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1 Introduction

Recent years have seen a remarkable progress in the computation and the analysis of confor-

mal correlators at large ’t Hooft coupling and large N , where the problem becomes tractable

by using holographic techniques. For the paradigmatic example of four-dimensional N = 4

super Yang-Mills theory, dual to type IIB string theory on AdS5 × S5, we now know a

general formula for the four-point correlators of half-BPS single-trace operators of arbi-

trary fixed dimension [2, 3], and similar results are available for theories with an AdS7

dual [4]. Surprisingly, not a single holographic correlator of single-trace operators has ever

been computed in AdS3. One of the reasons is that the standard Witten diagram technique

used to compute correlators in AdSd+1 cannot be naively extrapolated to d = 2: simply

setting d = 2 in the results for generic d leads to divergent expressions for the diagrams

computing the exchange of a massless vector and graviton [5], and an appropriate proce-

dure to define the d = 2 limit has not been formulated yet. Another issue is that the cubic

couplings of type IIB supergravity on AdS3 × S3 are known [6], but not the quartic ones

which are also needed for deriving a full 4-point correlator by using Witten diagrams.

Here we will focus on 4-point correlators in AdS3/CFT2 of the type

〈O1(z1, z̄1)O2(z2, z̄2)O3(z3, z̄3)O4(z4, z̄4)〉 =
1

|z12|2∆1 |z34|2∆3
G(z, z̄) , (1.1)

where we assume that the conformal dimensions satisfy ∆1 = ∆2 and ∆3 = ∆4. As usual,

global conformal invariance implies that the 4-point correlators can be expressed in terms

of a function of the cross-ratio

z ≡ z14z23

z13z24
⇒ 1− z =

z12z34

z13z24
(1.2)

as done in (1.1), so we will write our results in terms of the function G(z, z̄).
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Holographic correlators of the type (1.1) containing two light and two heavy operators,

which we will dub HHLL correlators, have been studied from different points of view. Here

the heavy states are described by multi-trace operators that have a conformal dimension

proportional to the central charge c. The contribution to the HHLL correlators from the

(large c) Virasoro block of the identity was derived in [7] within a CFT approach and

in [8] from a bulk perspective. In order to go beyond this approximation and obtain a full

HHLL CFT correlator it is necessary to specify the heavy operator more precisely. When

the dimension of the heavy multi-trace operators is of order of the central charge, their

gravitational backreaction effectively changes the background, replacing AdS3 × S3 with

a non-trivial smooth geometry which approximates AdS3 × S3 only near the asymptotic

boundary. The precise form of this regular solution encodes the choice of the heavy state.

For half-BPS operators in the D1D5 CFT all such geometries are known [9, 10]. The

single-trace operators, on the other hand, are taken to have dimensions of order one in the

large central charge limit: they thus represent perturbations of the background and are

described by linear wave equations. Then, for the HHLL case, it is possible to calculate the

four-point correlators of two single and two multi-trace operators bypassing the difficulties

affecting Witten diagrams for d = 2 [1, 11, 12]: they are extracted from a non-normalizable

solution of the wave equation associated with the light operators in the geometry sourced

by the heavy ones. This method effectively reduces the computation of the HHLL four-

point function to that of a two-point function in a non-trivial background, and thus it does

not require evaluating formally divergent exchange diagrams.

The question we address in this paper is how to reconstruct the correlators containing

only light single-trace operators, which will be referred to as the LLLL correlators, from the

HHLL correlators computed in [1, 12]. This is possible because the multi-trace operators

considered in [1, 12] depend on a free parameter, denoted as b in those references, which

controls the number of their single-trace components and, hence, the dimension of the

heavy operators can be made small by taking the parameter b small. In this limit one thus

naively expects that the HHLL correlators reduce to the LLLL ones. As we will see, this

naive expectation is not quite correct. To understand where the problem is, we remark

that in the HHLL correlators no single-trace operator is exchanged in the channels where

a light and a heavy operator are fused together. Since this is true for any value of b,

this feature survives the small b limit. On the contrary the OPE between two single-trace

operators does, in general, contain other single-trace operators. So, if we schematically

denote by OL the single-trace operators appearing in the HHLL correlator and by O′L the

single-trace operators obtained by taking the small b limit of the original heavy operators,

then the OPE of OL and O′L should, in general, contain the contribution of other single-

trace operators, which is missed when we take the small b limit of the HHLL correlator.

