
Engineering Structures 245 (2021) 112801

Available online 9 August 2021
0141-0296/© 2021 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Transient aeroelasticity of structures subjected to thunderstorm outflows 

Stefano Brusco *, Giovanni Solari 
Department of Civil, Chemical and Environmental Engineering, Polytechnic School, University of Genova, Via Montallegro 1, 16145 Genoa, Italy   

A R T I C L E  I N F O   

Keywords: 
Transient aeroelasticity 
Time-varying aerodynamic damping and 
stiffness 
Structural dynamics 
Thunderstorm–induced effects on structures 
Quasi-steady approach 

A B S T R A C T   

Literature is rich about studies which concern the insurgence of instability of structural systems under the action 
of steady flows, which have led to well-consolidated methods to assess the structural safety with regard to 
aeroelastic phenomena induced by synoptic winds. On the other hand, there are no clear references regarding 
aeroelasticity induced by the effect of thunderstorm outflows, events characterised by irregular variations of the 
wind speed and direction in a limited duration of time, which prevent the furnishing of a long time interval for 
the structure and the fluid to synchronise. This paper, based under the hypothesis of applicability of the classic 
strip and quasi-steady theory, illustrates a mathematical model able to consider the aeroelastic effects of thun-
derstorm outflows into the dynamic response of slender structures, from which the methodology for synoptic 
winds may be found as a particular case. After defining three different levels of analysis, applications regarding 
the Endless Column by Constantin Brâncuși under the action of ten thunderstorm outflows are proposed, whose 
outcomes are critically analysed and commented.   

1. Introduction 

Bluff-body aeroelasticity represents a fundamental subject for the 
design of slender structures, such as suspension bridges, towers and 
cables. The term aeroelasticity indicates a situation in which the oscil-
lations of structures, or of their elements, are so large as to change the 
wind field in which they take place [1], leading to interaction phe-
nomena between the wind and the body and to possible instability of the 
system. An example of instability generated by aeroelasticity is repre-
sented by the Tacoma Narrows Bridge collapse in 1940. 

Amongst the aeroelastic phenomena of interest in wind engineering, 
are here recalled the vortex-shedding, the galloping, the torsional 
divergence, the flutter and the Reynolds’ crisis. The literature dedicated 
to all these cases is quite articulated, proposing mathematical models 
able to capture the prominent features of the phenomenon and to exalt 
the aspects the wind engineers have to deal with when designing a 
structure. 

A strongly critical phenomenon for both vertical and horizontal 
structures is the galloping, “a velocity-dependent, damping controlled 
instability, giving rise to transverse or torsional motions” [2]. The term 
transversal galloping is referred to the induction of vibrations on 
structures in the direction perpendicular to the direction from which the 
wind is attacking. 

A circular cylinder whose axis is perpendicular to the oncoming flow 

cannot be subjected to galloping, since the flow-related force is always in 
the direction of the flow, preventing the structural velocity to be 
directed as the component of the force in that direction [2]. In spite of 
this, circular shaped sections (such as the ones of the cables constituting 
the conductors of transmission lines) were the object of the first obser-
vations - traced back in the early twentieth century - of wide oscillations 
induced by wind. Such large amplitudes might cause clashing of the 
power lines, interrupting electrical supply services and inducing 
important economical sufferings [3]. 

From the late 1920s many researchers have been studying such oc-
currences, trying to explain and to predict them. One of the pioneers in 
this field was Davison, who observed the effects of a storm in the New 
York and Ontario districts in December 1929, affecting many power 
lines whose vibrations reached up to 6–8 m amplitudes and went on for 
many hours. He referred to the galloping as “dancing vibrations” [4] and 
realised that the responsible of them was the irregular ice covering the 
cables and, thus, affecting the shape of the structure. 

The turning point in this study has been provided by Den Hartog 
[5,6], who formulated the quasi-steady theory of the single degree-of- 
freedom (SDOF) galloping studying a unit length cable in a horizontal 
wind and defining a relative speed which is the combination of the wind 
speed and the structural velocity of the cable. Hence, under the hy-
pothesis of small oscillations, he could demonstrate that a section is 
dynamically unstable if the negative slope of the lift curve is greater than 
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the ordinate of the drag curve. This criterion is now well-known as the 
“Glauert-Den Hartog necessary condition”, since the same finding had 
already been reported by Glauert [7] in 1919 studying the autoration of 
a stalled airfoil about a fixed axis [2]. In the following years, several 
researchers could deepen the studying of the galloping, appreciating the 
role played by the coupling of transversal displacement and torsion [8,9] 
and the coupling of all the three different components of motion 
[10,11]. 

Scruton formulated a model [12,13], based also on the findings 
proposed by Den Hartog, able to furnish the linear threshold of 
galloping. That formula allowed him to highlight the role played by 
what would have been called in 1987 the Scruton number. That is a non- 
dimensional quantity which is linearly dependent on the product of the 
mass and the structural damping and inversely proportional to the 
square of the reference dimension of the body. Because of the linear 
nature of Den Hartog’s and, partly [12,13], of Scruton’s theories, the 
amplitudes relevant to galloping indefinitely increase once the wind 
speed overcomes the critical value. 

This limitation has been extensively questioned and investigated first 
by Parkinson ([14] with Brooks, [15] with Smith, [16]) and later by 
Novak [17,18], who extended Den Hartog’s formulation from the linear 
domain of the small displacements to the nonlinear domain of the large 
displacements, adding an estimate of the amplitude and the frequency of 
galloping. Four different classes of galloping [2] were recognised, 
allowing the introduction of the universal galloping curves. 

As pointed out by Scruton, not only ice-covered cables may be sub-
jected to galloping. That instability might be of interest for many slender 
structures. This is why today literature is very rich about studies of 
galloping regarding many shapes, such as square [14,15,17,19,20], 
trapezoidal [21] and triangular prisms [21-23]. Key parameters are the 
afterbody length and shape [24-26] (where the afterbody is the part of 
the body downstream of the points of separation), since they drive the 
detachment of the shear-layer and its possible reattachment. Other 
important factors are the presence of turbulence, which may well change 
the pressure distribution of the afterbody and then modify the lift and 
the drag of the bluff body (destabilising or stabilising the situation in its 
absence), and the sharpness of the edges of the structure, that – if 
chamfered or rounded – may promote the reattachment [20,27]. 

A traditional common thread amongst all the aforementioned models 
is that all of them are defined under the hypothesis of strip and quasi- 
steady theory [28] with constant wind direction, which permits to 
have a direct relation between velocity and force fields, employing 
pressure and aerodynamic coefficients which are independent of fluid 
memory effects; this implies that static tests carried out during wind 
tunnel experiments on stationary models at various angles of attack 
might be sufficient to provide a comprehensive description of the 
pressure field and the aerodynamic coefficients of bluff-bodies [29]. 

According to [2], there are two possible criteria which define when 
the invocation of the strip and quasi-steady theory is possible. Both of 
them, furnished by Fung in 1955 [30] and by Blevins [29], require no 
interaction between the vortex-shedding harmonic content and the 
mechanical admittance. Therefore, the reduced wind speed has to be 
higher than a fixed value comprehended between 10 [29,30] and 30 
[26]. Besides, the strip and quasi-steady theory requires no interference 
between vortex-induced vibrations and galloping oscillations. Structures 
characterised by low and medium values of Scruton number may be 
subjected to interaction phenomena due to combined vortex-shedding 
and galloping, firstly reported by Scruton [2], also named as “un-
steady galloping”, e.g. [29,31]. In such cases, the application of the 
quasi-steady approach may become questionable. In recent years, 
remarkable investigations about this phenomenon have been proposed. 
For instance, Gao and Zhu [32] have studied a two-dimensional rect-
angular 2:1 cylinder, representative of a bridge deck section, while 
different side ratios (2:1, 1:1, 0.5:1) have been investigated in [33]. It 
was clarified that traditional wind tunnel test techniques (e.g. high 
frequency base balance, HFBB, or synchronous multi-pressure sensing 

system, SMPSS) carried out on rigid model do not allow the definition of 
the “unsteady effects” for the prediction of the galloping critical veloc-
ity. Subsequently, a hybrid aeroelastic-pressure balance (HAPB) method 
was proposed, leading to very promising results [34,35]. 

The whole set of remarks previously made concern steady flow 
conditions. The case of unsteady flows deserves specific considerations. 
Indeed, in principle, the acceleration impressed by the fluid might well 
subvert the applicability of the strip and quasi-steady theory [36], 
making the pressure and aerodynamic coefficients time-varying 
quantities. 

This is the reason why the applicability of the strip and quasi-steady 
theory is well-consolidated when dealing with extra-tropical de-
pressions, stationary phenomena at the synoptic scale whose duration 
may be of order of days [37] and presenting a constant angle of attack, 
whereas many question marks have been addressed concerning the ac-
tions induced by thunderstorm outflows, non-stationary phenomena 
occurring at the mesoscale whose duration may be very limited and their 
flow direction might exhibit remarkable irregularities [38-40]. 

While the first investigations [41-44] on this subject showed an 
overshoot of the aerodynamic coefficients with respect the ones ob-
tained in a steady-state condition, others [45,46] – calibrated on lower 
and more realistic thunderstorm outflow - induced accelerations – 
indicated a good agreement with the literature based on steady-state 
condition for zero-incidence conditions. Nevertheless, as pointed out 
in the conclusions of [46], this phenomenon might be strongly influ-
enced by the wind direction and thus the same acceleration might not 
induce any overshooting of the aerodynamic coefficients for a certain 
angle of attack, while for others might well do. 

In the literature concerning thunderstorm outflows, there are papers 
which recall the applicability of the strip and quasi-steady theory to 
estimate the aerodynamic loading on structures [i.e. 47, 48]. Focusing 
on aeroelasticity, the hypothesis of quasi-steady flow translates to 
consider that the structure has a long time to reach the steady-state 
condition, something that actually is not available for transient events. 
Nowadays, there is not a clear reference in literature regarding the 
treatment of structural aeroelasticity when dealing with non-stationary 
signals, if not isolated references which highlight the potential issue 
[36]. 

The aim of this paper is to investigate the dynamic response of 
slender structures subjected to thunderstorm outflows, taking the 
aeroelastic terms into account and invoking the hypothesis of strip and 
quasi-steady theory. These classical approaches are however applied in a 
non-traditional way, considering the unsteady effect with the presence 
of a slowly-varying mean wind speed and a slowly-varying angle of 
attack, typical of a non-stationary thunderstorm event. In this way, it is 
possible to study galloping-like aeroelastic phenomena. Even though the 
term galloping is usually referred to steady conditions and to limit cycle 
oscillations, upon hereinafter this same term is employed to describe the 
vibrations generated by the motion-induced forces in unsteady flow 
conditions. This seems justified when an adequate “activation time”, e.g. 
[48], is provided to the fluid and to the structure to synchronise, which 
might be reasonable if considering the unsteady quantities as slowly- 
varying with time. 

The paper is articulated in 5 Sections. Section 2 recalls the mathe-
matical modelling of the galloping and illustrates the reference solutions 
for steady flows concerning single- and multi-degrees of freedom sys-
tems. Section 3 is devoted instead to the study of the thunderstorm 
outflows and to the formulation of an analytical model to evaluate the 
forces induced by aeroelasticity, addressing three levels of analysis. 
Section 4 is dedicated to the applications of the mathematical model. 
Firstly, it reports the description of the test cases, which are ten thun-
derstorm outflow records and two slender vertical real configurations of 
a real structure, on which the motion-induced forces are evaluated. 
Secondly, it recalls the steps that are necessary to assess the wind field 
and the aerodynamic loading. Thirdly, it depicts the description of the 
technique employed to numerically integrate the equations of motion 

S. Brusco and G. Solari                                                                                                                                                                                                                        



Engineering Structures 245 (2021) 112801

3

and the associated outcomes. Section 5 summarises the main conclu-
sions and draws some future perspectives. 

