dealt with
the influence of the flow Reynolds number, the free-stream turbulence characteristics, and
the streamwise velocity gradient on the receptivity process of the BL and the evolution
and breakup of the transitional structures (see among others Saric et al. 2002, Nolan and
Walsh 2012, Shen and Lu 2017 among others). However, the combined effects of Re, Tu,
and the APG on the boundary layer transition have not been fully explored yet. Works de-
scribing the effects of the adverse pressure gradient are mainly confined to DNS analysis.
Among others, Zaki and Durbin (2006) investigated the role of pressure gradient, finding
an enhanced receptivity of the boundary layer to low-frequency disturbances in case of
adverse pressure gradients, resulting in an earlier transition process. The computational
results reported in Nolan and Zaki (2013) also showed that the position of maximum tur-
bulent spot production rate (strictly related to the breakdown of streaks) moves from the
outer part of the boundary layer in the zero pressure gradient case toward the close to the
wall region for strong APGs. The streaks amplification rate rises in the pre-transitional
part of the boundary layer as the adverse pressure gradient increases, thus shortening the
transition length. The effects of Reynolds number variation on FST induced transition
have been studied in a few works due to the limited spatial resolution of experiments at
high Reynolds numbers and the high cost of DNS analysis. Hernon et al. (2007) per-
formed an experimental investigation on transitional boundary layer developing over a
flat plate, varying both the Reynolds number and the free-stream turbulence intensity.
Based on the solution of the Orr–Sommerfeld equations, they found that the penetration
depth of the free-stream forcing inside of the boundary layer scales with the inverse of the
local Reynolds number. Nolan and Walsh (2012) performed PIV measurements of bound-
ary layers undergoing FST induced transition for variable Reynolds numbers, observing
an upstream shift of the transition onset position when increasing the Reynolds number,
possibly due to a higher receptivity to free-stream disturbances at higher Re. Nolan et al.
(2010) also performed quadrant analysis of a transitional boundary layer subjected to vari-
able Reynolds numbers for a flat plate configuration using PIV measurements. They found
that the peak of turbulent kinetic energy production moved toward the wall increasing Re
with more energetic sweep events (i.e., with u > 0, v > 0). The role of both turbulence
intensity level and integral length scale in FST induced transition has been inspected in
previous literature works limited to flat plate (zero PG) cases (see e.g. Matsubara and
Alfredsson 2001, Brandt and Henningson 2002, Fransson and Alfredsson 2003, Fransson
et al. 2005 and Ovchinnikov et al. 2008). Among others, Jonas et al. (2000) studied the ef-
fects of the FST integral length scale on a transitional boundary layer under zero pressure
gradient, reporting a significant modification of both the transition start and end positions.
Otherwise, the spanwise scale of the streaks is only slightly affected by the FST intensity.
Similar considerations were obtained by Brandt and Henningson (2002) employing direct
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numerical simulation (DNS). Fransson et al. (2005) performed hot-wire measurements for
variable FST intensity and length scales. They found that the transitional Reynolds num-
ber is inversely proportional to the energy of FST, even if for turbulence intensity higher
than 2.5% the transition length increases with the energy of fluctuations. Ovchinnikov
et al. (2008) provided a direct view of the influence of the FST length scale on the kind of
structures involved in the transition process using DNS. Specifically, streaks were found
to dominate the transition process when the FST length scale is close to the BL thick-
ness, whereas, for more significant length scales, the breakup process of quasi-periodic
spanwise oriented structures leads to the formation of turbulent spots. In the more recent
work of Fransson and Shahinfar (2020), the authors performed hot-wire measurements of
a flat plate boundary layer concerning a wide range of free-stream turbulence intensities
and integral length scales. Depending on the FST intensity, increasing the integral length
scale led to higher or even lower transitional Reynolds numbers.
The literature provides a detailed description of the response of the transition process to
the modification of the main flow parameters. However, due to the computational costs of
the DNS simulations, an extensive flow parameters variation has not been performed yet.
On the other hand, the increased availability of a large amount of data from high fidelity
simulations and detailed experiments must rely on modal decomposition techniques for
the analysis of complex flow dynamics as those occurring in transitional boundary layers
(see Brunton et al. 2020). In this context, few attempts have been made to understand the
receptivity process of the boundary layer and the free-stream turbulence induced transition
through such techniques (see, e.g., Sengupta et al. 2012, Lee and Yeo 2017).

2.7.3 Separation induced transition
A boundary layer evolving over a solid surface can experience separation if a sufficiently
strong adverse pressure gradient is imposed on the flow, producing a reverse flow region
typically referred to as separation bubble (see figure 2.10). The flow moves in the oppo-

Figure 2.10: Schematic representation of the separation induced transition, in which is
highlighted the presence of a separation bubble and the recirculating flow region.
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site streamwise direction concerning the main flow above the dividing streamline in this
region. Flow separation can involve both laminar and turbulent boundary layers, with
the latter separating under stronger adverse pressure gradients with respect to the laminar
case. The separation position is commonly identified as the location where the adverse
pressure gradient causes the fluid to move in the opposite direction to the outer flow, and
the zero-velocity streamline detaches from the surface (Currie 2016). Upstream of the
separation point, the velocity gradient at the surface is positive, and the shear stress acts
opposite to the outer-flow motion direction. After separation, the velocity gradient at the
surface is negative, thus changing the shear stress sign. Thus, the separation point can be
defined as the streamwise coordinate where the shear stresses cross the zero line at the
wall, i.e.:

τw = µ

(
∂u
∂y

)
x,0

= 0 (2.61)

When separation occurs, the boundary layer may reattach as a turbulent flow if the transi-
tion occurs into the separated shear layer, thus forming a closed laminar separation bubble.
Conversely, if the flow is not able to close the recirculating region, a stall occurs (Roberts
1980). The separated flow transition can occur on high-lift turbine blades, resulting in
a modification of the pressure distribution along with the profile, as exemplarily shown
in figure 2.11. Depending on the main flow parameters (Re, Tu, and APG), the size of
the separation bubble can vary significantly, moving from the so-called short bubble to
the long bubble configuration (see Gaster 1967 and the more recent work of Mitra and
Ramesh 2019). The difference between the two kinds of bubbles is given by their effects
on the pressure distribution along the surface. Short bubbles have only a local displace-
ment effect, thus inducing negligible effects on the bubble’s loading distribution upstream
and downstream. On the contrary, long bubbles interact with the bulk flow in such a way
that the pressure distribution over the surface is altered significantly along with the profile
(as shown in figure 2.12). Variations in the angle of attack or Reynolds number of the flow
over an airfoil can suddenly cause a LSB to switch from short to long. This phenomenon
is termed in the literature as bubble bursting and can be activated by small changes in the
inflow parameters.
When the laminar boundary layer separates, the velocity fluctuations are amplified in the
separated shear layer downstream of the detachment position. This is due to the inviscid
Kelvin-Helmholtz (K-H) instability process (see e.g., Watmuff 1999, Marxen and Hen-
ningson 2011 and Lardeau et al. 2012). Fluctuations grow up to the bubble maximum
displacement position, where saturation occurs. At this position, the separated shear layer
rolls up resulting in an intense vortex shedding phenomenon (see Alam and Sandham
2000 and Simoni et al. 2016), reported in figure 2.13. The breakdown of these large-scale
vortical structures promotes the transition of the separated shear layer, thus reattachment
due to momentum transport toward the wall. The transition of separated BL can be studied
referring to the linearized system reported in equation (2.46) for an inviscid problem (in
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Figure 2.11: Effect of the separation bubble on the flow pressure distribution.

the limit of Re → ∞). The behavior of a separated BL detached from the wall is similar to
that of a free shear layer, with solid velocity gradients around the dividing streamline. The
stability of such velocity profile can be analyzed through Rayleigh’s equation, consider-
ing that the flow is subjected to small amplitude cross-flow disturbances. In this context,
Kelvin-Helmholtz instability can be interpreted as unstable eigensolutions of the inviscid
linearized problem of equation (2.46) in a specified range of wavenumbers only (see, e.g.,
Burgmann and Schröder 2008). Notably, the complex eigenvalues can have a negative,
positive or null real part, resulting in growth or decay of the solution, depending on the
ratio between the wavenumber and the thickness of the shear layer.
Over the last few decades, Large Eddy Simulations (LES), DNS, and PIV measurements
have provided an increasingly deep insight into the main dynamics driving the unsteady
behavior of separated flows. Although the dynamics affecting laminar separation bub-
bles are well described in the literature, the effects of the inflow parameters on the main
mechanisms driving the separated flow transition process are far from being completely
understood. In the forepart of the separated flow region, the amplification of the velocity
fluctuations has typically been predicted by Linear Stability Theory (LST). This agreed
remarkably with experiments, as shown for example by Häggmark (2000), Marxen et al.
2003 and Yarusevych et al. (2008). The stability characteristics of different mean velocity
profiles are reported in the work of Dovgal et al. (1994). Diwan and Ramesh (2009) per-
formed an experimental and theoretical analysis of the wall distance effects on the most
unstable frequency. They noted that the wall effects vanish and both maximum amplified
frequency and growth rate approach the values predicted for a free-mixing layer when the
distance from the wall is sufficiently high. Moreover, Diwan and Ramesh (2009) showed
that the inviscid instability characterizing the rear part of the bubble is the natural ex-
tension of the instability starting in the attached adverse pressure gradient region of the
boundary layer. The strong three dimensional effects acting through the spanwise insta-
bility of the K-H rolls in the surrounding of the maximum bubble displacement have been
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Figure 2.12: Typical distributions of pressure coefficient for a) short bubble and b) long
bubble, compared with inviscid pressure distributions (Mitra and Ramesh 2019).

studied in detail both experimentally (Burgmann and Schröder 2008 and Kurelek et al.
2016) and numerically (Marxen et al. 2003, Jones et al. 2008), with efforts concerning the
three-dimensional characterization of the vortex breakdown (see the scanning PIV mea-
surement by Burgmann et al. 2006 and Burgmann and Schröder 2008).
The response of laminar separation bubbles to external disturbances has been mainly in-
vestigated in the literature by means of imposing controlled perturbing waves upstream
of the LSB, either experimentally or numerically. In this context, the activity carried out
at Stuttgart University provides one of the most comprehensive overviews of the influ-
ence of the different flow parameters. Maucher et al. (1999) showed the response of a
laminar separation bubble to monochromatic waves at the most unstable frequency (as
predicted by LST) with different amplitudes (see also Rist and Maucher 2002, Maucher
et al. 2000). Interestingly, they found the same growth rate and saturation level of velocity
disturbances irrespective of the forcing amplitude, while an overall bubble size reduction
is mainly due to higher initial wave amplitude. Similar conclusions were reached in the
DNS of Jones et al. (2008), where disturbances are created by sinusoidal perturbations
of the wall-normal velocity exciting the LSB forming on a NACA-0012 airfoil. All these
works give a complete view of the evolution of monochromatic or eventually simply com-
posed wave trains. The inspection of the effects due to the superposition of a multitude
of waves with different amplitude (whose importance is also highlighted by Spalart and
Strelets 2000) should further contribute to the understanding of the dynamics driving lami-
nar separation bubbles transition since homogeneous free-stream turbulence represents an
unsteadiness source more complex than controlled synthetic oscillations.
Many works in the literature have analyzed the coherent structures developing in a laminar
separation bubble, observing flow features typical of the free-stream turbulence induced
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Figure 2.13: Visualization of vortex shedding within a separation bubble forming over the
suction side of the airfoil (Kirk and Yarusevych 2017).

transition that can coexist in a LSB together with those induced by the inviscid K-H insta-
bility. Elongated streaky structures can form in the attached boundary layer and propagate
in the separate shear layer. Among others, Lardeau et al. (2012) discussed the response
of laminar separation bubbles to free-stream turbulence variation using LES for LSBs
forming over a flat plate and a compressor blade. Langari and Yang (2013) observed
streaky structures that affect, at high Tu, the forepart of the laminar separation bubble.
In the works of Marxen et al. (2003) and Lang et al. (2004a) PIV and LDV data were
decomposed by a Fourier-based technique in order to identify streamwise growth rate and
wall-normal amplitude of different modes. The data highlighted that the attached part of
the boundary layer is mainly affected by spanwise waves, with higher amplitude than that
characterizing the shear layer’s most unstable frequency. However, they found that this
latter is sensibly amplified downstream of the separation position and becomes the domi-
nant mode at the saturation position. The superposition effects of spanwise wavenumbers
on the most unstable shear layer frequency have also been studied in the work of Lang
et al. (2004b). The authors showed that streaky structures induce transient growth in
the forepart of the separation bubble, confirming what was observed in flat plate experi-
ments and computations for attached boundary layers (Jacobs and Durbin 2001, Brandt
and Henningson 2002, Zaki 2013). Interestingly, a variation of the amplitude of the span-
wise wave does not influence the growth rate and the saturation level of the most unstable
frequency. On the other hand, the formation of streamwise elongated structures in the
attached boundary layer has been recognized to provoke a marked spanwise modulation
of the K-H rolls, thus inducing a faster breakup process. Similar results were obtained
by Li and Yang (2019) employing LES of a flat plate boundary layer with streamwise
pressure gradient. Streamwise streaks were found to play a key role in the transition
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process of separated boundary layers being responsible for significant three-dimensional
distortions of K-H rolls (see also McAuliffe and Yaras 2010, Balzer and Fasel 2016, Si-
moni et al. 2017, Istvan and Yarusevych 2018). Low-frequency oscillations present in
real flows can also contribute to the modulation of the vortex shedding phenomenon, as
highlighted in the time-resolved PIV data analysis of Hain and Radespiel (2009). The
amplitude modulation of the incoming disturbances seems to induce a feedback loop in-
volving the inviscid-viscous interaction and the time-dependent mean flow deformation,
as described in Marxen and Henningson (2011) and Marxen et al. (2013).
The influence of flow parameters on the LSB topology and dynamics has also been stud-
ied extensively in past literature works. In these terms, the combined effects due to at
least two flow parameters (Re and Tu) are typically considered, preventing the character-
ization of LSB response to the systematic variation of all the flow parameters (see e.g.,
McAuliffe and Yaras 2010, Roberts and Yaras 2003, Yarusevych et al. 2008, Simoni et al.
2017 and Istvan and Yarusevych 2018). Moreover, the pressure gradient imposed on the
flow is typically changed, varying the angle of attack over the profiles (e.g., Boutilier and
Yarusevych 2012). Concerning the numerical simulations, the elevated computational
costs of high fidelity simulations (such as LES or DNS) make the study of LSBs response
complex for a wide variety of inflow conditions. Therefore, numerical simulations are
typically limited to a single flow parameter variation within a small range of values (e.g.,
Marxen et al. 2006, Lardeau et al. 2012, Balzer 2011). Conversely, the combined effects
due to Re number and Tu variation on LSBs have been widely investigated in the past
by means of experimental test cases (see among others Volino 2002a, 2002b, Roberts
and Yaras 2003, Samson and Sarkar 2016). Among others, Volino (2002a) and (2002b),
Roberts and Yaras (2003), and Ol et al. (2005) showed that increasing the Reynolds num-
ber and the FST leads to the reduction of the bubble dimensions, mostly due to the earlier
reattachment. The effects due to the pressure gradient variation were also extensively
inspected (see Burgmann and Schröder 2008, Boutilier and Yarusevych 2012 and Istvan
and Yarusevych 2018 for instance). Boutilier and Yarusevych (2012) investigated the be-
havior of a LSB evolving over a NACA 0018 airfoil for variable Re and angles of attack
(i.e., APGs). Increasing the angle of attack was found to reduce the overall bubble length
due to an early transition. The authors also studied the periodic activity of the vortex train
shed by the bubble. Their results, obtained for a wide range of Reynolds numbers and
different angles of attack and with low FST intensity typical of airfoil flight conditions,
clearly show that a power-law links the peak frequency to the Reynolds number. In the
more recent work of Istvan and Yarusevych (2018), the combined effects of the Reynolds
number and turbulent intensity variation on a LSB developing over a NACA 0018 were
inspected utilizing PIV measurements. The authors found that an increase of Re and Tu
reduced the bubble length due to early reattachment and delayed separation. Moreover,
Istvan and Yarusevych (2018) showed that the spatial growth rate of disturbances reduces
if Tu is increased. In these terms, the shear layer becomes more stable because of the
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shrinkage of the LSB dimension, while the transition process moves gradually from the
separation induced to the attached free-stream turbulence induced type of transition. Ad-
ditionally, Simoni et al. (2017) showed that the exponential amplification of disturbances
occurring in the rear part of LSBs due to the K–H instability strongly depends on the flow
Reynolds number, i.e., the higher the Reynolds number, the higher the exponential growth
of fluctuations, as a consequence of the modification of the BL structure at separation.

2.8 Engineering correlations for the transition prediction
Experimental studies focused on the development of correlations based on boundary layer
integral parameters to predict the onset and length of transition, as well as intermittency
distributions accounting for the Tu level and the pressure gradient (see the works of Em-
mons 1951, Abu-Ghannam and Shaw 1980, Narasimha et al. 1984 and Gostelow et al.
1992). In this section, the role of the critical flow parameters involved in the transition
process is summarised by some well-established correlations available in the literature.
The effect of the Reynolds number, the free-stream turbulence intensity, and the pressure
gradient will be introduced first for the free-stream turbulence and then for the separation-
induced transition.
Before describing the correlations concerning the different types of transition, an overview
of the Reynolds number effect is briefly introduced, being a determining parameter for the
laminar to turbulent boundary layer transition. The value of the local Reynolds number
at which transition occurs strongly depends on the geometry considered (e.g., flat plate,
pipe). It is universally accepted that the threshold value for the transition Reynolds num-
ber of a zero pressure gradient smooth flat plate boundary layer under very low Tu is
close to Rex = 5 · 105. However, this value changes as soon as the pressure gradient or
the FST intensity vary. A Reynolds number increase enhances the effects of the inertial
forces concerning the viscous ones, resulting in a reduction of the boundary layer thick-

ness (δ99). Particularly, the boundary layer thickness decreases as a function of Re
1
2
x in

case of laminar flow (recalling the Blasius solution presented in section 2.1) or as Re
1
5
x

following the empirical correlations for turbulent boundary layers. A similar effect can be
observed considering the integral parameters of a laminar boundary layer:

θ ∝ Re
− 1

2
x (2.62)

and
δ
∗

∝ Re
− 1

2
x (2.63)

Even though Rex is generally adopted to indicate the position at which transition occurs,
it is often helpful to consider the momentum thickness Reynolds number based on θ :

Reθ =
Ueθ

ν
(2.64)
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The momentum thickness at a given position is a function of the boundary layer state up
to that position (as predicted by the Von Karman equation, see Anderson Jr 2010). Dif-
ferently from the local Reynolds number Rex, the momentum thickness Reynolds number
evaluated at the start of transition (for an attached BL) or separation position (for a sep-
arated flow) considers the evolution of the BL from the leading edge up to the specified
position. In this sense, Reθ retains information also about the pressure distribution and the
Tu affecting the BL evolution. Thus, Reθ has been used as the main ingredient to develop
most of the empirical correlations for predicting the transition process (both in terms of
onset and length), as further discussed in the following sections.

2.8.1 Correlations for the free-stream turbulence induced transition
Many correlations have been proposed in the literature to predict the FST induced transi-
tion, mostly relying on the streamwise or on the momentum thickness Reynolds number
as a function of Tu (which plays the most important role in the attached BL) and the pres-
sure gradient. For a flat plate boundary layer under zero pressure gradient, Abu-Ghannam

Figure 2.14: Streamwise Reynolds number for start and end of transition for different
levels of free-stream turbulence intensity Abu-Ghannam and Shaw (1980).

and Shaw (1980) proposed a simple relationship between the turbulence intensity and the
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transition start and completion positions in terms of the streamwise Reynolds numbers.
The curves resulting from their correlations are shown in figure 2.14. The position of both
start and end of transition shows a high sensitivity for low-Tu levels, while the effects of
the FST saturates for Tu > 4%.
Similarly, Mayle (1991) proposed the following correlation estimating the momentum
thickness Reynolds number at the transition onset as a function of the free-stream turbu-
lence intensity only:

ReθS = 400Tu−
5
8 (2.65)

which is valid for Tu > 3%. In this context, the same author also developed a simplified
correlation for the turbulent spot production parameter n̂σ as a function of Tu in the form:

n̂σ = 15 ·10−12Tu
7
4 (2.66)

Here, n̂ = nν2/U3
e is the dimensionless spot production parameter and σ is the Emmon’s

constant (equal to 0.27). The spot production parameter n̂σ is directly linked to the tran-
sition length and allows to define an intermittency function, which is representative of the
fraction of time during which the flow over any position (P) on a surface is turbulent(see
figure 2.15). According to the original formulation of Emmons (1951), the intermittency
function is written as:

γ(P) = 1− exp
[
−
∫ ∫ ∫

g(P0)dx0dz0dt0

]
(2.67)

where g(P0) is the turbulent spots production term. Instead, their spatial propagation and
growth in time are accounted for using the integrals over the (x,z, t) domain. Thus, for
γ = 0, the flow is entirely laminar, while when γ = 1, it is fully turbulent. Based on the
intermittency function distribution, a length Lγ in which the intermittency factor increases
from 0.25 to 0.75 can also be defined. In the successive work of Dhawan and Narasimha
(1958), the authors rewrote the production term g(P0) appearing in the Emmons’ equation
based on the turbulent spot production rate n, defined for unit distance in the spanwise
direction z. Following their mathematical formulation, the intermittency function can be
expressed as:

γ(x) = 1− exp
[
−nσ

Ue
(x− xt)

2
]

x ≥ xt (2.68)

where xt representing the transition onset location. Considering the local Reynolds num-
ber Rex = xU/ν , the previous equation can be rewritten as:

γ(x) = 1− exp
[
−n̂σ(Rex −Rext )

2] x ≥ xt (2.69)

If the spot production parameter increases, the gradient of the intermittency function fol-
lows (see figure 2.15) Thus, it follows that the turbulence intensity acts reducing the tran-
sition length through n̂σ (see equation 2.66). Moreover, Dunham (1972) demonstrated
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Figure 2.15: Streamwise distribution of the intermittency function for normally dis-
tributed source-rate density (Dhawan and Narasimha 1958).

that the total length of transition L is proportional to Lγ as:

L = 3.36Lγ (2.70)

Later, Suzen et al. (2003) extended the correlation based on the one proposed by Mayle
(see equation 2.66), which is valid also in case of non-zero pressure gradients:

F(K) =
Nσ

Nσzpg
(2.71)

F(K) = 103227K0.5985
f or K ≥ 0 (2.72)

F(K) = (120−Tu−0.5 +850Tu−3)[1−exp(0.75·106K·Tu−0.7)] f or K < 0 (2.73)

Where Nσzpg refers to the reference spot production rate in case of zero pressure gradient
and F(K) is a function of both turbulence and the acceleration parameter K, defined as:

K =
ν

U2
∞

dU∞

ds
=

λθ

Re2
θ

(2.74)

Different correlations have also been proposed to predict the transition onset in the case
of a non-zero pressure gradient. Of great interest is the correlation proposed by Abu-
Ghannam and Shaw (1980), which keeps into account the pressure gradient in the stream-
wise direction through the dimensionless parameter λθ already introduced in equation
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2.74. Thus, the critical momentum thickness Reynolds number at the start of natural or
free-stream turbulence induced transition is estimated as:

Reθ t = 163+ exp
(

F(λθ )−
F(λθ )

6.91
Tu

)
(2.75)

where,

F(λθ ) = 6.91+12.75λθ +63.64λ
2
θ (λθ > 0) (2.76)

F(λθ ) = 6.91+2.48λθ −12.27λ
2
θ (λθ < 0) (2.77)

being λθ > 0 representative of a favorable pressure gradient and λθ < 0 of an adverse
pressure gradient, respectively. Equation 2.75 provides the curves shown in figure 2.16.
It should be noticed that, for a given level of turbulence, the influence of the adverse pres-
sure gradient in promoting transition is greater than the capability of a favorable pressure
gradient in delaying it. Besides, the effect of the pressure gradient is diminished as the
turbulence level increases. Abu-Ghannam and Shaw (1980) also proposed a correlation

Figure 2.16: Momentum thickness Reynolds number at start of transition for different
values of λθ and for various levels of turbulence intensity as highlighted by Abu-Ghannam
and Shaw (1980)

for the momentum thickness Reynolds number at the end of transition ReθE based on the
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transition length (ReL). This correlation holds for both favorable and adverse pressure
gradients:

ReθE = 540+183.5(ReL105 −1.5)(1−1.4λθ ) (2.78)

Once L is known, the Reynolds number ReL can be calculated, thus ReθE .