This implies that the result obtained from the HHLL correlator does not correctly describe

the LLLL correlator in the limit in which OL and O′L are close. This problem, however,

should not be relevant in the direct channel where the two OL operators are close: our

fundamental assumption is that the small b limit of the HHLL correlator correctly captures

the contributions to the LLLL correlator due to single-trace operators exchanged in this

channel. We will show how the contributions from the other channels can be unambiguously

fixed by various consistency requirements.
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For example, when one of the OL operators is the same as one of the O′L operators,

the symmetry of the correlator under the exchange of OL and O′L can be used to recover

the correct OPE expansion in one of the crossed channels. More generally, we will require

that the holographic correlators have the expected singularities associated to the exchange

of protected single-trace operators in all OPE channels. This requirement determines the

full correlator up to contact terms, which holographically correspond to Witten diagrams

without internal propagators, and only affect the exchange of double-trace operators [13].

In the examples we consider, the contact terms are fully determined by consistency with the

flat space limit and by matching the contribution of some protected double-trace operator

at weak and strong coupling. We apply this logic to the four-point function of half-BPS

single-trace operators of dimension (1/2, 1/2) and find a single answer that passes all the

consistency checks. We leave the generalization to correlators with higher dimensional

operators for the future.

The paper is organised as follows. In section 2 we characterise the half-BPS operators

considered in this paper by using the free limit of the CFT description. Then we briefly

review the results for the HHLL correlators in the supergravity limit that were derived

in [1, 12]. In section 3 we take the small b limit and obtain, for the case of a particularly

symmetric LLLL correlator, an expression that is valid in the direct channel limit z3 → z4.

Then we impose the consistency conditions mentioned above and obtain the result (3.10)

for the full LLLL correlator considered. Finally in section 4 we generalise this result to

other correlators involving operators of the same dimension (1/2, 1/2), but with different

R-symmetry charges. We check in a direct way that the results are consistent with the

R-symmetry Ward identities and summarise all correlators we considered in a single equa-

tion (4.10) where the dependence on the R-symmetry charges is factorised. In the final

section 5 we present a brief discussion on how to use the Minkowskian inversion formula

of [14] to extract some large N OPE data for the D1D5 CFT at strong coupling.

2 Review of the known HHLL correlators

Exactly as it happens for N = 4 Super Yang-Mills, also the D1D5 Super CFT, which is dual

to type IIB string theory on1 AdS3×S3×M, has a free locus in its superconformal moduli

space. On this locus the CFT is described by a collection free bosons and free fermions{
∂XAȦ

(r) (z) , ψαȦ(r) (z) , ∂̄XAȦ
(r) (z̄) , ψ̃α̇Ȧ(r) (z̄)

}
, (2.1)

where r = 1, . . . , N = n1n5, c = 6N , and A , Ȧ , α , α̇ are SU(2) indices. To be precise, the

free description is in terms of an orbifold CFT, where the orbifold group is the permutation

group SN acting on the copy index (r). The SU(2)L × SU(2)R acting respectively on α

and α̇ are part of the (affine) R-symmetry of the SCFT and will play an important role

in our analysis. As usual we can characterise the (protected) chiral primary operators in

terms of this free field description and in this work we focus on the following particularly

1Here M can be either T 4 or K3, as we will focus on a sector that is common to the two cases.
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simple operator

Oαα̇ =
N∑
r=1

−iεȦḂ√
2N

ψαȦ(r) ψ̃
α̇Ḃ
(r) . (2.2)

This operator is in the untwisted sector of the orbifold CFT and is manifestly symmetric

under SN ; it is straightforward to see that it is chiral primary operator, since its conformal

weights are (h, h̄) = (1/2, 1/2) and its charges under the generators (J3, J̃3) in SU(2)L ×
SU(2)R are (j, j̄) = (±1/2,±1/2) depending on the values of α and α̇. On the bulk side of

the duality (2.2) corresponds to a supergravity fluctuation of AdS3 × S3, so we will refer

to this type of operators as single particle or equivalently single trace in analogy with the

nomenclature used in the case of N = 4 Super Yang-Mills.

An important property of 2d CFTs with extended supersymmetry is the possibility to

perform a spectral flow transformation. Here we follow the conventions of [15], then the

minimal spectral flow, connecting the NSNS and the RR sector of theory, maps the NSNS

SL(2,C) invariant vacuum into the RR ground state with (j, j̄) = (N/2, N/2) and of course

(h, h̄) = (c/24, c/24). This RR state is heavy according to the characterisation discussed

in the introduction and is described in the dual bulk picture by a supersymmetric solution

of type IIB supergravity [16–18]. Here we are interested in more general RR ground states

that are obtained by taking the spectral flow of multiparticle antichiral primary operators.

