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ABSTRACT: Tower buildings can be very sensitive to dynamic actions and their dynamic analysis
is usually carried out numerically through sophisticated finite element models. In this paper, an
equivalent nonlinear one-dimensional shear-shear-torsional beam model immersed in a three-
dimensional space is introduced to reproduce, in an approximate way, the dynamic behavior of
tower buildings. It represents an extension of a linear beam model recently introduced by the
authors, accounting for nonlinearities generated by the stretching of the columns. The constitutive
law of the beam is identified from a discrete model of a 3D-frame, via a homogenization process,
which accounts for the rotation of the floors around the tower axis. The macroscopic shear strain in
the equivalent beam is produced by the bending of columns, accompanied by negligible rotation of
the floors. A coupled nonlinear shear-torsional mechanical model is thus obtained. The coupling
between shear and torsion is related to a non-symmetric layout of the columns, while mechanical
nonlinearities are proportional to the slenderness of the columns. The model can be used for the
analysis of the response of tower buildings to any kind of dynamic and static excitation. A first
application is here presented, to investigate the effect of mechanical and aerodynamic coupling on
the critical galloping conditions and on the postcritical behavior of tower buildings, based on a

quasi-steady model of aerodynamic forces.

KEY WORDS: Equivalent beam model, Homogenization procedure, Nonlinear beam model,

Perturbation approach, Shear-type building.



1 INTRODUCTION

Tower buildings are very sensitive to dynamic actions induced by wind and earthquake.
Simplified one-dimensional beam models can be very useful at a preliminary design stage. The
continuum approach generally proves to be simple, and it can provide reasonable results with
significantly reduced computing time with respect to refined numerical models. In addition, in
certain cases, good preliminary hand estimates can be done without much difficulty and general
parametric studies can be easily performed.

The possibility of adopting equivalent one-dimensional coarse models representative of the global
behavior of different kinds of three-dimensional systems is deeply analyzed in [1]. In the analysis of
tall buildings subjected to lateral loads, different models have been proposed in the literature
idealizing the structure as a beam with continuum properties along its height. Basu and Dar [2]
determined the dynamic characteristics (natural frequencies and mode shapes) of multistory
buildings idealized as an equivalent planar coupled shear wall connected in series to an equivalent
frame: they modelled the coupled wall as a continuum of uniform properties and the frame as a
uniform shear beam. Balendra et al [3] analyzed a completely asymmetric building through an
equivalent beam model with in parallel arrangement of bending and shear stiffness, using a
Galerkin technique in the continuum approach. Chajes at al [4] introduced a plane equivalent
Timoshenko beam model with an additional degree of freedom, whose properties are determined
from the equivalence of the strain energy of the continuum and the discrete model. Miranda and
Taghavi [5] introduced an approximate method to estimate floor acceleration demands in multistory
buildings: the dynamic characteristics of the building are approximated by using a simplified model
based on an equivalent beam that consists of a combination of a flexural and a shear beam.
Malekinejad and Rahgozar [6] provided approximate formulas for the modal properties of tubular
tall building structures, considering a parallel cantilevered flexural-shear beam and deriving the

governing dynamic equation using the energy method and Hamilton’s principle. Cluni et al [7]
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proposed two plane equivalent beam models, using in series and in parallel arrangement of the
bending and shear stiffness, in order to estimate the dynamic wind-excited response of tall
buildings: the parameters of the mechanical model are calibrated using equivalence criteria based
on static and dynamic response features of finite element models.

The equivalent beam models proposed in the literature are mainly limited to the representation of
the lateral behavior of tall buildings, neglecting the coupling between shear and torsion components
of the motion. However, as described many times in the technical literature, the coupling between
shear and torsion may be important in the determination of the wind-excited response (e.g. [8], [9],
[10]). Concerning shear-type buildings, the authors have recently introduced a continuous one-
dimensional equivalent beam model immersed in a three-dimensional space, that allows to take into
account also the coupling between the two shear components and the torsion around the beam axis
[11]. In this model, the macroscopic shear strain is produced by bending of the columns,
accompanied by negligible rotation of rigid floors, prevented by the high axial stiffness of the
columns. The torsional effect induced by the rotation of the floors around the tower axis is also
included.

In this paper, the linear model introduced in [11] through a heuristic identification method
(similarly to, e.g., [12],[13]) is extended, taking into account the nonlinearities generated by the
stretch of the columns. In a way similar to [4], based on the equivalence between the elastic energy
of the building and of the equivalent beam model, a constitutive law is introduced relating the
internal forces to the three strain components. However, differently from [4] and [11], the
equivalent model here proposed is nonlinear and it allows to consider the intrinsic mechanical
coupling between torsion and shear, related to a generic non-symmetric positioning of the columns.
The introduced model can be applied to evaluate the response of shear-type buildings to dynamic
actions of different nature (e.g., earthquake, wind). In this paper, a preliminary application to an

ideal square building with non-symmetrically disposed columns subjected to wind excitation is
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proposed. The effect of the coupling between shear and torsion on the galloping critical condition is
studied. Furthermore, the influence of the aerodynamic and mechanical nonlinearities on the

galloping post-critical oscillation amplitude is analyzed.

