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Abstract 

This paper presents a model for calculating the small-strain shear stiffness of saturated and 

unsaturated fine-grained soils as the product of a dimensionless stiffness index and four individual 

functions of the mean average skeleton stress, the over-consolidation ratio, the reference 

saturated void ratio and the degree of saturation. The main element of novelty of the model 

resides in the introduction of a reference saturated state, which results in a dependency of the 

small-strain stiffness on the degree of saturation. The reference saturated state is calculated 

according to a recently published constitutive law that relates the quotient between the 

unsaturated void ratio and the reference saturated void ratio to the degree of saturation. The 

model requires only two extra parameters for unsaturated states, i.e. one parameter for the 

volumetric behaviour and one for the stiffness behaviour. These two parameters may also be 

correlated to the saturated parameters, which simplifies the calibration of the model. The 

proposed framework is validated against laboratory experiments on three different materials 

resulting in generally accurate predictions compared to other published models. The good 

predictive capabilities and the simplicity of the formulation justify the implementation of the model 

into numerical codes for the analysis of geotechnical problems. 

 

Keywords 

small-strain shear stiffness, soil suction, unsaturated soils, fine-grained soils, constitutive 

modelling 

 

List of notations 

𝐴 dimensionless stiffness index 

𝑒 void ratio 

𝑒𝑖 void ratio at intersection between swelling line and normal compression line 

𝑒𝑠𝑎𝑡 reference saturated void ratio 

𝐺0 small-strain shear stiffness 

𝐺0𝑠𝑎𝑡 reference saturated small-strain shear stiffness 

𝜅 swelling index 

𝜆𝑟 capillary parameter 

𝜆 slope of the saturated normal compression line 

𝑚 coefficient describing sensitivity of small-strain stiffness to over-consolidation ratio 

𝑛 coefficient describing sensitivity of small-strain stiffness to mean average skeleton stress 

𝑁 intercept of the saturated normal compression line 

 capillary bonding variable 

𝑂𝐶𝑅  over-consolidation ratio 
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𝑝 mean total stress 

𝑝𝑎𝑡𝑚 atmospheric pressure 

𝑝′′ mean average skeleton stress 

𝑝𝑖
′′

 mean average skeleton stress at intersection between swelling line and normal 

compression line 

𝑝0
′′(𝑆𝑟) yield stress at a given degree of saturation 

𝑝0
′′(1) yield stress under saturated conditions, i.e. 𝑆𝑟=1 

𝑃𝐼 plasticity index 

𝑅 correlation coefficient 

𝑠 suction 

𝑆𝑟  degree of saturation 

𝑢𝑎 pore-air pressure 

𝑢𝑤  pore-water pressure 



 
 

1. Introduction 1 

The small-strain (initial) shear stiffness of the soil is the most important parameter for assessing 2 

the seismic response of the ground and, in general, for any dynamic analysis of geotechnical 3 

works. Since the early seventies, along with the development of soil constitutive modelling, some 4 

empirical relations have been proposed to predict the small-strain shear stiffness of saturated 5 

soils. Hardin and Richart (1963), Hardin and Black (1968), Drnevich and Richart (1970), Hardin 6 

and Drnevich (1970, 1972), Iwasaki et al. (1976, 1978), Tatsuoka et al. (1978), Ishibashi (1981), 7 

Kokusho and Esashi (1981), and Kokusho et al. (1982) were among the first to measure the small-8 

strain shear stiffness of saturated soils and to propose suitable modelling laws. In general, these 9 

laws equate the small-strain stiffness to the product of several factors including a function of the 10 

effective stress, a function of the over-consolidation ratio, a function of the void ratio and a 11 

dimensionless stiffness index. 12 

Unsaturated soils started to be studied later because of the challenges posed by the triphasic 13 

nature of this material that is made of grains, pore water, and pore air. In parallel with the 14 

development of new techniques for the field measurement of capillary suction (e.g. Mendes et al., 15 

2008), some studies about the small-strain stiffness of unsaturated soils were published by Wu 16 

et al. (1989), Quin et al. (1991), Picornell and Nazarian (1998), Cabarkapa et al. (1999), Mancuso 17 

et al. (2002), Leong et al. (2006), Vassallo et al. (2007a, 2007b), Ng and Yung (2009), 18 

Sawangsuriya et al. (2009), Khosravi and McCartney (2009), Biglari et al. (2011, 2012), Khosravi 19 

and McCartney (2012), Wong et al. (2014), Zhou (2014), Hasan and Wheeler (2016), Dong et al. 20 

(2016) and Dong et al. (2018), among others. In general, these unsaturated stiffness models are 21 

an extension of saturated ones and are often based on the introduction of one extra factor that 22 

accounts for the partial saturation of the soil. Some of these models (e.g. Mancuso et al., 2002; 23 

Vassallo et al., 2007a, 2007b; Leong et al., 2006; Ng and Yung, 2009; Sawangsuriya et al., 2009) 24 

make use of unsaturated stress variables, such as mean net stress, 𝑝 − 𝑢𝑎 (where 𝑝 is the mean 25 

total stress and 𝑢𝑎 is the pore air pressure) and matric suction, 𝑢𝑎 − 𝑢𝑤 (where 𝑢𝑤 is the pore 26 

water pressure) while other ones employ state variables that incorporate the degree of saturation, 27 

𝑆𝑟. The latter approach improves accuracy but generally requires a larger number of material 28 

parameters.  29 
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Wong et al. (2014) compared the predictions of different unsaturated stiffness models and showed 30 

that the model by Biglari et al. (2011) produced the best fit to laboratory data for three distinct 31 

soils (i.e. Zenoz kaolin, Po silt, and CDT). The model of Biglari et al. (2011) exploits the 32 

constitutive law of Gallipoli et al. (2003) to calculate the void ratio, which results in relatively 33 

accurate predictions of unsaturated stiffness for fine-grained soils along different paths, including 34 

wetting paths that involve collapse-compression. Except for Zhou (2014), who followed a similar 35 

approach, other models do not specify how the void ratio is calculated inside their respective 36 

formulations. 37 

This paper modifies the model by Biglari et al. (2011) drawing upon recent advances in 38 

constitutive modelling. The capillary bonding variable by Gallipoli et al. (2003) is replaced with an 39 

alternative expression by Gallipoli and Bruno (2017) while the void ratio is replaced with the 40 

reference saturated void ratio resulting in a revisited form of the function of the degree of 41 

saturation in the stiffness equation. Finally, the unsaturated material parameters are correlated to 42 

the saturated ones, which facilitates the calibration of the model. 43 

The predicted volumetric behaviour of the soil has been compared to test results by Sivakumar 44 

et al. (1993), Sharma (1998), Raveendiraraj (2009), Sivakumar et al. (2010), and Biglari et al. 45 

