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Foreword

You won’t find any science in these few paragraphs. In this preface, I merely
wish to explain the underlying reasons, motivations and dreams that brought me
to research what I did, and whose implications permeate this whole work. Thus,
if you are uninterested, or should you ever get bored halfway through, you may
safely skip to the next Chapter. However, I still invite you to read through these
few lines, since what is written in here is important and it will give a much deeper
and clearer meaning to the “scientific part” of this work as well.

Since my infancy, I've always been a very curious child. I always wanted to
understand the reason behind everything I saw in my life, heard of from some chat,
or studied about in school. It even went to the point that I started hypothesizing
“scientific theories” behind Harry Potter’s magic! This ravenous curiosity made
me of course a quick learner, which in turn led me to quite the successful academic
career: finding an answer to the question why? was my burning obsession.

Thus, after finishing high-school, T enrolled in physics with the pretentious
goal of finding the ultimate answer to the question why?: the Theory of Every-
thing, or at least the theory of Quantum Gravity (back then, I was reading an
educational book on string theory!, which claims to be both, so in my mind the
two concepts were basically synonymous at the time). All the courses that I took
during my university time were chosen for that very reason: deepening as much
as I could my understanding of what I judged the fundamental cornerstones of
physics, namely the theory of Relativity (both special and then general) and the
Quantum theory, that in turn would lead me further down the path towards the
TOE — the Final Answer.

Still, whatever I learnt was not enough. During my last year of university,
when the time came for me to choose a topic for my Master thesis, I realized that
my understanding of the state-of-the-art physics (namely the Standard Model
and General Realtivity) was only superficial. For this reason, I decided to pick a
Master thesis that would allow me to really delve into the details that still eluded
my grasp. After all, how the heck was I supposed to surpass a theory when I
didn’t even know what I had to surpass?!

L The Elegant Universe, by Brian Greene
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Hence, in my Master thesis I studied the see-saw models — a very small and
natural extension of the Standard Model that includes right-handed neutrinos-
like particles and also explains in a very elegant and simple way why (of course,
that word is always my focus) the neutrino masses are so tiny. Actually, what I
studied was a slightly more unnatural and less studied variant of the see-saw —
the so-called type Il see-saw — and to be completely honest, I never once believed
that variant of model to be right. Yet, in retrospection, I can definitely say that it
was the right call, for it allowed me to learn the meaning to all those “important
words” of Quantum Field Theory (QFT) that were still obscure to me (what is
a path integral?, what are instantons?, what is an anomaly?...)

In the end, because of some unexpected circumstances, I couldn’t finish all
the work on the type III see-saw that I planned in time for my graduation, so
I dedicated the first part of my PhD to completing the analysis, and further
deepening my understanding of QFTs. An introduction to the type III see-saw
and the results of my research on the topic can be found in Chapters 1-5. As for
the reasons that led me from this to the second subject of my research, they will
be explained in the Intermission between the first and the second parts of this
work.

But before moving on to physics, I wish to emphasize something very im-
portant. As I mentioned before, the goal I had when I enrolled in physics was
to find the TOE. Today, my goal is still unchanged. Of course, I know it is a
really ambitious goal. Of course, I know it is extremely unlikely that I’ll succeed.
After all, many people that care about me remind me again and again that I will
probably never find the TOE, that it’s too hard a task, that it would probably
take one hundred Einsteins to get there. They tell me so again and again because
they care about me, and they want to protect me from the disappointment of
failure, and I am grateful for their concern.

However! 1 am not afraid of disappointment! Disappointment is just an
emotion, why the heck should I fear my own emotions? Moreover, life behaves
just like a pendulum. There are good times, and there are bad times. The
more bad times you have, the more the pendulum of life will swing and give
you that many more good times. And the higher the pendulum goes into the
“bad times” side — the more intense the suffering — the more powerful will be the
joy and elation that will follow. Withdrawing from disappointment then means
depriving oneself of all the most beautiful and wonderful moments life can offer.
It is tantamount to not living at all, just surviving through all the monotonous
routines that repeat unchanged day after day after day. Living everyday the same
day: that’s just like being dead before even dying!

It is the perfect recipe for being mediocre. Somehow, we’re all encouraged to
being mediocre since we were children: “don’t make mistakes!”, “don’t do that,



CONTENTS 11

you're strange!”, “stop that, behave yourself!”... Well, I hate “mediocre”, I reject
it on a physiological levell I'd rather either succeed and attain greatness, or fail
and be a fool rather that being mediocre, because then I'd at least be a fool that
gave it his all to what he truly believed in! After all, did Columbus find America
by backing down for fear of disappointment? Did Da Vinci achieve greatness by
only doing what other people expected him to? Did Einstein conceive General
Relativity by keeping his head down, since he definitely “wasn’t a Newton”? No!
They pulled through because they kept believing, they dastardly and doggedly
kept believing in themselves, believing in their own ideas and in their own path;
they had the courage to keep believing even when all the odds were against them,
like unreasonable, obstinate children that won’t budge no matter what.

And to obstinately keep unreasonably believing is what I do, and also what
I encourage to do to you, whom I'm so grateful to for having read through these
feelings of mine. Now, if I did things right, you should feel quite excited, and
maybe remember how you used to think when you were a child and thought
you were a wizard, or a pirate, or maybe a secret agent, ready for the next
breathtaking adventure. And now that we’ve set the mood, let’s dive in into the
wonderful world of particle physics.






Chapter 1

Introduction

Neutrino masses are one of the most intriguing riddles amongst the unsolved
mysteries of modern physics. Their puzzle is (at least) twofold, for there are two
very simple yet profound questions that are still unanswered, namely: how are
neutrino masses generated? And why are they so tiny?

As we mentioned, the two questions, albeit simple in their semantic formula-
tion, are deep indeed, and tightly intertwined. The fact that neutrino masses are
so tiny with respect to all the other fermions’ masses entails that their generation
mechanism probably differ from the Higgs mechanism, meaning that it should be
some yet unknown phenomenon. On the other hand, undetected phenomena can
only reside past our detection range, at energy scales that our experiments cannot
reach yet. In other words, neutrino masses are the door that leads to the new
physics that lies beyond the furthest grasp of our knowledge, paving the way to
the deepest mysteries of our universe.

In this work, we will try and answer to both questions, in a slightly unwonted
fashion. In the first part of the work, we will review one very simple yet very
natural and effective mechanism of neutrino mass generation, one that explains
spontaneously the tininess of neutrino masses, i.e. the see-saw mechanism; and
we will do a phenomenological study of one class of models that implement said
mechanism. In the second part of the work, we will explore the possible reasons
that may lead to such see-saw models, and once again we will dwell upon one class
of models that naturally implement those very same reasons that in turn cause
the see-saw mechanism to take place, i.e. twisted non-commutative geometry, of
which we will study three possible extensions of the Standard Model.

13






Chapter 2

The Standard Model

2.1 Introduction

The Standard Model is the theory that to date best describes the phenomena that
take place at microscopic level, unifying the description of three of the four known
fundamental interactions (electromagnetism, weak and strong interactions) in a
single theoretical framework. It is a theory, built on the particles observed so
far, within the framework of Quantum Field Theories (QFTs), i.e. theories in
which each type of particle corresponds to an object called field, and it falls
in particular in the subcategory of gauge theories. We will discuss later the
fundamental concepts related to field theories and gauge theories.

The Standard Model (SM) depends on about twenty parameters that have
to be determined experimentally. That many can seem to be a lot, but they are
in fact very few compared to the large number of processes that they allow to
explain, moreover with an incredibly accurate agreement with the experimental
results.

However, there are still some phenomena that cannot be explained within the
SM as it is: among many, the most prominent ones are the origin of neutrino
masses, the unified description of all fundamental forces, including gravity, within
the same theoretical framework, and possibly related to this the origin of Dark
Matter (DM) and Dark Energy (DE).

This work is devoted to the study of the first two problems; however, we will
still report some plausible ideas on how to approach the DM/DE problem in the
last section of this first introductory chapter.

15



16 CHAPTER 2. THE STANDARD MODEL

2.2 Quantum Field Theories

Quantum Field Theories were born with the QED (Quantum ElectroDynamics)
following the introduction of the second quantization formalism that was needed
to describe systems with many particles, or systems for which the number of
particles can vary. They can also be extended to combine Quantum Mechanics
together with Special Relativity so that they can take into account the production
and annihilation of particles that was observed experimentally. QFTs are the
quantum version of the simpler classical (i.e. non-quantum) Field Theories.

The fundamental ingredient of a Field Theory is of course the field, i.e. a
space-time function with values either in the real (or sometimes complex) numbers
(in case of a classical Field Theory), or in the operators on the Hilbert space of
physical states (in case of a QFT). In turn, these operators have values in the
distributions, which implies, as we will see in section 2.3, some technical and
conceptual difficulties. Each field corresponds to one kind of particle, and in fact
particles are actually the excitations of their corresponding fields.

Alongside the fields, the action S plays a central role: it is a functional of the
fields and the whole theory descends from it. Indeed, once a particular action
is specified, the fields (and therefore the particles) taken into account by the
corresponding theory are all and only the fields that appear in the action, while
the equations of theory (often called field equations or equations of motion) are
determined through the Principle of Stationary Action.

Field Theories can also be used to describe relativistic theories. Within such
theories, the action is required to be Lorentz invariant, which ensures the equa-
tions of the theory to be the same in all inertial reference frames. Usually, for
reasons related to causality, the further assumption of Locality is also made,
according to which the action can be written as an integral over the whole space-
time of a function £ called Lagrangian Density or, more briefly, Lagrangian:

S = /d4x[,. (2.1)

Under this further hypothesis, for the action to be a Lorentz scalar, the La-
grangian must also be a Lorentz scalar.

Usually, the Lagrangian can be split into two parts, a so-called free or kinetic
term, and an interaction term. The free term simply describes how particles (or
more properly, fields, which represent a bunch of particles — just like a sea collec-
tively represents a lot of water molecules) propagate when they do not interact
with anything. The interesting part is the interaction term, which describes how
the various field types interact among themselves when many of them are present
(i.e. they are non-zero) in the same region. In case of a classical Field Theory,
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the Lagrangian summarizes all the possible processes that can happen within the
theory. However, this ceases to be the case when we turn on quantum effects.

In QFTs, each field can be seen as a collection of creation and annihilation
operators of some kind of particles. For this reason, each interaction term of the
Lagrangian (which, in the classical version of the theory, represents one possible
process involving the fields) has to be re-interpreted as a process in which the
existing particles of the initial state are annihilated, and then all the particles
of the final state are created. Now, if this were all, the Lagrangian would still
contain all the possible processes. However, nature turns out to be much richer
than that, for quantum theories allow for an intrinsically quantum phenomenon
known as quantum fluctuations. The term “quantum fluctuations” refers to the
creation and the consequent immediate annihilation of particles, with no regard
to the energy-momentum conservation law. This means that quantum processes
allow for intermediate (and unstable) states that do not conserve neither energy
nor momentum, even though the final (and stable) state has exactly the same
energy and momentum of the initial state. This means in practice that there
can be processes in which some particles of total mass 1 (in some appropriate
units) transform into a heavier particle of mass 100, which soon thereafter decays
into some other particles of total mass 1. These complicated multi-step processes
(which are today represented pictorially through Feynman diagrams) are not
included in the Lagrangian: there is no such term that corresponds to those kind
of processes. This means in turn that the Lagrangian, and therefore also the
action, are not sufficient to fully describe quantum theories. For this reason,
some more sophisticated objects were defined. These objects (the functional
generator, the connected diagrams generator, the quantum action) are defined in
terms of Feynman’s technology of Path Integrals, which are actually even today
mathematically not fully understood. For this reason, we will not explore the
meaning of these objects in depth, but instead we will simply give their intuitive
meaning.

It can be shown that the vacuum expectation value of any (time-ordered)
product of operators can be expressed into the form

x / Dé; Oy (1) Os (1) .- O, (1) €9() (2.2)

where S is the action and ¢; are the fields of the theory. Correlation functions (in
which all the physics is encoded) actually correspond to such vacuum expectation
values of products of field operators, and it turns out that there is a simple way of
encoding all possible such correlation functions in one single object: the so-called
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generating functional
Z[J]=N / Dep; ¢S (90) 40 [ aa ds (@04 (x) (2.3)

In this formula, the external sources J; are classical fields, i.e. they are fields with
values in the complex numbers instead of in the operators on the Hilbert space,
and N is a normalization constant chosen in such a way that

Z[0] = (0]0) = 1. (2.4)

All the correlation functions can be expressed in terms of the derivatives of Z
with respect to the external sources J;. For instance, if we derive Z with respect
to Ji and J, we get

527
5J1 (371) 5J2

Y SRR

hence

627
<O’ T¢1 (xl) ¢2 (xQ) |O> - - (5(]1 (1:1) 5J2 (ZL‘Q) ; : (26>
=0
In general, one has
oz
i i (Tn) | =0

Using this smart trick, one can obtain all possible correlation functions in terms
of derivatives of Z — including of course the unphysical disconnected ones. We can
restrict ourselves to the physical connected correlation functions only by defining
the connected diagrams generator W:

W[J] = —ilog Z [J]. (2.8)

To see that W [J] is indeed the generating functional of connected Feynman dia-
grams we can proceed as follows. Z [J] is given by the sum of all vacuum-vacuum
diagrams (in presence of the external source J), both connected and disconnected,
but counting only once those diagrams that differ only by a permutation of ver-
tices in connected subdiagrams. The contribution to Z [J] of a diagram that
consists of N connected components will be the product of the contributions of
these components, divided by the number N! of permutations of vertices that
simply permute all the vertices in one connected component with all the vertices
in another. Therefore, the sum of all diagrams is

7 @ I = e, (2.9)

WE

Z[J] =

2
I

0
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which proves that ¢WW [J] is the sum of all connected vacuum-vacuum diagrams
(again, counting only once those diagrams that differ only by a permutation of
vertices). Connected correlation functions are defined similarly to Eq. (2.7):

i onw
For example, for a single field ¢ we have
ow 1 07
hence
(01 (x)10), = (0] & () |0) . (2.12)

Taking one further derivative yields

2w
0 ()6 (y)

(1 8z 1 67 0z
o (2 5T (2)67(y) 2257 (d) 5J<y>)
F(0] T (@) 6 (4) 10) — (0] 6 (2)]0) (0] 6 (4) 10)),  (2.13)

from which we find the connected time-ordered two-point function

01T ¢ (x) ¢ (y)[0), = (O] T (x) & (y) [0) — (0] ¢ () [0) (O] & (y) [0}, (2.14)

from which the disconnected component is manifestly subtracted.

One can proceed further and define a generating functional I' [®] for 1-particle-
irreducible (1PI) diagrams only (i.e. diagrams that cannot be divided in two
disconnected components by cutting one internal line). This functional is called
quantum effective action, or more briefly quantum action, for reasons that will
be made clear in the following. Notice that the source is not J any more, but
instead @ (z) (dropping from now on the index ¢ for simplicity), defined as

W J]
P = . 2.15
@) = 5705 (2.15)
The quantum action is defined as the Legendre transformation of W [J]:
r®) = W[ - /d4:c<I> (2) J (). (2.16)

very much like the Lagrangian is the Legendre transform of the Hamiltonian. In
Eq. (2.16) it is understood that we inverted Eq. (2.15), so that J = J [®].
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We can justify the name “quantum action” of I'[®] as follows. Notice that

or A oW 0J(y) .
i/ dy(mw ‘””) o) T (2.17)

or, using Eq. (2.15),

or
P (z)
When J = 0, Eq. (2.18) tells us that the possible values for ® are given by the
stationary points of I'. This can be compared with the classical field equations,
which require the classical action S (¢) to be stationary. Hence Eq. (2.18) can
be regarded as the equation of motion for the external field ®. Notice that, in
general, I' is not a local functional of the fields, in the sense that it cannot be
expressed as the integral of an effective Lagrangian: I' [®] # [d*z L.ss (P (2)).
This reflects the fact that I' already takes propagators-mediated non-local inter-
actions and loop corrections into account.
We can show that I' already takes quantum corrections into account proceed-
ing as follows. Let us define the quantity Wr[J, g] as the connected diagrams
generator of the theory described by taking I'/g as classical action:

(Welog) _ pf / Do s (TS a2 I@)6()) (2.19)

— —J(z). (2.18)

with an arbitrary constant g that plays the role of A and is a loop-counting
parameter. Propagators are the inverse of the term quadratic in ¢ of T'[¢] /g, so
it is proportional to g. On the other hand, vertices are proportional to 1/g. This
means that a diagram with V' vertices and I internal lines (propagators) will be
proportional to ¢! =Y. For any diagram, the number of loops L is

L=1-V+1, (2.20)

so the L-loop term in Wr [J, g] goes like
Wi [, o o'V = g, (2.21)

Then, we have .
WelJ.g) =Y g " 1], (2.22)

L=0

Let us consider the tree-level contribution of Wr, i.e. WF(O). In order to isolate
it, we consider the limit ¢ — 0. In this limit, the path integral Eq. (2.19) is
dominated by the point of stationary phase:

lim ¢MWrl2ol — o3 WiW = o (PO [ de @) (@) (2.23)

g—0
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where ® (x) takes the the exponential to extremes, namely

or
+J(x) =0. 2.24
3@, (z) (2.24)
Hence, we found that
W 1) =W [J] (2.25)

which means that I' takes into account all quantum corrections. Moreover, since
any connected diagram can be seen as a tree diagram whose vertices are 1PI
diagrams, we conclude that I' is the sum of all 1PI diagrams as we claimed.

The quantum action can also be computed directly from the classical action
without passing through W [J]. In fact:

Ml = / D¢ 'S0+, (2.26)
1PI

where the subscript 1PI means that the path integral is evaluated over all dia-
grams (connected or not) in which each connected component is 1PI.

In our discussion on QFTs we did not specify what kind of fields appear in
the theory. It turns out that there are some fields that are often unacceptable,
since most theories that contain them are inconsistent at the quantum level. The
only fields that one can always use to build self-consistent theories are scalar and
spinor fields, which correspond to spin 0 and spin % fields respectively. Higher-spin
fields are allowed only in certain circumstances, such as if the theory is a gauge-
theory whose gauge symmetry implies the presence of those higher-spin fields as
gauge fields. The higher-spin fields that correspond to the known possible gauge
symmetries are spin 1 (Yang-Mills theories), spin 2 (supersymmetric theories)
and spin 2 (gravity), hence fields with spin higher than 2 are often excluded. We
will explain gauge symmetries and gauge theories in detail in Section (2.4). The
reason why high-spin fields are often to be excluded is that theories that involve
those fields are usually non-renormalizable, a concept that we will clarify in the

next section.

2.3 Renormalization

In order to fully understand the necessity of renormalizability for physical theo-
ries, we must first introduce the so-called S matrix.

When one wants to describe any physical process, what has to be studied is
the transition from a certain initial state to a certain final state of the system
(initial and final states may in general also coincide). In a quantum framework,
physical states are represented by vectors (normalized to 1 for convenience) in a



22 CHAPTER 2. THE STANDARD MODEL

Hilbert space and the probability of transition from one state to another is given
by the squared module of their scalar product.

Physical states are identified by a complete set of physical quantities that can
be measured at the same time, such as the momentum and spin of each particle
of the system. For the sake of brevity, we will group those characteristics into
one single index, therefore calling the initial state |¢,) and the final state |¢g).
Then, the probability amplitude to move from |1),) to |¢g) is:

Sga = (Vs | Ya) - (2.27)

The matrix Sz, is known as the scattering matriz, or S matriz for short. Its
squared module is precisely the probability we were searching for.

The S matrix has some properties that will be determinant in the aftermath
to understand the need of having renormalizable theories. In fact, it is a ma-
trix which describes the change of basis from the orthonormal basis |1,) to the
orthonormal basis [13) (with a and S varying over all permissible values) and
therefore has necessarily to be a unitary matrix: this property is extremely im-
portant, since it guarantees the entries S, to be, in module, less than 1 so that
their squared modules are a well-defined probability. Now, since the S matrix is
the object of desire of any physicist (it is what describes, virtually, any physical
process), great efforts have been made to find a simple way to calculate it, and
today we know exactly how to do it. What one finds out is that the S matrix
can be written as:

S=14ad(Pf— P)M, (2.28)

where I is the identity matrix (as already noticed, in general the initial and
the final state may coincide), a is a numerical factor, P; and P; are the total
four-momenta of, respectively, the final and initial states (the Dirac delta func-
tion ensures energy and momentum conservation), and finally M is known as
the invariant amplitude (because it is Lorentz-invariant) and it depends on the
particular process studied.

One finds out that, for processes involving a total number N of particles, M
can be calculated from the N-points Green’s function, that is usually determined
perturbatively. Moreover, the Gell-Man-Low formula allows one to write it ex-
plicitly in terms of the elements (fields and physical states) of the free theory,
that can be solved analytically and is therefore completely known.

Ultimately, it is natural to write M as a perturbative series. The problem,
however, arises now. In fact, almost all orders above the first one of the per-
turbation series are divergent. And that is not all: the greater the perturbative
order, the greater the order of divergence! In practice, those terms that should be
negligible are “ever more infinite”. This fact has extremely serious consequences:
since the S matrix is proportional to M and M is infinite, the entries of S turn
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out to be infinite as well, with a clear breach of probability conservation. To solve
this problem the theory of renormalization was born.

The source of the problem can be traced back to the fact that the objects we
are handling are not functions, but distributions: it is therefore a mathematical
issue that cannot and must not have, in practice, repercussions on physics. The
strategy adopted to solve this issue is based on a very simple idea, that has long
been considered unsatisfactory or even unacceptable.

The idea in question is to “move the problem where it can not do harm”.
Some divergent but non-physical (non-measurable) constants are defined and
introduced into the Lagrangian so as to cancel exactly the infinities that arise by
calculating the divergent terms of the perturbative expansion, so that observable
physical quantities are in fact finite (and possibly in agreement with experiments).
Theories that only need a finite number of these divergent constants are called
renormalizable theories. The reason why non-renormalizable theories are useless
is that such theories require the measurement of any possible observable in order
to define the appropriate renormalization term that allows that observable to have
the measured value: in other words, such theories cannot predict the results of
any experiment before measuring them. It is therefore compelling to find criteria
to determine whether a particular theory is renormalizable or not.

It was found that a necessary condition is that no terms with coefficients with
negative mass dimension appear in the Lagrangian, which means that the various
terms, deprived of their constant coefficient, must have a mass dimension that is
at most the one of the space-time in which the theory is located. Henceforth, the
space-time dimension will be considered 4, so that renormalizable theories are
the ones whose Lagrangian terms (deprived of their numerical coefficients) have
mass dimension less than or equal to 4.

It was also found that a sufficient condition for theories that involve fields
that describe particles with spin greater than % to be renormalizable is that
those fields are massless and arise from a very particular kind of symmetry called
gauge symmetry.

2.4 Gauge Theories

Gauge theories are theories with a particular kind of symmetry, called gauge sym-
metry. Before we deal with gauge symmetries, we will speak of symmetries in
general in Lagrangian theories. Roughly speaking, a symmetry is a transforma-
tion of the theory that leaves the physical phenomena invariant. This tentative
definition has different implications for classical and quantum theories, so we will
study symmetries in both cases, starting with classical ones.

A classical symmetry is a transformation (executed, as it is said technically,
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on-shell, i.e. assuming the field equations to be valid) of the fields that make up
the Lagrangian, that leaves the action unchanged. In formulas, if we call £ the
Lagrangian and S the action, and let X denote the variation of the quantity X,
then a symmetry is a transformation for which:

59 = 0. (2.29)

We recall that the action is the integral of the Lagrangian, so this condition
affects the Lagrangian as well:

S:/d4x£ = (5S:/d4x6£ = 0S=0&6L=0,K" (2.30)

in other words a symmetry of the theory is a transformation that changes the La-
grangian by a four-divergence. Symmetries are extremely important in physics:
indeed, there is the Noether theorem, which ensures that each symmetry corre-
sponds to a conserved current called Noether current.

Let us now consider a particular case of symmetry, i.e. a symmetry that
depends on a parameter « in the following manner:

o (x) = ¢(z)+ adod(x), (2.31)

for some field ¢ and with « a real constant. Since this is a symmetry, and therefore
the equations governing the theory remain the same after the transformation, it
is evident that such a transformation has no physical significance: the predictions
of the theory are the same for any value of the parameter a. This means, on the
other hand, that it is possible to make such transformations with an appropriate
choice of the parameter « in order to make the calculations easier: this process of
choosing a particular value of o takes the name of gauge fixing, and the symmetry
is called a global gauge symmetry or, more simply, global symmetry.

However, the class of certainly renormalizable theories is much wider than
the simple global gauge theories; in particular, there is no reason to require the
parameter « to be constant:

o) = o(z)+a(x)ip (). (2.32)

In this case, the symmetry is called a local or gauge symmetry, and theories
in which the symmetry is realized in this way are called gauge theories. These
theories have an additional complication over theories with global symmetries,
and this complication has profound repercussions, such as the very existence of
gauge bosons and, ultimately, of the fundamental interactions.

The complication arises when considering the field derivatives. The existence
of field derivatives within the Lagrangian is necessary, since in their absence all
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field equations would be simple algebraic equations rather than differential ones,
which would lead to a universe unable to evolve: not very interesting. Now, when
a local gauge transformation is performed and the field derivative is considered,
it is immediately apparent that additional terms appear from the derivative of
the gauge parameter.

Since in the SM there are only (with one exception) fermions and gauge
bosons, and since its gauge symmetry group is essentially a product of SU(N)
with various N, we will narrow down our dissertation to the case of Yang-Mills
theories (which are theories with gauge symmetry group SU(N)).

Let us consider a set ¢; of N fermion fields. Then, the most general Lagrangian
that is Lorentz-invariant, renormalizable and invariant for global transformations

of SU(N):

{ i () = Uyt (o) (2.33)

vl (@) = ) (@) U},
where U € SU(N), is the following:

L = ity — mbab;. (2.34)
For convenience, we write U in the following form:
U = e9o"T" (2.35)

where the T are the generators of the algebra of SU(NN) and ¢ is a constant, that
later we will call coupling constant, while the various a® are the gauge parameters.

Now let us promote the global gauge symmetry to a local one, making the
parameters a® point-dependent:

a® = a®(x). (2.36)

Now, it is evident that the first term of the Lagrangian (the one with the deriva-
tive, called propagator) is not gauge-invariant any more:

i@ — i ULD (Uidn) = ithi@is + iU, (BUs) g (2.37)

Therefore we need to define a covariant derivative, i.e. a modified derivative D
that can be used to build a gauge invariant propagator. In particular, if it were
true that:

Dii (x) = Uy () Py (), (2.38)

then the term i1);[Pv); would be gauge invariant. Then, let us look for a covariant
derivative D, that transforms as just said, with form:

(Du)ij = 52']'6# — g (Au)ij (l‘) ) (Au)ij (x) = AZ ($) Tz(; (2'39)
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Let us find now which gauge transformation law must the fields A} (x) satisfy
in order for D to be a covariant derivative. For simplicity, we will adopt the
matrix notation; we will also avoid writing explicitly the dependence on the
point, remembering here that the only objects that depend on it are the vector
fields A, and the fermion fields :

Db = (0, —igA,) ¥ — (0, — igA,) Uv = 9,U¢ + Udu) — igA,Us.  (2.40)

On the other hand, it has to be true that:

Dy —=UDy = Uam —igUA, . (2.41)

Hence:
DuU + UD — ig AUt = UDD — igU Ay (2.42)
igALUz/J = 0,U¢ +igUA,. (2.43)

The last equation is true for every 1, therefore:
igAlU = 0,U +igUA,, (2.44)
and multiplying from the right by Ut (ig) ™" we have:

, 1
Al = EaﬂUUT +UAU". (2.45)

We can rewrite this last equation in a more elegant way by observing that UUT =
I, therefore 0, (UUT) =0, s0 0,UUT = —U9,UT, hence:

1
A =U (AM - @au) U, (2.46)

which is the transformation law for A, we were looking for, that is, the one
which cancels exactly the additional term that arose from the not any more
trivial derivative of U.

In summary, we found that the modified Lagrangian

L = it P; — mipiay, (2.47)

in which the covariant derivative substitutes the usual partial derivative, has the
gauge symmetry realised by the following transformation:

¥ (z) = Uy ()

Y (@) = T () UT , (2.48)
A, = U (A= L0,) Ut
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where U = €9*"T", Applying Noether’s theorem to this symmetry, it is found
that for each generator T there is a Noether current J of form:

T = =g T, (2.49)

We notice that the introduction of the fields A, (called connections) was neces-
sary to restore the gauge symmetry in the local case: but each field corresponds
to one kind of particles, so we found out that the existence of vector fields (and
ultimately of the fundamental interactions, of which the vector bosons are medi-
ators through the couplings EVMA“% arisen from the covariant derivative) is a
necessary consequence of the symmetries of the theory.

Since we introduced new fields — new particles — into our Lagrangian, we
have to introduce their propagator, too. Emulating what already known from
the electromagnetic theory (which is a gauge theory based on the abelian group
U(1)), we define a tensor in the following way:

Fuv = =2 1D D) = 0,A, = 0,4, — ig [, A, (2.50)
whose difference from the electromagnetic field tensor is that this time the A,
are matrices, therefore they do not commute and they give rise to 3- and 4-body
self-interaction terms.

With this definition of F),,, the propagator for the fields A, is

1

— S FL (2.51)

so the full Lagrangian of the Yang-Mills theory is

L = ipIPyp — maptp — iFﬁchf”. (2.52)

So far, we described classical symmetries, i.e. symmetries of the classical
action. However, in a quantum environment, symmetries of the classical action
do not necessarily translate into symmetries of the quantum theory. Indeed, the
fundamental object of quantum theories is not the classical action, but instead
the quantum action, and even if the two actions are in fact related, they do not
necessarily have the same symmetries. This is clear if we check what happens in
Eq. (2.26) when we perform a classical symmetry transformation:

¢— ¢ =+ A¢ with S(¢)=5(s), (2.53)

then

eTlel — / D¢ @+ (definition of quantum action) (2.54)
1PI
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— D¢/ 5@ +®) — (transformation of ¢) (2.55)
1P1

= / D¢’ 5(0+®) — (¢ — ¢' is a classical symmetry) (2.56)
1P1

= J D¢ 5@t (Jacobian of the measure) (2.57)
1P1

where J is the Jacobian of the field transformation:

D¢’ ()
D¢ (y)

If the Jacobian is equal to 1, then the classical symmetry is also a symmetry of the
quantum action. Vice versa, if the Jacobian is different from 1, then the quantum
action changes, even if the classical action does not. In this case, the classical
symmetry is said to be an anomalous symmetry of the quantum theory. This
nomenclature must not mislead the reader: even if it is called an “anomalous
symmetry”, in fact it is not a symmetry of the quantum theory! The term
“anomalous symmetry” simply means that the transformation is a symmetry for
the classical action.

In general, reading Eq. (2.57), we can deduce that a symmetry of the quan-
tum theory (or, quantum symmetry, as opposed to classical symmetries) is a
transformation of the fields that leaves the path integral invariant, i.e. such that

J = ’ . (2.58)

DQZS/ 6z’S(<j>’) = D¢ 6i5(¢)_ (259)

This means that, in general, a quantum symmetry need not correspond to a clas-
sical symmetry: even if both the classical action and the integration measure
change, the transformation may still be a symmetry if the two changes compen-
sate each other. Nevertheless, in practice one usually finds classical symmetries,
and then checks whether they are anomalous or instead true quantum symme-
tries.

If a global symmetry is anomalous, it simply means that it is not a symmetry
at the quantum level, but it is still an approximate symmetry of the theory. On
the other hand, if local symmetries are anomalous, then the quantum theory is
inconsistent. In fact, a gauge theory is a theory that describes its physics in a
redundant way: the gauge symmetry is the reflection of this redundancy. In turn,
this redundancy implies the existence of many unphysical states in the Hilbert
space of the theory. For a gauge theory to be consistent, obviously the unphysical
states must be decoupled from the physical ones. However, if the gauge symmetry
is anomalous, the anomaly prevents the unphysical states from decoupling from
the physical ones, thus making the theory inconsistent.
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The SM is of course gauge anomaly-free (otherwise we wouldn’t still be dealing
with an inconsistent theory!). The cancellation of anomalies occurs within each
generation of fermions. This has been historically important after the discovery
of the 7 lepton: the existence of a third generation of leptons implied in turn
the existence of a third generation of quarks, since the cancellation of the gauge
anomalies requires the presence of an equal number of quarks and leptons. This
lead to the prediction of the top and bottom quarks, which were both found
experimentally some time later.

2.5 Weak Interactions

After dealing with the Yang-Mills theories, we can finally dedicate ourselves to
the proper Standard Model, and more specifically to the theory of electroweak
interactions.

Weak interactions can be described with great approximation by Fermi’s the-
ory, described by the following Lagrangian:

Lp = —G—\/gﬁ% (1 = ays)ney” (1 —7s) ve — %V_,ﬁp (1 =5) pey” (1 = 7s) ve,
(2.60)
where Gp ~ 1.17 - 107° GeV~? is the Fermi constant, p, n, e, p, v, and v, are
respectively the proton, neutron, electron, muon, electronic neutrino and muon
neutrino fields, and a ~ 1.27 is a numerical coefficient that arises from the fact
that protons and neutrons also interact via the strong interaction.

The main problem of this theory is clear: the Fermi constant has mass di-
mension —2, but a theory is (power-counting) renormalizable if the coefficients
of all Lagrangian terms have mass dimension > 0. In other words, the the-
ory is not renormalizable, i.e. it cannot calculate the higher order corrections in
perturbation theory consistently with probability conservation.

The problem arises from the fact that there are four-fermion interaction terms
that correspond to Feynman diagrams of the type:

where each continuous oriented line represents a fermion (or an antifermion). But
this is clearly impossible: fermions have mass dimension 3/2, so no Lagrangian
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term with more than 2 fermions can be renormalizable (the Lagrangian has mass
dimension 4). Again, it is appropriate to seek inspiration from electromagnetism,
in which this kind of diagrams appear:

(where the wavy line represents a vector boson, in this case a photon) as order 2
terms, i.e. as terms in which the interaction can be interpreted as if it were in two
steps: two fermions interact with the electromagnetic field, emitting a photon;
then that same photon interacts in turn with two other fermions, from which it
is absorbed.

Generally speaking, once the diagram is converted to mathematical formulae,
all the wavy internal lines carry a factor m, where k is the four-momentum
of the vector boson, M is its mass and ¢ is a real infinitesimal quantity, that
is introduced in order to make the denominator non-singular. In this case, if
M? is much bigger than k? (that for beta decay is equal to the squared mass
of the decaying particle because of the conservation of the four-momentum), the
contribution of the vector boson becomes simply the constant # In the language
of the Feynman diagrams, all this means that the wavy line becomes negligible
and “narrows” to a single point: the 4-fermion interaction vertex.

This indicates that Fermi’s interaction can be thought of as the low energy
limit of an order 2 interaction, where the Fermi constant has the dimension of
the inverse of a squared mass because it encompasses the contribution # of the
exchanged vector boson. Lagrangian terms of this type, though unsatisfactory
at theoretical level, are very useful for practical purposes when it is sufficient
to work at tree-level and are called effective operators. We will discuss again
effective operators in Chapter 3 and see how these are, in a sense, useful tools
also at theoretical level.

For now, let us try to build the renormalizable theory that has Fermi’s theory
as a low energy limit. For simplicity, we will focus on the term describing the
muon decay, which has no contributions due to strong interactions. We observe

firstly that the Lagrangian can be rewritten in the form:
AG R
Lp= —ij,]’p, (2.61)

where

J? = U Py, (2.62)
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J? =ey' Py, (2.63)

are currents and the projector P;, = returns the left-handed chiral compo-
nents of the fields on which it acts. We would like to rewrite these currents in
the form of Noether currents %”yPTi‘;wj, therefore, called 7; the Pauli’s matrices,
we define the following objects:

Pt vl
f . L — L
e (5) = () )
1
2
1

1=
2

(11 +im2) = <8 (1)> (2.65)
= 5 (n = i) = G 8) (2.66)

where f is an index that specifies the lepton flavour, and v and I/ are respectively
the neutrino and the charged lepton with flavour f. With these objects we can
build, for every flavour, the current £;v”7 /¢y, which is precisely equal to J*:

— — 0 1 — l _
(e = (v 1) (0 0) (VL> = (7 1) (é ) =7yl = J?.

I
(2.67)

We can evaluate J1*: o
JTP = EL’VP’T_EL, (268)

which is still a Noether current. In gauge theories there is one Noether current
for each generator of the gauge group algebra, but [77,77] is not proportional
neither to 7 nor to 7~, therefore the algebra generated by those generators only
is not closed. For this reason, if we suppose that the weak interaction can be
described by a gauge theory, we expect the existence of at least another current
Jgi

JY =l [T+, 7'_] O = CyP13ls, = Ty v — 1Pl (2.69)

We observe that J3 is a neutral current (it couples particles with the same charge),
unlike J and J' that are charged currents (they couple particles with different
charges). There are no more Noether currents, since [7%, 73] oc 7F and hence the
algebra is closed.

In summary, we found that the weak interaction can be described by a gauge
theory with SU(2) as symmetry group, where the doublets f{ transform with the
fundamental representation of SU(2), while the right-handed components of the
fields (that do not have weak interactions) transform in the trivial representation
(i.e. they do not transform at all). This implies the existence of 3 gauge bosons
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(one for each generator of the group algebra) that permit to build a covariant
derivative. These bosons are denoted W23, but usually their linear combinations

1
+

W, 7
that correspond to particles with definite charge, are used. On the contrary, W3
already has definite charge, in particular it is a neutral particle. For this reason, it
is legitimate to wonder whether it has some kind of relationship with the photon,
and indeed this is exactly the case. Obviously, they cannot be the same particle,
since the Ws only interact with left-handed particles while electromagnetism is
completely indifferent to particle chirality. However, what is found is that W3 is
actually a component of the photon.

(W, +iW;), (2.70)

2.6 Electroweak Unification

Let us suppose weak and electromagnetic interactions can be described together
by the SU(2),®@U(1)y gauge group, where the subscripts L and Y refer to the fact
that weak interactions regard only left-handed particles, while U(1) is connected
to a new quantum number called hypercharge, which is usually denoted Y. In
this case, the gauge transformation takes the form:

KL — eiga“%eig’ﬁ%eL
Y,
ZR — Giglﬂ%l]{ ) (271)

.
vp — 9P 3 vp

which implies immediately that the hypercharge must be different from the elec-
trical charge. In fact, Y, must commute with all generators of SU(2), therefore it
must be proportional to the identity, which means it has to have the same value
for both components of the doublet ¢, that have different electrical charge.

Called B, the gauge boson related to U(1), let us write the Lagrangian term
related to the interactions between B,, and Wj’ with leptons (the so called neutral
current Lagrangian Lyc):

— T — Y] — Y Y,
Lyc = 9W5€L7M§3€L +9'B, €L7N7L€L + ZR'YM%ZR + W’Y“TRVR =

_9

/
G Wit 7 v = Ty ta] + 5 By [V (Bl + 7yr) +

+ Vi lpyle + Y, U vR] . (2.72)
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We define the following quantities:

vy, %
e 5 -3
U= o | T3 = 0 , (2.73)
lr 0
Y; 0
_ YL _ -1
Y = Vi, , Q= 0 : (2.74)

Y,

R
B, = A, cosbw — Z,sin Oy
W2 = Aysinfy + Z, cos by~
The new fields A, and Z, (where we would like to identify A, with the pho-

ton) were defined by means of a rotation so as to leave the kinetic term of the
Lagrangian unchanged. With these quantities, we can rewrite Ly¢ as follows:

(2.75)

— Y
Lyc = Uy {QWSTB + g/BHE] U =
_, . 3 / . Y
= Unt [g (A,sinbw + Z, cosbw) T° + ¢’ (A, cosbw — Z, sinby) 5] U=

=TUA (g sin @y T2 + ¢ cos 0W§> U407 (g cos Oy T? — ¢ sin ng) v,
(2.76)
where we would like to identify ﬁv“ (g sin Oy T3 + ¢’ cos QW%) U with the elec-
tromagnetic current Jb, = eWUy*QW (where in this case e is the proton charge).
Since ¢’ and Y only appear in the Lagrangian multiplied by each other, we can
arbitrarily fix one of the entries of Y, since rescaling Y is equivalent to rescaling
¢'; therefore, we fix Y, = —1. Then:

— Y —
WAk (g sin Oy T2 + ¢’ cos HWE) U = Jg,, = eV QU

Y
= (g sin Oy T? + ¢’ cos 6W§> = eQ
1 1 _
N ?gs%HGW— ?gicosﬁw =0
—5gsinfy — 59" cosby = —e
= gsinfy = ¢ cos by = e. (2.77)
Therefore, considering again the second equation:

Y

Y
<g sin Oy T + ¢ cos 9W§> =eQ) = T3 + 5= Q, (2.78)
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hence we can find the hypercharge for the right-handed lepton components:

}/lR =2 (Q_T3)ZR - _27

Y, =2(Q-1°, =0. (2.79)

Similarly, a “Z-charge” can be defined:

Y
eQz = gcosfyT? — ¢'sin QWE

eQz = (T° — sin® Oy Q) . (2.80)

2.7 Weak Interactions for Quarks

So far, we have only talked about leptons: it is now time to include quarks as well
in our theory. At quark level, the beta decay and the decay of strange particles
are regulated by the current:

I—7s — 75

1
d + sin 6. u~"

JI = cos O.u" s, (2.81)
where 0, ~ 13° is the Cabibbo angle and u, d and s are the quark up, down and
strange fields.

At this point, proceeding as in the case of leptons leads to results extremely
conflicting with experimental data. Indeed, if we define:

1_ U Uy, 0 cosf, sinf, ;
q == = |, T=(0 o 0o |=(1)
S, 0 0 0
(2.82)
so that it is: o
= T, (2.83)

we find that the third generator of the algebra induces flavour changing neutral
currents (FCNC):

1 0 0
T = [T’Jr, T’_} =0 —cos? 0, — cos 0, sin 6, (2.84)
0 —cosf.sind. — sin® 4.

(the off-diagonal terms), that on the contrary are experimentally very suppressed.
For example, in the case of the K decay into the two channels

Kt — 7"y,
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Kt — gtefte”

the ratio of the decay rates would be about

sin 6, 2
r=(—2 ) ~1.1, (2.85)

sin 6. cos 6,
while the experimental value is
Teap = 1.3 - 10°, (2.86)

with an overall error of 5 orders of magnitude.

The problem can be solved by introducing another kind of quark, the charm
quark, which is identical to the up quark except for the mass, that contributes
to the weak decays through the current:

1— 1—
J = —sin f.cy* 5 554+ cos .cy" B, (2.87)
Let us now define the quantities
Uy, 0 0 cosf. sinf,
o cr, + | 00 —sinf, cosb. | o\t
aw={ 4 | =14 0 0 0 = (T7)". (2.88)
Sy, 0 0 0 0
In this way, the complete current can be written as:
J =T+ T =g T g, (2.89)
while the third algebra generator takes the form:
1
3 1
T° = (2.90)

so that the FCNC problem is solved. This mechanism is called Glashow-Iliopoulos-
Maiani (GIM) suppression.

Now we only have to rewrite what we just found in the same forms as the
leptons. Then, let us define the quark combinations:

dy, \ _ dr, B cosf. sinf,
(S’L)_V(SL)’ V_(—sinec COSHC> (2.91)
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that we can group together with the up-type quarks to build SU(2) doublets:

1 _ [ UL 2 CL
QL_<d/L>7 qL_(S/L)’ (292>

in terms of which the current takes the form:
JH = g At Tl + 2T (2.93)

Now it is easy to assign the quarks their hypercharges:

Yo =2(Q-T°), =2 @ - %) = % (2.94)
YdL:2(Q—T3)dL:2(—%+%):% (2.95)
Y =2(Q-17), =2 (;) = % (2.96)
Yo =2(Q-T°), =2 (—%) = —g (2.97)

(and similarly for the other generations’ hypercharges).

In fact, today we know that there are more than just two quark families. With
n generations, V' becomes an n X n unitary matrix (so that it can guarantee the
absence of FCNC). To date we know 3 quark families, so we believe V' to be a
3 x 3 matrix, called Cabibbo-Kobayashi-Maskawa (CKM) matriz.

Ultimately, the complete weak interactions Lagrangian is:

L=Ly+ Lcc+ Lync+ Ly, (2.98)
with:

Lo = gl +ivlgvl +ilh gl +

+igldal + iuldul, + idLddl, (2.99)
Loc = % (Zv{w{ +3 a{wvfgdg> W+ hee. (2.100)
f=1 f9=1
Lyc = eVy*QUA, + eV Q V7, (2.101)
1 L1 P
EYM - —Z.ij,ﬁj'u - ZLZ#VZ# - §WHVW5

+igsin Oy (WL, WHAY — W WHEAY + F,, WEWY)
+igsin by (WEW!ZY =W, WEZ" + Z,,WiW")
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2
g v loa vo ag U 1 — —

+5 (2097 = 99" = g"79"") | W WS, W,

-W,rw,; (A,Agsin® Oy + Z,Z, cos® Oy

+2A,Z, sin Oy cos Oy )], (2.102)

where now W also includes left- and right-handed quark fields and where:

F., = 0,A,—0,A, (2.103)
Zy = 0.7Z,-0,Z, (2.104)
We, = oW, —o,W; (2.105)

We observe an interesting and, in some ways, worrying fact: not only there
are no mass terms for any of the present particles, but also they are prohibited
from the symmetries of the theory. In fact, gauge bosons have to be massless
(eventual mass terms would violate the gauge symmetry), while fermion masses
are prohibited by the fact that the Dirac mass term for a fermion 1

— mipp = —m (Yror + YrY1) (2.106)

is not invariant under chiral transformations (i.e. a transformation that acts dif-
ferently on left-handed and right-handed components) like SU(2) that describes
the weak interactions. This seems to invalidate everything we have built so far.
In fact, there is a way to solve this incompatibility: it is the Higgs mechanism.

2.8 The Higgs Mechanism

Let us suppose that in a certain gauge theory there is a complex scalar field, whose
Lagrangian is symmetrical under U(1) global transformations. Then, assuming
the renormalizability of the theory, the Lagrangian of this field must necessarily
be:

Ly = D' D6 — m?elo — X (6'0)”, (2.107)
where D,, is the covariant derivative of the theory. According to what we have
done so far, we could assume that ¢ transforms under local gauge transformations
in the usual way:

¢ (z) = 9@ () (2.108)

(called Wigner-Weyl symmetry) as it happens in Yang-Mills theories. However,
since ¢ is a scalar field, this is not the most general possible gauge transformation
for ¢. In fact, since constants are themselves Lorentz scalars, we can assume that
¢ transforms in the following way:

b (z) = 9@ [ (2) + 0] — v (2.109)
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(or, equivalently, (¢ (z)+v) — €9°®) (¢ (x) +v)), where v is a constant. In
this case, the symmetry is said a Nambu-Goldstone symmetry, or it is said to be
spontaneously broken. In order to understand what this means, we need to study
the potential for ¢:

V =m?¢Te+ A (¢7¢)”. (2.110)

Let us search for the fundamental state for ¢ by finding the minimum of V:

V' (BhinGmin) = M2 + 220} 0min = 0
f m’

b =T 2.111
mln¢m7«n 2)\ ( )

= ¢

Now, even if we assume that m? can be negative, we find that there are infinite

different fundamental states, all of them \/—g‘—; far away from the origin, only
differing through an arbitrary phase. When nature chooses, for any reason, one
of these fundamental states, experimental observations cease to be U(1) invariant
(since one precise choice has been made), however the starting Lagrangian still
does remain U(1) invariant. In this sense, the symmetry is said spontaneously
broken.