2 SHEAR-BEAM MODEL: KYNEMATICS

A shear-beam is characterized by shear strains much larger than flexural ones: it is a coarse model
for shear-type frames under planar excitation transverse to the axis. The beam is considered as a

one-dimensional polar continuum whose points, in the reference configuration, lie on the segment

se[0,¢] (assumed to be coincident with the centroidal axis of the underlying three-dimensional

model). The beam is endowed with a rigid local structure, described by mutually orthogonal unit
vectors attached to the material points. Let a,, a,, a; be the triad in the reference configuration,
with 3, aligned on the beam axis (Fig. 1), and let ai(s,t), ax(s,t), as(s,t) be the transformed triad in
the current configuration, occupied at time t (Fig. 2). The beam is assumed internally constrained,
namely unflexurable and clamped at one end. Therefore a=a: and a;=a, cosé+a;siné, az=—2a,
sin@+azcosd, where @ is the twist angle. Consequently, the current configuration of the beam is
described by four scalar configuration variables, the displacement of the centroidal axis u:= u(s,t)
a, +uz(s,t) a, + us(s,t) a; and the twist &s,t) (Fig. 2).

The vectors e=Ru’, K::¢9’(s,t)51, where R represents the rotation tensor around @ and the dash
denotes differentiation with respect to s, are defined as the strain vector and torsion, respectively;
moreover, e=ga+y, ¢ being the axial and y the shear strain. By letting y:=y2a, + y3@;, k:= k&,

their scalar components in the current configurations are:



_ !
e=u,

7, =U,C086 + uzsind

- , 1)
73 =—U,SIn@ + uzcosd
K =0
Geometrical boundary conditions at the clamped end D require:
Up =Uyp =Uzp =65 =0 (2)

3 SHEAR-BEAM MODEL: DYNAMICS

External forces p:= p2(s,t) @, +p3(s,t) a; and couples c:=c(s,t) & are acting on the beam (Fig. 1). The
internal contact force t:= N(s,t)a1+T2(s,t)ax+T3(s,t)az and the couple m:=Ma; are assumed as stress
measures, and referred as the stress force (composed of the normal N and shear force T2, T3
components) and the torsional moment M. Equilibrium in the current configuration, requires t'+p=0
and m'+(a, +u’)xt+c=0 [1]. When forces are projected onto the reference configuration, the scalar

balance equations read:

N'+p =0
(T,c0860 ~T,sin@) +p, =0
: 3)
(T,Sin@+T,c0860) + py =0
M/ +T, (u3sind—ujcosd)+T, (ujcosf +uising)+c =0
The mechanical boundary conditions, to be satisfied at the free end E, are:
Nig —Pe =0
T,eC086: —T4eSinG — P, =0 @

T,eSiN6Gg +T;cc0860 — Py =0
Mg -Cc=0

where Pe:= P1g(t) @, +P2e(t) a, +P3e(t) a; and Ce:=Cg(t) a, are possible (known) forces and couple,

respectively, dynamically acting in E.



4 SHEAR-BEAM MODEL: HYPERELASTIC LAW

A nonlinear hyperelastic law is introduced starting from an expression of the density of elastic
potential energy that takes into account the stretching of the single columns. In order to account for
the stretching effect, an axial displacement of columns is allowed to occur. This, however, is
condensed by requiring that the resulting axial force is zero. The condition entails that, in the fine
model, when a floor rotates with respect to an adjacent one, columns undergo axial strains, which
depend on their position with respect the center of rotation; therefore, axial forces arise. Their sum,
however, must be zero, and then a shortening of the inter-story distance occurs. For this fact,
although the resultant of the axial forces is zero, an elastic energy is stored in the cell due to the
stretching of the single columns.

In this section, at first a single column is analyzed (Section 4.1). Then, a cell made of two adjacent
floors is considered (Section 4.2) and, by enforcing that the resulting axial force is zero, a
relationship between the axial displacement (slave variable) and the transverse displacement and
twist of the floor is obtained. Thus, starting from the density of elastic potential energy, the

nonlinear elastic law is derived by the Green law (Section 4.3).
4.1 Single column analysis

Let us consider a column c of longitudinal axis a;, and principal inertia axes a,,a;, clamped at
both ends C and B, undergoing a displacement ug=u1g 3, +U2s @, +U3s a; and a twist &, assigned at B

(Fig. 3). In the framework of the linear theory, the column experiences a displacement field:
u(s)=u,39(s)a,+ f () (Urp@, +Uzpas) (5)
where s is an abscissa with origin at C, and the functions g and f are given by:

g(s):=s/h f(s):=3(s/h)*~2(s/h)’ (6)



h being the length of the column. Based on a perturbation approach, we substitute this first-order

solution in the expression for the (truncated) axial strain &, and we find:

£ (s)= ul’(s)+%(u§2 (s)+us’(s)) = ulBg'(s)Jr%(ugB +u%,) £2(s) )

Substitution of Eq. (6) into Eq. (7) and integration on the domain [C, B], provides the axial strain:

u, 1(Uz+us s s2Y
SC(S):%'FE(ZBh—ZgB)(GH—GF) (8)

The elastic energy stored by the generic column can be expressed as the sum of the flexural-

torsional U and axial U2 contributions as follows:

U,=U/"+U2 ©)
where the two contributions are given by:
ult:= %(k;cuzzB +Kq Ul + k;HBZ)
Uf‘::%leAgC(s)zds=%k§l ufB+;—§(uzzB:—2u§B)z+g(u§B+u§B)ulTB (10)

where kj,:=12Els/h®; kj. :=12Elxc/h® are flexural stiffnesses, k;:=GJv/h is the torsional stiffness,

and k& :=EA/h is the axial stiffness. The energy is, therefore, quartic in the displacements.

