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A B S T R A C T

The main purpose of the present paper is to solve the thermodynamic inconsistencies that result when deriving
equivalent micropolar and/or higher order micropolar models of periodic beam‐lattice materials through stan-
dard continualization schemes which provide a non‐positive defined elastic potential energy. Despite this, such
models are capable of accurately simulating the optical branches of the discrete Lagrangian model, a property
lacking in the thermodynamically consistent standard micropolar continuum. To overcome these energetic
inconsistencies while preserving good simulations of the frequency band structure, a dynamic high‐
frequency consistent continualization is proposed. This continualization scheme is based on a first order reg-
ularization approach coupled with a suitable transformation of the difference equation of motion of the dis-
crete Lagrangian system into pseudo‐differential equations. A formal Taylor expansion of the pseudo‐
differential operators allows to obtain differential field equations at various orders according to the continual-
ization order. Thermodynamically consistent higher order micropolar continua having non‐local positive
defined elastic and kinetic energy are obtained. Finally, the convergence of the frequency band structure of
the higher order micropolar models to that of the discrete Lagrangian system is shown as the continualization
order increases.
1. Introduction

Lattice microstructures have long inspired researchers to achieve
innovative materials with efficient and exotic overall mechanical per-
formance (see [16,15]), focusing on both the elastic‐acoustic behavior
(see [25] and on the inelastic properties (see [10,30]). By restricting
the focus to the elastic properties, several contributions concern aux-
etic lattice microstructures (see [21,24]), chiral lattices (see
[29,11,3]) and acoustic properties of the lattice materials and their
control (see [27,9,28,8]). Due to the high number of degrees of free-
dom characterizing lattice materials and the need for synthetic repre-
sentations of the mechanical response, standard continuum models
based on homogenization techniques may be preferred to catch both
static and dynamic properties of such materials (see for instance
[26]. When size‐effects, dispersive waves propagation and boundary
layer effects have to be taken into account to simulate the discrete
models, non‐local equivalent continuous models have to be derived.

Homogeneous non‐local continuum models equivalent to lattices
with central interactions have been formulated by Askes and Metrikine
[2] among the others. These models are identified via the standard
continualization of the micro‐displacement field, i.e. by assuming a
down scaling law in which the micro displacement field is expressed
as a truncated Taylor expansion of the macro‐displacement field.

When the lattice ligaments exhibit axial and bending stiffness,
being described as Bernoulli‐Euler beams, the nodal displacements of
the resulting beam‐lattice are enriched with the rotational degree of
freedom together with rotational inertial effects. A complex behavior
due to the coupling of translational and rotational modes is obtained
and the dynamic response is characterized by acoustic and optical
branches in the Floquet‐Bloch spectrum. This problem has been faced
by Suiker et al. [31] who derived a micropolar continuum equivalent
to two‐dimensional periodic lattices with massless ligaments by apply-
ing a standard continualization of the generalized micro‐displacement
field. Gonella and Ruzzene [19], and Lombardo and Askes [23]
addressed the case in which the nodal rotational inertia is neglected.
An improved homogenization technique based on a multi‐field
approach has been formulated by Vasiliev et al. [32,33] and applied
to square lattices endowed of rotational inertia. An asymptotic homog-
enization to obtain micropolar continuum models of beam‐lattice has
been proposed by Dos Reis and Ganghoffer [14] and applied to struc-
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tural simulations. A further high contrast homogenization technique to
obtain a high frequency approximation of the band structure of peri-
odic lattice materials has been formulated in Kamotski and Smysh-
lyaev [20].

Despite these theoretical contributions, some problems in the
micropolar homogenization of beam‐lattice based on continualization
techniques of the discrete equations of the Lagrangian system still
seem open. In fact, Bacigalupo and Gambarotta [4] have shown that
the equivalent micropolar continuum of a beam‐lattice obtained
through the standard continualization (see [31]) turns out to be ther-
modynamically inconsistent, i.e. the elastic energy density due to
micro‐curvatures turns out to be negative defined, a question already
highlighted by Bazant and Christensen [7] and Kumar and McDowell
[22]. On the other hand, the analysis by Bacigalupo and Gambarotta
[4] concerning the dynamic dispersive properties of the homogeneous
model has shown that this micropolar model provides good simula-
tions of the dispersion functions of the reference discrete Lagrangian
system, both for the acoustic branches and for the optical branch. A
property lacking in the thermodynamically consistent standard
micropolar continuum.

