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Abstract. A micropolar peridynamic model for in-plane electro-mechanical behavior of isotropic and

orthotropic solids is presented. The analytical implicit formulation of the electrical part of the model

is based on the definition of a proper microelectrical energy function and a specific electrical inelastic

deformation parameter. A compatibility condition and a constitutive relationship has been derived and

thus the electrical stiffness operator has been obtained. The electrical formulation is then coupled with a

mechanical micropolar peridynamic formulation that accounts for full orthotropy and isotropy as special

case. A distinctive aspect of the formulation is the use of continuous trigonometric functions, for the

mechanical and electrical bond properties with respect to the principal material axes. The obtained

unified model is capable to predict the mechanical response and the electrical conduction of elastic

brittle materials taking into account the influence of cracks and other defects along with mechanical

and/or electrical orthotropy. The proposed model has been applied to predict the electric field potential

in isotropic and orthotropic square laminae, and to simulate a coupled electromechanical problem.

1 INTRODUCTION

Peridynamics is a non-local theory of mechanics [1] in which continuity requirements on the displace-

ment field are removed [2]. The originally proposed theory, referred to as bond-based PD (BBPD), is

a central force model. Therefore, Cauchy Relations hold [3, 4, 5] and for isotropic materials Poisson’s

ratio is restricted to ν = 1/4 for three-dimensional (3D) and plane strain, while ν = 1/3 for plane stress.

Silling et al. [6] introduced later a more general formulation, namely state-based (SBPD) in which the

pairwise force between two particles depends on the deformations of all nodes within their neighbor-

hood. Other efforts along these lines include the non-ordinary state-based model (NOSB) [7, 8], the

conjugated bond-pair-based PD formulation [9], and the Gerstle’s non-local lattice beam model [10].

Recently, a generalized continuum micropolar model for isotropic and orthotropic materials, inspired

by Voigt’s studies on crystals [11], has also been presented [12, 13] and validated for isotropic and full

orthotropic materials.

The nature of partial differential equations allows Peridynamics to be considered as general nonlocal

continuum theory, and thus to be extended also to other physical fields. The peridynamics equations

have been applied by Gerstle et al. [14] to the one-dimensional electromigration, by using a framework

which allows four coupled physical processes to be modeled simultaneously: mechanical deformation,

heat transfer, electrical potential distribution, and vacancy diffusion. Bobaru and Duangpanya proposed
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a one dimensional peridynamic heat conduction equation, and solved the 2D peridynamic transient heat

conduction problem in bodies with evolving discontinuities following a bond-based approach [15, 16]

and using a direct implementation of the peridynamic balance equations. An analytical derivation of a

state-based peridynamic model of heat diffusion was presented by Oterkus et al. [17]. The same authors

proposed later a coupled peridynamic thermo-mechanic model starting from thermodynamic considera-

tions [18], and using explicit schemes to approximate the solutions of the peridynamic equations. Other

applications of peridynamics for thermo-mechanics or other multi-physics problems can be found in

[19, 20].

In the context of electrical conduction and coupled electro-mechanical models, Prakash and Seidel [2]

developed a classical bond-based formulation for the study of the piezoresistive response of carbon nan-

otube reinforced polymer nanocomposite materials. The authors applied then their formulation to model

the strain and damage sensing in nanocomposite bonded explosive materials [21, 22]. In this paper, the

generalized micropolar peridynamic (MPPD) formulation [12, 13, 23], is extended to electrical conduc-

tion and electro-mechanical problems in orthotropic materials. The electrical peridynamic model for

orthotropic materials is analytically derived and is then coupled with the orthotropic mechamical mi-

cropolar formulation that does not have restrintions in the number of independent material constants.

A distinctive aspect of the model, is that each bond connecting two particles can be mechanistically

regarded as an assemblage of three mechanical springs (two translational and one rotational ) and a

electrical conductive ligament. Another distinctive aspect of the formulation is the use of continuous

trigonometric functions, for the orientation of the mechanical and electrical bond properties with respect

to the principal material axes. The obtained unified model is capable to predict the elastic response and

the electrical conduction of elastic brittle materials taking into account the influence of cracks and other

defects along with mechanical and/or electrical orthotropy.The accuracy of the proposed model has been

assessed by predicting the electric field potential in isotropic and orthotropic square laminae, and the

simulation of a coupled electromechanical problem.