2. Linear threshold of galloping for steady flows 

This section recalls the mathematical formulations that have been 
proposed in the literature to describe the galloping phenomenon under 
the applicability of the strip and quasi-steady theory. The first paragraph 
is dedicated to the formulation for a single-degree of freedom system, 
whereas the second one expands it to multi-degree of freedom systems, 
specifying techniques which allow the galloping critical velocity to be 
estimated. 

2.1. Single-degree of freedom system 

The formulation of the linear threshold of galloping proposed by Den 
Hartog [5,6] considers a slender cylinder C of infinite length with a 
constant cross-section, whose reference dimension is b, immersed in a bi- 
dimensional wind field characterised by a free stream velocity u, as 
pictured in Fig. 1a. The reference system is identified by the fixed X- and 
Y-axes which represent the principal directions of the cross-section. A 
second reference system is reported in this figure, which is constituted 
by the x-axis, aligned with the mean wind speed u (alongwind direc-
tion), and by the y-axis, perpendicular to it (crosswind direction). The Z- 
axis identifies the structural axis and passes through the centre of gravity 
of the section O. 

The role of the aeroelasticity is taken into account with the definition 
of the relative speed vr, combination of the structural velocity in the 
crosswind direction q̇y (throughout this paper, dot denotes derivative 
with respect to time) and the free stream velocity u. If the free stream 
velocity u comes from an angle of attack β (Fig. 1b), the relative velocity 
vr results misaligned with that, because of the influence of q̇y. Conse-
quently, it acts from an incidence γ. Moreover, because of the variation 
with the time of q̇y, γ varies with the time and vr keeps varying its angle 
of attack. 

With the definition of the relative velocity and the angle γ, it is 
possible to evaluate the drag and lift forces, directed along the (d, l) 
axes, which are, respectively, aligned with the direction defined by vr 
and the perpendicular to it. Assuming that the frequency content of 
turbulence and vortex-shedding are well separated, it is possible to recall 
the quasi-steady theory and the couple of forces are then assessed 
through the definition of the mean aerodynamic drag and lift co-
efficients cd and cl, obtaining the following equations: 

fd =
1
2

ρvr
2bcd(γ) (1a)  

fl =
1
2

ρvr
2bcl(γ) (1b)  

where ρ is the air density and cd and cl are functions of the incidence γ. 
Considering the particular case of β = 0, which represents a condi-

tion in which the wind is directed as the X principal axis of the cross- 
section, and focusing on the crosswind direction, its motion might be 
represented by the following equation: 

q̈y + 2ω0ξsyq̇y +ω0
2qy =

1
2

1
m

ρu2bcFy (2)  

where ω0 is the circular frequency of the system, ξsy is the structural 
damping in the crosswind direction and m is the mass per unit length. cFy 

is the force coefficient referred to the y direction. Expressing the latter 
term through a McLaurin series in δ and seeking incipient conditions, 
which allows the vibrations to be considered as small, permits to stop 
that series after the first two linear terms, so that Eq. (2) assumes the 
following form: 

q̈y + 2ω0ξsyq̇y +ω0
2qy =

1
2

1
m

ρu2bcl +
1
2

1
m

ρu2b(cd + cl’)
q̇y

u
(3) 

This expression permits to exalt the presence of a term – the one on 
the extreme right – which represents the motion-induced force which 
comes out retaining the aeroelastic effects in the analysis. Hence, it is 
possible to define the galloping coefficient aG: 

aG = − (cd + cl’) (4) 

Re-writing Eq. (3) considering Eq. (4), it is possible to point out that 
the galloping term affects the total damping of the system, which is 
composed of two different terms: 

q̈y + 2ω0
(
ξsy + ξay

)
q̇y +ω0

2qy =
1
2

1
m

ρu2bcl (5)  

in which ξay is the crosswind aerodynamic damping, defined as: 

ξay = −
ρubaG

4mω0
(6) 

This expression points out the role played by the galloping coefficient 
aG: when the latter is negative, and then (cd + cl’) is positive, the aero-
dynamic damping positively contributes to the total damping of the 

Fig. 1. Reference systems reporting the cross section of a slender structure: (a) wind aligned along an incidence β; (b) presence of the structural velocity q̇yand the 
consequent relative velocity vr . 

S. Brusco and G. Solari                                                                                                                                                                                                                        



Engineering Structures 245 (2021) 112801

4

structure. Conversely, when (cd + cl’) is negative, aG erodes the struc-
tural damping, and that constitutes the necessary condition for the 
occurring of transversal galloping. Because ξay is linearly dependent on 
the free stream velocity u, it is possible to define the galloping critical 
velocity ucr as that one that induces a total damping equal to zero. 
Thanks to the introduction of the Scruton number, Sc =

4πmξsy
ρb2 , it is 

possible to write ucr as: 

ucr =
2n0b
aG

Sc (7)  

where n0 = ω0
2π is the natural frequency of the system. 

The formulation here reported points out that the triggering of the 
instability is driven not only by the aerodynamics of the body, but also 
by the properties enclosed in the Scruton number and the natural fre-
quency of the structure. The higher these parameters are, the safer the 
construction is with regard to galloping instability. 

2.2. Multi-degree of freedom system 

To consider, as assumed in Section 2.1, the incidence of the wind as 
coincident with one of the principal axes of the cross-section and to 
neglect any other degree of freedom involved in the process constitutes a 
particular case. When the structure is a finite body, characterised by a 
height H along the structural axis Z, and its aerodynamic characteristics 
and/or the wind profile vary with the Z-axis, it is necessary to sche-
matise the structure as a multi-degree of freedom system. It is assumed 
that the structure is characterised by high torsional stiffness, dis-
regarding the torsional problem and focusing on the flexural 
displacements. 

Considering that the structure is subjected to a wind velocity field 
whose mean value u(Z) is rotated with a generic angle of attack β with 
respect to the X-axis, it is possible to define the vector which gathers the 
time-varying structural displacements q(Z, t) = {qX(Z, t)qY(Z, t) }T , 
where qX(Z, t) and qY(Z, t) are the displacements along the X- and Y- axes 
(being T the transposition operator) and t is the time. 

Thus, it is possible to express q(Z, t) by the following principal 
transformation: 

q(Z, t) = Ψ(Z)P(t) =
∑N

i=1
Ψi(Z)Pi(t) (8)  

in which N indicates the number of considered modes, Ψ(Z) = [Ψ1(Z)⋯ 
ΨN(Z) ] is the (2 × N) modal matrix, P(t) = {P1(t)⋯PN(t) }T is the (N ×
1) vector of the principal coordinates, Ψi(Z) = {ψ iX(Z)ψ iY(Z) }

T and Pi(t)
are the i-th mode and principal coordinate, respectively. 

The equations of motion in principal coordinates might be depicted 
by the following matrix representation: 

M̃P̈(t) + C̃Ṗ(t) + K̃P(t) = F̃(t) (9) 

Extending what reported in Section 2.1, M̃ = diag(m̃i), C̃ =

diag(2m̃iξiωi) and K̃ = diag(m̃iωi
2) are the (N × N) principal mass, 

structural damping and stiffness matrices, respectively, m̃i is the i-th 
principal mass, ξi is the i-th structural damping coefficient and ωi is the i- 
th circular natural frequency, defined as ωi = 2πni, where ni is the i-th 
natural frequency. 

F̃(t) is the vector of the principal wind actions, evaluated as: 

F̃ (t) =
∫ H

0
ΨT(Z)f(Z, t)dZ (10)  

f(Z, t) is the vector of the wind actions per unit length and 
encloses the time-varying forces in the X- and Y- directions, 
f(Z, t) =

{
fiX(Z, t)fiY(Z, t)

}T . This vector may be subdivided in three 
different parts according to their nature: 

f(Z, t) = f(Z)+ f ’(Z, t)+ f a(Z, t) (11)  

f(Z) is the mean action and is related to the mean wind field and for 
synoptic winds is not time-varying; f ’(Z, t) constitute the wind actions 
due to the atmospheric turbulence and vortex-shedding; f a(Z, t) contains 
the motion-induced forces caused by fluid-structure interaction. 

It is commonly assumed that the turbulent fluctuations, the longi-
tudinal component u’(Z, t) and the lateral component v’(Z, t), are small 

with respect to the mean wind velocity 
(

u’(Z,t)
u(Z) ≪1, v’(Z,t)

u(Z) ≪1
)

[49]. It is 

noted that in stability studies for synoptic winds, f(Z) and f ’(Z, t) are 
inessential concerning the critical conditions of a linear system and are 
classically neglected. 

With regard to the motion-induced forces, it is possible to express 
them through the formulation in [50], suitably translating the nomen-
clature there presented: 

f a(Z, t) = − C̃aṖ(Z, t) (12)  

where C̃ a is the principal aerodynamic damping matrix, which may be 
written as: 

C̃a =
1
2

ρ
∫ H

0
u(Z)b(Z)ΨT(Z)ca(Z)Ψ(Z)dZ (13)  

where ca(Z) is the aerodynamic damping matrix, which is here expressed 
in terms of aerodynamic coefficients as reported for the first time by 
Piccardo et al. [51] and indicated in [52] as well: 

ca(Z) =
[

ca11(Z) ca12(Z)
ca21(Z) ca22(Z)

]

(14)  

in which 

ca11(Z) = cd(β, Z)
(
sin2β+ 2cos2β

)
− (cl(β, Z)+ c’d(β, Z) )sinβcosβ

+ c’
l(β, Z)sin2β

(15a)  

ca12(Z) = − cl(β, Z)
(
2sin2β+ cos2β

)
+(cd(β, Z) − c’l(β, Z) )sinβcosβ

+ c’d(β, Z)cos2β
(15b)  

ca21(Z) = cl(β, Z)
(
sin2β+ 2cos2β

)
+(cd(β, Z) − c’l(β, Z) )sinβcosβ

− c’d(β, Z)sin2β
(15c)  

ca22(Z) = cd(β, Z)
(
2sin2β+ cos2β

)
+(c’d(β, Z)+ cl(β, Z) )sinβcosβ

+ c’l(β, Z)cos2β
(15d) 

Combining the Eqs. (10)–(14) into Eq. (9), it is possible to write: 

M̃P̈(t) +
(

C̃ + C̃a

)

Ṗ(t) + K̃P(t) =
∫ H

0
ΨT(Z)

(
f(Z) + f ’(Z, t)

)
dZ (16) 

As already noted in Section 2.1, the role played by the aeroelasticity 
is considered by modifying the damping matrix, which might be 
assembled as a sum of a structural and an aerodynamic part. Besides, Eq. 
(16) highlights another consequence induced by aeroelasticity when 
dealing with multi-degree of freedom systems. Since the aerodynamic 
damping matrix is in general non-diagonal, the equations of motion are 
now coupled and is no longer possible to evaluate the modal displace-
ments as decoupled, even if the associated natural frequencies are well- 
separated and the damping is small and proportional. 

2.2.1. State space 
The state space technique allows one to convert the system of N 
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differential equations of the second order represented by Eq. (16) into 
the following system of 2 N differential equations of the first order:  

where I is the identity matrix. 
It is possible to re-write Eq. (17) in the following way: 

ż = Az+ p (18)  

where z is the state vector 

z =
[

Ṗ(t)
P̈(t)

]

(19) 

A is the dynamic matrix: 

A =

[ 0 I
− M̃

− 1
K̃ − M̃

− 1(

C̃ + C̃a

)
]

(20)  

and p is the force vector in the state space: 

p =

⎡

⎢
⎣

0

− M̃
− 1
(∫ H

0
ΨT(Z)

(
f(Z) + f ’(Z, t)

)
dZ
)

⎤

⎥
⎦ (21) 

This representation may be used to evaluate the conditions that lead 
the system to incipient instability conditions. In order to do that, it is 
possible to study the homogeneous state space equation ż(t) = Az(t)
neglecting the force vector in the state space. Assuming that the solution 
might be written as z=deλt, the homogeneous state space equation may 
be solved operating the research of the eigenvalues of the system 
(A − λI)d = 0, which consists of finding the conditions for which the 
determinant of (A − λI) is null. The solution might be written as 
z(t)=

∑2N
k=1Akdkeλkt, being Ak constants depending on the initial condi-

tions. Observing that each eigenvalue λk is constituted of a real part and 
an imaginary part, λk = μk + iνk, it is possible to re-write the solution 
asz(t) =

∑2N
k=1Akdkeμkteiνkt. 