(2011) while the predictions of small-strain stiffness have been compared to test data by Vassallo 46 

et al. (2007a), Biglari et al. (2011), and Hasan (2016). Finally, the proposed formulation has been 47 

assessed against four other models for the prediction of the small-strain stiffness of three distinct 48 

soils (i.e. Zenoz kaolin, Po silt, and Speswhite kaolin). 49 

 50 

2. Volumetric model 51 

Gallipoli and Bruno (2017) introduced the capillary bonding variable, 𝜉 = 1/𝑆𝑟 as a measure of 52 

the inter-particle stabilisation produced by water menisci. They postulated that, under virgin 53 

conditions, the ratio 𝑒/𝑒𝑠𝑎𝑡 between the current void ratio 𝑒 and the reference saturated void 54 

ratio 𝑒𝑠𝑎𝑡 at the same mean average skeleton stress, 𝑝′′ = (𝑝 − 𝑢𝑎) + 𝑆𝑟(𝑢𝑎 − 𝑢𝑤) can be 55 

expressed as a power function of capillary bonding, 𝜉 as: 56 

𝑒

𝑒𝑠𝑎𝑡
= 𝜉𝜆𝑟 = (

1

𝑆𝑟
)

𝜆𝑟

 1. 57 
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where 𝜆𝑟 is a positive material parameter accounting for capillarity effects, thus implying that the 58 

fraction 𝑒/𝑒𝑠𝑎𝑡 increases with decreasing saturation levels. In an unsaturated soil, the degree of 59 

saturation, 𝑆𝑟 is comprised between zero and one, thus Equation 1 dictates that the void ratio 𝑒 60 

is always larger or equal to the reference saturated void ratio 𝑒𝑠𝑎𝑡 at the same mean average 61 

skeleton stress, which is consistent with experimental evidence (e.g. Gallipoli et al., 2003), 62 

With reference to virgin conditions (i.e. normally consolidated conditions), the combination of 63 

Equation 1 with the saturated normal compression line defined in a semi-logarithmic plane as: 64 

𝑒𝑠𝑎𝑡 = 𝑁 − 𝜆 Ln 𝑝′′  2. 65 

results in the following unified form of the normal compression line that is valid for both saturated 66 

and unsaturated states: 67 

𝑒 =
𝑒

𝑒𝑠𝑎𝑡
𝑒𝑠𝑎𝑡 = (

1

𝑆𝑟
)

𝜆𝑟
(𝑁 − 𝜆 Ln 𝑝′′)  3. 68 

where 𝑁 and 𝜆 are the intercept and slope of the saturated normal compression line, respectively. 69 

Under saturated conditions (𝑆𝑟 = 1), the mean average skeleton stress, 𝑝′′ reduces to 70 

Terzaghi’s effective stress, so that the unified normal compression line given by Equation 3 71 

coincides with the saturated normal compression line given by Equation 2. 72 

Under over-consolidated conditions, the void ratio of both saturated and unsaturated soils is 73 

instead described by the following expression of the swelling line: 74 

𝑒 = 𝑒𝑖 − 𝜅 Ln
𝑝′′

𝑝𝑖
′′  4. 75 

where 𝜅 is the swelling index while 𝑒𝑖 and 𝑝𝑖
′′

 are the void ratio and the mean average skeleton 76 

stress at intersection between the swelling line and the unified normal compression line, 77 

respectively. 78 

Equations 2 and 4 define an elasto-plastic volumetric model for isotropic stress states in terms of 79 

four parameters, i.e. the three standard saturated parameters, 𝑁, 𝜆, and 𝜅 plus one parameter 80 

governing the unsaturated behaviour, 𝜆𝑟. All four parameters have a clear physical meaning, 81 

which facilitates the calibration of the model from laboratory tests. Note that, as discussed by 82 

Gallipoli et al. (2003), the model formulation in terms of mean average skeleton stress and degree 83 



4 
 

of saturation allows the prediction of elastoplastic volumetric strains during wetting, drying and 84 

loading paths as a single mechanical phenomenon, which relies on the definition of only one yield 85 

curve. 86 

Table 1 shows the values of parameters 𝑁, 𝜆, and 𝜅 calibrated against constant suction tests on 87 

Zenoz kaolin (PI=12%) by Biglari et al. (2011) (data from Biglari et al., 2011), Speswhite kaolin 88 

(PI=30%) by Gallipoli et al. (2003) (data from Sivakumar, 1993) and a bentonite/kaolin mix 89 

(PI=60%) by Gallipoli et al. (2003) (data from Sharma, 1998). These three materials are indicated 90 

as soils no. 1, 2, and 3 in Table 1. 91 

To calibrate the capillary parameter 𝜆𝑟, the values of 𝑒/𝑒𝑠𝑎𝑡 in Equation 1 were obtained as the 92 

fraction between the post-yield values of the unsaturated void ratio, 𝑒 (measured during 93 

experiments) and the corresponding reference values of the saturated void ratio, 𝑒𝑠𝑎𝑡 (calculated 94 

from Equation 2 at the same mean average skeleton stress of the measured unsaturated void 95 

ratio). For each soil, Figure 1 plots the ratio 𝑒/𝑒𝑠𝑎𝑡 against the relevant value of capillary bonding, 96 

𝜉 together with the best-fit capillary function of Equation 1 corresponding to the values of the 97 

capillary parameter, 𝜆𝑟 and correlation coefficient, 𝑅 given in the figure legend. The good match 98 

of the capillary function to the experimental data, for all three soils, confirms the ability of Equation 99 

1 to capture the soil behaviour. A similar volumetric model was already validated by Gallipoli and 100 

Bruno (2017) for degrees of saturation between 0.6 and 1. However, in the present work, the 101 

validation has been extended to saturation levels as low as 0.25 for Zenoz kaolin (Figure 1(a)). 102 

 103 
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Figure 1. Fitting of capillary bonding function to experimental data by: (a) Biglari et al. (2011), 

(b) Sivakumar (1993) and (c) Sharma (1998) 
 104 

Table 1. Parameters of the elasto-plastic volumetric model 105 

No. Soil Data by Calibrated by 𝑁 𝜆 𝜅 𝜆𝑟 

1 Zenoz kaolin 
Biglari et al. 

(2011) 
Biglari et al. 