Let us see now how the introduction in the electroweak Lagrangian of a scalar
field that transforms in a Nambu-Goldstone way can generate mass terms for
every particle. The electroweak symmetry group is not just U(1), but SU(2) ®
SU(1), therefore we have to assume that ¢ is actually a scalar field doublet

b= ( Zi; ) , (2.112)

of which we have to determine the hypercharge, that transforms under gauge
transformations in the following way:

(T ) b
b s 0 )T o) E {¢+ L} v (2.113)

V2] V2

where v is obviously a constant doublet:

v= ( Z; ) . (2.114)

Moreover, we want the photon to remain massless as experimentally observed,
which corresponds to imposing that the electromagnetic U(1)gy symmetry is a
Wigner-Weyl symmetry:

¢ — @ p  under U(1) g, (2.115)
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where Q = T3 + % as found previously. But this means that:

el

V2 V2

ete@(z) {gb + — eier(w)(b

= 6i5Q7($)

which implies:

Usually, Y, = +1 and v; = 0 is chosen, which means that

@ = 1,
Q2 = 0

therefore from here on with a slight abuse of notation we shall write:
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(2.116)

(2.117)

(2.118)
(2.119)

(2.120)

Let us now see how the covariant derivative applied to ¢ immediately generates
mass terms for the vector bosons, with the only exception of the photon. In order
to make the calculations easier, we choose a particular gauge (called wunitary

gauge), in which ¢ takes a particularly simple form:

¢=(§),
V2

where H is a real scalar field. Then we have:

(Y

N ¢
o] e (g eun) o 5

(2.121)
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1 0 1 W3 Wl —iWw? 0
- — Zig(H " Iz Iz —
75 (oo ) =200 (e 0™ ) (1)

- (0 ) s (2GR, (2.122)

Now, if we remember that:

W, = % (W, —iW}) (2.123)
B, = A, cosby — Z,sin Oy (2.124)
Wj’ = A, sinfw + Z, cos Oy (2.125)
gsinfy = g’ cosby =e (2.126)

we find immediately that:

VW

(R e ) [

which implies that:

(Du[¢%-$%})TD“{¢%-$%}::

1 1
— SOuHOH + 2 (H +v) (QgQW;Wﬁ + (92 + 9’2) Zﬂzu> _
1 297 1 (g% +g"?) v?
— SO HOH + S W W 5%42@
1 2 12
7 (H? +2Hwv) (g2WMWf +4 ;g Z#Z“> . (2.128)

In this expression, the first term is the propagator of H, while the two following
terms are mass terms for the W and Z vector bosons with masses:

<92 + g/2> 2

; (2.129)

2,2
2 g 2
m = — mo, =
w 4 ? Z
This result takes the name of Brout-Englert-Higgs mechanism, or more briefly
Higgs mechanism. However, the power of the Higgs mechanism does not end
here: in fact, this same scalar field through which we conferred mass to vector
bosons (called Higgs field) allows us to write mass terms also for fermions.
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Let us start with the quarks, and let us consider the following Lagrangian:

£§3:—Z[ (¢+\/_>Yng d9+qf (¢+\/_> Y }+hc (2.130)

f.9
with

(o
a=( " (2.131)
L

and where the prime on the quark fields means a linear combination of the definite
mass fields, the sum on f and g is over all possible flavours, the matrices in the
flavour space Y7, , are called Yukawa matrices, moreover

) o) (00 e

is the charge-conjugated field of the Higgs field, of which, as it can be shown,
it shares the gauge transformation properties. It is easy to verify through di-
rect calculation that this Lagrangian is gauge and Lorentz invariant and also
renormalizable.

We choose again the unitary gauge, we adopt the matrix notation for the
flavour space and we evaluate ﬁg explicitly:

__ 0 __ H+4v
= - [( @) (ag )voar (7 @) () Vi e
1
= —— (H +v) (d}Y)dyp + u Y/ uR) + he. . (2.133)

V2

In general, the Y7, , matrices will not be diagonal, but they can always be diag-
onalised via a biunitary transformation:

o0 = Ul pYu.0Vip, (2.134)

with U and V unitary and Yy p diagonal with semidefinite positive eigenvalues.
Thus, if we define:

d, = Upd, (2.135)
dp = Vpd, (2.136)
up = Upu} (2.137)
ur = Vypuy (2.138)

we can write the Lagrangian in the form:

1
LY = —E(HH)(CJ'Y'J Ul Yjuy) +he =
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1 S -
= 5 (H+) (TULYDVidy + WUl Y Vi) +hec. =

1 —
= —E (H + 1}) (dLYDdR + EYUUR) + h.c. (2139)

and since Yy p are diagonal, we can write:

1 _ _
LY = ——=(H+v) (Ypdrdg + Ypdrdy, + Yotgug + Yytugur) =

V2

1 —
= 5 (H +v) (Ypdd + Yyuu) . (2.140)
Now, if we consider only the Lagrangian terms proportional to v, we see imme-
diately that they are mass terms for the quarks with masses:

mi =2
u \/g
The same procedure can be applied to the leptons as well, with the simplifi-
cation that the term with the charge conjugate Higgs field will not appear. This
is because that term would be proportional to the right-handed neutrino field,
which has never been observed experimentally and even at theoretical level it
would have no interactions and can therefore be safely omitted. In this case, the
Yukawa Lagrangian for the leptons takes the form:

L =— Zﬁ (¢ + %) Yy U8 +hee, (2.142)
f.9

v (2.141)

with

0, = ( Vi ) (2.143)
L — l/ .
L

and where again the prime means means a linear combination of the fields with
definite mass. Retracing the procedure we just followed for the quarks, we arrive
to the following form for the Lagrangian:

1 _
LY = 7 (H +v) Y, (2.144)

with Y7, diagonal; the charged leptons masses are:

v
m] = ﬁy,ff. (2.145)
Indeed, today we know that neutrinos do actually have a small mass, but with
the procedure we just followed no neutrino mass term appeared. Of course, this
is because we omitted the right-handed neutrinos from our theory, but in fact
their very presence involves additional complications, which we will deal with in
the next Chapter.
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2.9 The Full Standard Model Lagrangian

For completeness, here is the full Lagrangian of the Standard Model in the unitary
gauge:
Loy =LY+ L5+ Ly + Loo+ Lye + Ly + Ly (2.146)

where

e L1 is the free Lagrangian for fermions:

cr— gf: (Vidhy! 17 (i — ) 1 (19— m,) ! + @ (i —mg) |

(2.147)
The index f labels the fermion families.
e LB is the free Lagrangian for gauge and Higgs bosons:
LB 1 pv 1 w + 1y 2 +m
0o = _ZLZIWZ + 2mZZ ZH — —W WIS+ my W, WE
1 1
—éaﬂAyaﬂAy + §8MH8“H — §mHH2 (2.148)
where
Zyw = 0,2, — 0, Z,, Wi, =0,W, —9,W; (2.149)
e Lg) is the electromagnetic coupling:
11 f 2— Falt 1_f wgf
cEM_eZ —Um + mu—gdmz A, (2.150)
e Lo is the charged-current interaction term:
Loc = 7 [Z Vit + ZuLfy“Vfgdg Wi +he. (2.151)
fg
o Lyc is the neutral-current interaction term:
[ J— JE—
Ly = (V797 (1= 35) ! = Ty (1 = 4sin® By — 55) 1
N 4 sin Oy cos Oy Z Vit (L =) " sin*fw = 1)

— 8 — 4
+ufyH (1 — gsin2 Ow — 75> ul — dfy* <1 —3 sin? Oy — 75) df]
(2.152)
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e Ly contains vector boson interactions among themselves:

Ly = +igsinby (WHW! A" — W, WEA” + F,,WEWY)
+igsin Oy (WHW!ZY — W WEZY + Z,, WEW?Y)

2
g 174 loa vo ag UV 1 — —
+5 (20797 = ¢"9" = g"7g"") | SWSWIW, W,
—WIW, (A A, sin® Ow + Z,Z, cos” Oy
+2A,Z, sin Oy cos Oy )] (2.153)

where

F,,=0,A,—0,A, (2.154)
e Ly is the Higgs interaction Lagrangian:

1 H? 2H
= (Lo e (2 2)

v2 v

H _ _ _
- (m;‘ I+ mlulud + mgdfdf)
v
!

1
—\H? — ZAH‘*. (2.155)

2.10 Open Problems

As we already mentioned in the Introduction, there are still many open problems
that the SM cannot solve as it is. Some of the most prominent ones are the origin
of neutrino masses, the unification of gravity with the other known interactions,
and the nature of DM and DE.

As for the first problem, today we know that neutrinos actually do have a tiny
mass: the observation of neutrino flavour oscillations is the proof that at least two
of them need to be massive, and bounds from cosmological data allow us to put
a lower bound on the sum of their masses, so that today we know that neutrino
masses are of order (0.1 +1)eV. However, we still do not know for sure where
these masses come from. Of course, they could arise from a Yukawa coupling
between left- and right-handed neutrinos, just like all the other fermions. But
right-handed neutrinos have never been detected so far, so we cannot be sure.
There are actually many other possibilities, and in fact we will review some of
them in the next Chapter. Moreover, there is another, maybe even more stringent
problem: just why are neutrino masses so small? To give an idea of how small
they are, the ratio between neutrino masses and the electron mass is more or less
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the same as the ratio between the electron mass and the top quark mass:

T Me 1077, (2.156)
me my

with the crucial difference that between the electron and the top quark we can
find all the other known particles, but between the electron and the neutrinos
there is nothing at all. This huge discrepancy suggests that the mechanism of
mass generation is different for neutrinos, and finding out how this mechanism
works is the main problem of neutrino masses. We will study in detail one of the
most appealing solutions to this problem in the first part of this work, starting
from next Chapter.

The second problem is a very, really difficult one, so much that today, after
more than a century from the birth of Quantum Mechanics and General Relativity
(GR), there is still no consolidated theory of quantum gravity, but only many
ideas. The most important suggestions are String Theory and Loop Quantum
Gravity, but both have very important shortcomings. String Theory claims to be
the most predictive theory ever, since it only has one free parameter. However,
the truth is that it actually suffers from an enormous freedom: there are more
or less infinitely many possible ways to compactify the additional dimensions
that String Theory requires, and to each of those compactifications corresponds
a completely different theory. The disappointing fact is that there is no known
compactifications that leads to a model that resembles the SM. On the other hand,
Loop Quantum Gravity seems very promising, but again, there is no known way
to perform a low-energy limit and check whether it reduces to GR on large scales
as it should. In the second part of this work, we will study a very interesting
alternative idea, that actually is not as far-reaching as the two mentioned above
(it will not describe a quantum theory of gravity), but that somehow allows us to
give a unified description of the quantum SM together with the non-quantum GR,
making them both arise from the very same underlying principles. Moreover, this
approach can be easily generalised, so it cannot be excluded that the same idea
could eventually be used to really describe the full quantum theory of gravity.

This approach we just mentioned actually gives us some interesting hints on
how to solve both the DM and the DE problems, even though these hints suggest
a quite unpopular way of tackling the problems. These can be reformulated
in the following way: we have checked that GR works extremely well till the
galactic scale. When we look at larger scales, we find incongruities between GR
predictions and experimental data, incongruities which could be solved if we were
to introduce additional particles (DM) or additional cosmological energy sources
(DE). However, we do not really know if they exist at all, and in fact there are
so far no experiments that confirm their existence!. Another possibility is that

lexcluding the controversial results from DAMA [2, 3, 4].
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GR has to be modified at scales larger that the galactic scale. It is an unpopular
approach, because GR really is a beautiful theory and it somehow feels a shame
to modify it, and maybe also because there is a rumour stating that any theory
of modified gravity actually generates more problems than it solves and therefore
all of them are excluded experimentally. This is actually not completely true,
since there are still some theories of modified gravity that can solve both the DM
and the DE problems (without introducing any new particle or field content) and
that have not been excluded yet. In this work we will actually deal with neither
of these problems directly, but we still chose to mention them here because the
approach we follow to unify the description of the SM and GR generates some
additional lagrangian terms, and those same terms are the ones that appear
when one tries to take into account the small quantum fluctuations around GR;
moreover, it turns out that those very same terms actually generate the curvature
effects that allow many theories of modified gravity to solve both the DM and
the DE problems. We will explain this in more detail in section 7.2.6.



Chapter 3

The See-saw Models

3.1 Introduction: The Need of Mass for Neu-
trinos

Towards the end of the 1960s an apparently inexplicable phenomenon was ob-
served.

The study of solar processes had led to the formulation of the so-called Stan-
dard Solar Model, a model that describes the Sun’s behaviour. Of course, many
experiments were carried out to test its validity, and all of them seemed to show
that the model was actually well functional.

All but one.

In the late 1960s, an experiment was attempted to measure the neutrino
flux emitted by the Sun: the Homestake experiment [5]. The result was the
measurement of a neutrino flux of approximately %3 of the expected flow.

Obviously, in the following years several other experiments were carried out
to test Homestake’s results: in 1985 the Kamiokande experiment [6, 7, 8] started,
then, then in 1990 SAGE [9], in 1991 GALLEX [10], then in 1996 Kamiokande
was updated to Super-Kamiokande [11, 12, 13], and finally, in 2001, SNO [14, 15]
published its first results. All of these experiments confirmed that indeed the
electronic neutrino emission from the Sun expected by the Standard Solar Model
differed from that measured. But comparing the data of the various experiments,
physicists immediately noticed a further problem.

The data collected from the various experiments were in disagreement. For
example, Homestake measured a neutrino flux of about %3 of the expected one, but
Kamiokande and Superkamiokande found a flux equal to about Y2 of the expected
one. Still, Gallex and SAGE measured a flux of about 0.56 times the expected
one, and the situation is analogous for all the other subsequent experiments: in
short, all experiments agreed that the predictions of the Standard Solar Model

47
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were incorrect, but they did not agree at all on how much they were so.

With one exception.

The Sun, in the various nuclear processes that take place inside it, produces a
huge amount of electronic neutrinos. For this reason, all the various experiments
mentioned above used nuclear reactions involving that particular type of neutri-
nos. However, SNO also allowed another type of measure: a scattering process
of a generic flavour neutrino on a deuton with its consequent disintegration into
a proton and a neutron. The solar neutrino flux measurement for this single
channel perfectly matched the predictions of the Standard Solar Model.

However, the nuclear reactions that took place in the Sun had already been
studied on Earth and it was absolutely certain that the produced neutrinos were
necessarily electronic ones. For this reason, it became clear that Pontecorvo’s sug-
gestion that neutrinos could oscillate between different flavours [16] was probably
correct.

The fundamental motivation of why neutrinos oscillate is that they are emitted
in states with definite flavour; however, these states are not eigenstates of the free
particle Hamiltonian (mass eigenstates), so when they propagate in vacuum they
have to be decomposed into the basis of the mass eigenstates and the evolution
of these must be considered separately. Let us see how in detail.

We will denote with a Greek index the flavour eigenstates, and with a Roman
index the mass eigenstates. Then we have:

va) = > Uil (3.

The matrix U is a unitary matrix called Pontecorvo-Maki-Nagakawa-Sakata (PMNS)
matrix and it expresses neutrino flavour eigenstates in terms of their mass eigen-
states. It depends on 4 parameters: three mixing angles and one complex phase.

It is usually parametrised as follows:

1 0 0 C13 0 813€_i(5 C12 S12 0
UPMNS = 0 Ca3 593 0 ' 1 0 —S12 C12 0 s (32)
0 —S93 (€23 —813625 0 C13 0 0 1
with
Cij = COs 9ij7 Sij = sin Gij (33)

and 0;; the mixing angle between neutrinos of the i-th and j-th generations.

Let us now consider a beam of neutrinos emitted with definite flavour and
let us stay in the beam rest frame. The time evolution of each definite mass
component will be:

i (7)) = ™"

Vi) (3.4)
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with 7 the beam’s proper time. Then, in a generic inertial frame, the evolution
law will be:

i (1)) = e~ EIPIE ) (3.5)

where L is the distance travelled by the neutrinos, p/' = (E,p;) is the beam’s
four-momentum and

m2 2
E= ;|2 i i 3.6
VIBE +mi = 15|+ g~ 17+ (36)

is its energy. Since the neutrino masses are extremely small, we can approximate
their speed with the speed of light, therefore L =t so that:

|V (t Z ik lvi) . (3.7)

The probability amplitude for observing a # flavour neutrino after the time ¢ is
thus:

(vg | Vo (1) ZUBJ eI (v ) = ZU& i (3.8)

Therefore, the correspondmg probability is:

Fasg (1) = [(vs | va (2)

27m2

s
~

- Z UBZ az UBJU* )* (39)

It is very interesting that neutrino flavour oscillation depend on their squared
mass differences. This means that it is necessary to assume that at least one
neutrino be massive for oscillation effects to happen at all.

To date, we know almost all the neutrino oscillation parameters. As we can
see from Figure 3.1, all absolute values of the squared mass differences are known
(with the sign as well for the first two families) as well as all the mixing angles.
We still need to determine just two more parameters: the sign of Am3, and the
complex phase d¢p, which may be responsible of another source of CP violation,
other than the quark sector.

But what is the origin of neutrino masses? With the SM particles, it is
impossible to build a neutrino mass term. Of course, this impossibility arises
from the absence of right-handed neutrinos within the SM itself — in contrast
with all other fermions. For this reason, it has been studied for a long time how
it is possible to extend the SM in a simple way to confer mass on neutrinos.

One of the simplest, but at the same time most effective and full of possibilities
ideas is the see-saw mechanism.
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| NUFIT 5.0 (2020) |
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Figure 3.1: Values of neutrino squared mass differences and mixing angles.

Am3, = Am3, > 0 in case of normal ordering, while Am3, = Am3, < 0 in
case of inverted ordering. Image from [17].

3.2 The See-saw Mechanism

For simplicity, we will illustrate the idea behind the see-saw models in the simplest
case: one single generation of leptons, with the addition of one right-handed
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neutrino, which transforms as a SU(2) singlet (similarly to all the other right-
handed fermions).

This new particle has null charge and hypercharge, so it does not interact and
could have been omitted if the neutrino masses were null (as in fact it was done
as long as this hypothesis was considered valid).

Then, the following terms have to be added to the SM Lagrangian:

e A kinetic term: Ly = 7gilDvg = VRidvg;

e A Yukawa term: Ly = -Y, (E¢I/R+h.c.). Through the Higgs mech-
anism, this term generates immediately a Dirac mass term: Lpja. =
—m,, (Ugvg + Vgvy), with m, = %

If the Dirac mass term was the only possible one, the Yukawa coupling Y,
should be much smaller than the corresponding constant for the charged leptons,
so that the neutrino mass is small as observed experimentally:

Y, m,

2 = <107, 3.10
Y. me ™ (3.10)

Now, such a huge difference between orders of magnitude is certainly possible:
it is the same between the electron and the top quark. However, between the
electron and the top quark masses there are the masses of almost every other
known particle. Instead, the gap between the electron and the neutrino masses is
completely empty, which seems quite unnatural. Luckily though, there is another
mass term compatible with the SM symmetries.

e A Majorana mass term: Lypajorana = —%M (@VR + ﬁl/f%), in which v =
iY2Vg is the charge-conjugated right-handed neutrino. The right-handed
neutrino is the sole fermion in the SM that can have such a mass term,
since it is the only one that has both charge and hypercharge equal to zero.
The Majorana mass M is completely unrelated to the Higgs mechanism and
to every other known phenomenon, therefore it can assume arbitrarily big
values and is to all effects a new mass scale. Moreover, this term violates
the conservation of the lepton number, thus M is assumed big enough for
the effects of the violation of lepton number (usually suppressed by negative
powers of M) to be compatible with observations. It is exactly so as not
to introduce this term that the exclusion of right-handed neutrino from the
SM was preferred initially.

We can then rewrite the full neutrino mass term in the following way:

1 ,— 0 m, v
Ly = ~3 (V¢ vg) (m,, M) (V5R> +h.c. (3.11)
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. _C c _ —
(since v§v§ = DRyL).
The mass matrix in the previous expression is a real symmetric one and can
thus be diagonalised via an orthonormal transformation:

. 1 — mq 0 121
Ly = _5 (Vl VQ) ( 0 M2> <V2c) +h'C'a (312)

o))

where U is the orthonormal matrix that diagonalises the mass matrix. The
eigenvalues mq, My are found to be:

1

m = (M /MY 4mg> , (3.14)
1

My =3 (M /M2 4m3) . (3.15)

In the limit M > m these equations become:

with

2
m
My =~ M. (3.17)

This mechanism is known as see-saw mechanism and it explains in a natural way
the observed smallness of neutrino masses: one of the two masses is extremely
big and has no observable effect at the electroweak scale, while the other one is
suppressed by a factor 7% with respect to the typical fermion masses. In this way,
there is no need to assume unnaturally small values for the Yukawa couplings.
The see-saw mechanism can be easily generalised to n lepton and k right-
handed neutrino generations. In this case, m, is a k x n matrix and M is a k x k

matrix. We will study this general case in Chapter 4.

3.3 Neutrino Masses: The Weinberg Operator

Let us consider the following Lagrangian term:

1 e f— ~\ [~
L = 55" (F,67) (61405) + . (3.18)
where /; are the lepton weak doublets, (; = iTo¢* with ¢ = (¢T,¢°) the Higgs
field, and the Greek indices are flavour indices. Ly is known as Weinberg operator
and we can notice that it is non-renormalizable, since its coefficient CZEB has mass
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dimension —1: it is thus an effective operator, just like the Fermi Lagrangian
we studied in Chapter 2. However, unlike the Lagrangian of the Fermi theory,
this operator has a very important feature: it is the only dimension-5 operator
compatible with the symmetries and the fields of the SM. It violates the B — L
symmetry (with B the baryon number, L the lepton number) and through the
spontaneous breaking of the electroweak symmetry it generates a Majorana mass
term:

345 (5.5 (910s) -
1 0
— 5 07, 1) (30) (o0 00 (1) -

1 0 Symm. Break. U2Ciﬁ5 —_
=3 SR ) vig+ ... 5 Vi Vgt - (3.19)

which is a Majorana mass term with mass v c§55

The interesting thing is that it can be shown that any SM extension that
provides masses for the neutrinos at tree-level reduces to this effective operator.
Moreover, this operator can be split into two renormalizable operators at tree-
level only in three well-precise ways [18]:

1. Through the introduction of a SU(2) fermion singlet (the right-handed
neutrino);

2. Through the introduction of a SU(2) scalar triplet (a Higgs triplet);

3. Through the introduction of a SU(2) fermion triplet. This is the case
studied in detail in this work.

We will try to justify this intuitively, for the detailed demonstration, see [18].
The Feynman diagram corresponding to the Weinberg operator can be stretched
in two different ways:

/———v—\ or
. . /\
L L
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Let us consider the charges of the various involved particles: these have ob-
viously to be conserved in the process. The lepton has charges (1, 2, —%2) (it
is a SU(3) singlet, a SU(2) doublet, and has hypercharge %), while the Higgs
has charges (1, 2, %2). This means that the fermion intermediate particle will
be a SU(3) singlet, it will have null hypercharge and its weak isospin will be
compatible with the composition of two doublets, thus either a SU(2) singlet or
a SU(2) triplet.

It is the same for the scalar intermediary, except that in this case it must be
a SU(2) triplet, because otherwise it would not produce a mass term [18].

Depending on the specific particle that is chosen as intermediary, the corre-
sponding models are called respectively type I see-saw for the fermion singlet,
type II see-saw for the scalar triplet, and finally type III see-saw for the fermion
triplet. Anyhow, the Majorana mass terms specific for each of these models all
reduce to the Weinberg operator once the new particles are integrated out (that
is, when the limit where the mass of these new particles is much greater than
the available energy of any process one wishes to study is considered); for this
reason, in order to distinguish the various see-saw models one from the other it
is necessary to consider the dimension-6 effective operators as well.

It has been shown that the Weinberg operator is the only dimension-5 one
compatible with the SM symmetries; the situation is completely different for the
dimension-6 operators: there are about 180 different such operators [19]. If we
managed to measure the coefficients of those operators experimentally, comparing
their various ratios with what is predicted by the different theories, we could
understand which of the many neutrino mass generation mechanisms is the true
one. In the next Section, we will describe briefly the fundamental characteristics
of the various see-saw models and we will report the effective operators that arise
from each model.

3.4 The See-saw Models

3.4.1 Type I See-saw [1]

This is the simplest of the see-saw models, based on the introduction of £k right-
handed neutrinos (usually denoted by Ng) that transform like SU(2) singlets just
like the right-handed components of every other fermion. The lepton Lagrangian
is:

Ly =LY+ (3.20)

where

L) =il Pl + g Pl + iNgIPNg (3.21)
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contains the kinetic and gauge interaction terms for the left-handed lepton dou-
blet /1, the right-handed charged leptons [z and the right-handed neutrinos Ng,
while

_ —~ 1—
LY = —0¢Yilg — (oY Ng — 5 NeMyNp, + hec. (3.22)

contains the Yukawa interactions with couplings Y7 x with the charged leptons
and the right-handed neutrinos, and the Majorana mass term for the right-handed
neutrinos, corresponding to the new physical scale M. Implicit summation over
the flavour indices is to be intended; moreover, we assume to work in the basis
that makes My diagonal.

In the definite flavour basis, once the right-handed neutrinos are integrated
out, the Weinberg operator coefficient is found to be:

1
d=5 T
=Yy—VYn, 3.23
¢ N My N ( )
that induces, after spontaneous breaking of the electroweak symmetry, the fol-
lowing mass matrix for left-handed neutrinos:

_ v? 1 _
my, = —Ecdfg' = —§YJ€M_NYN = —mgMNlmD (3.24)

(where we defined mp = \%YN), that for a single neutrino generation reduces to
the result 3.16 we found in Section 3.2.
It is also found that a unique dimension-6 operator appears:

FLI=6 = (=6 (Ea$> id (aww) , (3.25)
WhOSG Coefﬁcients are 1 1
=6 _yi _~ vy 3.26

When the Higgs doublet acquires a vacuum expectation value (vev), this
dimension-6 operator induces corrections to the left-handed neutrino kinetic term:

2

L0 =T (1+ 2n) v, iy = “ch=6. (3.27)
Once the neutrino fields are redefined so that the kinetic term is normalised as
in the usual way

vy = vp=(1+ 277N)% VL, (3.28)
the charged current Lagrangian term for all leptons and the neutral current term

for neutrinos only are modified, while the neutral current term for charged leptons
remains unchanged. For this reason, there are no FCNC processes for charged
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leptons in the type I see-saw model. As we will see, this is the main difference be-
tween this model and type III see-saw one, in which FCNC processes for charged
leptons are already possible at tree-level.

Once the fields are rotated to the basis that makes the mass matrices diagonal,
the usual Upysnys matrix that appears in the couplings with the charged currents
is replaced by the non-unitary matrix NV:

N = (1 - 7’]]\[) UPMNS‘ (329)

Consequently to the non-unitarity of N, the Fermi constant as measured by
experiments cannot be identified with the SM prediction

_ V2]
O O8My V2u?

e.g., as we will see in Chapter 4, the Fermi constant as obtained through the
decay u~ — v,e 7, is related to G3M by:

SM
G

(3.30)

Gl = GgM\/ (NNT),, (NN1), . (3.31)

In turn, this will induce corrections of order ny in all SM weak processes.

Another, maybe even more remarkable consequence of the non-unitarity of N
is the induction of loop-level LF'V processes, like e.g. the radiative decay p — ey
or p — eee. As we will see, all this will be true for the type III see-saw as
well, but with the important difference that in the type III see-saw some LFV
processes are possible even at tree-level.

3.4.2 Type II See-saw [1]

In this model, one single SU(2) triplet of scalar fields A = (A1, Ay, Az) with

hypercharge 2 is introduced, where

A++:L(A1—@A2), AT = A, AO:L

V2 V2

are its definite charge physical states. The SM symmetries allow the introduction

of a Yukawa coupling of the scalar triplet to two lepton doublets Lx 1 as well as
a coupling of the scalar triplet to the Higgs doublet L 4:

(A +iAy) (3.32)

Lag=(1Ya (T : &) 01+ he. | (3.33)

~. - T
Lao=pad' (-B) o+he. (3.34)
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where the 7; are the Pauli matrices, YA is a symmetric matrix in the generation
space and 0 = = 179/} . The Lagrangian for the triplet A can thus be written as:

£a = (D,8)' (°8) + [A7s (- B) tu+ pad (- 5) o 41 -
_ [&Wﬁ& v %AQ (5*&)2 + s (670) (ATA) % (&m&)Q +

+/\5< 0y )(¢Tn¢)}, (3.35)

where v
D, =0, —ighiW,, — z'g'BME, (3.36)
with 7} the generators of the three-dimensional representation of SU(2):
00 O 0 0 ¢ 0 —2 0
Th'=10 0 — ), Tho=10 0 0], TI3={(2z 0 0]. (3.37)
0 ¢+ O - 0 0 0 0 0

Once the scalar triplets are integrated out, unlike what happens for the fermion
see-saw models, in addition to the dimension-5 and 6 operators, a dimension-4
operator arises as well:

b=t = '“ af 5 (970) (¢'70) =2 '“A| (619)". (3.38)
This operator modifies the Higgs 4-fields self-interaction coupling \:
A= Aoy + O, (339)
|’
o= -2 (3.40)
M
The coefficient of the Weinberg operator this time is given by
d=5 ma
T =AY A —, (3.41)
M3
that induces masses for the left-handed neutrinos:
— _2Ya0? ]’\2@ (3.42)

Finally, the following dimension-6 operators arise:

1 — _
5£4 ferm. — _WYAZ]YALﬁ (ELﬁ/Y/.LELz) (ZLa’yuéLj) ) (343)
A
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| 2

7 6
0Ly = —2 (A3 + As) ’]\/?4 (¢T¢) ; (3.44)
A
2
K t

0Lag = n Mi' [(cb*cb) (Du0)' (D"¢) + (¢'D,)" (¢ D“gb)] , (3.45)

A
where the covariant derivative is to be expressed in terms of the Pauli matrices:

. T i . Y

D, =0, - ZQEWM - Zg,BuE- (3.46)

Of these, (3.43) induces once again a correction to the Fermi constant

Gr=GM +5Gp, (3.47)

2

0Gp =

1

— |y 3.48
VM2 Ya, (3.48)
that once again, just like in type I and III see-saw, will induce corrections in all

SM weak processes. Then, (3.44) modifies the Higgs potential. Together with
the correction to A (3.39), this becomes

2
V= —milof £ (ot on ol 20+ 2 B2 (3a9)
A
thus inducing a shift in the Higgs vev as well:
v? = vy + 00 (3.50)
4
A3+ As
50? = —3p Al At ds 3.51
! YUML N1 oA (3:51)
Finally, (3.45) induces a correction in the measurement of the Z mass:
M2 = (MSM)? + 6M3, (3.52)
pal’

SMZ = 2M20?

. 3.53

3.4.3 Type III See-saw [1]

This is the model we will deal with starting with Chapter 4, we only report here
a brief summary of its key points, in analogy to what we did for the type I and
IT see-saw models. In this case, SU(2) fermion triplets with zero hypercharge
Y = (31,3, 23) are introduced, where

- 1 Fidip

Y ,
V2

Y0 =3 (3.54)
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are its definite charge physical states. The Lagrangian for 3 is:

= = 1= - = ~
Ly = iXgPXg — §2RM22§__€ + SRYs (¢WL) + h.c} : (3.55)

where the covariant derivative is given by

, Y
D, = 0, —igTilV,, — z'g/BH?, (3.56)
where, just like in the type II see-saw:
00 O 0 0 = 0 —i 0
T'=10 0 —i|, Th=(0 0 0|, T3=1[|¢ 0 O (3.57)
0 7 0 - 0 0 0 0 0

Once the triplets are integrated out, the coefficient of the Weinberg operator is

_ 1
A= _ YETEYE, (3.58)

that induces the following mass matrix for left-handed neutrinos:

v? s v 1 _ T -1
my == = _EYZ EYE = -—-mpMg mp (3.59)
(where we defined mp = \%Yg), that once again for a single neutrino generation
reduces to the result 3.16 we found in Section 3.2.
Once again, a unique dimension-6 operator appears:

5L = 50 (Eﬁa) i (&ETF%) , (3.60)
where the coeflicients are
1 1
=6 — yl —_ _— vi. 3.61
c ZM; ME X ( )

Unlike the type I see-saw, however, this time, when the Higgs doublet acquires
a vacuum expectation value, this dimension-6 operator induces corrections not
only to the left-handed neutrino kinetic term, but also to the charged lepton
kinetic term and to the couplings between charged leptons and the W bosons:

Elept. - ZV_L& (1 + 277) vr + ZE& (1 + 477) lL+

n % [EW‘ (1+4n) vy +hee| — gEW?’ (1+8n) 1z, (3.62)
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where
2
0= ”ch:@ (3.63)

When the neutrino and the charged lepton fields are redefined so that the kinetic
term is normalised as in the usual way

vi, L=l = (1+4n9)7 1 (3.64)

D=

v — v = (14 2n)

the charged and neutral current Lagrangian terms for all leptons are modified,
this time for the charged leptons as well. For this reason, unlike what happens in
the type I see-saw model, this time there are FCNC processes for charged leptons
already at tree-level.

Once the fields are rotated to the basis that makes the mass matrices diago-
nal, once again the usual Up,snys matrix that appears in the couplings with the
charged currents is replaced by the non-unitary matrix N:

N = (1—|—7’]) UPMNS; (365)

(notice the opposite sign with respect to Eq. (3.29) of type I see-saw) and once
again, consequently to the non-unitarity of N, the Fermi constant as measured
by experiments cannot be identified with the SM prediction

V2
C8ME /202

GoM (3.66)

in particular, as we will see in Chapter 4, the Fermi constant as obtained through
the decay u~ — v,e 7, is related to G by:

Gl = GgM\/ (NNT), (NNT), . (3.67)

Yet again, as another consequence of the non-unitarity of N, LF'V processes
are induced, this time already at tree-level (unlike what happens in type I see-
saw, in which they appear only at loop-level). For this reason, in type III see-saw
processes like e.g. u — eee, which happen at tree-level, are more relevant than
e.g. i — e, that happens at loop level in type III see-saw as well. As we will
see, the appearance of tree-level LF'V processes allows one to put very strong
constraints on the model parameters, i.e. on the entries of 1. All of this will be
analyzed in depth in Chapter 4.
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3.5 Inverse See-saw

So far, we made only a single assumption on the neutrino Majorana masses, i.e.
that these are very large, so that the smallness of the left-handed neutrino masses
can be easily justified. However, all the corrections to the SM are proportional
to M2, so if these Majorana masses are too large, no effects would be detectable
at all. Hence, we wonder whether it is possible to suppose that these Majorana
masses are also small enough to have some measurable effects in the experiments
in the accelerators we have available today or, at most, in the next generation
ones. One possible solution to this problem is the so-called “inverse see-saw”.

Let us assume to be in the context of one of the fermion see-saw models: the
neutral component of the fermion triplet, X°, behaves to all effects as the fermion
singlet Ng, so the following discussion is valid for both cases.

There are several ways in which the two conditions (Majorana masses large
enough to have small neutrinos masses but at the same time sufficiently small
to produce right-handed neutrinos) are both met. One possibility is that the
Yukawa coupling with the neutrinos is small: since the light neutrino mass is

2
My, ~ %YTM*Y, (3.68)

it is sufficient to assume Y to be small (e.g. Y ~ 107%, like for the electron) so
that it can be M ~ 1 TeV. However, since all corrections to the SM are of order
n ~ %YTM ~2Y, with these numbers we could not measure any new effect.

Another possibility arises from the fact that M and Y are actually matrices,
not numbers: consequently, in the product Y7 M 'Y there could be cancellations
that can make the left-handed neutrino masses small, which in turn would not
take place in the product YTM~2Y, which therefore would not be negligible
any more. However, such a hypothesis appears at least unreasonable if it is
not supported by any physical motivation. Indeed, it is possible to sustain this
hypothesis with a deep reason, that is, by means of an approximate symmetry.

Let us suppose then that the Weinberg operator is made small by a small
parameter that violates the lepton number. Surprisingly, it is found that the
dimension-6 operators, which a priori should be even more suppressed, automat-
ically preserve the lepton number instead: for this reason, they cannot be pro-
portional to the small parameter that breaks the symmetry and may therefore
be sufficiently large to be measured. This is the case of inverse see-saw [20].

Let us see how the inverse see-saw is realised when three fermion singlets or
triplets are added. For convenience, we will call Ny 5 3 the added neutral particles,
implying that these may be indifferently SU(2) fermion singlets or the charge-0
components of SU(2) fermion triplets.
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Temporarily assuming lepton number conservation, we find that the Dirac
mass matrix mp and the Majorana one M;; must take the form

o [Yne Yniu Yir 0 A O
mp = —— 0 0 0 , My=[A 0 0], (3.69)
V2 0 0 0 0 0 A
where we assigned lepton numbers so that L. = L, = L, = Ly, = —Ly, = 1 and

Ly, = 0. In this case, we find m,, = 0 (left-handed neutrinos are massless), My, =
My, = A (N7 and N, form a Dirac pair) and finally My, = A’ (N3 is a decoupled
Majorana fermion). At the same time, we find that n = %m%%%mp # 0,
which shows that corrections to the SM are possible even in the limit of massless
neutrinos when the lepton number is conserved.

Let us now introduce some small parameters that break the symmetry:

v Yve Yvu o Ynr p Aops
mp = E 51YN26 51YN2u €1YN27— , MM = A Ho g | - (370)
€2YN3€ 52YN3M €2YN3T M3 g N

In this case it can be shown [1, 21] that m, # 0 and that it takes qualitatively
the form:

v? o
2 A2
(where 1 collectively represents the small, lepton-number violating parameters),
while

m, ~ f () (3.71)

v? 1
4 A2
is not proportional to p and therefore can be big enough to change the model’s
phenomenology significantly (we will study in detail how the phenomenology is
modified by the presence of fermion triplets in Chapter 4) and to be therefore
measurable.

n~g(Y) (3.72)

3.6 Summary

In this chapter, we have seen how the bizarre results of the solar neutrinos ex-
periments conducted in the second half of the 20th century led to the idea of
neutrino flavour oscillation. This oscillation depends directly on the squared
mass differences between neutrinos of different type: to date, we know almost all
the neutrino oscillation parameters, with the exception of the actual ordering of
the various masses (the so-called hierarchy problem) and of the complex phase
that could generate CP violation, dcp.
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We have seen that the introduction of a large neutrino Majorana mass to the
theory entails in a simple and elegant manner the existence of a very small mass
for left-handed neutrinos, through the so-called see-saw mechanism. Therefore,
we explored possible ways to make a Majorana mass term possible, studying the
Weinberg operator. We argued that, at tree-level, there are only three possibilities
to have a neutrino Majorana mass: the three types of see-saw.

We summarized the main aspects of the various see-saw models: the type
I, in which right-handed neutrinos are introduced; the type II, in which instead
a scalar SU(2) triplet with hypercharge 2 is added; and finally the type III,
characterized by the introduction of SU(2) fermion triplets with hypercharge 0,
whose neutral components behaves just like the right-handed neutrinos of the
type L.

Finally, we have observed that, when the light neutrino masses are kept small
by an approximate symmetry (the lepton number), since this symmetry is au-
tomatically respected by the effective dimension-6 operators, they can be large
enough to have measurable effects in current or next generation accelerators.

It is interesting to observe that it is the differences of squared masses that
determines neutrino oscillation, not the masses themselves: this means that the
situation where only two neutrinos are massive while the third one is massless is
compatible with the current experimental observations.

In the next chapter, we will study in detail the phenomenology of the type
11 see-saw model.






Chapter 4

The Type III See-saw Model

4.1 The Type III See-saw Lagrangian

The type III see-saw model consists in the addition to the Standard Model of n
SU(2) (Weyl) fermion triplets with zero hypercharge, ¥p = (X1, X2, X3), where
vt = % (X1 FiXs), X% = X3 are its charge eigenstates. The Lagrangian which
describes its interactions can be written as:

i ;i Sr— s
Ly = iX %5 — 523 (Ms);; 57 — X (Ys),, /707 + hec., (4.1)
where ¢ = 1,...,n, 7 = (7,7, 73) are the Pauli matrices, ¢ = imd* with

¢ = (6%, = (¢F, (v+ H +1€) /\/§)t, ¢ = (v,1)", My is the Majorana mass
matrix for the triplets and Yy, the Yukawa couplings between the triplets and the
Higgs. My can be assumed to be real and diagonal without loss of generality; fur-
thermore, in order to study the mixing of the charged components of the triplets
with the charged leptons, it is convenient to define the Dirac spinor :

= @i) | (4.2)

In terms of 1 and X°, and hereafter omitting the generation index i of the triplets
for simplicity, the Lagrangian becomes:

_ | _ 1/ o
Ly = i + SHidTh — DMy - (E%MEEOR + h.c.>
p (sz_%wpw + WS P + h.c.) — gWEyy

— (0"SRYsvr + V26UVl + 6T TRVl — V2OTEVY), (43)

65
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with

(4.4)

The lepton mass term in the Lagrangian of the type III see-saw model is therefore:

S — al l
Ly = — (lL ¢L) (ﬂgl ]\?;]) (J;)
_ % (7 ) (nSD "A}tf;) (;OL) +he. | (4.5)

where mp = Ysv/v/2. As we can see, both the charged leptons’ and the neutrinos’
mass matrices are non-diagonal, which means that we have to diagonalise them
to get the physical masses. In order to do so, we will also introduce a useful way
to parametrize the lepton mixing matrices.

4.2 Parametrisation of the Lepton Mixing Ma-
trices

4.2.1 Neutral Leptons

The neutral lepton mass term in the Lagrangian of the type III see-saw model is:

1 — — (0 m} v
Ly =—5 0 39 (mp MZ) (Egc) he (46)

We want to diagonalise the mass matrix. In order to do so, we will follow the
procedure used in [22]. In this case, the diagonalisation is easy, since the mass
matrix is symmetric and hence can be diagonalised with just one orthogonal

matrix:
7 ) () 50) (5) = (7
=67 =y y)v ()= (49

(L) (), w

with m and M real and diagonal. We choose the following parametrisation:

_ Upmns 0
U= A< 0 ]I) , (4.10)
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where A is a matrix which block-diagonalises the full mass matrix:

0 mh) ,(m 0Y)
(0 ) 8) oy
while the second matrix diagonalises the single blocks. Here, we defined Uppns =
U23 (923) U13 (613, 5) U12 (912) dlag (e‘i‘“/Q, e‘iO‘?/Q, 1) as the usual PMNS matrix

multiplied by the diagonal Majorana phases matrix. This means, in particular,
that

m = UpMNSmU};MNS. (412)

Moreover, we parametrise A in the following way:

A=¢° 6= <_(()9+ (3) , (4.13)
therefore:
o= () (T ) = (e )
where we defined
@@T @T@ = )"

cfz , i ,

With this parametrisation we can diagonalize the mass matrix. When doing so,
we find that, at first order in ©:

M

4.15
2n—|— 1 ( )

n=0

0 =mhM;! (4.16)
M = My (4.17)
m = —mb Mg mp. (4.18)

When doing these calculations, one must be careful not to neglect important
terms: since © = mgMZ_ it follows that terms like ©* MxO' are in fact of order
0O (©), not O (6?) (in this example, MxOT = mp).

Now, remembering that mp = \%Yg, we can explicitly write all the mixing

matrix elements at order O ([(vYs,my) /MZ]Q):

(1 — 77) UPMNS LYTM_I
- vaRETE ) (4.19)

((—\%Mglyz) Upmns 11—

where 7 = Y M5?Ys and i = 2 My 'Yy VMg
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Notice that, with the definitions given throughout this chapter, we have

2
m = —mbMgimp = —%cd:5, (4.20)

2

v v
= YoMy Ye = e = (4.21)

where we defined ¢?=°° in Eq.s (3.58, 3.61).

4.2.2 Charged Leptons

We want now to diagonalise the charged lepton mass term:

— - viu\ (1
£ — (1 C.> ) ( R) +h.c. 4.22
M ( L ¢L) ( 0 ME wR ( )
This time the procedure is somewhat more difficult than that of the neutral case,

because the mass matrix is neither symmetric nor hermitian and therefore we
will have to use two distinct unitary matrices:

w3 (%)
@ oy ) (2)
w ;5 () -

In analogy with the neutral case, we choose the following parametrisation for the
mixing matrices:

x ~ 0 S
ULQT = e®r, OrLr = ( ot éR> ; (4.24)
—9°LRr
therefore:
Uigt = (_CQR ZLR) : (4.25)
LR “LR

where we defined

o0 (—@LR@}R) )
CLR = ) CLR =
[
— (2n)!

e <_@TLR6LR)n
(2n)! ’

n=0
o (couels)

e (4.26)

SLR =
n=0
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With this parametrisation we can diagonalize the mass matrix. When doing so,
we find that, at first order in ©pg:
O = oY Mgt (4.27)
Or = vm Yy My? . (4.28)

Now we can explicitly write all the mixing matrix elements at order

@ ([(’UYE,m1> /MZ]Q):

TOT __ 1-— 277 ’UYX];Mil
UL — (_UME—IYE 1— 277/ ) (429)
TOT 1 vleg]Wg2
= 4.

where again n = 2 Vi Mg?Ys and ' = % Mg Ya Vi M.

4.3 Type III See-saw Lagrangian in the Mass
Basis

After the rotation of the lepton and ¥ fields to the mass basis, the full type III
see-saw Lagrangian can be written as:

,C:L‘Q+£0+£em+£cc+£]\/c+£1{+£§+£¢—, (4.31)

where L is the quark Lagrangian as in the SM, £, is the lepton kinetic term,
and:

Loy =—e(l P)1"4, (;D) (4.32)
Loo = % (I )W, (PLgi® + Pryi°) (;) the (4.33)
tre= 210 92 (Pt s k) (1) + 0 D) zm0 (3)]
Cw w 2
(4.34)
Lo = (0 0 H (Pusl! + Pag) () + |0 9 Pt (%) e
(4.35)

(7 ) ePug” (g) _ h.c.]

(4.36)

N l .
Le= N (1 w),g(PLgEJrPRgg) (w) +1
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g T - -\ [V
Ly =— I 9) o (Pugp +P ¢>()+h.c. 4.37
o NGV (0 v) o™ (Pugr +Pro ) |5 (4.37)
with
50 = (S fh) = () Vs Y (439
L 9ie, i 0 V2(1—17)
gCC’ _ (ggg géc%g) _ ( 0 _\/ﬁvlegMEz) (439)
f ngu ngz _UMilygU;MNS \/5 (1 - 77/*)
NC  NC 1 2 vy tar—1
I (g]LVfl ar. Y MY, 21’ — cos? Oy (4.40)
GO — (ggf ggﬁ) (1 — cos” v VM ) (4.41)
R gﬁf gﬁﬁp vMg?Ysm;  — cos? Oy '
ch _ (gzjj\if gl],\io) _ UITDMNS (1 - 277) Upmns 2\/UJTDMNSYTM
v 9,]/\5 gi\;z 2 \fM YeUpnns n
(4.42)
H __ glI/{ll gg¢ _ my (677 - 1) _UleX]JLMgl 4.43
I =\ gt gl —oYs (1 —2n) — oM 2Ysm? —0?YsYIMG? (443)
9Ly 9Ly vYs ( n) —vMg=Ysmi —v*Yy
u o (9 98\ ( Gn—1)m  —v(l-2p) Yy - o VIMSTY
gR_ gH H - _M—IY _2M 1YY ( )
g = (ggy gg@) _
Y vs,  YGvss
_ —ym %mU}LMNSYETMX_Jl
55 [(2Ysn = Ys) Upnins — My ' YUy ysm] —syaYing!
(4.45)
gg _ gi” ngw my (1+2n) UleETMil ) (4.46)
F\di, 9L, —UYE (1 —2n) + oM *Yam? —0?Ys Yy Mgt
& = gig” gle —(1+ 277) my v (1—2n) Y —om2Yi Mg ) (4.47)
R ‘g%d)l ngw —UM ngl —’U2M 1YEYT
9 = 9, ngz — ) Upaivs VL?legM;) (4.48)
L gng ngz UM Yzml UPMNS 0
o _ gi)?;u ngz
gr = | o
ngu ngE
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_ ( —Upninsm % (Y -2 - gUPMNSmU;,MNSYgM;)>
—0Yg (L= 7") Upnrws 2v/2 (' Ms, — Mxn")
(4.49)

We point out that the coupling matrix for the X Hr interaction is exactly the
same as in the X¢v interaction.

As we can see, many couplings that were already present in the Standard
Model have been modified and at the same time some new couplings arose. It
follows that the phenomenology for this model will be different from the Stan-
dard Model one, since many experimental processes that have been measured are
different in this model, and processes that are extremely suppressed within the
Standard Model (like the FCNC ones) can actually take place at tree-level in
this case. For these reasons, we will present the modified rates for some of these
processes in the next Section. In particular, we will only evaluate the results
for tree-level processes, since this model allows charged lepton flavour violation
already at tree-level, therefore the contribution of one-loop corrections is sub-
dominant.