The need for a thermodynamically consistent micropolar contin-
uum capable of simulating both the static and dynamic response of
the discrete lattice systems motivates the search for a proper continu-
alization technique. To this end, the enhanced continualization tech-
nique proposed by Bacigalupo and Gambarotta [5] for one‐
dimensional lattice and by Bacigalupo and Gambarotta [6] for two‐
dimensional lattices undergoing transversal motion is here developed.
This technique, which has been also successfully tested in comparative
studies by Gómez‐Silva et al. [17] and Gómez‐Silva and Zaera [18], is
here applied to a representative case of square beam‐lattice to obtain
the field equations governing the motion of the equivalent non‐local
continuum formulated at different orders. Through the presented
approach both non‐local stiffness and inertia terms are obtained, in
agreement with the non‐local continuum models proposed by the sem-
inal papers of Mindlin (1964) [34], Eringen (1983) [35], Askes and
Aifantis (2011) [36], and more recently by Bacigalupo and Gam-
barotta (2014) [37], De Domenico and Askes [12], and De Domenico
et al. [13].

The paper is organized as follows. In Section 2, the linear equations
of motion of the discrete Lagrangian system representative of the
square lattice made up with massless beams are formulated together
with the equations governing the free undamped propagation of elastic
harmonic waves. In Section 3, the standard continualization of the
Lagrangian model is formulated and the linear equations of motion
of the equivalent micropolar continuum are derived. The constitutive
equations are derived and the Floquet‐Bloch spectra obtained. More-
over, some pathologic limitations that can rise up in the static and
dynamic fields are discussed. In Section 4, the enhanced continualiza-
tion scheme is presented together with the downscaling law and the
mathematical procedure to derive the equations of motion at increas-
ing orders is outlined, focusing on the sources of constitutive and iner-
tial non‐localities. In Section 5, some benchmark problems concerning
the acoustic properties of the lattice are stated and solved in order to
discuss and highlight the potential of the equivalent non‐local contin-
uum at the different orders and its validity limits. Specifically, the
results from the equivalent continuum models are successfully com-
pared with the exact ones from the discrete Lagrangian model. Con-
cluding remarks are finally pointed out.

2. Square beam lattices: Equation of motion and harmonic wave
propagation

Let consider a square beam‐lattice made up of massless ligaments of
thickness w, length l, Young modulus Es. Each node has mass M and
moment of inertia J. Let consider a reference node and the four sur-
2

rounding nodes connected to it denoted by index i ¼ 1; ::;4, as shown
in see Fig. 1. The motion of the reference node and i‐th node is repre-
sented by the time‐dependent vector u tð Þ ¼ u tð Þ v tð Þ ϕ tð Þf gT and
ui tð Þ ¼ ui tð Þ vi tð Þ ϕi tð Þf gT , respectively, while generalized forces
applied to the reference node are represented by the force f and the
couple c. The equation of motion of the reference node are
derived (see for instance Gambarotta and Bacigalupo, 2017 [4])
and are written in a convenient form in terms of the components
of the non‐dimensional generalized displacements vector
υ tð Þ ¼ ζ tð Þ ψ tð Þ ϕ tð Þf gTas follows

ζ1 þ ζ3 � 2 1þ r2ð Þζ þ r2 ζ2 þ ζ4ð Þ þ þ r2
2 ϕ2 � ϕ4ð Þ þ f̂ ζ � Jm€ζ ¼ 0

ψ2 þ ψ4 � 2 1þ r2ð Þψ þ r2 ψ1 þ ψ3ð Þ þ þ r2
2 ϕ3 � ϕ1ð Þ þ f̂ ψ � Jm€ψ ¼ 0

r2
2 ψ1 � ψ3 � ξ2 þ ξ4ð Þ þ � r2

6 8ϕþ ϕ1 þ ϕ2 þ ϕ3 þ ϕ4ð Þ þ ĉ� JR€ϕ ¼ 0

8>><
>>:

ð1Þ

being ζ ¼ u=l, ψ ¼ v=l the non‐dimensional displacements, r ¼ w=l the
ratio between the beam thickness and the ligament length,
Jm ¼ M= rEsð Þ and JR ¼ J= rEsl

2� � ¼ Jm=η the non‐dimensional node

mass and moment of inertia, f̂ ζ, f̂ ψ and ĉ the non‐dimensional general-
ized forces applied to the reference node. Moreover, the non‐
dimensional parameter η ¼ l=Rð Þ2 depends on the radius of gyration
R of the nodal mass.