While the imaginary part νk dictates the oscillatory (νk ∕= 0) or non- 
oscillatory (νk= 0) nature of the motion, the real part – and in particular 
its sign – is the sole responsible of a potential attenuation or amplifi-
cation of the motion. A system is asymptotically stable only if all the real 
part of the eigenvalues of the dynamic matrix are less than zero [53]. If 
there is at least a real part μk greater than zero, the system is unstable. 
The conditions represented by at least one real part μk equal to zero 
without any other real parts greater than zero indicate a marginally 

stable system. As pointed out by Eqs. (13) and (20), the dynamic matrix 

depends on the mean wind speed and hence the stability of the system 
does. Assuming that the system is stable for null wind speed, the critical 
velocity is that value for which, on increasing the mean wind speed, the 

first real part μk is equal to zero. 

2.2.2. Perturbation approach 
An alternative approach to the state space to evaluate the critical 

velocity for a two-degree of freedom system (flexural displacements 
only) is represented by a perturbation technique proposed by Luongo 
and Piccardo in 2005 [54], who formulated an approximated analytical 
solution for the eigenvalue problem, differentiating between quasi- 
resonant (flexural vibration modes occurring in well-separated cou-
ples) and non-resonant conditions (ωX ∕= ωY). They defined a closed 
form expression for the critical velocity which shows very good agree-
ment with the numerical solutions in quasi-resonant conditions (ωX ≈

ωY) and coincides with the exact solution in the resonant case 
(ωX = ωY). The formulation, perfected in 2014 [55], is based on a 
spring-mounted damped rigid cylinder of indefinite length with two 
translational degrees of freedom and subjected, as in the previous 
paragraph, to a bi-dimensional flow of horizontal uniform velocity u and 
characterised by a mass per unit length m and by a reference dimension 
b. Since the modal shape is uniform, it is possible to avoid the principal 
transformation and to directly study the Lagrangian displacements qX 
and qY . Thanks to the introduction of suitable non-dimensional pa-
rameters t* = ωYt, qX

* =
qX
b , qY

* =
qY
b and u* = u

bny
, considering the 

structural damping in the two principal directions to be coincident, ξX =

ξY = ξ, and defining the ratio between the two circular frequencies as 
ω = ωx

ωy
, it is possible to project Eq. (16) along X- and Y- axes, neglecting 

the terms associated with the mean and fluctuating parts of the force, as 
follows: 
{

q̈X
* + 2ξωq̇X

* + ω2qX
* + Ξu*ca11q̇X

* + Ξu*ca12q̇Y
* = 0

q̈Y
* + 2ξq̇Y

* + qY
* + Ξu*ca21q̇X

* + Ξu*ca22q̇Y
* = 0

(22a-b)  

where Ξ = 1
4

ρb2

πm is the mass parameter and is very similar to the original 
one [56]. 

The incipient instability of the system is studied by facing an 
eigenvalue problem (the full formulation is present in [55]). In the case 
of resonant conditions (ω = 1), the solution might be found in closed 
form and it is possible to analytically evaluate the critical reduced wind 
speed of the system by setting the real part of the eigenvalue as equal to 
zero:  

[
Ṗ(t)
P̈(t)

]

=

[ 0 I
− M̃

− 1
K̃ − M̃

− 1(

C̃ + C̃a

)
][

P(t)
Ṗ(t)

]

+

⎡

⎢
⎣

0

− M̃
− 1
(∫ H

0
ΨT(Z)

(
f(Z) + f ’(Z, t)

)
dZ
)

⎤

⎥
⎦ (17)   

u*
cr

Sc
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−
4

tr(ca)
if tr(ca) < 0, tr2(ca) − 4det(ca) < 0

4

− tr(ca) +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

tr2(ca) − 4det(ca)

√ if det(ca) < 0 or tr2(ca) − 4det(ca) > 0, tr(ca) < 0
(23)   
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in which tr( − ) and det( − ) respectively denote the trace and the deter-
minant of the matrix ( − ). 

As stated at the beginning of this paragraph, the formulation pro-
vided by [54] stands as long as the problem is characterised by bi- 
dimensional properties. The generalisation of this model to enable it 
to take into account the variation of b, m, aerodynamic properties, wind 
profile and modal shape with the dimension Z has been proposed by 
Nguyen et al. in 2015 [57]. With the aim of studying the critical con-
ditions for the triggering of aeroelastic instabilities of complex lighting 
poles and antenna masts, which are slender vertical cantilever structures 
presenting flexural vibration modes occurring in well-separated couples 
(ω = 1) and strongly characterised by the presence of devices (i.e. pa-
rabolas, antennas) that make the structure very sensitive to three- 
dimensional effects, they extended the Luongo and Piccardo’s model. 
Indeed, they proposed a modification of the formulation able to find the 
critical velocity of the system for galloping instability acting on the 
generic 2 k-th mode (this is because modes 2 k – 1 and 2 k may be 
assumed as equal and each 2DOF system related to this couple of modes 
is in internal resonance) by introducing an equivalent aerodynamic 
matrix, which is: 

C̃a,2k,eq =

∫ H

0
ΠT

2k(Z)ca(Z)Π2k(Z)dZ (24)  

being the term Π2k(Z) defined as: 

Π2k(Z) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
η(Z)b(Z)

b(Ze)
∫ H

0 ‖Ψ2k(Z)‖2dZ

√

Ψ(Z) (25)  

in which Ze is a reference height (not chosen in proximity of the ground) 
and η(Z) is a suitable function which describes the variation of the mean 
wind velocity profile along the height: 

u(Z) = u(Ze)η(Z) (26)  

Ψ2k is the modal shape of the 2 k-th mode. 
Thus, in presence of three-dimensional effects, in order to study the 

incipient instability conditions of the system, it is possible to apply the 
formulation by Luongo and Piccardo as long as that is carried out on the 
equivalent aerodynamic matrix for the 2 k-th mode C̃a,2k,eq. 

3. The case of thunderstorm outflows 

The equations presented in the previous section originate in condi-
tions of steady flows and their application is well-consolidated to define 
the occurrence of galloping induced by synoptic winds. This section 
focuses, instead, on how the same study is affected by the action of 
thunderstorm outflows, characterised by strongly different features, 
since the resultant horizontal wind speed U(t) cannot be considered as a 
realisation of a non-stationary process (i.e. [58]), and the flow direction 
might be highly irregular as well (i.e. [38]). This operation is performed 
by means of a directional decomposition strategy of the wind speed [59] 
that represents a generalisation to thunderstorm outflows of what is 
historically defined for synoptic events (Section 3.1). Subsequently, in 
Section 3.2, the necessary steps to obtain Eq. (12) under the conditions 
represented by thunderstorm outflows are described, whereupon a 
deeper discussion about the terms relevant to transient aeroelasticity is 
tackled in Section 3.3. Finally, Section 3.4 shows the equations of mo-
tion (analogously to Eq. (16)), which are obtained gathering together 
the loading terms associated with aerodynamics and aeroelasticity, 
distinguishing three different levels of analysis. 

3.1. Directional decomposition 

The first step is to separately decompose the wind speed components 
along the X- and Y- axis (VX,VY), being VX directed from West to East 
and VY from South to North. On them, the separation between the 

slowly-varying part 
(

VX,VY

)

and the residual fluctuations components 

(V’
X,V’

Y) takes place. All the slowly-varying quantities present in this 
manuscript are determined through a moving average filter with a 
moving average period T = 30s. The resultant slowly-varying mean 
wind speed is thus: 

u(t) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

V2
X(t) + V2

Y(t)
√

(27) 

The slowly-varying angle of attack of u is identified by β ∈ [0,360]
(Fig. 2): 

β(t) = atan2

⎡

⎣VY(t)
VX(t)

⎤

⎦ (28) 

The residual fluctuation components are projected on another Car-
tesian reference system (x,y). The latter is based on the direction of the 
slowly-varying mean wind speed u(t), being the x- axis aligned with u(t), 
as described in Section 2.1. Thus, it is possible to obtain u’ and v’, which 
are, respectively, the longitudinal and lateral turbulence components. 

Fig. 2. Directional decomposition of the signal U.  

Fig. 3. Reference systems for the cross-section of a slender vertical structure 
excited by wind. 
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They also might be defined as the product of their slowly-varying 
standard deviations (σu, σv) by a couple of longitudinal and lateral 
reduced turbulent fluctuations (ũ ’, ṽ ’), which are stationary Gaussian 
non-correlated random processes; this allows the formulation of the 
longitudinal and lateral components of the wind velocity as: 

u(t) = u(t) + u’(t) = u(t)[1 + Iu(t)ũ ’(t) ] (29a)  

v(t) = v’(t) = u(t)Iv(t)̃v ’(t) (29b)  

where Iu(t) = σu(t)/u(t) and Iv(t) = σv(t)/u(t) are respectively the lon-
gitudinal and lateral slowly-varying turbulence intensities. 

3.2. Motion-induced forces associated with transient thunderstorm 
outflows 

Firstly, it is recalled as reference body the slender structure described 
in Section 2.1, whose principal directions of the section are identified by 
the fixed X- and Y-axes (Fig. 3). 

Employing the outcomes of the directional decomposition of a wind 
signal U described in 3.1, it is possible to recall the other two reference 
systems introduced in Section 2.1: the first one is (d, l), and the second 
one is (x, y). They both are not fixed with the time, because of the 
temporal variation of the angle of attack. It is assumed that the slowly- 
varying angle of attack β(t) is not a function of the Z-axis. 

The relationships linking the crosswind and alongwind axes and the 
principal axes of inertia of the cross-section are: 

x(Z, t) = X(Z, t)cos
(

β(t)
)
+Y(Z, t)sin

(
β(t)

)
(30a)  

y(Z, t) = − X(Z, t)sin
(

β(t)
)
+Y(Z, t)cos

(
β(t)

)
(30b) 

In order to obtain the analytical formulation of the motion-induced 
forces, Eqs. (30a-b) have to be derived with respect the time. If the 
variation of the angle is small (β(t) = β = const, ∂β(t)

∂t = 0) (i.e. synoptic 
winds), it is possible to write the derivatives as: 

ẋ(Z, t) = Ẋ(Z, t)cosβ + Ẏ(Z, t)sinβ (31a)  

ẏ(Z, t) = − Ẋ(Z, t)sinβ + Ẏ(Z, t)cosβ (31b) 

On the other hand, if it is not possible to neglect this variation (i.e. 
thunderstorm outflows), it is necessary to take into account the terms 
related to the variation of the angle of attack as well: 

ẋ(Z, t) = Ẋ(Z, t)cos
(

β(t)
)
− X(Z, t)sin

(
β(t)

) ∂β(t)
∂t

+ Ẏ(Z, t)sin
(

β(t)
)

+ Y(Z, t)sin
(

β(t)
) ∂β(t)

∂t
(32a)  

ẏ(Z, t) = − Ẋ(Z, t)sin
(

β(t)
)
− X(Z, t)cos

(
β(t)

) ∂β(t)
∂t

+ Ẏ(Z, t)cos
(

β(t)
)

− Y(Z, t)sin
(

β(t)
) ∂β(t)

∂t
(32b) 

This translates into the presence of an additional term in the equation 
which governs the aeroelastic term of the force. 