2.8.2 Correlations for the separation induced transition
In case of high adverse pressure gradients imposed on the flow, correlations for predicting
the boundary layer separation have been developed. In this context, the reference criterion
that describes the occurrence of the laminar boundary layer separation is the one proposed
by Thwaites (1949), based on the momentum thickness Reynolds number:

Re2
θsK ≤−0.0082 (2.79)

where the pressure gradient effects are represented in terms of the acceleration parameter
K, defined in equation 2.74. Note that equation 2.79 implies that the momentum thickness
Reynolds number at separation is defined by the distribution of K.
Mayle (1991) proposed two among the most popular correlations for the transition predic-
tion based on the distance between separation and transition onset (Rex,st) as a function of
the momentum thickness Reynolds number at separation (Reθ ,s). His correlation, in the
case of short laminar separation bubbles, provides:

Rex,st = 300Re0.7
θ ,s (2.80)

while for long laminar separation bubbles

Rex,st = 1000Re0.7
θ ,s (2.81)

Although the above correlations differ in the case of short or long bubbles, the correlation
proposed for the prediction of the transition length Reynolds number ReLT is independent
of the bubble configuration:

ReLT = 400Re0.7
θ ,s (2.82)

A modified version of equations 2.80 and 2.81 was proposed by Suzen et al. (2003) con-
cerning explicitly the effects due to Tu variation on the transition onset:

RexS = 874Re0.71
θS exp(−0.4Tu) (2.83)

Indeed, it is clear that the transition length (which is proportional to the transition on-
set Reynolds number Rexs) reduces when increasing the free-stream turbulence intensity.
Clearly, once ReθS is computed as a function of the pressure gradient imposed to the flow
(using equation 2.79), Rexs can be obtained.
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Chapter 3

Post-processing techniques

The present work deals with a large amount of experimental data concerning transitional
flows. The reduction of a vast amount of data to a low-dimensional form is a fundamental
topic when dealing with complex flows analysis and modeling their dynamical behav-
ior (see Taira et al. 2017). Thus, advanced modal decomposition techniques have been
adopted for data reduction. These mathematical techniques allow the extraction of the
sampled fluid flows’ energetically and dynamically essential characteristics, unveiling the
spatial features describing the main phenomena involved, their dynamical properties, and
the energy content or the growth rates and frequencies associated with each flow feature.
An overview of the techniques available in the literature is presented for a deeper under-
standing of this work’s results. In the following, the proper orthogonal decomposition
(POD), extended proper orthogonal decomposition (E-POD) and dynamic mode decom-
position (DMD) are introduced. The application and the development of variants of such
techniques for the inspection of transitional flows will be presented in chapter 5.

3.1 Proper Orthogonal Decomposition
The Proper Orthogonal Decomposition is a well-established tool for the characterization
of the main flow features occurring in a flow field once a data set composed of a large
number of observations is provided (see, e.g., Legrand et al. 2011). When the POD is
computed regarding the temporal cross-correlation matrix, the POD eigenvectors (i.e.,
the temporal coefficients) provide the dynamic behavior of the main coherent structures
within the flow (ranked based on their energy content). At the same time, the correspond-
ing modes describe their spatial distribution.
The POD was introduced in its original formulation by Lumley 1970 for the analysis of
turbulent flows. Subsequently, the so-called snapshot POD, which is primarily used for
the detection of coherent structures in both experimentally and numerically derived fields,

37



CHAPTER 3. POST-PROCESSING TECHNIQUES

was introduced by Sirovich (1987). This modal decomposition technique has been ap-
plied in several research works and is widely accepted in flow mechanics (e.g., Glauser
and George 1987 and Ukeiley et al. 1993). Even though the POD is mostly embraced for
the detection of coherent structures in fluid flows (thus, the modes are derived from veloc-
ity field data), the same procedure can be applied to any other quantity of interest which
vary in space and time (e.g., Borée 2003). One appealing feature of the POD is that the
modes obtained by the decomposition are ranked based on their energy content relative
to the energy of the fluctuating field in the whole domain considered. Therefore, the first
modes are representative of the most energetic coherent structures within the flow field,
differently from other decomposition techniques (such as the widely used discrete Fourier
transform, which provides frequency-ranked modes). Moreover, due to POD basis opti-
mality, a high percentage of the energy of the overall fluctuations is captured by the first
few modes. This feature allows a flow low-rank representation with a small number of
modes.
In order to introduce the mathematical framework of the classical POD introduced by
Lumley (1970) and the successive snapshot POD of Sirovich (1987), let consider an en-
semble of observations ui := u(xxx, t i) which are a function of both space and time (where
ui denotes the fluctuating velocity of a given field at the time t i). In the original approach
of Lumley (1970), the POD looks for the function Φ(xxx) that maximizes the normalized
square projection of a given data set in a mean sense, i.e.:

max(∥ G(Φ(xxx)) ∥) =
⟨|
(
ui,Φ(xxx)

)2 |⟩
∥ Φ(xxx) ∥2 (3.1)

Where ⟨·⟩ denotes the ensemble average operator, while (,) and ∥ · ∥ indicate the L2 inner
product and norm, defined as: (

ui,Φ(xxx)
)
=

∫
ui ·Φ∗(xxx)dx (3.2)

and
∥ Φ(xxx) ∥=

√
(Φ(xxx),Φ(xxx)) (3.3)

where ∗ denotes the conjugate complex. The function Φ(xxx) provides a solution for the
following Fredholm’s equation:∫

Ω

R(xxx,xxx′) ·Φ∗(xxx′′′)dx′ = λΦ(xxx) (3.4)

Here, Ω is the spatial domain of interest, λ is the Lagrange multiplier, and R(xxx,xxx′) is the
ensemble-averaged two-points spatial correlation tensor, defined as:

R(xxx,xxx′) = ⟨ui(xxx)⊗ui(xxx′′′)⟩ (3.5)
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where ⊗ is the dyadic product. In the classical approach of Lumley (1970), the eigen-
functions Φ(xxx) of the correlation tensor R(xxx,xxx′) constitute the POD spatial modes, while
the related temporal coefficients are obtained by projection as:

ak(t) =
∫

Ω

ui(xxx, t)φ∗
k

i(xxx)dV (3.6)

Note that, since R(xxx,xxx′) is a self adjoint and non-negative operator, the POD modes Φ(xxx)
are implicitly orthogonal, which is a suitable feature for reduced order models construc-
tion.
The successive snapshot POD was introduced by Sirovich (1987) in order to reduce the
high computational cost of the classical POD algorithm. Starting from the formulation
of Lumley, Sirovich derived a discrete eigenvalue problem for the correlation matrix C,
defined as:

Cik =
1
Nt

(
ui(xxx),uk(xxx)

)
(3.7)

where Nt is the number of instantaneous observations. This implies that data (such as
PIV snapshots collected for a given condition) can be ordered in a matrix U , where each
column contains the observable state at a certain time instant. Thus, the snapshot matrix
U sizes Np ×Nt , where Np is the number of the overall spatial positions considered in
each time instant. In these terms, equation 3.7 can therefore be rewritten in a matrix form
as:

C =
1
Nt

UTU (3.8)

Note that since C is a real symmetric positive-definite matrix, its eigenvalues are real
and non-negative. Additionally, they are sorted according to λ1 ≥ λ2 ≥ ... ≥ λm. Each
eigenvalue is representative of the energy associated to the corresponding POD mode.
The related eigenvectors χm = [χ1

m,χ
2
m, ...,χ

Nt
m ] constitute a complete orthogonal basis

grouped in the matrix X . They are obtained by solving the following eigenvalue problem:

Cχm = χmλm m = 1,2, ...,Nt (3.9)

Finally, in the snapshot POD, the temporal coefficients are the eigenvectors of the corre-
lation matrix C, and the POD modes are computed as a linear combination of the obser-
vations:

Φm(xxx) =
1

λm
√

Nt

Nt

∑
i=1

χ
i
mui(xxx) (3.10)

or by projection, in matrix form:
Φ =UXΛ

− 1
2 (3.11)

where Λ is the diagonal matrix containing the POD eigenvalues, used to normalize the
spatial modes. The POD modes Φm(xxx) obtained from equations 3.10 and 3.11 also pro-
vide a complete orthonormal basis and they still satisfy equation 3.4.
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3.2 Extended Proper Orthogonal Decomposition
The Extended Proper Orthogonal Decomposition (E-POD) is a variant of the classic POD,
presented first in fluid dynamics by Borée (2003). E-POD considers a set of observations
υ(xxx′) of physical quantities (scalar or vectors) in a domain O which can be defined as
the same domain Ω used for the classic POD modes or as a different domain. O can
have different dimensions compared to Ω. Nevertheless, each observation of υ(xxx′) in O
is associated with a realisation of the field ui(xxx) in Ω. The extended mode number m
comprised in the domain O is defined as:

φ
m
υ ,ext(xxx

′′′) =
⟨χm,υ(xxx′)⟩

λ m (3.12)

From which results that if υ = u(xxx), the extended mode φ m
υ (xxx′) reduces to the POD mode

φm(xxx). Moreover, if an ensemble average between N independent samples is used in
the averaging operation, and the average operator is further reduced to a time averaging,
equation 3.12 becomes:

φ
m
υ ,ext(xxx

′) =
1

T λ m

∫ T

0
χ

m(t)υ(xxx′, t)dt (3.13)

In these terms, the E-POD provides the correlating part of the signal υ with the signal u
by

υcorr(xxx′) = ∑
m

χ
m

φ
m
υ (xxx′) (3.14)

Considering the snapshot matrix approach, the extended modes of a certain quantity can
be directly obtained by projection on the temporal eigenvector matrix X computed in a
different spatial domain or with different quantities used to define the POD kernel (i.e.,
C). Given the snapshot matrices U and V , obtained from different measurements, the
extended POD modes of V (ΦV,ext) on the temporal basis of U (XU ) are defined as:

ΦV,ext =V XU (3.15)

which can be further expanded considering equation 3.11:

ΦV,ext = ΦV Λ
1
2 XT

V XU (3.16)

Equation 3.16 further highlights how this projection is directly related to the correlation
between the POD eigenvectors (XT

V XU ) obtained from the two different sets of observa-
tions.
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3.3 Dynamic Mode Decomposition
The Dynamic mode decomposition (DMD) is a data-driven technique that finds extensive
application in data reduction for diagnostic, construction of reduced-order models, and
future state predictions. First introduced by Schmid (2010), it gives a coupled system of
spatial-temporal modes that describe the coherent structures of a dynamical system. When
computing the DMD, data are rearranged in original and delayed snapshot matrices that
can be defined following the spatial or the temporal formulation to describe disturbances
that amplify in space or time, respectively. For the latter approach, given a dataset of a
two dimensional velocity field resolved in time, the following snapshot matrices are built:

X =

 | | ... |
xxx(t1) xxx(t2) ... xxx(tm−1)
| | ... |



X ′ =

 | | ... |
xxx(t2) xxx(t3) ... xxx(tm)
| | ... |


(3.17)

The matrix X collects snapshots for t = 1,2, ...,m−1, and X ′ for t = 2,3, ...,m for all the
N spatial points. Thus, the corresponding column vectors of these matrices refer to the
same spatial positions but are shifted by one time unit. The DMD is used to find the best
linear operator that advances the system evolution from X to X ′:

X ′ = SX (3.18)

In the least square sense, the DMD is based on the solution of the following minimization
problem:

min|X ′−SX |2F (3.19)

with F defining the Frobenius norm. However, S is usually too large even if the system
might exhibit low-rank dynamics. According to Schmid (2010) and Kutz et al. (2016), the
decomposition of the matrix S is obtained more conveniently by projecting the matrix onto
the subspace spanned by the POD modes of X , achieving a rank reduction accounting only
for some of the most energetic modes of X . The DMD modes and eigenvalues are then
obtained from a full rank matrix S̃ related to the matrix S via a similarity transformation.
In order to reduce the rank of the system, the singular value decomposition (SVD) of X is
computed as:
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X =UΣV ∗ (3.20)

where U and V are unitary matrices, ∗ denotes the complex conjugate, and Σ is the diago-
nal matrix that contains the singular values. Substituting the SVD of X into equation 3.18
and solving for S leads to:

S = X ′V Σ
−1U∗ (3.21)

A low rank representation of S can be obtained by projecting the S on the POD modes
of X , i.e S̃ =U∗SU . This latter projection can be manipulated by inserting equation 3.21
thus obtaining:

S̃ =UX ′V Σ
−1 (3.22)

Solving the eigenproblem S̃W = WΛ allows finding the eigenvectors and eigenvalues of
the matrix S̃, grouped into the columns of W and on the diagonal of Λ, respectively. The
DMD modes are obtained by projection as:

ΦDMD = XV Σ
−1W =UW (3.23)

The diagonal matrix that contains the DMD eigenvalues can be finally computed as the
logarithms of the eigenvalues of S̃, i.e., Ω = log(Λ)/∆t. The DMD eigenvalues ω are the
diagonal elements of the matrix Ω and they satisfy the relation λ = eiω∆t . The frequency
information is given by the imaginary part of the eigenvalues, while the real part of such
eigenvalues provides the growth or the decay rate of the dynamic structure identified by
the corresponding DMD mode.
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Chapter 4

Experimental facility and
measurements instrumentation

The experimental database on attached and separated flow transitional boundary layers
was acquired in the wind tunnel of the Aerodynamics and Turbomachinery Laboratory of
the University of Genoa. The test section was developed to operate under various levels of
free-stream turbulence intensity, Reynolds numbers, and pressure gradients. A thick flat
plate constitutes the core of the test section. This simplified geometry allows large spatial
resolution to inspect vortex formation and breakup process with great details. Moreover,
the test section allowed both intrusive and non-intrusive instrumentation for a detailed
characterization of the transition process. The experimental facility and the techniques
used for the data acquisition are described in the following.

4.1 Wind tunnel
The wind tunnel facility installed in the laboratory of Aerodynamics and Turbomachinery
of the University of Genova is an open-loop, low-speed wind tunnel. The mass flow
rate inside the wind tunnel is supplied by a centrifugal fan actuated by an asynchronous
three-phase electric motor (see table 4.1) with a nominal power of 55 kW. The engine is
regulated employing an inverter which allows a frequency adjustment with an accuracy of
0.01 Hz. Varying the output frequency of the inverter allows the variation of the rotational
speed of the fan, which results in a variation of the velocity of the air inside the wind
tunnel and, therefore, of the flow Reynolds number. An inlet bell mouth is located on the
upper side of the fan (see figure 4.1), and it is equipped with a filter that prevents particles
of dust and other impurities from being introduced in the wind tunnel. Additionally,
dust particles can stick to the test section walls generating reflections that can affect the
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Table 4.1: Specifications of the engine driving the wind tunnel.

Egine
Mass
[kg]

V ∆/Y
[V]

Freq.
[Hz]

Power
[kW] cos (φ )

Speed
[rpm]

A ∆/Y
[A]

IM250M-4 427 400/690 50 55 0.87 1480 98/56.6

accuracy of the optical measurements. The only particles moving through the test section
have to be produced by seeders, which have the dimension requested by the experimental
procedure.

Figure 4.1: Technical drawing of the fan: top view (left) and side view (right) are shown.

A settling chamber has been interposed between the fan and the test section to make the
flow uniform and reduce the turbulence produced by the blades of the fan. In the settling
chamber, five screens and a honeycomb are installed. More precisely, the screens are used
to shrink the scale of the vortices, while the honeycomb redirects the flow in the axial
direction, reducing the turbulence level.
A converging duct is located downstream of the settling chamber, with a length of 0.42 m
and an area ratio of 2.77, right upstream of the test section. During the acceleration of the
flow toward the test section, the thickness of boundary layers developing on the sidewalls
of the tunnel reduces, and the flow becomes laminar. Hence, the turbulence intensity level
can be arbitrarily imposed by the turbulence grids located at the end of the convergent
nozzle, as illustrated in figure 4.2.
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Figure 4.2: Drawing of the settling chamber and the converging duct, with the dimension
of the components for a) top view and b) of side view. It is to notice the location in which
turbulence grids are installed.

4.2 Test section
In order to study the effects of Re, Tu, and APG variation on the transition process of the
boundary layer, the test section sketched in figure 4.3 has been designed. The test section
consists of a flat plate installed between two moving endwalls. The flat plate measures 395
millimeters from the leading edge to the trailing edge, with the flat surface covering 300
millimeters both in the streamwise and spanwise direction to ensure a two-dimensional
flow around midspan. The plate is 20 millimeters thick, and a 3:1 elliptic leading edge
has been adopted to mitigate the possible occurrence of leading-edge separation that may
introduce uncontrolled wave packets into the flat plate boundary layer, thus altering the
transition process.
The front part of the test section, from the plate leading edge to the geometrical throat of
the channel, has a fixed geometry that accelerates the flow over the plate. Differently, the
rear part of the test section is composed of two independently adjustable straight endwalls,
which can vary the opening angle (OA) in the range 0 < α < 12 degrees. Thus, the
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Figure 4.3: The test section provided with adjustable endwalls, used to provide variable
adverse pressure gradients. The flat plate installed in the test section is also shown.

variation of the pressure gradient is limited to the middle and rear parts of the plate, while
the accelerating fore part is kept constant. Besides, the adjustable endwalls can be set
in non-symmetric positions to control the incidence angle on the leading edge of the flat
plate. The setting and control of the proper angle of attack for the different conditions can
be surveyed by several pressure taps (17) on the top and the bottom sides of the leading
edge, located along its axis of symmetry. In contrast, 51 pressure taps installed in the
rear part of the plate can characterize the pressure gradient imposed by different end wall
settings. Tripwire has been installed on the top and bottom endwalls, close to the channel
throat, to prevent BL separation on these surfaces. The throat is located at a distance
d = 60 millimeters from the leading edge of the flat plate and has a height of t = 65
millimeters.
The test section used in this work is equipped with optical accesses allowing Particle
Image Velocimetry (PIV) and Laser Doppler Velocimetry (LDV) measurements.

4.3 Turbulence grids
Turbulence is one of the critical parameters affecting both the development of a boundary
layer and its route to transition, as discussed in section 2.8. Therefore, the FS turbulence
intensity at the leading edge of the plate has been controlled employing three turbulence
generating grids.
The grids (pictured in figure 4.4) are made of a steel net composed of bars with a rect-

angular section, machined with laser cutting. The most significant parameter defining the
geometry of a grid is the ratio between the empty spaces between the bars and the overall
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Figure 4.4: Schematics of the grids used to generate different levels of free-stream turbu-
lence in the test section. For all grids, h = 0.42 m, the width w = 0.30 m and l = 0.04 m.

surface of the mesh (see Kurian and Fransson 2009). This parameter can be calculated as:

b =
(

1− s
m

)2
(4.1)

The geometrical features of the different grids adopted are reported in table 4.2 with their
corresponding values of turbulence intensity. The turbulence intensities obtained by the
different grids used in this work will be referred to as the no-grid condition (NG), the low-
Tu condition (LTU), the high-Tu condition (HTU), and the highest-Tu condition (HHTU).

Table 4.2: Turbulence grids used in the experimental measurements

Grid
s

[mm]
m

[mm]
b
[-]

Turbulence level
[%]

NG - - - 1.5
LTU 2 10 0.64 2.5
HTU 3.7 11.7 0.46 3.5

HHTU 7.8 15.6 0.25 5

4.4 Laser Doppler Velocimetry
Laser anemometers are non-intrusive optical instruments for investigating a large variety
of fluid flows. Their working principle is based on unique properties of laser light, such as
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constant wavelength, spatial and temporal coherence. Being non–invasive, LDV allows

Figure 4.5: Crossed beam scheme used for the measurements of the Doppler shift in the
LDV.

probing the velocity field using focused laser beams without disturbing the flow neither
in the measuring volume nor the portions of fluid crossed by the beams. LDV measure-
ments require a transparent medium and an adequate concentration of seeding particles.
Optical access to the flow through a transparent window is also required. The laser beams
and the optical system of the anemometer are arranged to define a small measuring vol-
ume. This provides an excellent spatial resolution (typically of the order of tens of µm).
The small measuring volume combined with fast signal processing electronics also al-
lows time-resolved measurements of fluctuating velocities, providing excellent temporal
resolution. Usually, the temporal resolution is dependent on the concentration of seeding
particles. Laser anemometer systems with component separation based on color (i.e., on
laser wavelengths), polarisation, or frequency shift allow one-, two- or three-components
LDV systems to be combined in optical modules.
The optical setup designed to allow measurements in fluid flows is the crossed beam
scheme, shown in figure 4.5. Two laser beams, each one characterized by its frequency
and wavelength f0 and λ0, enlighten the seeding particles introduced into the fluid. The
two scattered beams along the direction defined by the unit vector ls have a frequency
which is given by:

fs,1 = f0 +
u
λ0

(ls − li,1) (4.2)

and
fs,2 = f0 +

u
λ0

(ls − li,2) (4.3)
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Being f0 and fs of the order of 1014, they cannot be directly measured. Instead, the
frequencies of both beams can be combined, and a Doppler frequency is found as:

fD = fs,1 − fs,2 =
u
λ0

(li,1 − li,2) (4.4)

The Doppler frequency is no longer dependent on the scattering direction, and it is of the
same order of magnitude of the flow dynamics phenomena taking place in the sampled
fluid flow.
The dual-beam mode finds application considering the ”fringe” method. When two laser
beams of equal wavelength and intensity are crossing, interference fringes in the cross-
ing region occur following the constructive and destructive interference scheme (due to
the superposition principle of waves). Such fringes are stationary and create a region
characterized by alternating bright and dark zones. A solid particle that crosses this re-
gion scatters the light when a bright fringe is crossed, showing a burst frequency directly
related to the velocity of the particle in the perpendicular direction to the fringes. A sta-
tionary observer such as a photodetector receives information about the particle only when
illuminated, passing over a bright fringe. The distance between bright fringes is a func-
tion of the wavelength of the laser and the angle Θ defined by the direction of the beams.
Referring to figure 4.6 the fringe spacing d f results:

Figure 4.6: The fringe model showing the interaction between two laser beams.

d f =
λ

2sinΘ

2

(4.5)
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hence, considering the distance between the bright fringes, the velocity can be measured
as:

u⊥ =
d f

∆t
=

λ0

2sin Θ

2

· fD (4.6)

The measured velocity component lays on the same plane of the two laser beams, but it is
perpendicular to the bisector of the angle Θ between them. In order to detect two velocity
components and achieve a 2-D measurement, two couples of beams are required. Thanks
to its analytical transfer function, the Laser Doppler Velocimetry can give accurate results
in a vast range of velocities without calibration, also due to a linear functional dependency
between the flow velocity and the Doppler frequency fD.
In this work, a four-beam Laser Doppler Velocimeter (Dantec Fiber Flow) was employed
in a backward scatter configuration for the velocity measurements of the vertical (wall-
normal) and horizontal (streamwise) velocity components. The light sources are two 200
mW diode-pumped solid-state lasers. The pairs of green and blue beams employed to
investigate the two velocity components have respective wavelengths of 532 and 488 nm.
The frequency of each pair of beams was shifted by 40 MHz with a Bragg cell. The probe
consists of an optical transducer head of 60 mm diameter, with a focal length of 300 mm, a
beam separation of 38 mm, and an intersection angle of 7.4 °. The head is connected with
the emitting optics and the photomultipliers by optic fibers. The LDV head is mounted
on a 3-axis digital traversing control system. This allowed solving with great detail the
velocity profiles in the normal to the wall direction at different positions along with the
plate and the characterization of the mean velocity and rms of velocity fluctuations.