(2011) 
0.996 0.072 0.02 0.443† 

2 Speswhite kaolin 
Sivakumar 

(1993) 
Gallipoli et al. 

(2003) 
1.642 0.128 

Not 
applicable 

0.549† 

3 
Bentonite/kaolin 

mix 
Sharma 
(1998) 

Gallipoli et al. 
(2003) 

1.76 0.144 
Not 

applicable 
0.597† 

4 Speswhite kaolin 
Raveendiraraj 

(2009) 
This study 1.548 0.124 

Not 
applicable 

0.549‡ 

5 Speswhite kaolin 
Sivakumar et 

al. (2010) 
This study 1.641 0.110 

Not 
applicable 

0.520‡ 

6 Po silt 
Vassallo et al. 

(2007a) 
Wong et al. 

(2014) 
1.026 0.065 0.015 0.427‡ 

7 Speswhite kaolin Hasan (2016) This study 1.642§ 0.128§ 0.02 0.558‡ 

† Calibrated in this study by least-square regression (Figure 1) 106 
‡ Calculated by Equation 5 107 
§ Calibrated by Gallipoli et al. (2003) from tests by Sivakumar (1993) 108 
 109 

Figure 2 plots the capillary parameter, 𝜆𝑟 against the slope of the saturated normal compression 110 

line, 𝜆 (Table 1) for all three soils. These data points are well interpolated by the following 111 

relationship: 112 

𝜆𝑟 = 2.075 𝜆 + 0.292   𝑅2 = 0.99  5. 113 

which suggests a positive linear correlation between 𝜆𝑟 and 𝜆. According to Equation 3, a soil 114 

with a larger saturated compressibility, 𝜆 will also exhibit a larger unsaturated compressibility, 115 

𝜆 (
1

𝑆𝑟
)

𝜆𝑟

 at any fixed value of degree of saturation.  116 

 117 
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Figure 2. Correlation between the capillary parameter, 𝜆𝑟 and the slope of the saturated 

normal compression line, 𝜆 

 118 

The validity of the correlation relationship of Equation 5 is next assessed against two additional 119 

sets of test results on Speswhite kaolin (PI=30%) by Raveendiraraj (2009) and Sivakumar et al. 120 

(2010) (i.e. soils no. 4 and 5 in Table 1), which were not used during the previous interpolation. 121 

This constitutes a more stringent validation of the parameter correlation of Equation 5 compared 122 

to the case where all five data sets would have been used during the previous interpolation. First, 123 

the saturated normal compression lines of soils no. 4 and 5 were calibrated in Figure 3 to obtain 124 

the corresponding values of parameters 𝑁 and 𝜆 (Table 1). During this calibration, the values of 125 

void ratio by Raveendiraraj (2009) were corrected as suggested by Gallipoli and Bruno (2017). 126 

Next, the values of 𝑒/𝑒𝑠𝑎𝑡 were obtained as previously explained and compared in Figure 4, 127 

against the corresponding predictions by Equation 1 using the capillary parameter, 𝜆𝑟 calculated 128 

from Equation 5 (Table 1). The relatively good match between experiments and predictions 129 

corroborates the correlation relationship of Equation 5.  130 

Therefore, by adopting the correlation relationship of Equation 5 to calculate 𝜆𝑟, only the three 131 

saturated parameters 𝑁, 𝜆, and 𝜅 must be calibrated from laboratory tests. It is however 132 

recommended that the correlation of Equation 5 is only used if strictly necessary, such as for 133 

example in the case where it is not possible to perform laboratory tests on unsaturated soil 134 

samples. In all other circumstances, it is preferable to calibrate the capillary parameter 𝜆𝑟 by 135 

direct interpolation of experimental data. 136 

 137 
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Figure 3. Fitting of saturated normal compression lines to experimental data by: (a) 
Raveendiraraj (2009) and (b) Sivakumar et al. (2010)  

 138 

  
 

Figure 4. Predicted capillary bonding function using Equation 5 against experimental data by: 
(a) Raveendiraraj (2009) and (b) Sivakumar et al. (2010) 

 139 

Following Gallipoli et al. (2003) and Erratum (2003), the following expression of the yield locus is 140 

derived in the Ln 𝑝′′ : 𝑆𝑟 plane from Equations 1, 3 and 4: 141 

Ln 𝑝0
′′(𝑆𝑟) =

𝜆−𝜅

(
1

𝑆𝑟
)

𝜆𝑟
𝜆−𝜅

Ln 𝑝0
′′(1) +

((
1

𝑆𝑟
)

𝜆𝑟
−1)𝑁

(
1

𝑆𝑟
)

𝜆𝑟
𝜆−𝜅

  6. 142 

If the saturated yield stress is known, Equation 6 can be used to predict the variation of yield 143 

stress with degree of saturation in a way that is not conceptually different from the prediction of 144 

the variation of yield stress with suction by the loading-collapse curve by Alonso et al. (1990). 145 

However, as discussed by Gallipoli et al. (2003), Equation 6 is more general than the loading-146 

collapse curve of Alonso et al. (1990) as it can capture yielding during drying paths (in addition to 147 

wetting and loading paths) without the introduction of an additional “suction increase” curve, 148 

thanks to the formulation of the model in terms of mean average skeleton stress and degree of 149 

saturation. The unsaturated soil can then be classified as either over-consolidated or normally 150 
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consolidated depending on the current state relative to the yield curve of Equation 6 in the 151 

Ln 𝑝′′ : 𝑆𝑟 plane. 152 

The above elasto-plastic model can be used for predicting the variation of void ratio and the 153 

corresponding evolution of yield locus along isotropic loading, unloading, wetting, and drying 154 

paths. The calculated value of void ratio can then be employed to compute the small-strain shear 155 

stiffness as explained in the next section. 156 

 157 

3. Small-strain shear stiffness model 158 

The following unified model is proposed for predicting the small-strain shear stiffness, 𝐺0 of both 159 

saturated and unsaturated soils: 160 

𝐺0 = 𝐴 𝑝𝑎𝑡𝑚
1−𝑛  𝑝′′𝑛

 𝑂𝐶𝑅𝑚 𝑓(𝑒𝑠𝑎𝑡) ℎ(𝑆𝑟)  7. 161 

The over-consolidation ratio, 𝑂𝐶𝑅 is the ratio between the yield and current values of mean 162 

average skeleton stress at the same degree of saturation: 163 

𝑂𝐶𝑅 =
𝑝0

′′(𝑆𝑟)