4.4 Main Observables in the Type III See-saw
Model

In this section the leading order dependence on 7,4 of the most constraining
electroweak and flavor observables is presented and discussed. We will use these
observables as fit constraints to put bounds on the entries 7,4 in Chapter 6.

The SM loop corrections are relevant for these precision observables, and have
therefore been taken into account [23] in the results presented in Chapter 6. How-
ever, in order to simplify the discussion, they will not be included in the analytic
expressions of the observables presented in this section as we are interested in
highlighting the corrections stemming from 7,43 instead. On the other hand, the
1-loop contributions of the new degrees of freedom are not expected to play an
important role on the determination of the bounds on 7,5, and therefore they
will be neglected [24].

Finally, all the observables will be given in terms of o, Mz and G'r as measured
in p decay, G, [23], making the SM predictions in terms of these three parameters

a = (7.2973525698 + 0.0000000024) - 102,
My = (91.1876 4+ 0.0021) GeV, (4.50)
G, = (1.1663787 £ 0.0000006) - 10> GeV 2.
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Z V;

v U,

Figure 4.1: Diagrams contributing to the ;1 — ev;v7; decay rate. At leading order
in 1,4, the contribution of the LFV decay mediated by the Z boson is subleading
and will be neglected.

4.4.1 Constraints from p-decay: My and Ow

The presence of new degrees of freedom modifies not only the CC interactions,
but also the NC interactions leading to charged Lepton Flavor Violation (LFV)
already at tree level. Therefore, the expected decay rate of u — ev;v7; will receive
contributions mediated by both W and Z bosons, as shown in Figure 4.1. How-
ever, the contribution mediated by the Z boson and the interference term are
proportional to |1,.|? and |7,.|* respectively, and thus subleading with respect to
the linear 7., and 7, corrections present in the W exchange. Then, the decay
rate is given by o o
m; Gt m, G
U = Jogr (1 20ee + 20) = To575
Thus, the determination of G itself through the muon decay acquires a correction
from the d = 6 operator 7,4 that will affect all other electroweak observables

Gr =G, (1 =N — M) - (4.52)

In particular, the relation between Gy and My, allows to constrain the el-
ements 7. and 7, through kinematic measurements of My, together with My
and «a, unaffected by 7,3

(4.51)

_ CWTM% (1 + Tee + 7’]'“4)
OVRME (MR- ME)

(4.53)

Similarly, the weak mixing angle sin® 6y determined by G,,, Mz and « acquires
a dependence on 7. and 7,

. 1 2\/5047?
Sln2 QW = 5 1 — \/1 — GMM% (]- —+ Tee + Tlﬂ#) . (454)

Thus, processes containing Z boson couplings to quarks or charged leptons allow
to further constrain these parameters.
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Observable SM prediction Experimental value

My = MM (1= 0.20 (e + 7)) | (80.363 £ 0.006) GeV | (80.379 + 0.012) GeV

Table 4.1: The W boson mass: in the first column, the leading order corrections
on the new physics parameters 7; in the second, the SM prediction (including
loop corrections) of My ; in the third, the experimental value.

4.4.2 Constraints from Z decays

The different precision measurements performed by LEP and SLC at the Z peak
become a powerful tool to study the extra contributions to the Z couplings under
the presence of heavy fermion triplets. Among the possible observables containing
7 decays, we found that the invisible decay of the Z, 6 rates of Z decays into
different charged fermions, and 6 Z-pole asymmetries are the most constraining.
Table 4.2 summarizes the expressions of these 13 observables at leading order in
Nas, together with the SM predictions and their experimental values.

Invisible Z decay

The invisible Z decay is corrected directly via the non-diagonal Z coupling to
neutrinos and indirectly via Eq. (4.52)
o G, M} G,MJN,
12y 12¢/2r

where N, = 2.990 £ 0.007 is the number of active neutrinos determined through
the invisible Z decay measured by LEP [25].

(3= 7 Orec 4 1m) — 4., ) = (4.55)

7/ decays into charged fermions

The charged lepton NC interactions are also modified with respect to the SM (see
Eq. (3.62)) and thus the decay rate of Z into charged leptons, I' (Z — lala) =1,
is directly sensitive to 14

M3 1\2 1
(4.56)

where the indirect .. and 7, corrections from the determination of Gz in muon
decays have been explicitly added, while sin? @y, implicitly introduces extra cor-
rections via Eq. (4.54).
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Observable SM prediction Experimental value
Tiny = TEM (1 — 2.33 (1ee + M) — 1.330,,) | (0.50144 + 0.00004) GeV | (0.4990 £ 0.0015) GeV
R. = R°M (1 — 8.83n.. — 0.267),,,,) 20.737 + 0.010 20.804 =+ 0.050
R, = R3M (1 — 0.26ncc — 8.831,,) 20.740 + 0.010 20.785 + 0.033
R, = R™M (1 —0.26 (1ee + M) — 8:57071) 20.782 + 0.010 20.764 + 0.045
R.=RBM (1 —0.12 (Nee + Nypr)) 0.17221 £ 0.00003 0.1721 = 0.0030
Ry = R3M (14 0.06 (1ee + 1)) 0.21582 4 0.00002 0.21629 4 0.00066
Opa = op M (1 4 8551, — 0.02n,,, — 0.047,,) (41.481 £ 0.008) nb (41.541 £ 0.037) nb
Ao = ASM (1 + 30.6n. — 16.57,,) 0.1469 + 0.0003 0.1515 =+ 0.0019
Ay = ABM (1 — 16.57cc + 30.61,,,) 0.1469 + 0.0003 0.142 +0.015
A, = ASM(1 — 16.50. — 16.5n,,, + 47.1n,,) 0.1469 + 0.0003 0.143 + 0.004
Ap =AM (1 = 0.22 (Nee + M) 0.9347 £ 0.0001 0.923 4 0.020
A= AM (1 — 1.66 (Nee + Nups)) 0.6677 & 0.0001 0.670 4 0.027
Ay =AM (1= 0.22 (1ee + 0)) 0.9356 =+ 0.0001 0.90 & 0.09

Table 4.2: List of the considered flavor conserving observables containing Z:
in the first column, the leading order corrections on the parameters 7; in the
second, the SM predictions (including loop corrections) [23]; in the third, the
experimental values [23] used in the fit.

On the other hand, even though the Z boson couplings to quarks remain the
same as in the SM, the decay rates of Z into quarks I'(Z — ¢q) = I', present
indirect corrections from Gy and sin® Oy,

3G, M3 (T, — 2Q,sin® b)" + T2)
== 1— ee T y
! 2V/2m (L= ke = )

where (), and T are the electric charge and the third component of the weak
isospin of the given quark g, respectively. Here, 7. and 7,, corrections are also
implicit in sin® Oy .
These Z decay rates into charged fermions are combined to construct the
following observables
~ Thaa 0 1277 Thaa

Fq
= R, = d =
Phad ; 1 Fl ; an Ohad M%FQZ )

r

(4.57)

R,

(4.58)

with Thaq = » T, and where I'y = T + T, + 'z + Tiny + Tyag s the total Z

q#t
width.
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Z asymmetry parameters

Measurements of the Z-pole asymmetries, made by the LEP collaborations and
by SLD at SLAC, are additional observables which include the polarization and
the forward-backward asymmetry. These observables are ultimately sensitive to
the combination (see for instance [23])

20l of
Ap= 94 (4.59)

(G0)2 + (gh)*
In particular, including the Type-III Seesaw corrections at leading order, the

corresponding expression for charged leptons with flavor « is given by

1 — 4sin® Oy 64 sin® Oy (1 — 2sin? Oyy)

Aa = oy
1 —4sin® Oy + 8sin* Oy (1 — 4sin? Oy + 8sin? Oyy)2 T

(4.60)

where sin® 6y implicitly introduces extra 7, and 7, corrections via Eq. (4.54).
In the quark case only these indirect corrections are present

B T,(T, — 2Q, sin® Oy)
T2 4 2Q2sint Oy — 2Q T sin® Oy

(4.61)

4.4.3 Constraints from weak interaction universality tests

Lepton flavor universality of weak interactions can be probed for measuring ratios
of decay rates of charged leptons, W, or mesons into charged leptons of different
flavors. These decay rates mediated by the W boson acquire corrections propor-
tional to (14 274a), where « is the flavor of the corresponding charged lepton. By
doing the ratio between different flavors, the uncertainties of the common vari-
ables involved in the two decays cancel out. The weak interaction universality
ratios, given by

Y Tllsu 2 Tllsum
o=« RE)™ = 252 (14 20ga — 2 , 4.62
IF = TPloy (Ras) TPl (14 2700 — 2135) (4.62)

become thus powerful observables to indirectly probe for the existence of heavy
fermion triplets. In the above equation, the phase space, chirality flip factors
and SM loop corrections are encoded in I'Z|sy, the SM expectation of the decay
width of the parent particle P involving a charged fermion of flavor a. The decay
rates containing the SM loop corrections from [26] have been used to derived the
experimental constraints on Rgﬁ shown in Table 4.3.
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Observable SM prediction | Experimental value
R, = (1 + (M — Mee)) 1 1.0042 4+ 0.0022
RT, = (1+ (Nrr — M) 1 0.9941 £ 0.0059
RZ‘; = (1+ (Mup — Nee)) 1 0.992 + 0.020
RZ‘; =1+ (Mrr — M) 1 1.071 £ 0.025
Rffe = (14 (Nup — Nee)) 1 0.9956 £ 0.0040
RE, = (1+ (Nrr — up)) 1 0.978 4-0.014
Rl = (14 (M — ee)) 1 1.0040 = 0.0032
le =1+ (Mrr — M) 1 1.0029 + 0.0029

Table 4.3: List of the most relevant universality ratios: in the first column, the
leading order corrections on the 7 parameters; in the second, the SM prediction;
in the third, the experimental values [26] used in the fit.

4.4.4 Unitarity of the CKM matrix

Even though the Unitarity of the CKM quark mixing matrix is not directly af-
fected in the Type-III Seesaw, the elements of the CKM matrix V,, are measured
through processes which are modified by the new degrees of freedom. These mod-
ifications will happen also in an indirect way, through the determinations of G,
and sw via Eq. (4.52) and Eq. (4.54), as discussed above.

Starting from the Unitarity relation among the three elements V,, of the
CKM matrix, the following relation between |V, 4| and |V,| is obtained:

Vad) = V1 — |Vis|?, (4.63)

where V,, = (4.13 +0.49) x 1073 [23] has been neglected since |Vi|? is much
smaller than the present accuracy on |V|*.

In the following, the dependence on the 71,3 parameters of the different pro-
cesses used to constrain the CKM elements |V,4| and |V,s| will be discussed.
These observables will be incorporated in the global fit as a function of V4 via
Eq. (4.63). Finally, |V,s| will be treated as a nuisance parameter of the global
fit, choosing its value in such a way that x? is minimized for each value of the
involved 7,3 parameters.

Table 4.4 summarizes the dependence on the 7,5 parameters of the 9 observ-
ables constraining the CKM Unitarity considered and their experimental values.
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Determination of |V,,| via Superallowed 5 decays

The best determination of |V,4| comes from Superallowed 07 — 0% nuclear [
decays. It receives both a direct correction with (1 4 7.) from the CC coupling
to e, and an indirect one from Gp via Eq. (4.52), resulting in the following
expression

Vinl = (U= 1) [Vaal| - (4.64)

Table 4.4 shows the value of

transitions [27].

Vfd‘ based on the 20 different Superallowed

Observable SM prediction | Experimental value

Vil = V1= ValP(1 = 1) VIVl | 0.97420 + 0.00021 [27]
Vi | = Vasl (1 = e = e +1177) |Vis| 0.2186 + 0.0021 [28]
Vi) = [Vial (1= 1) Vo] 0.2236 + 0.0018 [28]
VI | = V| (1= ) Vil 0.2237 4 0.0011 [29]
(VS22 = Vo (1 = 1) Vil 0.2240 4 0.0011 [29]
(VS| = Vi (1 = ) Vo] 0.2229 + 0.0016 [29]
VES=m ) = Vi) (1= ) Vi 0.2247 % 0.0012 [29]
VA7) = [V (1 = nee) Vs 0.2245 4 0.0014 [29]
[VEm=m | = Vi (1 = nyuy) Vs 0.2315 + 0.0010 [30]

Table 4.4: List of observables testing the Unitarity of the CKM matrix: in the
first column, the leading order corrections on the n parameters; in the second,
the SM predictions; in the third, the experimental values [27, 28, 29, 30] used in
the fit.

Determination of |V,|

|V.s| is presently determined via the measurement of 7 decays into K or 7 and
semileptonic and leptonic K decays. In this work the values of the form factor
f+(0) and decay constant fr / fr involved in these processes have been taken from
Ref. [31].

e Via 7 decays
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The 7 — Kv decay rate is proportional to the CKM element |V,4| and is
directly corrected via the 7 CC coupling and indirectly via G,

‘VuTs%KV’ = (1 = Nee — Mup + 777-7-) ‘Vus‘ . (4.65)

Notice that the present experimental value of ‘VJS_*K”| given in Table 4.4
is in tension with other determinations [28].

A complementary way to constrain |V,4| is via the ratio Br (r — Kv) /
Br (1 — mv). In this case, the dependence on the 7,3 parameters cancels
out. Thus, this observable, sensitive to |Vis|/|Vial|, remains unaffected by
the presence of extra degrees of freedom. When combined with |V/”| from
Eq. (4.64), we obtain for |V, 75|

|Vu‘rsHK77T| =(1- nuu) |Vas| - (4.66)

e Via K decays

In the decay rate K — wl,7, (with o = p,e), the direct 7, (1) correc-
tion from the W coupling to p (e) cancels with the indirect 7,,, (1) one
introduced by G/, leading to the following dependence on the new physics
parameters

Vs 7™ = (U= ) [Vas| (4.67)
[VEZ™7] = (1= 1ee) [ Vaas| - (4.68)

The present determinations of ‘Vufs{ _””ﬂ and |VUI§ _””‘”’ come from measure-
ments of the different decays of K1, Kg and K¥ listed in Table 4.4.

Finally, as in the ’VJ:K’”‘ case discussed above, the ratio Br (K — uv)/
Br (m — pv) is sensitive to |V,s|/|Vua| and independent of 7. However,
when the information of |V”| from Eq. (4.64) is introduced, an indirect
dependence on 7, is induced

’vu[s(’ﬂ_my‘ =(1- n#u) |Vas| - (4.69)

4.4.5 LFV observables

In the Type-IIT Seesaw LFV processes can occur already at tree-level and they
are driven by the off-diagonal |n,s3| parameters. The Lepton Flavour Conserv-
ing (LFC) processes discussed above constrain, on the other hand, the diagonal
parameters |7,,|. In principle, these are two separate set of bounds since they
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constrain a priori independent parameters. However, 1 is a positive-definite ma-
trix, and thus its off-diagonal elements 7,4 are bounded by the diagonal ones via
the Schwarz inequality:

M| < /Maallps - (4.70)

Thus, the off-diagonal elements of n are bounded both directly via the LF'V pro-
cesses that will be discussed in this section, and indirectly via LFC processes.

In the following, the most relevant LF'V processes are described. Notice that
since these observables are already proportional to |n,s|?, the additional depen-
dence on 7 from G, and sin? Ay is subleading and, therefore, it will be neglected
in the remainder of this section. Table 4.5 summarizes the present experimental
bounds and future sensitivities to |n,s| associated to each LE'V process.

[t — e conversion in nuclei

The branching ratio for p — e conversion in nuclei with atomic number Z and
mass number A < 100 normalized to the total nuclear muon capture rate I'capy is
given by [38]

. 2G2atmiZY, 02
Ry :;F—i|F(Q)I27W|me|27 (4.71)
cap

where Zg is the effective atomic number due to the screening effect, F'(q) is the
nuclear form factor as measured from electron scattering, and

Qw = (A+ 2) (1 — gs%v> + (24— 2) (—1 + gs%V> . (4.72)

[capt is also measured experimentally with good precision and therefore, informa-
tion on 7, can be extracted from Eq. (4.71) in a nuclear-model independent fash-
ion. The strongest experimental bound on this LF'V transition is stated by p to e
conversion in 35Ti, measured by the experiment SINDRUM II [32]. In this case,
Zeg ~ 17.6 and F (¢ ~ —my,) =~ 0.54 [38], Teape = (2.590 £ 0.012) - 10° s7* [39],
and Eq. (4.71) thus reads

RS ~ 58.88|n,e]” . (4.73)

48 . —_—
55 Ti

The corresponding bound on |7,| is shown in Table 4.5. This is the strongest
present bound on |1,.|. The future PRISM/PRIME [33] sensitivity to this pa-
rameter is expected to be improved by three orders of magnitude.
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Observable | Present bound on |1,4| | Future sensitivity on |n.s]

p— e (Ti) | |muel < 3.0:1077 [32] | |Mpue| < 1.4-1071° [33]
[ — eee Nue| < 8.7-1077 [23] Mpe| < 1.1-1078 [34]
] Mrel < 2.9-107° [35]
T =l 1] < 3.0-107% [23] 1] < 2.9-107° [35]

T — eee mre| < 3.4-107* 23

T epup | M| <3.0-107% 23] | |nre| < 2.6 1075 [35]
T — pee | |nqu] <2.5-107% (23] | 0.l < 2.6-1075 [35]

Z — e e < 8.5-107* [23] —
Z —Te Mre] < 3.1-1073 [23] —
Z =T 1] < 3.4-1073 [23] —
h — pe |7ue| < 0.54 23] —
h — Te 1nre| < 0.14 [23] —
h— T [nru] < 0.20 [23] —
w— ey [Mue| < 1.1-107° [23] Mue] < 5.3-107° [36]
T — ey [Nre] < 7.2-1073 [23] [Nre| < 1.2-1073 [37]
T =y 1] < 8.4-1073 [23] 1] < 1.2-1072 [37]

Table 4.5: Summary of the present constraints and expected future sensitivities
for the most relevant LF'V observables considered. The corresponding present
and future bounds on |7,s| have been computed assuming no correlations among
the elements of the matrix n and are shown at 20. The dominant limits and
future sensitivities are highlighted in bold face.

LFV 3-body lepton decays

The LFV decay rate of a lepton with flavor « into three leptons with flavor 8 # «
is given by
G2 sgym

T (lo = lslgls) = ‘%Tg,alnaﬂﬁ (4.74)

while the 7 decay rate into two leptons with flavor 8 # 7 and one with flavor
a # B, 1 reads

Gm? (1 — 4s3y + 8syy)
4873

I (7 — lalsls) = 17ral?. (4.75)
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The corresponding bounds are listed in Table 4.5. The 7 decays into three leptons
set the present and near-future most constraining bounds on || and |n,,|.

LFV Z and h decays

The decay rate of Z and Higgs fields into two leptons of different flavors is given
by

AMBG
I'(Z = 1F51F) = —Z .47, 4.76
( a13) 3V Mas] (4.76)
and 00 M
D (h— E0F) = =222 (m2 +m2) sl (4.77)

2/ 2

respectively. Although these processes are not competitive with respect to LEV
lepton decays and p — e conversion in nuclei, we list the bounds on |n,s| they
would lead to in Table 4.5.

Radiative decays

Finally, radiative decays of the type l, — I3y would be induced at loop-level [40,

41]
T'(la—=1lgy) 3a (13 S
~ 22 (22656 [nasl?. 478

T (I, — lgvavs) 87 \ 3 as| (4.78)

The present bound on |7,,.| from MEG [42] together with the bounds from 7 — e~y
and 7 — py are listed in Table 4.5. Even though in other extensions of the
SM y — ev is the dominant LFV channel, in the Type-III Seesaw other LFV
transitions, as p to e conversion in nuclei, can already occur at tree level and
therefore set more stringent bounds than those stemming from radiative decays.

4.4.6 Summary

Summarizing, the following set of 43 observables will be used to derive the most
updated global constraints on the Type-II1 Seesaw parameters:

e the mass of the W boson: Myy;

the invisible width of the Z: I';,;

6 ratios of Z fermionic decays: R., R, R., R., Ry, and o}, ;

6 Z asymmetry parameters: A., A,, A, Ay, A. and Ay;

8 ratios of weak decays constraining electroweak (EW) universality: RJ,,
Rr, RV RY RE RE Rﬁw and R! ;

T pne? T e T T
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e 9 weak decays constraining the CKM Unitarity;

e 12 LFV processes: u to e conversion in Ti, 5 rare lepton decays, 3 radiative
decays and 3 Z LFV decays.

The expressions for these observables in the Type-III Seesaw model, the SM
predictions and the experimental values are given in Tables 4.1-4.5.

With this list of observables, we will perform a fit of the experimental data
in order to find constraints on the entries of 7. We will do so in three different
scenarios: the General Scenario (G-SS), in which an arbitrary number of fermion
triplets is integrated out; the Three Triplets Scenario (3%-SS), in which three
fermion triplets are added to the SM; and finally the Two Triplets Scenario (23-
SS), in which only two fermion triplets are added to the SM. These scenarios will
be described in-depth in the next Chapter.



Chapter 5

See-saw Scenarios

In this chapter we will describe the Type-III See-saw scenarios analyzed in the
present work and their corresponding parametrizations. As anticipated at the end
of last chapter, we will investigate three different scenarios: a General Scenario
(G-SS), with an arbitrary number of fermion triplets, and the minimal inverse
See-saw scenarios with 3 (3X-SS) and 2 fermion triplets (23-SS).

5.1 General scenario (G-SS)

In this general scenario an arbitrary number of fermion triplets heavier than the
EW scale is added to the field content without any further assumption. From
now on we will refer to this unrestricted case as G-SS (general Seesaw). In this
scenario, there are enough independent parameters for the coefficient of the d = 6
operator 7 to be completely independent from that of the d = 5 that induces the
light neutrino mass matrix m. Therefore,  cannot be constrained by the light
neutrino masses and mixings [43, 44]. We will thus treat all elements of 7 as
independent free parameters in this scenario. Nevertheless, n is a positive-definite
matrix and the Schwartz inequality (4.70) holds.

5.2 Three triplets Seesaw scenario (3X-SS)
We will also investigate the 32-SS case defined by the following requirements:

e only 3 fermion triplets are added to the SM;
e the mass scale of the triplets is larger than the EW scale;

e cven though the neutrino masses are small, large, potentially observable 7
is allowed;
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e the small neutrino masses are radiatively stable.

It turns out that the only way to simultaneously satisfy these requirements
is through an underlying lepton number (LN) symmetry [45, 40, 46, 47, 24]. In
such a case we have

.. Yy, Yy, Yy, o A
mp = aYs aVy el and  My=|A p p|, (5.1)
€Yy, €Yy eYy ps pa N

where ¢; and p; are small lepton number violating parameters. By setting all
¢, = 0 and p; = 0, LN symmetry is recovered if the 3 fermion triplets are assigned
LNs 1, —1 and 0 respectively. In this case, we find m; = 0 (3 massless neutrinos),
My =M, = /A2 + %" (]Ys,[?v?/2)? (a heavy Dirac field) and Mz = A’ (a heavy
decoupled Majorana fermion), where m; and M; are the mass eigenvalues of the
full 6 x 6 mass matrix including mp and My. Substituting Eq. (5.1) in Eq. (3.61),
in the LN-conserving limit we find

10:)* 0.6% 6.0: Ve o
n=7 | 0ut: 6,° 6,60 | with eaz%. (5.2)
0.0: 0,05 10, 2

The parameters 6, represent the mixing of the active neutrino v, with the neutral
component of the heavy fermion triplet that is integrated out to obtain the d = 5
and d = 6 operators. As it can be seen, given the underlying LN symmetry, this
mixing, and hence the d = 6 operator 7, can be arbitrarily large while the d =5
operator is exactly zero and neutrinos are massless. In other words, the d = 5
operator is protected by the LN symmetry while the d = 6 is not and hence an
approximate LN symmetry can alter the naive expectation of the d = 6 operator
being subdominant with respect to the d = 5. When the small LN-violating
parameters are not neglected so as to reproduce the correct pattern of masses
and mixings, the following relation has to be satisfied [24]

1
0. = — — (96 (MoepMyr — Mertyy,)
me,u meem##
+ 0, (MepMer — MeeMyr) £ \/Hemw 200,10, + 05100, (5.3)

292 .5 S £ A0 22 2 B s s
X \/mwmw — 2MeyMerMyr + MeeMy, + Mg, Mrr — meemwm77> ,

where only leading order terms in the Seesaw expansion have been considered
and Mm contains the information on light neutrino masses and mixings through
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Eq. (4.12). This extra constraint leads to correlations among the n matrix ele-
ments in Eq. (5.2) not present in the unrestricted scenario G-SS described above!.
The value of the complex mixing 6, is fixed by 6. and 6, through Eq. (5.3), and
by the SM neutrino masses and mixings, that are encoded in the d = 5 operator
m. Therefore, we will scan the allowed parameter space of the model using as free
parameters 0. and 8, as well as the unknown parameters that characterize m, i.e.
the Dirac phase §, the Majorana phases a; and «s, the smallest neutrino mass
and the mass hierarchy (which can be normal or inverted). We will also consider
in the fit the constraint on the sum of the light neutrino masses (from Planck)
Ym; < 0.12 eV at 95% CL [48], while we use the best fit values of the remaining
oscillation parameters from Ref. [49] which are summarized in Table 5.1.

Best fit £10
sin” 0 0.310%0:015
sin? 03 0.563%0 024
sin? 03 0.02237*0 00065

Am? 7391020 - 107° eV?

sol

|Am2, | | 2.52815029 . 1073 eV?

a

Table 5.1: Present best fit values of the light neutrino mixing angles and two
squared mass differences from [49).

5.3 Two triplets Seesaw scenario (2X-SS)

The 23-SS scenario is a particular case of the 33-SS defined by the same condi-
tions but with the addition of only two fermion triplets instead of three. Notice
that this is the most economic realization of the Type-III Seesaw model able
to account for the two distinct mass splittings observed in neutrino oscillation
experiments.

Analogously to the 3%-SS scenario, for this case we have

__ VUEw Yze YZH YZT N a1 A
mp = A (ElYE/e €1Y2/H €1Y2/T> and ME_(A 1) (5.4)

!Notice that the n matrix also contains contributions driven by the small LN-violating
parameters, ¢; and pu;, which are however subleading and thus neglected in our analysis.
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where again ¢; and pu; are small lepton number violating parameters which, once
set to zero, imply LN conservation if the two triplets have LNs 1 and —1 re-
spectively. In this limit the mass eigenvalues of the full 6 x 6 mass matrix are
My = My = /A2 + 3 (|5, [*v%y,/2)? (which combine into a heavy Dirac pair)
and the light neutrino masses vanish. Eq. (5.2) still holds, showing that large
7 entries are possible even in the LN-conserving limit with massless neutrinos.
Analogously to the 3X-SS scenario, upon switching on the LN-violating param-
eters in Eq. (5.4), neutrino masses and mixings m are generated. Given the
reduced number of parameters in the Lagrangian, Eq. (4.12) now implies addi-
tional correlations

0, .
0, = & <meu + z\/mzms(Ungg*Q — U1*2U2*3)> for normal hierarchy (NH),
)
6, =— (me,u £ Z\/m1m2< 12Us — Uy 2*2)) for inverted hierarchy (IH),
mee
(5.5)
and
96 7 '/ * TR * 7Tk
07' - m ( er + moMms (U13U32 — U12U33)> fOI' NH ,
0.
0, = = (s iy (VU5 — UhUpy) ) for TH,  (5.6)

ee

(with Uj; = (Upamns);;) where both options for the sign in front of the square
root are possible but the same choice has to be taken for 6, and 6.

Therefore, 6, and 6, are both proportional to 6. In other words, once the
known oscillation parameters are fixed to their best fit values, and the remaining
unknown parameters® characterizing 1 (the Dirac phase §, the Majorana phase
ay and the mass hierarchy) are specified, the d = 6 operator is fixed up to
an overall factor that we parametrize through 6..> This same conclusion via a
different parametrization was first derived in the context of the Type-I Seesaw
in [50], and applied to the Type-III Seesaw case in [46, 47].

The parameters characterizing the low energy new physics effects and cor-
relations among them in each of the three cases described in this section are
summarized in Table 5.2.

2In this minimal scenario one of the light neutrino masses is zero and one of the Majorana
phases is nonphysical (a; can be set to zero).

30, can thus be considered a real parameter since its associated phase becomes a global
phase.
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Tlee Nup Nrr New Tler TNur
Gsg | e 0 Ny > 0 Ner >0 Men] < el | Mer|l < \Meettrr | el < \/Magller
free free free free free free
16 10,7 6. 005 007 w07
Nee = N = = o = .= Nur =
3569 le B) T B U 5 Nep B Te 3 T 5
free free fixed by Eq. (5.3) | fixed by 0., 6, | fixed by 0., 6, | fixed by 6,, 0.
62 16,7 6. 0.0; 0,07 0,07
258§ Tee = ? Nup = ; Nrr = 2 MNep = 2‘1 Ner = 2 Nur = MQ

free fixed by Eq. (5.5) | fixed by Eq. (5.6) | fixed by 6., 6, | fixed by 6., 6, | fixed by 6, 6,

Table 5.2: Summary of the parameters that characterize the low energy new
physics effects of a totally general Type-III Seesaw model (G-SS), and the real-
izations with 3 and 2 additional heavy triplets (32-SS and 2%-SS respectively).
7 is the coefficient of the d = 6 operator while 6, corresponds to the mixing be-
tween v, and the neutral component of the heavy fermion triplets. In the 3%3-SS
case, 0, is calculated via Eq. (5.3) as a function of 6, 6, §, ai, as, the lightest
neutrino mass and the mass hierarchy. In the 2¥-SS, 6, and 0, are computed
via Eq. (5.5) and Eq. (5.6) respectively as functions of 6., d, as and the mass
hierarchy. The remaining oscillation parameters are fixed to their best fit values
shown in Table 5.1.

Using the relations we found in this Chapter together with the observables
introduced in section 4.4, we performed a fit of the experimental data with the
goal of finding constraints on the entries of 7 for the various scenarios we explored.
The results we found are presented in the next Chapter.






Chapter 6

Results and discussion

With all the observables introduced in section 4.4, a x? function has been built
under the assumption of gaussianity so as to test the bounds that the experi-
mental constraints can set globally on the Type-III Seesaw parameters. In order
to achieve an efficient exploration of the parameter space of the three scenarios
introduced in the previous Section, particularly for the G-SS and 3%-SS scenar-
ios which are characterized by a relatively large number of parameters, a Markov
chain Monte Carlo (MCMC) method has been employed.

For each scenario, O(107) distinct samples have been generated through 20
chains running simultaneously, achieving a convergence for all the free parameters
better than R — 1 < 0.0008 [51]. These scans are sufficiently well-sampled to
allow a frequentist analysis by profiling the x? function of the different subsets
of parameters, obtaining the 1D and 2D contours for the preferred regions. The
processing of the chains has been performed with the MonteCUBES [52] user
interface.

As discussed in the previous Section, the 6, parameters are not independent
in the 3X-SS and 2¥-SS, and the information from neutrino oscillations needs to
be considered so as to reproduce the correct neutrino masses and mixings. Thus,
b12, 013, Oa3, Am?2,, and Am?Z,_,, have been fixed to their best fit values listed
in Table 5.1, while the Dirac phase §, the Majorana phases «; and «s, and the
lightest neutrino mass are free parameters in the scan', with a constraint on the
sum of the light neutrino masses (from Planck) ¥m; < 0.12 eV at 95% CL [48].

Even though present oscillation data show a preference for some values of 9,
at the 20 level about half of the parameter space is still allowed and there is some
tension between the values favoured by T2K and NOvA analyses. Thus, we allow
0 to vary freely in the fit. Moreover, in the NH case, both for the 3%-SS and
232-SS scenarios, we have verified that if instead of fixing the mass splittings and

In the 2%-S8S, the lightest neutrino is exactly massless and therefore oy is unphysical.

89



90 CHAPTER 6. RESULTS AND DISCUSSION

mixing angles to their best fit values we introduce them as free parameters with
their corresponding priors from Ref. [49], the change in the results is negligible.
Finally, even though neutrino oscillation data presently disfavor IH at more than
20, in order to illustrate the impact of the mass hierarchy in our analysis, we
present our results for both IH and NH.

We will show our individual constraints on the d = 6 effective operator coeffi-
cients 7,4, but also the 2D allowed regions projected in the /21,4, — /2735 planes
for the three cases under study. In the 3X-SS and 2X-SS scenarios v/21aa = 0q
is the mixing of the active neutrino v, with the neutral component of the heavy
fermion triplet (see Eq. (5.2)). Therefore, our results in the G-SS projected on
the v/2n40 — \/ 2ns can be easily compared with the corresponding bounds on
the mixing for the the 33-SS and 2X-SS scenarios. For completeness, the indi-
vidual bounds on 4/2[7,s| (the mixing |6,| in the 3X-SS and 2X-SS cases) are
also reported in Appendix A.

6.1 General scenario (G-SS)

General Scenario General Scenario

—lo

—lo
—90% 1
—20

0.04 0.06 . 0.04

\/2'7## \j2l7n

Figure 6.1: Frequentist confidence intervals at 1o, 90% and 20 on the parameter
space of the G-SS.

In this scenario all the elements of the d = 6 operator 7,43 are independent free
parameters in the fit. In Fig. 6.1 we present the 2 degrees of freedom frequentist
allowed regions of the parameter space at 1o, 90%, and 20 in red, black and
cyan respectively, projected in the \/2n.. — /2, (left panel) and /2nc. — /21,
(right panel) planes. The individual constraints on each |n,s| at 20 after profiling
over all other parameters are summarized in Table 6.1. With the information on
the diagonal elements, and due to the fact that n is a positive-definite Hermitian
matrix, bounds on the off-diagonal elements can be derived via Eq. (4.70). These
values, collected in the first column of Table 6.1, are derived from data sets
independent from the LF'V processes discussed in Section 4.4.5 and thus we will
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refer to them as LFC. In the second column (LFV) of Table 6.1 we show the
present constraints on the off-diagonal parameters directly derived from the set
of LF'V observables considered in Section 4.4.5. Regarding the bounds on the
diagonal parameters, both |n.| and |n,,| are O (10~*) while the constraint on
|n77| is ~ 3—4 times weaker. The constraints from the LFC and LFV independent
sets of data are remarkably similar in magnitude for the n,. and 7., elements,
O (107*), being the LFV ones slightly more constraining. For the 7,. element,
however, the extremely stringent constraint from  to e conversion in nuclei allows
to set an O (10~7) upper bound, three orders of magnitude stronger than the one
derived from the LFC data set.

G-SS 3%-SS 2%-SS
LFC LFV NH IH NH IH
Nee || < 3.2-1074 — <31:107*|<32-10"| <23-1077 | <14-107°
Nup || < 2.1-107% — <1.4-100%| <1.1-10" || < 3.8-107% | <1.1-10°°
Ner || < 8.5-107% — <6.5:-107* | <39-107* | <6.1-107% | <1.4-1076

Me | <20-107* | <3.0:-1077 | <3.0-1077 | <3.0-1077 || < 3.0-1077 | <3.0-1077
e | <41-107% | < 271074 | <2.5-107% | <2310 || < 5.4-1077 | <3.6-10°
Bew | <28-107% | <2.2.107% | <1.4-107* | <1.3-107* | < 3.6-107% | < 1.2-10°

Table 6.1: The 20 constraints on the coefficient of the d = 6 operator n are
shown. For the G-SS, the off-diagonal entries are bounded in two independent
ways: indirectly from LFC observables via Eq. (4.70) and directly from LFV
processes. The bold face highlights the most constraining G-SS bounds. For the
3%-SS and 233-SS, the constraints are shown separately for normal hierarchy (NH)
and inverted hierarchy (IH). The constraints for the NH scenarios are highlighted
in bold face since NH provides a better fit to present neutrino oscillation data,
while IH is disfavored at more than 20 [49]. The corresponding bounds on the
mixing 6, between v, and the heavy triplets are shown in Appendix A.

6.2 Three and Two Triplets Scenarios (3X-SS
and 2Y-SS)

When the number of fermion triplets is < 3, Eq. (4.70) is saturated to an equality
M| = \/NMaalps, and thus the LFV processes, which a priori constrain only the
off-diagonal elements of 7, will also contribute to the bounds on the diagonal
elements.
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In Figure 6.2 (Figure 6.3) we present the 2 dof frequentist contours on the
mixings |0, at 1o, 90% CL, and 20 in red, black and cyan, respectively for the
3%-SS (2%-SS) scenario. The left panels show the allowed regions in the plane
|6c| — |6,,| while the right panels show the allowed regions in the plane |6 — |6],
for normal (top panels) and inverted (bottom panels) neutrino mass hierarchy.

3%X—Scenario: NH | 3Z—S<;enario: NH

0.03 —lo A 0.03F 1o
—90% —90%
— 20 —20
—5 0.02 1 —0.02F
< <
0.01 1 0.01F
0 , ,
0 0.01 0.02 0.03 0.04 . 0.02
16,1 16|

3X—Scenario: IH

—lo A
—90%
— 20

0.03 3X-Scenario:IH | |

—90%
— 20

16el
16,

0.01

0 0.01 0.02 0.03 0.04 0.02 0.03 0.04

16,1 16|

Figure 6.2: Frequentist confidence intervals at 1o, 90% CL and 20 on the pa-
rameter space of the 3X-SS for normal hierarchy (upper panels) and inverted
hierarchy (lower panels).

The pronounced hyperbolic shape of the contours on the |f.| — |6,| plane
of Figure 6.2 are driven by the fact that in this scenario the product of both
mixings is directly bounded by @ to e conversion in Ti nuclei. The allowed
parameter space is thus dramatically reduced with respect to the G-SS scenario,
even if the bounds on the individual parameters are similar. On the other hand
the correlation shown in the right panels of the same Figure is determined by
the constraints due to the generation of the light neutrino masses and mixing
reflected in Eq. (5.3). To be precise, in the 3%-SS scenario, 6, is determined by
0c, 0, and the light neutrino free parameters.

As can be observed in Figure 6.3, these features are even more pronounced in
the minimal scenario with 2 fermion triplets 23-SS since the three mixings are
directly proportional to 6, with a proportionality constant which depends only on
the light neutrino free parameters (see Egs. (5.5) and (5.6)). The overall scale of
the three mixings is thus controlled by the most constraining observable, namely
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0.005}F 25-Scenario: NH | | 0.005F 2¥—Scenario: NH e
—90% | L —90% |
20 — 20
—5 0.003} ] —50.003}
@ o3
0.001¢ ] 0.001F
0 0.001 0.002 0.003 0 0.001 0002 0003 0004
164l |64
2%-Scenario: TH | _ Z-Scenario: IH |~
—90% | —90% |
20 — 20

|6l

0.001 0.002 0.003 0001 0002 0003 0004
16, 16

Figure 6.3: Frequentist confidence intervals at 1o, 90% CL and 20 on the pa-
rameter space of the 23-SS for normal hierarchy (upper panels) and inverted
hierarchy (lower panels).

i to e conversion in nuclei, which sets quite stringent individual bounds on all
0. The particular correlations observed arise because in this minimal model the
flavour structure is completely determined by the light neutrino parameters.
The constraints on the corresponding 7,4 elements in both scenarios, and for
both hierarchies, are summarized in Table 6.1. The individual bounds on the 3-
SS case are pretty similar to the G-SS scenario, however they are considerably
stronger in the 23-SS, ranging from O(107°) to O(10~7). Finally, notice that in
the 3%-SS case the results for both light neutrino hierarchies are similar. However,
in the 2X-SS scenario, the hierarchy has a strong impact in the results since it is
a very relevant input regarding the constrained flavor structure of this minimal

model (see Egs. (5.5) and (5.6)).






Intermission

Once again, just like in the Foreword, you will not find any science in this In-
termission: here, I will explain the reasons behind my transition from neutrino
phenomenology to non-commutative geometry, as well as why this transition is
actually very natural. So, if you are uninterested, you may skip to the next
Chapter.

So far, we have studied one particular way of explaining the tininess of the
neutrino masses, namely the Type III See-saw. In the model, the fact that we
added new particles (in this case, the fermion triplets) is actually not so important
per se; the crucial point of any See-saw model is the assumption that neutrinos
have a very big Majorana mass. Now, by analogy with what happens for the
masses of all other fermions (namely, they are induced by a scalar field, the Higgs
field), we could expect this Majorana mass to be induced by some new scalar
field as well. Now, in the see-saw models, you do not really care about this extra
scalar field, the only thing that matters is the fact that the Majorana mass be
there. Nevertheless, one might wonder (and I sure did) “just why should that
extra scalar field be there?” As far as the Higgs is concerned, it is existence
is much more motivated: it has to be there in order for fermionic and bosonic
masses to be possible at all, thus making gauge theories compatible with reality.
This extra scalar is not so fundamental: the Majorana mass it induces would just
explain the tininess of neutrino masses, and these are possible (and in principle,
could be tiny as well) just by means of the Higgs field. Why should one expect
it to be there?

As T think I might perhaps have mentioned in the Foreword (of course, I'm
being ironic here), I tend to consider the question “why” as quite important, so
I started looking for theories or models that would give a reason to the existence
of that extra “Majorana-mass” scalar field. Then, I found out that there were
people working on a mathematical model that gave a geometrical meaning to
scalar fields, thereby providing them with a very fundamental reason for their
presence — and they were stationed in the math department, just some hundred
metres away from my office! Imagine my surprise!

The “mathematical model” I'm talking about is of course Non-Commutative

95



96 CHAPTER 6. RESULTS AND DISCUSSION

Geometry, which will be the subject of the second part of this work. Its scope
is actually much wider than just explaining why there are scalars, to the point
of leaving me flabbergasted. Under the simple assumption of “the world can
be described by a non-commutative space”, one automatically gets an a prior:
explanation for:

e why there should be a right-handed neutrino (there should be exactly 16
fermions per generation, and the SM only has 15);

e why the Higgs field should be there (it is a connection, just like the gauge
bosons);

e why the action of the SM is what it is (it can be computed from more
fundamental objects);

e why any interaction should be there: they are all expressions of gravity;

e why one should expect nature to be described by a gauge theory, i.e. why
gauge symmetries should be there (it is a reflection of the Morita equivalence
of any space to itself);

and much more. In addition, when one assumes nature to be described by a
tuisted non-commutative space, one also gets an extra scalar field that gives
Majorana mass to the neutrinos, and on top of that, as an additional bonus, one
also gets for free the reason why there should be one time-dimension, as well as
why physics should be Lorentz-invariant. Not bad at all, if you ask me!

In short, twisted NCG seemed to be the perfect playground for see-saw models
to take place in. Of course, when I found out about all this, I immediately decided
that I would use all the experience I had accumulated until then in order to study
the twisted non-commutative geometry formulation of the SM, and then study
its phenomenology. And so I did.

Now, without further ado, let us dive into the magical world of Non-Commuta-
tive Geometry!



Chapter 7

Non-Commutative Geometry

7.1 Why Non-Commutative Geometry?

In this second part of this work, we will talk about Non-Commutative Geometry
(hereafter, NCG). But before going into the details of the subject, we will first
need to address one very important matter, namely: why NCG? Could not we
make do with ordinary geometry?

Well, there are many reasons for studying NCG, both mathematical and phys-
ical. Let us start with the latter.

There are actually many hints that suggest that ordinary geometry is insuffi-
cient to describe physics. The first one that comes to mind is probably Heisen-
berg’s uncertainty principle, that suggests that the very concept of point in space
and time might be, in some sense, ill-defined’. Let us assume, for instance, that
one wants to measure the position of one particle with a better precision that
Planck’s length. Because of the uncertainty principle, such a measurement re-
quires the uncertainty in momentum (thus also in the corresponding energy) be
very large. If the measurement precision is smaller that Planck’s length, a huge
energy uncertainty is localized in a very small region and a black hole is formed,
thus preventing any information from escaping the system (for a more detailed
dissertation, see [53]).

But in truth, one does not need to drag quantum physics into the matter,
the issue is already present in any gauge theory, even including Maxwell’s theory
of electromagnetism. General Relativity can be seen as a gauge theory whose
gauge transformations are the diffeomorphisms —i.e. coordinate transformations.
Changing the coordinates means, roughly speaking, changing the observer. There

'More properly, according to the uncertainty principle, the concept of point in the phase
space is ill-defined. However, this implies problems also for the space-time alone, as the following
example makes clear.
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is a very clear physical meaning to those transformations. On the other hand,
traditional gauge transformations are just a change in the conventions one uses to
perform calculations, and have no apparent physical meaning whatsoever. Now,
it is best to make this point very clear: we're definitely not stating that gauge
symmetries have no physical meaning. What we're claiming is that performing
a gauge transformation has no manifest physical significance. Just what could
their physical meaning be?

Related to this question is the problem of the geometrization of the theory of
elementary particles, which could be classified both as a physical and a mathe-
matical issue. Of course, in principle one might not need to geometrize physics
at all, nevertheless the geometrical interpretation of General Relativity (GR) is
suggestive enough to encourage the search for a geometrical interpretation of
particle physics as well. The complete geometrization of the SM coupled to GR
means turning the whole coupled theory into pure gravity on a suitable space.
Now, this does not seem possible at first: the gauge invariance group of the action
of GR on a manifold M is the group Diff (M) of diffeomorphisms on M, and
the gauge invariance of the action is simply the manifestation of its geometrical
nature. When one couples GR to the SM, the gauge invariance group becomes
larger, because of the invariance of the matter action under the gauge transfor-
mations of the group Ggys, which is by construction a group of maps from M to
the small gauge group Ggy = U (1) x SU (2) x SU (3). Diff (M) acts on Gspr by
transformations of the base. This means that the whole gauge symmetry group
U of the full action has the structure of a semidirect product

U = Ggu » Diff (M). (7.1)

Traditionally, in order for 4 to have this structure, one postulates that there is
a bundle structure over the space-time M. However, this requires an a priori
distinction of certain directions in the total space as the fiber directions, with
the distinction between base and fiber preserved by the symmetries. On the
other hand, it would seem more natural to find some space X whose group of
diffeomorphisms is directly of the form (7.1). Nevertheless, it turns out that X
cannot be an ordinary manifold. In fact, it was shown by W. Thurston, D. Epstein
and J. Mather [54] that the component connected to the identity in Diff () of
any manifold N is always a simple group, which excludes the possibility of a
semidirect product structure like (7.1). Then, one needs to expand the horizon
of the possible spaces amongst which one hopes to find X, and NCG happens to
be the right direction.

Finally, one purely mathematical reason to study NCG is to generalize the
Gelfand-Naimark theorem [55]. The theorem states that there is a duality be-
tween topological spaces and commutative algebras. But then, what are non-
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commutative algebras dual to? In order to answer this question, one needs to
deal with NCG.

7.2 Introduction to NCG

In this section we will give an intuitive overview of what NCG is. In order to be as
easy to understand as possible, we will sometimes be not completely rigorous, so
as to allow also the most inexperienced readers to have an idea of the important
concepts of NCG. The reader that is not really interested in the mathematical
details of NCG should read this section and safely skip the rest of the chapter,
in which we will repeat all the topics of this section in a mathematically rigorous
way.

7.2.1 Basic notions

So, what is a Non-Commutative Space (NCS)? Roughly speaking, NCSs are a
generalization of the usual manifold.

A manifold is basically a smooth collection of points aggregated in some sort
of shape, like a ring?

or Euclidean space®

2Image from https://qph.fs.quoracdn.net/main-qimg-
4c7490bb0f4e44bcb2beaab8d1e9117c¢
3Image from https://media.sciencephoto.com/image/c0074231/800wm


https://qph.fs.quoracdn.net/main-qimg-4c7490bb0f4e44bcb2beaa58d1e9117c
https://qph.fs.quoracdn.net/main-qimg-4c7490bb0f4e44bcb2beaa58d1e9117c
https://media.sciencephoto.com/image/c0074231/800wm
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or even a rabbit?.

Each one of those points that make up the manifold is, by definition, an object
with no internal structure whatsoever. On the other hand, a NCS is (in some
sense) a smooth collection of new objects, that we could call non-commutative
points, that conversely to the manifold case do have a nontrivial internal struc-
ture, like a sphere or even more simply, a pair of “classical” points®. So, basically,
NCSs are spaces whose points have an internal structure. As we will see, this
internal structure will be the reason why we call them “non-commutative”.