Before taking the spectral flow, these states have (j, j̄) = (−h,−h̄) and are obtained just by

inserting many copies of the same single-particle antichiral primary operator at the same

point. In particular we are interested in the multiparticle state obtained by multiplying

the operator (2.2) Nb times

ONSNS
b =

(
O++

)Nb , ŌNSNS
b =

(
O−−

)Nb . (2.3)

After spectral flowing this state to the RR sector one obtains a heavy state (ONSNS
b →

ŌH and ŌNSNS
b → OH , according to the conventions of [1]) that is described by another

supersymmetric type IIB solution,2 see for instance eqs. (3.1) and (B.1) of [1]. The only

feature of this solution we need to recall here is that it depends on a continuous parameter

b which is related to the number of single particle constituents in the heavy state (when

considered before the spectral flow).

In the supergravity description the operator (2.2) corresponds to a fluctuation of the

background encoded in a scalar and a 3-form of the 6d supergravity obtained from the

standard KK reduction of type IIB on M [1]. By studying the equations of motion

of this perturbation in the background, it is possible to extract the HHLL correlators

〈OHŌHOαα̇Oββ̇〉, see3 eqs. (3.58) and (F.3) [1]. For convenience we report those results

here after spectral flowing back to the NSNS sector where the heavy operators become the

corresponding multiparticle states: the correlator 〈ŌNSNS
b ONSNS

b O++O−−〉 reads

GHHLL(z, z̄) =

[
1 +

b2

a2
0

(
|z|2

π
D̂2211 −

1

2
+
N

2
|1− z|2

)]
+O(b4) , (2.4)

2To be precise the supergravity solution is dual to a coherent state with a weighted sum over all possible

numbers of single particle constituents which, in the large N limit, is sharply peaked [19].
3Of course these results are reliable in the supergravity regime where one takes N to be large and an

appropriate strong coupling limit.
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while for the correlator 〈ŌNSNS
b ONSNS

b O+−O−+〉 we have

GHHLL(z, z̄) =

[
1 +

b2

a2
0

(
z

π
D̂2211 −

1

2

)]
+O(b4) , (2.5)

where b2/(2a2
0) = Nb/N and the definition of the D-functions is summarised in appendix A.

In momentum space it is also possible to write an explicit expression for these correlators

that is exact in b [12], but we will not need it here since we will focus on the small b limit.

3 Reconstructing the LLLL correlators

The general picture that has emerged from the recent developments in holographic corre-

lators [2, 3, 14, 20–25] is that the contributions of the single-trace operators4 exchanged

in the various channels, together with the constraints coming from supersymmetry, deter-

mine the correlators uniquely. We will adopt a similar approach here and reconstruct the

correlators with four single-trace operators from the information extracted from the HHLL

correlators reviewed above, supplemented by some basic consistency requirements of the

OPE in the various channels.

We start from the analysis of the small b limit of the HHLL correlator (2.4) which

should capture the contributions of the single-trace operators exchanged in the s-channel

z → 1 (i.e. z1 → z2) for the correlator

〈O−−(z1, z̄1)O++(z2, z̄2)O++(z3, z̄3)O−−(z4, z̄4)〉 =
1

|z12z34|2
G(z, z̄) . (3.1)

Naively one would expect to recover this LLLL correlator by setting Nb = Nb2/(2a2
0) = 1

in the HHLL result (2.4). It is however clear that this cannot lead to the correct answer:

for once, the Nb = 1 limit of (2.4) is not symmetric5 under the exchange of z2 and z3, as one

can verify using the property (A.12) of the D̂-functions, while the LLLL correlator in (3.1)

obviously is. In hindsight, the failure of this naive expectation is not surprising: the HHLL

result (2.4) has been derived by first taking Nb to scale like N in the large N limit (so

that ONSNSb can be treated as a heavy operator and be represented by a geometry), and

then by sending the ratio Nb/N to zero; the LLLL correlator, on the other hand, should

be computed by setting Nb = 1 from the start, and then sending N to infinity. There

is a priori no reason that the these two different limits agree, and indeed they do not.

The question is if we can still learn something on the LLLL correlator from (2.4). Our

fundamental assumption will be that the small b limit of the HHLL correlator correctly

captures only the contributions to the LLLL correlator associated with the exchange of

single-trace operators in the s-channel. If we denote by Gs(z, z̄) this contribution, we then

deduce from (2.4) that

Gs(z, z̄) = 1 +
1

N

[
2

π
|z|2|1− z|2D̂1122 − 1

]
. (3.2)

4More precisely the contributions of the single-trace operators that are degenerate with double-trace

operators are not needed, and hence all the information on holographic correlators is obtained, in the

supergravity limit, from a finite number of terms.
5Only the leading term in N , given by 1 + |1− z|2, has the expected symmetry.
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Note that we have not included in the expression above the term |1 − z|2, which comes

from the exchange of the identity in the u-channel, and, for later convenience, we have

expressed D̂2211 in terms of D̂1122, using the identity D̂2211 = |1 − z|2D̂1122 which follows

from (A.11).

