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Abstract

Piezoelectric shunt damping is a well-known technique for suppressing vibrations in light mechanical
systems. The method is based on the connection of a properly designed electrical network (shunt circuit) to
a piezoelectric actuator bonded to the vibrating structure. This network can be either passive (i.e. made from
resistances, capacitances and inductances) or active. When active shunts are used, possible problems related
to instability of the system can raise. This paper addresses a new approach for designing shunt electrical
circuits allowing to damp more than one mechanical mode of the structure at the same time with a single
piezoelectric actuator. Moreover, the method assures to design passive shunt impedances, thus avoiding
instability problems. Starting from a state space description of the electro-mechanical system, the definition
of the shunt circuit is achieved using an approach based on matrix inequalities, which allows to design shunt
circuits with different goals by expressing the desired target as a single or a system of matrix inequalities.

1 Introduction

The use of piezoelectric shunt is a renewed approach for damping vibrations [1]. Many approaches are
possible: from the use of passive shunt networks (e.g. [2-6]), to the use of negative capacitances for
enhancing the damping performance (e.g. [7-13]), from the employment of non-linear impedances (e.g.
[14-16]), to the use of networks of piezoelectric actuators (e.g. [17-22]).

Here, the discussion is focused on shunt methods which allow to use even a single piezoelectric actuator for
controlling more than one mode at the same time and ensure the passivity of the electro-mechanical system
(EMS, composed by the vibrating structure, the piezoelectric actuator bonded to the structure and the shunt
electric impedance). Indeed, such an approach, based on the EMS passivity, plays an important role,
especially in the industrial and aerospace fields, thanks to its passivity, lack of instability, and lack of
additional devices.

When the aim of the control system is to act on several modes, using a single piezoelectric actuator, there
are different methods to design proper passive shunt electrical networks.

Hollkamp firstly proposed an impedance design technique employing a single piezoelectric patch working
on different modes at the same time [23]. The proposed network design is made from as many branches
connected in parallel as the number of modes to be damped. The main problems related to this method are
the cross-talk between the branches of the circuit, which requires perfectly decoupled modes, and the
complexity of the procedure to fix the values of all the electric components.
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Wu [24] and Behrens et al. [25] introduced the current blocking (CB) and current flowing (CF) methods,
respectively. Again, the shunt impedance is made from as many branches as the number of modes to control,
and all the branches are connected in parallel.

Although the CB was proposed to simplify somewhat the design of the shunt impedance, the complexity of
the circuit is evident, especially when the number of modes to be damped increases. Another problem with
the CB method is that there are some degrees of freedom in the tuning of the network: the values of some
electric components must be fixed arbitrarily without any guidelines, which often results in non-optimal
damping actions.

As for the CF technique, each branch is made from three elements: a resistance, a capacitance, and an
inductance and the values of the resistances in the shunt impedance must be fixed by numerical
minimization. Furthermore, there are some degrees of freedom that lead to a non-optimal solution in this
case as well, although some guidelines to overcome this problem were proposed [26]. There are also cross-
talk effects that are not accounted for in the tuning procedure and can be solved just by using numerical
minimizations.

Fleming et al. [27] proposed a method that can be seen as a mix of CB and CF. The shunt network is a
combination of cells connected in series and parallel but, like in other approaches, the main drawback of the
method is that there are some degrees of freedom in the tuning of the network wich have to be arbitrarily
fixed.

Despite all the described tuning strategies provide good damping performances, the values of some electric
components must be fixed arbitrarily without any guidelines; as mentioned, this often results in non-optimal
damping actions. Moreover, these approaches often do not allow for a specific control target to be set.
Therefore, the aim of this paper is to present a new general approach to multi-mode vibration reduction
which can be applied to any generic structure. Furthermore, the proposed approach is aimed at finding the
optimal controller for given control applications, and it relies on the matrix inequality (M) theory. The Ml
approach allows for a control target to be set (e.g. H. or H. on acceleration, velocity, or displacement) and
for constraints to be imposed on the control features. The particular focus is on passive control. Therefore,
the method allows an expression of the shunt impedance to be found that satisfies the fixed control target,
assuring that it can be realized by a passive physical network.

The paper structure is as follows: Section 2 presents the model used to describe the EMS and its state space
expression. Such a way to express the system behavior is needed for using the matrix inequality approach,
as explained in Section 3. Finally, Section 4 presents some experimental tests to show the reliability and
effectiveness of the proposed approach.