‘Image from https://groups.oist.jp/sites/default/files/styles/group_image/
public/eventimg/1711/math.190.2.2.45. jpg?itok=f00DNTC4

5In which case, the Higgs field naturally arises as the connection of the “internal dimension”
between the two points.


https://groups.oist.jp/sites/default/files/styles/group_image/public/eventimg/1711/math.190.2.2.45.jpg?itok=f0oDNTC4
https://groups.oist.jp/sites/default/files/styles/group_image/public/eventimg/1711/math.190.2.2.45.jpg?itok=f0oDNTC4
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7.2.2 The Gelfand-Naimark Theorem

Now, let us get just a little bit more technical: how can we describe NCSs in
practice?

The main idea is based on a mathematical theorem, called the Gelfand-
Naimark Theorem [55]. Its content is quite simple: given an ordinary (topo-
logical) space, one can easily construct the set of smooth functions on that space,
e.g. by considering the set of polynomials on the space, and then considering its
completion. The Gelfand-Naimark Theorem states that the converse is also true:
given only the set of smooth functions on some space, but not given the space, it
is always possible to reconstruct that space just from the set of smooth functions.

The theorem actually also says something more. The set of smooth functions
on any one space is by construction a commutative algebra (which means, roughly
speaking, that the product of functions is commutative). The theorem then also
states that, given any commutative algebra, it is always possible to construct a
new space whose set of smooth functions coincides with the commutative algebra
one started with.

Here the keyword is “commutative”. The theorem does not work if the algebra
is not commutative, and the reason is very simple: the product of functions is
commutative, hence, if our algebra is to become the set of functions of the new
space we're building, it has to be commutative itself!

It should be clear now what the way is to generalize ordinary spaces to NCS.
The first step should be to generalize the Gelfand-Naimark construction to man-
ifolds (instead of topological space), in order to encode the metric structure as
well. Then, one should further generalize the construction to non-commutative
algebras as well, and the result will be a NCS. This was done by Alain Connes —
one of the fathers of NCG — who prepared for us all the mathematical machinery
needed for the task: the Spectral Triple.

7.2.3 The Spectral Triple

The Spectral Triple [56] is the most general way known so far to describe NCGs.
It consists of course of three elements: an algebra of operators, which can be either
commutative or non-commutative; a Hilbert space on which the operators act,
and finally a differential operator called the Dirac operator. The algebra takes
the role of the set of “functions” (now operators) on the space — just like classical
observables become operators in Quantum Mechanics. The Dirac operator is
called this way because, when one considers a commutative algebra (and then of
course the spectral triple simply describes a usual commutative space), it takes
the form 7#0,. It has the same function of the metric tensor of the manifold, i.e.
measuring distances. Finally, the Hilbert space. This one encodes the fermionic
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content of the NCS and is something that one actually does not need to specify
for commutative spaces. The reason is that the Hilbert space of a spectral triple
describing a manifold is somehow forced to be an infinite-dimensional separable
Hilbert space. But it can be shown easily that all such Hilbert spaces are all
isometrically isomorphic — i.e. they are all morally the very same Hilbert space.
Indeed, by definition, a Hilbert space is separable provided it contains a dense
countable subset. Zorn’s lemma [57] implies that a Hilbert space is separable if
and only ifit admits a countable orthonormal basis. All separable Hilbert spaces
are therefore isometrically isomorphic to the space of square-summable sequences
of complex numbers ¢2. Hence there is only one unique allowed Hilbert space for
such a spectral triple, therefore there is no need to specify it.

The Spectral Triple is also required to satisfy 8 mathematical axioms, which
will be reported in the next section.

Figure 7.1 summarizes the key elements of a Spectral Triple.

Non-Commutative Space = Spectral Triple

Hilbert Space

l

Spectral Triple = ( " H ’

2
G‘is*
g g
Wi
e
Cs

fermions

Figure 7.1: Summary of a Spectral Triple.

Amongst the three elements of the Spectral Triple, the Dirac operator has a
privileged role, in the sense that, practically, it is used more often than the other
two for extracting the physical content of the Spectral Triple. Now, we will show
how to do so.
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7.2.4 The Action

In standard QFT, one is free to choose which fields to introduce as well as their
representations, and then they can build whatever action pleases him, so long as
the desired symmetry requirements are satisfied. In the framework of NCG the
situation is quite different. One is still free to introduce whatever matter fields
pleases them — this is what the Hilbert space of the Spectral Triple is there for —
but everything else — including the action! — descends from the Spectral Triple

[56]:

Sy = (JU,DU), (7.2)
: D?
Sp = Ah_r){.lO Tr f (F) : (7.3)

The first of these two formulas is called in NCG jargon “fermionic action” and it
contains all the action terms that involve fermions, both their kinetic terms and
their interaction with both bosons and other fermions. The second formula is
called “bosonic action” (or “spectral action”) and it contains all the action terms
involving only bosons — again, both their kinetic terms and their interactions with
other bosons. The full action is then simply the sum Sy + Sp. It is important
to stress that the separation of the action into the fermionic and bosonic part
is purely computational and has no physical meaning whatsoever: in order to
obtain the physics encoded in a NCS one needs to use the full action Sy + S,
since the two have individually no physical meaning.

In (7.2-7.3), ¥ is something like a big multiplet containing all fermionic fields

U~ (v, e ud ...),

J is the charge conjugation operator, f is a smooth approximation of the char-
acteristic function of the interval [0,1]

f(x)w{1 & x6[0,1]7

0 otherwise

A is a cutoff parameter representing the energy up to which one assumes the
theory to hold up to, and the brackets denote the scalar product. Anyway, the
details of these formulas aren’t important right now (they will be in the next
section) — the important fact is that they are there at alll This means that there
is no freedom regarding the action: everything descends from the Spectral Triple.
Once the Spectral Triple is defined, the action is also defined, and so is the full
theory.
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7.2.5 The Fluctuated Dirac Operator and the Bosons

In the action of a gauge theory, the usual derivative operator should be replaced
with the covariant derivative operator. It is the same in NCG: in order to make
the action manifestly gauge invariant, the Dirac operator in Eq.s (7.2, 7.3), which
has the role of the usual derivative, should be replaced by a “covariant Dirac
operator” — or, by using the proper NCG terminology, by the so-called fluctuated
Dirac operator D, [56]:

Dy=D+A+JAT . (7.4)

Just like ¥ in Eq. (7.2) was a multiplet of fermionic fields, here A is itself a big
multiplet of bosons (and J is once again the charge conjugation operator). As
a technical aside, the reason for adding both A and JAJ™! is in order to ensure
that D4 still be self-adjoint, but this in principle is the same as replacing @ with
@ + A in the Dirac action.

Now, here comes the key point. In usual QFT, in the covariant derivative
appear all the gauge bosons — and of course, this is the same also in the fluc-
tuated Dirac operator. The big difference is that, in QFT, only vector bosons
are considered gauge bosons. On the contrary, in NCG all boson are considered
gauge bosons, both vectors and scalars:

A~ (A, WE Z, o 1, L (7.5)

In other words, NCG unifies the description of all bosonic fields, both vectors
and scalars. In addition, since all bosons are gauge bosons in NCG, there is once
again no freedom whatsoever regarding the bosons once might want to add to the
action: if one wants to modify the bosonic content of the theory, e.g. by adding
an extra scalar, one has to change the Spectral Triple first. As we will see, this
fact is quite crucial in the context of the NCG formulation of the SM — i.e. the
Connes model [56].

7.2.6 The Connes Model

Alain Connes, himself being one of the fathers of NCG, of course tried to apply
all this machinery he came up with to the SM. The model he built carries his
name as the Connes Model [56], and its results were quite interesting,.

The model predicted 16 fermions per generation, therefore accomodating for
the 15 known fermions (left-handed neutrino, electron with 2 chiralities, up and
down quarks with two chiralities and 3 colors each) plus for the yet undetected
right-handed neutrino; all the fermions had the correct quantum numbers (includ-
ing the 16" extra fermion representing the right-handed neutrino). The gauge
symmetries and the corresponding gauge vectors were the correct ones; moreover,
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a scalar with the same quantum numbers as the theorized Higgs boson (at the
time, it hadn’t been discovered yet) was also predicted.

Moreover, there was a big surprise. The Higgs mass was not a free parameter:
it was actually a function of other, already-measured parameters! In other words,
the Connes Model contained one of the first predictions of the Higgs mass.

And things do not end here. We wrote in the first section of this chapter that
NCG in some sense aims to describe all interactions as pure gravity on a suitable
space. Then, it shouldn’t be a big surprise that, by applying Eq.s (7.2, 7.3) to the
Spectral Triple of the SM, the lagrangian one ends up with is the SM lagrangian
minimally coupled with GR (i.e. we get GR for free):

L= EGR (g;w) + LSM (SM, g,uu> . (76)

Now, you might think everything seems too good to be true, especially since
you probably never even heard of the Connes model: if all was well, it should
have become quite famous, after all. And in fact, if you thought so, you were
right: there are actually a few flaws in these results, which have been cleverly
concealed so far in order to make clear the potentialities of NCG; but now it is
the right time to deal with them.

First of all, the predicted Higgs mass turned out to be wrong — not completely
wrong, the order of magnitude is the correct one, but the precise value just is not
right:

mASS ~ 170 GeV “ miT99% — 125 GeV.

But there is also another problem, maybe even more important than the last
one. All the construction of NCG only works on pure spaces, not in space-times.
The metric has to be Riemannian, it just cannot be Lorentzian. This has to do
with the fact that the Lorentzian scalar product is not positive definite, from
which follows that many operators that are bounded in the Riemannian case
aren’t bounded anymore in the Lorentzian case (from which many mathematical
problems follow, which prevent NCG to be self-consistent on space-times).

In order to solve these problems without giving up on NCG, one has to some-
how modify its axioms. Twisted NCG was born this way, with the goal to solve
the issue of the wrong Higgs mass. Most surprisingly, it turned out to be seem-
ingly able to solve the “no-time issue” as well, as we will see in chapter 8.

Actually, there is also another incongruity between the lagrangian of the
Connes model and the one of GR. In fact, the Connes model predicts there
be a Weyl term €,,,,,$2**7 [56], where

1
Q;wpa = R;wpa + m (R,uagup - Rupgua + Rupgua - Ruagup) +
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1

* (n — 1) (n — 2)R (gﬂngU - guagyp) ) (77)

with R, the Riemann tensor, R, the Ricci tensor, R the Ricci scalar, g, the
metric and n the metric dimension of the non-commutative space. Such terms
are quite interesting, for they often appear in modified gravity theories that aim
to explain DM and DE effects without introducing new fields (see e.g. [58, 59]).
In this work we will not explore the impact of such terms, but it is still a topic
worthy to be examined in some future work.

7.3 Spectral Triples

In the rest of this chapter, we will reintroduce in full detail all the objects and
structures of NCG we mentioned in the last introductory section (following [60,
56]); the uninterested reader may skip directly to Chapter 8. We will be using
quite a number of terms that are used very often in mathematics, but not as
much in physics; in order not to break the flow of the discussion, we will remind
of their meaning in the footnotes. The reader that is already familiar with the
terms may skip the footnotes and continue reading.

A Non-Commutative Geometry is given by a Spectral Triple (A, H, D) in the
following sense.

Definition 7.3.1. A Spectral Triple (A, H, D) is a set of three objects of the
following types:

o A is a unital involutive algebra;
e H is a Hilbert space on which A acts faithfully;

e D is called the Dirac operator and is a self-adjoint operator with compact®
resolvent” such that for each a € A, the commutator D, a] is bounded®.

In addition, one defines the following notions:

Definition 7.3.2. A Spectral Triple is graded or even if the Hilbert space H is
endowed with a unitary self-adjoint operator I' such that

6An operator T : X — Y is compact if it it takes bounded sets in X to precompact sets in
Y (i.e. to sets whose closure is compact).

"Given an operator O, its resolvent is defined as R (z; O) = (O — zI) " *. O is said to have
compact resolvent if R (z; O) is compact whenever z ¢ o (O), where o (O) is the spectrum of
O, i.e. the set of A for which O — Al is not invertible.

8Tn order to keep the notations simple, we will omit the representation symbol, so that for
a € Aand ¢ € H we will write ay) = 7 (a) 9.
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e al' =Ta for each a € A;
e DI' = —1ID.
The operator I' is called the Zo-grading, or more simply the grading.

Remark 7.3.1. If I is present, then the Hilbert space H can be split into the
sum of two subspaces H = H, & H_, where H is the (£1)-eigenspace of T

Definition 7.3.3. A Spectral Triple is real if H is endowed with an anti-linear
isometry of H onto itself such that

o J? =41,
e JD=4+DJ.

Further, if the Spectral Triple is even, J should also satisfy
o JI'=4IJ.

The operator J is called a real structure.

Given any algebra A, one can define the opposite algebra A° = {a°:a € A}
with product a®b° = (ba)°. Using J one can represent the opposite algebra A° on
the Hilbert space H by defining 7° (b°) = Jr (b*) J !, which we will abbreviate
as

b= Jb*J L (7.8)

The opposite algebra can be used to define the right action of the algebra on the
elements of H:

b = b°1). (7.9)

In order for the left- and the right actions of A to be mutually independent, we
require the so-called zeroth-order condition:

la,6°] = 0. (7.10)

If A is commutative, we define b° = b, so that the zeroth-order condition is
automatically satisfied. Notice that this definition is not consistent with (7.8),
but this is not a problem since the algebra is commutative, so that a*b* = (ab)*.

In order for the Spectral Triple to actually represent a NCS, it is required to
satisfy 7 axioms. Axioms 3-6 fall outside of the scope of this work, but we will
report them nevertheless for completeness following [60].
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7.3.1 Axiom 1: The Metric Dimension

Axiom 1 (Dimension). There is an integer n, the metric dimension of the spectral
triple, such that the length element ds := |DF1 is an infinitesimal of order 1/n.

Here, by “infinitesimal” we mean a compact operator on H. The reason is the
following. Conceptually, an infinitesimal is a non-zero quantity 7" smaller than
any positive . Since we work with infinite-dimensional Hilbert spaces, we may
allow the violation of the requirement 7" < € on a finite-dimensional subspace. T’
must then be an operator with discrete spectrum, with any non-zero X in o (7')
having finite multiplicity: in other words, the operator 7" must be compact.

If we denote )
T| = (T'T)?, (7.11)

we call singular values py of T' the eigenvalues of |T'|. If we arrange the singular
values in decreasing order g > 1 > ps > ..., we say that T is an infinitesimal

of order « if
e =0 (k=) as k — oo. (7.12)

Notice that infinitesimals of first order have singular values that form a logarith-
mically divergent series:

pe = O (%) = on(T)= Z pr = O (log N) as N — oco. (7.13)
k<N

The dimension axiom then entails that there is a positive integer n for which the
singular values of D™ form a logarithmically divergent series. The coefficient
of logarithmic divergence will be denoted by f |D|™", where f denotes the non-
commutative integral, that will be defined in section 7.5.

There are two cases for which the metric dimension is 0:

e if the singular values of |D|™! go to zero exponentially fast (see e.g. [61, 62]
for examples); or

e both A and H are finite-dimensional, so that D is just a hermitian matrix.
These finite spectral triple are very important to construct NCSs corre-
sponding to gauge theories, as we will see in Chapter 9.

7.3.2 Axiom 2: The First-Order Condition

Axiom 2 (First-Order Condition). For all a,b € A the following commutation
relation holds:

(D, ] ,b°] = 0. (7.14)
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In the commutative case, the first-order condition expresses the fact that the
Dirac operator is a first-order differential operator. Intuitively, if ¢ € H, one has

[0,a] Y = 0 (a)) — ady = (0a) Y + adp — adyp = (Oa) P, (7.15)

where we have used the Leibniz rule. Then, this shows that the commutator [0, a]
is just the multiplication by (0a). Then, remembering that in the commutative
case we defined b° = b, we find

[[0,a],b°] =[[0,a],b] = [(Da),b] = 0. (7.16)

On the other hand, if we were to consider the commutator of a with 9? (opposed
to 0), using the Leibniz rule twice one would find

[[07,a] ,b] =2(8a) (0b) # 0. (7.17)

We can interpret the zeroth- and the first-order conditions as saying that the
operators b° commute with the subalgebra of operators on H generated by all
a and [D,a]. This gives rise to a linear representation of the tensor product of
several copies of A:

a®Ra®az®...Qa, =al[D,a1][D,as]...[D,a,|. (7.18)

In view of the order one condition, we could even replace the first entry a € A
by a ® b° € A® A°, writing

(aRbV) Qa1 ®az ®...R a, =ab’ [D,a1][D,as]...[D,a,]. (7.19)
Now, Cp, (A, AR A°) = (A® A°) ® A®" is a bimodule’ over the algebra A,

and this prescription represents it by operators on H. Its elements are called
Hochschild n-chains with coefficients in the A-bimodule A ® A°.

7.3.3 Axiom 3: Smoothness of the Algebra

Axioms 3 to 6 fall outside of the scope of this work, but we will report them for
sake of completeness, following [60].

Axiom 3 (Regularity). For any a € A, [D,a] is a bounded operator on H,
and both a and [D,a] belong to the domain of smoothness M2, Dom (6%) of the
derivation & on L (H)' given by ¢ (T) = [|D|, T].

9A bimodule is an abelian group that is both a left and a right module. A left (right) module
is an abelian group over the sum operation that is equipped with an external product from the
left (right) with the elements of a ring. A ring is once again an abelian group over the sum
operation that is equipped with a product operation that is both associative and distributive
with respect to the sum.

102 (H) is the set of linear operators on H.
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In the commutative case, one has [D,a] ~ [0,a] = (Ja). Then, this axiom
amounts to saying that a has derivatives of all orders, i.e. that A C C>(M).
This can be proved with pseudodifferential calculus: since the principal symbol'!
of |D| operator is oyp| (¢, &) = 1|£|, one finds that all multiplication operators in

7 Dom (0*) are multiplications by smooth functions.

Assuming regularity, using the seminorms'? a — ||6* (a)| and a +— ||6* ([D, a])||,
one can confer a locally convex topology'® on A. The completion of A in this
topology is a Fréchet!'* pre-C*-algebra!®, and Axiom 3 still holds when A is re-
placed by its completion [63, Lemma 16]. Also, this topology coincides with the
usual one on C* (M) in the commutative case [63, Prop. 20]. Therefore, we may
assume that the algebra of a regular spectral triple be a pre-C*-algebra.

7.3.4 Axiom 4: Orientability

Axioms 3 to 6 fall outside of the scope of this work, but we will report them for
sake of completeness, following [60].

UTet P be a differential operator of order n in the derivative D: P = p(z, D)
2 1kj<n Ck (2) D*. Then, the total symbol of P is the polynomial p: p(z,&) = > jkj<n Ck (2)
The principal symbol of P is the highest-degree component of p: op (,£) = Zlklzn ek (x) €
12A seminorm is a norm that allows ||z|| = 0 also for nonzero =.
BLet V be a vector space over a field K C C. Then a subset C' C V is said

3
k.

e Convez if for all ,y € C and 0 <t < 1, ta 4+ (1-t)y € C. In other words, C contains
all line segments between points in C.

e Balanced if for all x € C, Az € C if |A| < 1. This means that for any x € C, C' contains
the disk with x on its boundary, centred in the origin.

o Absolutely convez if it is both balanced and convex.

o Absorbent if for all y € V, there exists r > 0 such that y € tC for all t € K such that
[t| > r. This means that the set C can be scaled out by any “large” value to absorb
every point in the space.

Then, a topological vector space is locally convez if the origin has a local base of absolutely
convex absorbent sets. It can be shown that any vector space endowed with a family of semi-
norms is always a locally convex space, and vice versa (see e.g. https://en.wikipedia.org/
wiki/Locally_convex_topological_vector_space).

A Fréchet space is a locally convex complete topological vector space with respect to
a topology induced by a translation-invariant metric. Equivalently, it can be defined as a
Hausdorff space with topology induced by a countable family of seminorms, that is complete
with respect to the family of seminorms.

15 A C*-algebra A is an associative involutive algebra over C, complete with respect to a
norm, as regards which the product is continuous ||AB]|| < ||A]| ||B|| and that satisfies the
C*-condition ||A*Al| = ||A||°>. A pre-C*-algebra is almost a C* algebra, but its norm need not
be complete.
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Axiom 4 (Orientability). There is a Hochschild cycle ¢ € C,, (A, A ® A°) whose
representative on H is

(7.20)

| I, ifnis even,
€ =11, ifnisodd

Here ¢ is a Hochschild n-chain as defined in the end of section 7.3.2. We say
c is a cycle if its boundary is zero, where the Hochschild boundary b (x) of the
n-chainx =m®®a Q... a,, withm e A® A°, is

b(z)=ma;®Ras®...Qa, —MmRa1as ... Qa,+ ...
+(-1)""MOa® ... Qa1 an+ (1) aam@ a1 @ ... D ap_y. (7.21)

This satisfies b* = 0 and thus makes C, (A, A ® A°) a chain complex, whose
homology is the Hochschild homology'® H, (A, A ® A°). This Hochschild cycle ¢
is the algebraic equivalent of a volume form on a non-commutative space. To see
that, let us look briefly at the commutative case, where we may replace A ® A°
simply by A. A differential form in A* (M) is a sum of terms agda; A ... A day,
but in the non-commutative case the antisymmetry of the wedge product is lost,
so we replace such a form with

c = Z (—1)7 ap ® Q1) @ ... @ Qg(n) (7.22)

g

(sum over n-permutations) in A®"*+) = C, (A, A). Then b(c’') = 0 by cancella-
tion, since A is commutative, for instance:

ba®d ®d" —a®d" ®d)=(ad —da)®d —a® (dd" —d"d")+
+ (a"a —ad")®d. (7.23)

16 An n-simplez is the n-dimensional analogue of a triangle, e.g. a point (n = 0), a segment
(n = 1), a triangle (n = 2), a tetrahedron (n = 3) and so on. An n-simplex is always
delimited by n+ 1 points; when one decides upon an order of those points, the simplex becomes
an oriented simplex. Two oriented n-simplexes delimited by the same points are considered
the same oriented simplex if the sequences of delimiting points of the two differ by an even
permutation, otherwise, the two oriented simplexes are considered opposite to each other (in
the intuitive sense of going from point p; to p, in the first one, and going from p, to p; in
the opposite one). In this sense, oriented n-simplexes form an abelian group. A set of oriented
simplexes is called a simplicial complex. If K is a simplicial complex, its r-chain group C, (K) is
the abelian group generated by the r-simplexes of K; the elements of C,. (K') are called r-chains.
The boundary of an r-chain is an r —1-chain defined as the antisymmetric linear combinations of
all the r —1 chains delimited by the same points of the initial r-chain. The boundary of a chain
has zero boundary. The sequence of all C,, (K) is called the chain complex of K and is denoted
by Ce (K). An r-chain with zero boundary is called an r-cycle. The set of all r-cycles forms the
r-cycle group, denoted by Z, (K). Conversely, the set of boundaries of r + 1-chains form the
r-boundary group B, (K). The r*" homology group is defined by H, (K) = Z, (K) /B, (K).
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In the case A = C (M), with M a spin-manifold, chains are represented by
Clifford products: aq®a1®...®a, = (—i)" agy (day) ...~ (da,). The Riemannian
volume form on M can be written as Q = ' A ... A 0" where {6} is an oriented
orthonormal basis of 1-forms. Then, the cycle ¢ corresponding to iL"+D/21() is
c = (=)"Hy0Y) .y (0m) = (=) P, 4* = 75, ie. the chirality element,
which corresponds to the grading operator on spinors if n is even, or to the
identity if n is odd.

7.3.5 Axiom 5: Finiteness of the K-cycle

Axioms 3 to 6 fall outside of the scope of this work, but we will report them for
sake of completeness, following [60].

Axiom 5 (Finiteness). The space of smooth vectors H™ = N3, Dom (Dk) 15
a finitely generated projective left A-module'” with a Hermitian pairing’® (-|-)
implicitly defined by

][ (€l ds” = (n]€). (7.24)

Here, the symbol { denotes the non-commutative integral, which will be de-
fined in section 7.5. The representation of the algebra as linear operators on H
and the regularity axiom already make H* a left A-module. Notice that the
pairing (- | -) is linear in the first argument, while the inner product (- |-) is linear
in the second one, so that

f 0 (€] n)ds" = (n] at) (7.25)

To see how this defines a Hermitian pairing implicitly, notice that if a € A, then
ads™ = a|D| " is an infinitesimal of first order because of the dimension axiom,
so that the left hand side is defined provided (£|n) € A. As a finitely generated
projective left A-module, H>® ~ A™p with p = p? = p* a projection in some
M., (A). In the commutative case, Connes’s trace theorem [60, Sec. 5.4] shows

TA free module is a module that has a basis. A module P is projective if it is locally free.
18A pairing on a finitely generated projective left A-module (-|-) : H x H — A is a positive
definite sesquilinear form such that

(W +E&ln) = (@ In)+ (&|n)
(ag|n) =a(&|n)
&l =mle)"
(£1€) >0 for § #0

for v, ¢,m e H and a € A.
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that (£|n) is just the hermitian product of spinors given by the metric on the
spinor bundle.
A point to notice is that

][&(6\77) ds" = (n] a€) = (a*n| €) =][(£!a*77) ds" = ][@rn)adsn, (7.26)

so this axiom implies that f (-) |D|™" defines a trace on the algebra A.

7.3.6 Axiom 6: Poincaré duality!® and K-theory

Axioms 3 to 6 fall outside of the scope of this work, but we will report them for
sake of completeness, following [60].

Axiom 6 (Poincaré duality). The Fredholm index®’ of the operator D yields a
non-degenerate intersection form*' on the K-theory® ring of the algebra A® A°.

On a compact oriented n-dimensional manifold M, Poincaré duality is usually
formulated [64] as an isomorphism of cohomology (in degree k) with homology

19 Let M be a manifold. Then we denote C, (M) the r-chain group, Z, (M) the r-
cycle group, B, (M) the r-boundary group, and H, (M) = Z, (M) /B, (M) the r**homology
group (see footnote 16 for more details). One can define their dual spaces: the r"-cochain
group C" (M) is the set of r-forms, the r*f-cocycle group Z" (M) is the set of closed r-
forms, the r*'-coboundary group B" (M) is the set of exact r-forms, and the 7*"-cohomology
group is H" (M) = Z" (M) /B" (M). The Poincaré duality theorem states that if M is
an n-dimensional oriented closed manifold (compact and without boundary), then H, (M) ~
H»™ (M), Vr e N.

20 A Banach space is a complete normed vector space, i.e. a Hilbert space whose norm is not
necessarily associated with an inner product. A Fredholm operator is a bounded linear operator
T : X — Y between Banach spaces with finite-dimensional kernel kerT’; finite-dimensional
cokernel cokerT = Y/ranT and with closed range ranT. Intuitively, Fredholm operators are
those operators that are invertible “if finite-dimensional effects are ignored”. The Fredholm
index of a Fredholm operator is ind 7' = dim ker T" — dim coker 7.

21A standard n-simplex is given by A" = {(to, coytn) € R”+1|Zi t;=1and t; > 0}. A
singlular n-simplex in a topological space X is any continuous function o : A™ — X. Given a
p-cochain ¢, and a g-cochain d,, one defines the cup product — over singular (p + ¢)-simplexes
o as (¢p — dq) (0) = ¢p (0ltaces 0—p) - dg (O|taces p—p+q)- The cup product naturally extends to
cocycles, coboundaries and to the cohomology groups. If M’ is an n-dimensional connected
orientable closed manifold, the fundamental class of M’ is the homology class [M'] € H,, (M)
which corresponds to the generator of H, (M'); it can be thought of as the orientation of
the top-dimensional simplices of the manifold; it represents integration over M’, in the sense
that, given an n-form w, one has (w, [M']) = [, w. The intersection form Ay : H" (M) x
H™ (M) — Z on a 2n-dimensional connected oriented manifold M is given by Axq (a,b) =
@ — b, [M)).

22 K-theory is, roughly speaking, the study of a ring generated by vector bundles (i.e. a
smooth collection of vector spaces) over a topological space.
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(in degree n — k; see footnote 19), or equivalently as a nondegenerate bilinear
pairing on the cohomology ring® H®* (M). If a € Z* (M) and 8 € Z"* (M) are
closed forms, integration over M pairs them by

(o, B) — /Ma/\ﬁ. (7.27)

Since the right hand side depends only on the cohomology classes of
« and [ (it vanishes if either « or ( is exact), it gives a bilinear map
HY (M) x H"* (M) — C. Now, each Z* (M) carries a scalar product (-]-)
induced by the metric and orientation on M, given by

aN*fB =g (a|B)Q, (7.28)

where ¢, € {£1,+i}, Q is the volume form on M, and * denotes the Hodge
dual?*. This pairing is nondegenerate since

/oz/\(&kl*oz):/ (a|a)Q >0 for a # 0. (7.29)
M M

Now, one could hope to reformulate all this construction that exists on manifolds
onto the K-theory ring, as a canonical pairing. This can be done if M is a
spin manifold; the role of the orientation [2] in cohomology is replaced by the
K-orientation, so that the corresponding pairing of K-rings is mediated by the
Dirac operator [65]. We leave aside the translation from K-theory to cohomology
(which is quite the long story) and explain briefly how the intersection form may
be computed in the K-context.

K-theory of algebras

There are two abelian groups, Ky (A) and K7 (A), associated to a Fréchet pre-C*-
algebra A [66, 67, 68]. The group Ky (A) gives a rough classification of finitely
generated projective modules over A. Let us denote M, (C) the algebra of com-
pact operators of finite rank, and let us define M, (A) = A® M, (C). Two
projectors in M, (A) have a direct sum p @ q = (8 2). Two such projectors p

and ¢ are equivalent if p = v*v and ¢ = vv* for some v € M, (A). Adding the

ZThe cohomology ring H® (M) is the sequence of all H” (M).

24Let M be an n-dimensional oriented manifold. The Hodge dual xC of a k-form ( is the
unique (n — k)-form such that n A ¢ = (n, () Q for each k-form 7, where (-, -) is the inner
product between k—forms and €2 is the volume form on M. Roughly speaking, the Hodge dual
of a form ( is the form whose components are complementary to those of {, in the sense that,
in two dimensions, one has x1 = dz A dy, xdx = dy, xdy = —dz and x (dz A dy) = 1.
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equivalence classes by [p]+[q] = [p @ q], we get a semigroup?’, and one can always
construct a corresponding group of formal differences [p] — [g]: this is K (A).

The other group K; (A) is generated by classes of unitary matrices over A.
We nest the unitary groups of various sizes by identifying u € U, (A) with
u® I € Upnyx (A), and call u,v equivalent if there is a continuous path from u
to v in U (A) = Up>1Up (A). The group K (A) consists of the equivalence
classes of Uy, (A") under this relation®.

When A is represented on a Z,-graded Hilbert space H = H+t @ H ™, any odd
selfadjoint Fredholm?” operator D on H defines an index map ¢p : Ko (A) — Z
as follows. Denote by a — a™ @ a~ the representation of M,, (A) on H}t & H, =
Hp =HO...0H (m times). Write D, = D& ... d D, acting on H,,. Then
p~D,pt is a Fredholm operator from M to H, , whose index depends only on
the class [p] in Ko (A). We define

¢p ([p]) = ind (p~Dpup”) - (7.30)

The intersection form

Coming back now to the spectral triple under discussion, we define a pairing on
K.(A) = Ky (A) ® K, (A) as follows. The commuting representations of A and
of A° on the Hilbert space determine a representation of the algebra A ® A° on
‘H by

a®b — aJb*J = Jb* T a. (7.31)

If [p], [q] € Ko (A), then [p® ¢°] € Ky (A ® A°). The intersection form for D is
([P, [a]) = ¢p (P® 7)) (7.32)

Poincaré duality is the assertion that this pairing on K, (A) is nondegenerate.

7.3.7 Axiom 7: The Real Structure

Axiom 7 (Reality). There is an antilinear isometry J : H — H such that the
representations of a € A and b° = Jb*J 1 € A° commute and that satisfies

J? =¢, JD =<'DJ, JT =¢"TJ, (7.33)

where the numbers €,&' " = +1 define the KO-dimension n which is defined
mod 8 by

25 A semigroup is a group without inverse elements.
26 A+ is the set of positive elements of A.
27See footnote 20



116 CHAPTER 7. NON-COMMUTATIVE GEOMETRY
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These tables, with their periodicity in steps of 8, arise from the structure of
real Clifford algebra representations. From a physical point of view, the operator
J represents the charge-conjugation operator for fermions.

With this last axiom, we finally have all the ingredients we needed to properly
define a non-commutative space.

7.3.8 Non-commutative spin geometry

Definition 7.3.4 (Non-commutative spin geometry). A non-commutative spin
geometry is a real graded spectral triple (A, H,D; T, J) that satisfies Azioms 1-7
set out above.

7.4 Equivalence of Geometries and Gauge Sym-
metries

So far, we have defined what NCSs are; now, we would like to find a way to
compare two of them, and possibly to check whether the two are in fact the very
same NCS in two different disguises. Once again, we will follow [60, 56].

7.4.1 Unitary equivalence of Non-Commutative Spaces

In order to compare two NCSs (A, H, D; I, J)and (A", H', D’; T", J'), we focus
first of all on the algebras A and A’. It is natural to require that these be
isomorphic; moreover, since these algebras define spin geometries only through
their representations on the Hilbert spaces, we lose nothing by assuming that
they are the same algebra A. We can also assume that the Hilbert spaces H
and H' are the same, so that A acts on H with two possibly different faithful
representations. One must then match the operator pairs D and D', etc., on the
Hilbert space H. We are thus led to the notion of unitary equivalence of spin
geometries.

Definition 7.4.1. Two NCSs (A, H, D; T', J) and (A, H, D'; T, J') with the
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same algebra and Hilbert space are unitarily equivalent if there is a unitary oper-

ator U : H — H such that
e UD=DU,UT'=1"U and UJ = J'U;
e UaU ' =0 (a) for an automorphism o of A.

If in addition J' = J, one can easily check by direct computation that
UbrU~ = (o (b))°.

It is quite the tedious task to check that, given a NCS (A, H, D; T, J)
and any unitary operator U on H such that UAU™! = A, then
(A, H, UDU~Y; UTU~, UJU) is also a NCS, so we will omit the details. The
interested reader should refer to [60]. In what follows, we will focus on a particular
kind of U.

On any NCS (A, H, D; I, J), there is an action by inner automorphisms
of the algebra A. If u is a unitary element of the algebra A4 (i.e. such that
uu* = u*u = 1), consider the unitary operator on H given by

U=ulu") =uJuJ " = JuJ "u. (7.34)

If a € A, then UaU ™! = uau=" since JuJ ! commutes with a, so U implements
the inner automorphism o, (a) = uau~!. Next, since J? = ¢, one has

UJ =uJu=cuJ ‘u=J*u u=JU. (7.35)

Similarly, one can show that I' commutes with U as well: UT' = I'U. Thus, the
given geometry is unitarily equivalent to (A, H, “D; T, J), where

"D = UDU* = JuJ 'uDu*Ju*J ' = JuJ ' (D +u[D,u*]) Ju'J ' =
= JuJ 'DJu* T +u[D,u] =D+ Ju ' [D, Jut T + u[D,u] =
=D +u[D,u]+&Ju[D,u*] J T, (7.36)

where we used the first-order condition as well as JD = £'D.J. Notice that the
operator u [D, u*| is bounded and selfadjoint in £ (H).

7.4.2 Morita equivalence and connections

The unitary equivalence of spin geometries helps to eliminate obvious redundan-
cies, but it is by no means the only way to compare geometries. We need a looser
notion of equivalence between spin geometries that allows to vary not just the
operator data but also the algebra and the Hilbert space. Here the Morita equiva-
lence of algebras [69] gives us a clue as to how to proceed, since Morita-equivalent
algebras have equivalent representation theories [70, 71, 69].
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Two algebras A and B are Morita-equivalent if there exists a B-.A equivalence
Hilbert bimodule £, namely a module £ which is at the same time a right Hilbert
module® over A with A-valued hermitian structure (-, -) , and a left Hilbert
module over B with hermitian structure (-, ), such that

e The module & is full®® both as a right and as a left Hilbert module;

e The hermitian structures are compatible, namely
n, OsC=n(, Ou N CEE; (7.37)

e The left representation of B on £ is a continuous *-representation by op-
erators which are bounded for (-, -) ,, namely (bn, bn) 4 < o)1* (n, n) 4 for
b € Band n € £ Similarly, the right representation of A on £ is a con-
tinuous -representation by operators which are bounded for (-, -),, i.e.
(na, na) < |lal]*(n, n)g for a € Aand n € £.

Given any B-A equivalence Hilbert bimodule £ one can exchange the role
of A and B by constructing the associated complex conjugate A-B equivalence
Hilbert bimodule € with a right action of A and a left action of B. As an additive
group, & is identified with £ and any element of it will be denoted by 7, with
n € £. Then one gives a conjugate action of A, B (and complex numbers) with
corresponding hermitian structures. The left action by A and the right action by
B are defined by

an = na* Vac Aneé& (7.38)
mh=b  VbeB,meE. (7.39)

As for the hermitian structures, they are given by

<ﬁ7 E>.A = <777 £>_A> (740)
M. &)s=(, 85 VnéEek. (7.41)

There is a theorem that states that two Morita-equivalent algebras have equiv-
alent representation theory (see e.g. [70, 71, 69]). As we mentioned earlier, the
only impact of an algebra on its corresponding NCS is through its representation
on the Hilbert space. Then, it should be clear that spectral triples involving
Morita-equivalent algebras describe actually the very same NCS.

28 A Hilbert module is basically a Hilbert space whose scalars are elements of a generic
algebra A instead of being elements of C.

2Let £ be a Hilbert module over A. Then, the closure of the linear span of
{n, &4, n,§ €&} is an ideal of A. If this ideal is the whole A, the module £ is called a
full Hilbert module.
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If one starts from a specific spectral triple with algebra A, there is a standard
procedure to build the spectral triple for the Morita-equivalent algebra 3 [60]. We
start with any spin geometry (A, H, D; T', J) and a finitely generated projective
right A-module £, with pairing (- |-). Using the representation A — £ (#H) and
the opposite representation b — b°, we can regard the space H as an A-bimodule.
This allows us to introduce the vector space

H=EQRARE. (7.42)

If p € M,, (A) is the projector (p = p* = p?) such that & = pA™, then &€ = A" p
and H = pp° [H ® M,, (C)], so that H becomes a Hilbert space under the scalar
product

(reneglseeal) =) 0. (7.43)

It H =H, ®H_ is Zy-graded, there is a corresponding Zo-grading of H. The
antilinear correspondence s — s between & and & also gives an obvious way to
extend J to H:

T(s0E@1) =t®JERS. (7.44)

Let B=E®E, then £ is a left-B-module, and the action of B on £ commutes
with the right action of A. Then

b:s®{RE—bs®ERT, beB (7.45)
yields a representation of B on ﬁ, and an opposite representation
b= JbJ 1 s®ERT— sRER b, (7.46)

where 7b := b*t. b and b°® obviously commute.
The nontrivial part of the construction of the new spin geometries

(B, 7:2, 5; f, j) is the determination of an appropriate operator DonH. Guided

by the differential properties of Dirac operators, the most suitable procedure is
to postulate a Leibniz rule:

D(s@t@1) = (Vs)E@T+s@DERT+ 5@ E(VE), (7.47)

where Vs, Vi belong to some space whose elements can be represented on H by
suitable extensions of the representations of A and A°. Of course, in order for
this last equation to be consistent, V itself should comply with a Leibniz rule.
Since sa @ ER T =s®al Rt for a € A, this entails

(Vsa)E@t+s®aDE@t = (Vs)a @t + s @ Dal @1, (7.48)
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so we infer that
V (sa) = (Vs)a+s®[D,al. (7.49)
To satisfy these requirements, we introduce the space of bounded operators

Qp =span{a[D,b] : a,b € A} C L(H), (7.50)

which is an A-bimodule under the actions c¢>a [D, b] := ca [D, bc] and a [D, b] < ¢ =
a[D,bc] — ab|D,c]. The notation 1, is chosen to make clear that the objects
a[D,b] are the non-commutative version of 1-forms.

Now, we can form the right A-module £ @ QF.

Definition 7.4.2. A connection on £ is a linear mapping
V:E—ERQ (7.51)
that satisfies the Leibniz rule (7.49).

Now we just need to ensure that D itself be selfadjoint on H. If &n €
Dom (D), we get

(roneg|D(secal)) = (| Vs)(t10)°0 + | (r|s) (t])°De) +
+{nl(r|s)(Vtq) ), (7:52)

(Dlreneg)|seeal)=(Vrls) (tla°e) + Dyl (]s) (10’ +
+ (0l (r]9)(t]Va)e). (7.53)

This reduces to the condition that
(r|Vs)—(Vr|s)=[D,(r|s)] for all r,s € £. (7.54)

If this last equation holds, we say that the connection V is hermitian with respect
to D.

To summarize what we said so far: two NCSs (A, H,D; I', J) and
(B, ’f-Z, 75; f, J ) are Morita-equivalent if there exist a finitely generated projec-

tive right A-module £ and an 2%-valued connection V on € such that B = £®E,
H and T are given by Eq. (7.42), J is given by Eq. (7.44) and D by Eq. (7.47).
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7.4.3 Gauge Potentials

Any equivalence relation is by definition reflexive, so any algebra A is Morita-
equivalent to itself, in which case the equivalence bimodule is A itself [72]. We
may ask what Morita equivalence entails when the algebra A is unchanged. Re-
garded as a right A-module, A carries a standard hermitian connection with
respect to D, namely

Adp: A—Qp, b [D,}]. (7.55)
By the Leibniz rule (7.49), any connection differs from Adp by an element of Q%:
Vb = [D,b] + Ab, (7.56)

where

A= a;[D,b] (7.57)

lies in L. We call it a gauge potential if it is selfadjoint: A = AT. Hermiticity
of the connection for the pairing (a|b) := a*b demands that a*Vb — (Va)"b =
[D,a*b], i.e. a* (A —A*)b =0 for all a,b € A, so a hermitian connection on A is
indeed given by a gauge potential A.

On substituting the connection (7.56) into Eq. (7.47) for an extended Dirac
operator 5, one obtains

D (b€) = ([D,b] + Ab) & + bDE + £'bJ (V1) J ¢ =
= (D+ A+ JAT) (bS). (7.58)

Therefore, the gauge transformation
D—D+A+eJAT ! (7.59)

yields a NCS that is Morita-equivalent to the original. Notice that the inner
automorphisms of (7.36) yield a special case of (7.58), with A = u [D, u*].

7.5 The Non-Commutative Integral

In this chapter we will define the non-commutative integral and relate it to con-
ventional integration on manifolds. Again, we will follow [60, 56].

In the course of the initial development of non-commutative geometry, inte-
gration came first, beginning with Segal’s early work with traces on operator al-
gebras [73] and continuing with Connes’ work on foliations [74]. The introduction
of universal graded differential algebras [75] shifted the emphasis to differential
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calculus based on derivations, which formed the backdrop for the first applica-
tions to particle physics [76, 77]. The pendulum later swung back to integral
methods, due to the realization [78, 79, 80, 81] that the Yang-Mills functionals
could be obtained in this way. In fact, as we will see, the non-commutative in-
tegral is the key to understanding the origin of Connes’ formula for the spectral
action Eq. (7.3).

Early attempts at non-commutative integration [73] used the ordinary trace
of Hilbert space operators as an ersatz integral, where traceclass operators play
the role of integrable functions. However, for non-commutative geometry one
needs an integral that suppresses infinitesimals of order higher than 1, but the
ordinary trace diverges for positive first-order infinitesimals, since

Tr|T| = Z pe (T) = lim 0, (T) =00 if 0, (T) = O (logn).  (7.60)

Dixmier [82] found other tracial functionals on compact operators that are more
suitable for our purposes: they are finite on first order infinitesimals and vanish
on those of higher order. To find them, we must look more closely at the fine
structure of infinitesimal operators.

The algebra K of compact operators on a separable, infinite-dimensional
Hilbert space contains the ideal®® £! of traceclass® operators, on which ||T|, =
Tr|T| is a norm, which is larger than the operator norm ||T|| = uo (7). Each
partial sum of singular values o, is a norm on K. In fact, one can show [83] that

on (T) =sup {||TP,|, : P, is a projector of rank n}. (7.61)

Notice that o, (T) < nuo(T) = n||T||. One can also show [60] that the two
norms are related by

0o (T) = inf {||R||, +n||S|| : R,S € K; R+ S =T}. (7.62)

In order to make clear a few concepts that will be very important later, let us
check this equality. Clearly, if T = R + S, then o, (T) < 0, (R) + 0,(5) <
|R|l, + n||S]]. To show that the infimum is attained, one can assume without
loss of generality T be a positive operator, since both sides of Eq. (7.62) are

30An ideal I of a ring R is an additive subgroup of the ring such that for each r € R and
x € I, one has that rz (or xr) € I. Ideals generalize structures like “even numbers”: addition
and subtraction of even numbers preserves evenness, and multiplying an even number by any
other integer results in another even number. These closure and absorption properties are the
defining properties of an ideal.

3LA traceclass operator is a compact operator for which a trace may be defined, such that
the trace is finite and independent of the choice of basis.
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unchanged if R, S, T are multiplied by a unitary operator V such that VT = |T|.
Now, let P, be the projector of rank n whose range is spanned by the eigenvectors
of T corresponding to the eigenvalues py, ..., tt,—1. Then R := (T — p,) P, and
ﬁ H: ann + T(l - PN) SatiSfy HRH1 = Zk<n (:uk - Nn) = On (T) — Npn and
S| = pn.
We can think of o, (T) as the trace of |T'| with a cutoff at the scale n. This
scale need not be an integer: for any scale A > 0, we can define

ox(T) =mf{||R]|, + A||S|| : R,S e K; R+S=T}. (7.63)

If0 <A <1thenoy(T)=A|T]|. On the other hand, if \ = n+¢ with 0 < ¢ < 1,
one can check that

o(T)=0-t)0, (T) + to,1 (T), (7.64)

so that A — o, (T) is a piecewise linear, increasing, concave function on (0, 0o).
With this definition, each o, (T') is a norm, hence it satisfies the triangle inequal-
ity. For positive compact operators, one can prove a triangle inequality in the
opposite direction:

ox(A)+0,(B) <oxyu(A+ B) if A,B > 0. (7.65)
Hence, we get a sandwich of norms:
O')\(A—i—B)SU)\(A)+U)\(B)§02>\(A+B) 1fA,B>O (766)

Now, we can precisely define the first-order infinitesimals as the following
normed ideal of compact operators:

I+ ._ : o o (T)
L= {T el T, = s)g;) Tog A < oo} (7.67)

that obviously includes the traceclass operators £

If we fix a > e, if T € £, the function A\ — o, (T') /log A is continuous and
bounded on the interval [a, 00), i.e. it lies in the C*-algebra Cj, [a, c0). We then
define the Cesaro mean of this function:

' 1 A oy (T) du
n ()= o / o (7.68)

Then, A = 7, (T) lies in Cjy[a,00) as well, with upper bound |7'|,,. From
Eq. (7.66) we can also derive that

2+ loglog A

07 (A) 47 (B) =7 (A4 B) < (Al +1Bl,,) og 2= 27

, (7.69)
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so that 7, (T') is ‘asymptotically additive’ on positive elements of £,

We get a true additive functional in two more steps. Firstly, let 7 (A) be the
class of A — 7, (A) in the quotient C*-algebra B := C}, [a, o0) /Cy [a,00). Then 7
is an additive, positive-homogeneous map from the positive cone of £!* into B,
and 7 (UAU') = 7 (A) for any unitary U, therefore it extends to a linear map
7 : LY — B such that 7 (ST) = 7 (T'S) for T € L' and any bounded S.

Secondly, we compose 7 with any state (i.e. normalized positive linear form)
w : B — C. The composition is called a Dixmier trace:

Tr, (T) = w (7 (T)). (7.70)

Actually, B is not separable, hence there is no way to exhibit any particular
state. More precisely, a function f € Cj[a,00) has a limit limy . f (A) = ¢ if
and only if w (f) = ¢ does not depend on w. Then, we say that T € L1 is a
measurable operator if the function A — 7, (T') converges as A — oo, in which
case any Tr, (T) equals its limit. We denote by 7' the common value of the
Dixmier traces, and we call this value non-commutative integral of T":

A—00

fT:nmnay (7.71)

7.6 Action Functionals

On a differential manifold, one may use many Riemannian metrics; on a spin man-
ifold with a given Riemannian metric, there may be many distinct (i.e. unitarily
inequivalent) spin geometries. An important task, already in the commutative
case, is to select, if possible, a particular geometry by some general criterion;
in physics we often do so by minimization of an action functional. In the non-
commutative case, the minimizing geometries are often not unique, leading to the
phenomenon of spontaneous symmetry breaking.
In the following dissertation, we will follow [60, 56].

