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Abstract

An anisotropic continuum-molecular model based on pair potentials for describing the linear static
and dynamic behavior of periodic heterogeneous Cauchy materials is derived in the framework of
peridynamic theory. Non-central pairwise actions are assumed as work-conjugates to specific pairwise
deformation variables. A pairwise constitutive law, depending trigonometrically on the material fiber
direction and preserving the elastic symmetries of the material, is properly defined. Based on this
theoretical ground, a bond-based type continuum model with oriented material points, governed by
six independent material micro-moduli, is obtained. Considering microstructured materials featur-
ing periodic rigid massive blocks connected by soft elastic interfaces, the elastic potential functions
of the continuum-molecular model are consistently identified in terms of geometrical and constitu-
tive parameters of the microstructure. The identification is based on the formal analogy with the
overall constitutive tensors of a homogeneous continuum obtained through continualization schemes
and equivalent to the microstructured material. Consequently, the macroscopic elastic properties
of the continuum-molecular model are described in terms of pairwise material properties, but its
micro-moduli are also explicitly related to the specific properties of the linear elastic interfaces of the
microstructured material. The accuracy of the proposed model in the static and dynamic response is
successfully verified by comparison with high-fidelity finite element models of an auxetic tetrachiral
block lattice considering different periodic cell orientations and elastic interface properties, as well as
by comparison with analytical solutions for fully anisotropic elasticity.
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1. Introduction

Molecular models in elasticity are based on the formulation of microscale-defined constitutive laws,
such that the effective elastic behavior of the material comes as result of microstructural mechanical
properties. Macroscopic conservation laws are derived from microscopic ones leading to a separation
of scales similar to that proper of composite materials intrinsically characterized by heterogeneous
internal phases [1–3]. Conversely, to assign microscopic properties on the basis of macroscopic ones,
the identification of a representative cell that effectively includes a sampling of all microstructural
features is of the essence. Hence, it is required to define a microscopically large though macroscopically
small space domain over proper mathematical averaging operations are performed, allowing classical
macroscopic quantities to be directly associated to microscopically-informed ones [1].

These models can be traced back to the classical corpuscular theories of Nineteenth century [4, 5]
and provide a mechanistic viewpoint to elasticity, that is different from the approach of Continuum
Mechanics which represents the immediate phenomena of experience [6]. Elasticity models based on
corpuscular assumptions were introduced and developed by Navier, Cauchy and Poisson during the
early Nineteenth century [7]. They derived the equilibrium equations of elastic bodies assuming an
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aggregate of molecules that attract or repel each other with an elastic force variable linearly with
their relative displacements. The classical molecular model was characterized by the assumption of
central forces between pair of (infinitesimally small) particles, and the existence of a radius of molecular
action [8]. As inevitable consequence of the former hypothesis, constitutive laws have to satisfy further
symmetries involving the so-called Cauchy relations which caused the classical molecular rari-constant
theory to be abandoned in favor of the continuistic-energetic multi-constant theory based on contact
actions [9]. Voigt proposed later molecules as oriented objects, capable of rotation and displacement,
pointing out that the drawback of the Cauchy and Navier molecular model lays in the too restrictive
hypothesis of central actions depending only on the distance. According to Voigt’s molecular model,
molecules interact following the orientation of the lattice, so molecular interaction is not reduced
only to a force, but also a couple mutually exchanged between neighboring particles exists. Hence,
pairwise interaction between particles can be reduced, in general, to a non-central force and a couple,
functions of kinematic and material parameters [10]. It is worth noting that the term molecular is not
necessarily related to a discrete nature of matter as aggregate of finite masses, and in this context is
used rather for specifying the nature of material interactions, which occur at a distance. This aspect
makes molecular models opposed in nature to Continuum Mechanics whose soul is represented instead
by the analysis of surface forces, being founded on fundamental Cauchy’s theorem on existence of the
stress tensor [11, 12].

A molecular model based on a continuum description was proposed by Silling [13] at the beginning
of the twenty-first century with the aim of modeling discontinuities and non-simple material responses
adopting an integro-differential formulation without spatial derivatives of the displacements [14, 15].
This mechanical formulation, namely Peridynamics, as initially presented, was based on central-pair
elastic potentials [16, 17]. Silling’s theory postulates material points interacting through pairwise forces
within a cut-off distance, the horizon, that can be considered in certain sense a generalization of the
concept of radius of molecular activity characterizing Cauchy and Navier corpuscular models [18]. As
for the latter, in the original proposed theory, referred to as bond-based, forces depend on the distance
between pairs of material points and acts along the line joining the points, hence Cauchy relations
hold [19]. An important aspect of Silling’s non-local theory is the direct assumption of a continuum
avoiding any founding assumptions about surface interactions, showing again that a continuum theory
in mechanics without stress tensor is possible. The horizon region constitutes the representative cell
of peridynamic continua, introduces an internal length into the model, and plays the fundamental role
of enabling a two-scale connectivity between the microstructure (i.e. the interaction between pair of
material points) and the mechanics of the whole body. In this way, classical macro-properties and field
equations can be described by mathematical equations employing integration of pairwise properties
over the horizon region [20–23].

In the context of anisotropic Cauchy linear elasticity, mathematical formulations of peridynamic
continua not affected by internal constrains involving the number of independent constitutive parame-
ters, were obtained by disregarding the paradigm of purely pairwise interactions and hence introducing,
directly or indirectly, multi-body potentials or point-wise defined deformation measures, namely the
deformation states [24–26]. Other peridynamic models that can be associated with multi-body poten-
tials have been recently presented [27–29]. Actually, for the best of authors’ knowledge, a continuum
model based instead on pair potentials, i.e. a bond-based type continuum peridynamic model for fully
anisotropic Cauchy elasticity without restrictions in the number of independent material constants
have not been proposed so far.

In a computational mechanics context, pair potentials allow for a direct implicit implementation
of the governing equations with a lower computational cost compared to model based on multi-body
potentials [30, 31]. Moreover, concepts as pairwise deformation and pairwise constitutive law can be
extended and applied, intuitively, to the mechanics of artificial materials composed of elastic fibers
arranged in architected periodic cells [32–38].

Actually, architected materials composed of rigid elements and elastic interfaces represent a class
of discrete mechanistic-molecular system of particular interest for the design of new metamaterials
with exotic and tunable properties [34, 39]. The interactions between pairs of elements, in fact,
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depend on the kinematic of their centroids and on material properties of the physical interface. It
should be underlined that the specific properties of the interface material strongly influence the global
effective properties of those materials, whose overall elastic behavior arises from geometric-topological
features and specific material properties of their homogeneous elastic constituents. Following the well-
established homogenization theory commonly applied for heterogeneous periodic Cauchy continua
[40–49], the assessment of macroscopic elasticity tensor can be obtained through identification of the
repetitive periodic cell and by continualization of micro-interaction properties involving elastic blocks’
connections [34, 50–56].

Numerical approaches based on micro-modeling for architected materials are, in general, computa-
tionally demanding since extremely fine mesh are required to correctly describe the heterogeneities of
the material. To circumvent this problem, homogenization techniques can be useful since they would
allow the identification of equivalent local or non-local continua and would permit to establish a rigor-
ous correspondence between microstructural properties of architected materials and microscale-defined
constitutive parameters of continuum-molecular models. The latter would be particularly advanta-
geous in the case of non-simple material behaviors and coupled phenomena [57], since their numerical
implementation through meshfree approach would not require to derive weak forms of the govern-
ing equations, specific finite-elements formulations and shape functions. Indeed, besides the similar
mechanistic nature characterizing molecular continua arising from peridynamic theory and Lagrangian
models for architected materials [34], the direct analytical determination of the peridynamic micro-
moduli on the basis of microstructural features of the heterogeneous discrete system would require,
especially in the case of overall anisotropy, a non-straightforward identification procedure involving
large number of microscale defined parameters. A promising strategy to bridge the gap between the
two microstructured models (e.g. continuum-molecular and heterogeneous discrete) consists in ex-
ploiting homogenization techniques to characterize in closed form global constitutive parameters of
the heterogeneous material that can be matched with those corresponding to the continuum-molecular
model and obtained using a general micro-macro moduli correspondence procedure [57]. As a result,
an effective and univocal analytical relationships between the microstructural parameters of the two
models can be established.

In this paper, we propose a peridynamic continuum formulation for anisotropic homogenized pe-
riodic microstructured materials using a purely pairwise description of deformation and constitutive
properties. Elastic bodies are assumed to be composed of oriented material points interacting through
anisotropic elastic pair potentials, leading to a mixed mechanistic/energetic continuum-molecular for-
mulation. The peridynamic model is inspired by Voigt’s assumption of non-central actions in a molec-
ular theory of elasticity [58], being then capable to overcome Cauchy relations characterizing classical
bond-based formulations for anisotropic materials without introducing any multi-body potential or
point-wise defined deformation measure and peridynamic states. An implicit implementation of the
model based on a meshfree discretization approach is presented, whereas the analytic expression of
the stiffness operator together with the discrete form of balance equations are derived from Hamilton’s
variational principle. Considering periodic blocky materials with elastic interfaces, the micro-moduli
characterizing the continuum-molecular model are consistently identified in terms of geometrical and
constitutive parameters of the heterogeneous material microstructure. The identification is based, on
one hand, on the formal analogy between the microstructured material and the overall constitutive
tensors of a homogeneous continuum obtained through continualization schemes, and, on the other
hand, on the use of the peridynamic micro-macro moduli correspondence scheme presented in [57].
This procedure allows to relate analytically two different set of microstructural parameters, and then
to model the response of architected materials using a continuum mechanistic formulation that share
with the heterogeneous discrete system the same molecular nature. However, the conceived continuum-
molecular model can be applied also to general Cauchy fully-anisotropic materials, being the proposed
formulation not affected by internal constrains concerning the number of independent material con-
stants. In summary, the mechanical formulation here presented extends the findings of previous studies
on continuum-molecular models [59, 60] and introduces a general framework for describing the elastic
response of periodic block lattice materials through continualization schemes in first order continua
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characterized by general overall constitutive tensors, including full anisotropy. Specifically, the formu-
lation couples the intuitive simplicity of molecular models with pairwise interactions (removing inter-
nal material constraints), with a mathematical formalism that can also be extended straightforwardly
to enhanced continualization schemes (based on a properly defined first order regularized pseudo-
differential down-scaling law) in fully anisotropic non-local micropolar higher order continua [61].