In particular, while the original term (Eq. (12)) is proportional to the 
principal structural velocity Ṗ(Z, t), in this case the aeroelasticity is 
expressed through two terms, being the first one proportional to Ṗ(Z, t)
and the second one proportional to the principal structural displacement 
P(Z, t). Moreover, it is not possible to consider the mean wind speed as 
constant, neither the angle of attack (and, consequently, the mean 
aerodynamic coefficients and their angular derivatives), and so the 
terms constituting the matrices that multiply the principal structural 
velocity and displacement are function of time. Hence, it is possible to 
write: 

f a(Z, t) = − C̃a(t)Ṗ(Z, t) −
∂β(t)

∂t
K̃a(t)P(Z, t) (33)  

where C̃a is the already introduced principal aerodynamic damping 
matrix, now a function of time, and K̃ a is called the principal aero-
dynamic stiffness matrix. The composition of these two matrices is 
explained in the following paragraph. 

It is noteworthy to highlight how the effect of the change of direction 
associated with thunderstorm outflows translates into a modification of 
the structural stiffness of the system. Under synoptic regime, this would 
occur only considering torsional degrees of freedom as well. 

3.3. Principal aerodynamic damping and stiffness matrix 

The principal aerodynamic damping matrix C̃a may be evaluated as: 

C̃a(t) =
1
2

ρ
∫ H

0
u(Z, t)b(Z)ΨT(Z)ca(Z, t)Ψ(Z)dZ (34) 

This definition is in analogy with Eq. (13), but presents the depen-
dence on the time, dictated by the temporal variation of the terms 
belonging to the aerodynamic damping matrix ca and of the mean wind 
speed. 

In order to generalise the terms in Eq. (15a-d) to the presence of a 
slowly-varying mean wind speed u(Z, t) and a slowly-varying angle of 
attack β(t), the effects of transient aerodynamics [60] are considered by 
assuming the hypothesis that the passage of the gust front is moderately 
slow [46,61,62]: the aerodynamic coefficients are function of the Rey-
nolds number, dependent on u(Z, t), and on the slowly-varying angle of 
attack β(t). 

Therefore, is possible to re-write them as: 

ca11(Z, t) = cd(Z, t)
(

sin2
(

β(t)
)
+ 2cos2

(
β(t)

))

− (cl(Z, t)+ c’d(Z, t) )sin
(

β(t)
)

cos
(

β(t)
)
+ c’

l(Z, t)sin2
(

β(t)
)

(35a)  

ca12(Z, t) = − cl(Z, t)
(

2sin2
(

β(t)
)
+ cos2

(
β(t)

))

+(cd(Z, t) − c’l(Z, t) )sin
(

β(t)
)

cos
(

β(t)
)
+ c’d(Z, t)cos2

(
β(t)

)

(35b)  

ca21(Z, t) = cl(Z, t)
(

sin2
(

β(t)
)
+ 2cos2

(
β(t)

))

+(cd(Z, t) − c’l(Z, t) )sin
(

β(t)
)

cos
(

β(t)
)
− c’d(Z, t)sin2

(
β(t)

)

(35c)  

ca22(Z, t) = cd(Z, t)
(

2sin2
(

β(t)
)
+ cos2

(
β(t)

))

+(c’d(Z, t) + cl(Z, t) )sin
(

β(t)
)

cos
(

β(t)
)
+ c’l(Z, t)cos2

(
β(t)

)

(35d) 

The explicit dependence on the time t of the mean aerodynamic 
coefficients, their angular derivatives and of the terms belonging to the 
aerodynamic damping matrix, enclose the dependence of u(Z, t) and 
β(t). 

Concerning the principal aerodynamic stiffness matrix K̃ a, it may be 
evaluated as: 

K̃a(t) =
1
2

ρ
∫ H

0
u(Z, t)b(Z)Ψ T(Z)ka(Z, t)Ψ (Z)dZ (36)  

where ka is the stiffness aerodynamic matrix, defined as: 

ka(Z, t) =
[

ka11(Z, t) ka12(Z, t)
ka21(Z, t) ka22(Z, t)

]

(37) 
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in which: 

ka11(Z, t) = cl(Z, t)
(

2sin2
(

β(t)
)
+ cos2

(
β(t)

))
− (cd(Z, t)

− c’l(Z, t) )sin
(

β(t)
)

cos
(

β(t)
)
− c’d(Z, t)cos2

(
β(t)

)
(38a)  

ka12(Z, t) = cd(Z, t)
(

sin2
(

β(t)
)
+ 2cos2

(
β(t)

))
− (cl(t, Z)

+ c’d(t, Z) )sin
(

β(t)
)

cos
(

β(t)
)
+ c’

l(Z, t)sin2
(

β(t)
)

(38b)  

ka21(Z, t) = − cd(Z, t)
(

2sin2
(

β(t)
)
+ cos2

(
β(t)

))
− (c’d(t,Z)

+ cl(t,Z) )sin
(

β(t)
)

cos
(

β(t)
)
− c’l(Z, t)cos2

(
β(t)

)
(38c)  

ka22(Z, t) = cl(Z, t)
(

sin2
(

β(t)
)
+ 2cos2

(
β(t)

))
+ (cd(Z, t)

− c’l(Z, t) )sin
(

β(t)
)

cos
(

β(t)
)
− c’d(Z, t)sin2

(
β(t)

)
(38d) 

It is important to note that the terms of the aerodynamic stiffness 
matrix are strictly connected to the ones of the aerodynamic damping 
matrix. As a matter of fact: 

ka11(Z, t) = − ca12(Z, t) (39a)  

ka12(Z, t) = ca11(Z, t) (39b)  

ka21(Z, t) = − ca22(Z, t) (39c)  

ka22(Z, t) = ca21(Z, t) (39d)  

3.4. Estimation of the total loading 

Combining the outcome of 3.3 with the wind loading associated with 
the mean wind speed f(Z, t)and the turbulence and vortex-shedding 
f ’(Z, t), it is possible to write the equations of motion in analogy to Eq. 
(16), generalised to the case of thunderstorm outflows: 

M̃P̈(t) +
(

C̃ + C̃a(t)
)

Ṗ(t) +

(

K̃ +
∂β(t)

∂t
K̃a(t)

)

P(t) =
∫ H

0
ΨT(Z)

(
f(Z, t)

+f ’(Z, t)
)

dZ (40) 

It is possible to distinguish between three different types of analysis 
descending from Eq. (40): the latter represents the equation which has to 
be employed when studying the effects on structures induced by a 
thunderstorm outflow which presents a marked variation of the angle of 
attack. This is called, hereinafter, as Level 1 analysis. 

On the other hand, when dealing with a thunderstorm outflow whose 
direction is almost constant, as in the case of a stationary downburst, it is 
possible to simplify Eq. (40), neglecting the principal aerodynamic 
stiffness matrix and reducing the motion equation to: 

M̃P̈(t) +
(

C̃ + C̃a(t)
)

Ṗ(t) + K̃P(t) =
∫ H

0
ΨT(Z)

(
f(Z, t) + f ’(Z, t)

)
dZ

(41) 

This representation is called, hereinafter, as Level 2 analysis. 
Moreover, considering the flow as stationary allows one to consider 

the principal aerodynamic damping matrix as constant and to reduce the 
equation of motion to the classical one adopted to study aeroelasticity 
effects induced by synoptic winds, found as a particular case of Eq. (40): 

M̃P̈(t) +
(

C̃ + C̃a

)

Ṗ(t) + K̃P(t) =
∫ H

0
ΨT(Z)

(
f(Z) + f ’(Z, t)

)
dZ (42) 

This is called, hereinafter, as Level 3 analysis and coincides with Eq. 
(16). 

As already stated in Section 2.2, the presence of f(Z, t) and f ’(Z, t) in 
the study of winds of synoptic regime is inessential concerning stability 
problems, since the solution is function of a state which is maintained for 
a long time. On the other hand, this does not apply for thunderstorm 
outflows, for which the mean wind speed and the angle of attack vary 
with time; so, it is necessary to solve the motion equations step by step, 
hence retaining all the terms in the analysis. 

4. Applications 

In this section, the formulation proposed in Section 3 is applied, 
employing the directional decomposition recalled in Section 3.1 on ten 
wind events, described in Section 4.1. The effects induced by them on a 
test structure, presented in two possible configurations in Section 4.2, 

Table 1 
Generalities about the ten thunderstorm outflow records selected from the WP 
and WPS database.  

Event 
name 

Location, 
Port of 

Anemometer 
No. 

Date 
max

⃒
⃒
⃒
⃒
⃒

∂β(t)
∂t

⃒
⃒
⃒
⃒
⃒

at the 

peak (rad/s)  

WE1 La Spezia 2 30/01/ 
2015 

0.062 

WE2 Genoa 1 28/10/ 
2012 

0.016 

WE3 Genoa 1 03/11/ 
2012 

0.034 

WE4 Livorno 1 16/12/ 
2011 

0.018 

WE5 Livorno 4 18/01/ 
2014 

0.025 

WE6 Livorno 5 16/11/ 
2010 

0.040 

WE7 Livorno 5 15/10/ 
2012 

0.019 

WE8 La Spezia 3 25/10/ 
2011 

0.045 

WE9 La Spezia 3 15/10/ 
2012 

0.018 

WE10 La Spezia 3 09/02/ 
2014 

0.058  

Fig. 4. Endless Column: (a) the structure in Târgu Jiu (aSpectator.co.uk); wind tunnel testing campaigns of sectional models representing the Endless Column: (b) 
equipped with modules (CRIACIV, 2001); (c) wrapped in a plastic sheet (University of Genova, 2011). 
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are assessed. Section 4.3 illustrates all the steps to be undertaken to 
convert the results of the directional decomposition into a compatible 
wind field, from which the aerodynamic loading acting on the two 
configurations of the test structures are estimated through a suitable 
technique. The results regarding the dynamic response are firstly qual-
itatively and quantitatively discussed concerning two particular wind 
events (Section 4.4). Secondly, a general examination of the findings for 
the whole set of thunderstorm outflows is discerned (Section 4.5). 

4.1. Wind events 

Ten events, upon hereinafter called as WE1 – WE10, have been 
picked from the ones present in the database of the “Wind and Ports” 
(WP) [63] and “Wind, Ports and Sea” (WPS) [64] projects. The signals 
(which are the same considered in [47]), detected by sonic anemome-
ters, have undergone the directional decomposition technique described 
in Section 3.1. All of these signals are 10-minute long and some of their 

main properties are reported in Table 1. The last column indicates the 
maximum absolute value of the temporal derivative of the slowly- 
varying angle of attack in the central 140 s of the event (in correspon-
dence of the peak region). The variation with time of the wind speed, of 
the flow direction and of the temporal derivative of the slowly-varying 
angle of attack are presented in Appendix A. 

Observing the maximum absolute value of the temporal derivatives 
of the slowly-varying angle of attack in the velocity peak region present 
in the table (and the relative trends included in Appendix A), it is 
possible to distinguish the ten events into two different categories. The 
first one, hereinafter called Category A, comprehends the thunderstorm 
outflows in which the flow direction is quite regular, at least in corre-
spondence of the velocity peak; the second one, called Category B, in-
cludes the events which exhibit an evident variation of the angle of 
attack, at least in the velocity peak region. WE2, WE4, WE7 and WE9 
belong to Category A, while WE1, WE3, WE5, WE6, WE8 and WE10 are 
associated with Category B. 

4.2. Structures 

A natural candidate to the onset of aeroelastic instabilities, because 
of its lightness and low damping, is the Endless Column (Fig. 4a), 
conceived by Constantin Brâncuși (1876–1957) and realised between 
1937 and 1938. It presents a total height of 29.26 m and an extremely 
high slenderness ratio, 66 [65]. The structure is composed of an internal 
steel spine and an external assemblage of cast-iron modules. Each cast- 

Fig. 5. Endless Column: (a) steel spine; (b) reference system with the definition of the principal axis X ,Y.  