A consistency check on the above form for Gs is obtained by looking at the light-cone

limit z̄ → 1, where one expects that the only exchanged states are the affine descendants

of the identity (i.e. the descendants generated by the Virasoro and the R-symmetry gener-

ators), since these are the only protected states with h̄ = 0. One can indeed check that in

this limit

Gs
z̄→1−→ 1− 1

N

(
1 +

z

1− z
log z

)
, (3.3)

which is the identity affine block6 expanded up to order 1/N .

In the full correlator (3.1), single-trace operators are also exchanged in the u-channel

z → ∞ (or z1 → z3). This u-channel contribution is easily determined by imposing the

symmetry under the exchange of z2 and z3:

1

|z12z34|2
G(z, z̄) =

1

|z13z24|2
G(z′, z̄′) with z′ ≡ −z14z23

z12z34
=

z

z − 1
, (3.4)

which implies

G(z, z̄) = |1− z|2 G
(

z

z − 1
,

z̄

z̄ − 1

)
. (3.5)

An obvious way to obtain a correlator with the correct symmetry is to add to Gs the term

Gu(z, z̄) = |1− z|2 Gs
(

z

z − 1
,

z̄

z̄ − 1

)
= |1− z|2 +

|1− z|2

N

[
2

π
|z|2D̂1212 − 1

]
. (3.6)

In deriving the above equation we have used the transformation property of the D̂-functions

explained in (A.12).

Since in the t-channel z → 0 (or z1 → z4) there is no exchange of single-trace operators

with dimensions less than (h, h̄) = (1, 1), at which the first double-trace operator appears,

the sum of Gs and Gu should correctly include all the single-trace exchanges. This, however,

does not completely identify the correlator, as one still has the freedom to add terms that

only affect the contributions of the double-trace operators. From the bulk point of view,

6This can be seen as follows: the identity Virasoro block at order 1/N is equivalent to the global block

of the stress tensor; for external states of dimension hL = 1/2 this is

VV = 1 +
1

12N
(1− z)2

2F1(2, 2, 4; 1− z) = 1− 1

N

[
1 +

1 + z

2(1− z)
log z

]
;

the U(1)-affine block for external states of charge qL = 1/2 is (see for instance [26])

VA = z
1

2N = 1 +
1

2N
log z +O(N−2) .

The identity affine block is then

V = VV VA = 1− 1

N

(
1 +

z

1− z
log z

)
+O(N−2) .
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such terms originate from Witten diagrams associated to quartic contact interactions, and

have first been studied in [13]. They are in principle determined by supersymmetry, which

completely fixes the supergravity action at the two-derivative level. We follow here a simpler

route, and resolve this ambiguity by requiring consistency with the flat space limit and with

the t-channel OPE. The constraint coming from the flat space limit is easier to formulate

in Mellin space [27, 28]: the allowed contact interactions should be functions of the Mellin

variables scaling at most linearly when all the variables are taken to infinity. Moreover, the

requirement that the contact interactions do not introduce single-trace exchanges implies

that their Mellin transform have no poles. One can show that these constraints, together

with the symmetry under the exchange of the s and u-channels, leave only two possible

contact terms. In Mellin space, they are proportional to t and a constant. As we show in

appendix B, they correspond to the following two contributions,7 when re-expressed in the

space-time coordinates:

Gcont.(z, z̄) =
2

πN
|1− z|2

(
c1D̂1111 + c2|z|2D̂2112

)
. (3.7)

We can fix8 the coefficients c1 and c2 by looking at the z → 0 limit of the correlator: the

lowest dimension operator exchanged in this channel is the double-trace : O++O++ :, which

results from the fusion of two chiral primaries of the same chirality and, hence, it must have

a vanishing anomalous dimension and its three-point coupling with the external operators

should be the same as in the free theory. The vanishing of the anomalous dimension

requires that the correlator does not contain terms of the type log |z|2 for z → 0: it is

immediate to see that this condition imposes c1 = 0. One should also require that the

coefficient of the term of order (zz̄)0, which encodes the square of the three-point function

〈O−−O−− : O++O++ :〉, equals the free theory result. The free correlator is given by

Gfree(z, z̄) = 1 + |1− z|2 +
1

N

|z|2 − 1− |1− z|2

2
= 2− 1

N
+O(z) +O(z̄) , (3.8)

while expanding the correlator at strong coupling (with c1 = 0) one finds

Gs(z, z̄) + Gu(z, z̄) + Gcont.(z, z̄) = 2− 2− c2

N
+O(z) +O(z̄) , (3.9)

and thus this determines c2 = 1.