The propagation of harmonic waves in the square beam‐lattice is

investigated imposing the motion υ tð Þ ¼ υ
∼
exp �Iωtð Þ in the reference

node and the motion υi x; tð Þ ¼ υ
∼
exp I k � xi � ωtð Þ½ � in the i‐th adjacent

node, with polarization vector υ
∼ ¼ ζ

∼
ψ
∼

ϕ
∼

n oT
, angular frequency

ω, wavevector k ¼ k1 k2f gT , imaginary unit I, and denoting with
xi ¼ l ni the vector connecting the reference node to i‐th adjacent
one, being ni the unit vector associated to the i‐th ligament. Therefore,
the free wave propagation is governed by the generalized
eigenproblem

K kð Þ � ω2Mð Þ υ∼ ¼

¼
Kζζ Kζψ Kζϕ

Kψζ Kψψ Kψϕ

Kϕζ Kϕψ Kϕϕ

2
64

3
75� ω2

Jm 0 0
0 Jm 0
0 0 Jm

η

2
64

3
75

0
B@

1
CA ζ

∼

ψ
∼

ϕ
∼

8>><
>>:

9>>=
>>; ¼ 0 ;

ð2Þ

where the non‐vanishing components of the wavevector‐dependent
Hermitian matrix KðkÞ are
Fig. 1. Square beam-lattice: nodes and displacements.
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Kζζ kð Þ ¼ 2 1� cos k1 lð Þ½ � þ 2r2 1� cos k2 lð Þ½ �;
Kζϕ kð Þ ¼ �Kϕζ kð Þ ¼ �Ir2sin k2lð Þ;
Kζζ kð Þ ¼ 2 1� cos k2 lð Þ½ � þ 2r2 1� cos k1 lð Þ½ �;
Kζϕ kð Þ ¼ �Kϕζ kð Þ ¼ Ir2sin k1lð Þ;
Kϕϕ kð Þ ¼ r2

3 4þ cos k1 lð Þ þ cos k1 lð Þ½ �;

ð3Þ

whose solution is characterized by three dispersion functions
ωh kð Þ; h ¼ 1;3; and the corresponding non‐dimensional generalized

polarization vector υ
∼
h kð Þ. Specifically, when considering the limit of long

wavelengths, namely for k k k ! 0, two dispersion functions, correspond-
ing to the acoustic spectral branches, tend to zero ωac1;2 k k k ! 0ð Þ ¼ 0,
whereas the third dispersion function, corresponding to the optical spec-
tral branch, tends to a critical point ωopt k k k ! 0ð Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηKϕϕðk ¼ 0Þ=Jm

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ηr2=Jm

p
with vanishing group velocity.

3. Micropolar homogenization from the standard
continualization approach

A continuum model equivalent to the discrete Lagrangian system
presented in Section 2 is here derived through a continualization
approach according to the seminal paper by Bazant and Christensen
[7]. The non‐dimensional time‐dependent displacements and the rota-
tion ϕi tð Þ of the i‐th node are collected in vector υi tð Þ ¼
ζi tð Þ ψ i tð Þ ϕi tð Þf gTapproximated through a second order expansion

of the non‐dimensional generalized macro‐displacement fields
ϒ x; tð Þ ¼ Z x; tð Þ Ψ x; tð Þ Φ x; tð Þf gT of the continuum as follows

υi tð Þ≅ϒ x; tð Þ þ l H x; tð Þni þ 1
2
l2 rH x; tð Þ : ni � nið Þ; ð4Þ

H ¼ rϒ and rH being the generalized macro-displacement gradient
and its second gradient, respectively. By substituting the approxima-
tions (4) in equation (1), the equation of motion of a micropolar equiv-
alent continuum are obtained in the form

l2
@2Z
@x2

1
þ r2l

@

@x2
l
@Z
@x2

þ Φ

� �
þ f̂ ξ � Jm€Ξ ¼ 0

l2
@2Ψ
@x2

2
þ r2l

@

@x1
l
@Ψ
@x1

�Φ

� �
þ f̂ ψ � Jm €Ψ ¼ 0

� 1
6 r

2l2ΔΦþ r2 l
@Ψ
@x1

�Φ

� �
� r2 l

@Z
@x2

þΦ

� �
þ ĉ� Jm

η
€Φ ¼ 0

8>>>>>>>><
>>>>>>>>:

ð5Þ

It is worth to note, in agreement with Bazant and Christensen [7] and
Kumar and McDowell [22], that the elastic potential energy density of
the micropolar continuum identified via standard continualization is
non positive defined. Specifically, the contribution associated to the third
equation of PDE system (5) is non positive defined due to the negative
sign of the term involving the Laplacian operator (see also [4]).