7.6.1 Algebra automorphisms and the metric

In the rest of this chapter, we fix the data (A, H, I, J) of the spectral triple and
consider how the Dirac operator D may be modified by automorphisms of the
algebra A.

The point at issue is that the automorphism group of the algebra is just
the noncommutative version of the group of diffeomorphisms of a manifold. For
instance, if 4 = C* (M) for a compact smooth manifold M, and if & € Aut (A),
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then each character # of A is the image under « of a unique character®® ¢ (i.e.
a~!(2) is also a character, so it equals § for some y € M). Write ¢ (z) =
y (with = and y the same as before); then ¢ is a continuous bijection on M
satisfying o (f) (z) = f (¢~ (z)), and the chain rule for derivatives shows that ¢
is itself smooth and hence is a diffeomorphism of M. Then, o <+ ¢ is a group
isomorphism from Aut (C*° (M)) onto Diff (M).

On a non-commutative *-algebra, there are many inner automorphisms

o, (a) = uau™", (7.72)

where u lies in the unitary group U (A); these are of course trivial when A is
commutative. We adopt the point of view that these inner automorphisms are
henceforth to be regarded as ‘internal diffeomorphisms’ of our algebra A.

Already in the commutative case, diffeomorphisms change the metric on a
manifold. To select a particular metric, one uses often the variational principle.
In General Relativity, one works with the Einstein-Hilbert action

Sen :oc/ R\/|g|d”x=/ RQ, (7.73)
M M

where R is the scalar curvature (i.e. the Ricci scalar) of the metric g,,, in order to
select a metric minimizing this action. In Yang-Mills theories of particle physics,
the bosonic action functional is of the form

SYM X /FW,F‘LW, (774)

where F),, is the curvature 2-form associated with the corresponding gauge po-
tential.

The question then arises as to what is the general prescription for appropriate
action functionals in noncommutative geometry.

Inner automorphisms and gauge potentials

Recall how inner automorphisms act on NCSs: if u is a unitary element of A,
the operator U := uJuJ ™! implements a unitary equivalence (7.36) between the
NCSs determined by D and by

"D =D+ u[D,u*] + & Ju[D,u*] J . (7.75)

32A character of an algebra A is a non-zero homomorphism p : A — C. In this context, A
is the set of smooth functions over a manifold M, and a character is the evaluation of one such
functions in a point © € M; we denote such a character .
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More generally, any selfadjoint A € Q1 gives rise to a Morita equivalence (7.58)
between the geometries determined by D and by D + A + ¢/ JAJ 1.

It is important to observe that these gauge transformations are trivial when
the geometry is commutative. Recall that this means that A is commutative and
that b° = b: the charge conjugation J on spinors intertwines multiplication by a
function with multiplication by its complex conjugate. Therefore we can write
a = Ja*J~! in this case. But then, the first-order condition entails

Ja[D,b)Jt =d'J[D,b]J = J[D,b]J el =
= [JDJ Y JbJ N al =& [D,b1] af =~/ (a[D, BT (7.76)
since JDJ ™! = ¢'D. Hence JAJ ! = —&'Af for A € QL and thus A+&/'JAJ ! =
A — A" which vanishes for a self-adjoint gauge potential. This means that,
within our postulates, a commutative manifold could support gravity but not

electromagnetism; in other words, even to get abelian gauge fields we need that
the underlying manifold be non-commutative!

7.6.2 The Fermionic Action

In the Standard Model of particle physics, the following prescription defines the
fermionic action functional:

Sy (0, A) = <J@Z) (D+ A+ TATY) @E>, (7.77)

where 1) is a GraBmann vector in the Fock space #.. of classical fermions corre-
sponding to the positive eigenspace H, of the grading I', and may be interpreted
as a multiplet of spinors representing elementary particles and antiparticles.
The gauge group U (A) acts on potentials in the following way. If u € A is
unitary and if V = Adp +A is a hermitian connection (7.56), then so also is

uVu' = uAdpu' +uAul = Adp +u D, uT] + uAul, (7.78)
so that “A = uAu' + u [D, uT] is the gauge-transformed potential. With U =
uJuJ 1, we get UAUT = uAu' since JuJ ! commutes with Q,, and so

D+"A+eJ AT =
=D+u [D,uw +¢&'Ju [D,uq J b uhul + & JuAuT T =
=U (D+A+JAJ) U (7.79)
The gauge invariance of (7.77) under the group U (A) is now established by
Sy (Ui, “A) = (U ‘ (D+ “A+eJ AT UY) =
= (Uy | UMD+ A+eTAT )Yy =5, A). (7.80)
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7.6.3 The Provisional Bosonic Action

In Yang-Mills models, the fermionic action is supplemented by a bosonic action
that is a quadratic functional of the gauge fields or curvatures associated to
the gauge potential A. One may formulate the curvature of a connection in
non-commutative geometry and obtain a Yang-Mills action. To do so, one can
formally introduce the curvature as F := dA + A%, where the notation means

dA = Z D, a;] D, b;] whenever A = Z a; [D, bi] . (7.81)

Regrettably, this definition is flawed, since the first sum may be nonzero in cases
where the second sum vanishes. For instance, in the commutative case, a [@, a] —
[@,1a%] = —iy* (adua — 8, (3a*)) = 0 but [@.a] [@,a] = — (9,a) (0"a) < 0 in
general. If we push ahead anyway, we can make a formal check that I transforms

under the gauge group U (A) by “F = uFu'. Indeed,
d(“A) = [D,u] [D,u'] + Z [D,ua;] [D, bju'] — Z [D, ua:b;] [D,ul] =

= [D,u] [D,u'] + [D,u] Au" — uA [D,ul] + Zu [D,a;) [D,bi]u', (7.82)

while, using the identity u[D,u*]u = — [D, u|, we get
(“A)2 =u [D, uT] u [D,UT] +u [D,uq uAu' + uA [D, uT] +ulA?yt =
= —[D,u] [D,u] — [D,u] Au’ + uA [D,u'] + uAul, (7.83)

and consequently
“F=d("A) + ("A)2 =u (dA + A2) u' = uFul. (7.84)

Provided that the definition (7.81) can be corrected®; one can then define a
gauge-invariant action as the symmetrized Yang-Mills type functional

Sy (A) = ][ (F+ JFJ- D)D", (7.85)
because the non-commutative integral is a trace, so that
][ (“F + JUFJ ) [“D| ™" = ][U (F+JFJ D) D" U~ =

- ][ (F+ JFJ-V)* D™, (7.86)

33The ambiguity in (7.81) can be removed by introducing the A-bimodule (Q%)Q/JQ,
where the subbimodule J5 consists of the so-called ‘junk terms’ ). [D,a;] [D,b;] for which
>, ai[D,b;] = 0. Then, by redefining I as the orthogonal projection of dA + A? on the orthog-

onal complement of Js in (S21D)27 one gets a well-defined curvature and the non-commutative
integral of its square gives the desired Yang-Mills action.
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7.6.4 The Spectral Action

The Yang-Mills action (7.85), evaluated on a suitable spin geometry, achieves the
remarkable feat of reproducing the classical Lagrangian of the Standard Model
[65, VI]. However, its computation leads to fearsome algebraic manipulations and
very delicate handling of the junk terms, leading one to question whether this
action really is fundamental. Connes and Chamseddine [84] made an alternative
proposal.

The unitary equivalence D — D+u [D, uT] +&'Ju [D, uT} J~!is a perturbation
by internal diffeomorphisms, and one can regard the Morita equivalence D — D+
A+¢e'JAJ ™! as an internal fluctuation of D. The correct bosonic action functional
should not merely be diffeomorphism invariant — where by diffeomorphisms we
mean automorphisms of A — that is to say, ‘of purely gravitational nature’, but one
can go further and ask that it be spectrally invariant. As stated unambiguously
by Connes and Chamseddine [78] “The physical action only depends upon o (D)”.

Since quantum corrections must still be provided for [85], the particular action
chosen should incorporate a cutoff scale A (roughly comparable to inverse Planck
length, or Planck mass, where the commutative spacetime geometry must surely
break down), and some suitable cutoff function: f(¢) > 0 for ¢t > 0 with f (¢) =0
for t > 1. Therefore, Connes and Chamseddine proposed a bosonic action of the
form

D2
Sy (D) = Algrgo Tr f (F) . (7.87)
This spectral action turns out to include not only the Standard Model bosonic
action but also the Einstein-Hilbert action for gravity, plus some higher-order
gravitational terms [78, 81|, thereby establishing it firmly as an action for an
effective field theory at low energies.

Usually, one takes as f a smooth approximation of the characteristic function
X[o,1) of the interval [0, 1]. In this case, the spectral action simply counts the
number of singular values of D smaller than the cutoff scale A.



Chapter 8

Twisted Non-Commutative
Geometry

In this chapter, we will outline the main differences between standard NCG and
its twisted version, and then we will work out the most important peculiarities
of twisted NCG.

Our aim is to somehow modify the axioms of NCG in order to generate a
new scalar field, o, that is capable of solving many of the problems of the Connes
model, such as the wrong Higgs mass, the metastability of the electroweak vacuum
[56], or of course the arising of the neutrino Majorana mass. Such a field does
not arise using the axioms of the standard NCG (i.e. in the Connes model),
hence one needs to modify those axioms in order to obtain it. There are several
ways to do so, such as enlarging the algebra of the spectral triple [86], breaking
the first order condition [56], or working with twisted spectral triples, which was
tried initially in [87] with a partial twist (that acted on the electroweak part of
the algebra only) and which is what this work focuses on.

The following sections are structured as follows. In sections 8.1 to 8.3 we
introduce twisted NCG, summarizing what is already present in literature. In
section 8.4 begins the original content of this work, with a brief review of minimal
twists and then an in-depth study of the twist-by-grading (already introduced in
[88]) and of other minimal twists.

In Chapter 9 we apply twisted NCG to the simplest twist of the Connes
model, i.e. the twist-by-grading of the Connes model. Then, in chapter 10 we
study other two minimal twists of the Connes model.

129
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8.1 Real Twisted Spectral Triples

Twisted spectral triples have been introduced to build non-commutative geome-
tries from type I1T algebras [89]. Later, it was found out that an extra scalar field
is needed in order to lower the Higgs mass predicted by Connes model to the
correct value, and twisted spectral triples are one way to give rise to that new

field [56].

Definition 8.1.1. A twisted spectral triple (A, D, H), is a set of four objects
of the following types:

o A is a unital involutive algebra;
e H is a Hilbert space on which A acts faithfully as bounded operators;

e D is the Dirac operator and is a self-adjoint operator with compact resol-
vent;

e p is the twist and is an automorphism of A such that the twisted commu-
tator, defined as

[D,a], =Da—p(a)D, (8.1)
is bounded for each a € A, and such that
pa’) =p" (). (82)

Remark 8.1.1. If one requires p to be a x-automorphism, then the regularity
condition implies that p? = L.

Once again, we define the notions of graded and real twisted spectral triple:

Definition 8.1.2. A twisted spectral triple is graded or even if the Hilbert space
H s endowed with a unitary self-adjoint operator I' such that

e al' =Ta for each a € A;
e DI'=—1D.
The operator I' is called the Zo-grading, or more simply the grading.

Definition 8.1.3. A twisted spectral triple is real if H is endowed with an anti-
linear isometry of H onto itself such that

o J? =41,
e JD=4DJ.
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Further, if the twisted spectral triple is even, J should also satisfy
o JI'=4IJ.
The operator J is called a real structure.

As in the non-twisted case, J is required to implement an isomorphism be-
tween A and its opposite algebra A°

b b = JblJ (8.3)

and once again one requires the action of 4° to commute with the action of A
(the zeroth-order condition):

[a,0°] =0 (8.4)
in order to define the right action of A on H:
b = b°1. (8.5)

The part of the real structure that is modified is the first order condition. In
the non-twisted case, it reads [[D,a],b°] = 0 Va,b € A. Instead, in the twisted
case, we require the twisted first-order condition (which is basically the twisted
version of Axiom 2):

[[D, al,, bo] ; = [D,a], — p°(b°) [D,a], =0 (twisted first-order condition),

where p° is the automorphism induced by p on the opposite algebra: &0
p° (b°) = Jp (b1) T (8.7)

If the automorphism p is also an inner automorphism of B (#), that is
p(a) = RaR', (8.8)

with unitary R € B (H), then p is said compatible with the real structure J if
JR =¢"RJ, for " = +1. (8.9)

8.2 Twisted Inner Product

Given a Hilbert space ‘H with inner product (-, -) and an automorphism p of
B (H), one can define a p-product (-, -) , 8 a new inner product satisfying

(6.06),=(p(0)'0.€)  YOEBMH). b.6cH.  (810)
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where the 1 denotes the hermitian adjoint with respect to the inner product (-, ).
Then one calls

Ot =p(0) (8.11)

the p-adjoint of O. If p is an inner automorphism implemented by the unitary
operator R on H (i.e. if p(O) = RORT') then there is a canonical p-product:

(6.6, =0, RE). (8.12)

The p-adjoint is not necessarily an involution. If p is a x-automorphism (which
is always the case if p is inner), then * is an involution if and only if p?> =T, in
fact:

.|.

+

(0%)" =0p(0%) = (p(0)) =p(r(0)). (8.13)
The same condition comes out for a twisted spectral triple even if one defines

the p-adjoint solely at the algebraic level, ie. at = p(a)T, without assuming

that p € Aut (A) extends to an automorphism of all B (H). In fact, because of
the regularity condition (8.2), one gets

I
(@) = (p@") = (0 (@) =0 (0™ (@) = (p(@)!) = ().
(8.14)
A twisted spectral triple (A, H, D) p whose twisting-automorphism p extends
to an automorphism of B () induces a natural twisted inner product on H,
which is useful to define a gauge invariant fermionic action.

8.3 Twisted Fermionic Action

The fermionic action (7.77) for a real graded spectral triple (A, H, D; T, J), can
be written as

St (Da) =Ap, (@ﬂﬁ) : (8.15)
constructed from the bilinear form
A(0,8) =(Jo, Dav), ¢, EH (8.16)
defined by the fluctuated Dirac operator
Dy=D+A+ JAT, (8.17)

where A is a self-adjoint element of the set of generalised 1-forms QL defined
in Eq. (7.50). Here, ¢ is a Grafimann vector in the Fock space H. of classical
fermions corresponding to the positive eigenspace H of the grading I', and may
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be interpreted as a multiplet of spinors representing elementary particles and
antiparticles.

As we have seen in section 7.6.2, the fermionic action is invariant under gauge
transformations of the form

Y — (Adu) ¢ = wpu = wuty = uJu'J P, (8.18)
D — (Adu) D (Adu)', (8.19)

with u € U (A) a unitary element of A.
In twisted non-commutative geometry, one replaces D4 with the twisted fluc-
tuated Dirac operator

Dy, =D+A,+eJA,J (8.20)

where A, is an element of the set of twisted 1-forms
Q) = span {a [D,b],:a,be A} (8.21)

such that Dy, is self-adjoint; and replaces also the inner product with the p-
product (8.10) (or (8.12) in case the compatibility condition (8.9) is satisfied).
Then, in place of (8.16) one defines

Ap, (6,€) = (Jo, Du,§),=(J¢, RDs,&),  ¢,§€DomDy,.  (8.22)
A twisted gauge transformation is given by

Y — (Adu) Y = wpu = uu’Y = uJul J 1Y, (8.23)
Dy, — (Adp (u)) Da, (Adu)' (8.24)

If the twist p is compatible with the real structure (8.9), this twisted gauge

transformation leaves the twisted bilinear form (8.22) invariant. However, the

antisymmetry of leDA is in general not preserved, unless one restricts to the
P

positive eigenspace Hx of R, that is
Hr ={{ € DomD,, : RE =E}. (8.25)
Then, the twisted fermionic action is

S7 (Ds,) =, (0.0), (8.26)

where 1 is the GraBmann vector associated with 1 € Hg.
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This restriction to Hr has important consequences. In Connes model of the
SM, one assumes the spectral triple of a quasi-commutative space, i.e. the direct
product (in a sense that will be made clear in the following) of the spectral
triple representing a manifold by a spectral triple of a finite-dimensional Hilbert
space. This means that the final Hilbert space will be H = L?>(M,S) ® Hp,
where L? (M, S) is the space of square-integrable spinors on the (Riemannian)
spin-manifold (M, S), and Hp is the finite-dimensional Hilbert space. In Connes
model one restricts to H: this ensures that the physical states have well-defined
chirality, i.e. that their chirality as spinors of L?(M,S) coincides with their
chirality as elements of Hp. On the other hand, the elements of Hz do not have
a well-defined chirality — that is, on a Riemannian space. It turns out that the
restriction to Hz allows one to obtain a physically meaningful fermionic action
in Lorentzian signature, even though one starts with a Riemannian manifold.

Before showing how this happens, we will prove two useful lemmas regarding
p

’DAP‘
Lemma 8.3.1. In a real graded spectral triple (A, H, D), (with J* = & and
JD =€"DJ) one has

(Jo, DE) = e2' (JE, D) V€ € H. (8.27)
Proof. J, being an antilinear isometry, satisfies (J¢, J) = (¢, &) = (£, ¢).
Thus

(Jo, DE) = e (Jg, J*DE) = e (JDE, ¢) = e’ (DJE, §) = e’ (JE, D).
(8.28)
0

Remark 8.3.1. For the spectral triple of the SM, one has n = 10, which corre-
sponds to e’ = —1, hence the bilinear form Ap, (1, 1)) vanishes when evaluated
on vectors. However, it is non-zero when evaluated on Grafimann vectors.

Lemma 8.3.2. In a real twisted spectral triple with twist compatible with the real
structure (8.9), one has

Ql% ((b’ 5) = gl”Q’[D ((b’ 5) v¢7€ € %R (829>

Proof. Since R'J = ¢”JR and Ri¢ = ¢, we have

A% (6,€) = (Jo, RDE) = (R1Jg, DE) =" (JR'¢, DE) =" (Jo, Dé()- |
8.30
[l
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8.4 Minimal Twist of Non-Commutative Geome-
tries

8.4.1 Twist by Grading

Given any usual (non-twisted) spectral triple (A, H, D), there is a natural way of
constructing a twisted spectral triple [88]. The idea is to replace the commutator
with the Dirac operator [D, -] with a twisted one [D, -], while keeping the Hilbert
space and the Dirac operator intact. However, for most spectral triples, there
is no way to make both [D,-] and [D, ], bounded. For this reason, one has to
enlarge the algebra.

Definition 8.4.1 (Minimal twist). A minimal twist of a spectral triple (A, H, D)
by a unital involutive algebra B is a twisted spectral triple (A ® B, H, D) , where
the initial representation’ T of A on H is related to the representation © of AQB
on H by

7 (a®1g) = m (a) Va € A, (8.31)

where Iz is the identity of the algebra B.

If the initial spectral triple is graded, one can use the grading I' to obtain
a natural minimal twist, called twist by grading. The idea is that the grading
commutes with the representation of A, which means that the representation of
A is actually the direct sum of two representations on the eigenspaces H, and
H_ of I'. Therefore, there is enough room to represent twice the algebra .A.
Therefore, by taking B = C?, one gets A®@ C?> ~ A® A > (a,ad’) and

7 (a,a") = Pymy (a) + P_mo (a') = (77+0(a) W_O(a)) (8.32)

where Py == 1 (I£T) and 7 (a) == m (a) |y, are respectively the projections on
H. and the restrictions on H. of m. If mu are faithful, then (A ® C?, H, D)p
with the flip automorphism

p(a,a) = (d,a) (8.33)

is indeed a twisted spectral triple with grading I'. Furthermore, if the initial
spectral triple is real, then so is this minimal twist, with the same real structure.

The twist p is a *-automorphism that satisfies the regularity condition p? = I
and coincides on 7 (A ® C?) with the inner automorphism of B () implemented

In order to avoid confusions, in this section we will explicitly write the representation
symbols.
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by the unitary
_ 0 HH+
R0 ) "
with I, the identity on H..

Notice that R ~ 7° ® I. For this reason, the canonical p-product associated
with the minimal twist of a closed Riemannian spin manifold of dimension 4 turns
out to coincide with the Lorentzian Krein product? on the space of Lorentzian
spinors. This is the main reason why, by twisting a Riemannian spectral triple,
a transition to the Lorentzian signature happens in the action.

8.4.2 Minimal Twist of an Almost-Commutative Geome-
try

Given an (even dimensional) closed Riemannian spin manifold M, the spectral
triple associated with it is

(C= (M), L*(M,S), @ = —ir"V,,) (8.35)

where the algebra C'* (M) of smooth functions on M acts by multiplication
on the Hilbert space L? (M, S) of square integrable spinors, and @ is the Dirac
operator associated with the spin structure, with V,, the covariant derivative over
the spinor bundle of the spin manifold M. Notice that the dimension of M has
to be even so that the spectral triple (8.35) has a grading v, (the product of the
Dirac matrices v*).

For such a spectral triple, the twist by grading described in the previous
section 8.4.1 is the only possible minimal twist. However, for a genuinely non-
commutative geometry, many more twists are allowed. In particular, this will be
true for an almost-commutative geometry:

(A=CM)@Ap, H=L*(M,S)@Hr, D=9 + 70 @ Dr) (8.36)

i.e. the product of (8.35) with a finite dimensional graded spectral triple
(Ap, Hp, Dp) with grading vz (in the equation above I is the identity operator
on Hp). The representation

T =Tm QTR (8.37)

of A on H is the product of mp in (8.35) with the representation 7 of Ag on
‘Hr given by the finite dimensional spectral triple. Depending on the degeneracy
of the representation 7p, there exists minimal twists with B of Definition 8.4.1

%i.e. the usual scalar product in lorentzian signature.
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different from C? [88]. In case the representation of A is irreducible, then B
is necessarily C? but the representation 7 in (8.32) is not necessarily the one
obtained with the twist-by-grading.

In this section, we will investigate which properties of the grading are neces-
sary to build a minimally twisted partner for an almost commutative geometry.
We already know that the commutativity with the initial representation of A is
important to get the two independent representations m, but we still have to
determine to what extend the commutation properties of the grading I" with D
and the real structure J are relevant.

Given an almost commutative geometry (8.36), we thus consider an operator

T=T®Ts (8.38)

in B (H) which shares all the properties of a grading but the commutation prop-
erties with D and J, namely T is selfadjoint, 72 = I, the degeneracy of both
its eigenvalues +1 are non-zero and 7" commutes with the representation my of
A in (8.37). The latter is thus the direct sum 7, @ 7m_ of the two involutive
representations of A on the eigenspaces Hy of T" given by

ra (a) = (M2T7r0 (a))Hi | (8.39)

As in (8.32), the operator T allows to define a representation of A ® C? on H

I+T (@) I—T
= Tola
9 Y 2

7 (a,d") =7, (a)®7_(a) 7o (a') . (8.40)
To avoid domain issues, we assume that TH C Dom™D. We call T' a twisting
operator.

In the rest of this section, we will investigate the properties that T', 7 and Tx
must satisfy to define a proper twisted spectral triple.

Selfadjointness of T’

The selfadjointness of T" is to guarantee that the representations 7, are involutive.
This does not imply that 7 and Tr are selfadjoint. However, one can show that
one may always restrict to this case.

Lemma 8.4.1. Let T = T ® Tp be a selfadjoint operator on L* (M, S) @ Hp
that squares to 1. Then there exist two selfadjoint operators T on L*(M,S) and
Tr on Hp, squaring to the identity, such that

T=T&Tr. (8.41)
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Proof. The matrix T}TF is non-zero (otherwise T" would not square to I) and
positive, thus it admits at least one real eigenvalue A > 0, with associated eigen-
vector ¢ € Hp, and all the other non-zero eigenvalues are also strictly positive.
For any ¢ € L? (M, S), one has

TT (@) = T T ® TETpp = AT T @ 9. (8.42)
However, by hypothesis, 77T = I, hence T'T (¢ ® 1) = ¢ @ 1. Therefore
AT T —Tu) ey =0 Ve L*(M,S), (8.43)
meaning that
TT = A" . (8.44)

Repeating the same analysis for another non-zero eigenvalue )\, one concludes
that 717 = X', implying that A = X. This allows to define
T =T,  Tp=\2Tp, (8.45)
such that T = T ® Tr with
TIT = XT'T =1 (8.46)

From 77T = TTT]E it follgws that T;—,TF = TFTIL =Ip, ie. TF is unitary.

To show that 7" and T are selfadjoint, let us apply 7" = T' on p®@W, where ¥
is an eigenvector of Tp with eigenvalue 7 € C, with || = 1. Using T}\If =71y,
one obtains ) )

TeRm0=Ter ¥  VeeL*(M,S), (8.47)

meaning that B 3
T =717 (8.48)
Redefining 77 — 7T, the equation above shows that 7 is selfadjoint. Notice that
this redefinition does not invalidate the previous analysis for 77T, since |7| = 1,

N\ T ~ ~ L~
meaning that <TT> (TT) = T1T. The selfadjointness of Tr then follows from
the one of 7. O

Boundedness of the Twisted Commutator

In this section, we investigate the boundedness of the twisted commutator
/
D7 (a, )], (8.49)

with 7 the representation (8.40) and p the flip (8.33) for 7" as in (8.38) with 7 and
Tr selfadjoint and squaring to the identity (which is always possible as explained
in Lemma 8.4.1).

As we will see, as a necessary condition, 7 will need to be a grading of the
spectral triple (8.35) of the manifold. To prove this, we start with the following
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Lemma 8.4.2. For an almost commutative geometry, the twisted commutator

(@@ Ip, 7 (a,d)] (8.50)
is bounded for any (a,a’) € A® C? if and only if T anticommutes with .
Proof. Using

(@elr) (+T)=1-T)(@@1r) +{I 21T}, (8.51)
(@lp) A-T)=10+T) (@1 - {d1p, T}, (8.52)

one obtains (identifying a = 1 (a))

[@@HF,W(CL,@/)L: (@@Ip)m(a,d) —m(d,a) (@ 1p) =
= (@e1k) <H+Ta+1[_2Ta’) — (]H_Ta’—i—H;Ta) (Plp) =

2 2
:H_TT 9 ©lr.al +H+TT (@ Ip,d] +{d@Lp, T} (a—d). (8.53)

For a = f ® m, with f € C* (M) and m € Ap, one has that [3®Hp,a] =
[@, f] ® m is bounded, being (C*° (M), L*(M,S), #) a spectral triple. The
same is true for an arbitrary a in A, and also for [é? ® g, a’}. So the first two
terms in (8.53) are bounded.

If T anticommutes with @ ® I, the last term in (8.53) is zero, so that the
twisted commutator (8.50) is bounded.

Conversely, assume (8.50) is bounded for any (a,a’) in A ® C2. This means
that the last term in (8.53) is bounded. For a —a’ = 1 ® m with 1 the constant
function f () =1 on M, then this last term is

{d@1p, T} (a—d)={3,T} @ Tpm. (8.54)
This is bounded if and only if {@, ’T} is bounded. For ¢ € H., one has

{0, T =00+ TP =1+T)Pp. (8.55)

meaning that {@, T} coincides on H with (I 4 7)) @, which is unbounded unless
it is zero. A similar result holds for the restriction to H_, hence the result. [

The finite part of an almost commutative geometry only involves bounded
operator. Therefore the boundedness of the twisted commutator (8.49) only
depends on the property of T.

Using Lemma 8.4.2, we can prove the following
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Proposition 8.4.1. The twisted commutator (8.49) is bounded only if the com-
ponent T of the twisting operator is a grading of the spectral triple (8.35) of the
manifold M and if Tr commutes with the representation wr of Ar on Hp.

Proof. The twisted commutator [yu ® Dr, 7 (a,a’)], is bounded regardless of
whether 7" anticommutes with vy ® Dp. Hence (8.49) is bounded if and only if
[(3 @ g, 7 (a, a’)] ) is bounded, i.e. by Lemma 8.4.2 if and only if 7 anticommutes
with .

Moreover, by hypothesis T' commutes with 7, thus, in particular, it commutes
with 7 (a ® 1) = mp (a) for any a € A:

[T, 7 (a)] = 0. (8.56)

In particular, this condition must hold true for a = 1 ® m, with 1 the constant
function f(x) = 1 on M. This case case yields (omitting the representation
symbol)

0=Ta—alT =T QTpm —-T @mTp =T ® [Tr,m| Vm e Ap,  (8.57)

which implies
[Tp,m]=0  Vme Ap. (8.58)

Using this result for a generic a = f ® m, we get
0=TfRTrm—fTomTr =T, flTem  VfeC® (M), Vm € Ar, (8.59)
which is equivalent to
T,f]=0 VfeC®(M). (8.60)

In other terms, 7 commutes with the representation mpy of C* (M), and Tg
commutes with the representation 7 of Ap.

Because of Lemma 8.4.1 T is selfadjoint and squares to the identity, while
because of Lemma 8.4.2 it anticommutes with @. So T has all the properties of
a grading of the spectral triple 8.35. O]

Notice that the last proposition is not an if and only if, for it does not make
explicit the conditions on Tr to guarantee that the twisting operator 17" actually
yields a twisted spectral triple. In particular, the operator Tx may not be a
grading of the finite dimensional spectral triple, for so far nothing forces its
anti-commutation with Dg. This gives some freedom on twisting an almost
commutative geometry, that we will make use of to define different twists of the
Connes Model, as we will see in Chapter 10.
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Order-Zero Condition

A twisted spectral triple must still satisfy the non-twisted order-zero condition
(8.4). The twist by grading of a real twisted spectral triple (A, H, D) , automati-
cally satisfies the order zero condition. Namely, if (8.4) holds for (A, H, D), then
one has

[7(a,d’), Jr (b*,6")J =0  V(a,d),(bV)e AxC (8.61)

for 7 in (8.32). In the following lemma, we work out under which condition the
same holds true for 7 given by (8.40).

Lemma 8.4.3. Let (A, H, D) be real spectral triple with real structure J. The
order-zero condition (8.61) holds for the representation m in (8.40) if and only if

[7,JTJ " =0 and [mo(a),JTJ '] =0 Vae A (8.62)
Proof. By defining
a=a+d, o =a—ad (8.63)
one can rewrite
I+7T I-7 1
7 (a,a') = 50 (a) + 50 (a") = 5 (7o (@) + T (). (8.64)

Similarly, we can write m (b,0') = 1 (o (8) + Timo (")) for :=b+ 1V and g’ =
b—b'. Then, we have

1
(7 (a,d’), Jm (bb)) J7] = 1 [T () + T'o (), J (0 (B) + Tmo (8')) J '] .
(8.65)
The order-zero condition indicates that this is zero for any «, o/, 8, 5 € A. This
is equivalent to (omitting the representation symbol)

[, JBJ 7] =0, [, JTBI '] =0, (8.66)
[Ta,JBJ '] =0, [Ta, JTBJ '] =0.  Va,pe A (8.67)
The first condition (8.66) is the order-zero condition for the spectral triple

(A, H, D) so it is true by hypothesis.
The second condition (8.66) writes

0=[a,JTJ ' JBJ ] =JTJ " [, JBT Y] + [, JTT ] JBJ L. (8.68)

The first term is always zero by the order zero condition for (A, H, D). The
second term is zero for any «, § if and only if(consider e.g. the case (5 is the unit
of A)

[0, JTJT'] =0 Vae A (8.69)
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For the same reasons, the first equation (8.67) written as
0="T[o, JBJ ']+ [T,JBT '] (8.70)

is equivalent to [T, JB3J 1] = 0, i.e., by multiplying by J~! on the left and by J
on the right,
0=J'TJB—BJ'TJ=[J'TJp] (8.71)

and by remembering that J~! = ¢J, this is equivalent to (8.69).
Finally, the second condition (8.67) is equivalent to

JTJ ' [Ta,JBJ ) + [Ta, JTJ ] JBJ = 0. (8.72)

The first term is proportional to the first condition (8.67), hence it is zero. The
second term, written as [T, JTJ o+ T [a, JTJ 7] = 0, is equivalent to

[T, JTJ "] =0. (8.73)
Hence the result. O
Remark 8.4.1. The condition (8.73) is equivalent to
[T, J{T,J} = 0. (8.74)
Assuming that the twisting operator is of the form (8.38) and that TJ =
+JT (which is always true, as we will show in the next section), the conditions
(8.62) are equivalent to their restrictions to the finite dimensional spectral triple.
Proposition 8.4.2. A twisting operator (8.38) with T such that
TIT =xJT (8.75)
satisfies the order zero condition if and only if
[Tp, JpTJ' | =0 and [7p(m),JeTpJp'| =0  Vme Ap.  (8.76)

Proof. One has JTJ ' = JTT '@ JpTpJ;' = £T @ JpTrJz", so that (8.62)
becomes

+In® [Tr, JFTrJp' ] =0, £Tf@[m, JpTpJz' ] =0  Viome A (8.77)

]
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The real structure J of the manifold

As anticipated just before Proposition 8.4.2, one can show that the real structure
J of any manifold M is always a product of gammas, regardless of the dimension
of M. In fact, one can show that J always coincides with the charge conjugation
operator often used in physics. To show this, we need some simple preliminary
results.

First of all, we recall that in d dimensions the gamma matrices ~v,, a =
0,1...,d—1 are a d-long set of N x N hermitian matrices (with N = 2l%/2]) that
satisfy the Clifford algebra anticommutation relation:

{’}/a, ’}/b} = 2(5(1},]1]\7. (878)

If d is even, one can define the chiral gamma matrix

d—1
.d
Vchiral = 22 H"Ya (879)
a=0

which anticommutes with all gamma matrices. If d is odd, Yepiral is proportional
to the identity.
One can also define the charge conjugation matrices C'y. such that

CJrPYaC:l = Y, CfPVaC:l =~ (8-80)

(where the overline - denotes the complex conjugation). If d is even, both C.
exist; on the other hand, in odd dimensions only one of the two exists, and in
particular C exists for d = 1,5 mod 8 and C_ exists for d = 3,7 mod 8.

One can show that C'; is the product of all the even-indexed gammas, while
C_ is the product of all the odd-indexed gammas. To do so, it is best to work in a
representation that allows to define the gamma matrices recursively, starting from
the Pauli matrices. We will use this particular representation only for the sake
of showing this result, while we will use a different representation in Chapters 9
and following.

Lemma 8.4.4. Let m = 2|d/2|. Then, the charge conjugation matrices are a
product of either even- or odd-indexed gamma matrices, given by

m/2 m/2—1
C, =it H’ygk,l, C_=(—i)7" H Yor  for even %, (8.81)
k=1 k=0
m/2—1 m/2

Cy = (—@)L%J kli[O Yok, Co= il%] kli[l%k_l for odd % (8.82)
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Moreover, in any even dimension d = 2k

d

.0 = (=) (1% i (8.83)

and
C? =1 (8.84)

Proof. To start, let us define the gamma matrices in any dimension in a particular
representation.
For d = 2, we define

Y = 01, T = O2. (8.85)
We also define the chiral gamma matrix

Vehiral = —1Y0Y1 = 03, (8'86)

as well as the charge conjugation matrices

C+=%, =" (8.87)

that satisfy
C+YaCr = +Va c_ Vet = —7,. (8.88)

Notice that Yenirar transforms the same way under the effect of both cy.:

C4"Ychiral C:T: L= —Vchiral - (8 . 89)

Now, let us define the gammas in any even-dimensional d = 2k case. Assuming
we have already defined the gammas v,,a’ = 0,...,d — 1 in d dimensions, with
chiral gamma matrix 7yepia1 and charge conjugation matrices ¢y, we can define
the gammas I';,a = 0,...,d+ 1 in d + 2 dimensions:

Lo =7 ® 03, Iy=1® o0y, Lor1 =1® 0s. (8.90)
The charge conjugation matrices will be
Ci=c_®o, C_=ci ®o,. (8.91)

The chiral gamma will be
1—‘chiml = "Ychiral ® 03. (892)

Notice that once again I'cia transforms the same way under both C'y. and more-
over the sign in front of I'g,a1 Will be the opposite with respect to the sign in
front of Fenirar:

N
C+YehiralC4 = €7chiral
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1 1 1 _ =
= CilainalCL = CeVehiralCr ® 0120307 5 = —&Vehiral ® 03 = —€l chiral,  (8.93)

since o3 has real entries and it anticommutes with both ;5. Finally, we define

the integer

d
n=g-1 (8.94)

With these definitions, it is easy to show that

Xn

F() =01 ® (0'3) (895)
I =0y ® (03)%" (8.96)
Lo = (H2)®k ®o1® (03)®(n_k) (8.97)
Fopt1 = (I[z)@k R o9 ® (03)®(n_k) (8.98)
d
Fchiral = (03)®2 (899)
09 & 01 i for even ¢
Cy = ) 2 (8.100)
’ (01 ® 02)®L%J ® oy for odd g '
O —= (01 ® 02)®% for even %’ (8.101)
B (02 ® 01)®L%J ® oy for odd g ' '
Thanks to I'gg, 'ox41 having k identity factors, and using
(03)2 = I, 0301 = 102, 0309 = —i07, (8.102)
it is easy to show that
Lepirat = 12001 ... Ty, (8.103)
C. — i%P1F3F5 o Fd—l = Z% HZ/:21 FQk—l for even %l (8 104)
" (—Z) L%J F0F2F4 Ce Fd—2 = (—’L) L%J Hi/j(]_l ng for odd g ’ .

2 (8.105)

O - (—Z)% F0F2F4 e Fd_g = (—i)% 21/220_1 ng for even d
- ZL%J F1F3F5 c Fd,1 = ZL%J HZ/:QI ngfl for odd %l

With these formulas, it is a straightforward calculation to show that

d

CJFCL = (_1) L%J (_1)5 “chiral (8106)

and that
C? =1 (8.107)
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Now we can deal with the odd-dimensional case d = 2k + 1. Consider the pre-
vious construction for d—1 (which is even) and simply take all I';,a =0,...,d—2
matrices, to which append I'y_1 = I'chirar-

The charge conjugation matrices are the same as in the d — 1 case, but only
one of the two will transform I';_; the same way as all the other gammas, so the
other one can be ignored. If we denote C' the single charge conjugation matrix,

we have
d—1

c_ { Cy for even 5=

C_ for odd % ’ (8.108)

hence the result.
O]

The algebra generated by the gamma matrices spans the whole matrix space,
as shown in the following

Lemma 8.4.5. The set I' of N? matrices (with N = 2142 ) defined as

I'={Iy, Yar YVl WaWVes ---} (8.109)

containing all possible antisymmetrized products of gammas form a basis of
M (N,C). For even d, the products are considered up to d factors and the indices
a,b,c... range from 0 to d—1. For odd d, the products are considered up to d—1
factors and the indices range from 0 to d — 2.

Proof. We define m = 2|d/2], so that the elements of I' will contain up to m
gamma factors for both even and odd d. The number of rank r antisymmetric
tensors that one can write using m gamma factors is

ny = (’:‘) (8.110)

so that the total number of elements of " is Y " = 2™ = N?, which is exactly
the number of linearly independent components in a N x N matrix.

Any product of more than m gammas can be reduced to a sum of elements
of I" using the Clifford algebra relation (8.78).

So far, everything is true for both even and odd d. Now, we will restrict to
the case of even d = 2k, and then deal with the odd d case later.

Using again the relation (8.78), it is easy to show that all gammas are traceless:

25ab Tr (70) =Tr ({’Yaa ’Yb} 70) =
=Tr (76(712’76 + 767(1’70) -
= Tr (Ya Ve + YaVe ) =
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= Tr (Va {7, 7e}) =
= 20pc Tr (74)

and by taking a = b # ¢ we conclude that Tr~, = 0.
It is just as easy to show that all the antisymmetrized products of an even
number of gammas are traceless. For instance, we have

Tr [Ya, 1) = Tr (Ve — WYa) = Tt (Yam — va) = 0, (8.111)

where we used the cyclic property of the trace. The trick can be generalized to
any even number of antisymmetrized factors. Let us consider for instance the
rank 4 case: since the product is antisymmetrized, one can always assume that
all the indices are different (otherwise, the product will just be identically zero).
Then we simply need to show that

Tr (YaV6Yeya) = 0 (8.112)

for a,b,c,d all different. To do so, one can anticommute the leftmost gamma
factor to the right, yielding a minus sign (since v, has to hop through an odd
number of gammas):

Tr (YaVoyeYa) = — Tt (Y7eVaVa) (8.113)

but then again, this must be equal to its opposite, thanks again to the cyclic
property of the trace:

Tr (va17e7a) = 4+ Tr (W7eva7a) - (8.114)

Hence we conclude that rank 4 antisymmetric gamma tensors are traceless. The
same trick works the same way for any even rank antisymmetric gamma tensor.

Now we show that also all odd rank gamma tensors are traceless (they do not
even need to be antisymmetric). This time it is crucial that d is even, for in this
case Yeniral anticommutes with all gammas. We have

Tr (7a7b70) =Tr (7chir7chir7a7b70) =
= — Tt (Yehir Va6V Yehir) (using that {Yenir, 7o} = 0)
= 4+ Tr (YehirYa VoV Yehir)  (using the cyclic property of the trace),

hence it is zero. Once again, this proof works for any odd rank gamma tensor.

This means that the only element of I' that is not traceless is the identity. We
can use this fact to show that the elements of I' are linearly independent. Indeed,
if we denote the elements of I' as I';, we will show that

N2
> dli=0 &  d=0Vi (8.115)
i=1
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To do so, we multiply the linear combination by each of the I'; and then take the
trace. Since all the gammas square to the identity and since they all anticommute
if they have different indices, it is easy to show that

[? = +ly. (8.116)
Then we have
N2 N2
0;Y aTy =) a (0T) =dTi+> a (1) =0. (8.117)
i=1 i=1 ]

For ¢ # j, I';I'; is of course the product of either an even or an odd number
of gamma matrices (partially antisymmetrized in the suitable indices), so it is
traceless, while F? is proportional to the identity. Then, by taking the trace, we
conclude that a/ = 0. Repeating the procedure for all j, we get the result.

Now, we still have to deal with the odd d = 2k +1 case. Actually, this is quite
simple: the gamma matrices have the same dimension for both the d = 2k + 1
and for the d = 2k case. Since we have already shown that the set I' built in
the d = 2k case is a basis of M (IV,C), that very same set will be a base also if
d = 2k 4+ 1. To characterize it from the d = 2k + 1 point of view, one has to
exclude v4_1 from the set of gammas used to build the antisymmetric products,
since it coincides with the a1 of the d = 2k case. Indeed, since

d—1
[T =1y (8.118)
a=0

when d is odd, and since all gammas are their own inverses, one has that

d—2
Y1 =+ ][] (8.119)
a=0

(where the sign depends on the number of factors). This means that the indices
in the products will range from 0 to d — 2, and that they will have at most
d — 1 factors (otherwise, they would be zero after antisymmetrization). Hence
the result. O]

Using Lemma 8.4.5, we can prove the following

Theorem 8.4.3. Let M be a spin-manifold of dimension d with associated Dirac
operator @ = —iy®V, and real structure J, with J@ = €@T ; if d is even, let Yy
be the grading, that satisfies Y@ = —@ym. Then, J and v are both a product
of gamma matrices, and in particular:



8.4. MINIMAL TWIST OF NON-COMMUTATIVE GEOMETRIES 149

o For even d, Yap = £Yehirat and J = e¥C_o K ;
e Foroddd, J =e¥CK;

where ¢ is real, C_y = Cx for € = %1 are the charge conjugation matrices of the
even-dimensional case, C' is the charge conjugation matrixz of the odd-dimensional
case, and where K denotes the complex conjugation operator:

Kz=% Vz e C. (8.120)

Proof. The real structure is by definition antilinear, hence it is proportional to
K. We denote
J =K. (8.121)

The real structure must either commute or anticommute with the Dirac operator,
hence

TP =vK (=) 7" (0 + wa) = €T = —€'iy" (04 + wa) 7K. (8.122)
Let us consider the terms with the partial derivative. We have
VK (=i) "0y = in7" 0, K = £i (7C1) 7' CL'0.K = —€in" 0,7 K = —€'in" 70, K.
Equating the third term with the last term implies that
+ (vCp)y*CLt = =y Va. (8.123)

Suppose the manifold is even-dimensional, so that we can use any of the two C'.
— let us say we use C_. We get

(YC )y Ot = éy%y. (8.124)

This means that (yC_) either commutes or anticommutes with all gammas, de-
pending on €¢’. The only matrix that commutes with all gammas is the identity
(which can be easily checked, using Lemma 8.4.5, by evaluating the commuta-
tors of all the elements of the basis (8.109) with a generic gamma), and the only
matrix that anticommutes with all gammas is Yenira1 (Which can be checked in a
similar way). Then, we conclude that

yC_ = A if € =+1, (8.125)
’)/C, = )\’YchiraI if 6/ =-1 (8126)

for some A € C. Using Lemma 8.4.4, this means that

y=XC"t=)\C_ if € = +1, (8.127)
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¥ = MeniraC—t = NC. if € = —1, (8.128)

where again \' € C.
Using J? = €l we can show that A and ) must be phases. Indeed, for ¢ = +1
we have

[S1fSW

T =M\C_KNC_K = 200 = \2 (-1 (-l 1=
= PP=(-nF -l

d
1

Fe, (8.129)

where we used

= (-1: (-nlil o (8.130)

that can be obtained by using C_ itself to conjugate the gammas that appear
in the definition of C_ (there are d/2 gamma factors and |[d/4]| i factors). For

¢ = —1 we have

J? = NCLKNC.K = N2 C,C; = NP (—D)lil o2 = v)Peier = a1
= |N[P=¢¥, (8.131)
for some ¢, ¢’ € R, where we used
c, = (-nlile, (8.132)

that can be obtained by using C itself to conjugate the gammas that appear in
the definition of C (there are |d/4] i factors), and

C2 = el (8.133)

that is obvious when one considers that C is the product of gammas, that
anticommute, and of 7 factors.
We can use a similar (and much simpler) procedure also for the grading:

Tmd == = =iy (Oa +wa) = — (=) 7* (O + wa) Tma. (8.134)

Again, let us consider the terms with the partial derivative. We have

- i’YM’Yaaa - - <_Z) ’Yaaa’}//\/l- (8135>

This implies
YIYMm = —=YmY” Va, (8.136)
hence the grading v, anticommutes with all gammas, therefore it is propor-

tional to Yeniral. Moreover, it is selfadjoint and squares to the identity, so the
proportionality factor must be £1.
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Suppose now the manifold is odd-dimensional, and let us return to Eq. (8.123):
+ (yOL)y*CLt = —€y*y V. (8.137)

This time, only one of the two C'y can be used. If we denote C' the one of the
two that must be used, we get that the overall sign s in front of the first member
(using (8.108)) is s = —¢€/, so that the equation becomes

(YC)*C™ = 4%, (8.138)

which then implies that (yC') commutes with all gammas and is therefore pro-
portional to the identity:

(YC) =Xl = ~y=XC"" (8.139)

Remembering that C—' = C_ and that C' = ¢*C,, meaning that O~ = e’ C
(for some suitable ¢, ¢’ € R), we can reabsorb the phase into A and write

v =AC. (8.140)

Once again, using that CC = "I and imposing that 72 = €I, we can show that

A is a phase, hence the result. O
Corollary 8.4.3.1. For a twisting operator (8.38) T =T ® Tf, one has

T =%v0m. (8.141)

Moreover, T satisfies the order zero condition if and only if

Proof. T is a grading because of Proposition 8.4.1, hence it follows from Theo-
rem 8.4.3 that T = 4y, By definition of grading and real structure, Jyy =
+yuJ, hence TJ = £J7T. Then, from Proposition 8.4.2 follows the result. [

In light of Corollary 8.4.3.1, from here on we will assume that 7" is of the
form?
T =y ® Tp. (8.143)

This structure is quite sensible from the physical point of view: the low-energy
limit of a quantum theory should be Newton’s physic, and by translating this
claim into geometrical language, the low-energy limit of an almost-commutative
geometry should be a manifold.

In the next chapter, we will briefly review the non-twisted Connes model,
and then will apply all this machinery of twisted spectral triples to the Standard
Model.