Our final result for the correlator (3.1) is then

G(z, z̄) =

(
1− 1

N

)
(1 + |1− z|2) +

2

πN
|z|2|1− z|2(D̂1122 + D̂1212 + D̂2112) . (3.10)

4 The full R-symmetry multiplet

One can generalize the result of the previous section by considering correlators of general

operators Oαα̇ in the same R-symmetry multiplet. We can introduce the general notation

〈Oα1α̇1(z1, z̄1)Oα2α̇2(z2, z̄2)Oα3α̇3(z3, z̄3)Oα4α̇4(z4, z̄4)〉 =
1

|z12z34|2
G(α1α̇1)(α2α̇2)

(α3α̇3)(α4α̇4)(z, z̄) ,

(4.1)

7The fact that Gcont. in (3.7) satisfies the symmetry (3.5) follows from (A.12).
8We thank Agnese Bissi for suggesting this possibility to us.
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so that the correlator in (3.1) (or (3.10)) will be renamed G(−−)(++)
(++)(−−) . Essentially the only

other correlator to compute is G(−−)(++)
(+−)(−+) : we could deduce this correlator from its HHLL

“parent” (2.5), using arguments similar to the ones outlined in the previous section, or by

using the Ward identity that relates correlators within the same R-symmetry multiplet.

We will follow this second route in this section.

A straightforward way to derive the Ward identity is to write one of the O−− operators

in the correlator (3.1) as O−− = [J−0 , O
+−] and to move the current J−0 on the other

operators by the usual argument of deforming the integration contour. Using [J−0 , O
−−] = 0

and [J−0 , O
++] = −O−+ (where the minus sign is needed to have O−+ = (O+−)†), one

immediately finds

G(−−)(++)
(++)(−−)(z, z̄) = G(−−)(++)

(−+)(+−)(z, z̄) + G(−−)(−+)
(++)(+−)(z, z̄)

= G(−−)(++)
(+−)(−+)

(
1

z
,

1

z̄

)
+ |1− z|2 G(−−)(++)

(+−)(−+)

(
z − 1

z
,
z̄ − 1

z̄

)
,

(4.2)

where in the second step we have expressed the r.h.s. in terms of the single correlator

G(−−)(++)
(+−)(−+) by exchanging the positions of the operators. One can check, using the trans-

formation properties of the D̂-functions in (A.11) and (A.12), that a solution of the Ward

identity (4.2) is

G(−−)(++)
(+−)(−+)(z, z̄) = 1− 1

N
+

2

πN
z |1− z|2(D̂1122 + D̂1212 + D̂2112) . (4.3)

The above solution passes several consistency checks: it reduces to the appropriate identity

affine blocks in the light-cone limits z̄ → 1 and z → 1 (note that due to the opposite R-

charges of the external operators in the left and right sectors, the contribution from the

R-symmetry block is z
1

2N for z̄ → 1 and z̄−
1

2N for z → 1), and the contributions from the

exchange of protected operators in the various channels agree with the free correlator

G(−−)(++)
(+−)(−+) free(z, z̄) = 1 +

1

2N

(
|1− z|2

z̄
+

1− z̄
z̄
− (1− z)

)
. (4.4)

Note that for this correlator the first non-protected operators appear at dimension (h, h̄) =

(1, 1) in the s-channel, but only at dimension h + h̄ ≥ 3 in the t and u-channels, because

multi-trace operators like : O++O+− : or : O++O−+ : preserve supersymmetry in the

left or in the right sector and are thus protected. We believe that there are no contact

terms with correct symmetries that could be added to G(−−)(++)
(+−)(−+) without spoiling the Ward

identity (4.2) or modifying the contributions from the exchange of protected operators.