Table 2 
Main properties associated with the first mode of the two considered configu-
rations of the Endless Column.  

Configuration n1[[Hz] ξ1 [–]  m̃1  ζ1 [–]  

C1 0.513 1.93% 4618 1.75 
C2 0.830 0.82% 1166 1.75  

Fig. 6. Aerodynamic properties of C1 against β: (a) cd; (b) cl; (c) cd +c’l and (d) c’d − cl; (e) ca11and ca22, (f) ca12and ca21.  
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iron module consists of two trunks of a square base pyramid joined in 
correspondence of the largest base. The overall external coating of the 
spine consists of the superimposition of 15 complete modules - not 
bonded between each other - plus two half end modules, which allow the 
structure not to have neither a beginning nor an end. 

Following restoration works carried out in the Nineties, the structure 
has assumed different configurations: firstly, in September 1996, the 
modules of the column were removed and the spine was abandoned for 
many months and exposed to any kind of weather conditions. Secondly, 
the spine was wrapped in a plastic sheet, worsening the situation since 
the wrapping kept the moisture trapped and favoured the corrosion. 

Before long, the plan for the restoration was questioned and UNESCO 
– under a request from the Romanian Ministry of Culture – intervened, 
aiming to preserve the “artistic value, potential unity and integrity” of 
the column, which had to be considered as a masterpiece of art and 
engineering. Under this new auspice, the interest towards the structural 
aspects linked to the problem grew, leading to the definition of a pro-
gram comprehensive of full-scale measurements and wind tunnel test 
campaigns of the different configurations. 

Concerning wind tunnel studies, during the course of the years, 
different models representative of the configurations that the column 

had assumed were realised, aiming at the assessment of their aero-
dynamic properties. 

In this paper, two of the aforementioned configurations of the 
Endless Column are considered as reference test cases. The first is the 
outline of the column dressed with its modules, hereinafter called C1 
(Fig. 4b). The second is the column dismantled of its modules and 
wrapped in a plastic sheet (Fig. 4c), hereinafter called C2. 

C1 has a total height H of 29.26 m and it has been discretised as a 
multi-degree of freedom system with the definition of 6 joints along the 
height in correspondence of which the wind-loading time histories are 
assessed and the structural response is evaluated. A conceptual scheme 
of the variation of the cross-section of the steel spine of C1 is proposed in 
Fig. 5a, while Fig. 5b (following the path traced by Fig. 1a and b) defines 
the principal axis X ,Y on the cross-section. The angle of attack β is null 
when the wind is aligned with the X-axis. C2 is slightly lower, H is equal 
to 28.9 m, and is schematised by use of 5 joints. Fig. 5b may still be 
adopted for the definition of the principal axis X ,Y concerning C2 as 
well. 

Concerning full-scale measurements, in Table 2 the main modal 
properties of the two configurations are reported: n1, ξ1, m̃1 are 
respectively the natural frequency, the structural damping coefficient 
and the modal mass of the first mode of vibration (which are the same in 
the X- and Y-directions, (ωX = ωY)). 

ζ1is that parameter that best approximates the first modal shape 
according to the law ψ1(Z) = (Z/H)

ζ1 . These values are present in [65]. 

4.2.1. Bluff body aerodynamics under steady flow conditions 
Regarding the aerodynamics which characterises the different con-

figurations, the wind tunnel test campaigns highlight that no-one of the 
tested configurations seems sensitive to Reynolds number effects. On the 
other hand, the aerodynamics featuring the different configurations is 
extremely different. Fig. 6a-d show the variation – under smooth flow 
conditions - of the measured mean drag and lift coefficients, cd (Fig. 6a), 
cl (Fig. 6b), and cd + c’l (Fig. 6c), c’d − cl (Fig. 6d), cd’ and c’

l being the 
angular prime derivatives of cd and cl with the angle of attack β con-
cerning the configuration C1. It is shown up to 45 degrees, due to the 
double geometric symmetry of the structure along the X- and Y-axes. 
Again, for C1, Fig. 6e reports the variation of the diagonal terms of the 
aerodynamic damping matrix ca with the angle of attack β, while Fig. 6f 
indicates the corresponding variation of the off-diagonal terms. 

Fig. 7a-e likewise display the aerodynamic properties of C2. All these 
coefficients have been normalised with regard to the side of the largest 
base of the pyramidal trunks, 0.90 (m), when considering C1, and of the 

Fig. 7. Aerodynamic properties of C2 against β: (a) cd; (b) cl; (c) cd +c’l and (d) c’d − cl; (e) ca11and ca22, (f) ca12and ca21.  

Fig. 8. Comparison of the stability curves for the two configurations of the 
Endless Column. 
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side of the wrapping square element (0.38 (m), excluding the batten 
plates), when considering C2. In both cases, in the last two plots, a dash 
dot line at 90 degrees is drawn in red to stress that the diagonal terms, 
for the geometries of interest, are symmetric respect to that, whereas the 
off-diagonal ones are skew-simmetric. It is noteworthy to indicate that 
the terms of the aerodynamic stiffness matrix, because of what observed 
in Eqs. (39a–39d), exhibit the opposite trend. The comparison between 
the quantities reported in Fig. 6a-e and 7a-e points out how – from an 
aerodynamic point of view – the situation has deeply changed. While the 
drag coefficient for C1 denotes a very high aerodynamic efficiency [65], 
C2 is characterised by higher drag coefficients – at least 50% higher if 
compared with C1 for the same angle of attack. On top of that, the sit-
uation in terms of the galloping coefficient aG has dramatically deteri-
orated in the passage from C1 to C2. The minimum galloping coefficient 
aG for C1 is − 1.21, whereas for C2 this value lowers to − 4.14. This 
worsening of the aerodynamic properties, mixed with a strong reduction 
of the mass and the structural damping (as it is possible to appreciate 
from Table 2) and, consequently, of the Scruton number (which un-
dergoes a drop of 40%), makes C2 highly susceptible to instability 
phenomena. 

4.2.2. Galloping critical velocity of the system under steady flow conditions 
Applying the concepts introduced in Section 2.2.2, it is possible now 

to evaluate the critical wind speed of C1 and C2, whose trends against 
the angle of attack are presented altogether in Fig. 8, which reflects what 
already anticipated in 4.1.2: while for C1 the critical velocities of the 
incidences prone to galloping are always higher than 100 (m/s), the 
curve associated with C2 shows profoundly lowered critical velocities, 
for instance reaching 21 (m/s) in correspondence of 0 degrees of inci-
dence, or for angles of attack around 11–12 degrees, for which the 
critical velocity even decreases to 12.5 (m/s). The stability curves here 
reported are very similar to the ones described in [65] and any 
discrepancy present is linked to the numerical process of integration of 
the equations. 

4.3. Structural dynamic response taking aeroelastic terms into account 

In this section, the dynamic response of C1 and C2 to the ten thun-
derstorm outflows mentioned in Section 4.1 is evaluated. The first two 
paragraphs illustrate the steps which are necessary to convert the out-
comes of the directional decomposition (Section 3.1) applied on the 
wind events of interest into suitable wind fields (Section 4.3.1) acting on 
the structures and to assess the corresponding aerodynamic loading 
(Section 4.3.2). These steps are undertaken through a brief summary of 
procedures already consolidated in other papers. 

The X- and Y-axes are originally directed along the W-E and S-N 
direction. However, to the end of promoting aeroelastic effects, the test 
structures are eventually rotated around the Z-axis to expose to wind 
actions the incidences that are mostly sensitive to galloping (β = 5–12 
degrees). 

In Section 4.3.3, the description of the methodology to perform the 
time-domain integration of the equations of motion is proposed: it is 
carried out in the state space, formulating a dynamic matrix whose terms 
are time-varying, because of the variation of the terms belonging to the 
aerodynamic damping and stiffness matrices. Further details may be 
found in Appendix B. 

4.3.1. Wind field 
In order to assess the aerodynamic loading acting on vertical slender 

structures, it is necessary to reconstruct suitable wind fields along the 
vertical axis of the two structure test cases. 

Concerning the mean part of the velocity, its vertical profile might be 
expressed as (i.e. [58,66]): 

u(Z, t) = umax(h)αu(Z)γu(t) (43)  

in which umax is the maximum value of the slowly-varying mean wind 
speed, h is the reference height, αu is a non-dimensional function which 
draws the vertical profile. It is here evaluated according to the model 
proposed by Wood and Kwok in [67], defining as 25 (m) the height at 
which the spatial peak of the wind speed occurs. γu is the non- 
dimensional function which follows the time-variation of the signal 
and whose maximum value is 1. 

As far as the slowly-varying mean wind direction is concerned, it is 
possible, as required in Section 3.2, to neglect the variation of the 
slowly-varying angle of attack with the axis of the structure considering 
the findings registered by Canepa et al. [68], based on three LiDAR 
profilers vertically scanning the atmosphere up to 250 (m) above the 
ground level, so this quantity is assumed to be equal to the one at the 
reference height h. 

The same assumption is made concerning the turbulence intensities 
[69] Iu and Iv, so that Iu(Z, t) = Iu(h, t) and Iv(Z, t) = Iv(h,oodbreak˝) =!

˝number(boolean(ancestor :: ∗[name() =′ msup′orname() =′

msub′orname() =′ msubsup′orname() =′ munderover′orname() =′

mfrac′orname() =′ msqrt′orname() =′ munder′orname() =′

mover′orname() =′ mroot′orname() =′ mmultiscript′orname() =′

mtable′]))˝!(0)[? − skipgroup] > t). This choice is consistent with field 
measurements carried out by anemometers at heights nearly ground 
level (almost 50 m) [61,62], since the height for the two test structures 
does not overcome 30 (m). 

Moving to the reduced turbulence fluctuations, it is possible to 
generate deterministic scenarios that are compatible with single-point 
records, avoiding the computational burden of Monte Carlo simula-
tions, through the equivalent wind spectrum technique (EWST). It has 
been proposed in [70] and generalised in [71] for synoptic winds and 
allows the actual turbulent fluctuation to be replaced with an equivalent 
turbulent fluctuation process which has the feature to be identically 
coherent in space and – thus – is a random function of time only. The role 
played by the coherence is restored by a size factor which defines a 
frequency filter and reduces the PSD of the equivalent turbulent fluc-
tuation, making it compatible with the actual wind field. It is worth 
pointing out that the coherence function depends on the mean velocity, 
which is independent of time for synoptic wind. Nevertheless, this does 
not occur when dealing with thunderstorm outflows, and thus it is 
necessary to involve a tweaking of the traditional expression, according 
to which the mean wind velocity is identified by the maximum value of 
the slowly-varying mean wind velocity. This approach has been firstly 
applied in a non-directional framework [72,73], and secondly [47] on 
the outcomes of the directional decomposition ũ’ and ̃v ’, obtaining the 
longitudinal and lateral equivalent reduced turbulence fluctuations ũ’

eq 

and ṽ’
eq. 