4.5 Particle Image Velocimetry
The Particle Image Velocimetry is a non-intrusive optical measurement technique that can
provide instantaneous flow visualizations of velocity fields on an entire measuring plane.
A complete picture of the flow field is provided through vector maps in the considered
domain (see Dabiri 2006). This technique leans on a high-frequency digital camera that
receives seeding particles’ images added to the flow suitably enlightened by a laser sheet.
The camera can acquire couples of images with a time delay of the order of ms such that
it is possible to estimate the velocity field through a cross-correlation process. The PIV
system is composed of:

• High power laser system;

• CCD camera;

• Synchronizer;

• PIV postprocessing calculator;
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PIV uses a pulsed light source provided by a laser through its optics. The laser is con-
verted into a thin light sheet which enlightens a measurement plane in the flow field. PIV
images need to be acquired using brief light pulses to fix a steady image of the seeding
particles without streaking. Thus pulsed lasers are the natural choice in PIV instrumenta-
tion. The Nd:YAG laser is the most commonly used laser, emitting infrared radiation at

Figure 4.7: Components of the dual laser single module commonly used in PIV applica-
tions.

1064nm. When implemented in PIV applications, the wavelength is reduced to 532nm by
a sub-harmonic generator, allowing to work in the visible spectrum (green light). Each

Figure 4.8: Examples of frame and laser pulses synchronization and timing which can be
adopted in PIV analysis.

image requires to be singly exposed to obtain images suitable to the cross-correlation pro-
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cess. To do so, the laser must produce powerful impulses at a high frequency. In order to
achieve a wide range of pulse timings, two separate laser cavities are used where the laser
pulses features can be set depending on the exigency. These lasers, called dual lasers, are
housed in a single module containing the elements shown in figure 4.7.
The generation of the laser sheet is usually entrusted to optics to control both the spreading
angle and the thickness of the light sheet defining the measuring plane. Common ways to
achieve proper illumination include a variety of combinations of cylindrical and spherical
lenses (see for further details Dabiri 2006). One or more cameras are installed with their
axis perpendicular to the light sheet. In addition, a synchronizer is used to impose the
proper timing between the laser pulses and the frame rate timing sequence of the camera,
such that each image is singly exposed and the particles appear steady in each image (see
the scheme of figure 4.8). Depending on the application, a wide variety of synchroniza-
tion schemes between laser and camera can be adopted.
Cameras based on high-performance CCD chips have become the preferred method for
image acquisition. Such chips include m×n light-sensitive picture elements correspond-
ing to pixels and an equal number of storage cells that evaluate pixel brightness in a
greyscale. These devices quickly transform light into a digital signal and store the infor-
mation in the camera memory allowing for fast operation.
Such images must be systematically processed to obtain a sequence of velocity fields. The
images are first sampled using an interrogation window (see figure 4.9), the dimensions of
which determine the spatial resolution of the measurement. The interrogation regions can
be adjacent to each other or, more commonly, partially overlapped with their neighbors to
increase the spatial resolution. The shape of the interrogation regions is usually square,
but it can be customized while taking into account strong gradients in the velocity field
(such as those occurring in boundary layers). The PIV velocity field is computed as the
most likely displacement of a group of particles in each interrogation region. Each inter-
rogation region of the first image is compared with those of the second image employing
the cross-correlation function for a single pair of images. To cross-correlate two images, a
reference system has first to be established. Once the (x,y) plane is set, the coordinates on
the plane measured in pixels (m,n) can be transformed into physical coordinates consid-
ering the magni f ication f actor, which takes into account the relation between the sensor
dimension and the actual dimension on the measurement plane. For each interrogation
area two functions are defined: f1(m,n) at time t and f2(m,n) at time t +∆t, where ∆t
is the time step between two laser pulses and both f1 and f2 are matrices in which each
element has a value comprised between 0 and 1 referring to pixel brightness in gray scale.
The most probable mean displacement ∆xxx = ( #»x , #»y ) is calculated from the peak of the
cross correlation function Φ:

R =
∫

∞

∞

f1(x+∆x) · f2(x)dx (4.7)
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Figure 4.9: Functional scheme of a Particle Image Velocimetry system.

alternatively, in its discrete form

Rxx =
l=+∞

∑
l=−∞

m=+∞

∑
m=−∞

f1(l + i,m+ j) · f2(l,m) (4.8)

Where i, j can vary from one to the number of pixels of the interrogation area. A peak
in the cross-correlation function Rxx occurs where a higher number of particles subjected
to the same displacement in the first image finds correspondence with its counterpart in
the second one. Subsequently, once the most probable displacement is known, its value
is assigned to the interrogation area and becomes one of the vectors assigned to the flow
field. The velocity related to the mean displacement of each window is then computed,
keeping into account the scale factor between pixel coordinates and actual dimensions of
the flow field. Once velocity vectors are calculated, validation is required to remove errors
from the cross-correlation process. Since vectors must be compatible with the surrounding
ones in terms of both magnitude and gradients between the other interrogation regions,
some can be filtered out. When a vector is filtered out, it is usually substituted with a
moving average centered in the same window. Methods were developed to obtain sub-
pixel accuracy and more reliable measurements. By considering the cross-correlation
applied to a discreet domain, it is possible to notice that the location of the peak is at
best measured to an integer value, with an uncertainty of ±1/2 pixel. This translates to
an uncertainty of about 5− 10% of the local velocity for window sizes of 32x32 pixels
and maximum particle shifts of 1/3 of the window size. A way to improve the flow field
resolution is to utilize seeding particles that have the size of a few pixels (2x2 or 3x3).
This allows the representation of each particle with a Gaussian curve or surface that well
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Figure 4.10: Gaussian representation for seeding particles with dimensions bigger than
one pixel for one dimensional (a) and two dimensional (b) case.

Table 4.3: PIV systems specification

PIV sytem Laser Head power pulse energy light camera
LDY300 Nd:YLF LDY304 150W 30 mJ at 1000 Hz 527 nm SpeedSense M340
LD-527 Nd:YLF LD30-527 150W 32 mJ at 1000 Hz 527 nm 2x SpeedSense VEO

approximates its light intensity distribution (see figure 4.10). In this way, the accuracy of
the peak position can be increased up to fractions of a pixel.
Two fast-response DANTEC time-resolved PIV systems have been adopted in the present
work. Both PIV systems have a laser head constituted by a dual-cavity Nd:YLF pulsed
laser with a maximum energy per pulse of 30 mJ at 1000 Hz repetition rate and 527
nm wavelength. Different settings of the optics have been used depending on the aim
of each experimental campaign. A high-sensitive SpeedSense M340 digital camera and
two SpeedSense VEO cameras with a cooled 2560 × 1600 pixels matrix have been used
during the acquisitions. The characteristics of the PIV systems adopted are summarized
in table 4.3. Further details on the measuring settings are provided in chapter 5 referring
to each measurement. Vaseline oil was used as seeding fluid, providing particles with a
mean diameter of 1.5µm. In the present experiments, two seeder devices have been used
in parallel to obtain a proper seeding density both for PIV and for LDV measurements,
allowing a fine-tuning of the seeding concentration required for each operational point of
the wind tunnel.
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Results

The experimental facility presented in chapter 4 was used to acquire an extensive database
on attached and separated-flow transitional boundary layers. The database is constituted
by an overall test matrix which spans 3 Reynolds numbers (70000, 150000, 220000), 4
free-stream turbulence intensity levels (Tu =1.5%, 2.5%, 3.5% and 5%) and 4 pressure
gradients (imposed by means of the OA α =1°, 5°, 9°, 12°), with an overall test matrix
that accounts for 48 different flow conditions. This considerable variation of flow param-
eters allows a gradual shift of the mode of transition from free-stream turbulence induced
in the attached flow, occurring with zero and mild adverse pressure gradients at high free-
stream turbulence, to separated-flow transition, obtained with low Reynolds number, low
free-stream turbulence intensity, and elevated adverse pressure gradient (see Simoni et al.
2019). Experimental measurements have been designed ad-hoc to develop and apply de-
composition techniques helpful in extracting the primary flow dynamics and for studying
the interaction between structures affecting the BL transition. To this end, measurements
have been performed on a wall-normal and on different wall-parallel planes depending on
the transition mechanism, collecting more than 1M velocity vector maps. The results will
be presented first focusing on the separated flow transition and then on the FST induced
transition.
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5.1 Separated flow transition

5.1.1 Separated flow database
Among all the flow conditions introduced above, only the combinations of Re, Tu, and
APG inducing boundary layer separation are considered in this section. Measurements
were first performed on a wall-normal plane which extends from x/L= 0.27 to x/L= 0.81
in the streamwise direction (being L the plate length), and it spans from the plate surface
up to y/L = 0.04 in the free-stream region. This measuring plane allowed the description
of the boundary layer evolution in the streamwise direction, thus of the overall transition
process from the separation to the reattachment position. Eight independent data sets of
2000 PIV snapshots were acquired at a sampling rate of 2 kHz in this plane for each flow
condition, providing time-resolved observations of the Kelvin-Helmholtz rolls and their
breakup process. For some combinations of the inflow parameters, measurements were

Figure 5.1: Scheme of test section with PIV instrumentation layout. Positioning of wall-
parallel and wall-normal measuring planes is highlighted.

acquired independently on two wall-parallel planes embedded in the separated bound-
ary layer at different distances from the wall. The PIV field of view of the wall-parallel
planes extends from x/L = 0.33 to x/L = 0.83 and captures 1/3 of the plate span centered
around its mid-section. The height of the wall-parallel planes in the wall-normal direc-
tion was selected in order to appreciate the different dynamics occurring in the separated
boundary layer, as sketched in figure 5.1. More precisely, the measurement plane which
is closer to the wall is located at y/L = 0.007 (corresponding to y/δsep = 0.6, with δsep
the boundary layer thickness at separation), allowing the visualization of the structures
that propagate in the forepart of the separated shear layer. This plane also focuses on the
turbulent structures developing close to the wall in the reattachment region. Differently,
the wall-parallel plane which is furthest from the wall intersects the laminar separation
bubble at y/L = 0.015 (y/δmax = 0.75, with δmax the maximum height of the bubble),
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thus characterizing the spanwise uniformity of the K-H rolls and their breakup process.
Measurements in both wall-parallel planes were acquired at a low sampling rate due to the
enlarged field of view and the consequent constraints due to the camera. Eight indepen-
dent sets of 400 PIV snapshots were collected for each wall-parallel plane at a sampling
frequency of 485 Hz.
In the following, the statistical response of the LSB to the inflow parameter variation is
described first, focusing on time-average data in section 5.1.2. Exemplary PIV snapshots
are also shown to characterize the main dynamics detected in the measurement planes.
Then, results of the decomposition techniques introduced in chapter 3 are presented in
sections 5.1.3-5.1.5. More precisely, the POD, DMD and E-POD are applied to the sepa-
ration induced transition data. Based on the data reduction techniques, a simplified model
providing empirical correlations for the transition prediction is finally proposed in section
5.1.6.
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5.1.2 Statistical response of the laminar separation bubble to Reynolds
number, free-stream turbulence intensity and adverse pressure
gradient

Before reporting the application of the modal decomposition techniques on the separated
flow data, a statistical characterization of the laminar separation bubble is introduced.
First, the mean structure of the LSB is reported referring to the largest separation bubble
measured in the dataset. The effect of Re and Tu on the time average flow field is analyzed
under a prescribed adverse pressure gradient. Subsequently, the effect of all the inflow pa-
rameters (including APG) on the statistical quantities of LSBs is inspected. Instantaneous
PIV realizations are finally discussed, aiming to bring forth an overview of the structures
that may develop in laminar separation bubble regions.

5.1.2.1 Time-averaged flow fields

In order to describe the main quantities that will be adopted to investigate the response of
LSBs to the inlet flow conditions, the time-averaged velocity fields and the related rms of
fluctuations are described in detail for a specific flow condition. More precisely, the com-
bination of the inflow parameters showing the largest separation bubble (i.e., Re=70000,
Tu=1.5%, α = 12deg) is considered since it allows to define the average LSB structure
with great detail.
Figure 5.2 shows the distributions of the time-averaged streamwise (u) and the normal
to the wall (v) velocities with the corresponding rms of fluctuations and the resulting
Reynolds stresses. The region of negative streamwise velocity observed in the first plot of
figure 5.2 highlights the occurrence of a LSB. The separation, maximum displacement and
reattachment positions are observed for the present case at x/L = 0.42, x/L = 0.64 and
x/L = 0.73, respectively. The separation and reattachment positions have been defined as
the intersection point with the plate surface of the zero velocity contour line extension.
The maximum displacement is instead found to occur where the BL displacement thick-
ness is maximum. The distribution of the v-velocity component reported in the second
plot of figure 5.2 highlights the effects due to the detachment and the subsequent reattach-
ment of the BL on the time-averaged velocity field, with upward (positive) and downward
(negative) motions observed in the fore and the rear part of the measuring domain.
The contour maps of the u- and the v-velocity fluctuation rms reported in the third and
the fourth plots of figure 5.2 highlight the different behavior of these components. The
streamwise fluctuations start to be amplified in the separated shear layer, just downstream
of the separation position, then reaching their maximum value downstream of the max-
imum bubble displacement (see, e.g., Yang and Voke 2001). Conversely, the normal to
the wall fluctuations, which relate to the K-H instability onset, become significant only
near the bubble maximum displacement, being substantially negligible in the forepart of
the bubble (see also Simoni et al. 2017). Consequently, significant values of the time-
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Figure 5.2: From top to bottom: contour plots of time-averaged streamwise velocity
(u/U0), time-averaged normal to the wall velocity (v/U0), rms of streamwise fluctuations
(urms/U0), rms of normal to the wall fluctuations (vrms/U0) and time-averaged Reynolds
shear stress (u′v′/U2

0 ) scaled with the free-stream velocity at the inlet section (U0) for the
flow case Re=70k, Tu=1.5%, α = 12deg. Contour lines of time mean streamwise velocity
are superimposed to the plots.

averaged Reynolds stresses (fifth plot) are observed only in the reattaching region, while
they are negligible in the forepart of the separated shear layer.
In order to discuss the effects due to Re and Tu level variation on the time-averaged struc-
ture of LSBs, contour plots highlighting the effect of the inflow parameters at fixed APG
are reported in figure 5.3. It is stressed here that the effect of the adverse pressure gradient
variation will be presented in the following section. At higher Tu and Re (mid and bottom
plots), both the length and the height of the bubble reduce significantly, as highlighted by
the smaller spatial extent of the negative time-averaged velocity (blue contoured regions
in the plots), mainly due to the anticipation of the reattachment point. More precisely, the
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Figure 5.3: Normalized mean streamwise velocity u/U0 (top plots), rms of streamwise
velocity fluctuations u′rms/U0 (bottom plots) for variable Re and Tu. x- and y- coordinates
are scaled with the plate length (L).

Tu increase only slightly affects the LSB extension, while the Reynolds number appears
to be more effective in reducing the separated flow region. On the contrary, the separation
position is slightly impacted by the Re and Tu variation. Moreover, the BL thickness at
separation strongly reduces with increasing the Reynolds number (as also explained in Si-
moni et al. 2017), while it is substantially unaffected by the modification of the Tu level.
The last three plots of figure 5.3 depict the distribution of the rms of streamwise fluctu-
ations for the same cases. The absolute maximum rms of fluctuations is located down-
stream of the bubble maximum displacement (see, e.g., Diwan and Ramesh 2009) and
moves upstream with increasing Re and Tu, following the shrinkage of the average struc-
ture of the bubble. Note that the significant values of fluctuations are also observable just
downstream of the separation position, where disturbances start to be amplified in the un-
stable shear layer (e.g., Simoni et al. 2012). At high Tu (second and bottom plots), a high
rms region is also observed in the attached flow region, extending towards the surrounding
of the separation position. These oscillations are ascribed to different mechanisms than
K-H instability, such as the growth of boundary layer streaks (see e.g., Spalart and Strelets
2000, Hain et al. 2009 and Istvan and Yarusevych 2018).
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5.1.2.2 Boundary layer statistical parameters in the laminar separation bubble

The mutual connections between LSB statistical quantities are inspected hereafter, and
these quantities’ global response to the Re, Tu, and APG variation is discussed. Figure
5.4 presents the BL displacement thickness (δ ∗) and the shape factor (H12) distributions,
jointly with the rms of the v-velocity fluctuations (vrms/Ue) and the intermittency function
(γ) for the largest flow separation case. Additionally, in the bottom plot of figure 5.4, a

γ

δ
∗

δ
∗

φ

Figure 5.4: (Top) comparison of boundary layer displacement thickness (δ ∗), shape factor
(H12), intermittency function (γ) and rms of normal to the wall fluctuations scaled with
the external velocity (vrms/Ue) for the flow case Re=70k, Tu=1.5%, α = 12deg. (Bot-
tom) schematic of a laminar separation bubble superimposed to the contour lines of the
time-averaged streamwise velocity for the flow case with the main streamwise positions
indicated. The origin of the streamwise coordinate is centered on the separation position.

simplified model of the laminar separation bubble is superimposed to the time-averaged
velocity contour lines for the same condition, with the separation (xs), transition onset
(xst), maximum displacement (xsm), transition end (xsT ) and reattachment (xsr) positions
highlighted. Note that all the positions indicated in figure 5.4 refer to their distance from
the separation location. Thus the origin of the streamwise coordinate is centered on the
separation position in the plot.
The intermittency function distribution (red curve ranging between 0 and 1 in the plot)
was computed for each condition following the wavelet-based procedure described by
Simoni et al. (2016). The transition onset corresponds to the spatial position where the
straight line fitting the function F(γ) = [−ln(1− γ)]0.5 intersects the abscissa, while the
transition end was chosen where γ = 0.99 (see also Mayle 1991). The comparison of the
H12 and the vrms/Ue distributions with the intermittency function γ suggests that the peak
of H12 corresponds well with the transition onset location (xst). Additionally, the vrms/Ue
starts to grow and then saturates following the distribution of the intermittency function.
For the overall conditions considered in this work, γ was found to be equal to 0.98±0.01

61



CHAPTER 5. RESULTS

where the saturation of vrms/Ue occurs; therefore, this quantity provides an estimation of
the transition end location (xsT ). Therefore, figure 5.4 suggests that the distance between
the peaks of H12 and of vrms/U0 approximates well the transition length, which can be
consequently estimated without directly knowing the intermittency function distribution.
Otherwise, the peak of δ ∗ corresponds to the location of the maximum displacement of
the bubble (xsm). Here, γ equals about 0.5 for all the flow conditions. That is, the transi-
tion always starts upstream of the maximum displacement location.

The computation of the streamwise positions indicated in figure 5.4 for all the different
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Figure 5.5: Effects of (a) Tu, (b) Re and (c) APG on displacement thickness (δ ∗) distri-
bution scaled with the plate length (L). Separation (xs) and maximum displacement (xsm)
positions are indicated in each plot.
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Figure 5.6: Effects of (a) Tu, (b) Re and (c) APG on momentum thickness (θ ) distribution
scaled with the plate length (L). Separation (xs) and maximum displacement (xsm) posi-
tions are indicated in each plot.

cases will allow the development of empirical correlations predicting the overall bubble
structure and topology (see section 5.1.6). To this end, the boundary layer integral param-
eters and the rms of velocity fluctuations were systematically computed concerning all the
extensive database’s separated flow conditions.
Figure 5.5 shows the distribution of the BL displacement thickness (δ ∗) for different com-
binations of the flow parameters. The effects due to Tu variation on δ ∗ are presented in
figure 5.5a at Re=70000 and α = 12deg. The displacement thickness distributions are
superimposed at the domain inlet, whereas they diverge downstream of x/L ≈ 0.4. The
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Figure 5.7: Effects of (a) Tu, (b) Re and (c) APG on shape factor (H12) distribution.
Separation (xs) and maximum displacement (xsm) positions are indicated in each plot.

peaks of δ ∗ (i.e., the maximum displacement of LSBs) move toward the domain inlet at
higher Tu, and the bubble becomes thinner (in agreement with what is described by Ist-
van and Yarusevych 2018). A similar behavior is observed in figure 5.5b where the effects
due to the Reynolds number variation are presented for Tu=1.5% and α = 12deg. As ex-
pected, the higher the Reynolds number, the shorter and thinner the separation bubble.
Moreover, the BL thickness at separation sensibly reduces with increasing this parameter
(see also Simoni et al. 2017). The effects due to APG variation are discussed in figure
5.5c at Re=220k and Tu=1.5%. By reducing the pressure gradient imposed to the flow,
the separation position moves downstream, i.e., the BL separates at about x/L = 0.42,
0.47, and 0.64 for the opening angles α = 12, 9 and 5 degrees, respectively. Additionally,
at the lower APGs, the bubble becomes thinner, and the maximum displacement position
moves toward the end of the plate. As will be remarked in the following, reducing the
bubble maximum height leads to a delayed transition.
Figure 5.6 presents the effects due to the main flow parameters on the momentum thick-
ness (θ ) of the boundary layer. The momentum thickness distributions exhibit a significant
increase near the position of the bubble maximum displacement (i.e. the peak in δ ∗) for
variable Tu (figure 5.6a), Re (figure 5.6b) and APG (figure 5.6c). The rise of θ is ascribed
to the occurrence of the K-H vortices and the transition onset (see Istvan and Yarusevych
2018). The shape factor of the BL (figure 5.7) was found to peak at the same positions
where θ increases rapidly, independently on the flow condition (Figs. 5.7a-c). Since the
peak in H12 was shown to be directly related to the onset of transition (figure 5.4), an ear-
lier transition onset into the separated shear layer is the main reason for the reduction of
the length of LSBs observed with increasing all the flow parameters. The greatest effects
are observed as a consequence of APG variation. For the case Re=220k, Tu=1.5% and
α = 5deg, the maximum displacement and transition onset positions move toward the end
of the PIV domain (red curve in Figs. 5.7c).
Figure 5.8 shows the streamwise growth of the normal to the wall fluctuations (vrms/Ue)
for different cases. The v-component is presented since it is directly related to the K-H
instability onset, while it is not affected by the low-frequency motions due to bubble flap-
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ping or BL streaks. Since disturbances have significantly lower amplitude in the forepart
of the PIV domain (i.e., lower signal to noise ratio), the discussion will focus on the re-
gion of the exponential growth of fluctuations due to the K-H instability (see, e.g., Simoni
et al. 2017). The exponential behavior of fluctuations is highlighted in figure 5.8 utilizing
straight lines in the semi-logarithmic plots, focusing on the effects of the modification of
the pressure gradient at Re=150000 and Tu=2.5%. Velocity fluctuations are exponentially
amplified in the transition region according to the works of Simoni et al. (2017) and Ist-
van and Yarusevych (2018). By diminishing the opening angle (i.e., the APG), the K-H
instability onset is delayed, as shown by the different streamwise positions at which the
exponential growth occurs. This means that the lower the pressure gradient, the more
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Figure 5.8: Effects of APG on the rms of normal to the wall fluctuations (vrms/Ue) for
variable Re and Tu level. Maximum rms of fluctuations is scaled with the local free-
stream velocity (Ue).

the amplification onset of disturbances leading to the shear layer shedding moves toward
the end of the domain. Additionally, the slope of the straight lines fitting the exponential
growth of fluctuations reduces at the lower opening angles. That is, the pressure gradient
affects the mean stability characteristics of the shear layer.

Table 5.1: Growth rate of v-velocity fluctuations in the region of exponential behavior

Re 70k 70k 70k 150k 150k 150k 220k 220k 220k 70k 70k
Tu [%] 1.5 2.5 3.5 1.5 2.5 3.5 1.5 2.5 3.5 1.5 2.5
α [deg] 12 12 12 12 12 12 12 12 12 9 9
σv 23.3 32.6 17.8 27.2 33.9 19.2 36.4 38.9 22.1 20.5 22.3

Re 70k 150k 150k 150k 220k 220k 220k 150k 150k 220k 220k
Tu [%] 3.5 1.5 2.5 3.5 1.5 2.5 3.5 2.5 3.5 1.5 2.5
α [deg] 9 9 9 9 9 9 9 5 5 5 5
σv 17.6 29.3 22.3 16.9 33.0 27.2 8.2 15.2 8.1 18.5 20.5

The comparison of the BL statistical parameters presented in figure 5.4 showed that the
amplification onset of vrms/Ue and its successive saturation are linked to the transition on-
set and end positions, respectively. Therefore, the higher the pressure gradient, the earlier
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the transition onset and the smaller the transition length. Note that the same behavior is
observed at the highest Re (figure 5.8b) and Tu (figure 5.8c). This means that, at least
for the cases presented here, the Re and Tu levels do not change the BL response to the
pressure gradient variation. In order to quantify the effects of the flow parameters on the
shear layer instability, the average growth rate of v-velocity fluctuations has been com-
puted in the region of exponential behavior as σv = ln(vrms/Ue)/(∆x/L), according to
the definition reported in Istvan and Yarusevych (2018). Values are reported in table 5.1
for the different cases. With increasing the Reynolds number, the exponential growth of
normal to the wall fluctuations increases (see Figs. 5.8a-b), whereas the higher the Tu, the
lower the growth rate (see Figs. 5.8a-c). Otherwise, the pressure gradient has the major
effect on the position where the exponential amplification of vrms/Ue occurs, jointly with
the modification of the growth rate of fluctuations.
For further considerations on the growth rate of the K-H instability, the reader is referred
to the section 5.1.4, where the DMD algorithm is applied to the separated flow data.