𝑝′′    8. 164 

where the yield stress 𝑝0
′′(𝑆𝑟) is calculated by Equation 6. 165 

The function 𝑓(𝑒𝑠𝑎𝑡) in Equation 7 coincides with the following expression that was proposed by 166 

Hardin and Black (1969) for predicting the small-strain stiffness of saturated fine-grained soils: 167 

𝑓(𝑒𝑠𝑎𝑡) =
(2.973−𝑒𝑠𝑎𝑡)2

1+𝑒𝑠𝑎𝑡
  9. 168 

where 𝑒𝑠𝑎𝑡 is the void ratio of the saturated soil. Instead, for an unsaturated soil, the value of 𝑒𝑠𝑎𝑡 169 

in Equation 9 indicates a reference saturated value of void ratio, which must be separately 170 

calculated as explained next. In the case of a normally consolidated unsaturated soil, the 171 

reference saturated void ratio, 𝑒𝑠𝑎𝑡 is calculated from the saturated normal compression line of 172 

Equation 2 in correspondence of the same mean average skeleton stress of the unsaturated soil. 173 

Conversely, in the case of an over-consolidated unsaturated soil, the reference saturated void 174 

ratio, 𝑒𝑠𝑎𝑡 is obtained from the saturated swelling line of Equation 4 in correspondence of the 175 

same mean average skeleton stress of the unsaturated soil and the 𝑂𝐶𝑅 value obtained from 176 
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Equation 8. An example of the calculation of the reference saturated void ratio for both normally 177 

consolidated and over-consolidated unsaturated soils is provided later in this section. Note that 178 

Equation 9 differs from the corresponding function in the model of Biglari et al. (2011), which 179 

makes use of the current void ratio, 𝑒 instead of the reference saturated void ratio, 𝑒𝑠𝑎𝑡. 180 

Finally, the function ℎ(𝑆𝑟) accounts for the effect of partial saturation on the small-strain stiffness 181 

of the soil. This function is equal to one when the degree of saturation is one, i.e. at full saturation, 182 

and reduces below one as the degree of saturation becomes progressively smaller. This is also 183 

different from the model of Biglari et al. (2011) where the function ℎ(𝑆𝑟) attained a value of one 184 

at full saturation but then increased as saturation reduced (i.e. as suction increased). 185 

The reference saturated small-strain stiffness, 𝐺0𝑠𝑎𝑡 is therefore calculated by posing 𝑆𝑟 = 1 in 186 

Equation 7 as: 187 

𝐺0𝑠𝑎𝑡 = 𝐴 𝑝𝑎𝑡𝑚
1−𝑛  𝑝′′𝑛

 𝑂𝐶𝑅𝑚 𝑓(𝑒𝑠𝑎𝑡)  10. 188 

The function ℎ(𝑆𝑟) can then be written as the ratio between the unsaturated small-strain stiffness, 189 

𝐺0 and a reference value of the saturated small-strain stiffness, 𝐺0𝑠𝑎𝑡 that is calculated in 190 

correspondence of the same levels of mean average skeleton stress and over-consolidation ratio 191 

of the unsaturated soil: 192 

ℎ(𝑆𝑟) =
𝐺0

𝐺0𝑠𝑎𝑡
   11. 193 

Figure 5 graphically demonstrates the role of the factor ℎ(𝑆𝑟) in scaling down the reference 194 

saturated stiffness 𝐺0𝑠𝑎𝑡  to match the unsaturated value. 195 

 
Figure 5. Difference between measured unsaturated stiffness and calculated saturated 

reference stiffness during virgin compression of Zenoz kaolin at constant suction of 150 kPa 
(Biglari et al., 2011) 
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 196 

The form of the function ℎ(𝑆𝑟) = 𝐺0 𝐺0𝑠𝑎𝑡⁄  has been defined in this work after analysing data 197 

from three different soils, i.e. Zenoz kaolin (PI=12%) by Biglari et al. (2011), Po silt (PI=18%) by 198 

Vassallo et al. (2007a) and Speswhite kaolin (PI=32%) by Hasan (2016) that are indicated as 199 

soils no. 1, 6, and 7 in Table 1. The original test codes for each soil are given in Table 2 together 200 

with the corresponding stress paths in terms of net stress and suction. 201 

Figure 6 plots the values of 𝐺0 𝐺0𝑠𝑎𝑡⁄  against 𝑒/𝑒𝑠𝑎𝑡 for the constant suction normal 202 

compression paths (i.e. 𝑂𝐶𝑅 = 1) of some of the tests in Table 2. In Figure 6, the value of 𝐺0 203 

corresponds to the measured small-strain stiffness of the unsaturated soil while the value of 𝑒 is 204 

the void ratio of the unsaturated soil calculated by Equation 3 at the same level of mean average 205 

skeleton stress and degree of saturation. Instead, 𝑒𝑠𝑎𝑡 and 𝐺0𝑠𝑎𝑡 are the reference saturated 206 

values of void ratio and small-strain stiffness calculated by Equations 2 and 10, respectively, in 207 

correspondence of the same mean average skeleton stress of the unsaturated soil. The values 208 

of the saturated volumetric parameters 𝑁 and 𝜆 in Equation 2 are those reported in Table 1 and 209 

were taken from Biglari et al. (2011), Wong et al. (2014), and Gallipoli et al. (2003) for Zenoz 210 

kaolin, Po silt, and Speswhite kaolin, respectively. Similarly, the values of the saturated stiffness 211 

parameters 𝐴, 𝑚, and 𝑛 in Equation 10 are those reported in Table 3 and were taken from Biglari 212 

et al. (2011) and Wong et al. (2014) for Zenoz kaolin and Po silt, respectively, while for Speswhite 213 

kaolin they were calibrated in the present study against the results of test I (Table 2). 214 

 215 

 216 

 217 

 218 

 219 

 220 

 221 

 222 

 223 
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Table 2. Tests for the validation of the unsaturated stiffness model 224 

Ref. Soil Test code 

Preliminary 
equalization, 

𝑢𝑎 − 𝑢𝑤 
(kPa) 

Loading-
unloading, 

𝑝 − 𝑢𝑎 
(kPa) 

 
Wetting-drying, 

𝑢𝑎 − 𝑢𝑤 
(kPa) 

Final 
loading-

unloading, 
𝑝 − 𝑢𝑎 
(kPa) 

B
ig

la
ri

 e
t 

a
l.
 