2. A peridynamic model with oriented material points

A two-dimensional continuum peridynamic body Ω, composed of oriented material points x, is con-
sidered under the hypothesis of small displacements (Fig. 1). Material points x and x′ are assumed to
interact with each other through non-central actions that depend on pairwise constitutive parameters
and pairwise deformation variables. By introducing the reference orthogonal basis {e1, e2} and denot-
ing by u(x, t) = uiei and θ(x, t) the time-dependent displacement and rotation fields defined over Ω,
the linear and angular momentum equilibrium equations at time t and at each point x, are∫

Hx

f(u′,u, θ′, θ,x′,x)dx′ + b(x, t) = ϱü(x, t) for x ∈ Ω, (1)∫
Hx

m(u′,u, θ′, θ,x′,x)dx′ + c(x, t) = Jθ̈(x, t) for x ∈ Ω, (2)

where u′ = u(x′, t), u = u(x, t), θ′ = θ(x′, t) and θ = θ(x, t), while the integrand functions
f(u′,u, θ′, θ,x′,x) and m(u′,u, θ′, θ,x′,x) are the force and moment density functions, respectively.
The applied body forces and couples b(x, t) and c(x, t) are assumed conservative. The parameters
ϱ and J denote the constant densities of mass and mass moment of inertia. The integrals are de-
fined over a finite region Hx defined by a cutoff radius δ (namely, the peridynamic horizon [13]). An
energy-based derivation of the field equations (1),(2) is reported in Appendix A.

By introducing the fiber ξ = x′ − x (namely, the peridynamic bond) of length |ξ| connecting the
pair of points x and x′, the horizon region Hx can also be spanned in the generic direction n(ψ) = ξ/|ξ|
by expressing the point x′ = x+n(ψ)|ξ|, with ψ = Arg (ξ · e1 + ıξ · e2). Three linearized independent
pairwise deformation variables, depending on the relative displacement η = u′ − u of the generic pair
of interacting points in the normal, tangential, and rotational sense, are defined. Specifically, the
deformation in the direction n = ξ/|ξ| is defined as the nondimensional stretch

s(x,x′, t) =
η · n
|ξ|

=
ηn
|ξ|
, (3)

where ηn = u′n − un is the component of the relative displacement vector η along the unit vector n.

x

x

x

u

u
x

x

Figure 1: Undeformed and deformed configurations of the continuum peridynamic body with oriented material points.
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The pairwise shearing deformation is defined as the angle difference

γ(x,x′, t) =
η · t
|ξ|

− θ̄ =
ηt
|ξ|

− θ′ + θ

2
, (4)

where, since ηt = u′n − un is the component of η along the unit vector t perpendicular to n, the
shearing deformation can be interpreted as the difference between the linearized rotation angle of
the fiber ηt/|ξ| and the average rotation θ̄ of the interacting oriented material points. The third
pairwise deformation variable depends on the relative rotation ϑ = θ′ − θ of the oriented material
points according to the dimensional ratio

χ(x,x′, t) =
θ′ − θ

|ξ|
, (5)

which can be mechanically interpreted as the average curvature of the material fiber.
Assuming that the peridynamic material is conservative, we can define a micropotential function

w(x,x′, t) = w(x,x′, t)|ξ| = [ws(x,x
′) + wγ(x,x

′) + wχ(x,x
′)] =

|ξ|
2

[
kns

2 + ktγ
2 + kbχ

2
]
, (6)

where w(x,x′) is the pairwise elastic potential energy function per unit length of the fiber such that
the magnitude of the pairwise mutual actions between pairs or material points can be derived as

fn(x,x
′, t) =

∂w(x,x′, t)

∂s
=
∂ws(x,x

′, t)

∂ηn
= kns, (7)

ft(x,x
′, t) =

∂w(x,x′, t)

∂γ
=
∂wγ(x,x

′, t)

∂ηt
= ktγ, (8)

mb(x,x
′, t) =

∂w(x,x′, t)

∂χ
=
∂wχ(x,x

′, t)

∂ϑ
= kbχ, (9)

satisfying the conditions of microelasticity [13]. In Eqs. (6)-(9), the micro-moduli functions kn, kt
and kb are the pairwise constitutive parameters related to the pairwise deformation variables s, γ
and χ that – in the general case of non-isotropic materials – depend on the spatial orientation ψ
of the pairwise interaction considered, such that kn = kn(x,x

′) = kn(ψ), kt = kt(x,x
′) = kt(ψ) and

kb = kb(x,x
′) = kb(ψ). It is worth noting that, alternatively, relative rotation ϑ can be used directly as

deformation variable associated to the potential wχ as in [59, 60]. For the sake of completeness, it could
be remarked that, if the attention is focused on Cauchy materials, the definition of a elastic potential
related to mutual rotations is not strictly required. Hence, kb(x,x

′) = 0 is considered in this paper.
The general form of the elastic energy per unit volume at each point x, namely the macroelastic

energy functional for the proposed model, is obtained by considering the pairwise actions in Eqs. (6)-(9)
and their work-conjugate bond deformation measures for all the interactions x-x′ within the horizon

W(x, t) =
1

2

∫
Hx

w(x,x′, t) dx′ =
1

2

∫
Hx

h|ξ|2

2

[
kn(ψ)s

2 + kt(ψ)γ
2 + kb(ψ)χ

2
]
d|ξ| dψ, (10)

whereas the total macroelastic energy (the peridynamic total potential energy) of the body is instead
given by

E(t) =
∫
Ω
W(x, t) dx =

1

2

∫
Ω

∫
Hx

h|ξ|2

2

[
kn(ψ)s

2 + kt(ψ)γ
2 + kb(ψ)χ

2
]
d|ξ| dψ dx, (11)

being h the out of plane thickness.
Adopting a meshfree discretization approach [17], the domain occupied by the body Ω is divided

into a set of N sub-domains ∆vp, each of which associated to a particle p. Then, a neighboring
search algorithm selects particles q belonging to the p-centered horizon Hp according to the one-point
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quadrature scheme proposed by Hu et al. [62, 63] accounting for partial neighbor intersections 1. The
displacements up = up1e1 + up2e2,uq = uq1e1 + uq2e2 and rotations θp, θq of the material particles p and
q can be collected column-wise in vector form as

vp =
{
up1 up2 θp

}⊤
, vq =

{
uq1 uq2 θp

}⊤
(12)

and – if the particle q ∈ Hp – then the displacements and rotations can be collected column-wise in
vector form as

vpq =

{
vp

vq

}
= R⊤

pq

{
v̂p

v̂q

}
= R⊤

pqv̂pq, (13)

where Rpq is a properly defined orthogonal rotation matrix and the displacements and rotations
collected column-wise in vector form as

v̂p =
{
ûp1 ûp2 θp

}⊤
, v̂q =

{
ûq1 ûq2 θq

}⊤
, (14)

are aligned with the local reference basis {ê1, ê2}, where the unit vectors ê1 ≡ n and ê2 ≡ t. The
pairwise compatibility equation of the model relating the pairwise deformation measures, collected
in the vector hpq = {spq γpq χpq}⊤, to the interacting particles displacements and rotations can be
written in a compact form as hpq = BpqRpqvpq = Bpqv̂pq, hence

spq
γpq
χpq

 =
1

|ξ|pq

 −1 0 0 1 0 0
0 −1 −1

2 |ξ|pq 0 1 −1
2 |ξ|pq

0 0 −1 0 0 1

{
v̂p

v̂q

}
, (15)

where |ξ|pq is the length of the fiber connecting particle p with particle q. The pairwise constitutive
equation relating the mutual actions fpqn , fpqt and mpq

b to the pairwise deformation measures is instead

f pq = Dpqhpq = DpqBpqv̂pq, (16)

where
Dpq = diag{kpqn kpqt kpqb }, (17)

is a diagonal matrix characterizing the elastic behavior of each pairwise interaction. It relates the
pairwise actions defined in Eqs. (7)-(9) and pairwise deformations measures of a couple of particles p
and q ∈ Hp.

The discretized system of governing equations in elastodynamics and the analytical expression of
the stiffness operator can be derived from Hamilton’s principle, according to which the natural motions
of a deformable body, among those comprised between fixed times t1 and t2, must satisfy

δH = δ

[∫ t2

t1

[T (t)− (V(t) + E(t))] dt

]
= 0, (18)

where H is the Hamiltonian action, T (t), V(t), E(t) are the kinetic energy, potential energy related
to conservative body forces, and elastic potential energy, respectively, whereas δ indicates the mathe-
matical symbol for variation. The variation of the first term of Eq. (18) can be treated as

δ

[∫ t2

t1

T (t)dt

]
= δ

[∫ t2

t1

N∑
p=1

1

2
v̇⊤
p Ppv̇p∆vp dt

]
= −

∫ t2

t1

N∑
p=1

δv⊤
p Ppv̈p∆vp dt, (19)

where integration-by-parts is used between the second and third steps, and

Pp = diag{ϱp ϱp Jp}. (20)

1Other quadrature rules, especially developed for non-local models, could alternatively be used [63, 64]
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The variation of the second term of Eq. (18) can be treated as

δ

[∫ t2

t1

V(t) dt

]
= −

∫ t2

t1

N∑
p=1

δv⊤
p bp ∆vp dt, (21)

where bp = {bp1 bp2 cp}⊤ is the vector of the applied body forces and couples at particle p in the
global reference system. Finally, the variation of the last term of Eq. (18) can be written instead
following Eq. (6) as

δ

[∫ t2

t1

E(t) dt

]
= δ

[
1

2

∫ t2

t1

N∑
p=1

H∑
q=1

|ξ|pq
2

v⊤
pq

[
R⊤

pqB
⊤
pqDpqBpqRpq

]
vpq αpq∆vq ∆vp dt

]
, (22)

where H is the number of particles q within the p-centered horizon Hp and αpq is the volume correction
factor related to partial neighbors intersections [63]. Substituting Eqs. (19),(21) and (22) into Eq. (18),
and after manipulation we obtain

(N,H)⊔
(p,q)=(1,1)

[
LpqPpv̈p∆vp − Lpqbp∆vp +

|ξ|pq
2

[
R⊤

pqB
⊤
pqDpqBpqRpqαpq∆vq ∆vp

]
Lpqvp

]
= 0, (23)

where Lpq =
[
I3 03

]⊤
is a specific topology incidence matrix for point-wise defined matrices and vec-

tors. Being subscripts p and q associated with different degrees of freedom, the cup symbol in Eq. (23)
denotes that these algebraic objects must be assembled properly through superposition (according
with [65]).