Analogue to the case of N = 4 SYM, to keep track of the R-symmetry it is convenient

to introduce two-dimensional vectors and to define

Oi = AiαĀ
i
α̇O

αα̇(zi, z̄i), (4.5)

where, for each value of i, the vectors Aiα are given by either

A+ =

(
1

0

)
or A− =

(
0

1

)
, (4.6)
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and the same for Āiα̇. With this set up, the general four-point correlator of the R-symmetry

multiplet is now defined as

〈O1O2O3O4〉 =
|A1 ·A2A3 ·A4|2

|z12 z34|2
G(αc, ᾱc, z, z̄), (4.7)

where αc is the cross ratio

αc =
A1 ·A3A2 ·A4

A1 ·A4A2 ·A3
, (4.8)

and similarly for ᾱc. The dot in the above formulas denotes the contraction with εαβ or

εα̇β̇ . With the help of these R-symmetry variables, we find that the free correlators can

now be expressed as

Gfree(αc, ᾱc, z, z̄) = 1 +
|1− z|2

|1− αc|2

(
|αc|2 +

1

|z|2

)
+

1

2N

(
1− z

z(1− αc)
+
αc(1− z)

1− αc
− αc|1− z|2

z̄|1− αc|2
+ c.c.

)
(4.9)

where c.c. represents the conjugate terms with αc ↔ ᾱc, z ↔ z̄. Whereas for the AdS

correlator G(αc, ᾱc, z, z̄), the main interest of the paper, we find that the result is given by

G(αc, ᾱc, z, z̄) = G0 +
1

N

|1− αc z|2

|1− αc|2

[
2

π
|1− z|2

(
D̂1122 + D̂1212 + D̂2112

)]
, (4.10)

where G0 contains only rational functions of z, z̄ and is given by

G0 =

(
1− 1

N

)[
1 +

|1− z|2

|1− αc|2

(
|αc|2 +

1

|z|2

)]
. (4.11)

Note the leading-N term comes from Gfree in (4.9). It is straightforward to check that

G(αc, ᾱc, z, z̄) and Gfree(αc, ᾱc, z, z̄) have all the correct symmetries and that, in the limits

of {αc → −∞, ᾱc → −∞} and {αc → −∞, ᾱc → 0}, (4.10) reduces to (3.10) and (4.3)

while (4.9) reduces to (3.8) and (4.4). Finally, we comment that both Gfree(αc, ᾱc, z, z̄) and

G(αc, ᾱc, z, z̄) satisfy

∂z̄

(
Gfree(αc, ᾱc, z, z̄)

∣∣
ᾱ→1/z̄

)
= 0, ∂z̄

(
G(αc, ᾱc, z, z̄)

∣∣
ᾱ→1/z̄

)
= 0 (4.12)

which takes exactly the same form as the superconformal Ward identity in the case of

N = 4 SYM [29, 30].

5 A first look at the anomalous dimensions

The main result of this note is summarised in eqs. (4.10), (4.11), which give the holographic

correlators of the scalar operators of dimension (1/2, 1/2) defined, at the free point of the

CFT, in (2.2). We hope that this result may pave the way for a systematic construction

of holographic correlators in AdS3.
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In the much better studied AdS5 case, the knowledge of holographic correlators has lead

to uncover a very rich structure, in particular for what concerns the spectrum of double-

trace operators of N = 4 SYM at strong coupling (see for example [21, 25, 31, 32]). An

analogous information should be encoded also in AdS3 correlators. Considering for example

the correlator in (3.1), the s-channel OPE contains a series of double-trace operators of

the form

Om,m̄ = :O−−∂m∂̄m̄O++ : with m, m̄ = 0, 1, . . . , (5.1)

whose conformal dimensions (hm,m̄, h̄m,m̄) receive quantum corrections at order 1/N :

hm,m̄ = 1 +m+
γm,m̄
N

, h̄m,m̄ = 1 + m̄+
γm,m̄
N

. (5.2)

As usual the anomalous dimensions γm,m̄ can be extracted from the terms containing

log |1− z|2 in the z → 1 expansion of the correlator. Actually things are more involved: in

the CFT there are other operators with the same bare dimension as Om,m̄, and all these

operators could mix away from the free orbifold point. The knowledge of the correlators

derived in this note is not enough to resolve this mixing problem. The problem simplifies

considerably if we limit ourselves to compute the anomalous dimensions averaged over all

the operators with the same bare dimension, which in the following we will denote as 〈γm,m̄〉.
In general, this computation could be performed using two equivalent approaches [24]: the

large spin perturbation theory of [20, 21, 23] or the Lorentzian inversion formula of [14, 25].