(2
0
1
1
) 

Zenoz 
kaolin 

D 50 450 --- --- 

E 150 150 --- --- 

F 300 350 50 450 

H 300 25050 507025 --- 

V
a
s
s
a
llo

 e
t 

a
l.
 (

2
0
0
7

a
) 

Po silt 

mp06RC 100 730 --- --- 

mp08RC 20 200 50100200400 --- 

mp10RC 400 40075 --- --- 

mp11RC 200 50060 --- --- 

mp12RC 100 440100700 --- --- 

H
a
s
a
n
 

(2
0
1
6
) 

Speswhit
e kaolin 

A 300 30010 --- --- 

H 50 20010 --- --- 

I zero 30010 --- --- 

J 300 --- 50300 30010 

K 300 200 50300 30010 

 225 

Inspection of Figure 6 indicates a good correlation between the values of 𝐺0 𝐺0𝑠𝑎𝑡⁄  and 𝑒/𝑒𝑠𝑎𝑡, 226 

which is not surprising given the dependency of the unsaturated shear stiffness, 𝐺0 on void ratio. 227 

The corresponding interpolating function must fulfil the following three requirements: a) 𝐺0 𝐺0𝑠𝑎𝑡⁄  228 

must attain a value of one when 𝑒/𝑒𝑠𝑎𝑡 is equal to one, so that 𝐺0 = 𝐺0𝑠𝑎𝑡 under saturated 229 

conditions, b) 𝐺0 𝐺0𝑠𝑎𝑡⁄  must tend towards zero when 𝑒/𝑒𝑠𝑎𝑡 tends towards infinity to predict a 230 

vanishing value of unsaturated stiffness, 𝐺0 when the void ratio, 𝑒 becomes extremely large and 231 

c) 𝐺0 𝐺0𝑠𝑎𝑡⁄  must be a monotonic function of 𝑒/𝑒𝑠𝑎𝑡 between the previous two limit conditions. 232 

An equation complying with these three requirements is here proposed as: 233 

𝐺0

𝐺0𝑠𝑎𝑡
= exp (−𝐶 (

𝑒

𝑒𝑠𝑎𝑡
− 1)

2/𝐶
)  12. 234 

where 𝐶 is a fitting parameter.  235 

To define the function ℎ(𝑆𝑟) = 𝐺0 𝐺0𝑠𝑎𝑡⁄ , Equation 1 is substituted inside Equation 12, which is 236 

then rewritten as a function of degree of saturation: 237 

ℎ(𝑆𝑟) =
𝐺0

𝐺0𝑠𝑎𝑡
= exp (−𝐶 ((

1

𝑆𝑟
)

𝜆𝑟

− 1)
2/𝐶

)  13. 238 
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Equation 1 indicates that, as saturation reduces, the quotient between the current void ratio and 239 

the reference saturated value increases, which means that the unsaturated stiffness becomes 240 

increasingly smaller than the corresponding reference saturated value. This explains why the 241 

function ℎ(𝑆𝑟) decreases with reducing saturation levels. 242 

Inspection of Figure 6 shows a good interpolation of experimental data by Equation 12 with the 243 

best-fit value of parameter, 𝐶 shown in the legend together with the corresponding correlation 244 

coefficient, 𝑅. The highest values of the correlation coefficient is obtained for Zenoz kaolin and 245 

Speswhite Kaolin in Figures 6(a) and 6(c), respectively. Note that the discrepancies between 246 

experiments and predictions in Figure 6(c) are partly due to the fast-loading rate of these tests, 247 

which prevented the establishment of fully drained conditions and, therefore, the preservation of 248 

a constant suction across the sample. This was also confirmed by the delayed soil response 249 

observed during the tests in correspondence of “rest periods” when degree of saturation and void 250 

ratio continued to change while the stress state stayed constant (Hasan and Wheeler, 2016; 251 

Hasan, 2016). In the case of the Po silt (Figure 6(b)), only two tests exhibit a limited normally 252 

consolidated behaviour, which restricts the significance of this data set for the purpose of model 253 

validation. 254 

  

 
Figure 6. Fitting of Equation 12 to experimental data by: (a) Biglari et al. (2011), (b) Vassallo 

et al. (2007a) and (c) Hasan (2016) 
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 255 

Figure 7 plots the calibrated values of parameter 𝐶 (Figure 6) against the corresponding values 256 

of the stiffness index, 𝐴 (Table 3) for all three soils. These data points are well interpolated by the 257 

following relationship: 258 

𝐶 = 0.009𝐴 − 0.520    𝑅2 = 0.99  14. 259 

indicating a positive linear correlation between the parameter, 𝐶 and the stiffness index, 𝐴. The 260 

validity of the correlation of Equation 14 is further evaluated in the next section against additional 261 

test data. Therefore, by adopting the correlation relationship of Equation 14 to calculate parameter 262 

𝐶, only the three saturated parameters 𝐴, 𝑛, and 𝑚 must be calibrated from laboratory tests. 263 

This may prove advantageous as tests on unsaturated samples require costly and complex 264 

equipment. 265 

 266 

 
Figure 7. Correlation between the fitting parameter, 𝐶 and the stiffness index, 𝐴  

 267 

Table 3. Parameters of the small-strain shear stiffness model 268 

No. Soil Data by Calibrated by 𝐴 𝑛 𝑚 𝐶 

1 Zenoz kaolin  
Biglari et al. 

(2011) 
Biglari et al. 