3 Actually, T is not necessarily of the form (8.38), but could be (the closure of) a sum of such
operators. However, such operators already pave the way to interesting physical applications
beyond the Standard Model, as we will see in the next Chapter 9.







Chapter 9

Twist by Grading of the
Standard Model

In this Chapter, we will apply the twist by grading procedure described in the
last Chapter to the Connes model. As we will see, the twist by grading will not
be enough to generate the extra scalar field ¢ we need to cure the problems of
the Connes model, but nevertheless it leads to some very interesting results, i.e.
the arising of a new axial vector field X, that somehow will allow us to write a
fermionic action in lorentzian signature.

In section 9.1 we will review the technical details of the Connes model (i.e.
the spectral triple and the representation of the algebra). In sections 9.2-9.4 we
will adapt the algebra, its representation, the grading and the real structure to
the twisted case. In sections 9.5-9.7 we evaluate the fluctuation of the Dirac
operator and we identify the physical degrees of freedom. In section 9.8 we find
the gauge transformations of the bosons (both scalars and vectors), and finally
in section 9.9 we evaluate the fermionic action.

9.1 The non-twisted case: Connes model

9.1.1 The spectral triple of the Standard Model

The usual spectral triple of the Standard Model [90] is the product of the canon-
ical triple of a (closed) riemannian spin manifold M of even dimension m,

C® (M), LHM,S), @ 9.1)
with the finite dimensional spectral triple (called internal)
Asyy = COH @ Ms(C), Hp=C»" Dp (9.2)

153
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that describes the gauge degrees of freedom of the Standard Model. In (9.1),
C* (M) denotes the algebra of smooth functions on M, that acts by multiplica-
tion on the Hilbert space L?(M, S) of square integrable spinors as

(f)(2) = f(2)d(x) VfEC®M), v €L*M,S),zeM,  (9.3)

while
J=—i'V, with V,=0,+uw, (9.4)

is the Dirac operator on L*(M,S) associated with the spin connection w, and
the y#s are the Dirac matrices associated with the riemannian metric g on M:

AHAY At = 2" T Vv =0,m — 1 (9.5)

(I is the identity operator on L*(M,S) and we label the coordinates of M from
0 tom —1).

In (9.2), n is the number of generations of fermions, and D is a 32n square
complex matrix whose entries are the Yukawa couplings of fermions and the coef-
ficients of the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix of quarks and
of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix of neutrinos.
Details are given in section 9.1.3, and the representation of Agy on Hp is in
section 9.1.2.

The product spectral triple is

> (M)@.ASM, H:L2<M,S)®HF, D:a®ﬂp+’YM®DF (9.6)

where 7, is the product of the euclidean Dirac matrices (see appendix B) and
[ the identity operator on Hp.

The spectral triple (9.1) is graded with grading y,. The internal spectral
triple (9.2) is graded, with grading the operator yr on Hp that takes value +1 on
right particles or left antiparticles, and —1 on left particles or right antiparticles.
The product spectral triple (9.6) is graded, with grading

T'= v @ p. (9.7)

The spectral triple (9.1) is also real with real structure [J given by the charge
conjugation operator. In dimension m = 4, it satisfies

J=-1 JI=9T, Tm=1mJ. (9.8)

The real structure of the internal spectral triple (9.2) is the anti-linear operator
Jr that exchanges particles with antiparticles on Hp. It satisfies

J}% = H, JFDF = DFJF, J”)/F = —’)/FJF. (99)
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The real structure for the product spectral triple (9.6) is
J=J R Jp. (9.10)
For a manifold of dimension m = 4, it is such that

J?=-1, JD=DJ, JI =-TJ (9.11)

9.1.2 Representation of the algebra

To describe the action of Agy @ C*° (M) on H in (9.6), it is convenient to label
the 32n degrees of freedom of the finite dimensional Hilbert space H g by a multi-
index C'I o defined as follows.

e C'=0,1 is for particle (C' = 0) or anti-particle (C' = 1);

e [ =0;7 withe = 1,2, 3 is the lepto-colour index: I = 0 means lepton, while
I =1,2,3 are for the quark, which exists in three colors;

e a=1,2:a with a = 1,2 is the flavour index:

l=vgp, 2=¢ep, 1=vp, 2=r¢p for leptons (I = 0), (9.12)
l=ug, 2=dg, 1=qz, 2=4d; for quarks (I =1). (9.13)

We sometimes use the shorthand notation ¢§ = (v, er), ¢¢ = (ur,dr).

There are 2 x 4 x 4 = 32 choices of triplet of indices (C,I,«), which is the
number of fermions per generation. One should also take into account an extra
index n = 1, 2, 3 for the generations, but for now we will work with one generation
only and we will omit it. So from now on

Hp = C*. (9.14)

An element ¢ € H = C* (M) ® Hp is thus a 32 dimensional column-vector, in
which each component ¢y, is a Dirac spinor in L?(M, S).

Regarding the algebra, unless necessary we omit the symbol of the represen-
tation and identify an element a = (¢, ¢, m) in C*°(M) ® Agm, where

ce C®(M,C), qeC®M,H), meC®M,M(C)), (9.15)

with its representation as bounded operator on H, that is a 32 square matrix
whose components’
DJ
acta (9.16)

D, J, 8 are column indices with the same range as the line indices C, I, a (the position of
the indices was slightly different in [87], the one adopted here makes the tensorial computation
more tractable).
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are smooth functions acting by multiplication on L?(M, S) as in (9.3). Explicitly?

. (Q M)D (9.17)

c

where the 16 x 16 square matrices ), M have components
fo = 01Qa,  Mj, = o.My, (9.18)

where
B

c . J
Qb = ¢ . M = < ) : (9.19)
mjy
q
Here, the overbar - denotes the complex conjugate, m (evaluated at the point

x) identifies with its usual representation as a 3 x 3 complex matrix and the
quaternion ¢ (evaluated at x) acts through its representation as a 2 X 2 matrix:

«

H > g(z) = (_O‘B g) . a,BeC. (9.20)

9.1.3 Finite dimensional Dirac operator, grading and real
structure

With respect to the particle/antiparticle index C, the internal Dirac operator
D =Dy + Dy (921)

decomposes into a diagonal and an off-diagonal part

D D
DO O DR
Dyz( ) , DM:( ) (9.92)
D} o Di, 0 o

containing respectively the Yukawa couplings of fermions and the Majorana mass
of the neutrino.

More explicitly, the 16 x 16 matrices Dy and Dp are block-diagonal with
respect to the lepto-colour index I

J J

D;

Dy = (9.23)

I I

2The indices after the closing parenthesis are here to recall that the block-entries of A are
labelled by the C, D indices, that is al = Q,a% = M, a? = al = 0.
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where we write ¢ for [ = 0 and ¢ for I = 1,2,3. Each D{ is a 4 x 4 matrix (in
the flavor index «),

— 8 b
I _ 0 kf I . kq‘z 0
Dy = (kl 0) where k' = 0 k) (9.24)
whose entries are the Yukawa couplings of the elementary fermions
b= (koo kuo buo ki) Ky = (ke koo K ko) (9.25)

(three of them are equal because the Yukawa coupling of quarks does not depend
on the colour). Similarly, D% is a 4 x 4 matrix (in the flavour index),

DY, = (kR 03>ﬂ (9.26)

(e}

whose only non-zero entry is the Majorana mass of the neutrino.
In tensorial notations, one has

Dg = kgE;’ (9.27)

B J
1 1
B . =J .__
- ( 03)a, - ( 03)} (9.28)

and 277 is a shorthand notation for the tensor ZYZF. Similarly, the internal
grading is

where

[1]

Is
1
= s L = n5ls) (9.29)

Iy

where the blocks in the matrix act respectively on right/left particles, then
right/left antiparticles, and we define

I, LN b
ng — ( —T ) ) Ne = ( _1) (930)
2/ C

and 15° holds for n57°. The internal real structure is

0 Ig\”
Jp = 9) cc=¢€80/Pcc (9.31)
Le 0),

where cc denotes the complex conjugation and we define

§0 = <(1) é)D (9.32)

C
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9.2 Twist by Grading of the Standard Model

As we mentioned in section 7.4.3, in the noncommutative geometry description
of the Standard Model, the bosonic degrees of freedom are obtained by a so-
called fluctuation of the metric, that is the substitution of the operator D with
D+ A+ JAJT! where

A= Z ai[D, bz] a;, bz € A (933)

is a generalised 1-form (see [84] for details and the justification of the terminol-
ogy).

As already noticed in [90, 56], the Majorana mass of the neutrino does not
contribute to the bosonic content of the model, for Dj; commute with algebra:

(7> ® Dprya] =0 Va € A (9.34)

However, in order to generate the o field proposed in [91] to cure the electroweak
vacuum instability and solve the problem of the computation of the Higgs mass,
one precisely needs to make Dj; contribute to the fluctuation.

To do this, one possibility consists in substituting the commutator [D, a| with
the twisted commutator (8.1) for a fixed automorphism p of A. As shown in
[88], starting with a spectral triple (A, H,D) where A is almost commutative
as in (9.6), then the only way to build a twisted spectral triple with the same
Hilbert space and Dirac operator (which, from a physics point of view, means that
one looks for models with the same fermionic content as the Standard Model)
is to double the algebra and make it act independently on the left and right
components of spinors (following actually an idea of [92]). As we will see, the
twist by grading is not enough to generate the field o, so we will have to somewhat
modify it, which we will do in Chapter 10; in this Chapter, we will study the
easier, “canonical” twist by grading in order to introduce the differences with the
Connes Model in a simpler context.

9.3 Algebra and Hilbert space

The algebra A of the twisted spectral triple of the Standard Model is twice the
algebra (9.6),
A= (C® (M) ® Asy) @ C? (9.35)

which is isomorphic to

(C (M) ® Asm) @ (C™ (M) @ Agy) - (9.36)
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It acts on the same Hilbert space H as in the non-twisted case, but now the
two copies of C*° (M) ® Agy act independently on the right and left components
of spinors. To write this action, it is convenient to view an element of H as a
column vector with 4 x 32 = 128 components (4 being the number of components
of a usual spinor in L*(M, S) for m = 4). To this aim, one introduce two extra
indices to label the degrees of freedom of L?(M, S):

e s =1, is the chirality index;
e 5= 0,1 denotes particle (0) or anti-particle part (1).
An element a of (9.36) is a pair of elements of (9.6), namely
a=(c¢,c,qq, mm) (9.37)
with
c,d € C°(M,C) q,¢d € C°(M,H), m,m € C®M,Ms(C)).  (9.38)

Following the “twist by grading” procedure described in section 8.4.1, (¢, ¢, m)
acts on the +1 eigenspace H of the grading ', whereas (¢, ¢, m') acts on the
—1 eigenspace H_. The eigenspace H. is the subspace of H corresponding to
the indices r,a = 1,2 and I, = 1,2, while H_ is spanned by I, = 1,2 and
r,a = 1,2. In other terms, a € A acts as in (9.17), but now the two 64 x 64
matrices (), M are tensor fields of components

QWP =5, MM =M (9.39)

ssla — ssla sal

where %7 denotes the product of the two Kronecker symbols 4%, §/. In other
terms, both @ and M act trivially (i.e. as the identity) on the indices $¢, but no
longer on the chiral indices st. On the latter, the action is given by

o = (@ <@l>g)t7 M — ((M»f;} <Ml>§§>:’ (9.40)

S

c g c g
QT = ( q/>aa Ql - ( q)a, (941)

with

and



160 CHAPTER 9. TWIST BY GRADING OF THE STANDARD MODEL

where we denote

() () ()

Compared to the usual spectral triple of the Standard Model, M, ; are no longer
trivial in the flavour index «.
The twist p is the automorphism of A that exchanges the two components of
Asy, namely
ple,d, q,q,m,m")y = (d,c,q¢,q,m',m). (9.44)

In terms of the representation, one has

pla) = ("9 p(M))C (9.45)
with ‘ . . ‘
p(Q)N0 =84 p(@Q)%,  p(M)Y) = oL p(M)%] (9.46)
where
6 _ (@2 'f wr_ ()] t
w@n= ("D o) = (M) e

In short, the twist amounts to flipping the left /right indices I /r.

9.4 Grading and real structure

The operators I in (9.7) and J in (9.10) are the grading and the real structure
for the twisted spectral triple. In particular, as in the non twisted case, the real
structure implements an action of the opposite algebra A° on H, that commutes
with the one of A. This follows from the general construction of the twisting by
grading, yet it is useful for the following to check it explicitly. Let us begin by
writing down the representation of the opposite algebra.

Proposition 9.4.1. Fora € A as in (9.17), one has (for M of dimension 4)

- D
JaJ b= — (]\04 g)c : (9.48)

Proof. From (9.10) and (9.31) one has

_ 0 j®H16D
J‘(J@Hm . >C. (9.49)
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Since J~! = —J by (9.11), using the representation (9.17) of a one obtains
(omitting I¢)

E F D D
Jag = —gag=— (0 ) (@ O) (0T (TMT 0
J 0),\0 M) \TJ 0/, 0 JRJT),

(9.50)

In addition, J commutes with the grading v (see (9.8)), so it is of the form

t
J:(% %) K (9.51)

S

where K denotes complex conjugation and 7, are 2 x 2 matrices carrying the
$,t indices, such that J.J, = JiJ; = —Iy . From the explicit form (9.39) of @

and M, one gets (still omitting the indices «, I in which J is trivial)
L . N t
U 7).\ o 5 ) =@ (952
VAW t . .
*Z‘(étMr)% 0 _52§MT 0 -
3 o — 5 ) 7 .
0 T(SM) T 0 —oiM) , (9.53)

hence the result. OJ

s

jMJ=<

To check the order zero condition, we denote
b= (d,d,p,p',n,n') (9.54)

another element of A with d,d" € C°(M,C), p,p’ € C°(M,H) and n,n’ €
C®(M, M3(C)). It acts on H by (9.55) as

b— (R N)D (9.55)

c

where R, N are defined as @, M in (9.39), with

B B
o d - n’®]12
RT_( p) NT_( n®ﬂz) ’

AR /el 8
Rl—( p) , N,_< VoL (9.56)

« e}

Corollary 9.4.1.1. The order-zero condition (8.4) holds.
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Proof. By Prop. 9.4.1, the order zero condition [a, JbJ 1] =0 for all a,b € A is
equivalent to [R, M] =0 and [N, Q] = 0. By (9.39) and (9.40), one gets

(6] Ry, M, 0 !
R, M] = < 0 07 Ry, My]. (9:57)
By (9.42), one has
B
7 ~ ([6{d,m’ @ L] 0
07 R, M,] = < 0 670, m @ 1] K (9.58)

which is zero, as can be seen writing §7d = I, ® d and similarly for [§7p, m @ I,].
The same holds true for [§ R;, M;]. O

9.5 Twisted fluctuation

In the twisted context, fluctuations are similar to (9.33), replacing the commu-
tator for a twisted one [93]. So we consider the twisted-covariant Dirac operator

Dy, =D+A,+JA,J (9.59)

where
A,=> a;[D,b],, anbcA (9.60)

is a twisted (generalised) 1-form. The latter decomposes as the sum A, = Ap+ A
of two pieces: one that we call the finite part of the fluctuation because it comes
from the finite dimensional spectral triple, namely

Ap = Z&i [ym @ Dp,bi],  ai b € A; (9.61)

another one coming from the manifold part of the spectral triple

A = Zai [$® I[F,bi:|p a;, bl € .A (962)

that we call gauge part in the following (terminology will become clear later).

To guarantee that the twisted covariant operator (9.59) is selfadjoint, one as-
sumes that the 1-form A, is selfadjoint (actually this is not a necessary condition,
but requiring A, to be selfadjoint makes sense viewing the fluctuation as a two
step process: D — D+ A, then D+ A, = D+ A, + JA,J~'). This means that
for physical models, we assume that both A and Ay are selfadjoint.
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From now on, we fix the dimension of M to m = 4. The grading and the real
structure are (identifying a tensor with its components)

I, 0 -
= =k = (5 ) =i (9.69
and
.0 .2 . 6'2 02 .t ¢
J=ivpyg K =1 > K = —in,T; cc, (9.64)
02 g ot

where K denotes the complex conjugation and we define

i._ (0 —1i v (1 t
T, = (1 0 ) N, = 1) (9.65)

For the internal spectral triple, one has

I
D
—I 0 I
TF = s —I = 77355}]7 JF = I 10 K = fg 5}15
8 6 0 /.
I's

(9.66)
where the matrix vz is written in the basis left/right particles then left/right
antiparticles, and we define

B D D
I 1 01
8 ._ 2 D ._ D .__
Na = ( _]12)(17 Ne - ( _1>C7 fC T (1 O)C (967)

with 75 holding for n5n°. Thus
— _ tDB st _ ot i eC gJB
I'=9m®@9p =n0n0s and  J=Jy®Jp=—in,7;&pH 07, K. (9.68)

9.6 Scalar part of the twisted fluctuation

The scalar sector of the twisted Standard Model is obtained from the finite part
(9.61) of the twisted fluctuation, which in turns decomposes into a diagonal part
(determined by the Yukawa couplings of fermions)

Ay = Z a; [’}/5 & Dy, bz}p y (969)

and an off-diagonal part (determined by the Majorana mass of the neutrino)
Ay = Z a; [v* ® D, bi] - (9.70)
As shown below, the former produces the Higgs sector, while the latter is zero
for the twist by grading.
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9.6.1 The Higgs sector

We begin with the diagonal part (9.69). We first notice that the M;3(C) part of
the algebra (9.35) twist-commutes with v° ® Dy

Lemma 9.6.1. For any b € A as in (9.55), one has

s 0\"”
5 —
[’ ® Dy, b] = (0 0>C (9.71)
where S has components
S = 3L (ni(Do)f2 RE = p(R):2 m(Do)}Y) (9.72)

Proof. From the explicit forms (9.22) of Dy and (9.55) of b, one has

5
[4° ® Dy.b] = (h o

penn)
P/ CD

In the tensorial notation, S := [y* ® Dy, R], has components

SE = ol ( Do)l 8L R — 6 p(R)“ 8% (Do) 7, = (9.73)
= ot (n (Do) RE = p(RY L (DO)Y ) (9.74)

which shows (9.72). To show that
v* ® Df, N, =0, (9.75)

let us denote T the left-hand side of the equation above. It has components

U = o (D)1 OLNI — 08 p(N )2 il ok (DY), = (9.76)
— ot (e (DI N = (N n(DDRE ) = (9.77)
e (ODIT (NS = (W (DD, P
: 0 —(DO)IT ()% + (N2 (DD
(9.78)

Since (D)X = 65(DL) and (D)% = 6% (DJ) (with no summation on I and .J),
the upper-left term in (9.78) is

(D8)’ (N3 — (3] (D7) =
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“(wwom ) (e "), 0

«

where we omitted the I, .J indices on n. One has

k! K
K'(n®Iy) = ( ol k;gn)’ (n® IL)k! = (“ w nk;{>’ (9.80)

and similarly for the terms in n’. Restoring the indices, one has

K d ’ dk! J
kgn{:<u k:qn) : n{kg:( u nkq) (9.81)

u 1 1

where we write k=0 = k! for the lepton, and k1=1%3 = k¢ for the coloured quarks.
Again, in the expression above, there is no summation on I and J: kin/ means
the matrix n in which the I*" line is multiplied by k., while in n/k; this is the
J™ column of n which is multiplied by k. Therefore

K'(n®1,) — (n®I)k/ =0. (9.82)

One shows in a similar way that k/(n’ ® I;) — (n’ ® I;)k/ = 0, so that (9.79)
vanishes. Thus the upper-right term in (9.78) is zero. The proof that the lower-
right term is zero is similar. Hence (9.75) and the result. O

We now compute the 1-forms generated by the Yukawa couplings of the
fermions. In order to do so, we extend the action of the automorphism p to
any polynomial in ¢,¢’, p,p/, ¢, ¢, d,d’. Namely p “primes” what is un-primed,
and vice-versa. For instance p(qp’ — ¢'d) = ¢'p — cd'.

Proposition 9.6.1. The diagonal part (9.69) of a twisted 1-form is

_ A P _stJ A'r '
Ay = < O>c where A =6y ( Al>s (9.83)
with ~ 5 - 5
ki H kIH!
Ar - (szl 1>a7 Al = - (Hék] 1)a7 (984)

where Hi—y 5 and Hy, = p(H,2) are quaternionic fields.

Proof. From (9.17) and lemma 9.6.1, one has A = @ S. In components, this gives
(using the explicit forms (9.39) of @), R and omitting the summation index 7):

Alita = Qg 8% [nh (Do)i, R — p(R)S 1l (Do)ils| = (9.85)

ssla ssla
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= o47Qu [m (DY)] B = p(R)A . (DE))]. (9.36)

where we use 6% (Dg)%¥ = 6/(D}) (with no summation on [ in the last expression).
Since @ is diagonal on the chiral indices s, the only non-zero components of A
are for s =t =r and s =t = [, namely

A= dtf (Al with (A1) = (@01 [(DY)] (R)] — (RS (DY) (9.87)
AT =5t (A2 with () = (@07 [- (DY) (R)Z + (R, (DY);]
(9.88)

From the explicit expression (9.41), (9.56), (9.24) of Q, i, R, and D one gets
CRIp/
QT‘D(I)RT‘ - <q/kld )

k!
QDR = <qk1d’ p)

Using that c,c’,d,d’ commute with k’, one has

B B

cd’k!
) QTRZD(I) - <q/pkl ) ) (989>

o «

B B

c'dk!
) QZRTD(I) = <qp/kl ) ) (990>

o «

Q.(DyR, — RiD}) = ( HK 1)a, Qi (R, Dy — DyR;) = — ( HIK! 1>a
(9.91)

Hy = C(p/ - d,)v Hy = q/(d _p)v Hi = C,<p - d)a Hé = (d, - p,) (992)
This shows the result. O

Imposing now the selfadjointness condition as stressed at the beginning of this
section, we get the

Corollary 9.6.1.1. A selfadjoint diagonal twisted 1-form (9.69) is parametrized
by two independent scalar quaternionic field H,, H;.

Proof. The twisted 1-form (9.83) is selfadjoint if and only if
Hy=Hl = H, and H,=H"=H,. (9.93)
They are independent as follows from their definition (9.92). O

Gathering the previous results, one works out the fields induced by the Yukawa
coupling of fermions via a twisted fluctuation of the metric.
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Proposition 9.6.2. A selfadjoint diagonal fluctuation is

ntotDy + A b

DAY :’}/5®Dy+Ay+JAyJ71 = ( (994)

ntoiD) + A>C

(A, " | o
where A = 6%/ ( Al) 18 parametrized by two quaternionic fields H,, H; as

s

CLrrt\ B et P
kHr) , kHl) | (9.95)

A= (Hrkf A= (H,kf

Proof. Remembering that J~! = —.J, proposition 9.6.1 yields

B o AN\N"74 \°70 —7\" /o b
(5 9), (o). () a0
i *700 Oc_joc _jAjlc ( )

From the explicit form (9.31) of J and (9.83) of A, one obtains (omitting the I.J
and «f indices in which the real structure J is trivial)

L en b (A o\ L, (A 0 .
-1 _ u_u pvo t t __ u_u r Y t ot __ T _ — _
jAj =NsTs Auu NoTy = Ns T4 ( 0 Al) NyTy ( 0 _Al>s A’

s

(9.97)

where we used (9.84) to write 7407! = —4t.
The result follows summing (9.96) with Ay given in Prop. 9.6.1 and Dy given
in (9.22), then using corollary 9.6.1.1 to rename H, and H;. ]

In the non-twisted case, the primed and unprimed quantities are equal, so
that one obtains only one quaternionic field

¢1 —s
H=H.+H = i I 9.98

: <¢2 ¢1 (9.98)
whose complex components ¢, ¢ identify — in the action — with the Higgs dou-
blet. In the twisted case, we obtain two scalar doublets

_ (9 _ dﬁ)
D, = <¢g) D, = <¢; : (9.99)

(where O 2 9251172 are the complex components of H,., H;), which couple to the right
and on the left part of the Dirac spinors respectively. However, as we will see in
section 9.9, the two of them have no individual physical meaning on their own.
In fact, they only appear in the fermionic action through the linear combination
h = (H, + H,;) /2, therefore there is actually only one physical Higgs doublet in
the twisted case as well, that couples to both left and right-handed fermions.
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9.6.2 The Off-diagonal Fluctuation

The off-diagonal part (9.70) of the twisted fluctuation is zero for the twist by
grading. Indeed, one has the following

Proposition 9.6.3. Given a spectral triple (A, H, D) with grading ', if a com-
ponent D of the Dirac operator

D = D + other terms (9.100)

commutes with the algebra A, then it also twist-commutes with the algebra A® C?
of the corresponding twisted-by-grading spectral triple.

Proof. We have [D, a] = 0 by hypothesis, and DI' = —I'D by definition of Dirac
operator. Then, we have

2[D,7(a,d)], =[D,(1+T)a+ (1 -T)d], = (9.101)
=D(a+d)+Dl'(a—d)—(a+d)D+T(a—d)D =

(9.102)

=[D,a+d]-TD(a—d)+T(a—d)D = (9.103)

=[D,a+d]—T[D,a—d]=0. (9.104)

O

Corollary 9.6.3.1. In the twist by grading of the Connes model, the off-diagonal
part (9.70) of the twisted fluctuation is zero.

Proof. In the Connes model, one has
[v° ® Dy, a] = 0. (9.105)
Then, the result follows from Proposition 9.6.3. O]

As we will see in section 10, twists different from the twist by grading can
make the off-diagonal part (9.70) of the twisted fluctuation different from zero,
thus generating a new scalar field o.

9.7 Gauge Part of the Twisted Fluctuation

Here, we compute the twisted fluctuation induced by the free part I = @ ® Iy of
the Dirac operator (9.6), that is

D+ KA+ JAT! (9.106)

where A is the twisted 1-form (9.62) induced by P, that we call in the following
a free 1-form. As will be checked in section 9.8, the components of this form are
the gauge fields of the model.
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9.7.1 Dirac matrices and twist

We begin by recalling some useful relations between the Dirac matrices and the
twist.

Lemma 9.7.1. If an operator O on L*(M,S) twist-commutes with the Dirac
matrices,

O = p(O)" vy, (9.107)
and commutes the spin connection w,, then
[9.0], = =ir"9,0. (9.108)
Proof. One has
V'V, O, = V0, O, + 1wy, O, (9.109)

On the one side, the Leibniz rule satisfied by the differential operator 9, together
with (9.107) yields

[0, Ol = 119,00 — p(O* ) =
=7"(0,0)¢ + 7 00u1p — p(O)V*Op = (9, 0)ep. (9.110)
On the other side, by (9.107),
Vw, 0, = 7w, O — p(O)w, = 7w, O] (9.111)
vanishes by hypothesis. Hence the result. O

This lemma applies in particular to the components () and M of the represen-
tation of the algebra A in (9.17). The slight difference is that these components
do not act on L*(M, S), but on L?*(M, S) ® C*2. With a slight abuse of notation,
we write

Q= (7" @) Q, 9,Q = (9, ®I16)Q (9.112)

and similarly for M.

Corollary 9.7.0.1. One has
VHQ = P(Q)’Y”a [av Q]p = _Z'V”auQ; (9113)
VM = p(M)Y*, [@, M], = —iy"9,Q. (9.114)

Proof. From (9.40) and omitting the internal indices (on which the action of
v* @16 is trivial), one checks from the explicit form (B.2) of the euclidean Dirac
matrices that

e wani= (5 7)Y (3 8) (3 8) (5 7)o
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The same holds true for the curved Dirac matrices (B.4), by linear combination.
The commutation with the spin connection follows remembering that the
latter is

~ t
o v [0u0, 0
wu =7y =17, < 0 6#‘711)5 (9.116)
and so commutes with (), which is diagonal in the s,t indices an trivial in the
$,1 indices. O

9.7.2 Free 1l-form

With the previous results, it is not difficult to compute a free 1-form (9.62).

Lemma 9.7.2. A free 1-form is

D
0
A =—iv"A, with A :(Q“ ) , 9.117
T AL " 0 M, . ( )

where we use notations similar to (9.112), with
Qu=Y_p(Q)0uRi, M, = p(M)d,N; (9.118)

for Q;, M; and R;, N; the components of a;,b; as in (9.17, 9.55).

Proof. Omitting the summation index ¢, one has

f=onal,= (2 5) (08 %), -

C

c
8 )
0 M), 0 YOuN )
D

L (p(Q R )

i ( 0 p(M)d.N) (9.119)
where the last equality follows from corollary 9.7.0.1. Restoring the index ¢, one
gets the result. O

By computing explicitly the components of A, one finds that a free 1-form is
parametrized by two complex fields ¢}, CL, two quaternionic fields g, qL and two
M;(C)-valued fields my,, m!

n
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Proposition 9.7.1. The components Q,., M,, of & in (9.117) are

r t . r i
=it (% o) =i (M) (9.120)
Kn/ s K7 s
where
T B l B
r= (S ) L= (Cﬂ ) 9.121
“ ( ). " %) o120
r !
with c;, ( EL), c, ( EL) and
r B l B
r_ mu &® ]IQ 0 I _ mu &® Hg 0
M“ ( 0 mL ®I) 7’ M“ 0 my, ® I (9.122)
cr J ct J
withmrz(“ r); l:(“ l)
g my) " M)

Proof. The form (9.120)-(9.121) of the components of A follows calculating ex-
plicitly (9.118) using (9.40)-(9.43) for Q;, M; and (9.56) for R;, N;. Omitting the
¢ index, one finds

QL = Qla,uRT'? QL = QTa,uRlu M;; - Mlaery M;ZL - MTaHNl. (9123)

This yields (9.121) with

¢, = c0,d, clu = coud', ¢, = qoup, QL =q'0,p, (9.124)
my, = ma,n’, mL =m'dn (9.125)
O

Corollary 9.7.1.1. A free 1-form A is selfadjoint if and only if

==, d,=—(q), m,=—(m)". (9.126)

Proof. One has

AT = i(A)i = it p(A1)] (9.127)
so A is selfadjoint if and only if v*(p(A,) + Al) = 0. Since A, is diagonal the s, ¢
indices, the sum A, = p(A4,) + AL is also diagonal with components Af/ ' Thus

m AL\
VA, = ((}MON 7 Aﬂ) . (9.128)
12 s
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If this is zero, then for any ~*

VAT
orora, 0 > — 0. (9.129)

vV, _
T A“_( 0 GvotAl

Being A, — hence A, — trivial in s, t, and since Tréto” = 20,,, the partial
trace on the $,1 indices of the expression above yields Al = AL = 0. Therefore
Y (p(AL) + AT) = 0 implies

p(A,) = —Af. (9.130)

The converse is obviously true. Consequently, A is selfadjoint if and only if
(9.130) holds true.
From (9.117), this is equivalent to Qf, = —p(Q,) and M| = —p(M,) that is,
from (9.120),
I _ r\t I _ \T
Q,=—(Q))" and M, =—(M))". (9.131)

This is equivalent to (9.126). O

9.7.3 Identification of the physical degrees of freedom

To identify the physical fields, one follows the non twisted case [90] and separates
the real from the imaginary parts of the various fields. We thus define two real
fields a, = Rec}, and B, = —g% Im ¢}, (the signs are such to match the notations
of [56], see remark 9.7.1), so that

.91 _ .01
¢, =a, —1—B cl:—c’":—au 1=B

where, as we will see in section 9.9, B, corresponds to the gauge field of U (1),..
Moreover, we denote w, and —%Wk for k = 1,2, 3 the real components of the
quaternionic field g;, on the basis {Iy,i0,} of the (real) algebra of quaternions, so
that

¢, = wy Iy — ig2—2Wjak, qu = —(q;) —w, Iy — 1= Wkak, (9.133)

where again, as we will see in section 9.9, Wk are the gauge fields of SU (2);.

Finally, we write mu as the sum of a selfadjomt part g, = 1(m + m”) and an
antiselfadjoint part (m N m”) We denote Vf, L V" the real-field components
of the latter on the ba81s {zﬂg,z)\m} of the (real) vector space of antiselfadjoint
3 x 3 complex matrices (with {\,,,m = 1...8} the Gell-Mann matrices), so that
my, = g, + iV, Is + z—V’"Am, (9.134)
l

w

ml, = —(m)) = —g, +iV)Is + z—vam, (9.135)
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where V" are the gluons (once again, as we will see in section 9.9).
The cancellation of anomalies is imposed requiring the the unimodularity

condition
TrA, =0. (9.136)

This yields the same condition as in the non-twisted case.

Proposition 9.7.2. The unimodularity condition for a selfadjoint free 1-form
yields

g1
V) = EBH. (9.137)
Proof. One has Tr A, = Tr @, + Tr M,,. On the one side
TrQ,=TrQ,+TrQ, =, +& +Trq, +c,+, +Trg, (9.138)

vanishes by (9.126), when one notices that Tr ¢" = Tr ¢ for any quaternion ¢. On
the other side

Tr M, = Tr M)+ Tr M}, = 4Trm/, + 4 Trm), =
= 4(c,, + Trm;, + cL + Tr mL) =4(—ig1 B, + 62’V£)

(9.139)
where we use cL—i—cL = —ig, B, and mL—i—mL = 2iV£]I3+2i93VMm)\m, remembering
then that the Gell-Mann matrices are traceless. Hence (9.136) is equivalent to
(9.137). O

Let us summarise the results of this section in the following

Proposition 9.7.3. A unimodular selfadjoint free 1-form A is parametrized by
e two real 1-form fields a,,, w, and a selfadjoint M3(C)-valued field g,
o au(l)-value field iB,, a su(2)-valued field iW,, and a su(3)-valued field iV,.

Proof. Collecting the previous results, denoting W), := W[jak and V, = V" Ap,
one has

= a, — i%Bw d = —a, — i%BH, (9.140)
q, = w, Iy — z% W, qL =—w, I, — z% W, (9.141)
mr =g, +i (%BH Iy + 2 Vi), ml=—gti (%B“]I;; + %VO . (9.142)

On the one side, a,, w, are in C*(M,R) and g, = g,,' is in C°(M, M;(C)).
On the other side, since B, is real, iB, € C>®(M,iR) is a u(l)-value field.
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The Pauli matrices span the space of traceless 2 x 2 selfadjoint matrices, thus
the field /W, takes value in the set of antiselfadjoint such matrices, that is su(2).
Finally, the real span of the Gell-Mann matrices is the space of traceless selfadjoint
elements of Ms3(C), hence V, is a su(3)-value field. O

In the non-twisted case, the primed and unprimed quantities in (9.124)-(9.125)
are equal, meaning that the right and left components of the fields (9.140)-(9.142)
are equal, hence

a, =w, = g, = 0. (9.143)

That the twisting produces some extra 1-form fields has already been pointed
out for manifolds in [88], and for electrodynamic in [94]. Actually, such a field
(improperly called vector field) appeared initially in the twisted version of the
Standard Model presented in [87], but its precise structure — a collection of three
selfadjoint field a,,w,,g,, each associated with a gauge field of the Standard
Model — had not been worked out there.

Remark 9.7.1. In the non-twisted case, the fields B,,, W, and V,, coincide with
those of the spectral triple of the Standard Model. More precisely, within the
conditions of (9.143), then

e our ¢, = ¢, coincides with —iA,, of [56, §15.4]* The selfadjointness condition

n
(9.126) then implies that A, is real, in agreement with [56]. Then B,, = %Au
as defined in [56, 1.729] coincides with our B, = —i2¢" = —i2 ¢l as defined
g1 K g1 H
in (9.132).

e ourq, = qL coincides with —iQ,, of [56, §15.4]. The selfadjointness condition
(9.126) then implies that @, is selfadjoint, in agreement with [56]. Then
W, = Q%Q# as defined in [56, 1.739] coincides with our W, = Wlo, =
i2q, =i2q, in (9.133).

e the identification of our V,, with the one of the non-twisted case is made
after proposition 9.7.4.

Remark 9.7.2. If one does not impose the selfadjointness of A, then one obtains
two copies of the bosonic contents of the Standard Model, acting independently
on the right and left components of Dirac spinors.

3Beware that @, in the formula of A is iy#3, [56, 1.580], so that A = A,v* is the U(1)
part of —A, meaning that A, is the U(1) part of iA,,.
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9.7.4 Twisted fluctuation of the free Dirac operator

We now compute the free part (9.106) of the twisted fluctuation.

Proposition 9.7.4. A twisted fluctuation of the free Dirac operator Ip is Dy =
D+ Z where

D
“w
Z =K+ JAT ' = —ip (ZO %) with  Z, =" ® X, + 14 ®iY,, (9.144)
c
in which X,, and 'Y, are selfadjoint Agy-valued tensor fields on M with compo-
nents _ _ _ _
(Xﬂ)zj = (Xu)u = (Yu)y = (Y#>1J =0, (9-145)

ir 21 ir 21

J
i ; 2a
L — 27— p
ol =t = (L) (9.140)

I
i _ 2J _ [ 915u
(YH)II - ( _Z%BH]I?) o 933‘/#) ) (YH)QI ( g_lBMH?) o g_3v> (9147)

2 K
J

) 9.148
52wuﬂ3 - g#) I ( )
(H55.- 5001 ’

. .14
-4ﬂ%a&+%%»—%mmm9, (5.149)

Proof. With J = —J~! as defined in (9.49) one has
T = —J(—i AT = iy AT = it A =

- (jM#J_l 0 )D
=1y -1
0 JQ.JI),

where we use that J is antilinear and anticommutes with +* (lemma B.0.1).
Noticing that JM,J ! = —M, and JQ,J ' = —Q,, (this is shown as in (9.53),
(9.52)), one obtains

Z,=Qu+ M,. (9.150)

Explicitly, Z, = <Z“ Zl) where, using the explicit forms (9.122) and (9.121)
m

of @}, and M,

ro__ r Nfr i Cré}]—i_égw
Zn = Q' + M, = 6t ( g " (9.151)

B
qué}] + 52m_L) .
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and a similar expression for le“ exchanging r with [. The components of the

matrix above are

. . r SJ AT b
N Y b= _ (Cp07 +m,

(Zﬂ)a—clﬁl + 0,m), = ( Iz 1 E(S}Iij_L)d (9.152)

with (Z7)2 = (Z1)} =0,

J

(@ — 14 Bl + g, — i (4 Bull; + 92_3Vu)>1 B
= (XD +i(Y]); (9.153)

2a,,

7“. rsJ [ —
(Z}L>%:C,Uz5[ +m“—<

™2 _ = sd | =
(Z )Q_cuél—i—mu—

n
(2% +ig1 By, /

(ay + 1% B,)s + g, — i (£ B.Is + %VM))I B
= (X)) +i(Y))5; (9.154)

99

and

r 1(5J+F T 25] b
_ <(qﬂ)1 1 o (q,u)l 1 ) (9155>

(Z)) = q;, 6] + obml, = . _
(¢,)307  q, 07 +m,
with
(Z)e = (q,)2 0] + ml, =
(wu - ZgQ_z(Wu>g =y, + i%

J
(wu - i%(Wu>g) I3 — g, — <%H3 + %Vu>>l N
= (X;)Z + Z(Y;)Z, (9.156)

(Zr)b;éa o ( r)b 5J _ _Z%(WM)Z ! _ (Xr)b + '(Yr)b
wa T qM a®l — —ig—Q(WM)bﬂg - wla l ula*

2 a

(9.157)

The matrices X, and Y defined by the equations above are selfadjoint and
such that Z = X 4+ 4Y]. By the selfadjointness condition, one has

L Nl sl ™t _ r T
ZM—Qu+MIZ——(ZM) ==X, +1iY,. (9.158)
In other terms, Z), = X}, + Y| with
I _ r l r
X, ==X, X,=-X, (9.159)
Redefining X, = X = —XL, Y,=Y, = Y/f, one obtains the result. O
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We collect the components of Z in appendix C: There, we also make explicit
that ¢Y), coincides exactly with the gauge fields of the Standard Model (including
the su(3) gauge field V,,, that represents the gluons). Thus the twist does not
modify the gauge content of the model. What it does is to add the selfadjoint
part X, whose action on spinors breaks chirality. As shown in the next section,
this field is invariant under a gauge transformation.

9.8 Gauge Transformations

A gauge transformation is implemented by an action of the group ¢(.A) of unitary
elements of A, both on the Hilbert space and on the Dirac operator. On a twisted
spectral triple, these actions have been worked out in [95, 93] and consist in a
twist of the original formula of Connes [84]. Explicitly, on the Hilbert space, the
fermion fields transform under the adjoint action of U(.A) induced by the real
structure, namely

v — Adu Y = wpu = wu’Y = uJutJ Y, uel. (9.160)

On the other hand, the twisted-covariant Dirac operator Dy, (9.59) transforms
under the twisted conjugate action of Adwu,

Dy, — Adp(u) Dy, Adu”. (9.161)

By the twisted first-order condition, (9.161) is equivalent to a gauge transfor-
mation of the sole fluctuation A,, namely one has

Adp(u) Da, Adu* = D+ Al + JALJ ! (9.162)
where
A" = p(u) ([D, ), + Apu*> . (9.163)

This is the twisted version of the law of transformation of generalised 1-forms in
ordinary spectral triples, which in turn is a non-commutative generalisation of
the law of transformation of the gauge potential in ordinary gauge theories.

To write down the transformation A, — A} for the twisted fluctuation (9.60),
we need the explicit form of a unitary u of A. The latter is a pair of elements of*

U(C) x U(H) x U(M(C)) ~ U(1) x SU(2) x U(3). (9.164)

4Notice that this is not the gauge group of the Standard Model. However, the Standard
Model gauge group is immediately recovered after imposing the unimodularity condition, as we
did in section 9.7.3. Indeed, by imposing Tru = 0, the group U(1) x SU(2) x U(3) reduces to
U(1) x SU(2) x SU(3).
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Namely

u= (e, q,q,mm) (9.165)
with

a,a’ € O°(M,R), q,q' € C®(M,SU(2)), m,m € C(M,U(3)). (9.166)

w= (Q‘ %)D (9.167)

It acts on H as

c
where, following (9.39)-(9.43), one has Ql?s‘;i = LA and %Zts‘ﬁ = 518" with
%), t 5 _ (6B t
AP = (( e e , 9.168
sa (Q[l)g . sal <%l)§}] . ( )
in which
B / B
o a
A — oA = , 0.169
( Q’>a l ( q)a (9169
and
LU0 mel) T T\ 0 mel) '

where we denote

‘ eia . eia J . eia’ , eio/ J
o= pia | M= o) o= il | T = o)
I I

9.8.1 Gauge sector

Before beginning with the transformation of the free 1-form A computed in
(9.117), let us recall that a twisted gauge transformation (9.161) does not neces-
sarily preserve the selfadjointness of the Dirac operator. Namely A} in (9.163) is
not necessarily selfadjoint, even though one starts with a selfadjoint A,,.

This may seem as a weakness of the twisted case, since in the non-twisted
case selfadjointness is necessarily preserved. Actually this possibility to lose self-
adjointness allows to implement Lorentz symmetry and yields — at least for elec-
trodynamics [94] — an interesting interpretation of the component X, of the free
fluctuation Z of proposition 9.7.4 as a four-vector energy-impulsion.

However, regarding the gauge part of the Standard Model which — as shown
below — is fully encoded in the component ¢Y), of Z, it is rather natural to ask
selfadjointness to be preserved. This reduces the choice of unitaries to pair of
elements of (9.164) equal up to a constant.
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Proposition 9.8.1. A unitary u whose action (9.162) preserves the selfadjoint-
ness of any unimodular selfadjoint free 1-form A is given by (9.165) with

d=a+K, q=q, m'=m. (9.172)

The components (9.117) of A then transform as

¢, — ¢, —i0,q, cL — CL — 0,0, (9.173)
¢, —qq,a" +q(0.4"), ¢, —ad,a"+q(0.4"), (9.174)
m/, — mm/m' +m (g,m") m!, — mmlmf +m (9,mT). (9.175)

Proof. From corollary 9.7.0.1 one has (with the same abuse of notations (9.112),
now with ]Igz)

A" = p(u) ([P, u*], + hu*) = —ir* (u (Fu*) + uA,u’) . (9.176)

Using the explicit forms (9.167) of u and (9.117) of A,,, one finds

v (A (0.21) +AQ A 0 P
y < H p 9.177
0 B (9,8") + BM, B, (9.177)
meaning that a gauge transformation is equivalent to the transformation

Qu — Qu+A(0.2A7) +AQAT, M, — M, + B (9,B") + B M, B

(9.178)

From (9.121) and (9.122), these equations are equivalent to
— ¢, 4+ €0 = ¢, —id,o, ¢, — c, — 0, (9.179)
¢, —dq,q" +d <0uq’T> : ¢, — ad,a" +q(d.q"), (9.180)
m;, — mm/m’ +m (g,m"), ml, — m’mLm’T +m' (8Mm'T> . (9.181)

For any unitary operator ¢, one has that g (GHqT) = q[0,,q'] is anti-hermitian
(being 0, antihermitian as well). Hence, beginning with a selfadjoint A as in
(9.126), requiring that A" be selfadjoint is equivalent to

I = Oax, (9.182)
ag,a' +q (9a") = dala’ +d (9.7, (9.183)

m’mLm’Jr +m’ <8Mm’T> =m mLmT +m (9,m'). (9.184)
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In particular, for qL equal to the identity the second of these equations yields

q(9uqt) = ¢ ((9Mq’T> for any q,q’. Hence for any ¢/, one has q¢/,q" = q’qu’T.

This means that q’Tq is in the center of H. Being a unitary, q’Tq is thus the
identity. So q = ¢’. Similarly, one gets that m’'m is in the center of M;(C), that
is a multiple of the identity. Being unitary, m’ m can only be the identity, hence
m’ = m. Thus (9.179-9.181) yield the result. O

These transformations of the components of the free 1-form induce the fol-
lowing transformations of the physical fields defined in (9.140)-(9.142).

Proposition 9.8.2. Under a twisted gauge transformation that preserve selfad-
jointness, the physical fields a, and w, are invariant, g, undergoes an algebraic
(i.e. non-differential) transformation

gu — ngun' (9.185)

and the gauge fields transform as in the Standard Model

2
By — Bu+ e, (9.186)
1
N
W, — aW,q' + g—lq (9.0, (9.187)
2
5
V, — nVunf — Zn (9,n), (9.188)
gs

where n = (detm)~3m is the SU(3) part of m.

Proof. Applying the gauge transformations (9.173)-(9.175) to the physical fields
defined through (9.140)-(9.142), one obtains

+ i B, - Ha, i <%BH +,a), (9.189)

+w, Iy — i%Wu — tw, Iy — i (%qmqT +iq(9,q" )) , (9.190)

+g,+1 <%BMH3 + %V,J — £mg,m’ +i (%Buﬂg + %m V,mt — im(@m”) :
(9.191)

where the anti-selfadjointness of q(9q") and m(Om') guarantee that the r.h.s. of
(9.190) and (9.191) is split into a selfadjoint and anti-selfadjoint part. The first
two equations above yield (9.186)-(9.187) Writing m = ¢n with ¢ = (detm)s
and n € SU(3), then the right hand side of (9.191) becomes

+ ng,n' + ((%BH —0,0)I5 + %nVMnT + n@unT) . (9.192)
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where we use md,m’ = —id,0 = nd,n’. Requiring the unimodularity condition
to be gauge invariant forces to identify —6 with £, thus reducing the gauge group
U(3) to SU(3). This yields (9.185) and (9.188). O

9.8.2 Scalar sector

We now study the gauge transformation of the scalar part of the twisted fluctu-
ation Ay + Ajp; computed in section 9.6, beginning with the Yukawa part Ay in
(9.69).