The power of these methods is that they allow to deduce the averaged OPE data in one

channel solely from the singularities of the correlator in the crossed channels which at large

N are determined by the exchange of the protected single trace operators. Thus, to compute

the anomalous dimensions of the double-trace operators exchanged in the s-channel of the

correlator in (3.1), one has to consider only the single-trace contributions in the u-channel

(since in this correlator no single-particle operator is exchanged in the t-channel). As

explained in section 3, this protected part is just the affine block of the identity. The

derivation of the averaged anomalous dimensions in a two-dimensional correlator where

the identity and the graviton are the only exchanged single-particle states has already

been performed in [33] using the Lorentzian inversion method. The only difference with

our correlator is that we also have the contribution of the R-symmetry currents: it is easy

to see how this new contribution modifies the relevant integrand in [33] and so we can

obtain the result relevant for our correlator (3.1) from that of [33]. We find

〈γm,m̄〉 = −(n2 + n+ 1) with n = min(m, m̄) . (5.3)

We verified that these agree with the anomalous dimensions derived by directly expanding

the correlator (3.10) for z → 1 when the spin of the double-trace operator is not too small:

` = |m−m̄| > 2. It is known [14, 34] that in the large N -expansion the Lorentzian inversion

formula can fail to work for ` = 0, 1, 2, and indeed we find that the simple formula (5.3) fails

to reproduce the averaged anomalous dimensions for these values of `. For example from

the z → 1 expansion of the Euclidean correlator we find 〈γ0,0〉 = 〈γ1,0〉 = 〈γ0,1〉 = −5/6,

〈γ2,0〉 = 〈γ0,2〉 = −14/15.
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As we mentioned above, the solution of the mixing problem and the full derivation of

the double-trace spectrum requires the knowledge of a more general set of correlators. We

hope to report progress in this direction in the future.
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A The D̂-functions

The contact Witten diagram in AdSd+1 with external operators of dimension ∆i, usually

denoted as the D-function, is given by

D∆1∆2∆3∆4(~z1, ~z2, ~z3, ~z4) =

∫
dd=1w

√
g

4∏
i=1

K∆i(w; ~zi)

= Γ

(
∆̂− d

2

)
πd/2

2

∫ ∞
0

∏
i

[
dti

t∆i−1
i

Γ(∆i)

]
e
∑4

i,j=1 z
2
ij

titj
2 ,

(A.1)

where ∆̂ =
∑

i ∆i, z
2
ij = (~zi−~zj)2, g is the determinant of the AdSd+1 metric in Euclidean

Poincaré coordinates w ≡ (w0, ~w)

ds2 =
dw2

0 +
∑d

i=1 dw
2
i

w2
0

, (A.2)

and K∆(w; ~z) is the bulk-to-boundary propagator for a scalar field of conformal dimen-

sion ∆:

K∆(w, ~z) =

[
w0

w2
0 + (~w − ~z)2

]∆

, (A.3)

with ~z, ~w points on the d-dimensional boundary. One can define D̄-functions, which are

independent of the dimension d and depend on the cross-ratios z and z̄

(1− z)(1− z̄) =
z2

12z
2
34

z2
13z

2
24

, zz̄ =
z2

14z
2
23

z2
13z

2
24

, (A.4)

as

D̄∆1∆2∆3∆4(z, z̄) =
2
∏4
i=1 Γ(∆i)

πd/2Γ
(

∆̂−d
2

) |z13|∆̂−2∆4 |z24|2∆2

|z14|∆̂−2∆1−2∆4 |z34|∆̂−2∆3−2∆4
D∆1∆2∆3∆4(~z1, ~z2, ~z3, ~z4) .

(A.5)

The D̂-functions which we use in the bulk of the article are instead defined in terms of the

D-functions with d = 2 as

D̂∆1∆2∆3∆4(z, z̄) = lim
z2→∞

|z2|2∆2D∆1∆2∆3∆4(z1 = 0, z2, z3 = 1, z4 = z) , (A.6)
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where it is understood that we parametrize a 2-dimensional point ~zi by the complex number

zi. The relation between D̂ and D̄-functions is thus

D̂∆1∆2∆3∆4(z, z̄) =
π Γ
(

∆̂−2
2

)
2
∏4
i=1 Γ(∆i)

|z|∆̂−2∆1−2∆4 |1− z|∆̂−2∆3−2∆4D̄∆1∆2∆3∆4(z, z̄) . (A.7)

The D̂-functions relevant for this article can be reconstructed from

D̂1111(z, z̄) =
2πi

z − z̄
D(z, z̄) , (A.8)

and

D̂1122(z, z̄) = − 2πi

(z − z̄)2

[
z + z̄

z − z̄
D(z, z̄) +

log |1− z|2

2i
+
z + z̄ − 2zz̄

4i |1− z|2
log |z|2

]
, (A.9)

where D(z, z̄) is the Bloch-Wigner dilogarithm

D(z, z̄) =
1

2i

[
Li2(z)− Li2(z̄) +

1

2
log |z|2 log

(
1− z
1− z̄

)]
. (A.10)