(2011) 
134.3 0.625 0.345 0.69† 

6 Po silt 
Vassallo et 
al. (2007a) 

Wong et al. 
(2014) 

226.7 0.52 0.15 1.52† 

7 
Speswhite 

kaolin 
Hasan 
(2016) 

This study 
293.7 0.59 0.126 2.12† 

† Calculated by Equation 14. 269 
 270 

The calculation of the small-strain stiffness along the constant suction path of test H on Zenoz 271 

kaolin (Table 2) is described below as a demonstration of the application of the proposed model. 272 
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The path consists of virgin loading followed by unloading under a constant suction of 300 kPa, 273 

which produces an evolution of the yield locus as shown in Figure 8. 274 

 275 

Normally consolidated (virgin) loading path: 276 

1. Initialise the soil state at point 1 (Figure 8) corresponding to virgin conditions (i.e. 𝑂𝐶𝑅 =277 

1) with 𝑝′′ = 161 kPa and 𝑆𝑟 = 0.28. 278 

2. Calculate the reference saturated void ratio 𝑒𝑠𝑎𝑡 corresponding to the current mean 279 

average skeleton stress 𝑝′′ using Equation 2. 280 

3. Calculate 𝑓(𝑒𝑠𝑎𝑡) and 𝐺0𝑠𝑎𝑡 from Equations 9 and 10, respectively. 281 

4. Calculate ℎ(𝑆𝑟) from Equation 13. 282 

5. Finally, calculate 𝐺0 from Equation 7. 283 

6. Update the position of the yield locus (Equation 6) by imposing that the yield value of the 284 

mean average skeleton stress 𝑝0
′′(𝑆𝑟) coincides with the current value of the mean 285 

average skeleton stress 𝑝′′. 286 

7. Increment the stress state to move along the virgin loading path. 287 

8. Repeat steps 2 to 8 until the end of the virgin loading path corresponding to point 2 (Figure 288 

8) with 𝑝′′ = 355 kPa and 𝑆𝑟 = 0.34. 289 

 290 

Over-consolidated unloading path: 291 

1. Initialise the soil state at point 2 (Figure 8) corresponding to the end of the virgin loading 292 

path with 𝑝′′ = 355 kPa and 𝑆𝑟 = 0.34. 293 

2. Calculate 𝑂𝐶𝑅 from Equation 8. 294 

3. Calculate the values of mean average skeleton stress, 𝑝"𝑖 and void ratio, 𝑒𝑖 at the 295 

intersection between the reference saturated swelling line and normal compression line, 296 

i.e. 𝑝"𝑖 = 𝑂𝐶𝑅 𝑝′′ and 𝑒𝑖 = 𝑁 − 𝜆 𝐿𝑛(𝑝"𝑖), where 𝑝′′ is the current value of the mean 297 

average skeleton stress. 298 
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4. Calculate the reference saturated void ratio 𝑒𝑠𝑎𝑡 corresponding to the current mean 299 

average skeleton stress 𝑝′′ using Equation 4.  300 

5. Calculate 𝑓(𝑒𝑠𝑎𝑡) and 𝐺0𝑠𝑎𝑡 from Equations 9 and 10, respectively. 301 

6. Calculate ℎ(𝑆𝑟) from Equation 13. 302 

7. Finally, calculate 𝐺0 from Equation 7. 303 

8. Increment the stress state to move along the unloading path. 304 

9. Repeat steps 2 to 9 until the end of the unloading path corresponding to point 3 (Figure 305 

8) with 𝑝′′ = 154 kPa and 𝑆𝑟 = 0.34. 306 

 307 

 
Figure 8. Constant suction path of test H on Zenoz kaolin and corresponding evolution of the 

yield locus in the Ln 𝑝′′ : 𝑆𝑟 plane 

 308 

4. Model validation 309 

The predictions of the small-strain stiffness by Equation 7 are here compared against additional 310 

tests on Zenoz kaolin, Po silt and Speswhite kaolin that were not used during calibration (Table 311 

2). The parameters governing volumetric and stiffness behaviour are reported in Tables 1 and 3, 312 

respectively, for all three soils (i.e. soils no. 1, 6, and 7). The six saturated parameters 𝑁, 𝜆, 𝜅, 313 

𝐴, 𝑚, and 𝑛 have been calibrated from laboratory experiments as previously discussed while the 314 

two unsaturated parameters 𝜆𝑟 and 𝐶 have been calculated by the correlation relationships of 315 

Equations 5 and 14, respectively. 316 

Figures 9, 10, and 11 compare model predictions and experimental data along the constant 317 

suction loading-unloading paths of tests D, E, F, and H on Zenoz kaolin, tests mp06RC, mp10RC, 318 

mp11RC, and mp12RC on Po silt, and tests A, H, J, and K on Speswhite kaolin, respectively (see 319 
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Table 2 for the details of the constant suction loading-unloading paths of each test). Predictions 320 

are most accurate for Zenoz kaolin while the largest discrepancies are observed for Po silt with a 321 

maximum deviation of about 20% in test mp10RC. 322 

Note that the correlation relationship of Equation 14 was previously calibrated against the virgin 323 

loading paths of tests D, E, F, and H for Zenoz kaolin, tests mp06RC and mp11RC for Po silt, and 324 

tests A, H, J, and K for Speswhite kaolin. Therefore, the calculation of Equation 7 can be 325 

considered as a blind prediction of the above tests only for soil paths other than virgin loading. 326 

Finally, Figure 12 compares the predicted and experimental values of small-strain stiffness along 327 

the wetting-drying paths of tests H and F on Zenoz kaolin and test mp08RC on Po silt (see Table 328 

2 for the details of the wetting-drying paths of each test). Although the model has not been 329 

calibrated against wetting-drying paths, the predictions match reasonably well the observed 330 

behaviour, including the variation of small-strain stiffness during collapse-compression for Zenoz 331 

kaolin. This demonstrates the broad validity of the proposed formulation and supports the general 332 

nature of Equation 7. 333 

 334 

  

  
Figure 9. Comparison between predicted and experimental values of small-strain stiffness 
along loading-unloading paths at constant suction for tests (a) D, (b) E, (c) F and (d) H on 

Zenoz kaolin 
 335 
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Figure 10. Comparison between predicted and experimental values of small-strain stiffness 
along loading-unloading paths at constant suction for tests (a) mp06RC, (b) mp10RC, (c) 

mp11RC, and (d) mp12RC on Po silt 
 336 

  

  
Figure 11. Comparison between predicted and experimental values of small-strain stiffness 
along loading-unloading paths at constant suction for tests (a) A, (b) H, (c) J and (d) K on 

Speswhite kaolin 
 337 
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Figure 12. Comparison between predicted and experimental values of small-strain stiffness 
along wetting-drying paths at constant mean net stress for tests (a) F and (b) H on Zenoz 

kaolin and (c) mp08RC on Po silt 
 338 

5. Comparison against other small-strain stiffness models 339 

The predictions of the small-strain stiffness by the proposed model are here compared with those 340 

of four other models published in the literature, i.e. Biglari et al. (2011), Wong et al. (2014), Zhou 341 