The harmonic wave propagation is analysed by imposing the

solution form ϒ x; tð Þ ¼ ϒ
∼
exp I k � x� ωtð Þ½ �, being ϒ

∼
¼ Z

∼
Ψ
∼

Φ
∼

n oT

the polarization vector, in the governing equation (5) and deriving
in this way the following eigenproblem in terms of the non-dimen-
sional generalized macro-displacements vector ϒ x; tð Þ ¼ Z x; tð Þf
Ψ x; tð Þ Φ x; tð ÞgT as follows

L kð Þ � ω2Mð Þϒ
∼
¼

¼
LZZ LZΨ LZΦ
LΨZ LΨΨ LΨΦ
LΦZ LΦΨ LΦΦ

2
4

3
5� ω2

Jm 0 0
0 Jm 0
0 0 Jm

η

2
64

3
75

0
B@

1
CA Z

∼

Ψ
∼

Φ
∼

8><
>:

9>=
>; ¼ 0;

ð6Þ

where the non-vanishing components of the wavevector-dependent
Hermitian matrix LðkÞ are
LZZ kð Þ ¼ k21l

2 þ r2k22l
2;

LZΦ kð Þ ¼ �LΦZ kð Þ ¼ �Ir2k2l;
LΨΨ kð Þ ¼ k22l

2 þ r2k21l
2;

LΨΦ kð Þ ¼ �LΦΨ kð Þ ¼ Ir2k1l;
LΦΦ kð Þ ¼ r2

3 � 1
2 k21l

2 þ k22l
2� �þ 6

� �
:

ð7Þ
3

It is easy to recognize that the matrix L kð Þ is the second order series
expansions in the wavevector components k1; k2 of the matrix K kð Þ
governing the frequency band structures of the discrete Lagrangian
system (see for details [4]). As minor remark, when considering the
limit of long wavelengths, namely for k k k ! 0, the acoustic spectral
branches tend to zero ωac1;2 k k k ! 0ð Þ ¼ 0, whereas the third disper-
sion function, corresponding to the optical spectral branch, tends to a
critical point ωopt k k k ! 0ð Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ηLΦΦðk ¼ 0Þ=Jm
p

with vanishing
group velocity. It can be observed that the optical critical point
ωopt k k k ! 0ð Þof the discrete and continuum models coincide to each
other, since the equality LΦΦðk ¼ 0Þ ¼ Kϕϕðk ¼ 0Þ holds.

From the equation of motion (5) the dimensional constitutive equa-
tion of the homogenized micropolar continuum may be easily derived
in terms of strain and curvature components and corresponding stres-
ses and micro‐couples as follows

σ11

σ22

σ12

σ21

m1

m2

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼

2μ 0 0 0 0 0
0 2μ 0 0 0 0
0 0 κ 0 0 0
0 0 0 κ 0 0
0 0 0 0 S 0
0 0 0 0 0 S

2
666666664

3
777777775

γ11
γ22
γ12
γ21
χ1
χ2

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

ð8Þ

being μ ¼ Esr=2, κ ¼ Esr3, S ¼ �Esr3l
2=6 the overall elastic moduli, the

last modulus being negative independently on the lattice parameters.
As a consequence, the obtained equivalent micropolar turns out to be
thermodynamically inconsistent.

To obtain positive defined energy density of the equivalent med-
ium, the constitutive equation has been derived by several Authors
through an application of the generalized Hill‐Mandel lemma. In this
case the micropolar elastic constant turns out to be Sþ ¼ Esr3l

2=3.
However, it has been shown by Bazant and Christensen [7] and Baci-
galupo and Gambarotta [4] the latter in a more general way, that the
derivation of the constitutive model through an extended Hamiltonian
approach, which is equivalent to a rigorous application of the Hill‐
Mandell procedure, provides the same equivalent constitutive model
(8) and governing equations (5) from the classical continualization
approach. Moreover, if the energetically consistent formulation based
on the positive micropolar elastic modulus Sþ ¼ Esr3l

2=3 is assumed,
the optical dispersion function provided by the micropolar continuum
does not qualitative agrees with the corresponding of the discrete
Lagrangian one. In fact, while the component
LΦΦ kð Þ ¼ 2r2 � 1

6r
2 k21l

2 þ k22l
2� � ¼ 2r2 þ S k21 þ k22

� �
= rEsð Þ is decreasing

when departing from the long wavelength condition, namely for
k k k increasing, conversely an increasing trend is obtained when is
assuming the positive constitutive parameter Sþ, namely an increase
of the optical dispersive function as commonly shown in literature
(see for details [4]).

This analysis highlights a contradictory situation. On the one hand,
the micropolar continuum with negative defined elastic energy density
more faithfully reproduces the optical branch of the reference discrete
Lagrangian model; on the other hand it results in an energetically non‐
consistent model that cannot be applied in static conditions. This
inconsistency leads to a more in‐depth investigation of the constitutive
aspects of the micropolar model, which concern both the elastic and
the inertial modelling, a question already addressed by other authors
(see [13]).