It should be noted that, in order the column experiences the assigned displacements, not only

moments and shear forces are needed at the ends, but also the axial force:

ouU 3
N, = 8u1; =kg ‘:ulB +a(ugs +Ug )} (11)




4.2 Cell analysis

Let us consider a cell made of two adjacent floors, parallel to the a,,a; plane, connected by N
columns of equal height h aligned along a;. Let us consider the relative motion of the upper floor
with respect to the lower, consisting in a translation us=u1c & +U2c @, +Usc a3, G being the centroid,
and in a rotation @around the axis a. Using a linear kinematics since the twist angle @ is generally
small, the displacement of the top point of the i-th column, of coordinates Xai, Xsi, iS Ui=U1i g +U2i @,

+usia;, where:

Uy = U
Uy = Uyg — 0% (12)

Ugi = Usg + 6%y,
Assuming that all the columns have principal axes aligned with @, , as, the total elastic energy of the

N columns can be expressed as:

U=2Y, (13)

where U; represents the elastic energy of the i-th column. Substituting Egs. (9)-(10) (by replacing

subscripts ¢ and B with the new generic one i) into Eq. (13), the elastic energy of the cell is given

by:

2 . .2)2
.1N f,2 f.2  Ltn2 218(u2i+u3i) 6/ 2  2\Uy
U.:E; Kyiug; +kgiug +ki 0% +k7 | u? +£T+§(u2i+u3i)ﬁ (1)

Then, substituting Eq. (12) into Eq. (14), one obtains the following expression of the elastic energy

U as a function of the displacements of the centroid (uig, U2c, Usc) and of the rotation &



N

Z[kz‘] (Upg —O%s )2 +Kg; (Ugg +6%y; )2 +ki‘<92]+
i=1l

1 2
18 ((u2G — 0%, )2 +(Usg +6%y; )2)

> (15)
N . u
i1 i ulzG ’ 35 h? +g((UZG —0%;; )2 +(Usg +6%; )2 )f

The axial force necessary to enforce such displacements is:

N

U, 3 2 3 2
N o _izzllki {um +5T(u2G —0%y;) +5T(u36+6?x2i) } (16)

If no axial forces are applied, then N = 0, and therefore the centroidal axial displacement can be

obtained as slave of the centroidal transversal displacements and of the twist:
Uy :—%(ug(; U3 + 97607 = 2% lpe 0+ 2% plis 0 (17)

where p? is the squared polar inertia radius of the axial stiffnesses with respect to the centroid, xza
and xza are the coordinates of the center A of the axial stiffness (generally A does not coincide with

the flexural center F), given by:
2. 1 afy2 2 . 1 N a . 1 . a
1% =_asz (ij +X3j) XZA'=FZKJ ij X3A.:F2kj X3j (18)
i j=1 j=

being Ka322?:1k? the total axial stiffness.

By substituting uic given by Eqg. (17) into Eq. (15), the passive variable uic is eliminated, and we

obtain:

10



N

i=1

2N 35 h?

Z[szi (Uzg —0%s )2 +Kgi (Use +0%zi )2 +kit€2}+

2
|:—%(U22G +U§G +p292 _2X3AUZG 9+2X2AU3G(9):| +

2

18 ((UZG —BX3; )2 +(U3@ +0X5i )2)

4
+

6 3
+%((UZG —0Xs; )2 +(Usg +0%i )2){—a(uzze +Us +p°0% —2X3alzc 0+ 2% Al 9)}

(19)

The second term in the sum of Eq. (19) is the axial contribution to the elastic potential energy of the

cell: it is a 4-degree homogeneous polynomial.

4.3 Constitutive law identification

Let us assume that the strain components are constant along the interstorey distance h. The

constitutive law of the coarse model is obtained by expressing the centroid displacements through

the (constant) admissible strains:

Uxg=p2h  Usg=ysh 6O=kih

(20)

The elastic energy per unit length of the equivalent beam is thus simply deduced by the elastic

energy of the cell, g=U/h. By substituting Eq.(20) into Eqg. (19), we obtain:

N
Z[szi (72 —Ki X3i )2 +k3fi (73 +Ki X )2 +kith2:|+
i=1

2
|:_(722+7232+p2Kt2_2X3A72KI+2X2A73Kt)] +

N 18 2
Zkia +—((72 —KtX3i)2 +(73+KtX2i)2) +
) 35

6 3
+g((72_’<t Xa ) +(rs i Xzi)z){_g(ﬂ/zz‘i'?’e? +P°K{ ~2XspY 2K+ 2XenT 3K )}

By the Green law

(21)
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)

= , , Mt:% (22)
072 0y3 Ok

a constitutive law is obtained:

Copon¥ > +Ca337 S +Cott k> +Compa¥ 27 +Como ¥ 2k, +
T2=hK2f}/2—hX3|:K2fKt+5( 2222) 5 12333 3 T Lot Ky 22235 V3 T 222t ), K

2 2 2 2
+Ca3327/57, +Casaty 3Kk, +Cottaky 72 +Cousky ¥3+Cozt 273k,
Caany : +Cas33y 3+C3tttK3+C32237 27 +Csonty 2K+
Ta=hK{ y3+hxee K x3+6 P e
+Ca332737 5 +Casatys K, +Caiiaky 72 +Canaky 73 +Cast )23k,
3 3 3 2 2
Ci22275 +Ci3a3y5 +Cruei; +Cransy 573 +Cioaty 5, + J

+Ct33273272 +Ct33t7/32Kt +Cm2Kt272 +Cttt3Kt273 +Craaty2y3k,
(23)

Mt:h(Kt'Fth )Kt—hX3|: Kzf ]/2+hX2|: Kgf 7@,"‘5[

characterized by a linear and a nonlinear (cubic) part, which accounts for pure torsion, pure shear

and coupling between shear and torsion.
In Eq. (23), K, :=Z“iN:1k2fi and K, :=Zi:k3fi are the total flexural stiffnesses, Kt:=zi'\__'1kit is the
total torsional stiffness, K" ::zi'il(k;ix§i+k3fi xzzi) is the contribution to the torsional stiffness given

by the flexural stiffness of the columns, and &:=18/175K?h; xor and xsr are the coordinates of the

center F of the flexural stiffness:

1O 1S
XoF .:sz:ﬁ Xy X3F ':szﬂ Xsi (24)

3 il 2 i=l

The explicit expression of coefficients of the cubic terms in Eq. (23) are given in Appendix A.
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5 THE FUNDAMENTAL PROBLEM

The fundamental problem is governed by the kinematic relationships (1), (2), the balance equations
(3), (4), and the elastic law (23). External forces are in general given by the sum of inertial,
damping and aerodynamic terms:

P=pP,— mu — §uu

c=c, 1,03, -&,0a

. _ . 25
Pe =Pgy — Mgl —E gUg (25)

Ce =Ckg _(IlEeE _E‘HEéE )al

where the index a denotes aerodynamic; m is the mass per unit length of the beam; 11 is the inertia
mass moment of the cross section with respect to a;; Me is a lumped mass, possibly attached at the
free end of the beam, and Ise its inertia moment. External damping forces are taken proportional to
the masses, via the damping coefficients &, Z; internal damping, if any, must be accounted via a
visco-elastic constitutive law. Note that the centroidal axis was taken as the beam axis in order to
simplify the expression of the inertia forces.

The general form of the equations of motion becomes:

C2222U'3+C2333U'3+C2ttt9'3+C2223U'2U' +C222tU'29’ +
hK ) uj—hxae ng"+5[ ? 3 203 ? +

+Cz332U;,2U'2 +Cz33tU'32!9' +C2tt29'2U§+C2tt39'2U§+C223tU§U§9'
+pa2_ml]2—C2uZ=0
C 13 C 13 C 0!3 C 12,1 C 729!

3222U5 +03333U5 + a6 +UgoosU, Uy +Ug00i U, 0 + N
+C3332U§2U'2 +C333tU§29' +C3tt29'2U§ +C3tt39'2U§+C323tUéU59' (26)
+p33—mU3—C3U3=0
h(K'+K " )0"—hxge K ug-+hxor Ky ug+

hKJ ug+hxoe Ky 0"+5(

3 3 3 2 2
5[Ct222U’2 +CiazsUy +Ciitt 0" +Cio3U} U; +CipilUy 60" +

) ) ) ) +Ca—|1é—C99=0
’ ! [ 1A 1 1 1A [ 1A ’ ]
+Ciza2U5 U7, +Ciazily 0" +Cii20 U +Ciiy30" U3 +CiaziUoUzd

In absence of external applied forces at the free end E, the boundary conditions are given by:
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U2(0)=u5(0)=6(0)=0
thu (0)-hxse K, 6'(€)=0
K, u3( )J+hXe K{o (0)=0
h(K +K”) '(0)~hxar Ky uj(€)+hxae Ky us(€)=0

(27)

Drawing inspiration from the exact solution of the mechanically linear system [11], we can follow

a Galerkin approach to solve the boundary value problem (26)-(27) by taking:

Up(s ,t):sinﬁglijqz(t)
Us(s ,t):sin(%liqu(t) (28)
e(s,t):sin(%li)qt (t)

where 02, g3, gt are unknown amplitudes. Introducing the nondimensional parameters:

~ ~ qz ~ q3 ~ Co C3
1= t, = =, =Ut, = ' = !
o, Q=" G=" " Q= & oM, &3 me,
C . X s X @
959:—&, Rop =, Kgp=—0, 0523=&, Ags=—, (29)
2|1a),9 b b 3 3
I]_ 2/1‘: 1 h E
= y, O = e ﬂ/:—
1= BT 200" 22t e V12 pac

Ac and A being related to the slenderness of the column and of the tower building, respectively, pac
being the radius of inertia of the section of the column with respect to x2 axis, a», ws and we the

circular frequencies of the building in the uncoupled case (i.e., symmetrical cross-section with

respect to the reference axes; [14]),

"z Y At h(K'+K" 2
A ]