(2014), and Hasan and Wheeler (2016). Table 4 summarises the mathematical formulations of all 342 

models and indicates, for each of them, the number of independent material parameters that must 343 

be calibrated from laboratory tests. In all cases, the void ratio was calculated according to the 344 

previous volumetric model (i.e. Equations 1 to 4) so that the accuracy of the stiffness law could 345 

be independently assessed. Material parameters are provided in Tables 5, 6, and 7 for Zenoz 346 

kaolin, Po silt, and Speswhite kaolin, respectively (i.e. soils no. 1, 6, and 7 in Tables 1 and 3). 347 

 348 

Table 4. Small-strain stiffness models and number of associated material parameters 349 

Model 
reference 

Small-strain stiffness equation 
No. of 

parameters  

Biglari et al. 
(2011) 

𝐴𝑝𝑎𝑡𝑚
1−𝑛(𝑝′′)𝑛(𝑂𝐶𝑅𝑝′′)𝑚(

(2.973 − 𝑒)2

(1 + 𝑒)
)(1 − 𝑎′ [1 − exp (𝑏′

𝜉

𝑓(𝑠)
)]) 5 

Wong et al. 
(2014) 𝑝𝑟𝐴𝑒−𝑚(

(𝑝 − 𝑢𝑎) + (𝑆𝑟
0.55 𝜆𝑝⁄

)𝑠

𝑝𝑟

)𝑛𝑆𝑟
−𝑘 𝜆𝑝⁄

 5 
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Zhou (2014) 𝐶0𝑣−𝑚 [(
𝑝 − 𝑆𝑟𝑢𝑤 − (1 − 𝑆𝑟)𝑢𝑎

𝑝𝑎𝑡𝑚

)𝑛𝜎 + 𝐶𝑠𝜉𝑛𝑠] 5 

Hasan and 
Wheeler 
(2016) 

𝐶𝑣−𝑚(
𝑝 − 𝑆𝑟𝑢𝑤 − (1 − 𝑆𝑟)𝑢𝑎

𝑝𝑎

)0.5 3 

Present 
model (Eq. 7) 

𝐴 𝑝𝑎𝑡𝑚
1−𝑛  𝑝′′𝑛

 𝑂𝐶𝑅𝑚  𝑓(𝑒𝑠𝑎𝑡) ℎ(𝑆𝑟) 3 

 350 

Table 5. Parameter values for Zenoz kaolin 351 

 Model  

Parameter 
Biglari et 
al. (2011) 

Wong et 
al. (2014) 

Zhou et al. 
(2014) 

Hasan and 
Wheeler 
(2016) 

Present 
model 

(Equation 7) 

𝑁 0.996 0.996 0.996 0.996 0.996 

𝜆 0.072 0.072 0.072 0.072 0.072 

𝜅 0.02 0.02 0.02 0.02 0.02 

𝐴, 𝐶, 𝐶0 134.3 2176.1 240.0 446.8 134.3 

𝑛, 𝑛𝜎 0.625 0.375 0.5  0.5 0.625 

𝑛𝑠 --- --- 0.5 --- --- 

𝑚 (exponent of 𝑂𝐶𝑅) 0.345 --- --- --- 0.345 

𝑚 (exponent of void 
ratio/specific volume) 

--- 3.05 3 3.87 --- 

𝑎′ 0.143 --- --- --- --- 

𝑏′ 2.355 --- --- --- --- 

𝑘 --- 0.243 --- --- --- 

𝜆𝑝 --- 0.18 --- --- --- 

𝐶𝑠 --- --- 0.792 --- --- 

Calibrated by: 
Biglari et 
al. (2011) 

Wong et 
al. (2014) 

Hasan 
(2016) 

This study This study 

 352 

Table 6. Parameter values for Po silt 353 

 Model 

Parameter 
Biglari et 
al. (2011) 

Wong et 
al. (2014) 

Zhou et al. 
(2014) 

Hasan and 
Wheeler 
(2016) 

Present 
model 

(Equation 7) 

𝑁 1.026 1.026 1.026 1.026 1.026 

𝜆 0.065 0.065 0.065 0.065 0.065 

𝜅 0.015 0.015 0.015 0.015 0.015 

𝐴, 𝐶, 𝐶0 226.67 8686.3 321.0 3701.5 226.7 

𝑛, 𝑛𝜎 0.52 0.297 0.5  0.5 0.52 

𝑛𝑠 --- --- 0.5 --- --- 

𝑚 (exponent of 𝑂𝐶𝑅) 0.15 --- --- --- 0.15 

𝑚 (exponent of void 
ratio/specific volume) 

--- 3 3 7.39 --- 

𝑎′ 0.0015 --- --- --- --- 

𝑏′ 25 --- --- --- --- 

𝑘 --- 0.09 --- --- --- 

𝜆𝑝 --- 0.11 --- --- --- 

𝐶𝑠 --- --- 1.430 --- --- 

Calibrated by 
Wong et 
al. (2014) 

Wong et 
al. (2014) 

Hasan 
(2016) 

This study This study 

 354 

 355 
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Table 7. Parameter values for Speswhite kaolin 356 

 Model 

Parameter 
Biglari et 
al. (2011) 

Wong et 
al. (2014) 

Zhou et al. 
(2014) 

Hasan and 
Wheeler 
(2016) 

Present 
model 

(Equation 7) 

𝑁 1.642 1.642 1.642 1.642 1.642 

𝜆 0.128 0.128 0.128 0.128 0.128 

𝜅 0.02 0.02 0.02 0.02 0.02 

𝐴, 𝐶, 𝐶0 293.7 11.15 519 881.5 293.7 

𝑛, 𝑛𝜎 0.59 0.39 0.5 0.5 0.59 

𝑛𝑠 --- --- 0.5 --- --- 

𝑚 (exponent of 𝑂𝐶𝑅) 0.126 --- --- --- 0.126 

𝑚 (exponent of void 
ratio/specific volume) 

--- 3.02 3 3.74 --- 

𝑎′ 0.015 --- --- --- --- 

𝑏′ 20.34 --- --- --- --- 

𝑘 --- 0.02 --- --- --- 

𝜆𝑝 --- 0.25 --- --- --- 

𝐶𝑠 --- --- -0.342 --- --- 

Calibrated by This study This study 
Hasan 
(2016) 