For the sake of clarity, the frequency band structures given by the
discrete Lagrangian model is compared with those obtained by the
homogenized models characterized by micropolar constitutive con-
stant S and Sþ, respectively (see Fig. 2). Specifically, the dispersive
functions are represented both along the boundary of the non‐
dimensional irreducible first Brillouin zone identified by closed
polygonal curve Γ and along the boundary of an its sub‐domain iden-
tified by closed polygonal curve ΓS, for completeness. The vertices of
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the polygonal curve Γ are identify by the values Ξj; j ¼ 0;1;2, of the
arc‐length Ξ in the dimensionless plane k1l; k2lð Þ (see Fig. 2.c) while
the vertices of ΓS are identify by the values ΞS

j ; j ¼ 0;1;2, of the arc‐

length ΞS (see Fig. 2.d). A compact spectral description is given in
terms of the non‐dimensional frequency ω

ffiffiffiffiffiffi
Jm

p
and the non‐

dimensional parameters r, η. The frequency band structures for square
beam‐lattice characterized by r ¼ 3=50 and η ¼ 50 are shown in Fig. 2.
a along the closed polygonal curve Γ, both the discrete Lagrangian
model (black line) and the homogenized models with micropolar con-
stitutive constant S (cyan line) and Sþ (violet line), respectively. It is
important to note that the micropolar model obtained by an extended
Hamiltonian approach, and characterized by the micropolar constitu-
tive constant Sþ, presents a very reduced accuracy to representing
the actual optical branch. A greater accuracy of this branch is provided
by the micropolar model determined through the continualization pro-
cedure, and characterized by the micropolar constant S. Both homog-
enized models, on the other hand, provide good accuracy to
representing the actual acoustic branches for sufficiently small values
of k k k2l, i.e. for long wavelength regime. As expected, the approxima-
tions of the acoustic branches provided by the two homogenized mod-
els tend to lose accuracy for short wavelengths, and the micropolar
model obtained through continualization (cyan line) present also pre-
vailing negative group velocity together with short‐wave instability
and unlimited group velocity. These circumstances imply the failure
to satisfy of the Legendre–Hadamard ellipticity conditions (semi‐
ellipticity) in all first Brillouin zone and therefore the loss of hyperbol-
icity of the homogenized equation of motion. For a more complete per-
ception of the accuracy of the two micropolar models a comparison
between their frequency band structures with that of the discrete
Lagrangian model is given in Fig. 2.b along the closed polygonal curve
ΓS for the case of r ¼ 3=50 and η ¼ 50.
Fig. 2. Frequency band structures for square beam-lattice (r ¼ 3=50, η ¼ 50).
homogenized models characterized by micropolar constitutive constant S (cyan line
of the non-dimensional irreducible first Brillouin zone; (b) Dispersive functions al
Brillouin zone; (c) Periodic cell and non-dimensional first Brillouin zone (highlighte
domain of the non-dimensional irreducible first Brillouin zone.

4

4. Non-local homogenization from the enhanced continualization
approach

The equation of motion (1) of the discrete Lagrangian model is
transformed by introducing the shift operator Ei relating the general-
ized displacement vector υi of the i‐th node to the displacement vector
υ of the reference one, i.e. υi ¼ Eiυ (see for details [1,5]). The shift

operating on node 1 is represented in the form E1 ¼ ∑1
h¼0

‘h

h!D
h
1 ¼

expð‘D1Þ, with Dh
1 ¼ @h

@xh1
and hence υ1 ¼ expð‘D1Þυ. This formalism

implies υ2 ¼ expð‘D2Þυ, υ3 ¼ expð�‘D1Þυ and υ4 ¼ expð�‘D2Þυ.
Accordingly, the equation of motion of the discrete Lagrangian system
for vanishing nodal forces and couples are rewritten as follows

exp ‘D1ð Þ � 2 1þ r2ð Þ þ exp �‘D1ð Þþ
þr2exp ‘D2ð Þ þ r2exp �‘D2ð Þ

	 

ζþ

þ r2
2 exp ‘D2ð Þ � exp �‘D2ð Þ½ �ϕ� Jm€ζ ¼ 0

exp ‘D2ð Þ � 2 1þ r2ð Þ þ exp �‘D2ð Þþ
þr2exp ‘D1ð Þ þ r2exp �‘D1ð Þ

	 

ψþ

þ r2
2 exp �‘D1ð Þ � exp ‘D1ð Þ½ �ϕ� Jm€ψ ¼ 0

r2
2 �exp ‘D2ð Þ þ exp �‘D2ð Þ½ �ζþ
þ r2

2 exp ‘D1ð Þ � exp �‘D1ð Þ½ �ψþ

� r2
6

8þ exp ‘D1ð Þ þ exp ‘D2ð Þþ
þexp �‘D1ð Þ þ exp �‘D2ð Þ
	 


ϕ� Jm
η
€ϕ ¼ 0

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð9Þ

In order to obtain an equivalent continuum model, the macro‐
displacement field ϒ x; tð Þ ¼ Z x; tð Þ Ψ x; tð Þ Φ x; tð Þf gT must be
related to the nodal displacements through a down‐scaling law. Here
a proper two‐dimensional extension of the central difference is
considered
Comparison between the discrete Lagrangian model (black line) and the
) and Sþ (violet line), respectively. (a) Dispersive functions along the boundary
ong the boundary of the sub-domain of the non-dimensional irreducible first
d in light orange the non-dimensional irreducible first Brillouin zone); (d) Sub-
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@2ϒ
@x1@x2