Iy

the resulting non-dimensional system of second-order ordinary differential equations can be written

in the following synthetic matrix form:
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Ma-+Ca+K a=Fi(G.85)+2(G 850 +F3(6 8 0) (31)

where @ is the vector of the non-dimensional principal coordinates, p is a suitable control

parameter, fi (k=1,2,3) are homogenous polynomials of k-degree in ¢,§ and their combinations,

also depending from the parameter p, and M, Cs, Ks are the structural mass, damping and stiffness

matrixes,
G2 100 2503 0 0 05223 0 —>~(3F0€223
=103 M=0 1 O C=| O 283 0 K= 0 1 XoF (32)
qt 00 n 0 0 2§9a€377 —)~(3,:a223 XZF 055377

Specifying the aerodynamic forces to the self-excited aeroelastic case through a quasi-steady
approach [11], the linear vector f1 is expressed as a function of the aerodynamic damping and

stiffness matrixes:
f(6.8:4)=—Cal 47K (33)

where u is the nondimensional (reduced) mean wind velocity, x=U /(asb). The explicit expression

of these matrices, together with that of the aerodynamic forces paz, pas, Ca, IS given in Appendix B.
Therefore, in this case, the nonlinear vectors f, and fz are the following quadratic (aerodynamic) and

cubic (aerodynamic and mechanical) force vectors:

15



g Ca222d22 +Ca233d?? +/U2Ca2ttqt2 +,UCa22tqut +ﬂCa23td3qt +Ca223d2d3
f, (Cl ,d ;ﬂ)zg‘/ Ca322d22 +Ca333d§ +,U2Ca3ttqt2 +,uca32td2qt +ﬂCa33td3qt +C3323d263
Cat22d§ +Cat33d§ +,U2Cattt qt2 +,ucat2td2qt +,ucat3td3qt +Cat23d2d3
(ézzttqzq{2 +623ttq3qt2 +62tttqt3 )
f3(q C] ;/l)=051 (633ttq3q12 +é32ttq2q12 +63mqt3 ) +
(étZttq2q12 +ét3ttq3q12 +éttttq§ +ét22tq§qt +ét33tq§qt +ét23tq2 ngt)
[Cazzzzdg +Ca2333d§ +Ca12223(31222 d3 +Ca2233612d§ +#3Ca2tttqt3 +ﬂ2Ca2tt2qt2 dz +
Hzcaznsqtzds +ﬂCa2t22qtd22 +ﬂCa2t33qtd§ +ﬂca2t23qtd2 ds
3v [Ca3222 (5 +Cas33303 +Cas2305 Ga +Cas330205 +£°Caze Gt +1°Caan2G G2 +]
ﬂzCa3tt3qt2 ds +#Ca3t22qtd22 +ﬂca3t33qtd§ +1Caz23G; dzd:a
(Catzzzdg +Cat333d33 +Cat223d22 dg +Cat233d2d§ +/JSCattttqt3 +/u2Cattt2qt2d2 +}
ﬂzcattt3qtzd3 +ﬂCatt22qtd§ +/1Catt33qtd3? +,UCatt23qtd2 da

(34)

where v=p,b®/(2m), and the non-dimensional coefficients Cijhk (i,j,h,k=1,2,t) are strictly related

to their dimensional counterparts (see Eq. (35), Appendix A), with the inertia radii p substituted by
their corresponding non-dimensional values p=p/b.

The linear bifurcation analysis may be carried out by writing the linearized reduced equation of
motion in the state-space form (Appendix C). Appendix D illustrates the evaluation of the post-

critical amplitude, based on the Multiple-Scale Method [15].

6 NUMERICALAPPLICATIONS

Preliminary numerical applications for the analysis of the aeroelastic stability of a shear-type
building with external square shape are here proposed. Different layouts of the columns are
considered, according to Figure 4: the position of the central columns rows is modified by varying
X2c- and Xxsc-values in order to explore different eccentricity conditions. It is assumed that the
uncoupled natural frequencies in the two orthogonal directions are coincident (a23=1), while the

torsional-to-shear frequency ratio is set as=1.3. The non-dimensional coefficients v and n are fixed

16



as v=0.004, n=1/6; damping ratios are set as &,=£3=£¢=0.01. The mean wind velocity is assumed to
be aligned with a,, so that /=0. The aerodynamic coefficients for the square section are chosen
according to [16] and [17] (i.e., ca=2.09,¢1=0,cm =0, ¢y =0, ¢/ =-5.69, ¢/, =0.196, cy =-18.35,
¢'=0,¢,=0,cy=0, ¢" =2337, ¢, =130.7).

At first, the coefficients of the mechanical nonlinear terms are evaluated as functions of the position
of the central row of the columns. Then, a linear bifurcation analysis is carried out and the influence
on critical conditions of the non-dimensional abscissa of the central column row X,., X5, is studied.

Finally, three particular column configurations are considered and the role of the mechanical and

aerodynamic nonlinearities on the post-critical behavior is analyzed.