This study This study 

 357 

Figure 13 compares the predictions of the small-strain stiffness from all five models against the 358 

experimental data of the constant suction loading-unloading paths of tests D, E, F, and H on 359 

Zenoz kaolin. Inspection of Figure 13 indicates that the present model, the model of Biglari et al. 360 

(2011) and the model of Wong et al. (2014) provide a good match to the small-strain stiffness 361 

during loading paths. However, only the present model and the model of Biglari et al. (2011) can 362 

capture the soil behaviour during the unloading path of test H. In this respect, it is worth noting 363 

that the models of Wong et al. (2014), Zhou (2014), and Hasan and Wheeler (2016) do not 364 

incorporate any explicit dependency of the small-strain stiffness on the over-consolidation ratio. 365 

 366 
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Figure 13. Comparison between experimental values of small-strain stiffness and predictions 
by the different models along loading-unloading paths at constant suction for tests (a) D, (b) 

E, (c) F and (d) H on Zenoz kaolin 
 367 

Figure 14 compares the predictions of small-strain stiffness from all five models against the 368 

experimental data of the wetting and drying paths of tests F and H tests on Zenoz kaolin. The 369 

present model, together with the models of Biglari et al. (2011) and Wong et al. (2014), provides 370 

again the best match to the experimental data along the wetting path of test F, which involves 371 

collapse-compression. Instead, the model of Zhou (2014) produces the most accurate prediction 372 

of the wetting and drying paths of test H, which corresponds to over-consolidated conditions. For 373 

this particular test, the present model and the model of Biglari et al. (2011) provide the second-374 

best match to the experimental data followed by the models of Wong et al. (2014) and Hasan and 375 

Wheeler (2016). 376 

 377 

  
Figure 14. Comparison between experimental values of small-strain stiffness and predictions 
by the different models along wetting-drying paths at constant mean net stress for tests (a) F 

and (b) H on Zenoz kaolin 
 378 

Figure 15 compares the predictions of the small-strain stiffness from all five models against the 379 

experimental data of the constant suction loading-unloading paths of tests mp06RC, mp10RC, 380 

mp11RC, and mp12RC on Po silt. The present model, together with the models of Biglari et al. 381 
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(2011) and Zhou (2014), provides the best match to tests mp06RC and mp12RC (Figures 15(a) 382 

and 15(d)). Instead, for tests mp10RC and mp11RC (Figures 15(b) and 15(c)), all models exhibit 383 

similar levels of accuracy with the models of Biglari et al. (2011) and Zhou (2014) providing only 384 

marginally better predictions than the others. 385 

 386 

  

  
Figure 15. Comparison between experimental values of small-strain stiffness and predictions 

by the different models along loading-unloading paths at constant suction for tests (a) 
mp06RC, (b) mp10RC, (c) mp11RC and (d) mp12RC on Po silt 

 387 

Finally, Figure 16 compares the predictions of the small-strain stiffness from all five models 388 

against the experimental data of the constant suction loading-unloading paths of tests A, H, J, 389 

and K on Speswhite kaolin. Inspection of Figure 16 indicates that the present model and the model 390 

of Zhou (2014) generally provide the best predictions. Note that the predictions of tests A and J 391 

by Biglari et al. (2011) are not shown in Figures 16(a) and 16(c), respectively, because they are 392 

significantly off target and would therefore make the other curves undistinguishable. This confirms 393 

that the modifications introduced in the present model with respect to the formulation of Biglari et 394 

al. (2011) produce a significant improvement of accuracy compared to that formulation. 395 

 396 
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Figure 16. Comparison between experimental values of small-strain stiffness and predictions 
by the different models along loading-unloading paths at constant suction for tests (a) A, (b) 

H, (c) J and (d) K on Speswhite kaolin 
 397 

6. Conclusions 398 

The small-strain (initial) shear stiffness of soils is an important parameter for many geotechnical 399 

applications from the prediction of the seismic response of the ground to the dynamic analysis of 400 

earth dams and embankments. Shallow ground layers are often unsaturated, i.e. pores are partly 401 

filled by water and partly filled by air, which complicates the engineering characterisation of their 402 

small-strain stiffness. During the past thirty years, several models have been proposed to 403 

calculate the small-strain shear stiffness of both saturated and unsaturated soils. These models 404 

require, however, a relatively large number of parameters to provide reasonably accurate 405 

predictions of material behaviour. 406 

The present paper has presented a formulation for predicting the small-strain stiffness of both 407 

saturated and unsaturated soils using a minimum of six material parameters, all calibrated from 408 

saturated tests. The two main advantages of the proposed formulation consist in the introduction 409 

of: a) a reference saturated soil state that allows the prediction of the unsaturated small-strain 410 

stiffness by means of a single extra parameter and b) a simple but accurate description of the 411 

effect of the volumetric behaviour (including collapse-compression) on the small-strain stiffness 412 



24 
 

of unsaturated soils. In the proposed model, three parameters (i.e. 𝑁, 𝜆, and 𝜅) define the 413 

saturated volumetric behaviour under normally consolidated and over-consolidated conditions 414 

while three parameters (i.e. 𝐴, 𝑛, and 𝑚) define the saturated small-strain stiffness. Two 415 

additional parameters (i.e. 𝜆𝑟, and 𝐶) are then required to describe the volumetric and stiffness 416 

behaviour of the unsaturated soil, respectively, but their values can be correlated to the values of 417 

the saturated parameters 𝜆 and 𝐴 instead of being calibrated from laboratory test. This represents 418 

an additional advantage of the proposed formulation as laboratory testing of unsaturated soils 419 

generally requires complex and costly equipment.  420 

The model has been validated against published experiments on three fine-grained soils with 421 

different plasticity indexes (i.e. 12%, 18%, and 32%) subjected to loading-unloading paths at 422 

constant suction as well as wetting-drying paths at constant mean net stress that involve swelling 423 

or collapse-compression. Results have shown that the model can capture with good accuracy the 424 

small-strain stiffness of all three soils. Predictions have also been compared with those of four 425 

other models in the literature confirming the good predictive capabilities of the proposed 426 

formulation. Finally, the accuracy and simplicity of the model provide a strong motivation for its 427 

implementation into numerical codes for the analysis of boundary value problems in both 428 

saturated and unsaturated soils. Future developments may involve the introduction of more 429 

sophisticated constitutive relations to capture the effect of hydro-mechanical hysteresis on the 430 

small-strain stiffness of both saturated and unsaturated soils. 431 

 432 
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