Lemma 9.8.1. Let u be a unitary of A as in (9.165). One has

D

Au
p(u) [v* @ Dy, u'] + p(u)Ayul = < 0) (9.193)
c
where t
” . Au '
Av = 5t <( ) (A“)’)s’ (9.194)
with
u\r __ 0 IZI (a/<H1+H)q,T—H)
uyl _ _ 0 K (o (H} +T)qf —I)
(A= ((q’ (H + 1) o't —T)K! 0 (9-196)
where Hy o are the components of Ay, and o, &', q, q' those of .
Proof. From the formula (9.83) of Ay and (9.167)-(9.168) of u, one gets
Py 0/, P o A, A4 )
(9.197)

where, using (9.84) and (9.169),

_ _ , B
i (e K'H\ [(af _ kol Hiq't
AL, ( q) <H2k1 qf qH,a k! ]

(9.198)

— ’ — IB
. o KIHN (ot B klae Hqf
ﬂTAlQll = — ( q/> (Hékl 1 qT = — q/Héa/TkI 1 a’

(9.199)

where we used that k!, k! commute with o, o and their conjugate.
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The computation of the twisted commutator part in (9.193) is similar to that
of Ay in proposition 9.6.1, with a; = p(u) and b; = u' for u as in (9.165), that is

D

p(u) [y’ @ Dy, u'] = <ﬂ 0)0 (9.200)

t

where
U= h with U, = k', ’ S = — Rlﬁll ’
sl L[l ﬁgkl . ) 1 S,:)l2k| . ;
(9.201)

in which $;=1, and $/, = p($1,2) given by (9.92) with (remembering (9.171))

s

c=ad,d=a,q=q,¢=q and d=af, d =o', p=qf, p' =q'; (9.202)
that is
M =aq—a’), H,=qla’ —q') and §) = a(q’' - a'), 9 =d(a'f - q7).
Thus one obtains (9.193) with

t
w_ b sig (Y + AU
A" = U+ p() At = 6 ( woan) (9.204)

From (9.198) and (9.201) one obtains the explicit forms of (A*)" and (A%)!

IZ'(Sﬁ + o' H q/T)
AV T 1 1
<A ) — ﬂr + QllArer — ((52 + qHQQ{T)kI 0 5 (9205)
k'($, + aHlq")
u\l .__ T 1 1

The final result follow substituting £, » with their explicit formulas (9.203). O

One easily checks that for a selfadjoint diagonal twisted 1-form Ay (that
is, from corollary 9.6.1.1, when H{ = H, = H, and H|' = H} = H,) then a
twist-invariant unitary v (i.e. ' = q and &’ = a + K) not only preserves the
selfadjointness of the free 1-form by proposition 9.8.1, but also the selfadjointness
of Ay, provided that K = 0 (if K # 0, then H; and H; undergo different gauge
transformations, thus forbidding the identification H 1T = Hy = H, — and similarly
for H; — and therefore forcing Ay not to be selfadjoint). For this reason, from
now on we will assume K = 0. With this caveat, the gauge transformation of
lemma 9.8.1 then reads more clearly as a law of transformation of the complex
components (9.99) of the quaternionic fields H, and H,.
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Proposition 9.8.3. Let Ay be a selfadjoint diagonal 1-form parametrized by
two quaternionic field H., H;. Under a gauge transformation induced by a twist-
invariant unitary u = (o, o, q,q, m, m), the components P 2, ZLQ of H,, H; trans-

form as
¢§+1) (¢1+1) _ (<;5l1+1) (¢§+1) »
— e ", — e " 9.207
( o i\ &, W\ (9.207)
Proof. Ay being selfadjoint means that (9.93) holds. A twist-invariant unitary
satisfies (9.172) with K = 0. Under these conditions, comparing the formula
(9.84) of Ay with its gauge transformed counterpart (9.195)-(9.196), one finds
that the fields H, and H; undergo the same transformation

H, — q(H, +1)a -1, (9.208)
H —q(H +Da' -1 (9.209)

Written in components (9.99), these equations reads

O — qu1 (¢ + 1)e ™ + qraphe™ — 1, (9.210)
¢y — g (@] + 1)e™" + qr dhe ™ — 1, (9.211)

where ¢;; denote the components of the quaternion ¢g. In matricial form, these
equations are nothing but 9.207. [

The transformations (9.207) are similar to those of the Higgs doublet in the
Standard Model (see e.g. [96, Prop. 11.5]). In the twisted version of the Standard
Model, we thus obtain two Higgs fields, independently coupled to the left and
right components of the Dirac spinors. However, as we already mentioned, the
two have no individual physical meaning on their own, since they only appear in
the fermionic action through the linear combination h = (H, + H;) /2. Therefore
there is actually only one physical Higgs doublet in the twisted case as well, that
couples to both left and right-handed fermions.

9.9 Fermionic Action

In twisted non-commutative geometry, the fermionic action (i.e. the component
of the action that containing all terms that involve fermions) is defined by (8.26).
Explicitly:

S0 = <J@Z, RDAP@Z> (9.212)

where J is the real structure, R is the unitary that implements the twist (8.8),
D, is the twisted fluctuated Dirac operator (8.20), and ¢ is the GraBmann vector
associated with the eigenvector ¥ of R.
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Since JR = —RJ in the twisted Connes model, thanks to Lemma 8.3.2 we
can rewrite S% as

S0 = — <J¢?, DAp@ . (9.213)

In the previous sections, we calculated Dy,. Then, in order to calculate S]’i ,
we still need to calculate v, Ji, Dy, and finally we will have to compute the
scalar product (9.213). These calculations are really long, since they involve very
big matrices acting on very long vectors (with 4 x 32 components each), yet they
are quite easy, for it is all just simple algebra. For this reason, we will not report
the full calculations here, but we will only give a detailed sketch of how they
should be done, and then we will report the results. The interested reader can
find the intermediate steps in the Appendix D.

9.9.1 Eigenvectors of R

The explicit form of R is .
(01)¢ 05 @ I, (9.214)

hence any eigenvector of R must be of the form

P ~ ¢ &® VF, with ¢55' = <ZZS) , Up € HF (9215)

s

where ¢ is a Weyl spinor. If we define a basis of Hp as follows:

e1 = v = 6%605) o1 = vg = 6L6%61
er = ep = 626957 & =en = 610052
e3 = v = 00670) &3 =1L = 0,000}
ey = ep = 600002 e1=ep = 00,0702

e5s = Up = 5%5}5i Up = 555}5014
e6 = d = 625157 dy = 046102

€5
€6
er =ur = 5%(5}5& e =ul = 55(5}(5&
es
€9

I
QU
oo

|
8
h

es = db = 0%6102 =dl = 656162

eg = u2 = 0%626) =u% = 556251

el =dp = 605?53 €10 = @ = 6};5?63
el = uj = 02676 e =1l = 65020}
€19 Ed% 5505252 6_125@551 5252

e13 = Up = 505351 €13 = uR = 505351
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— 73 — 50 ¢3¢2 =— — 13
614:dR:506[504 14:dR

— .3 — 50 ¢3¢1 -— — 3 —
615:UL:505[5a 15:'LLL:(S

— 33 — 50 ¢3¢2 — — 3
el6:dL:5C(515a 16:dL
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(which is such that Jre; = €, Jre; = ¢;), we can write the most general eigen-

vector of R as follows:

16 16
o = Z¢i®€i ‘l‘ZCbH-lG ®€_ia
=1 =1

[P
" (@)

where

with ¢; Weyl spinors.

9.9.2 Calculation of Jo

Remembering that
J =T &® Jp,

by explicit calculation we have:

16 16
JO = J¢ @+ Y T Qe
i=1 i=1

9.9.3 Calculation of DYPE

Let us define = € Hy as

16 16
= g & Qe+ g it16 D €,
i—1 i=1

(s
o= ()

where

(9.216)

(9.217)

(9.218)

(9.219)

(9.220)

(9.221)

with ¢; Weyl spinors. By definition, = is an eigenvector of R (since it has the

same form (9.216)).

Now it is time to perform the calculations. We can split Dy, into many pieces:

Dy, =d@1p+ X +iY +9°®@ Dy + M; +7° ® Dy

(9.222)
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with
5

(VX o

X iy < » Xu) (9.223)
. Iy ® 1Y,

= —jyH ® I
iy < H4@§¢y;) (9.224)
M, = <A Z) (9.225)

where X, and Y, are defined in (9.144), and A is defined in (9.83). Therefore,
it is easier to calculate the contributions of the single pieces and then put them
together. As an example, we will show how to compute the first components of
(7° ® Dy) Z; the full result can be found in the Appendix D.

We have

("’ ® Dy) (L ®e1) =7°6 @ Dyey =
=776 @ (Dy)cps 056904 =
= 761 @ 6 (Do) 8505 =
— 76 @ %] (Df). o} =
=761 ® k,0¢ 070, =
= k7’6 © es.

Following the same procedure, we can compute the other components of
(v° ® Dy) E:

(75 ® Dy) ({2 @ €2) = kevs562 @ €4
(75 @ Dy) (& ® e3) = k563 @ e
(75 ® Dy ) (£4 ® €4) = keyséa @ €2
(75 ® Dy) (& ® e5) = ku585 ® er

The very same procedure can also be applied for all other terms that appear in
the sum (9.222); the results can be found in the Appendix D.

9.9.4 Calculation of the Scalar Products

When computing a scalar product of the form

(J®, (Om®OF)E), (9.226)
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the finite-dimensional part (Jre; , Ope;) will simply select which fermions will be
coupled; on the other hand, the manifold part (J¢;, OnpE;) will lead to interest-

ing effects, so we will deal with it more in detail.
As a shorthand notation, let us define

Ao (¢,6) = (T ¢, Opm8)

(9.227)

for any operator O = Oy ® Op. With these notations, we have the following

Lemma 9.9.1. One has

Ry (0, 8) = 2/ du (9'o2) (0;0;) ¢,

M

Wi, (6.6) = =2 [ du (7o) ()¢

M

Q[—ivf‘gu (¢7 g) = 2/ d:u (@TO‘Q) (gjo-j>c

M

am%HmW@:—Aﬂu@@Mm+mm

_ (¥ _ (< e
¢_<S0)7 §_<C)7 Pr,l_ 9 .
Proof. One has

. (3% 0 (c?
go=intrro=i(T n)(2)=i(25).

where

w3 ) () =()
. (0 ot I 0 = fuot
(8 0) (8 )07

. (0 ot ¢ (9.0 C
—_ = = — = — H
0798 Z (5# 0 ) 9 (C> ' <g#5u§> ‘
Noticing that (52)" = 02 and (62)" = —¢2, and using

ot + ot = 20,07, ot — ot = —2i0% o, 0% = —ioy,

one gets

(9.228)
(9.229)
(9.230)

(9.231)

(9.232)

(9.233)

~—

9.234)

~

9.235)

(9.236)

(9.237)
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= —/ dup'a®a"9,( — p'o’5"0,( = —/ dupio? (o —5) 0,¢ =
M M

=2 / duploy0;0;¢; (9.238)
M

Uiy, (6,6) = (T6, —iv"y°1if) = = (/6™ Flo™) (ff‘ﬁ?)

/ due'o’ f,0"¢ + @0’ f5"¢ = / du@'o’ f, (o" +6") ¢ =
M

= —22'/Md,uf0@ o9C;  (9.239)

B _/ dp @TUQQMJHC - @TC’QQ/A&NC - _/ du@nﬂgu (0“ - 5M)C =
M M

:—/ duptoagio;C. (9.240)
M
O

Remark 9.9.1. Lemma 9.9.1 has impoetant consequences. First of all, Eq.s (9.228,
9.229) imply that the kinetic terms of all fermions will be of the form

) =t -
S pin. ~ | duib o2 (i folly — 0;0;) ), (9.241)
M

where fy will correspond to the components of X. Moreover, g, appearing in
(9.230) corresponding to the components of Y (i.e. to the gauge vectors), all the
gauge vectors will be in the temporal gauge. Finally, H,; in (9.231) are the two
Higgs doublets defined in Corollary 9.6.1.1, which shows that the two will indeed
combine into a unique Higgs doublet H, + H; as we already anticipated.

We will omit the full calculation of the action since it is once again very long
and hardly interesting, it being simply a matter of performing the scalar product
of (long, yet finite-dimensional) vectors for the finite part, and identifying the
right 2o from the ones we computed in Lemma 9.9.1 for the manifold part. The
interested reader can find the intermediate steps in the Appendix D. Now, we can
finally write the full fermionic action for the twisted-by-grading Connes Model.
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9.9.5 Fermionic Action: Physical Fermions

To compute the fermionic action, we have to compute the bilinear form (8.26) on
the very same GraBmann vector ¢ associated with the eigenvector ¢ € Hg of R.
Then, we can identify its components ¢; with the physical fermions through the
following identification:

= d, P26 = dpy =d3 Pog = d7

_ .3 ~ .3 _ 3 ~ _ .3
= UfR P29 = UR = uy P31 = U,

(@102) =VR P17 = VR (—Zs:?;t,dz) =vL P19 = VL (9.242)
<i@02> =€r P18 = €R (-@1@) =er P20 = €r, (9.243)
(@;‘72) = ul, Po1 = up <—ié$02) =ul B3 = uj, (9.244)
<i$602) = dj, Paz = dp <—i¢;02> =d} Goa = d, (9.245)
(@&72) =u} P =up —Z@L@) =ui  Gm=up  (9.246)
Fi02) ) (9247
) ) (0249
(9.249)

~T ~ L~ - -
(Z§0140-2) - dgj)% P30 = d?{ _ZSO160'2> = d% P32 = di

Notice that these are all Weyl spinors; we will translate the full lagrangian into
the more familiar Dirac spinors in section 9.9.10.

9.9.6 Fermionic Action: Kinetic Terms

Using the identifications (9.242-9.249), the kinetic action takes the form

Spm =4 / dpt Ligin., (9.250)
M
with
Liin, = Ly + LT (9.251)
where

LiF = ivR (—2iag + 0x0y) Vg + i€R (—2iao + 040k) er+

kin.

+ Zﬁ (Zwo - ?:CLO - a;ﬁk) vy + zﬁ (ZU}Q - iCLQ - akﬁk) €r, (9252)
and

£t — i (i Re (g0)] — iaod! + 00k ) wl + idfy (i Re (g0)! = iaod? + 010 ) dip+
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(9.253)

At this point, what one does in twisted QED is to identify

iforb = 0oy (9.254)

(with fo representing any one of ag, wo, go and 1 representing any fermion) so as
to recover the kinetic term in Lorentzian signature. In this case, however, one
may not do so in full generality for there are 16 independent fermions but only
11 independent fys.

One possible way out of this problem might be found in the fact that, cur-
rently, there are no known ways to quantize a twisted non-commutative geometry,
so at this level the lagrangian should be intended to be classical®>. The purpose
of a classical lagrangian is ultimately to extract the equations of motion, so one
may still do the identification (9.254) at the level of the equations of motion. At
this level, in each equation of motion will appear just one fy, so it is possible
to view them as mutually independent and safely do the identification (9.254).
With this in mind, we will write the usual kinetic terms in Lorentzian signature
in the full fermionic action in section 9.9.10. Still, a more in-depth study of this
problem is needed, which will be carried out in a forthcoming, dedicated work.

9.9.7 Fermionic Action: Gauge Terms

Using the identifications (9.242-9.249), and once again defining

Sgauge = 4/ dp Lyauge, (9.255)
M

with
ﬁgauge =Lg+ Ly + Ly +hec., (9256)

we get

Lp = gi€r (01Bk) er — %E (0kBg) lr,—

9 __ . _ . — ,
— S91t (0 By) uh + iy (00By) diy + i (04Be) d. (9.257)
Lw = %E (O'ka) lr + %E (Uka> qiL (9258)

50f course, it can still be used to do phenomenology, in which case one assumes that a
quantization method exists and therefore assumes that same lagrangian to be valid also at the
quantum level.
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Ly = —%E (Uk (Vi) ) wp — %@ <0k (Vk)jf) dy + EqL (Uk (Vkﬁ) q (9-259)

_ (VL i uj,
EL - (GL) ) qr, = (dZL> ) (9260)
W; = Wfaoy Vi =V A\ (9.261)

9.9.8 Fermionic Action: Mass Terms

Using the identifications Eq. (9.242-9.249), and once again defining

Smass = 4/ dp Lonass, (9.262)
M
we get
/Cmass = —Z.k_,/ﬁl/[/ - ik‘l—eaeL + ikuV_LVR + ikeaeR_
— kgt — ikgdidy + ikl by 4 ikgdy d,. (9.263)

If we assume k, = im, with m, real, we recover the correct expression for the
mass lagrangian:

»Cmass =—my (WVL + WVR) — Mg (ﬁeL + @63) -

= my (g, + upuly) — ma (digds, + dpdy,) (9.264)

9.9.9 Fermionic Action: Higgs Terms
Using the identifications Eq. (9.242-9.249), and once again defining

SHiggs = 4/M dﬂ EHiggsa (9265)

we get

Liriggs = iky¢aVrvE, — ik, ¢1VRer + ikeprryr + ikepotrer—
— ik, GovrvR — ke VieR + ik, dreLvy — ikepoErer+

+ ikudoupuy — ikyGrupdy + ikadrdiu + ikadadpdy —

— iky o ¢2uLuR zk‘d¢1uLd + Zk‘uqbldLuR ikr_d@gd}ﬁ—

+ ik pouiul — ikydrudd? + ikgprdiu + ikgaddd? —

— ikaGoudu, — ikapruldy, + ik Grdiud, — ikadadd di+
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+ zku(bguRuL zkugzﬁluRdL + Zk’dgbldRuL + zkd¢2d3 dL

— kgl Uy — ik ud d + ikydrd3 ud, — ikqpadd d, (9.266)
where )
i =5 (0] + ). (9.267)
Remembering that k, = im,, we define
— H . O
My = —=Y,, = iv2-2 ‘b by = T (9.268)

V2

so the lagrangian becomes

v/V2

['Higgs =—-H [YV (V_RVL + WVR) +Y. (%QL + aeR) +

+i¢° [Y, (Vrvr — Uve) — Y. (€rer — &eR) +
+, (whl, — wui) - Yo @d @ dZR)] 4
+ V20" [Vepvn — Yeemvy + Yadpul — ]

—iV2¢" [Y@eL — Y. ien + Yould, — You',di, (9.269)

9.9.10 Fermionic Action for many generations

So far, we only considered the case of one single generation of fermions, now we
would like to generalize our description to more generations.

If one considers N generations, the full Hilbert space is the direct sum of N
Hilbert spaces for one single generation. Because of this, the elements of the
algebra get an additional factor 0%, where the Greek letters A, s represent family
indices. The same happens to the free part of the Dirac operator, while the
non-zero entries of its finite part, the k.s, become matrices in the family indices.

This all means that the boson content of the theory remains the same, but
we have many more fermions, and they might not be in their mass basis. By
diagonalizing their mass matrices and changing the basis to the mass one, we
recover the SM lagrangian with the addition of the extra scalar terms.

In order to avoid confusion, let us proceed step by step, beginning by rewriting
the full lagrangian in case of N generations of fermions (for now, ignoring the
kinetic terms). We introduce the generation indices A, k; furthermore, in order
to make the notations less cumbersome, we introduce the color triplets

ulL,R diR Qi
Upr=|uir]|. Dir=|(dig|, Qr=1{da]- (9.270)
u%,R d?i,R qa;
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Then, we get:
,Cgauge = ,CB + ,CW + ,CV + h.c. (9271)
N
_ g1—
Lp= ; [9161\3 (0xBy) 6}\3 - 5@ (0% By) K’L\—
2 i~y A, 91 AN A
—gglU (0;B;) Up + 3D (0;B;) D, + QL( B;) Q1| , (9.272)
92)x )\ k A, 2% k
Z [ =0} (o, WFay) 0y + Q (o;WFow) QL] : (9.273)

=1

N
Lo Z [_EUE 03V An) Up = 2D} (0,V]"An) Dy + TQ} (V" A) Qﬂ,

(9.274)
N — — — —
Lonass == 3 [V (ma)5 v + 08 (m)s v+ ek (mo)s e + e (mo) et
A k=1
+ U (mu)3 UE + U (ma) Uy + Dj (ma) Df + D3 (ma)} Dy |
(9.275)
N — — — —
‘CHiggs - Z {_H [V})% (YV)i VE + Vé (Y,,); VIF% + 6)1% (YE)i 62 + 62 (YE)i 6%"—
A\ k=1

+UR (Y)yUE + UR (Ya) Uk + Dy (Ya)l i + D} (Ya) D +
+i” [V (V)55 — VR (Y)) vk — ek (YR ef + e} (Vo) et
+UR (YA UE = Up (Vo)A Ug = Dy (Yo)y Df + D3 (Ya); D | +

+iV20™ [} (V)i — ek (Yo)svi + D} (V)3 U — DR (Yo U | -

—iV26+ [V (V) e — v (Yo} e+ U (V)i D — U7 (V)5 D }
(9.276)

Notice that in case of multiple generations the real parameters m,, Y, become
N x N hermitian matrices. Obviously, in general these matrices will not be
diagonal. We want to express the lagrangian in terms of the mass basis, i.e. the
basis of fields that diagonalize those matrices. This has already been done in
section 2.8.

There is still another issue that needs to be taken care of: the vector fields
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B,, WL appearing in the lagrangian are not the physical ones. One still needs to
rotate B, together with Wj’ to make A, and Z, appear. Again, this has been
already done in sections 2.6 and 2.7.

Summarizing, the full fermionic lagrangian E?bG of the twisted by grading
Connes Model for N generations of Dirac fermions is

Er}bG = £5 + LEM + £CC + /:'NC + Egluons + L"l;nass + ['Higg& (9277>

where £L is defined as in (2.147), Lgs as in (2.150), Lee as in (2.151) and Lye
as in (2.152), but in temporal gauge, i.e. with Ag = W = Z; = 0, and with

N
Egluons = Z % [U})% (’kakm)\m) U}é + Df\% (7kv;cm/\m) DI)\%+
A=1
+UR (Vi) U + DY (Vi Am) Dﬂ , (9.278)
N
mass - Z v m ) (9279)
N — — — —
Liiggs = — Z {_H [V/\ (V)5 v + Y'e’\GAGA + Yu’\U/\U/\ + Yd’\D’\D)‘] -
A k=1
— ¢’ [; (Y2)X 52" + YeAe_A%eA + Y P U + Yfﬁ%DA] +
V267 |} (V)5 vk — YAehv) + YADIUD — YdAD_]*%Ug} -
i [0 ¥ VTR T
(9.280)

The fermionic action of this model is the same of the Connes model, with
the only difference being in the signature of the kinetic terms. Of course, this
is already an important result, however it is quite probable that the Higgs mass
will still be wrong (we cannot be sure since the bosonic action in the twisted
case is still to be computed — actually, even defined — but there are no reasons
to expect the Higgs mass to miraculously become the right one). As shown by
Connes himself [56], the Higgs mass problem as well as other issues can be solved
completely by somehow introducing a new neutral scalar field o, whose vev would
induces a Majorana mass for the neutrinos. In order to generate this new field,
we need to modify the twist. This is done, for two modifications of the twist by
grading, in the next Chapter.



Chapter 10

Minimal Twists of the Standard
Model

In the previous Chapter we studied the twist by grading of the Connes Model.
The resulting model, albeit interesting, is lacking of what we sought when we
directed our attention to the twisted non-commutative geometry, i.e. it lacked
the new scalar field o whose vev would give rise to a big Majorana mass for the
neutrinos — thereby providing a fundamental motivation for the see-saw mecha-
nism. In this Chapter, we will study two more twists of the Connes Model that,
on the contrary, do give rise to o.

In one of the first attempts of twisting the Connes Model [87] only part of the
algebra has been twisted, but this was still sufficient to generate o, even though
fully twisting by grading is not. Indeed, this is not a coincidence. Twisting only
part of the algebra means that the twisted first order condition be only valid for
part of the algebra — i.e. it is not completely satisfied. In other words, the model
studied in [87] actually breaks the twisted first order condition. In fact, also the
two twists presented in this Chapter break the twisted first order condition, and
they both generate o.

Breaking the first order condition is not necessarily a problem in the twisted
context: in the untwisted case, the first order condition was a non-commutative
version of the statement that the Dirac operator be a first order differential
operator. On the other hand, even a commutative version of the twisted first
order condition has no such meaning, so it should not be a problem to discard it
in the twisted case.

195



196 CHAPTER 10. MINIMAL TWISTS OF THE STANDARD MODEL

10.1 Existence of o

The reason why ¢ does not appear with the canonical twist by grading resides in
Proposition 9.6.3, i.e. in that

[v* ® D a], =0 (10.1)

when p is the twist by grading. Now we will explore the conditions that a different
twist must satisfy in order for (10.1) to be non-zero.

Proposition 10.1.1. Given an almost-commutative space (8.36), if a component
v® @ Dy of the Dirac operator

D =@ 1 +~°® Dy + other terms (10.2)

commutes with the algebra A but does not twist-commute with the algebra A ®
C? of the corresponding twisted spectral triple with twist induced by the twisting
operator (8.143), then it must be

{Tr. Dar} #0. (10.3)
Proof. One has

2[v" @Dy, (a,d)], = [’ ® Dy, 1+ T)a+(1-T)d] = (10.4)
=7 @Dy (a+d)+7° @ DyT (a—d)—
—(a+d)Y @Dy +T(a—d)y" @ Dy.  (10.5)

By hypothesis, 7% ® Dy (a +a’) — (a +a’)y*> @ Dy vanishes. Moreover, that
same hypothesis implies that (a — a’) commutes with v°> ® Dy, so we have

27" ® Dy, (a, a’)}p =1{7"® Dn,y* ®Tr} (a—d) =Tu@{Dun, Tr} (a - a).
(10.6)
This vanishes for all a,a’ € A if and only if {Dy;, Tr} = 0, hence the result. [

Hereafter, we will consider two different such twists: one for Tp = TF =

6{6En?, and one for .

B
Tp=TF =6/ (”a 55) . (10.7)
o/

It is easy to show that both Tf , do not anticommute with D), defined in
(9.22). Indeed, one has the following

Lemma 10.1.1. Neither TfQ as just defined anticommute with Dy; as in (9.22).
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Proof. The result follows from a straightforward calculation. T} being triv-
ial in the C'D indices means that the anticommutator {7, Dy} is not null if
{Dg,6{n%} # 0. Again, this is true if {D%,n°} # 0. This anticommutator is
proportional to 2kg, hence it is not zero.

Things are just a little bit more complicated for 7. In this case, we have

{Tr, Dy} #0 & Dgdf (52+10) #0. (10.8)
This is true if D% (55 + ng) # 0. Its top-left entry reads

2kp #£ 0, (10.9)

so neither TY" anticommutes with D). ]

10.2 Minimal Twist of the Standard Model through
Ty

10.2.1 The Representation

The algebra, the Hilbert space, the grading and the Dirac operator are exactly
the same as in the twist by grading case; the only (slight) difference is in the
representation of the algebra. In particular, the representation will be the same
as in the twist by grading except that m and m’ have to be replaced with each
other:

B B
. m®]12 0 . m’®]I2 0
MT_( ; m,%) ,MZ_( : m®]12) , (10.10)

« «

while Eq.s (9.18-9.41) and (9.43) remain valid.

Remark 10.2.1. Notice that, even though we used v° @ T as twisting operator,
the grading is still I’ = 7° ® p.

10.2.2 Twisted Fluctuation

Given the strong similarity of the representations of the twist through T} and
the twist by grading, it is not surprising that the two fluctuations of the Dirac
operators are almost identical, the only difference being that this time A,; defined
in (9.70) is non-zero.
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Proposition 10.2.1. The twisted fluctuation of the Dirac operator in the twisted
by TE Connes Model is A, = A+ Ay + Ay with & and Ay the same as in the
twisted by grading Connes model, and

D
C
Ay = (D )C (10.11)
where . .
. C’ _ . D
_ t T _ t r
with
C.=D, =%z, C =D =-2" (10.13)

where o and o' are complex fields.

Proof. Using the explicit form (9.22) of Dy, for a in (9.17) and b in (9.55) (with
m <> m’ and n <> n’) one gets

b0l = (§ ) (o, 797 (0 W), -
QP ®DR)N —p(R)(1° ® DR»)D

(10.14)

(M ((*® DR = p(N) (° @ DY)
With Dp given in (9.27), one computes the upper-right component C' of the
matrix above:

ssla ssla v

Clita = Quire’ b0l SR NG — ke p(RVER 0L EE) - (10.15)

Since ), N are diagonal in the s index and proportional to 52:, the non-zero
components of C' are

(1% = k(@1 |ZE(NDE - (ROEEL|, (1016)
i —_ —JB
(€7 = kr L Q)1 [~ERWIE + (RVEES] (0a7)

Explicitly, from the formula (9.41) for @, and (9.56) of R,/;, N, one gets

QT(ENr - RZE) =

(et Nz N (hel b (de] =l N\ L
o q’é} o 03 o n’®]12 o p’(;}] o 03 o N
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(5t N (En—a=] T feEn-d=)) \ _
qlaf— o4 03 « 03 [e
o an=J g
:(C(d d>“10) — 0=’ (10.18)
3 «

and similarly
Qi(—EN, + R,E) = —o'E/? (10.19)

where we define the scalar fields
=cld—-d), o =d(d —-d). (10.20)

Similarly, one computes that the lower left component D of (10.14) has non
Zero components

— kRS M. (ER, — NB) = KR 6L 2% ¢(d - d’) A= (10.21)
Dy, = k6L My(—ER, + N,E) = k" 6 ”gfc’( +d)=—k* 2% o' (10.22)
L]

A free 1-form Ay, is self-adjoint if and only if DI = C, and DT Cy, that is

/

oc=0, o=a. (10.23)

The part of the twisted fluctuation induced by the Majorana mass of the
neutrino is then easily obtained.

Proposition 10.2.2. An off-diagonal fluctuation is parametrised by two inde-
pendent real scalar fields o, 0;:

— .\ D
. 0 ntDy + kg =77 S
Dy, = Dy+Ay+JAyJ ! = 0] s o =s
(10.24)
where
o t
Y= ( UZ)S' (10.25)
Proof. As in the proof of proposition 9.6.1, one has
0 JDI\"
-1 -
JAyJ = (—jC’j 0 )C (10.26)

with

JCT " = nir Clllri = —C (10.27)
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and similarly for D. Hence

Ay + JAN Tt = ( (10.28)

0 C+ E) 5
C+D 0 /.

The explicit form of ¥ follows from (10.12)-(10.13), defining o, = & + ¢ and
o, =—0 —o. O

Notice that in the proposition above Dy, is selfadjoint regardless of the self-
adjointness of Ay;. As well, one does not need to assume that A, is selfadjoint
to ensure that the fields o,, 0; are real.

Remark 10.2.2. The field o is chiral, in the sense it has two independent compo-
nents o, 0;. The one initially worked out in [87] was not chiral. This is because in
the latter case, one does not double M3(C) and identifies the complex component
of m with the complex component of @),. This means that the component d’ of
N, identifies with the component d of R,, so that (10.19) and (10.21) vanish, that
is C; = D, = 0. Similarly, the component ¢ of M; becomes ¢, so that D; = C,.
One thus retrieves the formula (4.32) of [87] (in which the role of ¢ and d have
been interchanged).

10.2.3 Gauge Transformation

As a consequence of Proposition 10.2.1, the gauge transformations of all the
bosons already present in the twist by grading case remain the same also in the
twist by T case. Indeed, they are all defined the same way as before (modulo
the redefinition m <> m’), so all the Lemmas and Propositions for their gauge
transformations remain valid. However, this time there are the extra scalar fields
o1, so we need to work out the gauge transformations of those as well. One can
show that they are actually gauge-invariant.

Proposition 10.2.3. Under a gauge transformation induced by a twist-invariant
unitary u, the real fields o,, o, parameterising a self-adjoint off-diagonal 1-form
A (proposition 10.2.2) are invariant.

Proof. The result amounts to show that A,; is invariant under the gauge trans-
formation

Ay — p(u) [v° ® D, qu + p(u)Apul. (10.29)

Since u = p(u) by hypothesis, the twisted-commutator in the expression above
coincides with the usual commutator [75 ® Dy, uq which is zero by (9.34). From
the explicit forms (10.11) of Ay and (9.167) of u, one has
QIC‘BT>

uAyu’ = (% Dot (10.30)
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From (10.13), one checks that ACBT has components

A.CB1 =0, A=/ Bt = ,2/7, (10.31)
WCB! = oy =B = 0277 (10.32)

where we use the explicit forms (9.169)-(9.171) of 2,8 to get A =77 BT =
et :ff B E}Tg, and similarly for (10.32). Hence uApu’ = Ay, and the

result. [

Remark 10.2.3. From a physical point of view, it makes sense that o,; be gauge-
invariant. Indeed, their linear combination o, — o; will appear in the fermionic
action coupled to the right-handed neutrinos, in such a way that its vev becomes a
Majorana mass for the neutrinos. The right-handed neutrinos, being completely
neutral, are gauge-invariant, hence any scalar coupling to them must be itself
gauge-invariant in order to yield a gauge-invariant lagrangian term.

10.2.4 Fermionic Action
Once again, the strong similarity of the representations of the twist by grading
and the twist by T} cases imply that their fermionic actions will be almost

F
identical as well. In particular, the fermionic lagrangian E?l of the twisted by
TF Connes Model will be

F
Ej:l = [';l:bG + EMajorana; (1033)

where E}bG is the one of (9.277) and Lajorana 18 @ Majorana mass term for the
right-handed neutrinos. To show this, one needs to follow the very same procedure
described in section 9.9. Once again, we will not do the full computation, since it
is very long and hardly interesting (it merely being the computation of the scalar
product of two vectors obtained by applying very big matrices to other very long
vectors). In order to compute the manifold part of the scalar product,we need
the following

Lemma 10.2.1. One has
A (¢,§) = =2 /M du (p'o2) ¢, (10.34)

where Ao, ¢ and & are as in (9.227), (9.232).

Proof. Following the same steps as in the proof of Lemma 9.9.1, one has

N G [ €S
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Then, one has

s (¢,€) = <J¢>, 75§> = 4 (@62#’ @TOJT) ( CC) _

= —@'/ dp @' o?C + 3o’ = —2/ dp Bloa¢, (10.36)
M M

where we used 02 = —ios. O

Following the same procedure adopted in section 9.9, one can calculate the
fermionic action for this model. Using the identifications Eq. (9.242-9.249), and
once again defining

SMajorana = 4/ dﬂ ‘CMajorcmay (1037)
M

we get

1 P — o ~ fad) g
£Majorana = _5 |:_ZkRVR (1 + U_) v+ kR (‘;0170—2> (1 + U_) VR:| 5 (1038)

g (e

where o /v, = 0, — 0. Now, we define
kg = —iM, M = Yyv, €R (10.39)

furthermore, we identify

951 = V}:%a <_ié170—2) = V]c%a (1040)
so that the lagrangian becomes

Y; —
/CMajorana = _TM (0 + Uo) [ﬁl/]c{ + V}:%VR} . (1041)

This is the result for a single generation of fermions. For more generations, Y,
becomes a self-adjoint matrix.

Then, the full fermionic lagrangian £?1F of the twisted by T Connes Model
for N generations of Dirac fermions is

F
Tl

L' = L3 + Latajoranas (10.42)

where £7°9 is defined as in (9.277) and

N

1 Y K KC e KR
‘CMajorana = _5 Z (U + Uo-) |:V1)% (YM))\ vp + VI)%C (YM))\ Vgr| - (1043)
A k=1
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This model is very interesting: first of all, being twisted, it is Lorentz-
invariant; moreover, it contains the scalar field o that is crucial for sorting out
many issues (the wrong Higgs mass, the vacuum metastability [56], the see-saw
mechanism); and it is in a sense economical, since it does not generate any more
terms than needed. Nevertheless, one may wonder how things might change when
considering a yet different twist: it was for this reason that we studied the twist
by TY as well. The results will be presented in the next section.

10.3 Minimal Twist of the Standard Model through
Ty

10.3.1 The Representation

Once again, the algebra, the Hilbert space, the grading and the Dirac operator
are exactly the same as in the twist by grading case, and the only difference
resides in the representation of the algebra. Once again, the difference will be
concentrated in M, ;: in particular, the representation will be the same as in the
twist by grading except that

M,=mé? M, =m'é6, (10.44)
while Eq.s (9.18-9.41) and (9.43) remain valid.

Remark 10.3.1. Again, even though we used 7° ® T as twisting operator, the
grading is still ' = ® ® 7p.

10.3.2 Twisted Fluctuation

The twisted fluctuation of the Dirac operator in the twisted by T4~ Connes Model
contains all the terms that appear in the twisted by T} model, plus some new
terms. Indeed, all the Lemmas and Propositions for the fluctuation remain valid
(as one can easily check case by case, by simply renaming some entries of a),
except for Lemma 9.6.1 and Proposition 9.6.1. Indeed, in (9.71) S will remain
what it is, but the bottom-right entry will be non zero.

Lemma 10.3.1. In the twisted by T Connes model, one has

S 0\”
5 p— ~
[V ® Dy, b] = (0 5)0 (10.45)

where S is the same as in (9.71) and S has components

Siitn = 8% (n (Do) Nt = 0 (V) 0, (D)%) (10.46)
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where
NYP — 68Nt (10.47)

sla

Proof. By explicit calculation, one has

s = (ue (00)) Wit -0t (01) ) ) = oy
= 8% (nk (Do)l NI = p ()] o (D)2 (10.49)

where we used DT Dy as well as the fact that Dy is diagonal in the I.J indices.
O

Now we can compute the updated 1-form generated by the Yukawa couplings
of the fermions.

Proposition 10.3.1. In the twisted by T Connes model, one has

D
Ay = (‘8‘ g>c, (10.50)
where A is the same of (9.83) and
. B t
B :53( ’ Bz)s (10.51)

with

14 50_ , 50/
B, = <(Do)a (Dp)s ¢s> . Bi= ((Do)a Dr) (ﬁ%) . (1052)

where o and o' are the same of Proposition 10.2.1 and ¢g, Py are 3 x 3 complex
matrix fields.

Proof. One has B = MS. Both M and S are trivial in the §¢ indices, and both
are diagonal in the st indices. This means that the only non-zero components of
B are for s =t =r and s =t = [. Moreover, Dy is diagonal in the I.J indices
and one has (Dy)7? = (Dé)i §7. Hence we get

Blign = 04(B.)7, with (B,)] = me (D) onk =% (DY)7)  (10.53)

Bl =of (B)7: with (B); Zm (= (D)2 %+ 0k (DF))) - (10.54)
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From the explicit expressions (9.43) of m,n and (9.23) of Dy, one gets

J

g5 _ ((D§).c(d—d) _ ((Df)e )
(Br)a ( <Dg>§m<n—n'>)l B ( (DY) 0s)
(10.55)
= (002 ) = (957 ).
fo (Dy)am' (n—n')) (D§)a ¥
(10.56)

]

Imposing now the selfadjointness condition, we get the

Corollary 10.3.1.1. A selfadjoint diagonal twisted 1-form (9.60) is parametrized
by two scalar quaternionic field H,, H;, by two real scalar fields o,0’ and by two
hermitian matriz fields ¢g, ¢.

Proof. The twisted 1-form (10.50) is selfadjoint if and only if

Hy,=H| = H, Hy=H = H, (10.57)
o=70 o' =o, (10.58)
95 = ds = o}. (10.59)
O

Gathering the previous results, one works out the fields induced by the Yukawa
coupling of fermions via a twisted fluctuation of the metric.

Proposition 10.3.2. A selfadjoint diagonal fluctuation is

t St =
Qw=¢®Dth+LhI4:CMJ%+A+B

- — 10.
ntotDY + A+ B) (10.60)
where A is as in (9.83) and B is as in (10.51).

Proof. The result follows using the same procedure as in the proof of Proposi-
tion 9.6.2. N
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10.3.3 Tentative! Fermionic Action

Yet again, the strong similarity of the representations of the twist by grading and
the twist by T cases imply that their fermionic actions will be almost identical

as well. In particular, the fermionic lagrangian E?F of the twisted by T4 Connes
Model will be

LF =L 4 Lontar, (10.61)

where E?lF is the one of (10.42) and Lg.qq contains Yukawa couplings between
o,; and the leptons, and between ¢g, ¢'s and the quarks. To show this, one needs
to follow the very same procedure described in section 9.9. Once again, we will
not do the full computation, since it is very long and hardly interesting (it merely
being the computation of the scalar product of two vectors obtained by applying
very big matrices to other very long vectors), but we will give directly the result,
while the calculations will be reported in the Appendix D.
Using the identifications Eq. (9.242-9.249), and once again defining

Sscalar = 4/ dlj“ £scala'm (1062>
M

we get

1 m,, N my P me J— me —
Lscatar = 5 | ——OVRVL + —0VLVg + —O0€grer + —0€erer+
2| vy Vg Vo Vo
Mur @i o Tuae i Mdorg i Mg i
Ut D gul + —Lul dgul, + —diBgdl + —2di Pgdi |, (10.63)
Vg Vg Vo U
where 0 /v, = 0, — 0y and ®g/ve = dg — ¢s. Notice that the couplings are the
very same Yukawas of the Higgs: this makes this model phenomenologically very
interesting.

10.3.4 Identification of the Physical Degrees of Freedom

The attentive reader may have noticed that there is a very big problem in (10.63):
we stressed in Remark 10.2.3 that o should be gauge invariant since it couples with
the right-handed neutrinos which are gauge invariant. And yet, in (10.63) o ap-
pears once again Yukawa-coupled with the leptons: those lagrangian terms seem

n this section, we will follow the same procedure already used for the twist-by-grading
and the twist by 7 in order to calculate the fermionic action of this model. However, as we
will see, the action so obtained will be inconsistent, as outlined in Proposition 10.3.3. The
correct fermionic action will be calculated in section 10.3.5.
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to break the gauge symmetry. However, by construction, the twisted fermionic
action is gauge invariant, as we showed in section 8.3. How can this be possible?

The answer lies in the fact that in non-commutative geometry the gauge
transformations for the bosons are not defined as field transformations, but as a
transformation of the Dirac operator. This means that it might happen (and this
is indeed the case) that the same bosonic fields transform differently in different
parts of the lagrangian, because they appear in different entries of the Dirac
operator but those entries transform differently. Of course, bosons that act this
way cannot have any physical meaning whatsoever. We will need then to identify
the physical degrees of freedom of the model.

To do so, we have first to understand how the fields transform under a gauge
transformation. It will be sufficient to study the gauge behaviour of those fields
that appear in the “new” part B of (10.51) of the Dirac operator, i.e. ¢ and &g,
for we have already studied the gauge behaviour of all other bosons in sections 9.8,
10.2.3.

Proposition 10.3.3. Under a gauge transformation induced by a twist-invariant
unitary u of form (9.167), the fields o and ®g transform as

k’RU — ]{'RU (1064)
k'oc — gklac (10.65)
kI®g — gklamdgmf. (10.66)

Proof. Since o ~ o, — 0, and similarly &g ~ ¢g — ¢y, it is sufficient to show
that e.g. o, and ¢g transform as in (10.64-10.66). For this reason, and since
everything is trivial in the st indices, we will omit them. As a shorthand, we

define
0 D
Ay = ( B)c , (10.67)

with B as in (10.51).
We want to evaluate the gauge transformation of A;. By definition of gauge
transformation, we have

Ay = uJu*J LA, (uJu*J_l)T ) (10.68)

Using the explicit expression (9.167) of u, we get

uJu*J ' = (Q[ %) (% Q() = (2[% %9{) (10.69)

wJu* I Ay (uJur ) = (0 .- BQITSBT) . (10.70)

so that
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The C'= D =1 entry reads

l Tﬁ Q. — i
BABA' BT = (QDOQ‘) c e (10.71)

J
(QLD‘IQ(T) m¢>smT> , '

In the af indices we have

(0p20) = (a q) ('g E) (a q*) - (qua aw)’ 10-72)

hence the result. O

Remark 10.3.2. Notice that twist-invariant gauge transformations are, them be-
ing twist-invariant by definition, always the same, regardless of the twist adopted.

The gauge transformations (10.65, 10.66) we just found give us a hint on how
we should proceed: when o is Yukawa coupled, it transforms exactly like the
Higgs field. Then, we can reabsorb those occurrences of ¢ into the definition
of H. However, there is a problem: H couples to all fermions, while on the
other hand ¢ only couples to leptons. This means that, even if we redefine H in
order to make the Yukawa couplings of ¢ with leptons disappear, new Yukawa
couplings of o with quarks will be generated. However, we still have something
that we can use to reabsorb these new terms, i.e. ®g, and in particular its trace:
by redefining the diagonal entries of ®g, we can reabsorb the newly generated
o-quarks couplings as well.

With all this in mind, we redefine the scalar fields in the following way:

i
¢ =: \/_v/\/_ (10.73)
by LTI (10.74)

’U/\/_ 2Uo

¢1— ¢y — % P12 — Plg P13 — 93

S = o, -l o —h— % B3 — Phs | . (10.75)
P A A .

10.3.5 Fermionic Action

With the redefinition (10.73-10.75), the full fermionic lagrangian E?QF of the
twisted by T4 Connes Model for N generations of Dirac fermions becomes

L =L 4 s, (10.76)
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where ,CZ;lF is the one of (10.42) and

1A [m)— m)—

LS = 3 > L—“qu)sUé + —2D3®sD;| + hec. (10.77)
Y LVe Vo

where Uy g, Dyg are defined as in (9.270).

This model is once again very interesting. It contains all the features already
present in the twisted by T¥ Connes model, and on top of that it also contains
a new scalar, color-octet field &g that couples to the quarks. These couplings
are phenomenologically very interesting, since they are exactly the same Yukawa
couplings of the Higgs fields, all rescaled by the unknown parameter ve. This
parameter probably needs to be very large to allow the model to be compatible
with the experiments; were it to agree with the scale v, of o, this would be yet
another hint that something important happens at the 10°GeV scale.






Chapter 11

Conclusions and Future
Prospects

In this work we dealt with the issue of neutrino masses, focusing our attention to
both of its main open problems, namely the mechanism neutrino masses originate
from, as well as the reason why they are so tiny. In the first part of this work we
studied the see-saw mechanism, that naturally provides an explanation to both
matters through the introduction of a very big Majorana mass for the neutrinos.
In order to allow for its presence, new particles should be added to the Standard
Model, and in particular we studied the so-called Type III See-saw Models, i.e.
those models that introduce SU (2) fermion triplets g These triplets have one
neutral component, which has the same behaviour as a right-handed neutrino,
and two charged components, which combine together to form a charged lepton-
like field. We noticed that both the neutral and the charged components induce
a mixing between, respectively, the neutrinos and the charged leptons. These
mixings alter the Standard Model couplings between leptons and the W=+ and
Z° bosons, inducing tree-level flavour changing neutral currents as well as lepton
flavour violating processes, which we used to find the upper bounds on the pa-
rameters of five Type III See-saw models: a general case, in which an arbitrary
number of triplets has been integrated out; two models with three triplets, for
both normal and inverted hierarchy of neutrino masses; and two models with two
triplets, again for both hierarchies. The constraint we found are quite stringent,
of order ranging from 10~* for the general case to 1075-10~7 for the two triplets
cases.

Whatever the particle that one adds to the Standard Model to mediate the
See-saw Mechanism, the assumption of the presence of a very big Majorana mass
remains very natural. In standard QFT, it is normal to add to the lagrangian
all possible terms that respect the fundamental symmetries of the theory, for
even if they are not explicitly present, they would still be generated by quantum
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effects. A Majorana mass term for the newly introduced particles respects all
the gauge symmetries of the Standard Model, and it only violates the lepton
number symmetry, which is actually anomalous and hence not a symmetry at
all. Moreover, since it cannot be generated by the Higgs mechanism (for such
a coupling would break the gauge symmetries) it must be mediated by some
new phenomenon, which then must obviously take place at a higher energy scale
than the one we can reach in experiments. Then, it is quite natural for the
Majorana mass to represent a very big mass scale. Nevertheless, the see-saw
mechanism skirts completely the origin of said Majorana mass. In order to explain
its presence, we studied models based on twisted non-commutative geometry.

We studied three different twists of the Connes Model (i.e. the non-
commutative geometry formulation of the Standard Model), starting with the
somehow canonical “twist by grading”, and then another two slight modifica-
tions of its. For the three twists, we studied the fluctuation of the Dirac operator
(that defines the bosonic content of the theory), the gauge transformations of the
bosons and finally the fermionic part of the action (i.e. the action terms that
involve fermions). The Standard Model particles are always all present, and in
addition new bosons appear depending on the twist considered. Common to all
three twists, there is a new gauge-invariant axial vector field X, that somehow
seems to mediate the transition from Euclidean to Lorentzian signature in the
action. On top of that, in the two non-canonical twists appears also a new gauge-
invariant neutral scalar o, whose vev generates the neutrino Majorana mass we
sought. Finally, in the third twist considered appears a new SU(3) octet scalar
field ®g, which couples Yukawa-like with the quarks.