After global assembling, Eq. (23) can be rewritten in compact form as

Mv̈ +Kv = f , (24)

where the global mass matrix is given by

M =

(N,H)⊔
(p,q)=(1,1)

LpqPp∆vp, (25)

whereas the stiffness operator in global coordinate system corresponding to the whole body is given
by

K =

(N,H)⊔
(p,q)=(1,1)

|ξ|pq
2

[
R⊤

pqB
⊤
pqDpqBpqRpqαpq∆vq ∆vp

]
Lpq (26)

and the global body forces vector is

f =

(N,H)⊔
(p,q)=(1,1)

Lpqbp∆vp, (27)

Moreover, the global displacements and rotation vector is given by

v =

(N,H)⊔
(p,q)=(1,1)

Lpqvp. (28)

It is worth noting that the factor 1/2 in Eq. (26) is due to the definition of the macropotential energy
functional, thus to the fact that the potential energy is stored in equal manner by the two interacting
particles p and q [17]. It should be noted that from Eq. (23) it is easy to obtain the discretized form
of the field equation derived in Appendix A.
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3. Continualization of chiral block lattice materials

Consider a two-dimensional chiral block lattice composed by rigid units with linearly elastic interfaces,
characterized by a periodic cell with chirality angle β, whose dynamic configuration is described by the
displacement uJ and rotation ϕJ related to the centroidal node of the J -th unit (block). By virtue of
the microstructural periodicity, the cellular topology is univocally defined by the coordination number
n (n = 4 and n = 6 for tetrachiral and hexachiral block lattices with square and hexagonal blocks,
respectively, see Fig. 2), measuring the number of inter-cellular couplings. The ordinary differential
equations of motion governing the forced undamped dynamics of the block lattice material read

MüJ +
∑

P+
[j]

r+J[j]
+
∑

P−
[j]

r−J[j]
= fJ , (29)

Jϕ̈J +
∑

P+
[j]

c+J[j]
+
∑

P−
[j]

c−J[j]
= gJ ,

where J = (i1, ..., in/2) is the set of coordination lines, which identifies a particular node when all the

independent i-indices are specified. The sets P+
[j] or P−

[j] collect the j-values identifying the positive

(j = 1, ..., n/2) and negative (j = −1, ...,−n/2) directions, respectively. The matrix M = diag{M,M}
and coefficient J account for the inertial properties of the block. The inter-cellular internal forces
exerted on the J -th node, due to the interaction with the J ±

[j]-th adjacent node, are

r±J[j]
= K±

j

(
uJ − uJ±

[j]

)
+ k±j

(
ϕJ + ϕJ±

[j]

)
, (30)

c±J[j]
= k±j ·

(
uJ − uJ±

[j]

)
+ K±

j

(
ϕJ + ϕJ±

[j]

)
+ Kϕ

(
ϕJ − ϕJ±

[j]

)
,

where the sets J +
[j] = (i1, ..., ij + 1, ..., in/2) and J −

[j] = (i1, ..., ij − 1, ..., in/2) allow identifying the
two adjacent nodes along the j-th coordination line, defined by the unit direction vector nj , by
incrementing or decrementing the index ij . By introducing the unit vector tj , orthogonal and rotated
counter-clockwise with respect to nj , and the distance l between the centroids of two adjacent blocks,
the coupling coefficients can be defined

K±
j = K̄n±j ⊗ n±j + 2K̃(t±j ⊗ n±j ) + K̂t±j ⊗ t±j , k±j = 1

2 lK
±
j t

±
j , K±

j = 1
4 l

2 t±j ·K±
j t

±
j (31)

and can be noted to depend on the mechanical properties of the interfaces, characterized by size b
and vanishing thickness. Specifically, the normal, tangential and rotational overall stiffnesses of the

Figure 2: Tetrachiral block lattice: Chiral patterns of square rigid blocks connected with elastic interfaces (left); The
periodic square block and the unit vectors representative of the tetrachiral material structure (right).

8



interfaces depend on the chirality angle according to the trigonometric laws

K̄ = Kn cos
2 β + Kt sin

2 β, K̃ = 1
2(Kn − Kt) sin(2β), K̂ = Kn sin

2 β + Kt cos
2 β, (32)

where the coefficients Kn = knb, Kt = ktb, Kϕ = 1
12knb

3, whereas kn and kt are the normal and tan-
gential stiffness per unit length of the interfaces, respectively. Finally, the time-dependent quantities
fJ and gJ are the external force and moment applied at the J -th block.

An efficient methodological strategy to solve mechanical problems involving spatial periodicity
consists in employing the bilateral Z transform, which applies to the generic m-dimensional vector-
valued sequence yJ : Zn/2 → Cm as the product of n/2 infinite summations

Z[yJ ] = Z[y(i1,...,in/2)
] =

∞∑
i1=−∞

. . .

∞∑
in/2=−∞

y(i1,...,in/2)
z−i1
1 . . . z

−in/2

n/2 =: ẙ(z), (33)

where the variable z ∈ Cn/2 and the transformed variable ẙ(z) : Cn/2 → Cm. Therefore, applying the
bilateral Z transform to Eqs. (30), the governing equations become

M(̊u(z, t))̈ +
∑n/2

j=1
r̊+J[j]

(z, t) +
∑−1

j=−n/2
r̊−J[j]

(z, t) = f̊(z, t), (34)

J(ϕ̊(z, t))̈ +
∑n/2

j=1
c̊+J[j]

(z, t) +
∑−1

j=−n/2
c̊−J[j]

(z, t) = g̊(z, t),

where the transformed inter-cellular internal forces take the form

r̊±J[j]
(z, t) = (1− z±1

j )K±
j ů(z, t) + (1 + z±1

j )k±j ϕ̊(z, t), (35)

c̊±J[j]
(z, t) = (1− z±1

j )k±j · ů(z, t) + (1 + z±1
j )K±

j ϕ̊(z, t) + (1− z±1
j )Kϕϕ̊(z, t).

Collecting the transformed displacement and rotation, Eq. (34) can be expressed in the convenient
compact form

M(̊u(z, t))̈ + A(z)̊u(z, t) + a−(z)ϕ̊(z, t) = f̊(z, t), (36)

J(ϕ̊(z, t))̈ + a+(z) · ů(z, t) + B(z)ϕ̊(z, t) = g̊(z, t),

being

A(z) =
∑n/2

j=1
(1− z+1

j )K̃
+
j +

∑−1

j=−n/2
(1− z−1

j )K̃
−
j , (37)

a−(z) =
∑n/2

j=1
(1 + z+1

j )k+j +
∑−1

j=−n/2
(1 + z−1

j )k−j ,

a+(z) =
∑n/2

j=1
(1− z+1

j )k+j +
∑−1

j=−n/2
(1− z−1

j )k−j ,

B(z) =
∑n/2

j=1
(1 + z+1

j )K+
j + (1− z+1

j )Kϕ +
∑−1

j=−n/2
(1 + z−1

j )K−
j + (1− z−1

j )Kϕ.

Furthermore, the complex-valued variables zj can be continuously mapped in the unitary circle ac-
cording to the relation zj = exp(ı xj · k), where ı is the imaginary unit and xj = lnj is the position
vector with respect to the reference block centroid, depending on the internodal distance l and the
unit vector nj . It is worth remarking that, since the mapped Z-space coincides with the reciprocal
space, the vector variable k = {k1 k2}⊤ ∈ R2 plays the role of periodicity vector in the two-dimensional
reciprocal lattice.

Once all the discrete variables in Eqs. (36) have been mapped in the k-space, it is possible to
introduce the continuous field variables, satisfying the relations

v̊(k, t) = F
[
v(x, t)

]
:= Z

[
uJ (t)

]∣∣
zj=exp(ıxj ·k)

= ů(k, t), (38)

θ̊(k, t) = F
[
θ(x, t)

]
:= Z

[
ϕJ (t)

]∣∣
zj=exp(ıxj ·k)

= ϕ̊(k, t),

9



where F stands for the spatial Fourier transform, which applies to the generic continuous vector field
y(x, t) as

F [y(x, t)] =

∫
R2

y(x, t) exp
(
− ık · x

)
dx =: ẙ(k, t). (39)

Consequently, imposing the relations (38) into the governing equations (36), a ordinary differential
system of field equations in the time-domain and k-space is achieved

M(̊v(k, t))̈ + A(k)̊v(k, t) + a−(k)θ̊(k, t) = p̊(k, t), (40)

J(θ̊(k, t))̈ + a+(k) · v̊(k, t) + B(k)θ̊(k, t) = q̊(k, t),

where the source terms p̊(k, t) e q̊(k, t) are the Fourier transforms of the continuous fields f(x, t) and
g(x, t), which satisfy the property

p̊(k, t) = F
[
p(x, t)

]
:= Z

[
fJ (t)

]∣∣
zj=exp(ıxj ·k)

= f̊(k, t), (41)

q̊(k, t) = F
[
q(x, t)

]
:= Z

[
gJ (t)

]∣∣
zj=exp(ıxj ·k)

= g̊(k, t).

Therefore, recalling the definition of the inverse spatial Fourier transform, which applies to the generic
continuous vector field ẙ(k, t) as

F−1
[̊
y(k, t)

]
=

1

(2π)2

∫
R2

ẙ(k, t) exp
(
ık · x

)
dk (42)

and transforming accordingly Eqs. (40), an integro-differential system of field equations in the time-
domain and physical x-space is achieved

F−1
[
MF

[
v̈(x, t)

]
+ A(k)F

[
v(x, t)

]
+ a−(k)F

[
θ(x, t)

]]
= F−1

[̊
p(k, t)

]
, (43)

F−1
[
JF

[
θ̈(x, t)

]
+ a+(k) · F

[
v(x, t)

]
+ B(k)F

[
θ(x, t)

]]
= F−1

[̊
q(k, t)

]
.