¼ D1D2ϒ ¼ exp D1lð Þ � exp �D1lð Þ½ � exp D2lð Þ � exp �D2lð Þ½ �
4l2

υ

ð10Þ
according to a general formulation proposed by Bacigalupo and Gam-
barotta [6].Hence, the local displacementfieldmaybeexpressed in terms
of the macro‐displacement field through a pseudo‐differential operator

υ ¼ 4l2D1D2

exp D1lð Þ � exp �D1lð Þ½ � exp D2lð Þ � exp �D2lð Þ½ �ϒ ¼ F D1;D2ð Þϒ ð11Þ

After substituting equation (11) in (9), the equation of motion may be
written as

Pζζ D1;D2ð Þ 0 Pζϕ D1;D2ð Þ
0 Pψψ D1;D2ð Þ Pψϕ D1;D2ð Þ

Pϕζ D1;D2ð Þ Pϕψ D1;D2ð Þ Pϕϕ D1;D2ð Þ

2
64

3
75ϒþ

�F D1;D2ð Þ
Jm 0 0
0 Jm 0
0 0 Jm

η

2
64

3
75€ϒ ¼ 0;

ð12Þ

involving the following pseudo‐differential operators

Pζζ D1;D2ð Þ ¼ exp ‘D1ð Þ � 2 1þ r2ð Þ þ exp �‘D1ð Þþ
þr2exp ‘D2ð Þ þ r2exp �‘D2ð Þ
	 


F D1;D2ð Þ;

Pζϕ D1;D2ð Þ ¼ �Pϕζ D1;D2ð Þ ¼ r2
2 exp ‘D2ð Þ � exp �‘D2ð Þ½ �F D1;D2ð Þ;

Pψψ D1;D2ð Þ ¼ exp ‘D2ð Þ � 2 1þ r2ð Þ þ exp �‘D2ð Þþ
þr2exp ‘D1ð Þ þ r2exp �‘D1ð Þ
	 


F D1;D2ð Þ;

Pψϕ D1;D2ð Þ ¼ �Pϕψ D1;D2ð Þ ¼ � r2
2 exp ‘D1ð Þ � exp �‘D1ð Þ½ �F D1;D2ð Þ;

Pϕϕ D1;D2ð Þ ¼ � r2
6

8þ exp ‘D1ð Þ þ exp ‘D2ð Þþ
þexp �‘D1ð Þ þ exp �‘D2ð Þ
	 


F D1;D2ð Þ;

ð13Þ
whose Taylor series expansion in the geometric parameter l, that plays
the role of scaling variable, are

F D1;D2ð Þ ¼ 1� 1
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þ 7
360
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;

Pζζ D1;D2ð Þ ¼ r2l2
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@x2
2
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1
� 1
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1
þ
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� 1
6
r2l3
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þ

þ 7
360
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þ O l8
� �

;
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1
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@x2
2
� 1
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1
þ

� 1
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;

Pψϕ D1;D2ð Þ ¼ �Pϕψ D1;D2ð Þ ¼ �r2l
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þ 1
6
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@3
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2
þ

� 7
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If the terms of the expansion are retained up to the second order in
l, the equation of motion takes the form

l2 @2Z
@x21

þ r2l @
@x2

l @Z
@x2

þΦ
� �

� Jm€Zþ 1
6 l

2JmΔ€Z ¼ 0

l2 @2Ψ
@x22

þ r2l @
@x1

l @Ψ
@x1

�Φ
� �

� Jm €Ψþ 1
6 l

2JmΔ€Ψ ¼ 0

1
6 r

2l2ΔΦþ r2 l @Ψ
@x1

�Φ
� �

� r2 l @Z
@x2

þ Φ
� �

� Jm
η
€Φþ 1

6 l
2 Jm

η Δ
€Φ ¼ 0

8>>>><
>>>>:
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The resulting equation of motion (15) differs from equation (5) in the
positive sign of the coefficient of the Laplacian of macro‐rotation and
for the presence of non‐local inertia terms. It easy to also to show that
the elastic energy density Π of the micropolar continuum identified via
enhanced continualization takes the positive defined form