2 ORTHOTROPIC ELECTRICAL CONDUCTION MODEL

The balance equation of the electrical conduction for a continuum whose material points interact through

pairwise potentials, e.g. peridynamic continuum, for any infinitesimal material particle at position X and

time t is [23, 2]

∫

HX

fI(φ
′−φ,X′−X)dVX′ +ω(X, t) = ceφ̇(X, t) for X ∈ Ω, (1)

where Ω is the domain occupied by the body, whereas X′ − X = ξ is the relative position between

the material points X and X′. In the case of non-linearly coupled mechanical-electrical (or thermal)

problems, fI could be also function of u′−u = η, which defines the relative displacement between X

and X′. The integral is defined over a region HX called horizon of radius δ or family of X [1]. φ is

the particle’s electric potential, ce is the electrical capacitance of the material, ω is the net current per

unit volume at X. The kernel or integrand function fI has the dimensions of an electric current per

unit volume squared [15, 2]. In the proposed electrical conduction model, we introduce the parameter

e = − (φ′−φ)
|ξ|

that can be considered as the equivalent of a ligament deformation measure in elasticity. It

is worth underlying that for the general case of electro-mechanical problems, the bond electric field is
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along the line connecting the two particles in the deformed configuration. The compatibility equation

relating the particles primary field φ to the magnitude of the bond electrical field e is

e = {b}T{φ} −→ {b}T =−
1

|ξ|
{−1 1} (2)

The bond constitutive equation characterizing the electrical model is derived by a specific pair inelastic

potential function for electrical conduction

we =
kee2

2
=

ke(φ
′−φ)2

2|ξ|2
(3)

where ke is the ligament conductivity parameter, namely microconductivity of the electrical model, hav-

ing the dimension of an electric conductivity per unit volume.

The electrical pairwise interaction (namely electrical response function) is then obtained as the first vari-

ation of the potential function we

fI =
∂we

∂ηφ
=

ke e

|ξ|
=

ke(φ
′−φ)

|ξ|2
(4)

where ηφ = (φ′−φ). The bond micro-current density vector can be then defined as

qI = ke e (5)

The analytical expression of the stiffness operator of the implicit model for electrical conduction can be

derived by defining the electrical energy density, namely macroelectrical energy density as

Φe(X) =
1

2

∫

t

∫

HX

we dVX′ dt =
1

2

∫

t

∫

HX

kee2

2
dVX′ dt =

1

2

∫

t

∫

HX

ke(φ
′−φ)2

2|ξ|2
dVX′ dt (6)

The discrete form of the balance of the variation of the macroelectrical energy per unit time and the

external electrical work per unit time of the interaction between particles i and j can be written as

1

2
{φ}T 1

2
α∆Vi∆Vj{b}ke{b}T{φ}=

1

2
{φ}T{ f ∗I } (7)

where

{φ}T = {φi φ j}; { f ∗I }
T = { f i

I f
j

I } (8)

being { f ∗I } the array of the external actions. The equivalent stiffness operator is

[K]e = α∆Vi∆Vj{b}ke{b}T (9)

where α is the volume correction coefficient that takes into account the partial neighbor intersections.
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2.1 Micro-conductivities

In the classical theory of homogenized elastic orthotropic materials, the electrical conductivity typically

exhibits a directional dependent variation, whereas the current density is not necessarily parallel to the

electric field. The relationship between the orthogonal components of the current density and the elec-

trical field in the principal material system, inclined at angle ζ with respect to the horizontal, is given by

qI = Dee −→

{

qI1

qI2

}

=

[

Ke11
0

0 Ke22

]{

e1

e2

}

(10)

In Eq. 10, De is symmetric, second-rank tensors called electrical conductivity tensor of components Keii
.

Assuming here for simplicity that ζ = 0, thus considering an arbitrary coordinate system xy rotated by

ψ with respect to the horizontal, the off-axis conductivity Kexx
can be written as function of the direction

defined by angle ψ, and of the two material constants defined in Eq. (10) as

Kexx
(ψ) = Ke11

cos2ψ+Ke22
sin2ψ (11)

By analogy with the phenomenological classical description of anisotropic conductivity, we can assume

for instance that the ligament microconductivity ke is function of ψ (the bond inclination angle) as Kexx

in Eq 11, namely

ke(ψ) = ke1
cos2ψ+ ke2

sin2ψ (12)

where ke1
and ke2

are the peridynamic axial micromoduli along the principal material axes. Thus, two

independent microconductivities are defined for describing the conductive behavior of a two-dimensional

orthotropic solid.