Subsequently, the integral kernels A(k), a−(k), a+(k), B(k) can be expanded in Taylor series and the
series can be truncated at the second order, that is, terms O(k3) – in which kα = kα1

1 kα2
2 with α being

a multi-index of length |α| = α1+α2 and α1, α2 ∈ N∗ – are neglected. Therefore, recalling the relevant
property of the inverse Fourier transform

F−1
[
(ık)αF

[
y(x, t)

]]
= F−1

[
(ık)αẙ(k, t)

]
=
∂|α|y(x, t)

∂xα
=
∂|α|y(x, t)

∂xα1
1 ∂xα2

2

, (44)

it is possible to obtain the field equations of the equivalent micropolar continuum, that can be recog-
nized to coincide with the field equations achievable by means of the standard continualization [34, 51].
In particular, for the case of centrosymmetric microstructures, the equations are specified in the form

∇ · (EΓ) = ϱv̈, (45)

∇ · (Eχ)− ∈3sr (es ⊗ er) : (EΓ) = Iθ̈, (46)

where Γ = ∇v−W(θ) is the asymmetric strain tensor, W(θ) is the Cosserat rotation tensor, χ = ∇θ
is the curvature vector, while ϱ = M/|A| and I = J/|A| are the overall inertial properties. Finally, the
overall constitutive tensors take the form

E =
l2

2|A|

n∑
i=1

[
K̄ni⊗ni ⊗ ni⊗ni + K̃ (ti⊗ni⊗ni⊗ni + ni⊗ni⊗ti⊗ni) + K̂ti⊗ni⊗ti⊗ni

]
, (47)

E =
l2

2|A|

n∑
i=1

[
Kϕ − 1

4 l
2K̂

]
ni⊗ni, (48)
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with |A| indicating the area of the periodic cell. These tensors characterize the uncoupled constitutive
relations

T = EΓ, m = Eχ, (49)

where T is the asymmetric stress tensor and m is the couple-stress vector. The former constitutive
relation can be decomposed in the form

TS = ESSΓS + ESAΓA, TA = EASΓS + EAAΓA, (50)

where TS and TA are the symmetric and skew-symmetric parts of the tensor T, reading

TS = 1
2τij (ei ⊗ ej + ej ⊗ ei) = τije

S
ij , (51)

TA = 1
2τij (ei ⊗ ej − ej ⊗ ei) = τije

A
ij

and, analogously, ΓS e ΓA are the symmetric and skew-symmetric parts of the tensor Γ, reading

ΓS = 1
2γij (ei ⊗ ej + ej ⊗ ei) = γije

S
ij , (52)

ΓA = 1
2γij (ei ⊗ ej − ej ⊗ ei) = γije

A
ij .

Similarly, the constitutive tensors ESS , ESA, EAS , EAA can be expressed in the form

ESS = Eijkh

(
eSij ⊗ eShk

)
, ESA = Eijkh

(
eSij ⊗ eAhk

)
, (53)

EAS = Eijkh

(
eAij ⊗ eShk

)
, EAA = Eijkh

(
eAij ⊗ eAhk

)
.

In the case of symmetric stress field (TA = O), equation (50b) allows expressing the skew-symmetric
part as a function of the symmetric part of the tensor Γ, namely

ΓA = −S : EASΓS , (54)

where S is a forth-order tensor that satisfies the property SEAA = I, with I = δikδjlei ⊗ ej ⊗ ek ⊗ el
being the identity tensor of fourth-order. Substituting the relation (54) in Eq. (50a), the symmetric
part of the stress tensor obeys to the law

TS = (ESS − ESA : S : EAS)ΓS = CΓS , (55)

which governs the constitutive behavior of the equivalent first-order Cauchy continuum. Furthermore,
the algebraic system composed by Eqs. (49b) and (55) governs the constitutive behavior of the couple-
stress continuum identified starting from a centrosymmetric microstructure.

4. Peridynamic anisotropic pair potentials and material micromoduli

The classical constitutive relation of a Cauchy anisotropic continuum detailed in Eq. (55) can be
rewritten using indicial notation and considering the orthogonal bases {e1, e2} and {ê1, ê2} as

σi1j1 = Ci1j1h1k1ϵh1k1 , i1, j1, h1, k1 = 1, 2 (56)

σ̂i2j2 = Ĉi2j2h2k2 ϵ̂h2k2 , i2, j2, h2, k2 = 1, 2 (57)

where

σ̂i2j2 = σi1j1Qi1i2Qj1j2 , ϵ̂h1k2 = ϵi1j1Qh1h2Qk1k2 , Ĉi2j2h2k2 = Ci1j1h1k1Qi1i2Qj1j2Qh1h2Qk1k2 , (58)

being Q11 = Q22 = cosψ and Q12 = −Q21 = − sinψ. Eqs. (56)-(57) rewritten in compact matrix
notation are reported in Appendix B.
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According to Eqs. (56)-(58), the off-axis axial Ĉ1111 and shear Ĉ1212 moduli can be written as
function of ψ, in terms of the six material constants C1111, C1122, C2222, C1112, C2212 and C1212 that
define in-plane fully anisotropic Cauchy elasticity by

Ĉ1111(ψ) = C1111 cos
4 ψ + C2222 sin

4 ψ + 2C1122 sin
2 ψ cos2 ψ+ (59)

+ 4C1212 sin
2 ψ cos2 ψ + 4C1112 cos

3 ψ sinψ + 4C2212 cosψ sin3 ψ,

Ĉ1212(ψ) = C1111 sin
2 ψ cos2 ψ + C2222 sin

2 ψ cos2 ψ − 2C1122 sin
2 ψ cos2 ψ+ (60)

+ C1212(cos
2 ψ − sin2 ψ)2 − 2(C1112 − C2212)(cos

3ψ sinψ − cosψ sin3 ψ).

The mechanistic nature of a pair-potentials based anisotropic peridynamic continuum leads to the
need for defining pairwise defined constitutive laws for the fibers such that the macroscopic anisotropic
behavior of the material is the result of the assigned micro-interactions properties. The definition of
proper directional dependent micromoduli functions kn(ψ) and kt(ψ) and consequently microelastic
potential function w(ψ) is then required in the general case of non-isotropic materials. To assign
microscopic properties on the basis of macroscopic ones, the identification of a representative cell is
of the essence. In peridynamics, the representative cell is represented by the horizon region over the
integrals in Eqs. (2) are defined. Hence, a micro-macro moduli correspondence is based on a micro-
macro energetic equivalence which allows a macroscopic elastic behavior to be directly associated
to microscopically-informed constitutive laws [57]. Being in-plane Cauchy fully anisotropic elasticity
defined by six independent elastic moduli, it follows that kn(ψ) and kt(ψ) have to be also function of
at least six independent microelastic constants.

In order to preserve the material symmetry, and in analogy with the classical continuum, we
can assume that the axial and shear pairwise stiffness, namely kn(ψ) and kt(ψ), have a directional
dependency as Ĉ1111(ψ) and Ĉ1212(ψ) described by Eqs. (59) and (60), respectively

kn(ψ) = K1111 cos4 ψ +K2222 sin4 ψ + 2K1122 sin2 ψ cos2 ψ+ (61)

+ 4K1212 sin2 ψ cos2 ψ + 4K1112 cos3 ψ sinψ + 4K2212 cosψ sin3 ψ,

kt(ψ) = K1111 sin2 ψ cos2 ψ +K2222 sin2 ψ cos2 ψ − 2K1122 sin2 ψ cos2 ψ+ (62)

+K1212 (cos
2 ψ − sin2 ψ)2 − 2(K1112 −K2212)(cos

3 ψ sinψ − cosψ sin3 ψ),

where K1111 and K2222 are the microelastic axial moduli along principal material axes, K1212 is the
microelastic shear modulus along the two principal material axes. Differently, K1122 and K1112, K2212

are instead microelastic moduli related to the axial-axial and axial-shearing couplings in anisotropic
Cauchy materials. It should be noted that the coupling between shear and axial deformation is here
obtained without introducing additional terms in the elastic micropotential function expressed in
Eq. (6), hence without modifying the structure of the pairwise constitutive law characterizing the
generic interaction. The relation between the anisotropic microelastic moduli, K1111, K2222, K1122,
K1212, K1112 and K2212 and the six classical elastic constants of anisotropic continua is obtained
following a general approach based on energetic equivalence without the need of defining specific
deformation fields.

4.1. Micro-Macro moduli correspondence
Considering a general two-dimensional homogeneous deformation field of components ϵ11, ϵ22 and ϵ12,
the strain energy density of the classical Cauchy linear elastic fully anisotropic continuum is

φ =
1

2
(C1111ϵ

2
11 + C2222ϵ

2
22 + 2C1122ϵ11ϵ22 + 4G1212ϵ

2
12 + 4C1112ϵ12ϵ11 + 4C2212ϵ12ϵ22). (63)

The corresponding quantity of the proposed model is instead given by the general integral 2

W =
1

2

∫
HX

[ws(ψ) + wγ(ψ)] dx
′ =

1

2

∫ δ

0

h

2
|ξ|2

∫ 2π

0

[
kn(ψ)s

2(ψ) + kt(ψ)γ
2(ψ)

]
dψ d|ξ|, (64)

2When modeling Cauchy materials under homogeneous deformation fields, the rotational degree of freedom is not acti-
vated, as shown in [59, 60].
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in which, being in the case of classical homogeneous deformation, s(ψ) = ϵ̂11(ψ) and γ(ψ) = 2ϵ̂12(ψ),
the pairwise deformation measures s(ψ) and γ(ψ) of a fiber inclined at ψ, are related to the homoge-
neous strain field components ϵij according to the second of Eqs. (58). Hence, we have

s(ψ) = ϵ11 cos
2 ψ + ϵ22 sin

2 ψ + 2ϵ12 cosψ sinψ, (65)

γ(ψ) = ϵ12(cos
2 ψ − sin2 ψ) + (ϵ22 − ϵ11) cosψ sinψ. (66)

Substituting Eqs. (65) and (66) in Eq. (64), and assuming kn(ψ) and kt(ψ) by Eqs. (61)-(62), Eq. (64)
gives

W =
1

2

∫ δ

0

h

64
|ξ|2

∫ 2π

0

{
32(ϵ11 cos

2ψ + ϵ12 sin 2ψ + ϵ22 sin
2ψ)2(K1111 cos

4ψ − 4K1112 cos
3ψ sinψ (67)

+ 4K1212 sin
2 ψ cos2 ψ + 2K1122 cos

2 ψ sin2 ψ − 4K2212 cosψ sin3 ψ +K2222 sin
4 ψ)

+ (2ϵ12 cos 2ψ + (ϵ22 − ϵ11) sin 2ψ)
2 (2K1122 − 4K1212 −K1111 −K2222

+(K1111 +K2222 − 4K1212 − 2K1122) cos 4ψ + 4(K2212 −K1112) sin 4ψ)
}
dψ d|ξ|,

being the general solution of the integral in Eq. (67) given by

W =
πhδ3

384
[ϵ211(19K1111 + 3K2222 + 12K1212 + 2K1122) + ϵ222(3K1111 + 19K2222 + 12K1212 (68)

+ 2K1122) + 2ϵ11ϵ22(K1111 +K2222 + 4K1212 + 6K1122) + 4ϵ212(3K1111 + 3K2222

+ 12K1212 + 2K1122) + 16ϵ12ϵ22(K1112 + 3K2212) + 16ϵ12ϵ11 + (3K1112 +K2212)].