Π ¼ 1
2

l2 @Z
@x1

� �2
þ l2 @Ψ

@x2

� �2
þ r2 l @Z

@x2
þΦ

� �2
þ

þr2 l @Ψ
@x1

� Φ
� �2

þ 1
6 r

2l2 @Φ
@x1

� �2
þ 1

6 r
2l2 @Φ

@x2

� �2
2
64

3
75: ð16Þ

Moreover, its kinetic energy density is expressed as

T ¼ 1
2
Jm

_Z
2 þ 1

6 l
2 @ _Z

@x1

� �2
þ 1

6 l
2 @ _Z

@x2

� �2
þ _Ψ

2þ

þ 1
6 l

2 @ _Ψ
@x1

� �2
þ 1

6 l
2 @ _Ψ

@x2

� �2
þ

þ 1
η IR _Φ

2 þ 1
6 l

2 1
η

@ _Φ
@x1

� �2
þ 1

6 l
2 1
η

@ _Φ
@x2

� �2

2
666664

3
777775 ð17Þ

in terms of the macro‐velocities and its first gradients and results to be
positive defined. The constitutive equations are coincident with equa-
tion (8) with the exception that the positive defined micropolar con-
stant is obtained Se ¼ Esr3l

2=6.
The eigenproblem governing the free propagation of harmonic waves,

expressed in terms of the non‐dimensional generalized displacements
vector ϒ x; tð Þ ¼ Z x; tð Þ Ψ x; tð Þ Φ x; tð Þf gT , is specialized as follows

Le kð Þ � ω2Me kð Þð Þϒ
∼
¼

¼
LeZZ LeZΨ LeZΦ
LeΨZ LeΨΨ LeΨΦ
LeΦZ LeΦΨ LeΦΦ

2
64

3
75� ω2

Me
ZZ 0 0

0 Me
ΨΨ 0

0 0 Me
ΦΦ

2
64

3
75

0
B@

1
CA Z

∼

Ψ
∼

Φ
∼

8><
>:

9>=
>; ¼ 0;

ð18Þ

where it is worth to note that the k‐dependent matrices LeðkÞ and
MeðkÞ are involving non‐local terms. The non‐vanishing components
of LeðkÞ and MeðkÞ take the form

LeZZ kð Þ ¼ k21l
2 þ r2k22l

2;

LeZΦ kð Þ ¼ �LeΦZ kð Þ ¼ �Ir2k2l;
LeΨΨ kð Þ ¼ k22l

2 þ r2k21l
2;

LeΨΦ kð Þ ¼ �LeΦΨ kð Þ ¼ Ir2k1l;
LeΦΦ kð Þ ¼ 1

3 r
2 1

2 k21l
2 þ k22l

2� �þ 6
� �

;

Me
ZZ kð Þ ¼ Me

ΨΨ kð Þ ¼ Jm 1
6 k21l

2 þ k22l
2� �þ 1

� �
;

Me
ΦΦ kð Þ ¼ Jm

η
1
6 k21l

2 þ k22l
2� �þ 1

� �
:
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If the terms of the expansion are retained up to the fourth order in l,
the equation of motion takes the form
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and the non‐null components of the k‐dependent matrices LeðkÞ and
MeðkÞ, that define the eigenproblem governing the free propagation
of harmonic waves in the energetically consistence non‐local contin-
uum identified by 4th order enhanced continualization, are

LeZZ kð Þ ¼ 1
12 k41l

4 þ r2k42l
4 þ 2 1þ r2ð Þk21k22l4

� �þ k21l
2 þ r2k22l

2;

LeZΦ kð Þ ¼ �LeΦZ kð Þ ¼ � 1
6 Ir

2k2k
2
1l

3 � Ir2k2l;
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12 r2k41l
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LeΨΦ kð Þ ¼ �LeΦΨ kð Þ ¼ 1
6 Ir
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5. Benchmark test for the enhanced continualization scheme

In order to show the reliability and the validity limits of the pro-
posed enhanced continualization approach the frequency band struc-
tures of the homogenized models, for different order truncation in
the characteristic length l of the pseudo‐differential operators involved
in the integral–differential equation (12), are compared with the
actual one obtained by the discrete Lagrangian model. Specifically,
the non‐dimensional angular frequency ω

ffiffiffiffiffi
Jm

p
is expressed as function

of the arch length Ξ (or ΞS) measured on the closed polygonal curve Γ

(or ΓS) with vertices identified by the values Ξj (or ΞS
j ), j ¼ 0;1;2,

encompassing the non‐dimensional first irreducible Brillouin zone
(or sub‐domain of non‐dimensional first irreducible Brillouin zone)
for different values of the non‐dimensional parameters r, η. As the
dimensionless parameter η varies, qualitatively different frequency
spectra are identified and analyzed three limit situations in which: i)
crossing phenomena between the optical branch and both acoustic
branches are detected (see Fig. 3.a); ii) a quadratic point degeneracy,
i.e. a band touching, between the optical branch and the both acoustic
branches is identified (see Fig. 4.a); iii) low frequency band gap
between the second acoustic branch and the optical branch is obtained
(see Fig. 5.a).
Fig. 3. Frequency band structures for square beam-lattice (r ¼ 3=50, η ¼ 50).
homogenized models obtained via 2nd order (blue line), 4th order (red line) and 6
the boundary of the non-dimensional irreducible first Brillouin zone; (b) Dispers
irreducible first Brillouin zone.