Introducing the spatial dependence and applying the described hy-
pothesis on Eqs. (29a-b), it is possible to write: 

ueq(Z, t) = u(Z, t) + u’
eq(Z, t) = u(Z, t)

[
1 + Iu(h, t)ũ’

eq(t)
]

(44a)  

veq(Z, t) = v’
eq(Z, t) = u(Z, t)Iv(h, t)ṽ’

eq(t) (44b)  

4.3.2. Aerodynamic wind loading 
Once the wind field is defined, it is possible to estimate the induced 

aerodynamic loading, providing a suitable method. A formulation for a 
slender vertical body whose cross-section is compact and, thus, negli-
gibly sensible to torsional moments (as the one described in Section 2.2) 
is presented in [47]. Based under the hypothesis of strip and quasi- 
steady theory, it neglects any form of vortex-shedding and has to be 
fed with the outcomes of the directional decomposition (Section 3.1). It 

considers the turbulence as small 
(

u’(Z,t)
u(Z,t)≪1, v’(Z,t)

u(Z,t)≪1
)

, coherently to 

what defined in 2.2, and the slowly-varying angle of attack as not 
varying along the vertical axis, and constitutes the generalisation to 
thunderstorm outflows of the classical formulation of the alongwind and 
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crosswind forces historically applied for synoptic winds. 
The analytical expressions of the aerodynamic loading per unit 

length in the alongwind and crosswind directions (reference system (x, 
y) in Fig. 3) are: 

fx(Z, t) =
1
2

ρb(Z)u2(Z, t)⋅
{

cd(Z, t) + 2Iu(h, t)ũ’
eq(t)cd(Z, t)

+ Iv(h, t)̃v’
eq(t)[cd’(Z, t) − cl(Z, t) ]

}
(45a)  

fy(Z, t) =
1
2

ρb(Z)u2(Z, t)⋅
{

cl(Z, t) + 2Iu(h, t)ũ’
eq(t)cl(Z, t)

+ Iv(h, t)ṽ’
eq(t)[cd(Z, t) + cl’(Z, t) ]

}
(45b) 

The forces along the fixed X- and Y- axes result: 

fX(Z, t) = fx(Z, t)cos
(

β(t)
)
− fy(Z, t)sin

(
β(t)

)
(46a)  

fY(Z, t) = fy(Z, t)cos
(

β(t)
)
+ fx(Z, t)sin

(
β(t)

)
(46b)  

4.3.3. Time-domain integration of the equations of motion 
The present section is devoted to describe the numerical procedure 

adopted to estimate the dynamic response of a slender vertical structure, 

in particular the two configurations C1 and C2 of the Brâncuși Endless 
Column described in Section 4.2, subjected to the thunderstorm outflow 
- induced actions, either in terms of aerodynamic and of motion-induced 
loading. 

It is assumed that the structure is characterised by a linear elastic 
behaviour and that in the planes identified by the X ,Z and Y, Z axes the 
natural frequencies are well-separated. Furthermore, the damping is 
considered as small and proportional and – coherently with [47,69,72] – 
the response is evaluated taking the contribution of the sole first mode of 
vibration in each principal direction into account. In order to assess the 
dynamic response of a slender vertical structure, it is necessary to solve 
the motion equations presented in Eq. (40). 

Projecting Eq. (40) – associated with Level 1 analysis described in 
Section 3.4 - along the X- direction and dividing all the terms by the first 
modal mass in the X- direction m̃1,X, it is possible to write the following 
equation:   

The terms in Eq. (47a) - whose subscript 1 indicates that all the quantities 
are referred to the first mode - have already been introduced in previous 
sections. The projection of fX(Z, t)along the first mode in the X-axis is the first 
modal force in X- direction. The density ρ and the temporal derivative of the 

Fig. 9. WE2: a) mean wind speed at Z = 13 m, b) slowly-varying angle of attack.  

Fig. 10. Time-history of the cd +c’l coefficient of C1 subjected to WE2.  
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Fig. 11. Time-variation of the terms a) A33, b) A34, c) A43 and d) A44, related to C1 subjected to WE2.  

Fig. 12. Aeroelastic effects on the dynamic response of C1 subjected to WE2 in the a) x- axis, b) y- axis.  

p̈1,X(t) + 2ω1,X

⎡

⎢
⎣ξ1,X +

ρ
∫ H

0

(
b(Z)ca11(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

4ω1,Xm̃1,X

⎤

⎥
⎦ṗ1,X(t)+

+

ρ
∫ H

0

(
b(Z)ca12(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

2m̃1,X
ṗ1,Y(t) +

⎡

⎢
⎢
⎢
⎣

ω2
1,X +

∂β(t)
∂t

ρ
∫ H

0

(
b(Z)ka11(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

2m̃1,X

⎤

⎥
⎥
⎥
⎦

p1,X(t)+

+

∂β(t)
∂t

ρ
∫ H

0

(
b(Z)ka12(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

2m̃1,X
p1,Y(t) =

1
m̃1,X

∫ H

0
fX(Z, t)ψ1,X(Z)dZ

(47a)   
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slowly-varying angle of attack ∂β(t)
∂t are considered as independent of the 

height and, so, they are placed outside the integral operator. 
Projecting now Eq. (40) along the Y- direction and dividing all the 

terms by m̃ 1,Y :  

As before, all the terms have been already introduced and the pro-
jection of fY(Z, t) along the first mode in the Y-axis is the first modal force 
in Y- direction. The numerical procedure is illustrated in Appendix B. 

In order to obtain a fully consistent set of results, the ten 

Fig. 13. Time-history of the cd +c’l coefficient of C2 subjected to WE2.  

Fig. 14. Time-variation of the terms a) A33, b) A34, c) A43 and d) A44, related to C2 subjected to WE2.  

p̈1,Y(t) +
ρ
∫ H

0

(
b(Z)ca21(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

2m̃1,Y
ṗ1,X(t)+

+2ω1,Y

⎡

⎢
⎣ξ1,Y +

ρ
∫ H

0

(
b(Z)ca22(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

4ω1,Y m̃1,Y

⎤

⎥
⎦ṗ1,Y(t) +

∂β(t)
∂t

ρ
∫ H

0

(
b(Z)ka21(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

2m̃1,Y
p1,X(t)+

+

⎡

⎢
⎢
⎢
⎣

ω2
1,Y +

∂β(t)
∂t

ρ
∫ H

0

(
b(Z)ka22(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

2m̃1,Y

⎤

⎥
⎥
⎥
⎦

p1,Y(t) =
1

m̃1,Y

∫ H

0
fY(Z, t)ψ1,Y(Z)dZ

(47b)   
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thunderstorm outflow signals have been normalised to the same con-
ventional peak wind velocity equal to 40 (m/s). The first minute of the 
time history of the aerodynamic forces has been filtered in the time 
domain with a “cosine” function window, with the aim of mitigating the 
transient effects in the initial phase of the response. 

4.4. Outcomes of two wind events 

Two specific wind events (WE2 and WE8) are now considered: 
compatible wind field are assessed and applied on C1 and C2. The most 
remarkable outcomes are reported in the following paragraphs. 

Fig. 15. Aeroelastic effects on the dynamic response of C2 subjected to WE2 in the a) x- axis, b) y- axis.  

Fig. 16. WE8: a) mean wind speed at Z = 13 m, b) slowly-varying angle of attack.  

Fig. 17. Time-history of the cd +c’l coefficient of C2 subjected to WE8.  
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4.4.1. WE2 (Category A) 
In this paragraph, the results concerning the dynamic response of C1 

and C2 to WE2, are displayed and commented. Before that, it is recalled 
that WE2 belongs to Category A, defined in Section 4.1 as the one that 
encloses the thunderstorm outflows characterised by a quite regular 

flow direction, at least in the velocity peak region. 
C1 and C2 have been rotated by − 105 degrees about the Z-axis to 

expose their more sensitive directions to galloping and to exalt potential 
aeroelastic effects. Graphs concerning the mean wind velocity u(t) at 13 
m of the two structures and the slowly-varying angle of attack β(t) are 

Fig. 18. Time-variation of the terms a) A33, b) A34, c) A43 and d) A44, related to C2 subjected to WE8.  

Fig. 19. Time-variation of the terms a) A31, b) A32, c) A41 and d) A42, related to C2 subjected to WE8.  
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reported in Fig. 9. 
From Fig. 9a, it is possible to appreciate that the mean velocity in 

correspondence of the peak does not present a sharp trend, but is 
characterised by a quite regular decrease following the ramp-up. 

Discussing the results relevant to C1, in Fig. 10 the variation of the 
cd +c’l coefficient (or − aG) is presented: during the peak phase, this 
quantity is moderately negative, assuming values very close to − 1. 

After the reconstruction of the time-varying aerodynamic damping 
matrix, the terms A33,A34,A43 and A44 - belonging to the state matrix 
(see Appendix B, Eq. (B.4) and following) and relevant to the aero-
dynamic damping - might be numerically evaluated. Their time- 
variations are displayed in Fig. 11. In here, in each of the 4 subplots, 
there is a comparison between the situation which is not affected by the 
aerodynamic damping (in blue) and the case in which the aeroelasticity 
is taken into account (in red). 

In fact, in Fig. 11a and d, which depict the terms A33 and A44, the 
blue lines respectively express the quantities − 2ω1,Xξ1,X and − 2ω1,Yξ1,Y , 
which indicate the damping coefficients of the structure in the two 
principal directions. Additionally, Fig. 11b and c show the variation of 
the cross terms A34 and A43, in which the blue lines stand on the zeros. 
As pictured in Fig. 9b, the slowly-varying angle of attack β(t) is very 
close to − 10 degrees, so the wind is almost aligned with the X- axis 
(Fig. 3). This is why the term A33, affecting the damping in the X- di-
rection, is more negative than the structural term, since the aerodynamic 
damping is contributing to the stability of the system in this direction. 
Contrary to this, the aerodynamic damping in the Y-direction erodes 
part of the structural contribute and, consequently, A44 results higher 
than − 2ω1,Yξ1,Y . However, the values in correspondence of the mean 
wind velocity plateau between 300 and 400 s barely reach the threshold 
of − 0.09 (rad/s), so the system is still far from the critical threshold of 0. 
This is a consequence of what described in 4.2.2: the Endless Column in 
its original configuration, C1, in virtue of the efficiency of its shape, has 
a very high critical wind speeds that strongly mitigate the risk of 
galloping. Observing the comparison between the dynamic response 
taking the aeroelastic terms into account (Eqs. (47a-b), in blue) and 
neglecting them (in orange) in the alongwind (Fig. 12a) and crosswind 
(Fig. 12b) directions, which do not represent fixed axes, since their 

Fig. 20. Aeroelastic effects on the dynamic response of C2 subjected to WE8 in the a) x- axis, b) y- axis.  

Table 3a 
Summary of results regarding the C1 dynamic response in the y-direction of 
Category A wind events.  

Wind event max|qy|(m) Δqy (m) σΔqy (m)

WE2 0.101/0.099 0.031/0.031 0.027/0.026 
WE4 0.096/0.097 0.027/0.027 0.023/0.024 
WE7 0.105/0.093 0.024/0.022 0.030/0.027 
WE9 0.130/0.135 0.024/0.025 0.033/0.034 
Mean 0.108/0.106 0.027/0.026 0.028/0.028  

Table 3b 
Summary of results regarding the C1 dynamic response in the y-direction of 
Category B wind events.  

Wind event max|qy|(m) Δqy (m) σΔqy (m)

WE1 0.178/0.173 0.032/0.030 0.039/0.036 
WE3 0.143/0.140 0.024/0.023 0.038/0.036 
WE5 0.106/0.098 0.030/0.027 0.034/0.031 
WE6 0.227/0.222 0.038/0.036 0.063/0.060 
WE8 0.172/0.165 0.042/0.040 0.042/0.040 
WE10 0.196/0.192 0.033/0.028 0.050/0.043 
Mean 0.170/0.165 0.033/0.031 0.044/0.041  

Table 4a 
Summary of results regarding the C2 dynamic response in the y-direction of 
Category A wind events.  

Wind event max|qy|(m) Δqy (m) σΔqy (m)

WE2 0.133/0.661 0.054/0.323 0.041/0.346 
WE4 0.133/0.254 0.048/0.132 0.035/0.122 
WE7 0.184/0.285 0.037/0.112 0.055/0.157 
WE9 0.150/0.379 0.042/0.155 0.045/0.209 
Mean 0.150/0.395 0.045/0.180 0.044/0.208  

Table 4b 
Summary of results regarding the C2 dynamic response in the y-direction of 
Category B wind events.  