Comparing Eqs. (63) and (64), and collecting the terms that multiply the same strain components ϵij ,
a six independent equations ϕi = Wi, i = 1...6 are obtained

C1111 =
hπδ3

192
(19K1111 + 3K2222 + 12K1212 + 2K1122), (69)

C2222 =
hπδ3

192
(3K1111 + 19K2222 + 12K1212 + 2K1122), (70)

C1122 =
hπδ3

192
(K1111 +K2222 + 4K1212 + 6K1122), (71)

C1212 =
hπδ3

192
(3K1111 + 3K2222 + 12K1212 + 2K1122), (72)

C1112 =
hπδ3

48
(3K1112 +K2212), (73)

C2212 =
hπδ3

48
(K1112 + 3K2212). (74)

By solving the algebraic system given by Eqs. (69)-(74) we obtain

K1111 =
12 (C1111 − C1212)

πhδ3
, K2222 =

12 (C2222 − C1212)

πhδ3
, (75)

K1112 =
6 (3C1112 − C2212)

πhδ3
, K2212 =

6 (3C2212 − C1112)

πhδ3
, (76)

K1122 =
12 (3C1122 − C1212)

πhδ3
, K1212 =

3 (8C1212 − C1111 − C2222 − 2C1122)

πhδ3
. (77)

In the case of orthotropy with principal material reference system aligned with e1, e2, C1112 = C2212 =
0, hence K1112 = K2212 = 0, whereas in the case of isotropy, C1111 = C2222 and C1122 = C1111−2C1212.
Therefore, Eqs. (75) and (77) provide two independent microelastic constants in terms of C1111 and
C1212 only, as

K1111 = K2222 = kn =
12 (C1111 − C1212)

πhδ3
, (78)

K1212 =
(K1111 −K1122)

2
= kt =

12 (3C1212 − C1111)

πhδ3
. (79)
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that can be written in terms of Young modulus E and Poisson’s ratio ν, depending on the plane
state considered. Hence, Eqs. (61) and (62) together with Eqs. (75)-(77) define the axial and shear
microelastic stiffness associated with each bond orientation ψ in such a way to describe fully anisotropic
elasticity. In other words, considering general non-homogeneous deformation fields, two anisotropic
elastic quadratic potentials of pairwise axial and shearing deformation measures

ws =
1

2
s2|ξ|

(
K1111 cos4 ψ +K2222 sin4 ψ + 2K1122 sin2 ψ cos2 ψ+ (80)

+ 4K1212 sin2 ψ cos2 ψ + 4K1112 cos3 ψ sinψ + 4K2212 cosψ sin3 ψ
)
=

=
1

2
s2|ξ|πhδ3

[
12 (C1111 − C1212) cos4 ψ + 12 (C2222 − C1212) sin4 ψ+

+ 12(4C1122 − C1111 − C2222 + 6C1212) sin2 ψ cos2 ψ+

+ 24 (3C1112 − C2212) cos3 ψ sinψ + 24 (3C2212 − C1112) cosψ sin3 ψ
]
,

wγ =
1

2
γ2|ξ|

[
K1111 sin2 ψ cos2 ψ +K2222 sin2 ψ cos2 ψ − 2K1122 sin2 ψ cos2 ψ+ (81)

+K1212 (cos
2 ψ − sin2 ψ)2 − 2(K1112 −K2212)(cos

3 ψ sinψ − cosψ sin3 ψ)
]
=

=
1

2
γ2|ξ|πhδ3

[
12(C1111 + C2222 − 6C1122) sin2 ψ cos2 ψ + 3 (8C1212 − C1111+

− C2222 − 2C1122) (cos
2 ψ − sin2 ψ)2 − 48(C1112 − C2212)(cos

3 ψ sinψ − cosψ sin3 ψ)
]
,

totally define the linear hyperelastic macroscopic behavior of an equivalent Cauchy fully anisotropic
material. Following a mechanistic interpretation of the microelastic functionals, the aforementioned
potentials can be directly related to two equivalent elastic devices whose stiffness are continuous
trigonometric functions of the fiber orientation ψ and the six elastic material constants that define
classical anisotropic in-plane elasticity. In the special case of isotropic materials Eqs. (78)-(79) hold,
and Eqs. (80)-(81) reduce to

ws =
1

2
s2|ξ|kn = 6πhδ3s2|ξ| (C1111 − C1212), wγ =

1

2
γ2|ξ|kt = 6πhδ3γ2|ξ| (3C1212 − C1111), (82)

which lead to pairwise constitutive equations that are independent on the orientation ψ of the fiber.
The proposed anisotropic formulation, that is inspired by Voigt’s molecular model of elasticity [8, 18,
58], is micropolar in the sense that particles are characterized by a rotational degree of freedom that
is required to ensure rotational invariance of the model [59]. Being the pairwise forces not directed
along the particles centroids joining line (non-central forces assumption [58]), microrotations and hence
micromoments ensure the balance of angular momentum of each fiber. As a consequence, the shear
deformation measure introduced, accounts for particle’s rotations [59]. It should be reminded that the
rotational spring constant kb is strictly related to a material bending stiffness proper of micropolar
elasticity, and in the case of Cauchy materials should be, in general, set to zero. As previously declared,
in this work we focus on Cauchy elasticity, hence kb = 0 for any ψ.

When considering a material reference defined by an orthonormal basis {ě1, ě2} not aligned with
the horizontal, (ζ ̸= 0 in Fig. (1)), Eqs. (61) and (62) get the general form

kn(ψ, ζ) = K1111 cos
4(ψ − ζ) +K2222 sin

4(ψ − ζ) + 2K1122 sin
2(ψ − ζ) cos2(ψ − ζ)+ (83)

+ 4K1212 sin
2(ψ − ζ) cos2(ψ − ζ) + 4K1112 cos3(ψ − ζ) sin(ψ − ζ)+

+ 4K2212 cos(ψ − ζ) sin3(ψ − ζ),

kt(ψ, ζ) = K1111 sin
2(ψ − ζ) cos2(ψ − ζ) +K2222 sin

2(ψ − ζ) cos2(ψ − ζ)+ (84)

− 2K1122 sin
2(ψ − ζ) cos2(ψ − ζ) +K1212[cos

2(ψ − ζ)− sin2(ψ − ζ)]2+

− 2(K1112 − k2212)[cos
3(ψ − ζ) sin(ψ − ζ)− cos(ψ − ζ) sin3(ψ − ζ)],

where ζ = Arg (ě1 · e1 + ıě2 · e2) is the angle of anisotropy and denotes here a positive, anticlockwise
rotation with respect to the horizontal. Hence, given a specific value of the angle ζ, kn = kn(ψ, ζ)
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and kt = kt(ψ, ζ) are obtained. It should be noted that in case of orthotropic materials, the proposed
general anisotropic formulation can be adopted for modeling directly orthotropy with elastic moduli
given in a non-principal reference system. In this specific case, the anisotropic formulation is equivalent
to the reduced four constants orthotropic case with non zero anisotropy angle ζ.

When considering the discretized model detailed in Eqs. (12)-(25), the directional dependent pair-
wise constitutive relation characterizing the proposed anisotropic formulation has to be particularized
and then defined in a finite number of fiber directions. In the case of regular grid spacing, the num-
ber of discrete directions ψ in which kn(ψ) and kt(ψ) have to be assigned uniquely depends of the
density parameter m = δ/∆x that express the ratio between the horizon and the grid spacing itself.
The higher is m, the finer is the angular discretization of the continuous trigonometric functions in
Eqs. (61) and (62). The density parameter m should then be chosen in such a way that the effective
anisotropic properties of the material can be correctly described by the discretized model. In partic-
ular, given a regular grid of particles subjected to an homogeneous deformation field, the difference
between the macroelastic energy of the discretized model and the corresponding strain energy density
of classical continuum should be almost independent of the anisotropy angle ζ. In other words, the
mesh angle (the orientation of the regular particles grids) should not coincide necessarily with the
directions associated with maxima or minima of the microelastic functions in Eqs. (61) and (62). As
shown in Fig. 3, in order to correctly represent the variation of the macroelastic energy as function of
rigid rotations ζ of the material reference system (or, similarly, rotations of the particles grids for a
given angle ζ) in anisotropic materials, m > 3 should be adopted. Clearly, higher value of the density
parameter are associated with and higher computational effort since higher is the value of non-zero
elements in the stiffness operator described by Eq. (26). In what follows, unless otherwise specified,
m = 5 is used.

Figure 3: Normalized macroelastic energy - namely strain energy density - as function of the orientation ζ of the material
reference system and corresponding to a simple extension (first column) and pure shear (second column) homogeneous
deformation fields in the case of an orthotropic material with cubic symmetry (C1111 = C2222 = C,C1122 = C/5, C1212 =
C/3, first row) and a fully anisotropic material (C1111 = C2222 = C,C1122 = C/5, C1212 = C/3, C1112 = C/10, C2212 =
C/5 , second row) for different values of the density parameter m.
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5. Benchmark Problems

The continuous anisotropic peridynamic model is applied to model the macroscopic elastic behavior of
periodic tetrachiral block lattice considering different orientation of the material reference system and
interface material properties (Sec. 5.1). Considering tensile tests and natural frequency analyses, the
accuracy of the proposed model is assessed by comparison of the homogeneous micropolar peridynamic
solutions with finite element solution of microsructured geometries. A further validation of the model
against analytical solutions obtained in the context of Cauchy fully anisotropic elasticity is presented
in Sec. 5.2.

5.1. Tetrachiral periodic block lattice with elastic interfaces

Let us consider a tetrachiral block lattice [34] made up of square blocks with side a and inclined by
the chirality angle β with respect to inter-centroidal lines (with 0 ≤ β < π/4) as shown in Fig. 2.
The distance between the centers of the block is l = a/ cosβ and the interface length is b = a tanβ.
The other mechanical quantities are |Ab| = a2, |A| = l2 = a2/ cos2 β, ϱb = M/|Ab|, ϱ = ϱb cos

2 β,
J = ϱba

4/6. The elastic parameters of the interfaces are Kn = Ki
n = knb = (1 − tanβ)kna, Kt =

Ki
t = ktb = (1 − tanβ)kta and Kφ = Ki

φ = (1 − tanβ)3a3kn/12, respectively [34]. The unit vectors
identifying the blocks surrounding the reference one are independent on the chirality angle and are
n1 = −n3 = e1, t1 = −t3 = e2, n2 = −n4 = e2, t2 = −t4 = −e1, while the unit vectors normal to
the interfaces are di = R(β)ni for i = 1, ..., 4, and R(β) being the rotation operator depending on the
chirality angle β (see Fig. 2).