The relationship between the aforementioned macroelectrical constants ke1
and ke2

and the conventional

orthotropic continuum parameters can be obtained by equating the energy flow density per unit volume

(namely the macroelectrical power density) of the proposed model and of the classical continuum for a

general homogeneous electric field, which is

PE(X) =
1

2
e ·qI =

1

2

[

Ke11
0

0 Ke22

]{

e1

e2

}

·

{

e1

e2

}

=
1

2
(Ke11e2

1 +Ke22e2
2) (13)

The corresponding quantity of the proposed model is instead given by the general integral

Pe(X) =
1

2

∫

HX

we dVX′ =
1

2

∫

HX

ke(ψ)e
2(ψ)

2
dVX′ =

1

2

∫

HX

ke(ψ)(e1 cosψ+ e2 sinψ)2

2
dVX′ (14)

in which, assuming ke(ψ) described by Eq. 12, leads to

Pe(X) =
1

32
[e2

1(3ke1 + ke2)+ e2
2(ke1 +3ke2)]δ

2πt (15)

Hence, comparing Eqs. 13 and 15, and collecting the terms multiplying the same electric field compo-

nents, we obtain the system of two equations WE(X)i = Φ(X)i, i = 1...2










δ2(3ke1 + ke2)πt = 16Ke11

δ2(ke1 +3ke2)πt = 16Ke22

(16)
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which provides

ke1 =
2(3Ke11 −Ke22)

πtδ2
; ke2 =

2(3Ke22 −Ke11)

πtδ2
(17)

For the case of isotropy we have Ke11 = Ke22 = Ke. Hence ke1 = ke2 = ke, where

ke =
4Ke

πtδ2
(18)

which is the same expression of ke for isotropic materials derived in [15, 23].

When principal material directions are not aligned with the horizontal and vertical directions, (being

ζ ̸= 0), Eq. 12 can be rewritten as

ke(ψ) = ke1
cos2(ψ−ζ)+ ke2

sin2(ψ−ζ) (19)

It should be noted that other laws of variation of the bond inelastic modulus with respect to the ligament

inclination angle can be assumed, allowing to model different degrees of anisotropy. For instance, a more

general description of ke(ψ) as function of the ligament orientation could be

ke(ψ) = ke2
+(ke1

− ke2
)cosnψ (20)

where n = 2N, with N ⊆ N (Eq. 12 is got assuming n = 2 in Eq. 20)

3 ORTHOTROPIC ELECTRO-MECHANICAL MODEL

The electrical peridynamic model for orthotropic materials has been coupled with the mechanical mi-

cropolar formulation detailed in [24]. In order to preserve the material symmetry, and in analogy with

the classical continuum, the mechanical axial and shear ligament stiffness (i.e. kn and kt) have a direc-

tional dependency similar to the stiffness components Cxx and Css of classical orthotropic elasticity [13]

kn(ψ) = kn1
cos4ψ+ kn2

sin4ψ+2kvsin2ψcos2ψ+4ktsin2ψcos2ψ (21)

kt(ψ) = kn1
sin2ψcos2ψ+ kn2

sin2ψcos2ψ−2kvsin2ψcos2ψ+ kt(cos2ψ− sin2ψ)2 (22)

where kn1
and kn2

are the axial micromoduli along principal material axes, kt1 = kt2 = kt is the shear

micromodulus along the principal material axis and kv is related to the ratio between kt(ψ) and kn(ψ)
in each ligament direction. The orthotropic microelastic moduli, kn1

, kn2
, kv and kt can be written as

function of the classical elastic constants that define in-plane orthotropy, following an approach based on

energetic equivalence between the present model and classical continuum

kn1
=

12 (C11 −C66)

πtδ3
; kn2

=
12 (C22 −C66)

πtδ3
(23)

kv =
12 (3C12 −C66)

πtδ3
; kt =

3 (8C66 −C11 −C22 −2C12)

πtδ3
(24)

In the case of isotropy, C11 = C22 and C12 = C11 − 2C66. Eqs. (23) and (24) provide two independent

microelastic constants in terms of C11 and C66 only, as

kn1
= kn2

= kn =
12 (C11 −C66)

πtδ3
; kt =

12 (3C66 −C11)

πtδ3
; kv = kn −2kt (25)
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The ligament global stiffness is

[K] =
[

[K]m +[K]e
]

(26)

where [K]m is the bond stiffness operator characterizing the mechanical model. A distinctive distinctive

aspect of the proposed electromechanical formulation is the use of continuous trigonometric functions,

being the mechanical and electrical bond properties continuous functions of its orientation with respect

to the principal material axes. Therefore [K] depends on the ligament orientation angle.