2 Model of the system

The model of the EMS describes both the mechanical and the electrical dynamics. A generic structure
excited by an external forcing Fey; is taken into account; the piezoelectric actuator used for damping is
shunted by an impedance Z (see Figure 1a). Q, is the charge in the upper electrode (—@Q,, in the lower
electrode), and Vj, is the voltage between the electrodes. The displacement W of any point x of the structure
at time t can be expressed as a modal summation:

N
W(x,t) = Z @, (x)qy (t) (1)

where g, is the r'" modal coordinate, N is the number of modes considered (theoretically N — oo), and @,
is the rth eigenmode, scaled to the unit modal mass, of the structure. The modal coordinates are the solutions
of the following problem [10,28-30]:
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where w, is the r'™" eigenfrequency of the EMS in short-circuit (SC, i.e. Z = 0), &, is the associated non-
dimensional damping ratio, and E. is the harmonic modal force. y,- is a modal coupling coefficient that
describes the energy transfer between the piezoelectric patch and the r'" mode. Therefore, the behaviour of
the EMS is described by two equations: Equation (2) and Equation (3). Equation (2) describes the equations
of motion of the system. The term y,. couples these equations of motion to Equation (3), which models the
electric behaviour of the EMS (see Figure 1b, where the term YN, x,4, is abbreviated as Q). Ry, is the
resistance associated with the piezoelectric patch, which is usually very high [31]. pr is intended as an
integral in time (i.e. prdt). C. is the electrical capacitance of the piezoelectric patch with blocked
structure, which also corresponds to the value of the capacitance at infinite frequency [10].
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Figure 1: A generic structure with a shunted piezoelectric patch (a) and electric model of the EMS (b).

The terms y,. can be found analytically [30], through a finite element model [29], or experimentally by
measuring the effective coupling coefficients associated with each mode [32]. In case of low modal density,
if only the modes between the u™ (i.e. r = u) and the h™" modes (i.e. r = h, with h > u) are considered,
Equations (2) and (3) can be rearranged as:

Gr + 28, 0pGr + wrZQr - Xer =F vVre{u, .., h} (4)

IV (5)



where M is a term that accounts for the contribution of the modes higher than the h™ mode. According
to[10,11]:
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Therefore, Equation (5) can be written as:
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C,, can be found by measuring the value of the capacitance of the piezoelectric actuator midway between
wp and wp4q [32]. Thus, the dynamics of the EMS in the frequency range of interest is described by
Equations (4) and (7). To use the matrix inequality approach to solve a given control problem, the EMS
model needs to be represented in terms of state space variables. The state space representation provided in
this paper plays a key role since it also allows the shunt impedance to be seen as a controller. Indeed,
expressing Z as a controller allows the passivity requirement to be imposed directly on the impedance Z in
the matrix inequality problem, which is one of the targets of the proposed control approach.

According to Equations (4) and (7), the following system of equations can be written:
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and defining the vector g of the state variables:
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the system described by Equation (9) can be written in state space notation:

g=Ag+ BWQ_+ B¢Fext (12)
zo =C,8+ DZW_Q + Dy¢Fext
y = Cyg + Dwa + DyfFext

where z, is the target variable of the control (e.g. the displacement W, velocity W, and acceleration
W of the system computed at a given point x,,, of the structure); y is the output of the system, which
is — [ V in this case ([ V is intended as an integral in time [ Vdt). Finally, Q is seen as a control action
provided to the vibrating system. More details on the way to express the matrices of the state space
expression can be found in [33].

The state space model describes the EMS as a controlled system via a feedback loop. The transfer
function of the controller K can be expressed as:

Q Qp 1Y (13)

T A A

K

where the admittance Y is 1/Z. Thus, the model presented can describe the EMS as a system
controlled by a feedback loop, and the controller is the electric admittance shunted to the
piezoelectric actuator (divided by Cp,). This control problem is an output feedback problem. It is now
possible to set the control targets and the constraints on the controller structure. The next section
discusses how to translate these requirements to matrix inequality problems and how to find the most
suitable transfer function of Z.

3  The matrix inequality approach

In this section, the He control (chosen as an example) as well as the passivity of the controller are
formulated as linear matrix inequality (LMI) problems. Control specifications for the closed-loop
transfer function T,r linking the disturbance Fey; (considering a single force Foy acting as
disturbance; however, this assumption does not cause any loss of generality) and the target variable
of the control z, are taken into account. Referring to Equation (12), T, can be expressed in the Laplace
domain as:

Tyr = C,(s1 — [A + By KCy]) 7' B¢ + Dy KCy (ST — [A + By KCy]) 7' Bg + Dy (14)



where sis the Laplace operator, and I is the identity matrix. All the matrices that are always null in
Equation (11) (i.e. regardless of whether the target variable is displacement, velocity, or acceleration)
are neglected in Equation (14).