6

The frequency band structures for square beam‐lattice character-
ized by r ¼ 3=50 and η ¼ 50 are shown in Fig. 3.a along the closed
polygonal curve Γ, both the discrete Lagrangian model (black line)
and the homogenized models obtained via 2nd order (blue line), 4th
order (red line) and 6th order (green line) enhanced continualization,
respectively. It is worth to note that their dispersive functions turn out
to be in good agreement with the actual corresponding one. As
expected, a very good accuracy is found in the long wavelength
regime, while the lesser accuracy is found for shorter wavelength
regime. Moreover, the convergence of the dispersive functions
obtained via enhanced continualization to the actual one is shown
when increasing the continualization order. For a more complete per-
ception of the accuracy of the homogenized models a comparison
between their frequency band structures with that of the discrete
Lagrangian model is given in Fig. 3.b along the closed polygonal curve
ΓS for r ¼ 3=50 and η ¼ 50.

Qualitative and quantitative analogous results in terms of the accu-
racy of the dispersion functions of the homogenized models obtained
via enhanced continualization, and of their convergence on the fre-
quency band structure of the discrete Lagrangian model are obtained
in Fig. 4 and Fig. 5 for r ¼ 3=50, η ¼ 1700 and r ¼ 3=50, η ¼ 3000,
respectively.

6. Conclusions

The main purpose of the present paper is to solve the thermody-
namic inconsistencies that result when deriving equivalent micropolar
models of periodic beam‐lattice materials through standard continual-
ization schemes. It is shown that this approach can lead to equivalent
micropolar continuum models having non‐positive defined potential
energy density. This drawback affects the dynamic behavior resulting
in short‐wave instability phenomena and unbounded group velocity,
an outcome related to the not fulfillment of the Legendre‐Hadamard
condition. Nevertheless, it is shown that the micropolar model thus
identified provides good simulations of the frequency dispersion func-
tions of the discrete Lagrangian system, in particular in the approxima-
tion of the optical branch of the Floquet‐Bloch spectrum. Moreover, it
is shown that thermodynamically consistent micropolar models
derived through the extended Hamiltonian approach, i.e. equivalent
to the Hill‐Mandell procedure, are characterized by optical dispersion
Comparison between the discrete Lagrangian model (black line) and the
th order (green line) enhanced continualization. (a) Dispersive functions along
ive functions along the boundary of the sub-domain of the non-dimensional



Fig. 4. Frequency band structures for square beam-lattice (r ¼ 3=50, η ¼ 1700). Comparison between the discrete Lagrangian model (black line) and the
homogenized models obtained via 2nd order (blue line), 4th order (red line) and 6th order (green line) enhanced continualization. (a) Dispersive functions along
the boundary of the non-dimensional irreducible first Brillouin zone; (b) Dispersive functions along the boundary of the sub-domain of the non-dimensional
irreducible first Brillouin zone.

Fig. 5. Frequency band structures for square beam-lattice (r ¼ 3=50, η ¼ 3000). Comparison between the discrete Lagrangian model (black line) and the
homogenized models obtained via 2nd order (blue line), 4th order (red line) and 6th order (green line) enhanced continualization. (a) Dispersive functions along
the boundary of the non-dimensional irreducible first Brillouin zone; (b) Dispersive functions along the boundary of the sub-domain of the non-dimensional
irreducible first Brillouin zone.
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functions that do not qualitative agrees with the corresponding ones of
the discrete Lagrangian system.

To overcome these thermodynamic inconsistencies while preserv-
ing good simulations of the frequency band structure of the beam‐
lattice materials a dynamic high‐frequency consistent continualization
has been proposed. This enhanced continualization is based on a first
order regularization approach coupled with a suitable transformation
of the difference equation of motion of the discrete Lagrangian system
into pseudo‐differential equations. Furthermore, a formal Taylor
expansion of the pseudo‐differential operators allows to obtain differ-
ential field equations at various orders according to the continualiza-
tion order. Thermodynamically consistent higher order micropolar
continua with non‐local elasticity and inertia are obtained. These mod-
els appears to be able to synthetically and accurately describe both the
static and dynamic behavior of the beam‐lattice materials. Finally, the
7

convergence of the frequency band structure of the higher order
micropolar models to that of the discrete Lagrangian system is shown
as the continualization order increases.
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