The continualization scheme detailed in Sec. 3, in case of symmetric macro-fields, leads to the
effective fourth order elasticity tensor C having the elasticities of the two-dimensional cubic symmetry

(symmetry rotations R
π/2
3 ) given by

C1111 = C2222 =
(Kn − Kt)

2 cos 4β − (Kn
2 + 14KnKt + Kt

2)

8 [(Kn − Kt) cos 4β − (Kn + Kt)]
, (85)

C1122 = − (Kn − Kt)
2 cosβ2 sinβ2

2
(
Kt cos2 β + Kn sin

2 β
) , (86)

C1212 =
1

2

(
Kn sin

2 β + Kt cos
2 β

)
, (87)

C1112 = −C2212 =
1

4
(Kn − Kt) sin 2β, (88)

depending on the constitutive parameters of the interface and on the chirality angle β. By combining
the continualization scheme detailed in Sec. 3 with the peridynamic micro-macro moduli correspon-

Figure 4: Non dimensional micromoduli K1111πhδ
3/Kn and K1212πhδ

3/Kn versus the chirality angle β and Kt/Kn ratio.
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Figure 5: Non dimensional micromoduli K1122πhδ
3/Kn and K1112πhδ

3/Kn versus the chirality angle β and Kt/Kn ratio.

dence procedure described in Sec. 4.1 it is possible to estabilish an univocal analytical relationships
between the microstructural parameters characterizing the discrete heterogeneous system and the
continuum-molecular peridynamic model. Hence, substituting Eqs. (85)-(88) into Eqs. (75)-(77) we
obtain microstructure-based expressions of the anisotropic peridynamic micro-moduli as function of
the specific properties of the interfaces and the chirality angle β of the tetrachiral block lattice

K1111 = K2222 =
3
[
6KnKt − K2

n − K2
t + 2(K2

n − K2
t ) cos 2β − (Kn − Kt)

2 cos 4β
]

2πhδ3
[
Kt cos2 β + Kn sin2 β

] , (89)

K1212 =
3
[
3K2

n − 2KnKt + 3K2
t + 4(K2

t − K2
n) cos 2β − (Kn − Kt)

2 cos 4β
]

2πhδ3
[
Kt cos2 β + Kn sin2 β

] , (90)

K1122 =
3
[
3(Kt − Kn)

2(sin 2β)2 − 4(Kt cosβ
2 + Kn sinβ2)

]
2πhδ3

[
Kt cos2 β + Kn sin2 β

] , (91)

K1112 =
6
[
(Kn − Kt)(sin 2β)

]
πhδ3

, (92)

K2212 =
6
[
(Kt − Kn)(sin 2β)

]
πhδ3

. (93)

The peridynamic micromoduli as function of the chirality angle β and the ratio Kt/Kn are reported
in Figs. 4 and 5.

Assuming interfaces of the tetrachiral block lattice made of homogeneous isotropic material and
plane stress conditions it is easy to obtain that

Kn =
b

r

E

(1− ν2)
, Kt =

b

r

E

2(1 + ν)
, (94)

where E and ν are the Young modulus and Poisson’s ratio of the interface material, whereas b and r are
the length and the in-plane thickness (very small compared to a) of the elastic interface, respectively.
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Figure 6: Square lamina of unitary out-of-plane thickness and consisting of an array of 25×25 tetrachiral periodic cells
with a=20mm and chirality angle β = arctan(1/2) subjected to a set of identical vertical point forces F (left); Reference
cell of side H∗ = 2l used for shear strain computation and detail of the interface between two blocks (right).

Considering Eqs. (94), Eqs. (89)-(93) can be rewritten as

K1111 = K2222 =
3bE

[
7− ν(10 + ν)− 2(ν − 3)(ν + 1) cos 2β − (1 + ν2) cos 4β

]
2πhrδ3(ν2 − 1)

[
ν − 3 + (1 + ν) cos 2β

] , (95)

K1212 =
3bE

[
11− ν(2− 3ν) + 4(ν − 3)(ν + 1) cos 2β − (1 + ν2) cos 4β

]
2πhrδ3(ν2 − 1)

[
ν − 3 + (1 + ν) cos 2β

] , (96)

K1122 =
3bE

[
ν(2− 3ν)− 11− 2(ν − 3)(ν + 1) cos 2β − (1 + ν2) cos 4β

]
2πhrδ3(ν2 − 1)

[
ν − 3 + (1 + ν) cos 2β

] , (97)

K1112 =
3bE(sin 2β)

πhrδ3(1− ν)
, (98)

K2212 =
3bE(sin 2β)

πhrδ3(ν − 1)
. (99)

In order to validate the anisotropic peridynamic formulation and the theoretical expressions of
elastic moduli from the continualization scheme detailed in Sec. 3 and particularized for the present
case in Eqs. (85)-(88), finite element-based heterogeneous numerical models were developed to conduct
uniaxial tests on the square structure of side H =25l reported in Fig. 6 and consisting of an array
of 25×25 tetrachiral periodic cells with a=20mm and chirality angle β = arctan(1/2). Homogeneous
isotropic materials with Young modulus E = 10MPa and variable Poisson’s ratio were assumed for the
interfaces. In particular, representative extreme values νa ≈ 1/2 (e.g. 0.49), νb = 0 and νc ≈ −1 (e.g.
−0.99) were considered in numerical experiments. Uniform density ϱ = 1000 Kg/m3 was assumed
instead for both rigid blocks and interfaces. Finite element static analyses were carried out at the
structural level with 2D plane-stress micro-models of the square grid constructed using the finite
element software Abaqus [66]. The size of the samples with respect to the periodic cells was chosen
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Figure 7: Tetrachiral block lattice with homogeneous isotropic elastic interfaces: Non-dimensional global elastic param-
eters λs and ρs [67] as function of the Poisson’s ratio ν of the elastic interface material (left); Maximum and minimum
effective global Poisson’s ratios as function of ν of the elastic interface material (right). The effective Poisson’s ratio
corresponding to ê1 = e1, ê2 = e2 is indicated with a dot-dash line.

Figure 8: Tetrachiral block lattice with homogeneous isotropic elastic interfaces: (ν = νa ≈ 1/2): Off-axis effective global
elastic moduli and Poisson’s ratios (First and second column); Deformed configurations and vertical displacement maps
obtained with finite element micro-models (third column) and with the anisotropic homogeneous peridynamic model
(fourth column). The magnification factor used for displacements is Γ = 10.

to be large enough to mitigate size effects and boundary effects on the inner periodic cells. Rigid-
body constrains are applied to the square blocks of the tetrachiral system whereas the interfaces,
characterized by r = a/500, are meshed using eight-node quadratic elastic elements leading to a
global model composed of 380311 nodes and 115962 finite elements. A mesh sensitivity analysis was
carried out to guarantee the that the results were not dependent on the specific mesh seed adopted
for discretizing the elastic interfaces edges.

As shown in Fig. 6, vertical displacements of the top row tetrachiral rigid blocks’ centroids are
constrained. Also note that the horizontal displacement of the top-right centroid is constrained in
order to prevent rigid body motion of the structure in that direction. Transversal displacements
and rotations of all the rigid blocks remain ideally free, allowing the unrestricted development of
both lateral expansion/contraction and the rolling mechanism. A set of identical vertical point forces
F = σ22Hh with σ22 = 20MPa was applied to the blocks’ centroids aligned along the bottom row, as
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Figure 9: Tetrachiral block lattice with homogeneous isotropic elastic interfaces: (ν = νb = 0): Off-axis effective global
elastic moduli and Poisson’s ratios (First and second column); Deformed configurations and vertical displacement maps
obtained with finite element micro-models (third column) and with the anisotropic homogeneous peridynamic model
(fourth column). The magnification factor used for displacements is Γ = 10.

Figure 10: Tetrachiral block lattice with homogeneous isotropic elastic interfaces: (ν = νc ≈ −1): Off-axis effective global
elastic moduli and Poisson’s ratios (First and second column); Deformed configurations and vertical displacement maps
obtained with finite element micro-models (third column) and with the anisotropic homogeneous peridynamic model
(fourth column). The magnification factor used for displacements is Γ = 450.

detailed in Fig. 6. It should be underlined that the specific value of the interface material Poisson’s
ratio strongly influences the global effective properties of the tetrachiral block lattice, and that the
overall anisotropic behavior of the here considered mechanical metamaterial arises from geometric-
topological features and specific material properties of its homogeneous elastic isotropic constituents.
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Figure 11: Tetrachiral block lattice with homogeneous isotropic elastic interfaces: Shear strains γ12 (left) and axial
strains ϵ22 (right) corresponding to different values of the interface Poisson’s ratio and computed for the finite elements
micro-models and the anisotropic peridynamic model.

Considering the non-dimensional elastic parameters λs and ρs introduced by Suo [67] and defined as3

λs =
Š1111

Š2222
, ρs =

2Š1122 + Š1212

2
√
Š1111Š2222

, (100)

where Šijhk are the components of the compliance elastic tensor in a principal material reference sys-
tem, it can be noted from Fig. 7 that increasing the value of Poisson’s ratio of the interface material,
an higher grade of anisotropy of the tetrachiral block lattice together with a larger difference between
maximum and minimum effective Poisson’s ratio corresponding to principal material directions is ob-
tained, whereas ν12 remain fixed and equal to zero (see Fig. 7). Particularly interesting are the effective
elastic properties of the architected material in correspondence of the extreme values of the Poisson’s
ratio of the isotropic interface material ν ≈ −1 and ν ≈ 1/2. The latter leads to effective orthotropy
of cubic symmetry (λs = 1) with moderate auxetic behavior along specific directions, whereas the
former causes the periodic cell to be elastically isotropic with near-zero Poisson’s ratio (see Fig. 7).
Another consideration is that the auxeticity of the tetrachiral periodic cell reduces as the Poisson’s ratio
of the interface material approaches -1. Hence, the higher is the grade of auxeticity of the interface
material, the lower are the potential overall effective auxetic properties of the tetrachiral periodic cell.