6.1 Mechanical nonlinear coefficients

Figure 5 plots values of the coefficients of the nonlinear mechanical terms as functions of the non-
dimensional position of the central columns row ( X,.=x». /b, X3.=Xa. /b ); the constant coefficients
and those linearly depending on X, or %3 are not plotted. As observed by a direct inspection of
the expression of the coefficients (Appendix A), Caut and Cat2 have the same shape as Caut and Cays,
respectively, with Cout and Car being strongly influenced by Xs;., Csw and Caus being strongly
influenced by X,.. The coefficients Coxz and Cuw depend on both the eccentric positions X,. and
X3c . By comparing the numerical values of the coefficients, it can be deduced that, among the ones

plotted, the most important nonlinear terms are those related to Ca and Csuz coefficients, also for

their role in the cubic coefficients appearing in the solution of the steady amplitude (Appendix D).
6.2 Bifurcation analysis
Linear bifurcation analysis is carried out by analyzing the complex eigenvalues and eigenvectors of

the state-space matrix as functions of the non-dimensional mean wind velocity p (considered as a

bifurcation parameter), when the eccentricity of the central column rows X,. and Xs. is varying.
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Figure 6 shows the absolute value of the alongwind uo2 (a), crosswind uos (b) and torsional uoe (C)
components of the critical eigenvector uo as functions of X,. and Xs.. It clearly shows that the
critical mode is, in general, a coupled vibration in the alongwind (a, ), crosswind (a;) and torsional
directions. In particular, the vibration is purely crosswind (uo2 = uoe =0) for negligible eccentricity
between the flexural and inertia center ( X,. close to zero). The torsional component is mainly a
function of X,., and it tends to increase on increasing X,.. The alongwind component becomes
remarkable for significant values of both X,. and Xs. (i.e. when the lack of symmetry regards both
axes). This is due to the fact that the wind acts along an axis of symmetry of the cross-section (i.e,
=0) and the alongwind component would be fully decoupled from an aerodynamic point of view.

Figure 7 shows the ratio between the critical non-dimensional mean wind velocity and the Den
Hartog limit value (45) as a function of X,. and Xs.. It is evident that the coupling between shear
and torsion has a predominant stabilizing effect, which may cause a significant increase of the
critical wind velocity with respect to the classic Den Hartog criterion; this aspect is particularly

relevant for high negative values of X,. and high values of X;.. However, there exist some
particular configurations (i.e. for X, in the interval 0.02-0.12 and |>”<3¢|>0.08) in which the critical
velocity is lower than the Den Hartog limit value: in such cases, the coupling between shear and
torsion has a destabilizing effect and the traditional stability analysis which neglects such a coupling
IS not on the safe side.

6.3 Post-critical analysis

The post-critical analysis is carried out in the state space, assuming a small perturbation of the
dimensionless mean wind velocity u around its critical value, and applying the Multiple Scale
Method (Appendix D; [11]). For the aims of this paper the stationary amplitude has been evaluated

for some specific cases, in which the central columns row has been set in three different positions:
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Xoc = X3c = -0.15 — configuration (a); X,. =0.15, X3, =-0.15 — configuration (b); X,.=0.02, X;3.=-0.2
— configuration (c). Furthermore, the slenderness of the building and of the columns have been set
A=2.7, Ac=10. Analyses have been carried out both taking into account and neglecting mechanical
nonlinearities. Figure 8 plots the stationary amplitude of oscillations (deduced by Eq. (46) in
Appendix D) for the three configurations specified. The stationary amplitude evaluated taking into
account both mechanical and aerodynamic nonlinearities (solid black line — mech+aero) is
compared with results obtained taking into account only aerodynamic nonlinearities (dashed black
line — aero); furthermore, the post-critical amplitude for the purely-crosswind 1 degree-of-freedom
galloping (solid gray line — crosswind) is reported for comparison. It can be observed that, in the
case (a), Fig. 8(a), mechanical nonlinearities decrease the postcritical response amplitude in a non-
negligible way. On the contrary, in the configuration (b), Fig. 8(b), the role of mechanical
nonlinearities is almost negligible and the post-critical amplitude is fully dominated by aerodynamic
nonlinearities. In the case (c), Fig. 8(c), a relevant reduction of the critical velocity with respect to
Den Hartog limit is observed; furthermore, mechanical nonlinearities make the system stiffer,
reducing the post-critical amplitude, even if terms of aerodynamic nature remain the most important
ones. As a general remark, it can be observed that mechanical nonlinearities have a non-negligible
effect when the coupling between shear and torsion provides a significant variation of the critical

velocity. In any case, they always lead to a reduction of the postcritical amplitude.

7 CONCLUSIONS AND PROSPECTS

In this paper, a nonlinear equivalent beam model for the dynamic analysis of shear-type tower
buildings has been introduced. The model allows to take into account the mechanical coupling
between shear and torsion due to the lack of symmetry in the mechanical properties of the structure.
This behavior leads to the appearance of nonlinear terms related to the stretching of the columns in
the motion equations. This model lends itself to having applications in different fields, from wind
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engineering to earthquake engineering. In the case of aeroelastic phenomena, usually dominated by
the shape of the cross-section, it clearly highlights the possible influence of mechanics on
aerodynamics, rarely considered.