Wind event max|qy|(m) Δqy (m) σΔqy (m)

WE1 0.242/0.235 0.034/0.027 0.031/0.029 
WE3 0.212/0.203 0.027/0.026 0.032/0.031 
WE5 0.472/0.275 0.092/0.052 0.135/0.062 
WE6 0.238/0.233 0.055/0.045 0.074/0.053 
WE8 0.397/0.337 0.076/0.064 0.104/0.084 
WE10 0.351/0.375 0.033/0.029 0.045/0.048 
Mean 0.319/0.276 0.053/0.041 0.070/0.051  
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orientation (slowly) varies with β(t), it is not possible to appreciate large 
discrepancies. 

Because the wind event belongs to Category A, the temporal deriv-

ative of the slowly-varying angle of attack ∂β(t)
∂t assumes very limited 

values, so in this example no investigation regarding the aerodynamic 
contribute to the total stiffness is reported. 

Applying the same procedure on C2, the situation drastically 
changes. Fig. 13 shows the variation of the cd +c’l coefficient: also in this 
case, the excited directions are prone to instability and are characterised 
by strongly negative values of cd + c’l. 

In analogy with Fig. 10 for C1, Fig. 14 shows the variation with time 
of the terms A33,A34,A43 and A44. 

Coherently with Fig. 11a, Fig. 14a shows that the term A33 is more 
negative than − 2ω1,Xξ1,X. On the other hand, Fig. 14d reports that the 
term A44 is highly affected by the aerodynamic term, which now has a 
deep effect on the total damping, being the structural part totally 
eroded. This term reaches values well beyond the critical threshold of 0, 
driven by the incidence prone to galloping and the horizontal plateau of 
the mean wind speed. When this drops, at about t = 400 s, it is followed 
by the term A44, which still remains higher than the structural 
contribute anyways. It is of great interest also to note Fig. 14b, which 
highlights how the term A34, which multiplies ṗ1,Y(t) in Eq. (47a), is 
affected by aeroelasticity, depicting values higher than 0 between 400 
and 500 s. 

The consequent dynamic responses in the alongwind and crosswind 
directions are summarised in Fig. 15a-b. In particular, Fig. 15b evidently 
exalts the effects associated with motion-induced forces, which strongly 
amplify the dynamic response in the crosswind direction, driven by the 
values assumed by A44. In fact, the instability, triggered at t = 300 s in 
correspondence of the peak, builds up between 300 and 400 s (during 
which A44 is in average equal to 0.03 (rad/s)), when it is mitigated by 
the drop of the mean wind speed (and, consequently, by the negativity of 
A44), which initiates the process of attenuation of the strong motion. 
However, the still high amplitudes in the Y-direction (almost aligned 
with the crosswind axis) and a contemporaneous increase of the term 
A34 are the reasons why a new, more limited, instability is triggered, 
this time in the X-direction, which is reflected in the response along the 
x-axis direction (Fig. 15a). The instability seems definitely over for t =
500 (s), after almost 200 (s) in which the role played by the aero-
elasticity has dominated the dynamic response. The possibility of 
instability for C2 might have also been grasped by noting that, at vari-
ance with C1, the wind speed to which the structure is subjected 
(Fig. 9a) presents magnitudes which are similar to the critical ones 
(Fig. 8). 

4.4.2. WE8 (Category B) 
While the previous paragraph is focused on WE2, this one concerns 

the dynamic response of C1 and C2 to WE8, which, at variance with 
WE2, is part of Category B, since it is characterised by an evident vari-
ation of the angle of attack. Only the results concerning C2 are reported, 
which is rotated by − 110.4 degrees about the Z-axis, so that, analo-
gously to the previous example, the structure is initially excited on in-
cidences prone to galloping. Graphs concerning the mean wind velocity 
u(t) at 13 m of the structure and the slowly-varying angle of attack β(t)
are reported in Fig. 16a and b. 

The corresponding time-varying cd +c’l coefficient is shown in 
Fig. 17. It is immediately possible to capture an evident difference with 
Fig. 13. While the latter, consequently to an almost constant flow di-
rection, was consistently negative, Fig. 17 clearly reflects the change of 
conditions in correspondence of the peak, where the cd +c’l coefficient 
moves from negative values to positive ones, because of the change of 
flow direction. The same picture also permits to highlight that in cor-
respondence of the peak, the flow direction passes through the mostly 
prone-to-galloping directions, and the time-varying cd +c’l coefficient 
exhibits an almost instantaneous minimum, before moving to more 
positive values. Focusing on the analysis of the terms of the dynamic 
matrix governing the total damping of the system, Fig. 18 reports the 
time-variation of A33,A34,A43 and A44. In particular, A34 and A44 
(Fig. 18b and d) face a violent change of sign during the peak phase. This 
is inherently caused by the terms ca12 and ca22, which in turn undergo a 
remarkable change of sign in correspondence of the instantaneous 
incidence (which is about 348 degrees in Fig. 16, whose instantaneous 
coefficients are related to the ones of associated with β = 12 degrees in 
Fig. 7e-f, where ca12 and ca22 exhibit an evident discontinuity). The 
change of sign of ca12 and ca22 contributes to the magnitude and, 
therefore, to the sign of A34 and A44, respectively (Eqs. (B.8), B.12). On 
the opposite side, A33, linked to ca11 (Eq. (B.7)), maintains its negative 
sign. 

Focusing on A44, it initially shows a total damping which is eroded 
by the motion-induced forces, but this condition changes to be eventu-
ally sustained by them in the second part of the event. 

The maximum value assumed by A44 is 0.12 (rad/s), value well 
beyond the critical value of 0 and much higher than the one expressed by 
the same structure subjected to WE2 in the wind velocity plateau be-
tween 300 (s) and 400 (s), time interval which was associated with the 
triggering of the instability in the Y- direction. However, in the case of 
WE8 this value is not maintained for a period of time, but is instanta-
neously reached during a change of direction. It is also noted that in the 
ramp-up phase, accordingly with cd + c’l, A44 is consistently higher 
than the structural contribute. 

Before moving to the dynamic response of C2 in the two directions, 
the time-varying terms of the dynamic matrix which govern the stiffness 
of the system are reported in Fig. 19 and commented. Following the 
structure of the pictures regarding the terms ruling the damping, in the 
various subplots a comparison between the conditions not affected by 

Fig. 21. Ratios of quantities evaluated taking aeroelastic effects into account and neglecting them. In abscissa, the value max

⃒
⃒
⃒
⃒
⃒
∂β(t)

∂t

⃒
⃒
⃒
⃒
⃒

(from Table 1) is reported.  
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aeroelasticity (in blue) and the case in which that is considered (in red) 
is reported. In Fig. 19a (term A31) and Fig. 19d (term A42), the blue line 
is drawn at the values corresponding, respectively, to − ω2

1,X and − ω2
1,Y . 

Furthermore, Fig. 18b and c show the variation of the cross terms A32 
and A41and the blue lines indicate the zeros. Because of Eqs. (39a-d), 
the terms A31, A41 and A42 vary their sign in the peak region, whereas 
A32 does not. Fig. 18a-d show that the contributions induced by aero-
elasticity are very limited and the structural terms − ω2

1,X and − ω2
1,X are 

indeed modestly affected by the effect of the change of direction. This is 

mainly driven by the values relevant to ∂β(t)
∂t , which for the thunderstorm 

outflows of interest are very low as shown in Appendix A or in Table 1. 
To make the structural stiffness of the system susceptible to motion- 
induced forces (as to potentially trigger a torsional divergence), the 

values of ∂β(t)
∂t would have to be much higher, assuming values that are 

probably unrealistic concerning thunderstorm outflows. 
Finally, as in Figs. 12 and 15, Fig. 20 encloses the time-histories of 

the dynamic response in the alongwind and crosswind directions, with 
the comparison between the results taking the aeroelasticity into ac-
count (in blue) and the results neglecting them (in orange). 

Focusing on the crosswind direction, the comparison shown in 
Fig. 20b seems very different from the one expressed by Fig. 15b, since 
the aeroelastic effects are extremely limited. In fact, the building up of 
the instability, triggered in the ramp-up phase, is mitigated by the vio-
lent change of the angle of attack which makes the structure experience 
many conditions, even the most dangerous one, but at the same time it 
prevents its expansion, since its permanence in the prone-to-galloping 
situation is very limited in time. 

4.5. Overall outcomes and discussion 

Tables 3a, 3b and 4a, 4b summarise the results, respectively for C1 
and C2, concerning the aeroelastic effects on the structural dynamic 
response in the crosswind direction y for the entire set of ten thunder-
storm outflows, subdivided in the two families defined in Section 4.1. 
Hence, the results concerning the four events belonging to Category A 
are present in Table 3a and 4a, whereas the findings regarding the six 
events belonging to Category B are in Table 3b and 4b. It is important to 
point out that the study of the response in the crosswind direction is 
possible because of the adoption of the directional decomposition 
(Section 3.1), which allows the alongwind and the crosswind response to 
be distinguished, as it is classic for synoptic winds. The tables are 
constituted reporting, from left to right, the maximum of the absolute 
value of the crosswind displacement, max|qy|, the mean of the crosswind 
displacements amplitude time history Δqy and the associated standard 
deviation σΔqy . The displacement amplitude time history is obtained 
employing the rainflow technique - which is a widely applied approach 
to evaluate wind-induced fatigue on structures [74], traditionally 
employed on time histories of stresses experienced by structural details - 
directly on the time history of the crosswind response: this procedure 
has the aim of investigating the effects induced by aeroelasticity on the 
amplitudes of the displacement. Every column firstly displays the result 
neglecting the aeroelasticity and then applying the methodology which 
is enriched with the motion-induced forces (the two numbers are sepa-
rated by a slash). The last row contains the mean value on the considered 
events of each category. 

To better clarify the role of directional effects in the wind-induced 
aeroelasticity, the data presented in Tables 3a-3b and 4a-4b are sum-
marised in Fig. 21. In particular, the abscissa reports the quantity 

max

⃒
⃒
⃒
⃒
⃒
∂β(t)

∂t

⃒
⃒
⃒
⃒
⃒
(from Table 1). The ordinate displays the ratio between results 

(from Tables 3a-3b and 4a-4b) evaluated taking aeroelastic effects into 
account and neglecting them. The black lines concern the data related to 
C1 (triangles for max|qy|, circles for Δqy and squares for σΔqy ), whereas 

the red ones are evaluated from the results of C2. 
The whole set of data present in Table 3a-b and Table 4a-b, and their 

graphical summary in Fig. 21, allows two different levels of remarks to 
be made. The first one, more general, concerns the role played by the 
Scruton number in the mitigation of galloping phenomena. When this is 
high enough (C1), the structure is well protected against potential 
instability induced by synoptic winds as well as by thunderstorm out-
flows: this is in agreement with what described in Section 3.4, in which 
the mathematical formulation obtains the case of synoptic winds as a 
particular case of thunderstorm outflows in which the direction and the 
mean wind speed are constant. Neglecting the aeroelastic terms induces 
highly limited approximations and the dynamic response is very similar 
to the one obtained considering them, either when the angle is almost 
constant in the peak region (Table 3a) and when its trend is irregular 
(Table 3b). As a matter of fact, Fig. 21 displays the three black lines very 
close to 1, regardless of the abscissa. This is no longer true when the 
structure is characterised by punishing galloping coefficients and is not 
well protected in terms of mass and structural damping (C2, red lines in 
Fig. 21). This case deservers a different comment. 