5.1.2.3 Instantaneous flow fields

In order to emphasize the dynamics occurring in a LSB, elucidative Particle Image Ve-
locimetry snapshots are presented in the following. The realizations are discussed for each
of the measurement planes (see figure 5.1) in order to provide an overview of the main
flow features developing in the different regions of the LSB. Instantaneous PIV results on
the wall-normal plane will be presented for the same cases discussed in figure 5.3. Other-
wise, snapshots on both wall-parallel measurements planes are presented concerning the
flow case Re = 150000, Tu = 2.5%, α = 12 only.
Figure 5.9 shows a sequence of PIV snapshots measured in the wall-normal plane for
Re = 70000, Tu = 1.5% and α = 12deg. The vector map of the perturbation velocity field
(obtained from the classical Reynolds decomposition) is superimposed to the contour plot
of the streamwise fluctuating velocity. Close to the bubble maximum displacement, the
occurrence of large-scale K-H vortices is underlined in the plots by the alternating red and
blue contoured regions defining positive and negative streamwise fluctuations and the vor-
ticity nuclei highlighted by the vector map. In the successive PIV realizations, K-H rolls
are convected in the streamwise direction, leading to the reattachment of the separated
shear layer. Figure 5.10 reports PIV realizations acquired for Re = 70000, Tu = 2.5% and
α = 12deg, thus the comparison with figure 5.9 provides the effect of the Tu increase. The
vortex shedding is observed at an earlier streamwise position with respect to the low Tu
case, accordingly with the mean flow modification reported in figure 5.3. The dimension
of the K-H rolls train is only slightly affected by the Tu variation. Streamwise fluctuations
can now be seen in the boundary layer for x/L < 0.58 (light blue contoured region). They
appear pretty aligned with the flow direction and have lower intensity than those observed
near the bubble maximum displacement, accordingly with the contour plot of u′rms/U0
depicted in figure 5.3. Figure 5.11 reports PIV realizations acquired for Re = 150000,
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Figure 5.9: Time-resolved PIV snapshots with fluctuating velocity vectors superimposed
to contour plot of streamwise fluctuating component (u′/U0) at Re = 70000, Tu = 1.5%,
α = 12deg. Streamwise and wall-normal coordinates are scaled with plate length (L).

Figure 5.10: Time-resolved PIV snapshots with fluctuating velocity vectors superimposed
to contour plot of streamwise fluctuating component (u′/U0) at Re = 70000, Tu = 2.5%,
α = 12deg. Streamwise and wall-normal coordinates are scaled with plate length (L).

Tu = 1.5% and α = 12deg, thus the comparison with figure 5.10 highlights the influence
of Re on the dynamical response of the LSB. The two black lines shown in the plots high-
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Figure 5.11: Time-resolved PIV snapshots with fluctuating velocity vectors superimposed
to contour plot of streamwise fluctuating component (u′/U0) at Re = 150000, Tu = 2.5%,
α = 12deg. Traces of wall-parallel planes are indicated with black lines at y/L = 0.007
and y/L = 0.015. Streamwise and wall-normal coordinates are scaled with plate length
(L).

light the positions of the wall-parallel planes located at y/L = 0.007 and y/L = 0.015,
whose snapshots will be discussed in the following. The Reynolds number increase plays
a key role in the K-H vortices size reduction and on the shedding position. K-H rolls are
indeed formed around x/L = 0.54. Then, downstream of x/L = 0.75, the breakup of the
K-H rolls leads to the formation of finer scales and the fully turbulent condition of the
reattaching boundary layer. Also, in this case, streamwise fluctuations which cannot be
ascribed to the K-H instability are observed in the separated shear layer at x/L < 0.52 and
even more upstream in the attached boundary layer.
To better highlight the different sources of unsteadiness that are involved in the transi-
tion process of the laminar separation bubble, wall-parallel PIV data are also shown for
Re = 150000, Tu = 2.5%, and α = 12deg. The reason for this choice is twofold. On
the one hand, the higher Tu level leads to different sources of unsteadiness affecting the
transition process, as depicted in figures 5.11 and 5.10. On the other hand, the reduced
extension of the LSB allows characterizing both the transitional and the reattachment re-
gion. Thus the spanwise modulation of velocity fluctuations can be observed. Figure 5.12
shows PIV snapshots collected in the near-wall plane (W0, left column) and the furthest
one (W1, right column). The streamwise perturbation velocity contour plot is superim-
posed to the instantaneous velocity vector fields. The left plots of figure 5.12 show PIV
realizations acquired in the wall-parallel plane located close to the wall in the region
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Figure 5.12: PIV snapshots acquired in wall-parallel plane located (left) close and
(right) far from the wall. Contour plot of streamwise fluctuating component (u′/U0)
is superimposed to perturbation velocity vectors in the region 0.375 < x/L < 0.81 and
−0.12 < z/L < 0.12. Streamwise and spanwise coordinates are scald with plate length L.

0.375 < x/L < 0.81 and −0.12 < z/L < 0.12. Due to the wall distance of this measuring
plane, the structures here observed are not linked to the K-H rolls previously shown in
figure 5.11 which are instead captured in the furthest wall-parallel plane (right side of fig-
ure 5.12). A dense population of streamwise elongated structures can be observed in the
region 0.375 < x/L < 0.58, with positive and negative streamwise fluctuations alternating
in the spanwise direction. They are the trace of the streaky structures that coexist and
eventually interact with the K-H rolls, as also shown in the recent works of Istvan et al.
(2018) and Hosseinverdi and Fasel (2019) for instance. These structures are responsible
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for the negative velocity fluctuations observed in the forepart of the bubble in figures 5.10
and 5.11. The elongated streaky structures are shown to break up after x/L = 0.55, i.e.,
close to the bubble maximum displacement, where the K-H rolls are shed. Downstream
of x/L = 0.75, the presence of randomly distributed finer scales in the PIV snapshots indi-
cates the turbulent condition of the boundary layer, in agreement to what has been shown
in figure 5.11.
Data collected in the plane located at the furthest distance from the wall are plotted on
the right column of figure 5.12. Structures captured on this plane are different. Due to
the higher wall distance of this measuring plane (y/L = 0.015), the separated boundary
layer is indeed cut in the proximity of the maximum bubble height. Consequently, data
on this plane well capture and isolate the K-H vortices and related breakup events. The
snapshots reported on the right side of figure 5.12 show the formation of 2D rolls for
0.55 < x/L < 0.68 (vertical stripes in the plots), characterized by alternating regions of
positive and negative streamwise fluctuations. These regions appear almost uniform in
the spanwise direction, resembling a 2D vortex shedding process. Downstream of this
positions, 3D breakup events can be detected, with positive and negative fluctuations ran-
domly alternating in the spanwise and the streamwise direction (see also Kurelek et al.
2016). The occurrence of streak breakup at the K-H rolls are formed suggests that some
interaction exists between these two distinct dynamics.
In the following sections, modal decomposition techniques will be applied to the data
measured on the wall-normal and both wall-parallel planes to highlight the main struc-
tures occurring in the separated boundary layer, to study their growth, and to shed light on
the possible correlation between the events observed in the different regions of the LSB.
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5.1.3 Identification of main flow patterns employing Proper Orthog-
onal Decomposition

The Proper Orthogonal Decomposition is hereafter applied following the formulation pro-
posed by Sirovich (see section 3.1). POD is first applied to the wall-normal plane data,
focusing on the vortex shedding process for different combinations of the inflow parame-
ters. Then, on the wall-parallel planes, the Re = 150000, Tu = 2.5%, α = 12deg flow case
only is considered, whose snapshots have been described in section 5.1.2.3. This case is
selected hereafter due to the various structures detected in the instantaneous realization.
POD results obtained in the wall-parallel frames are presented, shedding light on the main
flow features occurring in the different regions of the LSB.

5.1.3.1 Characterization of the vortex shedding process by mean of the Proper Or-
thogonal Decomposition applied to the wall-normal plane data

The Proper Orthogonal Decomposition is used to extract the recurrent flow patterns affect-
ing the evolution of the LSB. When computed considering the total kernel (i.e., the snap-
shot matrix is defined based on both u and v), POD shows the most energetic flow features
related to both velocity components. However, the snapshots of figure 5.11 showed that
the streamwise velocity fluctuations in the forepart of the LSB have consistently smaller
energy than the ones generated by the K-H rolls. Thus, the modal decomposition on the
wall-normal plane data mainly resolves the vortex shedding process downstream of the
bubble maximum displacement. More precisely, when the POD kernel is defined based
on the wall-normal velocity component (i.e., the snapshot matrix is obtained using the v
component only), the vortex shedding process is directly described in the first modes.
Figure 5.13 shows the first POD mode of the v velocity component obtained for a differ-

Figure 5.13: First POD mode of the normal to the wall velocity component for variable
Re and Tu. Contour lines of the mean streamwise velocity component are superimposed
to visualize the LSB structure. x- and y- coordinates are scaled with the plate length (L).
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ent combination of the inflow conditions at fixed APG (the same conditions described in
figure 5.3 are here shown). The structure of the LSB is also highlighted via the contour
lines of the mean streamwise velocity component. The top plot reports the flow condition
characterized by the largest flow separation (Re = 70000, Tu = 1.5%, α = 12deg). The
positive and negative (red and blue, respectively) velocity regions described by the first
POD mode directly relate to the distance between two vortices and thus to the dominant
K-H wavelength λ0 (identified by the red arrow in the plot). The vortex shedding occurs
just downstream of the bubble maximum displacement, agreeing with the previously re-
ported snapshots. An increase of the free-stream turbulence intensity (compare the first
and the second plot) leads to a slight reduction of the distance between two vorticity nu-
clei. Additionally, the first region of negative velocity shifts upstream, in accordance to
the u′ rms contours of figure 5.10. Otherwise, the dominant K-H wavelength strongly
reduces when the Reynolds number increases, and the vortex shedding process starts at
around x/L = 0.55, as for the instantaneous realizations shown in figure 5.11.

5.1.3.2 Characterization of the main flow structures using the Proper Orthogonal
Decomposition applied to the wall-parallel plane data

The K-H rolls’ formation and propagation cannot be readily isolated when the POD is ap-
plied to the entire measuring domain. Similarly, the pattern describing the streaky struc-
tures detected in the snapshots of figure 5.12 is not easily recognized (as described in the
work Verdoya et al. 2021) if the decomposition is computed concerning the whole field
of view. This is ascribed to sensibly different energy of velocity fluctuations detected in
the different parts of the laminar separation bubble, which prevents the characterization of
the overall dynamics participating in the transition process of the boundary layer. Conse-
quently, in the following, POD is applied to distinct partitions of both wall-parallel planes
in such a way to be able to identify the main dynamics dominating the different regions
of the laminar separation bubble.

Figure 5.14: Contour lines of time-averaged streamwise velocity with superimposed the
contour plot of rms of streamwise fluctuations. Wall-parallel measuring planes and their
splitting position are also highlighted with dashed color lines. Data are scaled with free-
stream velocity U0 measured at x/L = 0.27 and y/L = 0.04. Streamwise and wall-normal
coordinates are scaled with plate length (L).

The measuring planes were split based on the streamwise variation of the rms of velocity
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fluctuations (see figure 5.14). Indeed, the peak of u′rms is directly linked to the occur-
rence of K-H rolls, whereas upstream of its position, the flow was found to be dominated
by streaky structures (see also Istvan and Yarusevych 2018). Two plane partitions were
therefore obtained upstream and downstream of x/L = 0.6, where the maximum value of
u′rms is detected. POD modes are then computed independently on the snapshot matrices
of each partition to provide a better statistical representation of streaky structures and K-H
related dynamics.
Once the plane partitions are defined, the POD modes obtained from the forward plane
partitions will isolate ordered coherent fluctuations (due to streaky structures and K-H
rolls), and a smaller number of modes is required to account for all the dominant flow
features. Conversely, a more significant number of modes is required to describe the tur-
bulent scales originating in the entire measuring planes due to breakup events occurring
in the later transition stage (i.e., in the back partitions of both planes).
Figure 5.15 shows the spatial distribution of POD modes computed on the forward and

backward portions of both wall-parallel planes. The POD modes discussed here repre-
sent mode families describing the main flow features observed in the two measurement
planes. In both planes, the first and second modes represent large-scale structures with
larger dimensions than the PIV field of view (not shown in the plot for brevity). Modes
3 and 15 provide a statistical characterization of the most energetic streaky structures and
their breakup events on the lowest wall-parallel plane. The same mode range captures
the ordered K-H rolls and their 3D breakup on the partitions of the measurement plane,
which is furthest from the wall. Otherwise, modes from 30 onward represent the smallest
scales describing both streaks and K-H rolls instability on the forward partitions, while
they represent structures originating in the late stage of transition in the backward planes.
The first column of figure 5.15 depicts POD modes obtained from the snapshot matrix
W0F . Streaky structures related modes are evenly distributed from the first mode to the
higher-order ones here presented. The alternating streamwise elongated structures de-
picted by the modes highlight the range of spanwise wavelengths of BL streaks developing
in the separated shear layer (see Istvan and Yarusevych 2018). As a consequence, modes
computed from the snapshot matrix W0F can be taken as a reference for the description
of streak dynamics and their spatial scales. The second column shows the modes com-
puted from W0B, providing the statistical characterization of the transition to turbulence in
the reattachment region close to the wall. An oblique pattern is captured in the first plot
(mode 3). In mode 30, alternating positive and negative regions in the spanwise direction
exhibit a marked periodicity during the transition process similar to what was observed in
the first column (W0F ), with random fluctuations appearing close to the outlet section of
the PIV domain.
The third column of figure 5.15 shows POD modes obtained from the snapshot matrix
W1F . Thanks to the spatial split here applied, the POD modes reported are clearly able
to capture 2D K-H rolls. The most energetic modes show an alternating pattern with a
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Figure 5.15: POD modes computed on partitions of wall-parallel planes for the case Re =
150000, Tu = 2.5%. First and second column refer to forward (W0F , 0.375 < x/L < 0.6)
and backward (W0B, 0.6 < x/L < 0.81) portions of near wall plane. Third and fourth
column refer to forward (W1F ) and backward (W1B) portions of far from the wall plane.
Mode number is indicated in the top-left corner of each plot. Streamwise and spanwise
coordinates are scaled with plate length L.

well-defined streamwise wavelength. The same streamwise wavelength also character-
izes the flow patterns related to unstable K-H rolls preceding the 3D breakdown process,
captured here by the family of modes represented by mode 30 (see x/L > 0.52). The
POD modes obtained in this plane partition and related temporal coefficients can provide
a proper basis for the description of the 2D K-H rolls generating near the bubble maxi-
mum displacement. Finally, the fourth column shows the modes obtained from the data
set W1B. POD modes clearly resemble the flow features originating as a consequence
of the breakdown process of the K-H rolls, whereas their formation and propagation are
filtered out. Interestingly, the breakup events here captured also exhibit a deterministic
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wavelength in the spanwise direction, which seems similar to that highlighted by mode 3
in the first column.
The POD modes presented in figure 5.15 further confirm that the transition process is
dominated by different dynamics evolving along the entire separated flow area. More pre-
cisely, the POD modes computed in the fore portion of the bubble were shown to capture
the K-H rolls and the streaky structures well. Conversely, the POD modes in the backward
portion of the two planes mainly describe breakup events, which preserve the memory of
streamwise and spanwise wavelength of previously cited structures.
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5.1.4 Kelvin-Helmholtz instability characterization through Dynamic
Mode Decomposition

The PIV snapshots presented in both figures 5.11 and 5.12 highlighted the main dynamics
driving to transition in the separated shear layer. In the following, the Dynamic Mode De-
composition is used to study the Kelvin-Helmholtz instability process to characterize the
growth rate and associated wavelengths. Thus, the analysis focuses on the wall-normal
and on the rear part of the highest wall-parallel plane to isolate the K-H related dynam-
ics. Based on these data, the dominant wavelength and the growth rate associated with
this instability mechanism will be quantified, providing the most unstable waves and their
corresponding amplification rate at different spatial locations, concerning the Re and Tu
variation.
The DMD algorithm is applied to some of the flow conditions analyzed in section 5.1.2.
More precisely, among the conditions described above, three separated boundary layer
flows are hereafter considered, namely the cases Re = 70000-Tu = 1.5%, Re = 70000-
Tu = 2.5% and Re = 150000-Tu = 2.5%, which have already been presented in figure
5.3. Thus, the dominant wavelength and the corresponding growth rate can be extracted
directly from the experimental realizations to provide further insights on the effects of Re
and Tu on the Kelvin-Helmholtz instability process. In order to obtain the distribution
of the maximum growth rate of fluctuations at different locations and times, the DMD
domain was continuously extended in the streamwise direction, accounting for a specified
number of periods characterizing the large-scale K-H vortices. The time-space dependent
results obtained by the DMD procedure have been reduced computing a probability den-
sity function of the most unstable wavelength. Moreover, the corresponding growth rate
has been quantified. In the following, the DMD algorithm used in the present analysis
is first briefly described. The BL response to Re and Tu variation in terms of the most
amplified wavelength and the corresponding growth rate is finally discussed.

Dynamic Mode Decomposition results

The DMD algorithm used in the following is applied along the streamwise coordinate.
That is, the DMD algorithm provides streamwise waves that grow or decay in this di-
rection rather than in time (as described in section 3.3). The application of the DMD
in the linear stage of transition, where the amplification of disturbances can be repro-
duced by linear stability analysis (see, e.g., Häggmark 2000), leads to DMD eigenvalues
with positive real part, indicating a modal amplification of the wavelength provided by
their corresponding imaginary part. On the contrary, in the pre-transitional region and the
turbulent one, the real part of the DMD eigenvalues will be negative (indicating stable
modes). Indeed, in the pre-transitional part of the BL, fluctuations amplification has not
started yet, while at the end of the transition, nonlinearities dominate, and fluctuations are
not further amplified. Consequently, if DMD is directly applied to the whole PIV domain,
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the resulting modes will be stable due to the predominance of the pre-transitional and
turbulent regions. Similarly, there exist time instants at which velocity fluctuations are
amplified to form new coherent structures (i.e., K-H rolls) that are then convected in the
subsequent realization of the field. Therefore, in this work, the DMD is computed over
several time intervals, each constituted by a fixed number of K-H periods, for different
extensions of the computational domain along the streamwise direction. For each flow
condition, DMD results were averaged over about 200 K-H periods, which reduces noise
effects on the statistical quantities obtained by the method presented in this work. This
procedure is applied to the TR-PIV data collected in both the meridional and wall parallel
planes.
Regarding the meridional plane, the DMD eigenvalues are computed for each extension

Figure 5.16: Schematic of the DMD based algorithm.

of the computational domain, and the one having the maximum real part is retained. This
allows discussing the streamwise variation of the wavelength characterized by the max-
imum growth rate in the shear layer. The procedure is repeated over several snapshots,
including 3 K-H periods, and the results are then averaged over the whole data set (see
the scheme reported in figure 5.16). In this sense, a conditional average is performed
considering the unstable modes only. The wall-parallel plane captures instead only the
later stage of transition, where velocity fluctuations are dominated by the formation and
further convection of deterministic K-H rolls. In this measuring plane, a probability den-
sity function (PDF) of the most unstable eigenvalue has been computed considering the
overall streamwise positions and time intervals, thus providing the most recurrent mode
within the flow. This highlights the dispersion of the most unstable wavelength and the
corresponding growth rate with respect to the dominant one, also showing the effects of
both Re and the Tu variation on the most unstable mode.
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Figure 5.17 depicts the variation along the normalized streamwise coordinate of the real
(left) and the imaginary (right) parts of the most unstable DMD eigenvalues. The results
reported in figure 5.17 are obtained computing the most unstable modes over the regions
extending from the domain inlet (x/L = 0.27) up to the locations indicated on the abscis-
sas, and then averaging the results obtained over subsets capturing 3 K-H periods (see
the scheme of figure 5.16). All the curves reported in the left plot of figure 5.17 detach
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Figure 5.17: Growth rate (left) and normalized wavelength (right) of the most unstable
wave at different streamwise locations. The wavelength (imaginary part) of the most
unstable mode is scaled with the plate length (L)

from zero at about x/L = 0.42, near the mean point of separation. Upstream of the sepa-
ration position, the DMD eigenvalues were all stable (with negative real part) and are not
reported here. For the Re = 70000−Tu = 1.5% flow case, the growth rate distribution
shows two distinct peaks at x/L = 0.44 and 0.64, respectively. Note that at x/L = 0.44,
the rms of streamwise velocity rises, as shown in the top plot of figure 5.3, while down-
stream of x/L = 0.64, the K-H rolls are formed and convect breaking down to turbulence
(as highlighted by the rms of v in the fourth plot of figure 5.2). Moreover, the point of
maximum growth is close to the location where new K-H rolls are formed. This occurs
downstream of the maximum of the shape factor distribution (see figure 5.7), which is
ascribed to the onset of the shear layer transition, as extensively shown in section 5.1.2.
Downstream of their maximum peak, the curves reported in the left plot of figure 5.17
decrease monotonically toward the end of the PIV domain. The reduction of the growth
rate downstream of this position is due to the completion of the transition. With increasing
the Tu level, the maximum growth rate remains substantially unchanged (cross symbols),
while the higher the Re, the higher the maximum growth provided by the DMD algorithm
(round symbols). Additionally, increasing the Re and the Tu level leads to the suppression
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of the peak observed at x/L = 0.44 for the case at low Re and low Tu.
In the right plot of figure 5.17, the imaginary part of the most unstable eigenvalue, i.e.,
the wavelength of the most unstable wave, is reported for different streamwise loca-
tions. Note that the value of the most unstable wavelength is normalized with the plate
length (L) to allow comparison with the PIV snapshots reported in figure 5.11. For the
Re = 70000− Tu = 1.5% flow case, the most amplified streamwise wavelength has a
local maximum of about 0.11 corresponding to the first peak within the growth rate
(x/L = 0.44). This is ascribed to the occurrence of a long streamwise extended unsta-
ble mode which experiences the highest growth in the forepart of the shear layer while
decaying downstream, probably due to low-frequency oscillation of the shear layer. After
this local maximum, the curve monotonically increases until saturation occurs and the
wavelength keeps a constant value of about 0.07 (corresponding to 21 mm), which is con-
sistent with that captured by the first v-POD mode presented in the top plot of figure 5.13.
Indeed, the position where saturation of the wavelength distribution occurs corresponds
with the location at which the K-H rolls form and the maximum growth occurs (left plot).
The curves at higher Tu level and Re show similar behavior, namely the plots saturate
where the corresponding maximum growth is observed. Increasing the Tu level has only
marginal effects on the dominant K-H wavelength (see also the second plot of figure 5.13),
while the higher the Reynolds number, the smaller the wavelength. Moreover, increasing
the Re and the free-stream turbulence suppresses the unstable mode detected at x/L= 0.44
for the low-Re low-Tu case, according to the corresponding growth rate distributions.
The constant wavelength detected downstream of the point of maximum growth (see fig-
ure 5.17) motivated the realization of PIV measurements in a wall parallel plane covering
strictly this flow region (i.e., the W1B, providing a set of PIV measurements that are almost
solely affected by velocity fluctuations induced by the K-H instability). After computing
the DMD over this specified region and over time intervals containing 3 K-H periods, a
joint probability density function of the most unstable wavelength and the correspond-
ing growth rate was computed, thus highlighting the most recurrent unstable mode in the
whole spatiotemporal domain. The results obtained with this procedure are reported in
figure 5.18 for the different flow cases. In each plot, the wavelength and the growth rate
values are reported on the abscissas and the ordinates, respectively, while the intensity
of the contour plots is related to the number of events (i.e., unstable modes for the dif-
ferent subsets of data on which DMD is computed). The left plot of figure 5.18 refers
to the Re = 70000 and Tu=1.5% flow case. A dominant peak is recognizable for the
same values of wavelength and growth rate obtained from the DMD procedure applied in
the meridional plane (figure 5.17). Note that the PDF shows almost normal distribution
in the surrounding of this dominant peak. Interestingly, a second peak is also recog-
nized with a wavelength of about 44mm and a similar growth rate to the dominant one
(0.006mm−1). This is different from the local maximum observed in the top plot of figure
5.17 at x/L = 0.44 for the same condition, which was characterized by a sensibly lower
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Figure 5.18: Joint probability density function of the wavelength and growth rate of un-
stable waves obtained by means of PIV measurements in the wall-parallel plane. The red
color highlights the most probable events

growth rate (0.001 mm−1). This should be consistent with the formation of a secondary
vortex in the shedding region but with a lower frequency than the dominant one. Increas-
ing both the Tu level and the Reynolds number (mid and right plots of figure 5.18), the
dominant peak in the PDFs shows the same behavior highlighted in figure 5.17. The most
amplified wavelength reduces with increasing the Reynolds number but with a higher
growth rate.
On the contrary, the Tu level variation has smaller effects on the most unstable mode. In-
terestingly, the second peak observed for the low-Re low-Tu case shows a higher growth
rate at higher Re and Tu level (0.01mm−1) while keeping the same wavelength. More-
over, by increasing the Tu level and the Reynolds number (mid and right plots of figure
5.18), the dispersion of the most unstable wavelength, i.e., the width of the PDFs, reduces
(compare the left and the right plot of figure 5.18 for instance). At the same time, the
PDFs spread over the ordinates. The variation of the growth rate over the overall dataset
is higher. In other words, increasing the Re and the Tu level reduces the dispersion of
the K-H most amplified wavelength while the deviation of the corresponding growth rate
increases.
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5.1.5 Inspection of structure interaction in LSB by means of E-POD
applied to the multi-plane PIV measurement

In order to understand the interaction of the growing disturbances in both the attached
BL and in the forepart of the separated shear layer and their influence on the breakup of
the amplified K-H rolls, an Extended Proper Orthogonal Decomposition (E-POD) proce-
dure is hereafter applied to multi-plane PIV measurements. Particularly, data acquired on
the wall-parallel measurement planes shown in figure 5.1 have been considered for the
same flow cases already described in section 5.1.4 (i.e., concerning a prescribed adverse
pressure gradient for Re = 70000, 150000 and Tu = 1.5%, 2.5%). Hereafter, E-POD is
applied following equations 3.15 and 3.16, carefully selecting different spatial regions (as
defined in section 5.1.3) in order to draw physical considerations on the underlying phe-
nomena affecting the different regions of the LSB. The application of E-POD on different
plane partitions is used to inspect the existing correlation between the main dynamics
observed in the forward part of the bubble and the breakup events occurring in the reat-
tachment region. The effect of the inflow parameters variation on the correlating events
is also considered. The main scales of the coherent structures highlighted by the E-POD
modes were also characterized using the streamwise and spanwise autocorrelation func-
tions of E-POD filtered fields. The identification of such characteristic length scales will
be used in the following sections to develop a physically driven model for predicting the
LSB characteristics.