The peridynamic model of the square structure of sideH in Fig. 6 consists of 12544 particles equally
spaced. The grid spacing adopted is ∆x=H/112=a/4, whereas the density parameter ism=5 leading
to δ=5/4a. The direction dependent microelastic properties of the anisotropic model were determined
by Eqs. (95)-(99) together with Eqs. (61),(62). Same boundary conditions of those considered for the
heterogeneous microstructured finite element model were adopted for the homogeneous peridynamic
model. In particular, displacement constrains and external forces were applied to boundary layers of
thickness g= l, in order to guarantee the same effective loading conditions acting on the micro-model
[68]. It should be remarked that since the proposed peridynamic model is fully anisotropic, Eqs. (61)-
(62) apply directly also to orthotropic materials with elastic moduli given in an arbitrary reference
system not aligned with the principal material directions. A very good agreement both qualitative and

3These parameters measure the anisotropy of the material in the sense that λs = 1, ρs ̸= 1 corresponds to cubic
symmetry, λs ̸= 1, ρs = 1 is referred to degenerate orthotropy, and λs = ρs = 1 corresponds to the case of isotropy.
In the most general case, orthotropic materials are characterized by λs ̸= 1, ρs ̸= 1. Positive definiteness of the strain
energy density function implies λs > 0 and ρs > −1.
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Figure 12: Tetrachiral block lattice with homogeneous isotropic elastic interfaces: (ν = νa ≈ 1/2): Results obtained with
the proposed anisotropic peridynamic model adopting the anisotropic angles ζ = nπ/2 (First row) and ζ = π/4 + nπ/2
(Second row). Being the applied forces in these cases directed along the principal material directions, the anisotropic
chiral effect vanishes and the extreme values of the effective overall Poisson’s ratios are obtained.

quantitative is observed between the micro-structured finite element results and those obtained with
the proposed anisotropic peridynamic formulation, as shown in Figs. 8-11. In the case of νa and νb, the
anisotropic chiral effect due to the applied forces directed along a non-principal direction is correctly
described by the continuous directional dependent micro-constitutive law detailed by Eqs. (61)-(62).

Figure 13: Tetrachiral block lattice with homogeneous isotropic elastic interfaces: Global Poisson’s ratio ν12 computed
using the proposed homogeneous anisotropic model, and corresponding to different orientations ζ of the material reference
system and interface material Poisson’s ratio ν.
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When strong auxetic properties are instead considered for the interface materials (ν = νc ≈ −1),
the applied set of forces F leads to a relatively small uniform elongation with negligible transversal
displacements as detailed in Fig. 10-11 which confirms the theoretical predictions reported in Fig. 7. In
any case, both in presence of chiral effects and effective isotropic behavior, the vertical elongation of the
structure as loaded with forces directed along e2 is not accompanied by lateral contraction/expansion
(see Figs. 10-11). This result again agrees with analytical data in Fig. 7 indicating a zero Poisson’s
ratio for ê1 = e1, ê2 = e2. Considering the microstructured heterogeneous finite element model, shear
and axial strains γ12-ϵ22 were computed on the basis of the transversal displacements of the inner
central cluster of 3-by-3 periodic cells depicted in Fig. 6 (Reference cell of side H∗ = 2l). For the sake
of consistency and being the deformation field affine, the axial and shear strains corresponding to the
anisotropic peridynamic model were calculated, similarly, from the transversal displacements of a set
of particles located in the central zone of the discretized spatial domain. Fig. 11 shows the accuracy
of the numerical solution obtained by the homogeneous anisotropic peridynamic model (also in the
case of coarser discretizations) against finite element solution based on micro-modelling approach. An
important evidence reported in Fig. 11 is that while the relationship between the shear strain γ12
(which quatifies the overall chiral effect of the microstructured material) and the interface Poisson’s
ratio ν is described by a monotonically strictly increasing non-linear function, the axial strain ϵ22 is
a non-linear function of ν with a local maximum at ν = 1/4. Moreover, a strong reduction of the
effective deformability of the metamaterial is observed for negative values of Poisson’s ratios close to
νc, being ϵ22(νa)/ϵ22(νc) ≈ 60.

Considering the cubic symmetry of the material, and that the maximum of the function Ĉ1111(ψ)
is obtained for ψ = ζ0 ≈ 29π/125, by rotating the tetrachiral block lattice of the angles

ϖ =

(
π

2
− ζ0

)
+ n

π

2
, ς =

(
π

4
− ζ0

)
+ n

π

2
, (101)

with n ∈ N, the applied forces result directed along the principal material directions. In these cases,
the anisotropic chiral effect vanishes and the extreme values of the effective overall Poisson’s ratios
are obtained. In particular the largest auxeticity can be obtained setting ζ = ζ1 = nπ/2, whereas
the maximum value of the Poisson’s ratio is get when ζ = ζ2 = π/4 + nπ/2. Results obtained
with the proposed anisotropic peridynamic model adopting the anisotropic angles ζ = ζ1 and ζ = ζ2
are reported in Fig. 12, in which the horizontal displacement map reports values normalized with
respect to the corresponding horizontal nodal displacements, allowing then a direct determination of

1 2 3 4 5
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Figure 14: Tetrachiral block lattice with homogeneous isotropic elastic interfaces (ν = νa ≈ 1/2): Natural frequencies
obtained with the microstructured finite element model (black triangles) and the proposed homogeneous anisotropic
peridynamic formulation adopting different discretization parameters.
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Figure 15: Tetrachiral block lattice with homogeneous isotropic elastic interfaces (ν = νa ≈ 1/2): Modal shapes obtained
with the microstructured finite element model (first row) and the proposed homogeneous anisotropic peridynamic for-
mulation adopting δ = 5/4a and m = 5 (second row).

the resulting global Poisson’s ratio ν12. Being the anisotropic material model based on continuous
directional dependent functions, when the density parameter m > 3, the numerical elastic solution
is almost independent of lattice rotations and angles of anisotropy considered. Adopting m = 5, the
differences between the theoretical and computed global Poisson’s ratio ν12 result to be lower than
1%, even adopting coarser discretizations (Figs. 12-13).

A classic modal analysis was also performed to evaluate the performance of the anisotropic peri-
dynamic formulation in the case of complex non-affine deformation fields. We considered the square
structure depicted in Fig. 6 with no boundary conditions and ν = νa for the isotropic interface mate-
rial, corresponding to the larger resulting effective anisotropy of the tetrachiral block lattice. Hence,
by omitting the applied external load vector f in Eq. (24), and assuming simple harmonic motion
v = υ exp(ıωt), the eigenvalue problem is obtained(

K− ω2M
)
υ = 0, (102)

where the eigenvalues ω are related to the natural frequencies f = ω/(2π). Assembling the global
stiffness and mass matricesK andM of the square lamina with homogenized properties, the lowest five
eigenvectors υ (or modal shapes) are obtained. Results from homogeneous peridynamic simulations
are compared to the first five modal shapes and natural frequencies of the microstructured square
lamina obtained from finite element analyses. The modal shapes together with the corresponding
natural frequencies predicted by the anisotropic peridynamic model are in excellent agreement with
finite element solutions (see Figs. 14-15).

A δ-convergence analysis (see details in [16]) shows that the peridynamic natural frequencies seem
not to be affected by the grid spacing ∆x adopted (see Fig. 14). Actually, a reduction of the size
of the horizon of eight times (keeping m = 5 fixed) lead to negligible variations of the differences
between the peridynamic and the microstructured finite element numerical solution. However, it is
noted that by increasing the density parameter m (keeping δ = 5/4a ≈ l fixed), a slight reduction
of the error related to the peridynamic natural frequencies with respect to the heterogeneous finite
element solution is observed. In this case, a m-convergence procedure allows the meshfree numerical
solution to converge to the peridynamic non-local solution corresponding to δ = l.
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Figure 16: Self-balanced quadratic displacement fields on a square sub-domain: Off-axis moduli and Poisson’s ratio as
function of the angle ψ corresponding to the anisotropic material considered (left); Layout of the problem (right).

5.2. Self-Balanced quadratic displacement fields: Analytical solutions

A quasi-static problem concerning the self-equilibrium of an anisotropic Cauchy continuum over an
unbounded bi-dimensional domain is considered. The balance equations expressed in term of the
displacement field u = uiei read

C∇u = 0, (103)

whose solution can be sought for in the polynomial form u = 1
2Λ : (x⊗ x), where Λ is a third order

tensor with constant components. After simple manipulations, the solution can be expressed in the
component form

uα =
1

2
Λαααx

2
α +

1

2
Λαββx

2
β + Λ̃ααβxαxβ, (104)

where α, β = 1, 2 (with α ̸= β) are indices not summed. The auxiliary quantities

Λ̃ααβ =
1

D
(N1Λααα + N2Λβββ + N3Λαββ + N4Λβαα) , (105)

depend on elastic tensor components according to the relations

N1 = −2CααααCββαβ + CαααβCααββ + CαααβCαβαβ , (106)

N2 = −2C2
ββαβ + CααββCββββ + CαβαβCββββ , (107)

N3 = −CαβαβCββαβ + CααββCββαβ, (108)

N4 = −2CαααβCββαβ + CααββCαβαβ + C2
αβαβ , (109)

D = 4CαααβCββαβ − C2
ααββ − 2CααββCαβαβ − C2

αβαβ , (110)

whereas the four constant components Λ111,Λ222,Λ122,Λ211 remain undetermined.
Considering a square sub-domain of an in-plane body (see Fig. 16) composed of an anisotropic

Cauchy material with elastic constants detailed in Tab. 1, we compared the analytical solution of
displacements corresponding to four different set of constants Λ111,Λ222,Λ122,Λ211 (see Tab. 2) with
the numerical solution obtained with the proposed fully-anisotropic peridynamic model. To this
purpose, a meshfree discretization of the square domain of unitary side L and consisting of a regular
grid of 10000 particles equally spaced (∆x = L/100 and m = 5) was adopted. Dirichlet boundary
conditions, related to the four configurations of self-balanced displacements considered were applied
to the top-bottom and left-right edges of the square domain in Fig. 16.
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Table 1: Self-balanced quadratic displacement fields on a
square sub-domain: Elastic constants of the anisotropic
material considered.

C2222 C1122 C1212 C1112 C2212

C1111 C1111/5 C1111/3 C1111/10 C1111/5

Table 2: Self-balanced quadratic displacement fields on a
square sub-domain: Set of constants Λ111,Λ222,Λ122,Λ211

corresponding to the four cases considered.

Case Λ111 Λ222 Λ122 Λ211

a 0 0 0 1

b 0 0 1 0

c 1/4 0 0 0

d 0 1/4 0 0

Results obtained by the proposed micropolar peridynamic formulation are in very good agreement
with the analytical solutions, as shown in Figs. 17-18. In particular, a comparison of nodal displace-
ments along the abscissa x1/L = 1/4 (Case 1 and 3, left) and x2/L = 1/4 (Case, 2 and 4, right)
corresponding to analytical and numerical solutions is reported in Fig. 17. This outcome confirms
the capabilities of the conceived peridynamic material model in predicting the elastic behavior of
fully anisotropic Cauchy materials in presence of complex loading conditions and non-homogeneous
deformation fields. It should be reminded that this is the first fully-anisotropic bond-based type
peridynamic continuum formulation not affected by internal constrains concerning the number of
independent material constants.