In fact, in this case, it appears fundamental the role played by the 
flow direction in correspondence of the peak: when this is not regular 
(Table 4b), the wind attacks the structure continuously varying its angle 
of attack, without providing the time to trigger an instability. So, 
aeroelasticity is contained in limited temporal windows and is extinct, if 
not during the ramp-up, immediately after that. Since the structure is 
characterised by low values of structural damping, its consideration still 
may affect the dynamic response: in average terms its effect is a 
reduction of max|qy|, Δqy and σΔqy of, 13.3%, 23.1% and 26.8%. This 
methodology constitutes the general case represented by Eq. (40), called 
Level 1 analysis. Contrary to this, Table 4a pictures a very different 
situation reporting the results associated with the case of an almost 
constant angle of attack in the peak region. In this case, the flow has the 
time to initialise the instability, which may grow up during and after the 
ramp-up and the structure might exhibit very large amplitudes. The 
mean value of Table 4b outlines a more than doubling ofmax|qy|, com-
plemented by an increase of Δqy and σΔqy of more than 4 times. In 
particular, WE2 registers the highest discrepancies, showing ratios of the 
latter quantities (max|qy|, Δqy , σΔqy ) equal to 5.0, 6.0 and 8.4. This 
analysis corresponds to Level 2 analysis, Eq. (41), described in Section 
3.4, which constitutes a sort of intermediate case between the general 
case and the synoptic events: the wind angle has been restored as reg-
ular, yet the mean wind speed is still a variable. This explains the self- 
mitigation of the instability occurring at t = 400 (s), which leads the 
system to recover the stability. If the wind event had a synoptic nature, 
the instability would have kept growing, inducing amplitudes so large to 
potentially lead to the structural collapse. The transition between Level 
1 and Level 2 analyses is reflected in Fig. 21 by moving from high 
magnitudes of the abscissa to low ones. Indeed, the red lines exhibit 
values much higher than 1 in the left part of the graph. 

5. Final remarks and future perspectives 

This paper generalises the time-domain formulation to evaluate the 
dynamic response of a slender structure (whose cross-section is 
compact) taking aeroelastic terms into account (conceived for synoptic 
winds) to thunderstorm outflows. This generalisation is enclosed in the 
definition of the motion-induced force, which is constituted as a sum of 
two different terms: the first one is proportional to the principal struc-
tural velocity through an aerodynamic damping matrix, now function of 
time, at variance with what defined for synoptic winds. The second term 
is proportional to the principal structural displacement through an 
aerodynamic stiffness matrix, another time-varying quantity, and the 
temporal derivative of the slowly-varying angle of attack. In the classic 
literature on synoptic winds, it would be necessary to consider the 
rotational degree of freedom as well to induce a modification of the 
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structural stiffness. 
The formulation has been distinguished in three different levels of 

analysis: the first one is the general case, to be applied when dealing 
with thunderstorm outflows in which the flow direction is irregular, so 
that both the stiffness and the damping of the system are function of 
time; the second level introduces the simplification to consider a flow 
direction which is constant during the time (stationary downburst), and 
this allows a non-varying stiffness to be considered in the analyses, 
whereas the damping is still a time-varying quantity. The third and last 
level further introduces the hypothesis of constant mean wind speed, 
obtaining the case of synoptic winds, here described as a particular case; 
the damping of the system is now represented by a constant matrix. 

Numerical assessment of the dynamic response of the Endless Col-
umn by Constantin Brâncuși under the action of ten ten-minute thun-
derstorm outflows, distinguished in two families accordingly to the 
variation of the flow direction, are carried out. The structure is pre-
sented in two possible configurations, C1 (high Scruton number) and C2 
(low Scruton number). While aeroelasticity plays a very modest role on 
the dynamic response of C1, for C2 the behaviour exhibited by the flow 
direction appears to be crucial, since its regularity or irregularity in 
correspondence of the peak phase seems driving the possibility to trigger 
an instability. As a matter of fact, an irregular trend of the flow direction 
appears to prevent the building up of large oscillations, since is not 
furnished to the fluid and to the structure the necessary activation time. 
Oppositely, this activation time is available when the flow direction is 
consistently aligned with a prone-to-galloping incidence for the struc-
ture and, in this case, the aeroelastic effects dominate the total damping 
of the system and their neglection might strongly underestimate the 
assessment of the dynamic response. However, the phenomenon is self- 
limited by the drop of the mean wind speed following the peak phase. It 
is worth noting that the analyses here proposed focus on ten-minute 
thunderstorm outflows, which is the shortest category of events 
defined by [75]: moving to longer scales of events, such as the one-hour 
thunderstorm outflow, might increase the possibility to excite the 
structure with a regular ramp-up. 

These findings constitute additional pieces of information about the 
role played by the variation of the angle of attack in thunderstorm 
outflows, already stressed in [47]: concerning the findings registered 
there, it is worth to note that, while considering the variation of the 
angle of attack in the buffeting analysis may increase the dynamic 
response of structures with respect a non-directional method, in the 
analysis here presented it is shown that the same variation of the angle of 
attack might mitigate aeroelastic effects, preventing strong oscillations. 
That possibly enhances the interest regarding directionality effects 
associated with thunderstorm outflows, which have to be considered in 
the whole process of the analysis, concerning wind speed decomposi-
tion, aerodynamic loading and dynamic response. Another important 
remark concerns the choice of the mean wind speed, in this paper 
defined through a mobile mean filter on 30 s, whose adoption is crucial 
in the definition of the role played by the aerodynamic damping matrix 
and, consequently, by the aeroelasticity. In fact, the lower is the time 

period along which the mobile mean is carried out, the higher is the 
contribution that is given to the slowly-varying mean wind speed and, 
consequently, to the slowly-varying angle of attack. This would give rise 
to higher contributes of the aerodynamic damping matrix and the 
aerodynamic stiffness matrix. In particular, the latter would be affected 
by a double effect, since both the slowly-varying mean wind speed and 
the derivative of the slowly-varying angle of attack play a role in its 
definition. Consequently, a susceptibility of the total stiffness of the 
system to the action of thunderstorm outflows could not be overlooked 
a-priori. 

Finally, it is again pointed out that this model is still based on the 
strip and quasi-steady theory; following the remarks expressed in the 
Introduction (Section 1) and what underlined in [48], future studies 
have to be addressed in order to shed lights concerning its application as 
far as thunderstorm outflows are concerned is appropriate or is neces-
sary to relax it. With this aim, within the framework of the project 
THUNDERR, a wind tunnel campaign at the Multiple Fan Wind Tunnel 
of the Tamkang University in Taipei took place in the first part of the 
year 2020. 

CRediT authorship contribution statement 

Stefano Brusco: Conceptualization, Methodology, Software, Vali-
dation, Formal analysis, Investigation, Data curation, Writing - original 
draft, Visualization. Giovanni Solari: Conceptualization, Methodology, 
Writing - review & editing, Supervision, Project administration, Funding 
acquisition. 

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Acknowledgments 

This research is funded by European Research Council under the 
European Union’s Horizon 2020 research and innovation program 
(grant agreement No. 741273) for the project THUNDERR - Detection, 
simulation, modelling and loading of thunderstorm outflows to design 
wind safer and cost-efficient structures – through an Advanced Grant 
2016. The data used for this research were recorded by the monitoring 
network set up as part of the European Projects Winds and Ports (grant 
No. B87E09000000007) and Wind, Ports and Sea (grant No. 
B82F13000100005), funded by the European Territorial Cooperation 
Objective, Cross-border program Italy-France Maritime 2007–2013. 
Stefano Brusco desires to acknowledge the fundamental contribution of 
Professor Giovanni Solari, who passed away on 19th of November, 2020. 
He thanks him for the whole of his teaching and supervision in the last 
years. Besides, Stefano Brusco wishes to thank Professor Giuseppe Pic-
cardo for the help and dedication to finalise the work.  

Appendix A. Selected wind velocity records 

Fig. A.1 shows the resultant wind speed (left column), flow direction (middle column) and derivative of the slowly-varying angle of attack (righ 
column) of the ten thunderstorm outflows selected (Section 4.1) for the present analyses. In the graphs of the temporal derivative of the slowly-varying 
angle of attack, two dashed blue lines indicate the region (the central 140 s). 

Appendix B. State space technique: description of the numerical integration 

The dynamic response is performed by the integration of the motion equations in the time-domain, applying the state space technique with a time 
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step Δt = 0.1 (s). This consists in the solution of Eq. (18), in which: 

Fig. A1. Resultant wind speed (left column), direction (middle column) and temporal derivative of the slowly-varying angle of attack (right column) of WE1 (a), 
WE2 (b), WE10 (j). 
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Fig. A1. (continued). 
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z(t) =

⎛

⎜
⎜
⎜
⎜
⎝

p1,X(t)
p1,Y(t)
ṗ1,X(t)
ṗ1,Y(t)

⎞

⎟
⎟
⎟
⎟
⎠

(B1)  

ż(t) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

ṗ1,X(t)
ṗ1,Y(t)
p̈1,X(t)
p̈1,Y(t)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

(B2)  

p(t) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0

0

1
m̃ 1,X

∫ H

0
fX(Z, t)ψ1,X(Z)dZ

1
m̃1,Y

∫ H

0
fY(Z, t)ψ1,Y(Z)dZ

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(B3) 

The dynamic matrix A is a 4x4 matrix whose terms – because of the variation of the mean wind speed and of the angle of attack - vary with time. It is 
composed as follows: 

A(t) =

⎛

⎜
⎜
⎝

0
0
A31(t)
A41(t)

0
0
A32(t)
A42(t)

1
0
A33(t)
A43(t)

0
1
A34(t)
A44(t)

⎞

⎟
⎟
⎠ (B4)  

where 

A31(t) = −

⎡

⎢
⎢
⎢
⎣

ω2
1,X +

∂β(t)
∂t ρ

∫ H
0

(
b(Z)ka11(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

2m̃1,X

⎤

⎥
⎥
⎥
⎦

(B5)  

Fig. A1. (continued). 
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A32(t) = −

∂β(t)
∂t ρ

∫ H
0

(
b(Z)ka12(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

2m̃1,X
(B6)  

A33(t) = − 2ω1,X

⎡

⎢
⎣ξ1,X +

ρ
∫ H

0

(
b(Z)ca11(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

4ω1,Xm̃1,X

⎤

⎥
⎦ (B7)  

A34(t) = −
ρ
∫ H

0

(
b(Z)ca12(Z, t)u(Z, t)ψ2

1,X(Z)
)
dZ

2m̃1,X
(B8)  

A41(t) = −

∂β(t)
∂t ρ

∫ H
0

(
b(Z)ka21(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

2m̃1,Y
(B9)  

A42(t) = −

⎡

⎢
⎢
⎢
⎣

ω2
1,Y +

∂β(t)
∂t ρ

∫ H
0

(
b(Z)ka22(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

2m̃1,Y

⎤

⎥
⎥
⎥
⎦

B10)  

A43(t) = −
ρ
∫ H

0

(
b(Z)ca21(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

2m̃1,Y
(B11)  

A44(t) = − 2ω1,Y

⎡

⎢
⎣ξ1,Y +

ρ
∫ H

0

(
b(Z)ca22(Z, t)u(Z, t)ψ2

1,Y(Z)
)
dZ

4ω1,Y m̃1,Y

⎤

⎥
⎦ B12) 

When applying Eqs. (52a)–(52h) on the particular cases represented by C1 and C2, it is possible to remove the dependence on the Z-axis of the 
reference dimension b and of the terms belonging to the aerodynamic damping and aerodynamic stiffness matrices. On top of that, since the mean 
wind speed profile, as indicated in Eq. (43), is a function of time through γu(t), but its shape along Z does not vary with time, it is possible to further 
enhance the simplification of the integral extracting the terms umax(h)and γu(t) and numerically evaluating the integral only once for each structure. 
Therefore, it is possible to write Eq. (51) specifying its terms as follows: 

(B14)  

where I =
∫H

0
(
αu(Z)ψ2

1,X(Z)
)
dZ =

∫H
0
(
αu(Z)ψ2

1,Y(Z)
)
dZ, due to the double symmetry of the two configurations. 
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