Inspection of the correlation between BL structures utilizing the Extended Proper
Orthogonal Decomposition on the wall-parallel plane data

In the following, E-POD will be used to project the rear portions of both measuring plane
data (see figure 5.14) onto the POD bases computed from the snapshots matrices W1F
and W0F . The aim is to highlight the similarities (in terms of both correlation and length
scales) between the turbulent events observed in the reattaching region and the coherent
structures captured in the forepart of LSB (i.e., K-H rolls and streaky structures). This will
help to identify a helpful scaling procedure for the development of empirical correlations
able to predict the response of LSB to Tu and Re variation, as better described in section
5.1.6.
Thus, some selected E-POD modes highlighting the flow features that correlate between
the different plane partitions are presented for the reference flow case in figure 5.19. It
is stressed out here that the modes described in the following are selected accordingly to
those reported in figure 5.15. These E-POD modes represent the main coherent structures
(mode 3) and their instability (mode 15). Since data were not acquired simultaneously on
the two planes, the computation of the E-POD modes can be affected by the time shift
between the two sets of observations. The optimal time shift has been found within the
vortex shedding period to maximize the correlation between the POD eigenvectors ob-
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tained from the different partitions (i.e., XT
W XU , see equation 3.16). The E-POD modes

described hereafter relate to such optimal temporal shift.
The first column of figure 5.19 shows the E-POD modes obtained by projection of the
snapshot matrix W0B onto the POD eigenvectors of W0F (named Φ0B0F ). This projec-

Figure 5.19: E-POD modes of streamwise velocity for the case Re = 150000, Tu = 2.5%
obtained by projection of W0B and W1B snapshots matrices onto (first and second column)
W0F and (third and fourth column) W1F POD eigenvectors. Data are plotted in the region
0.6 < x/L < 0.81 and −0.12 < z/L < 0.12. Mode number is indicated in the top-left
corner of each plot. Streamwise and spanwise coordinates are scaled with plate length L.

tion provides a direct view of how the breakup events observed in the backward plane
(captured in W0B) correlate with the ordered pattern of streaky structures captured by the
modes of W0F . Interestingly, alternating streamwise elongated structures are also observ-
able in the backward part of the near-wall plane in the extended POD mode represen-
tation. These structures exhibit the same spanwise periodicity observed in the forward
plane (first column of figure 5.15). Additionally, in the E-POD mode 15, streaks exhibit
spanwise oscillations (highlighted in the black boxes) typical of the sinuous instability
leading to streak breakup (see, e.g., Mans et al. 2005). Downstream of x/L = 0.75, only
randomized structures can be observed, which further supports that finer scales originat-
ing in the fully turbulent part of the boundary layer are no longer correlated with streaky
structures affecting the fore part of the measuring domain. Thus, E-POD modes obtained
by projection of the snapshot matrix W0B into the eigenvectors capturing streaks related
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dynamics provides the statistical characterization of these structures in the reattachment
region, highlighting their instability and the consequent breakup events.
The second column of figure 5.19 depicts the E-POD modes obtained by projection of
the snapshot matrix W1B onto the POD eigenvectors of W0F (named Φ1B0F ). It is worth
noting that the extended modes have almost null intensity for 0.6 < x/L < 0.68. This
is ascribed to the purely 2D behavior of K-H rolls, which do not correlate with streak
dynamics and are consequently filtered out in the E-POD representation. Otherwise, a
marked spanwise periodicity is observed in the breakup region (x/L > 0.7) similar to the
one shown in the first column of figure 5.15 (POD modes of W0F ). It is to notice that
this well-defined periodicity can only be observed in the backward part of the furthest
measuring plane thanks to the E-POD projection, while it cannot be directly detected in
the instantaneous PIV snapshots (see figure 5.12). E-POD results suggest that the span-
wise periodicity of streaky structures still affects the transition process all along with the
separated shear layer, thus also influencing the spanwise wavelength of the structures gen-
erating from K-H rolls breakdown, in agreement with what also observed by Hosseinverdi
and Fasel (2018).
The third column of figure 5.19 depicts the E-POD modes obtained by projection of the
snapshot matrix W0B onto the POD basis of W1F (extended modes Φ0B1F ). These modes
mostly show randomly distributed fluctuations for all the domain extension. This indi-
cates that negligible correlation there exists between turbulent events close to the wall and
the organized K-H rolls detected in the POD modes of W1F , conversely to what observed
in the first column (modes Φ0B0F ), where turbulent events show spanwise scales similar
to those of streaky structures in the region 0.6 < x/L < 0.7. Thus, the present analysis
suggests that near-wall bursting events are likely to be driven by the dynamics of streaky
structures at this Reynolds number and high Tu level condition.
Finally, in the fourth column of figure 5.19 E-POD modes are computed by the projection
of the snapshot matrix W1B onto the POD eigenvectors of W1F (named Φ1B1F ). 2D K-H
rolls can be observed in the low order modes in the region 0.6 < x/L < 0.7 (see mode 3),
while they are not directly observable in the classic POD modes computed in this plane
(see figure 5.15, modes of W1B). Downstream of x/L = 0.7, randomly distributed inco-
herent patterns are observed due to the low correlation between breakup events and the
ordered K-H rolls captured in the snapshot matrix W1F . Interestingly, mode 15 depicts K-
H rolls showing spanwise distortion preceding their breakup, with a spanwise wavelength
of around 3λx (being λx the main streamwise wavelength of K-H rolls). This seems to
remark the elliptic instability leading to the 3D breakup of K-H rolls described in Jones
et al. (2008). Thus, the different combinations of E-POD projections here discussed sug-
gest that the streaky structures affect the transition process and related turbulent events in
the rear part of both measuring planes dominating the bursting events in the close to the
wall region, while K-H rolls are mainly involved in the flow oscillations captured far from
the wall.
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Effect of the inflow parameters on the E-POD modes

In order to comment on the Reynolds number and Tu variation effects on the structures
responsible for the transition process, the E-POD procedure discussed in the previous
section has been applied to additional data sets concerning the variation of these two
parameters. Figure 5.20 reports the contour lines of the time-averaged streamwise ve-
locity together with the contour plot of the rms of streamwise fluctuations for the cases
Re = 70000, Tu = 2.5% (top plot) and Re = 70000, Tu = 1.5% (bottom plot). The split-

Figure 5.20: Plane partitions and their splitting positions are highlighted with respect to
contour lines of time-averaged streamwise velocity with superimposed the contour plot of
streamwise fluctuations: (top plot) Re = 70000, Tu = 2.5%, (bottom plot) Re = 70000,
Tu = 1.5%.

ting position between the forward and backward plane partitions (indicated by the dashed
vertical lines in the figure) has been changed with respect to the high-Re, high-Tu case
following the position of the maximum rms of streamwise fluctuations, which is delayed
reducing both Re and Tu level. More precisely, the splitting positions referred to for the
computation of the E-POD modes were set at x/L = 0.65 and x/L = 0.69 for the cases
Re = 70000, Tu = 2.5% and Re = 70000, Tu = 1.5%, respectively.
Extended POD modes concerning the cases at Re = 70000, Tu = 2.5% and 1.5% are de-
picted in figures 5.21a and 5.21b, respectively. E-POD modes are presented in the regions
0.65 < x/L < 0.83 (figure 5.21a) and 0.68 < x/L < 0.83 (figure 5.21b) for −0.065 <
z/L < 0.065. These modal representations provide a qualitative description of the flow
parameters’ effects on the main flow features highlighted by the modes. Note that the
effects of Re and Tu level variation on the dominant scales will be quantified through the
autocorrelation functions of low-rank E-POD filtered fields in the following.
The reduction of the Reynolds number at constant Tu level (see figure 5.21a) does not
significantly alter the main features of the dominant correlating events highlighted by the
E-POD modes, as shown by comparison with figure 5.19 (Re = 150000, Tu = 2.5%).
The first and second columns of figure 5.21a refer to the E-POD modes computed by the
projection of the W0B and the W1B snapshot matrices onto the POD eigenvectors of W0F .
The main effect concerns the modification of the coherent structure dimensions depicted
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Figure 5.21: E-POD modes for the cases (a) Re = 70000, Tu = 2.5% and (b) Re = 70000,
Tu = 1.5%. E-POD modes are obtained by projection of W0B and W1B snapshots matrices
onto W0F (first and second column) and W1F (third and fourth column) POD eigenvectors.
Streamwise extension of the plot is (a) 0.65 < x/L < 0.83 and (b) 0.68 < x/L < 0.83.
Spanwise extension is −0.065 < z/L < 0.065. Mode number is indicated in the top-left
corner of each plot. Streamwise and spanwise coordinates are scaled with plate length L.

by the modes due to the thickening of the boundary layer at the separation position. More
precisely, E-POD modes depicted in figure 5.21a show that the smaller the Reynolds num-
ber, the larger the streak spacing and their dimension (see also the work of Matsubara and
Alfredsson 2001). A streak-like pattern is observable for the entire domain extension, also
at the positions where randomized fluctuations have been observed for the reference case
(figure 5.19). This is due to the more extended separated flow area characterizing this low
Reynolds number condition. Mostly uncorrelated features are again found when project-
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ing the snapshot matrix W0B onto the eigenvectors of W1F (third column of figure 5.21a).
In the last column, extended modes resembling K-H related structures are obtained by the
projection of the snapshot matrix W1B into the W1F POD basis. In this case, modes 3 and
15 show unstable rolls exhibiting strong spanwise oscillations, which appear evidently
larger and with a longer streamwise wavelength than those shown in figure 5.19. Thus,
reducing the Reynolds number at fixed Tu, the main flow features affecting the near-wall
region are still dominated by streaky structures. Similarly, K-H rolls still dominate the
generation of fluctuations far from the wall.
Figure 5.21b shows E-POD modes computed for the case Re = 70000, Tu = 1.5%. The
effects due to the Tu level variation on the correlating events highlighted by the E-POD
procedure can be therefore obtained by comparison with figure 5.21a. Differently from
the higher Tu cases, the E-POD modes shown in the first column of figure 5.21b, obtained
by projection of the W0B snapshots on the POD basis of W0F , highlight ordered K-H rolls
with a well defined streamwise wavelength. Thus, the reduction of the Tu level seems to
avoid the formation of streaky structures, as also shown by Lardeau et al. 2012 and Coull
and Hodson 2011 for instance. The effects due to the Tu level reduction are also made
evident in the second column of figure 5.21b, where E-POD modes are computed by the
projection of the snapshot matrix W1B onto the POD eigenvectors of W0F . A deterministic
spanwise wavelength can be observed for 0.68 < x/L < 0.83. Interestingly, this is not re-
lated to streaky structures. This spanwise wavelength is similar to the streamwise one of
the ordered 2D K-H rolls depicted by the modes on the first column, reporting Φ0B0F (as
it will be further supported by the corresponding autocorrelation functions reported in the
following). The third column of figure 5.21b shows the E-POD modes obtained by projec-
tion of the W0B snapshot matrix onto the eigenvectors of W1F . They are characterized by
a robust streamwise periodicity, which indicates that the K-H rolls also dominate close to
the wall region for the low Tu case. Finally, the E-POD modes obtained by projection of
the snapshot matrix W1B onto the W0F eigenvectors (fourth column) recall those observed
in the first column of the same figure. K-H rolls, therefore, dominate the overall flow field
at low Tu and low Reynolds number, and their streamwise wavelength is recognized in all
E-POD modes.

Wavelength of dominant structures captured by correlating events. The E-POD
modes reported in figures 5.19 and 5.21 provided a qualitative view of the correlating
events occurring in the different portions of the laminar separation bubble for the dif-
ferent cases. At the high Tu level for both the Reynolds numbers here considered, the
spanwise wavelength of streaky structures dominate the bursting events in the near-wall
region, with minor contributions of K-H rolls that instead affect oscillations far from the
wall. On the contrary, the E-POD modes reported in figure 5.21b clearly show that reduc-
ing the Tu level, the K-H instability dominates without clear evidence of streaky structures
occurrence. In this case, the spanwise scale characterizing the breakup of the K-H rolls
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seems to be directly linked to their streamwise wavelength.
In order to estimate the dominant wavelengths characterizing the structures captured in
the different measuring planes and thus to shed further light on possible scaling quantities
for the definition of simplified correlations, the streamwise and spanwise autocorrelation
functions have been computed from the instantaneous fields filtered employing the E-
POD procedure. More precisely, the filtered fields were reconstructed with a sub-rank
of E-POD modes accounting for the energy content of the dominant POD modes of each
plane partition. The procedure is repeated for all the three cases here considered, allowing
the description of the effects of Reynolds number and turbulence intensity variation on the
primary scales driving the transition.

Figure 5.22: (left) spanwise and (right) streamwise autocorrelation functions of stream-
wise velocity (Ruu) obtained from E-POD filtered instantaneous PIV snapshots. Spanwise
and streamwise lengths are scaled with boundary layer momentum thickness at separation
position (θsep).

The autocorrelation functions of all flow cases are plotted together in figure 5.22 with the
spanwise and streamwise coordinates scaled with the momentum thickness of the bound-
ary layer at the separation position. It is worth noting that the negative peaks in both
the spanwise (left plot) and the streamwise (right plot) autocorrelation functions collapse
to the same values for the different combinations of the flow parameters. The minimum
peaks of the spanwise autocorrelation functions (left plot of figure 5.22), collapse around
the value of λz/θsep ≈ 22. Differently, the blue curves obtained for the low-Re, low-Tu
case show a minimum peak for λz/θsep ≈ 35, which corresponds to the position of the
minimum of the streamwise correlation functions observed for all cases in the right plot
of the same figure (λx/θsep ≈ 35). This is due to the absence of streaky structures for this
particular case, as highlighted by the extended POD modes above (see figure 5.21b). The
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same conclusions could not be provided by directly computing the autocorrelation func-
tions from the whole dataset (i.e., without applying E-POD, acting as a filter), since the
so derived autocorrelation functions would not show a distinct minimum when computed
directly from the snapshots matrices W0B and W1B, due to the random fluctuations of the
turbulent flow occurring in the reattaching boundary layer.
The autocorrelation functions provide further information on the role of the different
structures involved in the transition process of the LSB. Remarkably, even though the
E-POD modes presented in figures 5.19 and 5.21 suggest that far from the wall velocity
fluctuations are dominated mainly by the K-H rolls and related wavelength, the span-
wise displacement providing the minimum value of the autocorrelation function indicates
that the wavelength of the streaky structures characterizes the turbulent fluctuations in the
reattaching boundary layer. Moreover, the main wavelengths characterizing the dominant
dynamics involved in the transition process of a laminar separation bubble are shown to
scale well with the time-averaged boundary layer momentum thickness at the separation
position, regardless of the Reynolds number or Tu level, in every part of the measuring
planes. Therefore, this parameter will be used as one of the main ingredients for the
correlations developed in the following sections.
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5.1.6 Empirical correlations for the prediction of the time-averaged
structure of a Laminar Separation Bubble

The advanced post-processing techniques adopted in the previous sections 5.1.3-5.1.5 al-
lowed a precise characterization of both the time-averaged flow properties and the dy-
namic evolution of the instabilities and also to identify the length scales involved in the
process. Thanks to the data reduction, empirical correlations predicting the simplified ge-
ometry of a LSB under variable Re, Tu level, and APG have been developed based on the
flow cases presented in section 5.1.2, where the average structure of the bubble was shown
to be affected by all the inflow parameters. Additional data from previous literature on
LSBs forming over flat plates and airfoils were also included. Additionally, a simplified
correlation predicting the Strouhal number of the shedding vortices based on mean flow
quantities is also provided.

5.1.6.1 Correlations for the time-averaged topology of a LSB

Correlations predicting the main streamwise positions (xst , xsm, xsT , xsr) and the shear
layer angle (Φ) highlighted in figure 5.4 are proposed herein considering the combined
effects due to Re, Tu and APG variation. It is stressed here that all the streamwise posi-
tions are defined with respect to their relative distance from the mean point of separation.
Moreover, with the aim of extending the applicability of the proposed correlations, these
latter are tuned on the present data set together with experimental data extracted from
other literature works (Volino and Hultgren 2000, Volino 2002a, Roberts and Yaras 2003,
Simoni et al. 2017, Istvan and Yarusevych 2018).
The first position considered is the transition onset location (xst), which is expressed in
terms of the corresponding Reynolds number Rest , based on the distance between the
separation and transition onset locations and the free-stream velocity at separation. It is
pointed out here that this position is defined in the following based on the momentum
thickness at separation since it has been shown to scale both streaky structures and K-H
related phenomena in the previous sections. The transition onset position has been ob-
tained by computing the intermittency function distribution for the whole data set, thus
providing the transition end location. As previously mentioned in section 5.1.2, the onset
of transition was found to occur in correspondence with the maximum peak of H12, which
was chosen as representative of the beginning of the transition.
A new correlation for the transition onset location is proposed, considering the combined
effects due to Re, Tu level, and the pressure gradient variation since these parameters
were found to play a critical role in determining the mean bubble topology also its dy-
namic evolution. To this end, the flow acceleration parameter K = (ν/U2

e )(dUe/dx) (see
Suzen et al. 2003) computed at the point of separation (Ks) was considered here as in-
dependent variable leading to the following correlation for the transition onset Reynolds
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Figure 5.23: (left) Dispersion of the transition onset Reynolds number (Rest) as a function
of the newly defined variable Re0.72

θ ,s /(Tu0.31 ·K0.16
s ). (right) Dispersion of the maximum

displacement Reynolds number (Resm) as a function of the transition onset Reynolds num-
ber (Rest).

number:
Rest = 13.262Re0.72

θ ,s /(Tu0.31 ·K0.16
s ) (5.1)

The exponents above were computed employing a least square fitting procedure applied
to the experimental data. It should be noted that the exponent of the momentum thickness
Reynolds number is close to that proposed by Mayle (1991), and it is slightly higher than
that proposed by Dellacasagrande et al. (2019). Additionally, the exponent of the mo-
mentum thickness Reynolds number is higher than those of Tu and Ks, highlighting the
different effects on the transition onset location due to these parameters.
The dispersion of the transition onset Reynolds number as a function of the newly defined
variable reported in equation (5.1) is shown in the left plot of figure 5.23. It should be
mentioned that the literature works adopted for the calibration of the coefficients reported
in equation (5.1) concern different test cases (i.e., both flat plate and airfoils data) and
sensibly different values of the flow parameters. Moreover, the separation and transition
locations were obtained through different measurement techniques (i.e., pressure probes,
hot-wire, PIV) and were directly extracted from the available data reported in the original
works. This is thought to increase the dispersion of data observed in the left plot of figure
5.23 around the straight line representing the present correlation. On the other hand, due
to the wide range of flow configurations considered, the applicability of equation (5.1) is
expected to increase with respect to tuning the correlation coefficients using the current
dataset solely.
Following the scheme reported in figure 5.4, one could try to correlate the transition onset
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location with the following streamwise positions, thus obtaining the complete description
of a LSB, starting from the point of separation. To this end, the link between the time-
averaged bubble maximum displacement (xsm) and the transition onset (xst) positions was
first inspected. The maximum displacement position was identified as the location of the
maximum BL displacement thickness (see figure 5.4). Thus this position was also ex-
tracted from other literature works presenting the streamwise variation of the BL integral
parameters. Interestingly, the maximum displacement and the transition onset positions,
expressed in terms of the corresponding Reynolds numbers Resm and Rest , were found
to linearly correlate whatever the Reynolds number, Tu and APG. More precisely, the
following equation was obtained utilizing least square fitting:

Resm = 1.2415Rest +1516 (5.2)

The right plot of figure 5.23 shows the dispersion of the data around the straight line rep-
resenting the dependency of Resm on the transition onset Reynolds number. Equation (5.2)
seems to fit well data extracted from the different test cases. The correlation reported in
equation (5.2) allows predicting the maximum displacement position (where γ ≈ 0.5) with
a good level of approximation once the transition onset location is derived from equation
(5.1).
The computation of the intermittency function allowed the estimation of the transition end
position (xsT ) for the different Re, Tu level, and APGs. For the present data set, xsT was
found to correspond with the reattachment location (xsr) substantially. The reattachment
position was found to directly correlate to the location of the bubble maximum displace-
ment as:

Resr = 1.3381Resm +1140 (5.3)

Left plot of figure 5.24 shows the dispersion of the reattachment Reynolds number as a
function of Resm, where the black line representing the correlation reported in equation
(5.3) is shown to fit well the experimental data.
Following the schematic reported in the bottom plot of figure 5.4, the shear layer angle
Φ provides an approximation of the height of the recirculating region once the maximum
displacement position is computed by equations (5.2). In the pioneering work of Watmuff
(1999), the shear layer angle was expressed as a function of solely Reθ ,s (i.e. tan(Φ) =
B/Reθ ,s, with B = 15−20). However, the parametric analysis of LSBs performed in the
present work showed the importance of considering the combined effects due to all the
main flow parameters on the average structure of LSBs. Due to the difficulty of extracting
the shear layer angle from the literature works considered here, the dependency of this
parameter on Re, Tu, and APG variation was inspected with reference to the current data
set only.
The effect of the inflow parameters variation on the shear layer angle Φ can be deduced

using the BL displacement thickness distributions reported in figure 5.5. Increasing the
Tu level (figure 5.5a) leads to lower shear layer angles as a consequence of the reduction
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Figure 5.24: (left) Dispersion of the reattachment Reynolds number (Resr) as a function
of the maximum displacement Reynolds number (Resm). (right) Dispersion of the shear
layer angle as a function of the group of variables K0.69

s /(Re0.036
θ ,s ·Tu1.15).