As a first application, the analysis of the critical conditions for a square building excited by the
wind along a symmetry axis has been carried out. The influence of the lack of symmetry and of the
coupling between shear and torsion on the critical galloping conditions has been studied. In the case
here presented, the coupling between shear and torsion has a predominant stabilizing effect,
producing an increase of the critical wind velocity and a reduction of the post-critical amplitude of
oscillation with respect to the purely crosswind galloping. However, there exist some specific
configurations in which the coupling between shear and torsion produces a decrease of the critical
velocity with respect to the purely crosswind galloping. A preliminary example on a specific class
of tower buildings has shown that mechanical nonlinearities can reduce the postcritical response
amplitude in a non negligible way for specific column configurations even if, in some cases, the
post-critical oscillation is dominated by aeroelastic nonlinearities.

Based on the equivalent beam model here introduced, the critical wind velocity and the post-critical
behavior can be estimated for different building shapes when the angle of attack of the mean wind
is varying (i.e. 3£0). Furthermore, the influence of nonlinearities on the dynamic response to
different kinds of excitation (e.g. vortex-induced actions, seismic actions) could be analyzed.

The hyperelastic law has been obtained by assuming that only columns are connecting the
different floors: a generalization may be provided taking into account also the presence of shear
walls and bracings in the evaluation of the equivalent stiffness terms.

Finally, the proposed equivalent beam model may be refined including a flexural deformation

term and introducing an equivalent Timoshenko beam model.
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APPENDIX A. THE NONLINEAR MECHANICAL TERMS

The coefficients of the cubic mechanical terms in Eq. (23) are given by:

C2222=3 Cs222=0 Cia22=—3X3a

Ca333=0 Css33=3 Ciazz=3X2a

Coant =(7 Xsnp”~10 i —10,0322) Cat =—(7 Xonp”~10p33 —10/03?33) Citrt =[10(,0§1333 + P22 +2 02233 )—7,04]
Ca223=0 Ca223=3 Ci223=3%2n

Co22t=-9X3n Caoot=3X2n Cioat =(3P§3 —14X§ A +23/0222) (35)
Ca332=3 Css32=0 Ciazz=—3X2a

Caza=—3X3a Caaat =9%za Ciaat =(3,0222 —14X§A +23P323)

Carz =(3p§3 —14X§ A +23p222) Catt 22(7 X2aX3p —10/?223) Citt 23(7 Xsap”~10 i —10,0322)

Caus =2(7 XaaX3A —10,0223) Caus =(3,0222 ~14%5, +23P§3) Cinz =—3(7 Xaap” =103 —10103333)

Ca23: =62 Cazat =—6X3a Cioat =4(7 X2AX30 —10P223)

being xoa and xza the coordinates of the center A of the axial stiffness (Eq. (18)) and p the inertia

radii:
2_1Nk_a2 2_1Nk_a2 2_1Nk_a__
pZZ—_aZ i Xsi p33—_az i Xzi ,023—_az i X3i X2j
K*3 K®i3 K*3
3_1Nk_a_2 3_1N_a_2 3_1N_a3 3_1N_as
,0233——32 i X3iXy; P322 __azkl X2i Xy Pzzz——azkn X3 ,0333——azk| X5 (36)
K™ K™ K™i3 K™iT

1 b afe2 w2\ 4 4 4
_azki (Xzi +X3i) = 2222+ P3333+2 P2233
i=1

where Ka::zi:kia is the total axial stiffness.

It is worth pointing out the particular symmetry properties of the coefficients: Cszz33=C2202,
C3220=Co333, C3332=C2223, C3223=C2332, Cattz=Cottz, Ct222=3C222t, Ci333=Cs33t/3, Ci223=Csz2t,
Cutz=3Cattt, Citto=3Cott, Ct23t=2Cott3, Cro2t=Cott2, C133:=Csu3. Furthermore, the expressions for the
couples of coefficients Caut, Caus, Catz can be obtained from the definitions of the coefficients

Coatt, Cotrz and Cous, respectively, by substituting 2 with 3.
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APPENDIX B. THE AERODYNAMIC MODEL

Aerodynamic forces are modeled based on the quasi-steady theory [18], assuming that the flow-
induced forces acting on a moving cylinder can be predicted adopting the expression pertinent to a
fixed cylinder in which the asymptotic flow velocity is substituted with the flow-cylinder relative
velocity [19].

The approximation at the third order of the components of the aerodynamic forces in the wind

reference system (drag pad, lift pa, moment pam, Figure 9) can be expressed as follows [11]:

U (nguz +C53U3 +UCgt0)+
Pas==Pab (ngzuz2 +C33U5 +U °C 0 0° +UngtU2<9+UC53tU'39+C523U2U3)+ (e=d |,m)(37)

U

-3 -3 2 L2 3 30,2 2.1
1 [ Cp222U5 +C333U3 +C 223U5 Uz +C p33UoU5 +U “C i 07 +U “C 207Uy +
2 2.+ .2 .2 ..
+U Cgttge U3+UCgt229U2 +UCgt339U3 +UCgt239U2U3

where p5 is the air density, b is a characteristic dimension, U is the mean wind velocity and the

coefficients C are given by:

C,2=C.,SInf—2c, C08p C,3=—C,2C085—2C,Sing C.=—Cl

Cszz=cgl—c82cosﬂsin,B+c83(sin,B)2 ngg:cgl+c52cosﬂsinﬂ+c53(cosﬂ)2
1 . .
C.at :Ec;fl C,2t=2C;1C08—C.,SINSG C.31=2C;1SINS+C;,C0Sf3
. . 3 3
Ce23=C;2C0S23—C,35IN2 3 C5222=Cg4(5|nﬂ) Ceass :—Cs4(COSﬂ) (38)

Cea23 =—3Cs4COSﬂ(Si nﬂ)z C.233=3C;4 (Cosﬂ)ZSi ng Cett :_%Cg'l

1 . . 1 . 2 ]
Cgttzz—cglcosﬂ+§c§25|nﬂ angz—c;'lslnﬂ—acgzcosﬁ C22=—C,1—Cy3(Sing) +c,c0855in 3

Cgtggz—cgl—cgg(cosﬂ)z —CL,C0s/3sin3 Ct23=—CL2C0S23+CL3SiN2 3

being the coefficients cs (e=d,I,m, i=1,..4) functions of the aerodynamic coefficients cq4, Ci, Cm,

defined as follows:
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Cq1=Cqy Ci1=C Cm1=Cm

Ca2=—Ci+Cq Ci2=Cq +Ci Cm2=Cn
C C" C C" C"
Cas=—n—C+—2 Cl3=——tCl +— Cg=—m- 39)
2 2 2 2 2
C CV C" C”’ Cf C” C” 2 C’"
Cyq=——t—2 L Cu=—p g Crma =—Ch +—
2 6 2 6 2 6 2 6 3 6

where the prime symbol denotes the derivatives of the aerodynamic coefficients with respect to the
instantaneous angle of attack ¢, evaluated at the angle of attack £.
The components (paz2, Pa3) of the aerodynamic forces in the structural reference system (a,,a;) are

related to the forces in the wind reference system (pad, pai) through a simple rotation law (Fig. 9):

Pa2=PagCOSS—PaSIinS

' (40)
Paz= PagSINS+ PaCOSS

Thus, the components of the forces in the structural reference system paz, pas can be defined through
expressions analogous to Eq. (37), (&= 2,3), with coefficients given by:

Cazijk =Ciijkcos S—Cijgsing

. (1,J,k=2,3,t) (41)
Casijk =CuijkSINS+Cjijcos B

Aeroelastic forces are expressed as the sum of linear, quadratic and cubic terms, Eq. (37).

The linear terms in the velocities U, and U, and in the torsional rotation & give rise to the so-

called aerodynamic damping and stiffness terms, that can be collected in the corresponding matrixes

Ca and Ka, given by:

_Ca22 _Ca23 0 00 _CaZt
Ca =V —Cagg —Cagg 0 Ka =v|0 O —Cagt (42)
_Catz _Cat3 0 00 _Catt
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APPENDIX C. LINEAR BIFURCATION ANALYSIS

The linearized reduced equations of motion (31) can be rewritten in the following state-space form:

x=GX (43)

x={q2 G 6 G G dt}T being the state-space vector and G the state-space matrix:

0 I
G= C=C,+uC K=K+ 1°K 44
{_M]'K _ 1C:| S /’l a S ILI a ( )

From Eq.(44) it should be noted that the total damping of the structure is proportional to the
nondimensional wind velocity z, which acts as a bifurcation parameter. Linear bifurcation analysis
is carried out by evaluating the complex eigenvalues and eigenvectors of the state-space matrix G

as functions of .
The classic Den Hartog criterion corresponds to the critical velocity upy of the sole crosswind

degree of freedom, (s, and it is achieved when £=0 and C(2,2)=0:

(45)
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APPENDIX D. POST-CRITICAL ANALYSIS

Applying the Multiple Scales Method [15], the stationary amplitude a can be expressed as a

function of f=u— 1 being o the critical velocity, as follows [11]:

a=2 |2 (46)
C2r

where c1r and czr denote the real parts of the coefficients ¢, and cz, given by:

G zng oUg (47)
Cr=2Vg Fp(Uo 22340 ) +4V5 P (Uo 2o} 40 )+3V Fa (Uo Lo, To; o)

In Eq. (47), F2={0 f2}", F5={0 f5}", uo and vo are, respectively, the right critical eigenvector and the

conjugate left critical eigenvector of Go:

0 I
Go= Ko=Ks+uK Co=Cs+uC 48
0 {—I\/IlKo —Mch 0=RsTHoRa 0=sTHoa (48)

Furthermore, G is defined as follows:

0 0
G,= K,=21,K C,=C 49
2 |:—M1K2 —Mle 2=2c o\ g 2 a ( )

Finally, zo and z» are solutions of the following equations:

(2|CO| —Go)ZZZFz(Uo Ug ,ﬂo)

_ (50)
—Gozoze(Uo ,Uo;ﬂo)

27



c(s,t)

Figure 1. Tower building configuration and external loading.
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Figure 2. Tower building:

reference and current bases, configuration variables and internal forces.
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Figure 3. Single column deformation.
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Figure 4: Numerical example: non-symmetric layout of the columns
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(b)

Figure 6: Components of the critical mode.
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Figure 7: Critical mean wind velocity (non-dimensional with respect to Den Hartog limit).
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Figure 9: Aerodynamic force components
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