6. Conclusions

An anisotropic continuum-molecular formulation with elastic pair potentials for periodic heteroge-
neous Cauchy materials has been proposed in the peridynamic theoretical framework. Following a
mechanistic approach, constitutive laws have been defined for long-range interactions such that the
macroscopic elastic behavior of the material results from the assigned micro-interactions properties.
Elastic pair potentials act on interacting material points within a cutoff distance, namely the horizon,
and enable the computation of pairwise actions as energetic conjugates to specific pairwise deformation
variables. The non-central force assumption, together with the definition of direction-dependent pair-
wise micro-moduli functions, allow to obtain the first bond-based type continuum-molecular model,
characterized by six independent constitutive constants that can be related to the elastic behavior of a
fully-anisotropic homogeneous Cauchy material. The linear field equations governing the continuum-
molecular model have been derived analytically from variational principles, whereas an implicit im-
plementation of the model together with the formalization of the mass and stiffness operator has been

Figure 17: Self-balanced quadratic displacement fields on a square sub-domain: Comparison of nodal displacements
along the abscissa x1/L = 1/4 (Case 1 and 3, left) and x2/L = 1/4 (Case, 2 and 4, right), between the analytical (solid
line) and anisotropic peridynamic solution (triangles).
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Figure 18: Self-balanced quadratic displacement fields on a square sub-domain: Deformed configuration (first column)
and displacement fields (second and third columns) obtained by the anisotropic homogeneous peridynamic model and
corresponding to: Case a (first row); Case b (second row); Case c (third row); Case d (fourth row); The analytical
solutions is also reported in the first column.
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obtained by employing a meshfree discretization method. Within the compass of microstructured ma-
terials characterized by a periodic planar tessellation of rigid massive blocks connected by soft elastic
interfaces, the elastic potentials of the equivalent continuum-molecular model are univocally identified
as analytical functions of the microstructural parameters. The identification is consistently based
on the formal analogy with the overall constitutive tensors of a homogeneous first-order continuum
formulated via continualization schemes and equivalent to the periodic microstructured material.

The qualitative and quantitative accuracy of the proposed continuum-molecular model has been
successfully verified in the static and dynamic range by comparison with high-fidelity finite element
models of an auxetic tetrachiral block lattice, considering different orientations of the periodic cell
and properties of the elastic interfaces. Further validations have been achieved also in the comparison
with analytical solutions for fully anisotropic elasticity.
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Appendix A. Field equations of the peridynamic body

Let us consider a two-dimensional continuum peridynamic body Ω, composed of oriented material
points x, as detailed in Sec. 2. The body configuration is described by the displacement field u(x, t)
and rotation field θ(x, t). The Hamiltonian action can be defined

H =

∫ t2

t1

∫
Ω
[T (x, t)− (V(x, t) +W(x, t))] dx dt, (A.1)

where the density of kinetic energy is

T (x, t) =
1

2
ϱ u̇ · u̇+

1

2
J θ̇2, (A.2)

while the potential energy related to conservative body forces is

V(x, t) = −b · u− c θ, (A.3)

and finally, elastic energy density is

W(x, t) =
1

2

∫
Hx

[
kn|x′ − x|

2
s2 +

kt|x′ − x|
2

γ2 +
kb|x′ − x|

2
χ2

]
dx′, (A.4)

where the deformations of the generic material fiber connecting the pairwise points x and x′ within
the horizon Hx are

s =
(u′ − u) · n
|x′ − x|

, γ =
(u′ − u) · t
|x′ − x|

− θ′ + θ

2
, χ =

θ′ − θ

|x′ − x|
, (A.5)

where the positions u′ = u(x′, t) and θ′ = θ(x′, t) have been introduced for the sake of synthesis [69].
After substitution, the Hamiltonian action becomes

H =

∫ t2

t1

∫
Ω

{(
1

2
ϱ u̇ · u̇+

1

2
J θ̇2

)
− 1

2

∫
Hx

[
kn|x′ − x|

2

(
(u′ − u) · n
|x′ − x|

)2

+

+
kt|x′ − x|

2

(
(u′ − u) · t
|x′ − x|

− θ′ + θ

2

)2

+
kb|x′ − x|

2

(
θ′ − θ

|x′ − x|

)2
]
dx′ + (b · u+ c θ)

}
dxdt.

(A.6)
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According to the Hamilton’s principle, the field equations governing the forced response of the peri-
dynamic body can be obtained by imposing the stationarity condition

δH =

∫ t2

t1

∫
Ω

{
−
(
ϱ ü · δu+ J θ̈ δθ

)
−
∫
Hx

[
−kn

(
(u′ − u) · n
|x′ − x|

)
δu · n+

− kt

(
(u′ − u) · t
|x′ − x|

− θ′ + θ

2

)
δu · t− kt

2

(
(u′ − u) · t
|x′ − x|

− θ′ + θ

2

)
|x′ − x|δθ+

−kb
θ′ − θ

|x′ − x|
δθ

]
dx′ + (b · δu+ c δθ)

}
dx dt = (A.7)

= −
∫ t2

t1

∫
Ω

{
ϱ ü−

∫
Hx

[
kn

(
(u′ − u) · n
|x′ − x|

)
n+ kt

(
(u′ − u) · t
|x′ − x|

− θ′ + θ

2

)
t

]
dx′ − b

}
· δu+

+

{
Jθ̈ −

∫
Hx

[
kt
2

(
(u′ − u) · t
|x′ − x|

− θ′ + θ

2

)
|x′ − x|+ kb

θ′ − θ

|x′ − x|

]
dx′ − c

}
δθ dt = 0,

which allows determining the field equations∫
Hx

f(u′,u, θ′, θ,x′,x) dx′ + b(x, t) = ϱ(x) ü(x, t) x ∈ Ω, (A.8)∫
Hx

m(u′,u, θ′, θ,x′,x) dx′ + c(x, t) = J(x) θ̈(x, t) x ∈ Ω, (A.9)

where the integrand functions have the form

f(u′,u, θ′, θ,x′,x) = kn

(
(u′ − u) · n
|x′ − x|

)
n+ kt

(
(u′ − u) · t
|x′ − x|

− θ′ + θ

2

)
t, (A.10)

m(u′,u, θ′, θ,x′,x) =
kt
2

(
(u′ − u) · t
|x′ − x|

− θ′ + θ

2

)
|x′ − x|+ kb

θ′ − θ

|x′ − x|
. (A.11)

where the last term of Eq. (A.11) is the mutual action mb(x,x
′, t) defined in Eq. (9).

After proper manipulations, the field equations (A.8)-(A.9) can be expressed in the convenient
integro-differential form∫
Hx

[
H(x′,x)u(x′, t)− h(x′,x)θ(x′, t)

]
dx′ − S(x)u(x, t)− s(x)θ(x, t) + b(x, t) = ϱ(x) ü(x, t), (A.12)∫

Hx

[
h(x′,x)·u

(
x′, t

)
+H(x′,x)θ(x′, t)

]
dx′ − s(x)·u(x, t)− S(x)θ(x, t) + c(x, t) = J(x) θ̈(x, t), (A.13)

where the integral kernel are

H(x′,x) = kn
n⊗ n

|x′ − x|
+ kt

t⊗ t

|x′ − x|
, h(x′,x) =

kt
2
t, H(x′,x) =

kb
|x′ − x|

− kt
4
|x′ − x| (A.14)

and the variable coefficients are

S(x) =

∫
Hx

(
kn

n⊗ n

|x′ − x|
+ kt

t⊗ t

|x′ − x|

)
dx′, s(x) =

∫
Hx

kt
2
tdx′, (A.15)

S(x) =

∫
Hx

(
kt
4
|x′ − x|+ kb

|x′ − x|

)
dx′.

The domain occupied by the body Ω is divided into a set sub-domains, whose generic volume element
∆xi is pointed by the central position vector xi. Denoting by ∆xj the sub-domains, pointed by the
central position vectors xj , in the xi-neighboring horizon Hx, the discretized Eqs. (A.12)-(A.13) read∑

j∈PH

[
H̃ijuj(t)− h̃ijθj(t)

]
− S̃iui(t)− s̃iθi(t) + b̃i(t) =Mi üi(t) i ∈ PΩ, (A.16)

∑
j∈PH

[
h̃ij · uj(t) + H̃ijθj(t)

]
− s̃i · ui(t)− S̃iθi(t) + c̃i(t) =Mθi θ̈i(t) i ∈ PΩ, (A.17)
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where PH e PΩ are the sets of indexes associated to the positions xj and xi (with xj ̸= xi) of the
sub-domain entirely contained in the domains Hx and Ω, while uj(t) = u(xj , t), ui(t) = u(xi, t),
θj(t) = θ(xj , t), θi(t) = θ(xi, t). Furthermore, the coefficients

H̃ij = Hij∆xj∆xi, h̃ij = hij∆xj∆xi, H̃ij = Hij∆xj∆xi, (A.18)

S̃i = Si∆xi, ˜bfsi = si∆xi, S̃i = Si∆xi,

Mi = ϱi∆xi, Mθi = Ji∆xi,

b̃i = bi∆xi, c̃i = ci∆xi,

have been introduced. After properly assembling of all the contributions, the governing equations
finally take the form

Mv̈ +Kv = f , (A.19)

being v = (ui, θi) and f = (b̃i, c̃i) with i ∈ PΩ.

Appendix B. Constitutive equations of Cauchy continuum: Compact matrix notation

Given the orthogonal basis {e1, e2}, Eq. (55) can be written using compact matrix notation as

σ = Cϵ, (B.1)

hence as 
σ11
σ22
τ12

 =

 C1111 C1122 C1112

C1122 C2222 C2212

C1112 C2212 C1212


ϵ11
ϵ22
2ϵ12

 . (B.2)

Considering now a generic basis {ê1, ê2} rotated by an angle ψ with respect to the horizontal, Eq. (B.1)
can be rewritten as

σ̂ = Ĉϵ̂. (B.3)

Being

σ̂ = Qσσ =

 cos2 ψ sin2 ψ 2 cosψ sinψ
sin2 ψ cos2 ψ −2 cosψ sinψ

− cosψ sinψ cosψ sinψ cos 2ψ


σ11
σ22
τ12

 , (B.4)

ϵ̂ = Qϵϵ =

 cos2 ψ sin2 ψ cosψ sinψ
sin2 ψ cos2 ψ − cosψ sinψ

−2 cosψ sinψ 2 cosψ sinψ cos 2ψ


ϵ11
ϵ22
2ϵ12

 (B.5)

and the tensor Č in Eq. (B.3) is defined as

Č =

 Č1111 Č1122 Č1112

Č1122 Č2222 Č2212

Č1112 Č2212 Č1212

 = QσCQ−1
ϵ = QσCQ⊤

σ , (B.6)

noting that Q−1
ϵ = Q⊤

σ .
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