of the height of the separation bubble. The same behavior is observed as a consequence
of the Reynolds number variation (figure 5.5b), i.e., the higher the Reynolds number, the
more the separated shear layer moves toward the plate. Conversely, the shear layer moves
far from the wall with increasing the pressure gradient (figure 5.5c), thus the separation
angle increases. According to the works of Diwan and Ramesh (2009), Yarusevych et al.
(2008) and Simoni et al. (2016), the distance from the wall plays a crucial role in the
stability properties of the separated shear layer. Based on the previous observations, the
best approximation of the shear layer angle in the least square sense for the present data
set is given by:

tan(Φ) = 3.41K0.69
s /(Re0.036

θ ,s Tu1.15) (5.4)

Interestingly, the FST intensity and the acceleration parameter seem to have the major
effects on the shear layer angle Φ, and the exponent of the momentum thickness Reynolds
number is sensibly lower than that proposed by Watmuff (1999). The strong reduction of
the exponent of Reθ ,s, due to the introduction of the Tu level and the Ks in equation (5.4)
suggests that the effects due to these parameters can be hardly described through only
a multiplier of Reθ ,s, such as the coefficient B in the correlation of Watmuff (1999) for
instance. Right plot of figure 5.24 depicts the shear layer angle Φ as a function of the
new group of variables 3.41K0.69

s /(Re0.036
θ ,s Tu1.15) for the present data set (each colored

symbol in the plot refers to a fixed Re and opening angle with variable Tu level).
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5.1.6.2 Correlation for the dominant shedding frequency

Modal decomposition techniques have been used in this work to compute the most ampli-
fied frequency ( f0), the spatial wavelength (λ0), and the group velocity (C0) of the large
scale K-H vortices shed near the bubble maximum displacement (see also 5.1.4).
Hereafter, the snapshot POD method of Sirovich (1987) was adopted as in section 3.1
defining a POD kernel with only the v-velocity component, since the exponential amplifi-
cation of the normal to the wall velocity fluctuations directly relates to the K-H instability
onset. In this way, the Fourier transform of the dominant POD temporal coefficients pro-
vides the K-H shedding frequency, while the streamwise wavelength of the K-H rolls
can be extracted employing the corresponding spatial modes. The group velocity of the
shedding vortices is then computed as C0 = λ0 f0. Once data obtained by this procedure
are scaled with the free-stream velocity at the bubble maximum displacement (C0/Ue,m),
their value collapses to 0.5±0.1, in agreement with Simoni et al. (2017). This means that
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Figure 5.25: Dispersion of the newly defined Strouhal number St0 based on the shedding
frequency f0 as a function of the momentum thickness Reynolds number at separation
Reθ .

neither Re and Tu nor the pressure gradient imposed to the BL modify the group velocity
of the shedding vortices once it is scaled with the local free-stream velocity. Moreover,
the dominant wavelength of the shedding vortices was found to scale with the boundary
layer thickness at separation (see also Simoni et al. 2016), leading to a ratio θs/λ0 ≈ 0.02
for all the flow cases. In order to provide the dominant shedding frequency in terms of the
time-averaged velocity field, a newly defined Strouhal number has been introduced in this
work as a function of the momentum thickness Reynolds number at the separation posi-
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tion. Particularly, based on the evidence obtained from the present data set, (θs/λ0 ≈ 0.02
and C0 ≈ 0.5Ue,m), the following approximated relation can be obtained:

0.02 ≈ θs

λ0
=

θsUe,s

ν

ν

λ0Ue,s
= Reθ ,s

ν f0

C0Ue,s

≈ Reθ ,s
ν f0

0.5Ue,mUe,s
= Reθ ,s

Ls f0

0.5Ue,m
= Reθ ,sSt0

(5.5)

In the equation above, St0 is a Strouhal number based on the shedding frequency, the free-
stream velocity at the maximum displacement, and the reference length scale Ls defined
with the free-stream velocity at separation (Ls = ν/Ue,s). It should be stressed that all
the quantities except f0 reported in equation (5.5) relate to the time-averaged flow only,
whereas no geometrical parameters are considered.
The existing correlation between the Strouhal number St0 and the momentum thickness
Reynolds number at separation was also inspected for other literature works (Lou and
Hourmouziadis 2000, Burgmann and Schröder 2008, Simoni et al. 2017, Istvan and Yaru-
sevych 2018). Figure 5.25 shows the dispersion of the Strouhal number St0 introduced
in equation (5.5) as a function of the momentum thickness Reynolds number at separa-
tion for different data sets. The best linear fitting is provided by the straight line defined
by 0.019/Reθ ,s, which is almost the same as equation (5.5). The low dispersion of data
confirms the main dependency of the K-H dominant frequency on the time-averaged BL
structure at separation (see also Simoni et al. 2017). Since Reθ ,s is affected by the main
flow parameters, with Re and APG having the major effects, the momentum thickness
Reynolds number can be adopted as a non-dimensional scaling quantity of the K-H rolls
under variable flow conditions. Furthermore, the results shown in figure 5.25 confirms
the self-similarity of the shear layer transition process: the K-H rolls forming where sat-
uration of fluctuations occurs scale with the momentum thickness of the laminar BL at
separation.

5.1.6.3 Prediction of the time-averaged structure of LSBs employing the proposed
correlations

In order to highlight the capability of the proposed correlations to mimic the overall ge-
ometry of LSBs with varying the inlet flow conditions, the main streamwise positions
and the shear layer angle highlighted in the schematic of figure 5.4, jointly with the domi-
nant shedding wavelength, were computed employing the empirical correlations presented
above for different values of the main flow parameters.
In figure 5.26, the black contour lines of the time-averaged streamwise velocity (directly
obtained from the experiments) are reported for different inlet conditions to highlight the
time-averaged structure of LSBs. The schematic LSB representation (red lines) already
shown in figure 5.4 was computed a posteriori and superimposed to the measured quan-
tities. Additionally, the contour plot of the 1st POD mode of the v-velocity component is
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Figure 5.26: Contour-lines of time-averaged streamwise velocity (u/U0) and contour plot
of the first POD mode of normal to the wall velocity for the cases, from top to bottom,
Re = 70k−Tu = 1.5%−α = 12deg, Re = 70k−Tu = 3.5%−α = 12deg, Re = 220k−
Tu = 1.5%−α = 12deg and Re = 70k−Tu = 1.5%−α = 9deg. Schematic of the LSBs
obtained by means of the correlations proposed in this work is superimposed to the plots
for each flow condition presented, with the predicted separation, maximum displacement
and reattachment positions highlighted. The predicted shedding wavelength is indicated
in each plot by means of arrowed line.

added to each plot to highlight the dominant K-H wavelengths obtained from the present
data set, as already described in figure 5.1.3. The vortex shedding wavelength was also
computed as λ0 ≈ 0.5Ue,m/ f0, and it is indicated in each plot through red harrowed lines
for comparison with the POD modes.
The predicted maximum displacement and reattachment positions as well as the shear
layer angle (first plot of figure 5.26) correspond well with the measured ones for the
largest separation bubble (compare with the top contour plot of figure 5.2, referring to
Re = 70k, Tu = 1.5% and the strongest APG). Indeed, the hypotenuse of the red triangle,
resembling the recirculating region of the bubble, is shown to be parallel to the contour
lines of the mean velocity in the separated shear layer, while the vertex occurs in cor-
respondence with the location where the contour lines start pointing downward. Even
the predicted shedding wavelength (red harrowed line) is in good agreement with that
highlighted by the POD mode distribution (i.e., the distance between two successive blue
nuclei in the contour plot). In the second plot of figure 5.26, the FST is increased, keeping
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the Reynolds number and the opening angle constant. Consequently, the separation bubble
becomes shorter and thinner, and the predicted length and height of the negative velocity
region, together with the shear layer angle, reduce. Even in this case, the wavelength of
the large-scale shedding vortices is well predicted. Similar considerations still hold with
varying the Reynolds number (third plot) and the pressure gradient imposed to the flow
(fourth plot), even if the predicted maximum displacement and reattachment positions
occur slightly downstream of the measured one for the case at α = 9deg (fourth plot).
Interestingly, the predicted shedding wavelength matches well the measured one even for
the case at Re = 220000 (third plot), which shows the most considerable variation of the
characteristic length scale of the shedding vortices jointly with the most substantial mod-
ification of the bubble dimensions. Overall, the predicted topology of the bubble and the
characteristic shedding wavelength resemble the measured ones within a good level of
approximation for the different values of the flow parameters considered in this work.
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5.2 Free-stream turbulence induced transition

5.2.1 Attached flow database
Among all the flow conditions acquired in the experimental campaign (and presented
Simoni et al. 2019), results concerning free-stream turbulence induced transition are con-
sidered in the following sections. Data have been acquired on a wall-normal and two
wall-parallel PIV planes, as highlighted by figure 5.27. The wall-normal plane is kept
in the same position, as described in section 5.1.1. Otherwise, the measurement plane
embedded into the boundary layer is located at y/L = 0.007 (corresponding to about
y/δ99 = 0.5 at transition position). The wall-normal position of this plane allows captur-
ing the propagation of flow structures near the wall, thus providing the characterization of
the dominant wavelengths affecting transition. Differently, the wall-parallel plane, which
is furthest from the wall, is located in the free-stream region at y/L = 0.05 (resulting in
y/δ99 >> 1), and it has been used for the characterization of the turbulence affecting the
turbulent structures embedded in the external flow. The field of view on the wall-parallel
measurement planes spans 1/3 of the plate width, and the streamwise position of the mea-
suring domain was changed for the different cases in the region 0.3 < x/L < 1, so that the
entire transition process is captured for the different combinations of the flow parameters.
Consistently with the data used in section 5.1.1, eight independent data sets of 2000 PIV
snapshots were acquired at a sampling rate of 2 kHz in the wall-normal plane for each
flow condition. Eight independent sets of 400 PIV snapshots were instead collected for
each wall-parallel plane at a sampling frequency of 485 Hz. For some of the flow con-
ditions, the span of the wall parallel plane embedded in the BL was reduced to obtain
high-frequency observations at a sampling rate of 1.5 kHz.
Additionally, LDV measurements provided a detailed description of the time-averaged

velocity and Reynolds shear stress profiles at some fixed locations. Each traverse com-
prises 29 measuring points, with the first one at a distance of 50 µm from the wall. A
measuring point spacing of 50 µm was adopted up to 1mm from the wall, while the mea-
suring grid is coarser in the outer part of the boundary layer. For each measuring point, the
acquisition period was set to 120 s to ensure statistical convergence of the data. The data
rate was of the order of 10 kHz away from the wall, but it was significantly lower close
to the flat plate. However, the acquisition period of 120 s provided a sufficient number of
samples for statistics, also for the measuring points in proximity of the plate surface.
In the following section 5.2.2, time-averaged flow fields and instantaneous realizations
are presented in order to discuss the response of the attached BL to Re, Tu, and APG
variation. Modal decomposition techniques and advanced analyses are performed on the
attached flow database based on these data. POD is first applied to the wall parallel plane
data in section 5.2.3. The receptivity process is then analyzed utilizing a modified version
of E-POD, linking the turbulent scales observed in the two wall parallel planes in section
5.2.4. Finally, a turbulent spot recognition algorithm is presented and applied to wall par-
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Figure 5.27: Scheme of test section with PIV instrumentation layout for the FST induced
transition flow cases. Positioning of wall-parallel and wall-normal measuring planes is
highlighted.

allel plane data in order to study the spatial distribution of the breakup events leading to
transition in section 5.2.5. This allows identifying the BL statistical response to the inflow
parameters through the probability density function (PDF) of spot nucleation. Based on
the similarity results of the previous analyses, the PDFs are finally reduced to a common
distribution once appropriately scaled, and correlations for predicting the FST induced
transition are proposed in section 5.2.6.
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5.2.2 Free-stream turbulence induced transition response to Reynolds
number, free-stream turbulence intensity, and adverse pressure
gradient

In order to understand the outcomes of the modal decomposition techniques, a statistical
characterization of the free-stream turbulence induced transition is presented first. More
precisely, the effect of Re, Tu, and APG is inspected first concerning the time-averaged
flow fields. Then, some exemplar snapshots on the wall-normal and the wall-parallel
planes are presented to highlight (qualitatively) the dynamical response of the structures
responsible for the transition to the inflow parameters variation.

5.2.2.1 Time average flow fields

In this section, an overview of the time-averaged flow fields acquired on the wall-normal
measurement plane (see figure 5.27) is used to highlight the key features of the attached
BL response to the transition process within the experimental database. The flow con-
dition at low Re, high Tu and high APG (Re = 70000, Tu = 5%, α = 9deg) is chosen
hereafter as the reference case.
Figure 5.28a-d shows the contour plots of the time-averaged streamwise velocity compo-
nent measured in the wall-normal plane. Data are scaled with the reference free-stream
velocity U0 measured at the inlet of the measuring domain (x/L = 0.27, y/L = 0.04).
The time-averaged boundary layer thickness is also highlighted through a solid black line
in each plot. The boundary layer grows significantly in the streamwise direction for all
cases due to the imposed APGs. For the reference case (top plot), the growth rate of the
BL changes at about x/L = 0.55, suggesting the occurrence of transition. Reducing the
adverse pressure gradient (see figures 5.28a-b) and increasing the Reynolds number (see
figures 5.28b-c) leads to the reduction of the boundary layer thickness at the entrance of
the measuring domain, as expected, whereas Tu has smaller effects in this sense (compare
figures 5.28c-d).
The rms of fluctuations is presented in figure 5.28e-h. The reference case (figure 5.28e)
shows a slow growth of velocity fluctuations in the streamwise direction up to about
x/L = 0.65, were the streamwise fluctuations reach values higher than 20% of the free-
stream velocity. These values are typical of the secondary instability of BL streaks (see
e.g., Brandt and Henningson 2002, Zaki 2013), thus breakup events are expected to occur
close to this position. The adverse pressure gradient reduction (figure 5.28e-f) shifts the
maximum rms region downstream (x/L = 0.7) and at a smaller distance from the wall,
following the thinning of the BL. The Reynolds number increase (figure 5.28f-g) moves
the maximum rms position upstream (x/L = 0.48) and closer to the wall due to the thinner
boundary layer observed for this case. The Tu reduction effect is summarized in 5.28g-h.
The boundary layer preserves a similar evolution, but the peak of rms of fluctuations shifts
downstream.
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Figure 5.28: Contour plot of time-averaged streamwise velocity u/U0 obtained on wall-
normal plane for (a) Re = 70000, Tu = 5%, α = 9deg, (b) Re = 70000, Tu = 5%, α =
5deg, (c) Re = 220000, Tu = 5%, α = 5deg and (d) Re = 220000, Tu = 3.5%, α = 5deg.
Contour plots of root mean square of streamwise fluctuations (e-h) for the same flow
conditions. Data are scaled with free-stream velocity U0 measured at x/L = 0.27 and
y/L = 0.04. Streamwise and wall-normal coordinates are scaled with the plate length (L).
time-averaged boundary layer thickness is indicated with solid white line.

For the sake of completeness, table 5.2 reports the start of transition (xt), the correspond-
ing boundary layer thickness (δ99), the displacement thickness (δ ∗/L) and the ratio be-
tween the turbulence integral length scale and the BL scale (Lx/δ99). These quantities,
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Table 5.2: Streamwise coordinate referring to the start of transition (xt), the corresponding
boundary layer thickness (δ99), the displacement thickness (δ ∗/L) and the ratio between
the turbulence integral length scale and the BL scale (Lx/δ99) for the different flow cases.

CASE xt/L δ99/L δ ∗/L Lx/δ99
Re f erence 0.5 0.012 0.0042 4.1

APG− variation 0.57 0.013 0.0048 3.8
Re− variation 0.44 0.0068 0.0026 6.1
Tu− variation 0.67 0.0091 0.0033 4.0

which can be used to characterize the boundary layer response, will be used in the fol-
lowing sections. Additionally, the ratio between the turbulence integral length scale and
the BL thickness is reported since it plays an essential role in the transition process (see
section 2.7). For further details on the FST integral length scales measured in this work,
the reader is referred to Simoni et al. (2019).

5.2.2.2 Instantaneous flow fields

Instantaneous flow fields acquired on the wall-normal and the wall-parallel measurement
planes are presented to describe the dynamics and the coherent structures affecting the
attached flow transition process.
Figure 5.29 shows a sequence of time-resolved PIV snapshots collected in the wall-normal
plane for the reference case (contour of figure 5.28a). The contour plot of the streamwise
velocity fluctuations is superimposed to the vector maps of the instantaneous fluctuating
velocity field obtained from the classical Reynolds decomposition. A dashed red line
also highlights the BL edge. In the first PIV snapshot, a low-speed streak is observed
close to the boundary layer edge. The magnitude of velocity fluctuations increases in the
streamwise direction until ejection events (i.e. u < 0, v > 0) are observed downstream of
x/L = 0.56, being the evidence of streak breakup. In the subsequent snapshots, the streak
exhibits marked sinuous motion and strong ejections (Q2 events) resulting in the forma-
tion of two vortical structures (highlighted by red circles) at x/L = 0.55 and x/L = 0.58.
These are the traces of hairpin vortices in this plane (see, e.g., Adrian 2007). Downstream
of x/L = 0.65, the streak is completely disrupted.

Figure 5.30 shows three PIV realizations for the case Re=70000, Tu=5%, α=5deg. By
comparison with figure 5.29, the effects due to the pressure gradient variation are in-
spected. Note that the PIV snapshots are plotted here for 0.5 < x/L < 0.76 since the field
of view was moved to visualize the evolution of the breakup events better. A low-speed
streak can be observed in the middle of the frame in the first plot (0.55< x/L < 0.73), pre-
ceding Q2 events with spanwise oriented vortices in the second snapshot (red circles). In
the third snapshot, the signature of hairpin vortices and the associated ejection events are
observable for x/L > 0.6. By comparing figures 5.29 with figure 5.30, the streak breakup
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Figure 5.29: Instantaneous perturbation velocity vectors obtained by the classical
Reynolds decomposition superimposed to the contour plot of u′/U∞ collected in wall-
normal plane. Data refer to the case Re=70000, Tu=5%, α=9deg. Time-averaged bound-
ary layer thickness is indicated with dashed red line. Red circles highlight the vortex
formation resulting from breakup events. Streamwise and wall-normal coordinates are
scaled with plate length L. Velocity vectors are skipped to increase the readability of the
plots.

Figure 5.30: Instantaneous perturbation velocity vectors obtained by the classical
Reynolds decomposition superimposed to the contour plot of u′/U∞ collected in wall-
normal plane. Data refer to the case Re=70000, Tu=5%, α=5deg. Time-averaged bound-
ary layer thickness is indicated with dashed red line. Red circles highlight the vortex
formation resulting from breakup events. Streamwise and wall-normal coordinates are
scaled with plate length L. Velocity vectors are skipped to increase the readability of the
plots.
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Figure 5.31: Instantaneous perturbation velocity vectors obtained by the classical
Reynolds decomposition superimposed to the contour plot of u′/U∞ collected in wall-
normal plane. Data refer to the case Re=220000, Tu=5%, α=5deg. Time-averaged bound-
ary layer thickness is indicated with dashed red line. Red circles highlight the vortex
formation resulting from breakup events. Streamwise and wall-normal coordinates are
scaled with plate length L. Velocity vectors are skipped to increase the readability of the
plots.

occurs further downstream reducing the adverse pressure gradient. An unstable low-speed
streak can be observed in the first plot of figure 5.31 for 0.5< x/L< 0.57, which is thinner
than that observed for the low Re case (figures 5.29 and 5.30), being more confined toward
the wall. This is ascribed to a change of the boundary layer time-averaged structure due
to the Reynolds number variation. At x/L = 0.52, Q2 events occur in the first plot, while
in the successive ones, the low-speed streak exhibits wave-like motion leading to streak
breakup. Thus, wall-normal fluctuations of the streamwise velocity and breakup events
move upstream with respect to the low Re case leading to an earlier transition. The com-
parison between figures 5.31 and 5.32 provides the effects due to the turbulence intensity
reduction. In figure 5.32, Tu is reduced from 5% to 3.5%. Data are plotted for different
streamwise positions due to a significant spatial shift of the breakup events location. For
the present case, the PIV realizations show a low-speed streak at about 0.56 < x/L < 0.65
(first plot), which becomes rapidly unstable in the successive realizations. The signatures
of hairpin vortices are also observed in the second and the third plots for x/L > 0.62, thus
reducing Tu delays breakup events.
PIV realizations collected in the wall-parallel planes are presented in figures 5.33-5.34,
which provide a qualitative view of the structures evolving in the free-stream and the BL
regions for the same flow cases presented above. The contour plot of streamwise ve-
locity fluctuations is superimposed to the perturbation velocity vectors to better highlight
the occurrence of streaky structures and vorticity nuclei. Fluctuating velocity fields of the
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Figure 5.32: Instantaneous perturbation velocity vectors obtained by the classical
Reynolds decomposition superimposed to the contour plot of u′/U∞ collected in wall-
normal plane. Data refer to the case Re=220000, Tu=3.5%, α=5deg. Time-averaged
boundary layer thickness is indicated with dashed red line. Red circles highlight the vor-
tex formation resulting from breakup events. Streamwise and wall-normal coordinates are
scaled with plate length L. Velocity vectors are skipped to increase the readability of the
plots.