The D̂-functions have simple transformation properties under exchange of the various

points zi. The identities used in the article are

D̂∆2∆1∆3∆4

(
1

z
,

1

z̄

)
= |z|2∆4D̂∆1∆2∆3∆4(z, z̄) ,

D̂∆3∆2∆1∆4(1− z, 1− z̄) = D̂∆1∆2∆3∆4(z, z̄) ,

D̂∆2∆1∆4∆3(z, z̄) = |z|∆1−∆2−∆3+∆4D̂∆1∆2∆3∆4(z, z̄) , (A.11)

which also imply, for instance,

D̂∆1∆3∆2∆4

(
z

z − 1
,

z̄

z̄ − 1

)
= |1− z|2∆4D̂∆1∆2∆3∆4(z, z̄) ,

D̂∆3∆1∆2∆4

(
z − 1

z
,
z̄ − 1

z̄

)
= |z|2∆4D̂∆1∆2∆3∆4(z, z̄) . (A.12)

B The Mellin amplitudes

Following the convention of ref. [3], the Mellin amplitude of the connected part of a corre-

lation function is defined through

G(U, V ) =
π

2

∫
ds

4πi

dt

4πi
U

s
2V

t−∆23
2 M(s, t) Γ

(
∆12 − s

2

)
Γ

(
∆34 − s

2

)
× Γ

(
∆14 − t

2

)
Γ

(
∆23 − t

2

)
Γ

(
∆13 − u

2

)
Γ

(
∆24 − u

2

)
, (B.1)

where the cross ratios U, V are related to z, z̄ via U = |1 − z|2, V = |z|2, and M(s, t) is

the Mellin amplitude. We have defined ∆ij = ∆i + ∆j . Here s, t, u are variables in Mellin
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space, which satisfy the constraints s+ t+ u =
∑4

i=1 ∆i ≡ ∆̂. In the flat space limit, they

play the role of Mandelstam variables of scattering amplitudes.

To compute the Mellin amplitudes of the two terms in (3.7) in the main text, we will

use the Mellin transformation of the D̂-function, which is given by

D̂∆1∆2∆3∆4(z, z̄) = Γ

(
∆̂− d

2

)
πd/2

2
∏4
j=1 Γ(∆j)

∫
ds

4πi

dt

4πi
U

s
2V

t
2 Γ
(
−s

2

)
Γ

(
− t

2

)
(B.2)

× Γ

(
∆4 +

s+ t

2

)
Γ

(
∆12 −∆34 − s

2

)
Γ

(
∆23 −∆14 − t

2

)
Γ

(
∆134 −∆2 + s+ t

2

)
,

where ∆ijk = ∆i + ∆j + ∆k. Starting with the term proportional to D̂1111, we have

|1− z|2D̂1111(z, z̄) =
π

2

∫
ds

4πi

dt

4πi
V

t
2U

s
2

+1 Γ2
(
−s

2

)
Γ2

(
− t

2

)
Γ2

(
1 +

s+ t

2

)
. (B.3)

Shifting the integration variables by t→ t− 2 and s→ s− 2, we obtain

|1− z|2D̂1111(z, z̄) =
π

2

∫
ds

4πi

dt

4πi
V

t−2
2 U

s
2 Γ2

(
−s

2
+ 1
)

Γ2

(
− t

2
+ 1

)
Γ2
(
−u

2
+ 1
)
.

(B.4)

Comparing with (B.1), we see that the Mellin amplitude of |1− z|2D̂1111(z, z̄) is simply 1.

Let us now consider the other contribution in (3.7):

|1− z|2|z|2D̂2112(z, z̄) =
π

2

∫
ds

4πi

dt

4πi
V

t
2

+1U
s
2

+1 Γ2
(
−s

2

)
Γ

(
− t

2

)
× Γ2

(
2 +

s+ t

2

)
Γ

(
− t

2
− 1

)
. (B.5)

A similar change of integration variables (t→ t− 4 and s→ s− 2) leads to

|1− z|2|z|2D̂2112(z, z̄) =
π

2

∫
ds

4πi

dt

4πi
V

t
2
−1U

s
2 Γ2

(
−s

2
+ 1
)

Γ2

(
− t

2
+ 1

)
× Γ2

(
−u

2
+ 1
)
×
(
− t

2
+ 1

)
, (B.6)

so the Mellin amplitude is − t
2 + 1. Therefore, we conclude that the contributions given

in (3.7), when expressed in terms of Mellin space, lead to a linear combination of contact

terms with at most two-derivatives and with s↔ u symmetry: t and a constant.
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