4 APPLICATIONS

The accuracy of the proposed formulation is illustrated to predict the electric field potential in a square

lamina (l=40mm) with a central hole of radius r = 5mm. The applied potential difference at the top and

bottom horizontal edges is ∆φ = 20V , whereas the domain is discretized using a regular grid spacing

∆x = 0.5mm resulting in a model of 6084 particles. Two materials are considered: an isotropic material

(MAT 1) with electrical conductivity Ke and an orthotropic material (MAT 2) with Ke1
/Ke2

= 0.45 and

ζ = π/4. The mechanical model has been extensively validated in linear elasticity [12, 13], therefore

Figure 1: Square laminae with central hole and made of isotropic MAT 1 and orthotropic MAT 2 (ζ = π/4):

Normalized electric potential distribution by the proposed model.

the attention is here on the electrical part of the model, hence no mechanical boundary conditions are

considered. Results obtained using the present peridynamic formulation are reported in Fig. 1.

In the second application, a preliminary assessment of the numerical performance of the proposed for-

mulation in the presence of strong discontinuities such as cracks, is carried out studying the problem

of electrical conduction of a rectangular lamina with an insulated crack. The layout of the problem is

shown in Fig. 2, where a=400mm and b =200mm, and the assigned length of the crack l is progressively

increased from 0 to 0.9 b. The lamina is of unit thickness, electrical conductivity Ke1
/Ke2

= 0.45 and

an electrical potential difference ∆φ=2V applied to the top and bottom edges. The discretized model is

composed by 3200 particles (regular grid of 80×40 particles with δ = 0.0375a). The pre-existing crack

is introduced by breaking all of the interactions passing through the crack surfaces at the beginning of the

simulation. For each assigned crack length, the electrical field potential is computed with the proposed

model, hence the net current I flowing into the lamina is calculated by summing up the electric reactions
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Figure 2: Electrical conduction in a orthotropic rectangular lamina with a horizontal crack: (left) Layout of the

problem; (right) Variation of the electrical resistance as function of the propagating crack length for different ζ.

The electrical resistances are normalized respect to the resistance R0 of the uncracked lamina.

(concentrated currents) corresponding to the nodes in which the negative electric potential is applied. In

this way, applying Ohm’s law

R = ∆φ/I (27)

the electrical resistance R is obtained for each crack length. Results obtained from the numerical analy-

ses are reported in Fig. 2.

As final application, the proposed electromechanical formulation is adopted to model fracture and elec-

trical conduction for damage sensing applications in cortical bone.

In particular, the results from the experimental campaign performed by Behiri and Bonfield [26, 25]

are here considered to exploit the orientation dependence of the fracture of cortical bone tissues. The

electromechanical setup under consideration is detailed in Fig. 3, where the longitudinal and radial axes

of bone are aligned with axes 1 and 2, respectively. Compact tension test in displacement control at

Figure 3: Fracture profiles and electric field potential in cortical bone specimen with ζ = π/12. Layout of the

problem and normalized electric field potential of uncracked specimens (left). Normalized electric field potential

of cracked specimens with indication of the experimental crack profiles (triangles) from [25, 26] (right).
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Figure 4: Potential drop and force-displacement relationship corresponding to cortical bone specimens with ma-

terial reference system inclined at ζ = π/12.

different angle of anisotropy ζ as performed by Behiri and Bonfield [25] has been simulated using the

proposed formulation and employing an energetic failure criterion [24] accounting here for non-uniform

toughness. The mechanical and electrical conduction models have been then coupled in the hypothesis

of small deformations [23] to study the effect of evolving discontinuities on the conductive behavior of

cortical bone tissues. Orthotropic elastic constants and failure properties reported in [27], are adopted

in this study. Regarding instead the electrical conductivity properties of cortical bone tissues, a ratio

Ke1
/Ke2

≃ 3 as reported in Reddy and Saha [28] is used. Results obtained considering ζ = π/12 are

reported in Figs. 3 and 4. In particular, Fig. 3 shows the agreement of the crack path predicted using the

proposed model and the experimental crack profile. Normalized variation of the potential output as func-

tion of the applied total displacement corresponding to cortical bone specimen with material reference

system inclined at ζ = π/12 is instead shown in Fig. 4.

5 CONCLUSIONS

In this paper an analytical peridynamic formulation for in-plane electrical conduction and fracture in

isotropic and orthotropic materials has been proposed. By defining a proper microelectrical energy func-

tion and an electrical inelastic deformation parameter, the stiffness operator of the non-local electrical

conduction has been derived. The electrical peridynamic model has been then coupled with an in-plane

mechanical orthotropic micropolar formulation characterized by four independent elastic parameters.

The proposed model has been applied to predict the electric field potential in isotropic and orthotropic

laminae, and the influence of crack propagation in the effective electrical conductive properties of a

cortical bone tissue.
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