FS and the BL snapshots are saturated at different values in order to visualize the flow
structures. Due to the sampling rate adopted in these planes, time-resolved observations
are obtained only for the lowest Reynolds number. Figure 5.33a shows fluctuating ve-
locity fields in the free-stream (left column) and the BL (right column) for the reference
case. The PIV snapshots collected far from the wall allow the direct visualization of the
structures carried by the free-stream, which act as a forcing in the laminar to turbulent
transition of the BL. Free-stream snapshots highlight the coexistence of a broad range
of turbulent scales which do not show a preferred elongation direction. Additionally,
they appear homogeneously distributed in the entire measuring plane. Differently, the BL
snapshots (right plots) display a dense population of streamwise elongated streaks with
marked positive and negative velocity fluctuations alternating in the spanwise direction.
Ordered streaks can be observed in the right plots from the measuring domain inlet up
to about x/L = 0.55. Close to this position, spanwise oscillations of streaky structures
are observed (see the low-speed streak included in the white box in the plots). Further
downstream, significant cross-flow fluctuations can be detected as a consequence of streak
breakup (see Kreilos et al. 2016), consistently with the position at which the growth rate
of the BL thickness changes in figure 5.28a.
Figure 5.33b shows instantaneous velocity fields for a lower APG condition, keeping the
same Re and FST of the previous case. No significant modification of the free-stream
turbulent scales (left plots) or the dimension of the streaky structures (right plots) is ob-
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(a)

(b)

Figure 5.33: PIV snapshots collected in the free-stream (left) and in the boundary layer
(right) plane for (a) Re = 70000, Tu = 5%, α = 9 and (b) Re = 70000, Tu = 5%, α = 5.
Fluctuating velocity vectors are superimposed to the contour plots of streamwise fluctuat-
ing component (u′/U0). Streamwise and spanwise coordinates are scaled with plate length
(L) and velocity vectors are skipped to increase the readability of the plots.
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(a)

(b)

Figure 5.34: PIV snapshots collected in the free-stream (left) and in the boundary layer
(right) plane for (a) Re = 220000, Tu = 5%, α = 5 and (b) Re = 220000, Tu = 3.5%,
α = 5. Fluctuating velocity vectors are superimposed to the contour plots of streamwise
fluctuating component (u′/U0). Streamwise and spanwise coordinates are scaled with
plate length (L) and velocity vectors are skipped to increase the readability of the plots.
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served with respect to the reference case. Indeed, the modification of the APG does not
alter the free-stream length scales and, in the meanwhile, it only slightly affects the time-
averaged BL thickness, as shown in figure 5.28. For the present case, breakup events
are observed at about x/L = 0.6, which means that transition occurs slightly later at lower
APG. Increasing the flow Reynolds number (compare figures 5.33b-5.34a) leads instead to
a significant reduction of the dimensions of the structures carried by the free-stream along
with a broader range of observable scales. Additionally, the streaky structures formed into
the BL appear thinner. Streak breakup can be already observed at x/L = 0.5, which is up-
stream of the position where bursting events are detected in figure 5.33b for the same Tu
and APG. Finally, for the low Tu case (figure 5.34b), streaks appear highly ordered, and
their breakup events move significantly downstream with respect to the other conditions
(to around x/L = 0.7). Moreover, the instability of boundary layer streaks occurs in a
narrower region than for the elevated Tu cases (see the region 0.67 < x/L < 0.75). Inter-
estingly, the streak scale appear substantially the same when reducing the Tu at fixed Re
and APG (compare figures 5.34a-b) This suggests that the time-averaged BL dimension,
which is mainly affected by the Reynolds number variation (see Simoni et al. 2017), plays
a key role in defining the streak spacing. This aspect will be further investigated in the
following sections concerning the application of some of the post-processing techniques
already adopted in case of separated flow transition.
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5.2.3 Characterization of the main spanwise scales employing Proper
Orthogonal Decomposition

The POD is applied in this section considering the formulation provided by equation 3.11
on both wall-parallel planes, but with a different organization of the snapshot matrices.
More specifically, data collected in the FS and the BL wall-parallel planes were ordered
along the homogeneous spanwise coordinate so that the dominant POD coefficients pro-
vide the most energetic spanwise wavelengths in the free-stream and the near-wall regions.
The POD computed with this kernel will be referred to hereafter as POD-z to distinguish
between the classic POD formulation. It is stressed here that, since the main structures
driving the FST induced transition show periodic patterns in the spanwise direction only,
POD results are not presented concerning the wall-normal plane data.
POD-z is applied to the free-stream and the BL planes independently, in order to provide
a rationale for the interpretation of the spanwise POD-z coefficients χ(z) and the related
mixed spatio-temporal modes Φ(x, t).
Figure 5.35 shows exemplary POD-z eigenvectors χ(z), where the spanwise coordinate

Figure 5.35: POD-z eigenvectors from boundary layer (black line) and free-stream (grey
line) regions. The corresponding mode number is indicated in the top-left corner of each
plot. The spanwise coordinate is scaled with the boundary layer thickness at the start of
transition.

is scaled with the boundary layer thickness (δ99) at the start of transition (which has been
reported in table 5.2). They are spanwise waves characterizing coherent fluctuations with
sensibly different scales in both the free-stream and the BL regions. The third POD-
z eigenvector depicted in figure 5.35 (left plot) shows the same spanwise periodicity in
the near-wall region and the unperturbed flow (with λz/δ99 ≈ 10), although the temporal
scales captured by the corresponding modes are significantly different. This is represen-
tative of large-scale fluctuations. The second plot depicts the 17-th POD-z eigenvector,
which is the first one showing a spanwise scale similar to the BL thickness, as further dis-
cussed in the following. Otherwise, the eigenvectors corresponding to mode 37 of figure
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Figure 5.36: Time-Space POD-z modes obtained from the boundary layer (top plots) and
the free-stream (bottom plots) snapshot matrices. Streamwise and temporal coordinates
are scaled with the plate length and the characteristic transit time, respectively. The modes
are shown in the region 0.36 < x/L < 0.74 and 0 < t/T < 8, with T the characteristic
transit time. Modes number is indicated in the top-left corner of each plot.

5.35 (right plot) is representative of sensibly smaller scales both in the free-stream and the
boundary layer region, being related to smaller turbulent structures.
Figure 5.36 shows the time-space modes obtained by projection of the snapshot matrices
on the POD-z eigenvectors depicted in figure 5.35. The streamwise and the temporal coor-
dinates are scaled with the plate length L and the characteristic transit time T = L/Ue, re-
spectively, with Ue the mean streamwise velocity measured at x/L = 0.27 and y/L = 0.04.
In both measurement planes, mode 3 represents large-scale oscillations with streamwise
extension more extensive than the PIV field of view (see the red and blue stripes extend-
ing through the whole domain). However, mode 3 computed from the free-stream data
set (bottom-left plot) shows sensibly more minor temporal scales than those observed in
the boundary layer (see the reduced periods observed along the vertical axis). Mode 17
computed from the BL plane shows elongated regions of positive and negative stream-
wise velocity, which alternate in time and propagate in the streamwise direction. These
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are the traces of the most energetic streaky structures whose propagation velocity is given
by their inclination with respect to the vertical axis in the plot. The velocity computed
from the present mode was equal to about half of the free-stream one. Similar flow fea-
tures are observed in mode 37, which are characterized by lower streamwise and temporal
scales and have a lower energy content according to the POD energy ranking. The modes
reported here highlight the capability of POD-z in providing streak-related modes when
applied along the homogeneous spanwise coordinate in the BL plane. Otherwise, higher-
order modes of the free-stream flow (bottom plots of figure 5.36) capture the randomly
distributed fluctuations produced by the turbulence generating grids: the streamwise and
temporal scales of the flow features captured by modes 17-37 in the free-stream region
are significantly smaller than those observed in BL modes, and their propagation velocity
increases (they appear less inclined).
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5.2.4 An E-POD based procedure for the analysis of the receptivity
process of the boundary layer

In the following, an Extended Proper Orthogonal Decomposition procedure is applied to
PIV data to identify correlating events between the free-stream velocity fields and tran-
sitional boundary layers. Based on the data organization presented in section 5.2.3, the
cross-correlation matrix of the POD-z spanwise coefficients computed independently in
both measuring planes directly identifies the free-stream scales showing the highest de-
gree of correlation with the boundary layer structures. Low-order reconstructions of the
instantaneous snapshots show that the most correlating events are directly linked to the
formation and the successive breakup process of streaky structures. Otherwise, larger-
scale structures which are not involved in the transition process are filtered out. The anal-
ysis has been performed for the reference case (Re = 70000, Tu = 5%, α = 9deg) and for
the other three flow cases concerning the variation of each inflow parameter which have
been already presented in section 5.2.2.

5.2.4.1 Inspection of the correlating scales between FS and BL flows

Hereafter, the response of the boundary layer to the free-stream forcing is analyzed in de-
tail employing the E-POD. More precisely, the correlation term between the POD-z bases
(see equation 3.16) provides the link between the spanwise scales of the FS and the BL
flow.
With the aim of discussing the degree of similarity of the free-stream and the boundary
layer structures, the left plot of figure 5.37 reports a graphical representation of the cross-
correlation matrix Cχχ of the POD-z eigenvectors, which have been already described in
figure 5.36. Thus, Cχχ directly identifies coupled spanwise modes observed in the dis-
tinct measuring planes. Additionally, the index of the BL eigenvector showing a spanwise
wavelength equal to the boundary layer thickness (δ99) at the start of transition is indicated
in the plot (red line). This allows highlighting better the POD-z coefficients capturing the
characteristic scales of BL streaks, being this quantity directly linked to the BL length
scale (see Matsubara and Alfredsson 2001).
The cross-correlation matrix depicted in the left plot of figure 5.37 shows a slight disper-
sion in the surround of the main diagonal, which increases for the higher-order modes. It
also clearly highlights the occurrence of two classes of highly correlating modes (i.e., with
Cχχ > 0.9 on the main diagonal), specifically from mode 1 to 6 and from mode 17 to 37
(named hereafter C1 and C3 mode classes, respectively). The POD-z eigenvectors falling
into the C3 class are characterized by spanwise wavelengths equal to or smaller than the
boundary layer thickness (see the red line). Thus the corresponding BL modes capture the
propagation of streaky structures forced by the free-stream turbulence, as shown in the fol-
lowing. The C1 class is instead representative of the large-scale motions. These modes
can be directly related neither to the formation and the propagation of streaky structures
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Figure 5.37: (Left) absolute values of the cross-correlation matrix of POD-z eigenvectors
obtained from the boundary layer (BL) and free-stream (FS) data-sets. (Right) spanwise
auto-correlation functions of streamwise velocity (Ruu) obtained from E-POD filtered in-
stantaneous PIV snapshots. Curves refer to the BL and the FS filtered fields obtained from
C1 +C2 (solid lines) and C3 (dashed lines) classes of POD modes. The abscissa is scaled
with the boundary layer displacement thickness (δ ∗) at the start of transition.

nor to spanwise wavepackets similar to those observed by Ovchinnikov et al. (2008) as
breakup precursors, and they are not shown here for brevity. Interestingly, an ensemble
of modes characterized by a lower degree of correlation is observed between the C1 and
the C3 classes (i.e., the C2 one), which provides direct evidence of the lower sensitivity of
the BL to a specific range of free-stream scales. Finally, for the higher-order modes (C4
class), the dispersion of the correlation matrix increases since these modes mainly capture
finer scales and random structures that are poorly correlated between the two data sets.
Right plot of figure 5.37 shows the auto-correlation functions computed from low-rank
reconstructions of the FS (black) and BL (red) velocity fields based on the mode classes
identified by means of the POD-z cross-correlation matrix (namely C1+C2 and C3). Note
that the autocorrelation function was computed in the spanwise direction and averaged in
time and the streamwise direction spanning the transitional region up to the mean tran-
sition location. To better highlight the characteristic dimension of the flow structures
captured by the different classes of modes, the spanwise coordinate is scaled with the
boundary layer displacement thickness (δ ∗) close to the start of the transition. Interest-
ingly, the auto-correlation function obtained from the filtered flow-fields based on the C3
class shows a negative peak at ∆z/δ ∗ = 3, which is the typical value associated with the
nondimensional streak spacing, as discussed in the previous literature work of Matsub-
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ara and Alfredsson (2001). This validates the capability of the present method to isolate
correlating modes describing the formation of streaky structures as a consequence of the
free-stream forcing from the larger fluctuations that are not involved in the transition pro-
cess (i.e., those captured by the C1 and the C2 mode families, black and red continuous
lines in the plot). Otherwise, higher-order modes (in the C4 class) retain the information
of low correlating small scale structures and are therefore not reported.

Figure 5.38: E-POD filtered snapshots in the (left) free-stream and the (right) boundary
layer planes for the case Re = 70000, Tu = 5%, α = 9deg. Fluctuating velocity vec-
tors are superimposed to the contour plots of streamwise fluctuating component (u′/U0).
Streamwise and spanwise coordinates are scaled with plate length (L), and velocity vec-
tors are skipped to increase the readability of the plots.

5.2.4.2 Filtered flow field reconstructions based on the correlating events

Figure 5.38 shows low-rank filtered fields obtained considering the contribution of the
sub-set of POD modes exhibiting the highest degree of correlation between the free-
stream and the boundary layer regions (i.e., the C3 modes), which capture the spatial
scales related to the dominant streak wavelength in the boundary layer. The fluctuating
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velocity vectors are plotted in figure 5.38 together with the contour plot of the stream-
wise perturbation velocity. Additionally, the same time instants already reported in figure
5.33a are presented to highlight the capability of the present procedure to isolate streaks-
related dynamics and the correlating FS eddies when compared to the original data. The
free-stream snapshots (left column) show velocity fluctuations with marked spanwise co-
herence. Interestingly, free-stream oscillations reveal a completely different pattern than
the original flow fields. Such structures are indeed elongated in the streamwise direction,
and they are observed for the entire PIV domain. Additionally, energetic fluctuations oc-
cur near the exact positions where breakup events are observed in the BL. Therefore, the
present result suggests that free-stream disturbances involved in the formation of streaky
structures have a preferred elongation direction and may act as continuous forcing from
the inlet to the outlet section of the measuring plane. On the other hand, the instantaneous
flow fields collected in the BL (right column) clearly show the occurrence of streak sin-
uous motions (see the white boxes in the PIV snapshots). The sinuous motion precedes
breakup events occurring in the rear part of the frame, which could not be easily observed
in the original flow fields (compare with figure 5.33a). Thus, the flow field reconstruction
better highlights the BL region’s streak instability and bursting events.

5.2.4.3 Effect of flow parameters variation on the FS and BL correlating scales

This section examines the adverse pressure gradient, the Reynolds number, and the turbu-
lence intensity effects on the most correlating events between the free-stream forcing and
the structures generated into the boundary layer. To this end, figure 5.39 shows the cross-
correlation matrix of POD-z eigenvectors for all cases, which provides a clear view of the
dispersion of correlating events as a function of the inflow conditions. Again, the index
of the POD-z eigenvector showing a spanwise wavelength comparable with the boundary
layer thickness is highlighted in the plots (red lines).
The top plot of figure 5.39 depicts the cross-correlation matrix for the reference case for a
more significant number of modes (the first 100 modes are now shown). The comparison
with the second plot provides the effects of the pressure gradient variation (OA reduces
from 9 to 5 degrees). The extension of the C3 class (capturing the most correlating events)
is not significantly affected by the modification of the pressure gradient. This can be since
the variation of the opening angle of the channel affects the pressure distribution only in
the rear portion of the plate (see figure 5.27), whereas the receptivity process may start
upstream of the channel throat. Interestingly, even though the C3 class has the same ex-
tension varying the APG, the POD-z bases computed from the two planes are even more
correlated (data are basically on the main diagonal without dispersion). Otherwise, the
matrix becomes more dispersed by increasing the Reynolds number (compare the second
and the third plots), although it still preserves a clear distinction between the different
mode classes. Additionally, the higher the Reynolds number, the larger the number of
modes showing high degree of correlation (the C3 class covers a wider range of modes),
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Figure 5.39: Absolute value of the cross-correlation matrices of spatial eigenvectors com-
puted for the different combinations of the flow parameters. The index identifying the
C3 class of correlating modes is indicated with a black line. The index showing spatial
wavelength comparable with the BL thickness (δ99) at the start of transition is highlighted
in red.

thus providing a clear evidence of the increased range of scales involved into the transi-
tion process. Finally, the reduction of Tu (moving from the top left to the bottom right
plot) significantly affects the dispersion of the large scale structures (i.e., the C1 and the
C2 classes) as well as to the finer ones (i.e., the C4 class). The change of the correlation
degree between the low order modes is linked to the modification of the large scale free-
stream structures generated by the different grids (see the ratio between integral length
scales and the BL scale reported in table 5.2). The scale separation between the C3 and
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Table 5.3: Matrix index and non-dimensional spanwise wavelength (λz/L) of the first
POD-z eigenvector of the C3 class for the different flow conditions.

Re Tu [%] α first index of C3 λz/L [-]
70000 5 9deg 17 0.031
70000 5 5deg 18 0.030

220000 5 5deg 21 0.023
220000 3.5 5deg 19 0.022

Figure 5.40: Spanwise autocorrelation functions of streamwise velocity (Ruu) obtained
from E-POD filtered instantaneous PIV snapshots in the BL and in the FS plane. Span-
wise wavelengths are scaled with boundary layer displacement thickness (δ ∗) at transition
location.

the C4 mode classes is exceptionally sharp, as for the high Tu case for the same Re and
APG (third plot), but the extension of the C3 class reduces significantly. Correlation is
extremely poor in this case after mode 60, thus further highlighting the narrower range
of structures characterizing the transition process in this lower free-stream turbulence en-
vironment. This highlights the different responses of the boundary layer to the different
free-stream forcing, thus to the different scales and magnitudes characterizing the free-
stream spectra.
To summarize the effects of the inflow parameters variation on the most energetic wave-
length among the most correlating ones, table 5.3 reports the index of the first element of
the C3 class. The corresponding nondimensional spanwise wavelength is also reported for
every condition to visualize the effect of the flow parameters variation on the largest cor-
relating scale. The highest variation is observed changing the Reynolds number, whereas
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Tu and the APG have negligible effects. Moreover, figure 5.40 depicts the spanwise auto-
correlation function computed from the instantaneous velocity fields reconstructed with
the contributions of the C3 modes class only for all cases, similarly to figure 5.37. The
curves are scaled with the boundary layer displacement thickness (δ ∗) at the start of the
transition. It is worth noticing that the negative peaks of both the free-stream and the
boundary layer auto-correlation functions collapse to the same value for the different
combinations of Re, Tu, and APG. Notably, the minimum of all curves occurs at about
∆z/δ ∗ = 3, which is the expected value for the nondimensional streak spacing before tran-
sition completion, as previously mentioned (see also Matsubara and Alfredsson 2001).
This indicates that the dominant streak wavelength is the most correlating spanwise mode
between the BL and the free-stream region for all the different cases, and its value is in-
fluenced chiefly by the time-averaged structure of the boundary layer (and hence by flow
parameters variation), rather than the characteristic dimension of the forcing eddies em-
bedded in the free-stream.
In the following, spectral properties of the low-rank reconstructions of BL and FS flow
fields will be used to highlight the response of the most correlating dynamics, in terms of
dominant spanwise wavelength, to the flow parameters variation.

5.2.4.4 Spectral properties of the correlating structures

Filtered flow fields for Re = 70000, Tu = 5%, and α =9deg case have been reported in
figure 5.38 and have also been computed for all the different cases (whose snapshots are
not reported for brevity). For the low−Re and low−Tu cases, low-rank reconstructions
of the velocity field based on the C1 mode class were found to capture larger structures
without any preferred elongated direction. Instead, for the high−Re and high−Tu case,
for which Lx/δ99 > 6 (see table 5.2), spanwise oriented wavepackets similar to those
shown in the works of Ovchinnikov et al. (2008) can be isolated with the C1 mode class.
However, since for the present experiments breakup events and transition were found to
be mostly related to the instability of streaky structures, filtered flow fields based on the
most correlating modes of the C3 class have been considered.

In order to provide the statistical characterization of the free-stream scales showing
the highest correlation with the BL fluctuations, figure 5.41 depicts the Fourier spec-
tra of the streamwise perturbation velocity in the streamwise (black) and the spanwise
(red) directions for the original free-stream data and their low-rank reconstruction based
on the respective C3 mode class. The curves are plotted against the non dimensional
wave number δ ∗kx,z, with δ ∗ the BL displacement thickness at the start of transition and
kx,z = 2π /∆x,z the wavenumber in the streamwise (x) and the spanwise (z) directions.
The results displayed in figure 5.41 undoubtedly indicate that the difference between the
dominant streamwise and spanwise free-stream wavelengths increases moving from the
original data (solid lines) to the sub-rank reconstruction pertaining to the C3 mode class
(dotted lines). The dominant wavenumber in the spanwise direction increases from the
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Figure 5.41: FS normalized spectra of velocity fluctuations computed along the stream-
wise (black) and spanwise (grey) direction as a function of the wave number kx,z, scaled
with the BL displacement thickness δ ∗ at the start of transition. Solid lines refer to the
original flow field and dotted lines to the same data reconstructed with modes pertaining
to the C3 class only.

original to the reconstructed fields since the low-order modes belonging to the C1 and C2
classes are neglected. In this sense, the reconstructed flow fields retain only the correlat-
ing wavelengths, which find their counterpart in the BL region (i.e., the streaks-related
modes). Specifically, the nondimensional wavenumbers in the spanwise direction show-
ing the highest amplitude can be observed for δ ∗kz ≈ 1 for all the filtered fields, which
corresponds to the value of ∆z/δ ∗ ≈ 3 (i.e., the space between two streaks of opposite
sign) at which the minimum peak of the auto-correlation functions was found in figure
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5.40.
The largest differences between the filtered and the original flow fields are observed in
the streamwise spectra for all cases. Remarkably, the dominant streamwise peaks move
towards smaller values of the nondimensional wavenumber (i.e., towards longer wave-
lengths) when only the most correlating modes are considered. For all cases, the maxi-
mum peak in the streamwise spectra occurs for 0.12 < δ ∗kx < 0.14, suggesting that the
streamwise wavelength of the most correlating free-stream structures scales well with the
displacement thickness of the BL. This undoubtedly highlights the link between the shape
of the boundary layer and the most correlating free-stream disturbances.
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5.2.5 A turbulent events recognition technique for the computation
of turbulent spots nucleation probability density function

In section 5.2.4 the receptivity process and the evolution of disturbances in the boundary
layer have been analyzed employing modal decomposition techniques such as POD and
E-POD. This allowed us to describe the physical phenomena involved in the attached flow
transition and highlighted the key quantities affecting the flow evolution. In the following,
the focus is posed on the breakup events leading to the transition completion. Based on
the wall-parallel PIV snapshots acquired inside the boundary layer, a turbulent spot recog-
nition technique is deployed to detect the occurrence of turbulent spot formation. Thus,
the effect of the inflow parameters on the free-stream turbulence induced transition can be
discussed examining the probability density function (PDF) of turbulent spot nucleation.
A common distribution of all the PDFs is also provided as a function of a similarity vari-
able accounting for the streak spacing, the shape factor of the boundary layer, and the FST
intensity level.

5.2.5.1 Turbulent spot recognition technique

Intending to characterize the nucleation of the turbulent spots affecting the attached flow
transition, the spatial root mean square (rms) of the spanwise fluctuating velocity compo-
nent (w′) computed over a cell of 5x5 measuring points was used as a detection function
(D) for turbulent events recognition:

D(xk,zm) =
k+2

∑
i=k−2

m+2

∑
j=m−2

√(
w′(xk+i,zm+ j)−µ

)2

25
(5.6)

where µ is the mean value of w′ computed in each cell. The laminar flow is indeed dom-
inated by velocity fluctuations aligned with the main direction of the flow since they are
mainly due to the presence of ordered streaks (see, e.g., Kreilos et al. 2016). On the other
hand, streak breakup leads to significant cross-flow fluctuations (see, e.g., Nolan and Zaki
2013, Kreilos et al. 2016). Turbulent regions are characterized by high values of the func-
tion D, whereas this latter is almost null in the laminar flow. Once D was computed for
each PIV snapshot, its discrete laminar-turbulent representation was obtained based on
Otsu’s method (Otsu 1979). According to this procedure, the values of the function D are
grouped in two distinct classes identified by minimizing the variance in each class. As
specified in the work of Otsu (1979), the threshold between classes can be obtained by
minimizing the within-class variance or by maximizing the between-class variance. Both
options were verified to give the same result once applied to the present data sets. Then,
since high values of the detection function D indicate the occurrence of a turbulent state,
D-values that are higher than Otsu’s threshold are classified as turbulent, whereas lower
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Figure 5.42: Wall-parallel instantaneous PIV realization showing perturbation velocity
vectors with superimposed the contour plot of (top) streamwise fluctuating velocity scaled
with inlet free-stream velocity u′/U0, (middle) detection function D and (bottom) bina-
rized contour plot of detection function Dbinary. Streamwise and spanwise coordinates are
scaled with the plate length L.

values are assumed to be related to a laminar state of the flow. The flow maps are then bi-
narized (0-laminar, 1-turbulent) based on such classes, obtaining a demarcation between
turbulent and laminar state.
The intermittency distribution is then computed through integration along the spanwise
coordinate and the temporal one of the binary maps of the detection function D. Fig-
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ure 5.42 depicts the successive steps of this procedure. The top plot shows a PIV vector
map of the perturbation velocity, where elongated red and blue contoured regions of the
streamwise fluctuating velocity highlight the presence of high- and low-speed streaks, re-
spectively (x/L < 0.6). Downstream of x/L = 0.6, the presence of cross-flow fluctuations
and wall-normal vorticity nuclei highlight the occurrence of breakup events. In the second
plot, the perturbation velocity vectors are superimposed to the detection function D con-
tour for the same PIV realization. The maximum values of D are detected for x/L > 0.6
, where turbulent events occur. In the last plot, the discrete laminar-turbulent reduction
of D obtained using Otsu’s method is shown, with green contoured regions indicating the
turbulent portions of the boundary layer.

Figure 5.43: Binary x− t map for z/L = 0 obtained by means of Otsu’s method. Grey
and white contoured regions refer to turbulent and laminar flow, respectively. Streamwise
coordinate is scaled with the plate length L.

Subsequently, the probability density function of turbulent spot nucleation is computed for
each data set. To this end, the binary maps (see figure 5.42, bottom plot) are re-ordered
along the statistically homogeneous spanwise direction (see also the procedure described
by Nolan and Zaki 2013). This data organization directly provides the evolution of tur-
bulent events from their inception to further downstream locations. More precisely, for
each spanwise coordinate, the binarized values of the detection function D are plotted
for the different streamwise positions as a function of the time instants at which they are
computed. Figure 5.43 shows an example of such kind of representation for the current
data set. The local maxima of the red line delimiting the turbulent (grey) and the laminar
(white) regions are linked to the nucleation of new turbulent spots, which convect at fur-
ther streamwise positions and time instants and finally merge at the local minima detected
on the red line. Thus, the procedure allows identifying the spatio-temporal locations at
each fixed spanwise position at which spots are generated. Moreover, it also permits
isolating nucleations events from turbulent structures that have already been formed and
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convected downstream at successive time instants. The number of nucleation events (i.e.,
local maxima of the red line in figure 5.43) is then counted for all the streamwise locations
to obtain the probability density function of spot nucleation.