The results just presented can be further developed. There is still no known
definition of the twisted bosonic part of the action, and this of course is very
important in order to have a full action to do a phenomenological analysis with; so
the first step would be to properly define the twisted bosonic action and compute
it — at least for the three twists we considered. Moreover, non-commutative
geometry is an intrinsically non-quantum theory, so a quantization procedure
needs to be defined. Furthermore, in non-twisted non-commutative geometry in
the bosonic action appear some terms that are typical of modified gravity theories,
and the same will probably happen also in the twisted version, once a suitable
bosonic action is defined. Assuming this happens, it would be very interesting
to check the gravitational implications of twisted non-commutative geometry, in
particular by confirming whether it is still compatible with GR experiments, and
then checking whether the new action terms are able to explain the observed Dark
Matter and/or Dark Energy effects (some work in this direction has already been
done in the untwisted case — see e.g. [97]). Finally, we know from the non-twisted
case that the natural scale for the new scalar o is the GUT scale [56], yet there
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have been few attempts so far to study NCGs with the algebras typical of the
GUTs. It would be quite interesting to investigate “Non-Commutative GUTS”
and see whether the twisting procedure would still be needed to generate the field
.






Appendix A

Bounds on the mixing of heavy

fermion triplets

For completeness we present here the individual bounds on /2 [1,z].
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Figure A.1: Ax? profile minimized over all fit parameters but one single 6, (or
V27N4a for G-SS). In the upper panels the G-SS fit results are plotted, while the
middle and lower panels show the results of the 3%-SS and the 23-SS, for NH
and TH respectively.
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Figure A.2: Constraints on the off-diagonal entries of 1,5 (or |0,0s| for 3X-SS
and 23-SS). In the upper panels the G-SS fit results are plotted, while the middle
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respectively.






Appendix B

Dirac matrices and real structure

Let ;-1 23 be the Pauli matrices:

(O (U9 (2 0) ma

In four-dimensional euclidean space, the Dirac matrices (in chiral representation)

are
0 o* I 0
V%Z(W 0 ) 7%1:7}3712;7%7%2( N —]12>’ (B-2)
where, for ;4 = 0, j, we define

ot = {]Ig,—ia‘j}, ot = {]IQ,iO’j}. <B3)

On a (non-necessarily flat) riemannian spin manifold, the Dirac matrices are
linear combinations of the euclidean ones,

= (B.4)

where {efj} are the vierbein, which are real fields on M. These Dirac matrices
are no longer constant on M. This is a general result of spin geometry that the
charge conjugation anticommutes with the Dirac matrices, and commutes with
the spin derivative. For sake of completness; we check it explicitly for a four
dimensional riemannian manifold;

Lemma B.0.1. The real structure satisfies
IV =17, Jw,=w,J, IV, =+V,.J. (B.5)
Proof. Let us first show that J anticommutes with the euclidean Dirac matrices,
{T. 75} =0. (B.6)
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From the explicit forms (9.64) of 7, this is equivalent to
VBVETE = —VEVE VB (B.7)

which is true for g = 0,2 since then 7% = 7% anticommutes with v%~%, and is
also true for g = 1,2 in which case % = —7% commutes with 7%v%.

Since the spin connection is a real linear combination of products of two
euclidean Dirac matrices, it commutes with J. The latter, having constant com-
ponents, commutes with d,, hence also with the spin covariant derivative V.

These results hold as well in the curved case, for then one has from (B.4)

{T Ay =e{T, vt =0. (B.8)
O



Appendix C

Components of the gauge sector
of the twisted fluctuation

The components of the free twisted fluctuation of proposition 9.7.4 are Z; =

5§(Z;)f£ given by (we invert the order of the lepto-colour and flavour indices in
order to make the comparison with the non-twisted case easier)

(Z,U‘)gi - 201”, (C ].)
(Z,)o5 = 2a,, +ig1 By, (C.2)
B
(28 = (a4 (07— 2wt (©3
. . A o B . A
(200 = (0l + @) i (25704 201, (©4)
(2005 = (0l + (00?) + i (25200 - 2 07). ©5)
(200 = (2wl — @l) — i (a2 (25200 Dt + Zoniat)  (Co)
(Z)i7i = (Z)gs = 0. (C7)

One then checks that

221



222APPENDIX C. COMPONENTS OF THE GAUGE SECTOR OF THE TWISTED FLUCTUATIOI

) : B
—i (2P0 + 5 (V)

- i (25e0] = B

=i (00 (2520t S V1) + B (7%0))

coincides with the matrix Af of the non-twisted case [56, eq. 1.733], while

B 0 B
i (v,)2 | inB.

(V)8 i (opefe —2ow))

coincides with the matrix Al [56, eq. 1.734].




Appendix D

Calculation of the Fermionic
Action

Here we will present the intermediate results needed to calculate the fermionic
action of the twisted-by-grading Connes Model (as well as of the other two twists,
since this part of the action is the same).

D.1 Calculation of (v; ® Dy)=

We notice that Dy has exactly one non-zero entry in each row and in each column,
therefore Dye; will have exactly one component. Then, by direct calculation we

find:

(75 ® Dy) (&1 ® 1) = k7561 ® e3 (D.1)
(75 ®@ Dy) (&2 ® e2) = keyséa @ €4 (D.2)
(75 @ Dy) (& ® €3) = k7583 ® €1 (D.3)
(75 ® Dy) (&4 ® €4) = key5éa ® €2 (D.4)
(75 ® Dy) (& ® e5) = ku 7565 @ €7 (D.5)
(75 ® Dy) (&6 ® €5) = kaysée ® es (D.6)
(75 ® Dy) (& ® €7) = ku756r © €5 (D.7)
(75 ® Dy) (& ® es) = kavsés @ €6 (D.8)
(75 ® Dy) ({9 ® €9) = ku56o ® enn (D.9)
(75 ® Dy) (§10 ® €10) = kays€10 ® €12 (D.10)
(75 ® Dy) (€11 ® e11) = kuy5€11 @ eg (D.11)
(75 ® Dy) (€12 ® e12) = kay5€12 ® exg (D.12)
(75 ® Dy ) ({13 @ e13) = kyy5é13 ® €15 (D.13)
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(75 ® Dy) (14 ® e14) = kav5€14 ® €16 (D.14)
(75 ® Dy) (€15 ® e15) = ku V5615 @ €13 (D.15)
(75 ® Dy) (16 @ e16) = kaysie ® €14 (D.16)
(75 @ Dy) (17 ®@€1) = kyys&7 @ €3 (D.17)
(75 ® Dy ) ({158 ® €3) = keysé1s ® €1 (D.18)
(75 ® Dy) (€19 ® €3) = k75610 ® €1 (D.19)
(75 ® Dy) (§20 @ €1) = keYs5€o0 ® €3 (D.20)
(75 ® Dy) (11 @ €5) = ky Y561 ® €7 (D.21)
(75 @ Dy ) (€22 ® €6) = ka2 R €5 (D.22)
(vs ® Dy) (£23 ® &7) = Ky V5603 ® €5 (D.23)
(75 ® Dy) (€24 @ €5) = kaVs601 ® €5 (D.24)
(75 ® Dy ) ({25 @ €9) = kuy5&es @ €11 (D.25)
(75 ® Dy) (€26 ® €10) = kaV5€26 @ €12 (D.26)
(75 ® Dy) (&7 ® E17) = ku 51 ® 89 (D.27)
(vs ® Dy) (€8 ® €12) = kayséas ® 10 (D.28)
(75 ® Dy) (€29 ® €13) = ku5€20 ® €15 (D.29)
(75 ® Dy ) ({30 @ €12) = kay5€30 @ €16 (D.30)
(Vs @ Dy) (€31 ®@ €15) = kuY5a1 @ €13 (D.31)
(75 ® Dy) (&2 ® €16) = kays€s2 @ €1a (D.32)
D.2 Calculation of M=
We define
A D
M, = ( A)C (D.33)

where A is defined in (9.83). Before starting with the calculations, let us rewrite
My in a more useful form. We have:

M, = 66D A + §L0PA =
. —\ B
= gts7 {5355 (555{ (AD? 4+ 5301 (A]) ) + 6L5P (58& (AI) + 630 (A{) )}

= ot o0 (R (aD)] + R (aD)2) +at? (7, (A7) 4 1 ()]
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where
P, 1;7"’ p=1 L (D.34)
Remembering that -
H, = (Z;i _(:fij , (D.35)
we find
My (6@ er) =k, [(65P, — $hR) & ®es — (61P — $iR) & @es] (D36
Mi(&®e) =k |(FP—GR)&@e+ (P —dhR) G oe| (DT
My (& @ es) =Ry (5P — 05R) s @ er + ke (617, — 0l R) s @ ea (D38
My (& @ es) = —Fy (GTP = 0IR) & @ e+ T (03P, — hR) & @ ea (D39
My (& @ e5) = ku [(05Pr — 95 P) & @ er — (A1 P — ¢\ P) & @ es] (D.40
M (§6 @ e6) = Ky [<¢_{Pr — ¢_11Pz) s Rer+ (d)_gPr — ¢_§Pz) & ® eg] (D.41
My (& @ er) = by (5P, — hR) & @ s + Ra (5P — G P) G @ e (D42
My (6 ® es) = —Fu (6P = 01R) & @ o5+ Fa (6P — 04R) & @ €5 (D43
M ( @ e5) = ku [(#5P, — 64P) & @ e11 — (9P — L P) Gy @ enn] (DA
M, (£10 ® e10) = ka [(5{3 - ¢_11Pl> £10® eny + (gb_gpr - ¢_l2Pl> £10® 612} (D.45
M, (€1 ® enr) = (qb_SPT . qb_lQPl) €1 ® g+ Fa (P — $1P) & @ ego (D.46
My (612 ® ex2) = —Fu (G5P, = G111 ) €12 @ 9 + Fa (655 — 65 ) €12 ® exo
(D.47
My (615 @ e13) = ku [(95P — $5P) &3 @ €15 — (A1 B — L P) &13 @ exg] (D48
M (§14 ® €14) = [(WPT - 925_Z1Pz> §1a ®e15 + <¢_5Pr - ¢_Z2Pl> §14 ® 6’16} (D.49
My (615 @ e15) = Fu (5P — 05 P) €15 @ 13+ Fa (91P: — 04 R) &15 @ e1s (D50
My (16 ® e16) = —hy (ST, = 01 R) €16 ® exs + Fa (65, — 65R) 16 @ ey

(D.51)
R (6P — hP) er o0& — (617 - dhR) eroa]  (D52)
ke [(¢1P, — 1 P) s @ e + (05 P — ¢hP) &s®er]  (D.53)

M, (&7 @ €1)
M (&g ®e3) =
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My (619 ©7) = b, (957, = 0hR) &1 0T + k. (P, — 9P €0 @7 (D.54)
My (60 ©73) = —hy ($1F, — 0\ R) b 021 + ki (TP, — 0hR) w025 (D.55)
My (60 ©75) =K, {(%P OhR)enoe — (FP—dR) i ow|  (D.56)
M (é02 @ €5) = ka [(91Pr — ¢\ P)) &2 @ €7 + (5P, — 4P Eap ® €5 (D.57)
My (63 ©F) = ku (03P, = 64 P) €3 © T + ka (1P, — 9IR) €5 97 (D.58)
M (&4 ® ) = —ku (¢7P, — ¢\ P) fo4 @ & + kq (¢§P ¢2Pl> §aa @& (D.59)
M (€25 @ €9) = Ky K 2P — ¢2Pl> o5 @ €11 — (¢1P ¢1Pl> §o5 ® 612] (D.60)
M (&6 ® €10) = ka [(01 P, — $\P1) &a6 @ €11 + (93P — 9hP) bog @ Ez]  (D.61)
My (€ @ E11) = ky (03P, — 6hR) &7 @8 + ka (G1F, — 0L R) & @735 (D.62)
M (€5 ® E13) = —ku (1P — ¢ P,) Eas © €5 + ka (¢_§Pr - ¢_l2Pz) §as ® €10

(D.63)
M (&9 ® €13) = |:<_£Pr‘ - ¢_12Pl> €20 ® €15 — (¢_§Pr - ¢_l1pl) €20 ® @] (D.64)
My (&30 @ €11) = ka [(¢1 P — @1 ) &30 @ €15 + (5P — 94 P) E30 @ €15]  (D.65)
My (€ ©25) = b (03P, — 64P)) &1 @755 + ka (3P, — 01 R) @ e (D.66)
My (&2 @ €16) = —ku (91 P, — $1P) &2 ® €13 + kg (WP ¢2Pz> §32 @€y

(D.67)

D.3 Calculation of D =

Since Dy = Ip + X +iY, it is easier to calculate the contribution of the single
pieces and then put them together.

D.3.1 Calculation of =

D =@ ® Ip, hence

16 16
== Z P @ e+ Z PEiv16 @ & (D.68)
=1 =1
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D.3.2 Calculation of X=

We have that X, is proportional to 75. It is useful to write this explicitly, by

defining )
X, = 15X, (D.69)

Then, we have i
X = (") X = (=i7") 35X, (D.70)

Now we can start the computation. We get

(D.79)

(D.80)

(D.81)

X (& ®e) =248 @6 (
X (& ® e2) = 2562 ® ey (
X (& @es) = —d) s @es (
X (& ®eq) = (10— ¢) 158 ® ey (
X(&®es) = <¢ (9), > V585 @ es — (g) V585 @ €9 — (g); V5és @ ez (D.75
X (&G ®eg) = < (¢) ) V586 @ €6 — (g) V586 @ €10 — (g);%&s ®en (
X(&®er)= ( + (ﬁ)i) V5&7 ® ez + (g); V587 @ enr + (g); Y587 ® e1s (
X (& ®es) = < + (g)1> V588 © eg + (g); V588 @ €12 + (g); Y5€s @ e16 (
X (&H®ey) = (g) V580 ® €5 + ( (g);) V589 @ €9 — (g)§ V589 @ €13

X (Go®en) = 75510 ® e + (?i ) V5810 ® €10 — (g)i V5810 ® €14

X (& ®en) = 75511 ®er + <?/1 + ) Y5811 ® enr + (g); V5811 © €15

X ((12®ep) = g 75512 ® eg + (1,0 + ) V5812 ® €12 + (g)z V5612 ® €16

(D.82)

X(Gs®es) =— (g)i’ V5813 @ €5 — (g)z%fw ® eg + <¢ - (g)g) V5813 © €13

(D.83)

X (u®en)=— (g)? V5814 ® €6 — (g); V5814 @ €10 + <¢i - (g);) V5814 ® €14

(D.84)

X(Gs®e) =+ (g)f V5815 ® e7 + (g)z V5815 ® €11 + (770 + (g)i) V5815 @ €15

(D.85)
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X (Cis®eig) = + (g)? V5816 @ €s + (g)z V5616 @ €12 + (1/1 + (g)g) V5816 @ €16

(D.86)
X (bir@er) = 2fys67 @y (D.87)
X (bis @) =2r:é5 00 (D.88)
X (&o®e) = —d) sy (D.89)
X (&p®er) =@ — ¢) V5€20 @ €4 (D.90)
X (& ®es) = (?i ) Y5é21 @ €5 — (?); Y5€21 ® €9 — (ﬁ)g V5éa1 @ €13 (D.91)
X (£n®e) = (Qi ) V522 @ €6 — @); V5€22 ® €19 — @)3 V5620 ® €11 (D.92)
X (Epn@er) = (?/J ) V5823 ® €7 + @); V5823 @ €11 + @)3 V5823 ® €15
(D.93)
X (lu®eg) = (7/7 (_ﬁ)}) V5€2a @ €5 + @); V5€21 @ €12 + (@)é V5€21 @ €16
(D.94)
X (& @e) =— @)? V525 @ €5 + (¢ - @);) V5825 ® €9 — (ﬁ)?, V5825 @ €13
(D.95)
X (& ®E0) = — (g)f V506 Q €6 + (‘/i - (?)3) V5€6 ® €19 — (@)g V5€26 @ €14
(D.96)
X (o ®en) =+ (?)f Vs€or @ €7 + (b + (?)3) V5827 @ €11 + (@*)i V5827 ® €15
(D.97)
X (s ®en)=+ (?)? V5E28 @ €8 + (7/1 + (?)3) V5E28 @ €12 + (@*)3 V5€28 @ €16
(D.98)
X (€9 ®E13) = — (,79')? V5E29 @ €5 — (@*)3 V520 @ €9 + (Qi - (%)3) V520 @ €13
(D.99)
X (&30 ®E14) = — @f)? V5€30 @ €6 — @)3 V530 @ €10 + (¢ - @‘)3) V5€30 @ €14
(D.100)
X (i ®ep) =+ (?):13 V5E31 @ €7 + (?)g V5&31 ® €11 + (w + (?)g) V531 @ €15
(D.101)
X (& @e6) =+ (?)? V5€32 ® €g + (?)g Vs&s2 @ €13 + (1 + @*)3) V5E32 @ €16
(D.102)

D.3.3 Calculation of iYZ=

We have that Y), is proportional to I in the s, s indices. Then, we have

Y = (—ir") Y, = (—iy") LY, = (—in") Y. (D.103)
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Now we can start the computation. We get

iV (&G ®e)=0 (D.104)
iy (&2 ®eg) = ig1BE @ ey (D.105)
Y (& ®es) =i (%IB - %W'“ (0% )1) £ ® ey — i%Wk (C0)i& ®es  (D.106)
iY (&4 ®ey) = —Z%Wk( k)2 €@ es+i <921B — %Wk (ak)2> & ®ey (D.107)
iY (& ®es) = —i <2g1B+%V/m( ))§5®e5—z—vf (Am)s & @ eg—
— Z—V ( )1 55 ® €13 (D108)
i (6 ® o) —z(g;B—va w)t) & © e = DV ()i €6 @ er0-
—V (Am)s &6 ® ers (D.109)
iY(&@e?)*—z(ngﬂQW( DL+ 2V ) & @ e
— W (0036 @ es = iDV " () & @ eni—
—i%vm )i & ® €15 (D.110)
iY (& @) = =D W (00)} G @ e
_Z<6B gQW( ) 93V (A )})€8®68
- 3‘/ (A m)258®€12—2%v (Am)3 &s ® €xq (D.111)
iY (§ ® e9) = —Z%Vm ()\m)f §o®es — 1 (%9113 + %Vm ()\m)§> §o @ eg—
- i%vm (M) & ® €13 (D.112)
iy (E10 ® e1g) = —Z%Vm (A ) §10®eg + i (gng - %V/m (/\m)g) §10 ® e10—
—i%vm( m)2 €10 ® e (D.113)
iy (b1 ®en) = —Z—V (A ) 11 ® er—
z(ng+g2W (o ) g3V (A ))fn@en
— Z@W (o ) 11 ®ep — Z—V (A ) §11 ® e15 (D.114)

2
iY (§12 ® er2) = —Z@Vm (A ) §12 ®eg — Z—W (o ) §12 ® en
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—Z<6E QZW( ) gSV (A )3)512@)612—

_ i%vm( )2 €12 ® e1g (D.115)
iY (63 ®ens) = =i DV ()} €13 @ €5 =2V ()} €15 @ e

— (gng + @Vm (Amg) €13 ® €13 (D.116)
iY (b4 ® en) = —z—V (Am)3 €14 ® €6 — z—V (Am)3 €14 © exo

+i (%B — GV O € e (D.117)

iY (&5 ® ers) :—i%vm( ) 515®€7—Z—V/ (A )2515@611
Z<g1E+92W (o ) ggV (A )3)515®€15—

—i%W (00)k €15 ® €16 (D.118)
i (16 @ e16) = =iDV" ) €16 @ €5 =12V )3 €16 @ e
—i%Wk( k): €16 ® 15—
<ng+g2W (04)5 + g3V (A )3) €16 ® exg (D.119)
iy (&7 ®e) =0 (D.120)
Y (b5 ® &) = —igi B&s @ & (D.121)
i (G0 0) = —i (5B 20" @0)}) wom+iTW @r) 6 o
(D.122)
i (0@ @) = HEW @)l m—i (LB - 20 @) o
(D.123)
¥ (G om) = +i (G + SV ()} ) o + BV (W)
iV (M) © 715 (D.124)
iY (§2 @) = 2(931% 2V (A ))522®e6+z—v () €22 @ T+
+z—V’ (o )522@)@14 (D.125)

iY (€3 ®E7) = +2(91$+92W( 1+ g3V (A )>§23®67+

+zg2—2W( )523®€g+Z—V ( ) 23 @ €11+
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V ()3 €23 @ 215 (D.126)
iY (Soa ®E5) = +Z—W (T%)3 €24 @ &7+
+z<g1B+92W (% ) g3V (Am )>§24®€8

V (Am ) 524®612+z Sy™ (Am ) £ R €T (D.127)
¥ (6 0 ) = HEV™ (X, )525®65+z( Z0uB+ By (s ))gz5®eg+

V () €2 @ 213 (D.128)
i (625 © o) = H-v( )y s 0T — i (TB =2V (W) ) s © Fiot

V () €26 @ 21 (D.129)

iY (& @) = +Z—V (An); €7 @ 77+
+4mB+@W« DL+ 2V ())& @7
+z—W (Tk )527®612+2—V )b @ T35 (D.130)
1Y (s ® F13) = +Z—V () 528®eg+@%w (%) &as @ 17
(91B+92W( D3+ 2V (On)y) s 0 T+

V ) s @ T35 (D.131)

iY (&9 @ E13) = —H—V (A ) Eao ® €5 + @—V’ (A ) €20 ® T
( “a B+ g3V (An) )§29®€13 (D.132)

iY (E0 @ Ea) = +z—V ( ) €30 ® T + @—V (A ) €30 ® €10
oy (9 B=2V" (\n);) 0 @ 7m0 (D.133)

WY (&1 ®ers) = +Z—V ( ) £31 @ €7 + Z—V (Am ) §31 ®en
+4”B+QW« D+ %V< n); ) € @ F5+
+ Z—W (% ) &1 @ e (D.134)

iY (&2 @ er6) = -H—V (Am ) 532®€8+1—V/ (Am ) 32 ® er2
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+Z—W (k ) §32 @ e5+
+Z(g1E+g2W( ) g3V ( ))532®€16 (D.135)

D.4 Calculation of the Scalar Products

D.4.1 Definitions

We define the following objects:

AL (B, Z) = —Ap (B, Z) (D.136)
UAp (0, ) = (JB, DE) (D.137)
™Ap (¢,€) = (T ¢, DE) (D.138)
Ao (¢,€) =2 y dp (P'o2) (0;0;) ¢ (D.139)
%, (6.9)= -2 | dn(Fod) (D.140)
M

s (0,8 Hyy Hy) = Ap, posmp (6,6) (D.141)
Ap, poamp (0,8) = —/ dp (?loy (H, F Hi) Q) (D.142)

M
U (6.6 f,) =21 [ dufo (Plo) ¢ (D.143)

M

U (6,6:9,) =2 | du (@) (730))¢ (D.144)

M

D.4.2 Calculation of Qlé)p (®,Z)

16 16

2‘?;) (®,2) =~ z; Ao (¢4, &it16) — Z Ao (Dir16, &) (D.145)

D.4.3 Calculation of 2 (®,=)

913} (P,2) = —Ax (¢1, &7 2a,) — Ax (¢2, &1s; 2a,) — Ax (P3, 193wy — @)
— Ax (P4, &205wp, — ay) — Ax (gb5,€21,au ( u)}) +RAx (¢97€21 (9,) )
+ Ax (¢137f21; (Tn)3 ) A x (¢6,522, a, — 1) +2Ax (¢10,522, (Tn)3 )

+ Ax (P14, Ea2; (%)3) Ax (@7, Eaz; wy, + }) Ax (d11, Eos: (Qu)z)
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( 2x (¢ Eonswy + (G )i) A x (¢12,§24, (gu) )
— Ax (D16, 245 (Gn)3) + Ax (95, Eos; (@)7) — Ax (¢, Ea55 0y — (gM)Q)
+ Ax (D13, E25; (G)3) + Ax (6, 263 (T0)7) — Ax (D10, E26; @ — (%)3)
(
(

— Ax (P15, E23: (G) 51)))
)3) .
)s) (@)
+ Ax (P14, E26; (G,0) ;2:,) /% (925 52%(%)? (b11,§27;wu+(ﬁ)§)
Js) = (@)7) -
)s) ( i’
(
(

|
2
=

- QlX ¢157 €Q7a

Q
>

b3, a8 (Tp) ®12, §os; Wy, + (%)3)

¢575297 Tn) ®9, §29; (%)i)

Ax (<Z510, &30 (ﬁ)g)

( —RAx (¢11, &31; (%)3)

) Ax (¢s, &2 gu)l) Ax (P12, E323 (p);)

) — Ax (¢17, &3 2a,) — Ay (P15, E2; 2a,,)

Ax (P20, Ea;wp — a,) — Ay (21,550, — (g#)i)
2Ax

>

— Ax (16, E2s: (T0)

| +
.‘><

— Ax (@13, &20; a, —

_I_

A/\\—/\—/\—/\/\—/
<
—~

—Ax ¢14,§30,ap,
— RAx (@15, &31; W, + (G
—Ax ¢16,f32,wu (g#)
—Ax ¢197§37wu u)

(
(
(
(
(
(
(
(
(
(
(
+2Ax (¢25. 655 (9u)5
(
(
(
(
(
(
(
(
(
(
(

(9)9) + Ax (P29, 55 (9 3) (¢22, &6 0y — (gu)i)
+ Ay (has, E63 (94)5) + Ax (B30, 63 (9)) — Axc (D23, Er3w, + (,0)7)
— A (o7, &3 (g)3) — A (P31.673 (9)3) — Ax (Paa, Es; Wy + (g,)1)
— Ax (as, &s; ( gu)é) Ax (32,85 (g) ;) + Ax (¢21,§9§ (Qu)f)
(

— Ax (do5, Eo3 ap — (9)5) + Ax (D29, &o; (9)3) + Ax (22, E103 (9,)7)
— RAx (P26, 105 A — (gu);) +2Ax (¢30,510, (gu) ) 2x (¢23,511, 9u) )
— Ax (P27, E113wp + (9,) 3) 2x (¢31 §11; (Quﬁ) 2x (¢24,§127 9u) f)
— Ax (Pos, &1 wy + (9u) ;) —2Ax (¢32,§12, (9u)§) + 2Ax (¢217§13, 9u) i’
2Ax (¢29 §13;a, — gu) ) + Ay (¢2275147 gu ?

+QlX ¢25a§13) gp, )
307514,% gﬂ) ) 2Ax (¢23,515, gu :13)

.*9

3
)2) —
+ Ax (P26, 145 (gu)g> X (
—Ax ¢27,§15;(9u)3) QlX( 317515,?11# (Qu) ) Ay (¢247§167 g# )
— Ax (P28, &6 (Qu)g) QlX( 32,516,1% (gu) ) (D-146)
D.4.4 Calculation of Qlfy, (®,2)
ALY (D, E) = Ay (92, &18:91By)
+ Ay <¢37519, 921 B, — 922 WM (T%) > 2y <¢47519, (7);)
— Ay (Cb €20; gQWk( k) ) + Ay <¢47€20, %Wf (U_kﬁ)

— Ay <¢5>§217 1B, + 5 Vm (m)l) — Ay <¢9,521; %Vum (m);)
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2y (613805 5V" (W)

+ 2y (0.2 LB — 2V (W),) = 2y (010, 82 Vi (B,
=2y (60, i 2V (W)

%y (0n. & B+ 2wl @0} + D () — 2 (0.6 20 G0)))
=2y (611, 2V () = 2y (015,60 2V (W),

— 2y (6r. & SWE @0)2) -
=2y (00,60 2V (50),) — 2y (¢15,£24; Ly ()

Ay (¢5,§25; L2V O ) — Ay <¢9,§25, 0B, + 2 v m)z)
2y (915, TV (W)

=2y (6 €26 2V (o)) + 2y (10, €06 5 B — SV (W)
— 2y (61066 SV (W)

Ay (¢7,527; Bym (o ) Ay (¢11,§27, B, + gQWk( D+ 8 L (A_)§>
=2y (912, &rs TV @T)3) — Ay (15 Eom %V,:” (W);)

— 2y (s, o 2V (A_)f) -2ty (on, 528; Lwk @)
2y (asu,&s, LB+ ZWEE0s+ 2V (O);) = Ay (61,6 TV (0);)

— 2y <¢5,529; @Vm (A_) ) — Ay <¢9>529; %Vum (m)z>

A (925875247 =B, +92W’f( k)§+%vum (m)

1

3

— Ay (¢13,529, B+ 2L SV (T)i)
= 2y (65,600 2V (W) ) = Ay (D10, a0s 2V ()

2y (060t By — TV ()3)
=y (6n, 600 2V (W) = A (011,660 2V (W),

=y (615, & BB+ 2wk @)} + L ()3) = v (616, o ZWE @0)3)
— 2y (5. 62 2V (W) ) — 2 (¢12,532, " (n)s)



D.4. CALCULATION OF THE SCALAR PRODUCTS 235

— 2y <¢15,f32; %Wk (‘7_)2) -
— Ay ( 165 €32 ng + Q;Wk( K + gzgvm ()‘_)2)
— Ay (¢18,52,91 )
— Ay <¢19,§37 ng - gzwk (o)1 ) + 2y <¢20>§3, ( k:);)

10,66 ZWE (o )2) Ay (620,66 % B, — ZWE (1))

+ 2y (¢21 6 201 Bu+ Ly <Am>1) + 2y (05,5 TV, )

2
+ Ay (¢30; &6; @Vm (Am

+ Ay <¢23,§7; % Wk k)1 + %Vum (Amﬁ) + Ay <¢24,§7; %W:f (Uk);)
2y (@7,&; LV Onh) + 2y (¢>31,57; By nlh)
2y (25,653 LWE (@0)7) + Ay (920,66 2B+ ZWE @] + 2V ()
+ Ay <¢277 &s; 5‘/;% (/\m>2> + 2y (92531, &s; —3VHm ()\m);l),>
+ 2y <¢21,§9; %Vﬂm ()\m)?> + 2y (¢25>§9, -1 B, + 5 Vm (Am )3)
+ Ay <¢29759; %Vum (Amﬁ)
931 ,m g 931 rm
+ 2y <¢26,§10; 33‘/“ (Am)?> — 2y (@526,510; ngu - EBVM (Am)§>
+ Ay <¢307 &10; %Vum ()\m)§>
931 rm g g 93+ rm
+ Ay <¢237511; 53‘/“ (Am)?> + 2y <¢27, §11; EIBM + EZWS (Uk)} + 53‘/# ()\m)g)
+ Ay <¢28, &11; %W,]f (O'k);) + 2y <¢31> &11; %Vum (Am)ﬁ)
+ 2y <¢24, §12; %Vum <)\m>?> + 2y <¢27, §12; 92—2W,]f (Ukﬁ)

+ Ay (¢28, §12; %Bu + gﬁwf (Uk)g + @Vum ()‘m)§> +

)

=2y (066 5By = SV Ot + 2y (20863 SV )
)
(

2 2
+ Ay <¢327 §12; %Vum (Am)i)
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+ 2y <¢21> §13; @Vm ()\m)i)> + 2y <¢25, €133 %Vum <)\m>§>
+ 2y <¢29,513, ~1B, + & Vm (Am )g)
g m m
+ 2y (¢22,§14; 53‘/# (Am)1> + 2y <¢267£14§ %VM <)‘m>§)
g1 931 m
— Ay <¢30;§14; gB“ - EV“ (Am)§>
+ 2y (¢237 §15; %Vum ()‘mﬁ) + 2y <¢27> &15; %Vum ()\m>§>
g 92 g m g
+ 2y <¢31, §15; ElB# + §W5 (O'k)i + 53‘/# ()\m)g) + 2y (¢327§15; §2W5 (%);)
+ Ry <¢247 &16; %Vm (Am )3> + 2y <¢287 &16; @Vm (Amg)
+ Ay <¢31,f16, Wk (o%)71 ) + Ay (¢327§16; %Wj (on)s + %Vum ()\m)g)

D.4.5 Calculation of 2"

’YO®DY (®7 E’)

A op, (B,5) = k20 (61, E19) + kRl (02, Ea0) + k2, (03, E17) + k2L, (da, 1) +
+ ko2, (¢35, E23) + (¢6> §oa) + ks, (07, 801) + ka0, (05, E22) +
+ k2L, (¢, Eor) + kdm% (¢10, Eo8) + ku2Uys (D11, 625) + kallyy (12, E26) +
+ ka2, (13, E31) + kasy (D14, Es2) + ks, (15, E29) + kasy (D16, E30) +

+ ky Ql s (P21, &7) 4 kalyy (D22, &8) + k_uQ’l’Ys (¢23,&5) + k_dm’ys (24, &6) +
+ k2, (025, &11) + kaRlyy (P26, &12) + k_ugl% (¢a7,&9) + k_dmvs (28, &10) +

+ kR, (f20,&15) + kass (030, E16) + ks (D31, &13) + kaos (ds2,E14)
(D.147)

s (
(
(
(
s (017, €3) + k2 (P18, &) + k_ygl'ys (h19,&1) + k_em’}/s, (¢20,62) +
(
(
(

D.4.6 Calculation of 2, (¢,Z)

W, (2,2) = kA (01, &101 05, 8) — k2 (01,6203 1, 01) +
k2 (62,6103 01, 08 ) + Ko (6,601 95, 1) +
+ R (¢3,517,¢2,¢é)+ A (3, 615107, 04)
— k2 <¢47§177¢1,¢1> + kA (¢4, 185 Oh, Bh) +
R (5, €005 05, 0h) — a2 (05, E00i 07, 01) +
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+ kg2l (¢67 Ea3; BT, ¢_l1) + kg <¢6,524;¢_§, ¢_l2> +
+ kA ¢7, Eons ¢27¢2> + ka2 (¢7;§22; §7¢l1) -

— kA (qbg,fgl,qbl, gbl) +/€_dQl— (¢87§22§ @5, ¢12) +
+k A (Qb 527; g,¢2) (¢97£287¢7{7¢l1)+
+ kg2l (¢10, §or; ¢17 @) + kaA <¢10, f28§¢_§a ¢_l2) +

)
d11, Eas; P, ¢2) + ka2 ¢11,§26§ ¢§7¢l1) -
%)

+ R (

— k2 <¢127525, O, ) + ka2 (P12, Eao; D5, ) +

+ koA (13, &a1; 05, 05) — kA (13, £33 01, &) +

+ ka2l (<Z5147§31; o1, ¢ ) + ka2 (¢14, Es; P, ¢_l2) +

+ T (15, €003 35, 0 ) + Rl (65, €03 01, 1) —

— kA (¢167529,¢1,¢1> + ka2 (16, Ez0; B, ) +

+ R (01760 05, 0% ) — R 2L (¢17,54;¢§,¢é) +

+ kA (s, &35 07, 01) + kA (s, Eas 05, 0h) +

+ kA (19, &15 05, ) + k2 <¢19,§2§¢_§7¢_l1> -

— kA (20, &15 07, 1) + K2 <¢20,f2§¢_§,¢_l2> +

+ R (¢21,57,¢2,¢2) Rl (21, 5: 01, 0% ) +

+ ka2 (foo, E73 87, 81) + ka2 (don, Es; B, 05) +

+ kA (o3, &3 85, 0 + ka2l (¢23,§6,¢1,¢l)

— k2 (24, &5 01, @) + ka2 <¢24,€6; b3, ¢2> +

+ R (¢25,511,¢2,¢2) 2 (25, €12 01, 01 ) +

+ ka2 (o6, 115 7, 1) + ka2 (26, E12; Bh, 0h) +

+ kA (Par, Lo 05, 05) + ka2l (¢277§10;¢_1£7 ¢_l1> -

— k2 (¢as, So3 01, 01 + ka2 <¢28,§10;¢_§>¢_l2> +
k2L (¢29,§15,¢2,¢2) - <¢2975163¢_§:¢_l1> +
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+ kqA_ (30, E155 07, 81) + kaA_ (D30, E16; 5, ) +
+ koA (fs1, &35 05, 0h) + ka2 (¢31,§14;¢_7{7 95—11) -

— kA (¢32,§13; 1 ¢l1) + kgl <¢32,§14;¢_§, ¢_lg> (D.148)



Appendix E

Calculation of L)/4iorana

E.1 Calculation of D%E

Before starting, let us rewrite D%p in a more useful form. We have:

D} =5 ® Dy + 607 (C + D) + 6465 (C+ D),
%5 ® Dy = 1016766007 (krdt:57 + Fropoy)

a”q

C = kpolo9s]oL07 (518ta, + 8L6ten)

D = kpdto?syoLol (s70ta, + 0Lotan) .
All this can be recast into:

DA = (Su)!% 09070167 (kno%ol + Froboy)
with '
(Sar)as = 75 + 2Peoy + 2P0,

where again

_ 1+ Plzl—%

2 2

P,

(E.1)

(E.2)

(E.3)

Let us evaluate D%P on the components of =. Because of the many null entries

of D%p , only two components retain a non-zero value:

DY (&1 ®e1) = krSuéy @ e,
D%p (&7 ®@er) = krSuir ® ey,
D%p (others) = 0.

239
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E.2 Calculation of Ql’j;M (®,Z)

4p
Ql[[))i\( ((I)7 E) = EQ{SA{ (¢1> 51) + kRQlSM (¢177 517) . (E4>
Let us evaluate 2g,, (¢, €):
QlSM (¢> 5) = <j¢7 SM§> (E5)
s (P8 (609
(E.6)

Then

(T) (Su€) = =i (=702, i%0) (iii’; - B f~ )
= B0y (20, + 1)+ B0y (200 — 1) ¢ = 2800 (1 + 0, — ) ¢
(E.7)

therefore

Usy (66 = -2 [ du(Floal+ 0, - o)) (E.5)

M



Appendix F

bg
f

Calculation of L

F.1 Calculation of M=

We defined
B D
My = ( B)c (F.1)

where B is defined in (10.51). Before starting with the calculations, let us rewrite
M> in a more useful form. We have:

My = 6268 B + 0467 B =
= 6% |5067 (5307 (Ba)yo + 0307 (BL);,) + 6667 (5367 (Ba)ja + 830 (Bu)y.) | =
= 0807 (P (Br) . + Pu (Bu),. ) + 6500 (Pa (BR)JZ + P (BL)TY)

where again

L+ _ 1=

Pr = P = . F.2
R 9 ) L 9 ( )
As a shorthand, we define
¢i = (¢S)m’7 sz‘j = (¢S)iju (F3)
¢; = (¢/S)uv (b;j = (¢f§)zy : F.4
Now we can start with the calculations. We find:
M (& ®e1) =k, (0,Pr + 01PL) & @ e3 (F.5)
Mj (& ® e3) = ke (0, Pr 4+ 01PL) §2 ® ey (F.6)
Ms (&3 ®e3) =k (0,Pr+01PL) & ® e (F.7)

241
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M (§4® €4) = ke (0rPr+ 01PL) &4 & € (F.8)
My (&5 ® e5) = Ky (01 Pr + ¢, PL) €5 ® €7 + Fy (¢91 Pr + ¢y Pr) €5 @ en
+ ky (@31 Pr + ¢ Pr) & @ €15 (F.9)
My (&6 ® e6) = ka (01 Pr + ¢\ PL) & @ es + kg (921 Pr + ¢y Pr) &6 @ exa
+ ka (031 Pr + ¢5,Pr) & ® exs (F.10)
M; (&7 @ e7) = ku (1 Pr + ¢\ PL) &7 @ e5 + ky (21 Pr + 5, Pr) &7 ® eg
+ ku (¢51Pr + ¢, PL) & ® ens (F.11)
M; (& ® es) = ka ($1Pr + ¢1PL) & ® €6 + kg (021 Pr + ¢5, Pr) &6 @ exo
+ ka (¢31Pr + ¢35 Pr) §6 © €1 (F.12)
Ms (&9 ® €9) = ky (p12Pr + ¢15PL) & ® €7 + ku (¢2Pr + ¢4 PL) & ® eny
+ ku (¢32Pr + ¢y PL) & ® €15 (F.13)
Mo (£10 ® €10) = ka (¢12Pr + @15 PL) E10 ® €5 + ka ($2Pr + $5PL) E10 @ €1a
+ ka (032 Pr + ¢35 PL) 10 © ex6 (F.14)
Ms (&1 @ e11) = ku (012Pr + ¢12P1) &1 @ €5 + Ky (92 Pr + ¢4 PL) £11 © €9
+ ku (¢32Pp + ¢5,P) €11 ® ex (F.15)
My (12 ® e12) = ka (012Pr + ¢1,P1) &12 ® €6 + ka (02 Pr + ¢5.PL) §12 ® e1o
+ ka (¢32Pr + ¢33, PL) §12 ® ena (F.16)
My (&3 @ er3) = ky (013Pr + @13 PL) &13 @ €7 + ky (¢23Pr + dhsPr) E13 @ eny
+ ko (¢3Pr + 5 PL) €13 @ €15 (F.17)
My (14 ® e14) = ka (¢13Pr + @3 PL) 14 ® es + kg (a3 Pr + dh3Pr) &14 @ €12
+ ka (¢3Pr + ¢35 PL) €14 ® €16 (F.18)
My (&15 ® e15) = Ky (¢13Pr + ¢13PL) E15 @ €5 + by (23 Pr + ¢h3Pr) §15 @ eg
+ ku (¢3Pr + ¢5PL) &5 ® €3 (F.19)
My (&16 ® e16) = ka (013Pr + ¢13P1) E16 @ €6 + ka (a3 Pr + dog Pr) €16 ® €19
+ ka (¢3Pr + ¢5P) §16 © €1 (F.20)
Ms (&7 @ €1) = ky (0,Pr + 01Pp) §17 @ €3 (F.21)
M; (&8 @ €3) = ke (0,Pr + 01P) §1s ® €4 (F.22)
M (&9 ®€3) =k, (0,Pr+ 01 Pr) &9 @ &1 (F.23)
Mj (Ex0 © 1) = ke (0, Pr + 01PL) £20 @ €2 (F.24)
My (€21 ® @) = ky (01 Pr + ¢ PL) §21 @ €7 + ky (921 Pr + ¢, P) En @ €11
+ ku (¢31Pr + @5, Pr) €1 ® €15 (F.25)
M; (§22 @ €6) = ka (¢1Pr + @1 Pr) {22 @ €8 + kg (¢21Pr + ¢91 Pp) foo ® €12
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+ ka (¢31Pr + ¢ PL) &2 ® €16 (F.26)
My (o3 @ €7) = ky (01 Pr + ¢ PL) &3 ® € + ky (¢21 PR + ¢y PL) fos @ €9
+ ky (¢31Pr + ¢, Pr) &3 @ €13 (F.27)
Mo (é04 @ €5) = ka (91 Pr + ¢\ PL) Eo1 @ € + ka (¢21Pr + ¢y Pr) fos @ €10
+ ka (¢31Pr + ¢, PL) €24 @ €11 (F.28)
My (€25 ® €9) = ky (¢12Pr + @19 PL) €25 @ €7 + ky (2 Pr + ¢4 PL) o5 @ €11
+ kb (932Pr + ¢35 PL) §o5 @ €15 (F.29)
M, (36 @ €10) = ka (¢12Pr + ¢19PL) €26 ®@ € + ka (02 Pr + $5Pp) Eo6 @ €12
+ ka (¢30Pr 4 ¢35, Pr) 26 © €16 (F.30)
My (éo7 @ €11) = ky ($12Pr + @15 Pr) for @ €5 + ky (¢2Pr + ¢4 PL) Eo7 @ T
+ Ky (¢52Pr + ¢ L) €7 @ €13 (F.31)
M (&5 ® €12) = kq (¢12Pr + ¢\ PL) &8 @ €6 + ka (¢92Pr + ¢5Pr) Los @ €19
+ ka (P32 Pr + ¢ PL) Eos ® T (F.32)
My (€29 @ €13) = ky (913Pr + ¢13PL) €29 @ €7 + Ky (23 Pr + @93 PL) E20 @ €11
+ ku (¢3Pp + ¢5P1) 29 ® €15 (F.33)
M; (£30 @ €13) = kq (013Pr + ¢13PL) &30 ® €8 + ka (P23 PR + ¢y Pr) &30 @ €1z
+ ka (#3Pr + ¢5PL) §30 @ €16 (F.34)
My (&51 @ €15) = ky (013Pr + @3 Pr) €31 @ € + ky (¢23Pr + ¢h3Pr) €31 @ €5
+ ku (¢3Pr + 03 PL) &1 @ Er3 (F.35)
Mo (&30 @ €15) = ka (¢13PR + ¢'13PL) E32 ® €6 + ka (923 Pr + 43 PL) &30 ® €19
+ ka (¢3Pr + ¢3Pr) &2 @ E1a (F.36)

F.2 Calculation of Qlf\@ (D,=)

9%2 ((I’>E) = ku%( 517;0r701) + kg (¢4,§18; UraUl) +
+ kA4 (91, &0 07, 00) + ke2s (92, 20507, 07) +
+ kA (07, &215 01, 0) + EuAp (d11, So1; P21, Dh1) + ks (@15, Eo1; P31, Py ) +
+ ka2 y (ds, Ea2; 1, 01) + kRl (12, Eoas b1, dhy) + ka2 (D16, a2: P31, P1) +
+ k_uQ[-f— (05, Ea3; ¢1, ¢1) + k_Q[+ (¢, §23; Po1, ¢/21) + k_QLJr (P13, Ea3; P31, Cbgﬂ)
+ ka2 s (D, Eaa5 01, 01) + kaUs (D10, Eoa; Po1, D) + ka2 (P14, S D31, Pyy) +
+ k2t (97, §a55 P12, Pha) + kuRhy (P11, Eas; Do, 05) + kuRhy (@15, S5 P32, P3a) +
(

+ ka2l (ds, Ea6; P12, Do) + ka2ly (D12, Ea6; P2, Ph) + ka2 (D16, 265 P32, Pln) +
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+ k2 (05, o D12, B1y) + ks (Go, Eo7; 2, 05) + Ky (D13, Sar; P32, Py) +
+k_dgl+ (P6, §28; P12, Cb,u) +k‘_dQl+ (b10, §28; P2, ¢/2> +k_d%+ (P14, Eos; P32, ¢§32) +
+ ku 2y (07, &5 P13, D13) + kuy (D11, Ea9; Doz, Pos) + kuy (d15, Ea0; P, B3) +
+ kg2l (¢8, &30; 13, ¢/13) + ka2t ( 12, €305 P23, ¢/23) + ka2t (¢16, &30; @3, ¢§3) +
+ ks (05, E315 D13, D) + kA (P, E1; Pos, dhs) + kuls (P13, Ea1; 3, ) +
+ kaUs (6, Es2; P13, Drs) + ka2l (D10, Esa; Pas, Phg) + kaUs (Pra, Es2; 03, 05) +
+ kAt (D19, 150, 01) + k2 (doo, Ea5 04, 07) +
+ k2 (b17, 83500, 01) + K2y (P18, §45 00, 01) +
+ ka2 y (B3, 53 01, ) + kus (dar, 53 dor, ) + ks (d31, Es3 dsn, By)
+ ka2 (P24, &6; D1, D7) + ka2l (P2, E6; a1, Py) + kas (P32, E6: Psn, dy)
+ k20 (¢21, 75 01, ¢/1) + k2L (d2s, &7 Por, ¢/21) + k2 (f29, 675 P31, ﬁbfn)

( ) (

(

(

(

(

(

(

(

(

+ + + +

+ kg y (d22, &8 1, 0) + kay (a6, Es; Pa1, D) + ks (¢31, Es; P31, )
+ k21 (Pas, €05 D1, Pra) + k2l (Par, Eo; Do, D) + ka2 (31, Eo; a2, B

_l_

+ ka2 (21, E10; P12, Do) + ka2l (Bas, 10 D2, D) + kas (P32, E10; P32y Pho

~—

+ kuer ®a1, 511; ¢127 ¢I12 + kugbr ®95, 511; O, ¢12) + ]%914r (¢297 fn; ®32, <Z5§2

~—

W~
~—

+ + + + + +

(

(

+ /f_ugbr $23, 135 P13, ¢/13 + k;—uQLF (¢27, €135 P23, ¢/23) + k_ugh (¢31, §13; @3, @
+ ka2l s (fo4, €143 P13, Drg) + ka2l s (Gos, €143 Pas, Dhs) + kals (f32, E1as P3, O
+ kR (D21, 155 D135 @) + kuAy (Pas, §155 P23, Boz) + Ky (P20, 155 B3, P
+ ka®y (922, 165 P13, Prz) + kally (D26, E165 Doz, Phz) + kaly (

~—

)
)
+ ka2l (22, E12; P12, Do) + ks (P26, E12; Do, D5) + ka2t (P30, E12; P32, P
)
)

~—

30, $163 P35 ¢é

~—
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