5.2.5.2 Probability density function of turbulent spot nucleation

In the following, the turbulent spot recognition procedure is applied to the attached flow
database to assess the effect of the Reynolds number, the FST intensity, and the adverse
pressure gradient on the transition process. Figure 5.44 shows the PDFs of spot nucle-
ation together with the intermittency function distribution for the independent variation
of the inflow parameters. Histograms are normalized to have a unitary cumulative value.
Due to the reduced thickness of the BL at the beginning of transition (especially at higher
Reynolds numbers), the accuracy in recognizing turbulent spots nucleation is lower than
at further downstream locations. For this reason, nucleation events in the region where
γ < 0.05 (i.e., where a small number of turbulent events occurs) are neglected during the
PDF computation.
At fixed pressure gradient and Tu level, the location where the maximum number of nu-
cleation events occur moves upstream as the Reynolds number increases (top plots of
figure 5.44, Re increases from left to right). Similar effects can be observed increasing the
adverse pressure gradient at fixed Reynolds number and free-stream turbulence intensity
(middle plots of figure 5.44, APG increases from left to right). Under stronger adverse
pressure gradients, the region of maximum spot nucleations moves slightly upstream. The
smaller effects due to APG variation on the location where the transition occurs seem in
good agreement with the observations reported in Abu-Ghannam and Shaw (1980). The
authors showed that the Reynolds number based on the momentum thickness at the tran-
sition onset position is unaffected by the pressure gradient variation for Tu higher than
about 3.5% (similarly to the present cases), as it has been previously reported in section
2.8. In other respects, the standard deviation of the PDF reduces significantly (see table
5.4), and the transition region is shortened when the APG increases (see also Nolan and
Zaki 2013). Interestingly, the PDFs of nucleation events exhibit right skewness when
increasing the Reynolds number and especially the APG, indicating that most turbulent
spots start to form in a narrow streamwise window. At the same time, their production
sensibly decreases at further downstream positions. The bottom plots of figure 5.44 show
the effects due to the modification of the FST intensity (Tu increases from left to right).
The location corresponding to the highest number of spot nucleations moves upstream
as the free-stream turbulence increases. Moreover, for Tu=2.5% and 3.5%, the highest
number of spot nucleations occurs where γ < 0.3 (with the PDF being right-skewed), thus
breakup events are confined in a narrow portion of the transition region. On the contrary,
for Tu=5%, the PDF peak occurs around the mid-transition location (i.e., where γ ≈ 0.5)
and the standard deviation of the PDF sensibly increases (bottom-right plot). In this sense,
the free-stream turbulence intensity is the parameter showing the most significant effect
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Figure 5.44: Probability density function of turbulent spot nucleation with intermit-
tency function (ranging between 0 and 1 in the plots). Top plots form left to right:
Re=70000-Tu=5%-α=9deg, Re=150000-Tu=5%-α=9deg, Re=220000-Tu=5%-α=9deg.
Middle plots from left to right: Re=220000-Tu=5%-α=5deg, Re=220000-Tu=5%-
α=9deg, Re=220000-Tu=5%-α=12deg. Bottom plots from left to right: Re=220000-
Tu=2.5%-α=5deg, Re=220000-Tu=3.5%-α=5deg, Re=220000-Tu=5%-α=5deg.
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Table 5.4: Standard deviation of PDF of nucleation events expressed in terms of x/L.

Re−Tu 70000-5% 150000-5% 220000-5% 220000-3.5% 220000-2.5%

α = 12deg - 0.036 0.033 - -
α = 9deg 0.042 0.040 0.035 - -
α = 5deg 0.051 0.048 0.046 0.032 0.027

on the PDF variance among those tested here (see table 5.4). Brandt and De Lange (2008)
showed that under a high level of free-stream turbulence, many streaks are formed ran-
domly in space and time, and their stochastic interaction plays an essential role in the
occurrence of breakup events. Thus, at the highest Tu level, spot nucleation events are
observed in a wider streamwise window with respect to the lower free-stream turbulence
cases, indicating that streak breakup occurs more randomly in space. Additionally, it
should be noted that for the cases with Tu=5%, the transition length increases (i.e., the
slope of the intermittency function reduces), following the work of Fransson et al. (2005),
where the transition length was found to increase with increasing the FST intensity above
Tu=2.5%.

5.2.5.3 Similarity properties of the PDFs of nucleation

In order to analyze the similarity properties of the PDFs of turbulent spot nucleation, a
newly defined variable that considers the effects due to all the flow parameters is intro-
duced. More precisely, the analyses performed in section 5.2.3 showed that the spanwise
scales which penetrate the BL have are of the same order of the boundary layer thickness,
thus they depend on the inflow parameters affecting the growth of the BL. Additionally,
in section 5.1.5 and 5.2.4, the spanwise streak wavelength was found to scale with the
boundary layer characteristic dimension at the start of the transition. This suggests that
transition may occur when the boundary layer thickness, which grows in the streamwise
direction, matches the FST scales that penetrated the shear far upstream in the laminar re-
gion. Therefore, the dimensionless streak wavelength λz/θ represents a good ingredient
for defining a scaling quantity for the PDF of nucleation events. Both Re and APG affect
the streamwise growth and the time-averaged structure of the boundary layer and, more
importantly, influence the PDF peak location and standard deviation. Thus, the shape fac-
tor of the boundary layer H12 is also considered for scaling the PDF distributions reported
in figure 5.44. Then, since Tu level showed the highest effect on the PDFs, this quantity
has also been introduced in the definition of a non-dimensional abscissa (x̂PDF ), defined
as:

x̂PDF =
λz

θ
H12Tu (5.7)
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Figure 5.45: Normalized PDFs of spot nucleations for all Reynolds numbers, FST in-
tensities and pressure gradients plotted as a function of the non-dimensional abscissa
x̂PDF = λzδ

∗

θ 2 Tu. Conditions are labeled with the corresponding values of Re, Tu and
opening angle of the channel (α=12, 9, 5 degrees). Fitting curve obtained by means of
non-linear fit to the data is also plotted with solid red line.

which can be also recast into the following expression:

x̂PDF =
λzu′rms

ν

ν

U∞θ
H12 =

Reλz

Reθ

H12 (5.8)

Thus, the non-dimensional abscissa defined in equations (5.7)-(5.8) can be equivalently
seen as a combination of a perturbation based Reynolds number (Reλz) and the momentum
thickness Reynolds number (Reθ ). Additionally, the term Reλz appearing in equation 5.8
can be also linked to the FST Reynolds number introduced in the recent work of Fransson
and Shahinfar (2020). Figure 5.45 shows the normalized PDFs computed for all the cases
plotted as a function of the mixed variable defined in equation 5.7. Note that the quantity
x̂PDF is monotonically decreasing, so the flow direction in figure 5.45 is from the right
to the left of the plot. Interestingly, the PDFs are shown to collapse one to each other,
in terms of both the maximum peak location and their standard deviation, with a good
level of approximation (the higher dispersion is observed at the beginning of transition).
Turbulent spots are shown to form between x̂PDF ≈ 60 and 200, with the maximum peak
of the scaled PDFs occurring at about x̂PDF ≈ 100. The parameters used for the definition
of the scaling quantity reported in equation 5.7 capture the response of turbulent spot
nucleation to the variation of the external forcing (i.e., Tu level) and the modification of
the boundary layer structure (i.e., Re and APG).
In order to provide a unique analytic distribution of the pdf as a function of the newly
defined variable x̂PDF , the parametric function previously defined in the work of Kreilos
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et al. (2016) for the prediction of the streamwise variation of the spot nucleation rate is
also shown by the red curve, obtained by means of non-linear fit to the normalized PDFs
from the present experiments. The functional shape previously provided in the work of
Kreilos et al. (2016) can mimic the overall behavior of the scaled PDFs.
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5.2.6 Empirical correlations for the prediction of the free-stream tur-
bulence induced transition

The techniques employed in the previous sections 5.2.2-5.2.5 provided details on the evo-
lution of the transitional attached flows for a variety of inflow conditions. Modal de-
composition techniques have been deployed to understand the most vital flow evolution
patterns. Additionally, a novel approach was developed to inspect the correlation of the
FS scales and the BL structures forced in the receptivity process and their scaling proper-
ties. A turbulent spot recognition technique allowed instead to characterize the formation
of the turbulent spots driving the transition process via PDF of turbulent spot nucleation
events. Common distribution of the normalized PDFs of spot nucleations was derived
as a function of the local properties of the boundary layer at the start of transition and
of the free-stream flow for a variety of Reynolds numbers, FST intensities, and pressure
gradients, and showed that a skewed Gaussian distribution is able to mimic the transition
process. In the following, correlations for the transition prediction are proposed based on
the considerations of the previous chapters.

5.2.6.1 Fitting of the nucleation rate distributions using a skewed Gaussian func-
tion

The attached flow transition process was characterized by the streamwise distribution of
turbulent spots nucleation in previous sections. In order to compare the different flow
conditions, the number of nucleation events (N) was divided by the spanwise extension
of the domain and the overall period of observation, providing a rate of production of the
turbulent spots. The streamwise distributions of the nucleation rate n computed from the
PIV measurements were fitted using a skewed Gaussian function:

pd f (n) = 2φ(x,µ,σ)Φ(x,µ,σ ,η) (5.9)

with,

φ(x,µ,σ) =
1

σ
√

2π
exp

(
−(x−µ)2

2σ2

)
(5.10)

Φ(x,µ,σ ,η) =
1
2

[
1+ er f

[
η

(
x−µ√

2σ

)]]
(5.11)

er f in equation (5.11) indicates the Gauss error function, while µ , σ and η define the
mean, the variance and the skewness of the pd f function. These coefficients were com-
puted independently for each case employing non-linear fitting. More specifically, the
parametric coefficients reported in equation 5.9 are found in the following by minimizing
the L2 norm of the error between the measured values and the analytic distribution defined
in equation 5.9. In order to develop empirical correlations for the description of the FST
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induced transition, it is helpful to define onset and end transition locations as a function
of the coefficients of the skewed Gaussian function of equation 5.9, referred to a newly
designated coordinate. Since γ −Reθ transition models rely on empirical correlations for
the prediction of Reθ at transition location, the natural choice is to consider a streamwise
coordinate based on Reθ in place of the streamwise coordinate x/L. In this way, the mean
transition position can be defined through µ , while σ and η describe the transition length.
Thus, for every flow condition:

• The Reθ distribution is obtained first for each flow condition from the wall-normal
measurement. Therefore, the PDF of nucleation rate is transferred into this more
convenient coordinate system;

• Equations 5.9-5.11 are used to provide a parametric representation of the experi-
mentally measured PDFs as pd f (n) = f (Reθ ,µ,σ ,η);

• A triplet of coefficients is obtained for each flow condition, describing peak location
of the spot production rate through µ , the width of the PDF of nucleation rate (σ ),
and the skewness of the Gaussian distribution (η). All coefficients are grouped in
table 5.5. Among the 19 flow conditions, 16 have been used in the tuning procedure,
and three were kept for validation.

Table 5.5: Flow conditions and coefficients of the skewed Gaussian distributions obtained
from the fitting on Reθ axis

Re1 ·10−3 Tu-Grid Tu% α µ σ η

150 HHTU 5 12 238,37 17,49 1,69
220 HHTU 5 12 301,02 30,31 2,17
70 HHTU 5 9 205,30 10,60 0,8

150 HHTU 5 9 228,25 19,00 1,05
220 HHTU 5 9 304,13 29,39 1,67
70 HHTU 5 5 200,00 14,14 0,6

150 HHTU 5 5 239,89 27,26 1,13
220 HHTU 5 5 297,14 19,26 1,32
220 HTU 3.5 5 310,00 27,50 3,10
415 HTU 3.5 5 291,70 39,55 4,13
520 HTU 3.5 5 349,31 44,35 4,06
415 HTU 3.5 3 282,77 37,76 3,60
520 HTU 3.5 3 342,57 43,94 3,92
415 HTU 3.5 1 297,59 22,99 0,04
520 HTU 3.5 1 365,45 27,51 0,05
415 LTU 2.5 5 331,91 22,99 3,67
520 LTU 2.5 5 373,09 32,46 3,79
415 LTU 2.5 3 300,73 21,84 2,07
520 LTU 2.5 3 366,56 30,38 2,75
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5.2.6.2 Development of correlations for free-stream turbulence induced transition

In order to derive correlations that can be used to predict the transition, the data pre-
sented in table 5.5 are used to obtain the best representation (in terms of least squares) of
the effect of the inflow parameters on the free-stream turbulence induced transition pro-
cess. More specifically, correlations predicting the peak, the standard deviation, and the
skewness of the PDF of nucleation rate are defined based on the analyses of the previous
chapters, which highlighted the key ingredients that can be used in the development of
the correlations. Thus, the ratio between the BL and the FS turbulence scales, the tur-
bulence intensity and the effect of the pressure gradient were considered, similarly to the
mixed variable defined in equation5.7. The scale ratio between the boundary layer and the
free-stream turbulence was evaluated at the peak velocity location (corresponding to the
geometrical throat of the test section, at x/L = 0.2) using LDV data. The boundary layer
integral parameters were evaluated from the LDV traverse in the wall-normal direction.
Similarly, the turbulence intensity value and the related turbulence integral length scale
were computed just above the boundary layer edge, at the same streamwise coordinate
(following the procedure described in Simoni et al. 2019). Additionally, the adverse pres-
sure gradient acting on the evolution of the boundary layer was kept into account through
the acceleration parameter k = ν

U2
e

dUe
dx , quantified through the PIV data in the diffusing

portion of the test section. Thus, a correlation for the transition onset location is proposed
concerning the PDF peak location µ , employing the newly defined variable:

µ = 84.45

(Lx
θ

)0.3
k0.005

Tu0.1 (5.12)

The exponents above were computed employing a least-square fitting procedure applied
to the experimental data. The exponent of the ratio between the turbulence integral length
scale (Lx) and the BL scale (defined by the momentum thickness θ ) is larger than the ones
accounting for the effect of the FST intensity and the adverse pressure gradient, high-
lighting the different weight of these parameters on the mean transition location. This
suggests that, for the present test case, the FST intensity value and its scales are more
important than the adverse pressure gradient. This is conceivably due to the elevated Tu
value (Tu > 2%), according to what was established by Abu-Ghannam and Shaw (1980).
Additionally, the scales involved in the transition process are more influencing than the
intensity of fluctuations itself. The dispersion of µ(Reθ ) corresponding to the mean tran-
sition location as a function of the newly defined variable reported in equation (5.12) is
shown in the left plot of figure 5.46. Different colors and symbols help distinguish be-
tween the various flow condition within the test case. Data points are also labeled with
the notation derived from table 5.5. Indeed, the data points referred to the newly defined
variable appear clustered for the different Re, irrespective of the adverse pressure gradient
imposed on the base flow. The mean transition location thus takes place for higher Reθ
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values for increasingly larger flow Reynolds numbers. Additionally, a small effect due to
the free-stream turbulence intensity level is observed, with slightly larger values of µ for
the lowest Tu, at fixed Re.

Figure 5.46: (left) Dispersion of the value of Reθ at the mean transition location
(µ) as a function of the newly defined variable (Lx/θ)0.3 k0.005/Tu0.1. (right) Disper-
sion of standard deviation σ in terms of Reθ as a function the newly defined variable
(Lx/θ)0.85 k0.09Tu0.1.

The same ingredients adopted in equation 5.12 have been used for the definition of a
variable describing the standard deviation σ of the PDF of turbulent spot production rate:

σ = 1.56
(

Lx

θ

)0.85

k0.09Tu0.1 (5.13)

Also in this case, here the ratio between the free-stream turbulence and the boundary layer
scale plays the most vital role in the Reθ variation between the onset and end of the tran-
sition. Differently, the effect of the FST intensity is comparable to that of the adverse
pressure gradient (exponents are close to 0.1), and an increase of both parameters con-
tributes towards higher values of σ . The dispersion of standard deviation in terms of Reθ

as a function of the newly defined variable is shown in figure 5.46. Labels reporting the
name of the conditions are also superimposed to highlight the effect of the flow parame-
ters variation. This highlights a different evolution of the standard deviation between the
highest Tu cases (black symbols) and lower FST intensity values (blue and red symbols).
More precisely, the effect of the adverse pressure gradient seems to be different between
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the high- and low-turbulence cases due to the predominance of Tu or K as a leading pa-
rameter.

Figure 5.47: Dispersion of the PDF of nucleation rate skeweness η in terms of Reθ as a
function of the newly defined variable (Lx/θ)1.85 k0.9/Tu.

For a non-skewed normal Gaussian distribution, the standard deviation of the PDF can
be used to directly estimate the transition length, since 6σ approximates the width of the
PDF. However, following the formulation presented in equation 5.9, a complete descrip-
tion of the transition length is obtained considering the the asymmetry of the probability
distribution. Therefore, a correlation has also been proposed to predict the PDF of nucle-
ation rate skewness η as:

η = 164

(Lx
θ

)1.85
k0.9

Tu
(5.14)

and its dispersion with respect to the variable defined in equation 5.14 is depicted in fig-
ure 5.47. It is pointed out here that this parameter is the least reliable among the three
describing the shape of the PDF of nucleation rate. Thus, the trend highlighted by cor-
relation 5.14 is only briefly discussed. Remarkably, the highest skewness is observed for
lowest Tu and high Re cases, even though for zero pressure gradient η tends toward zero
(see the two blue symbols close to the origin of the axis).

5.2.6.3 Validation of the correlation for FST induced transition prediction

In order to validate the capability of the correlations above to describe global behavior of
the transition process varying the inlet flow conditions, the shape of the PDF of nucle-
ations and the corresponding intermittency functions were computed and compared with

131



CHAPTER 5. RESULTS

three cases that did not participate in the tuning of the equations.

Figure 5.48: Comparison of the PDF of nucleation rate obtained by means of the skewed
Gaussian distribution from measured data (black) and from correlations (red), together
with corresponding intermittency functions. Curves refer to (left) Re = 70000, Tu = 5%,
α = 9°, (center) Re = 220000, Tu = 5%, α = 12°, and (right) Re = 520000, Tu = 2.5%,
α = 5°

Figure 5.48 reports the comparison between the distributions obtained directly from the
measured data (black curves) and the ones computed by means of correlations 5.12-5.14
(red curves). A good agreement between the measured and the predicted distributions
is found. More precisely, for the low-Re, high-Tu case (left plot), the values of Reθ

associated with the start and end of the transition and the measured ones are superim-
posed. The distributions obtained for the mid-Re, high-Tu and highest-APG (center) and
the highest-Re,lowest-Tu (right) cases correspond well with the measured distributions of
spot nucleations, even if the values of Reθ at the start and end of transition are slightly
underestimated, due to a slight underestimation of µ . Overall, the predicted shape of the
PDF and the intermittency curve resembles the measured ones within a good level of ap-
proximation for the different inflow conditions.
The correlation presented in equations 5.12-5.14 have been developed based on a single
test case. The author recognizes that additional data is required to generalize the rela-
tions. However, they provide a solid physics-based starting point for developing robust
empirical laws for the free-stream turbulence induced transition prediction.
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Conclusions

In this work, advanced post-processing techniques have been developed and applied to
inspect transitional boundary layers evolving under variable inflow conditions. A large
amount of experimental data was collected utilizing particle image velocimetry and laser
Doppler velocimetry. The experimental campaigns were conducted in a test section con-
sisting of a flat plate installed between two adjustable endwalls allowing the variation of
the inflow conditions and the pressure gradient distribution along with the plate. Attached
and separated boundary layer transition was obtained with this experimental setup by the
independent variation of the Reynolds number, the free-stream turbulence intensity, and
the adverse pressure gradient imposed on the flow. Due to the inherent complexity of the
transitional flows and their broadband of structures affecting the process, well-established
data-driven modal decomposition techniques have been employed to extract the dominant
patterns from the considerable amount of experimental data. Additionally, a substantial
effort was committed to developing novel modal decomposition techniques to adapt ex-
isting tools to specific problems.
Modal decomposition procedures were used to inspect the instability mechanism devel-
oping in the shear layer in the case of separated flow transition. The Dynamic Mode
Decomposition was used to analyze the most unstable wavelengths related to the Kelvin-
Helmholtz vortices driving transition for different Re and Tu levels. Measurements in
the meridional plane allowed the analysis of the streamwise variation of the most unstable
mode within the separated shear layer. Measurements performed in the wall-parallel plane
isolated velocity fluctuations due to the K-H instability only. A joint probability density
function of the most unstable wavelength and growth rate was computed in this measuring
plane. Results showed that the Re and Tu levels significantly affect the variation of the
most amplified wavelength and its corresponding growth rate.
In order to highlight the correlation between the main structures observed in the forward
part of the bubble and the breakup events occurring in the reattachment region, Extended
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Proper Orthogonal Decomposition was applied to wall-parallel planes data. The E-POD
modes highlighted the correlation between turbulent events originating in the reattaching
boundary layer with 2D K-H rolls and streaky structures. Additionally, E-POD modes also
allowed the identification of coherent patterns with deterministic wavelengths in stream-
wise and spanwise directions, otherwise not detectable. The analysis suggests that turbu-
lent fluctuations occurring after the breakup of K-H rolls retain the information of both
the spanwise streaks spacing and streamwise wavelength of K-H rolls. Streamwise and
spanwise autocorrelations were computed on E-POD filtered snapshots. Once scaled with
the boundary layer momentum thickness computed at the separation position, the main
streak and K-H wavelengths were found to collapse to the same values (λ/θsep ≈ 22
and λ/θsep ≈ 35, respectively), regardless of Re and Tu characterizing the inlet flow. In
the context of separation-induced transition, correlations were obtained to determine the
time average structure of the LSB as a function of the inflow parameters. More specifi-
cally, correlations for the transition onset Reynolds number Rest , maximum displacement
Reynolds number Resm, the reattachment Reynolds number Resr, the shear layer angle Φ

and the dominant shedding frequency have been defined and validated.
The transition process was systematically analyzed using decomposition techniques in the
free-stream turbulence induced transition frame. Based on the most correlating events be-
tween the FS and the BL, a novel formulation of the E-POD was developed to inspect BL
receptivity to free-stream disturbances. Results showed the effect of the inflow parameters
on the range of FS scales correlating with the BL streaks. The spanwise wavelength of the
most correlating structures followed the BL scale response, suggesting that the boundary
layer time-mean structure influences the receptivity process to free-stream disturbances.
Fourier spectra of free-stream velocity fluctuations were computed from filtered repre-
sentations based on the most correlating modes. The same spanwise wavelength of the
boundary layer streaks was detected, with a nondimensional wavenumber of δ ∗kz ≈ 1.
The FS streamwise spectra were characterized by sensibly longer wavelengths than those
obtained from the unfiltered fields, and their wavenumber scaled with δ ∗, suggesting that
also the streamwise features of the most correlating free-stream structures are linked to
the time-mean structure of the BL.
In order to identify the BL statistical response to the inflow parameters through the prob-
ability density function (PDF) of spot nucleation, a turbulent spot recognition algorithm
was implemented. This allowed discussing the effects of the inflow parameters on the
spatial positions where turbulent spots are formed. At the highest Tu level, the region of
highest spot nucleations moves upstream, and the PDF width has been shown to increase
significantly. Differently, when the Reynolds number and the adverse pressure gradient
increase, nucleation events are confined in a narrower spatial window, and the PDFs are
right-skewed. A common distribution for the streamwise variation of nucleation events
was also defined thanks to a newly defined variable accounting for the BL and the FS
characteristic scales.
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In the case of free-stream turbulence induced transition, a novel approach based on the
parametric representation of the PDF of turbulent spot nucleation rate was adopted. A
correlation for the value of the PDF peak µ(Reθ ), corresponding to the mean transition
location, was defined. Additionally, expressions of the standard deviation σ(Reθ ) and
the skewness η(Reθ ) of the PDF were derived, allowing a direct representation of the
transition start and end locations.
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