Formulating the controller K with a state space representation, the state space representation of the
closed-loop system is then obtained:

{gcl = Aq8a + BaFext (15)
Zo = Ca8a + DerFext

where the closed-loop state vector is:

g ={g} (16)

g is the vector of state variables of the controller. Refer to [33] for more details about the way to
calculate the matrices A, B, C¢, and D. Therefore, the transfer function T,r of Equation (14) can
be expressed as a function of the closed-loop matrices using Equation (15):

Tyr = Ca(sI—Ag) "By + Dy (17)

In the MI approach, each control target or specification is expressed as a constraint on the admissible
Lyapunov functions for the internally stable closed-loop system [34]:

3 V(ga) =glPgaq, P>0 : ALP+PA,<0 (18)

where V is a quadratic Lyapunov function, P the Lyapunov matrix, A is the state matrix of the system,
and g is the closed-loop state-space vector. The superscript T indicates the transposed matrix.

Since the additional constraints are related to targets on the transfer function T,r of Equation (17),
the related MI formulation will be thus expressed as a function of the closed-loop matrices A, B,
C., and D (see Equation (19) further in the paper). Therefore, the solution of the MI problem will
provide state matrices that satisfy the given specifications. Then, the controller K transfer function
can be derived [33].

As for Ho control, the objective is to find a controller K such that ||T,g||o is minimised. As shown in
[35] and [34], there exists a controller K such that ||T,r|lc < ¥ and A is stable if and only if the
following problem is feasible for some symmetric P > 0, y > 0, and Ay, By, Cx, and Dy of compatible
dimensions [36]:

ALP+PA, PB, CJ (19)
B.P —yI D[ <0
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It follows that the solution of the problem requires minimising y.

Other objectives can be set, alternatively or in parallel with the previous Hs control requirement (e.g.
H; [34]). In this paper, special focus is related to the passivity of the controller and thus on the
passivity of the shunt impedance (see Equation (13)), as previously mentioned.

Passivity can be expressed as an LMI as well, where the unknown variables are the controller matrices
Ay, By, Cy, and Dy. If passivity is satisfied, then the transfer function of the controller is positive real.



Therefore, the controller passivity can be expressed as an LMI constraint using the positive real lemma
[35]. It follows that a controller K (s) is positive real if and only if there exists P > 0 such that:

T T
AkIT’ + PA, PBI; ~C 2y (20)
BIP-C, -DI-D,

where P is the Lyapunov matrix.

Actually, Equations (19) and (20) are not LMIs since the dependence on the decision variables is not
linear. As an example, referring to Equation (19), the expression ALP + PA_ is not affine in the
variables P and A because it involves the product between the Lyapunov matrix P and the controller
variables which are included in the A expression. Hence, these problems are non-linear and cannot
be solved by LMI optimisation (e.g. using the ellipsoid method or the interior-point method [37,38]).
However, for the state feedback case and even for the output feedback systems (which is the case
considered in this paper), there exists a change of variables that makes all the inequalities affine in a
new set of unknowns, making the constraints linear and easily solvable [34].

Even multi-objective problems [34,39] can be solved, e.g. H» control together with controller
passivity. In this case Equations (19) and (20) must be fulfilled at the same time. This makes the multi-
objective output feedback control problem a non-linear matrix inequality problem; more specifically,
itbecomes a bilinear matrix inequality (BMI) problem. One suitable approach to solve such a problem
is the use of non-linear solvers [40,41]; refer to [33] for more details about the procedure to be used
and the algorithms, and to the next section for the experimental validation of passive multi-objective
controllers (i.e. BMI controllers).

4  Experimental tests

The experimental setup was made from an aluminum cantilever beam with one piezoelectric patch
bonded at its clamped end. The beam was 25 mm wide, 161 mm long, and 1.1 mm thick; the
piezoelectric patch was 25 mm wide, 51 mm long, and 0.38 mm thick. The structure was excited by
means of a contactless actuator composed of a coil and a magnet bonded to the beam near its tip. The
current flowing in the coil results in a proportional force exerted on the beam [42]. The current was
measured using a current clamp, and the response of the structure was measured through a laser
Doppler velocimeter in a co-located position with the exerted force (on the other side of the beam).
The third and fourth eigenmodes were considered, and their modal data are gathered in Table 1. The
eigenfrequencies and non-dimensional damping ratios were estimated by an experimental modal
analysis with the piezoelectric patch short-circuited. y,- was estimated by means of measurements of

the r'" coupling coefficient kfff=\/(w3,oc—w$)/w$ (wroc is the ™ eigenfrequency with the

piezoelectric patch in open-circuit (0C)) and then performing the following computation [10]:
Xr = ksffwr\/ Cpr- (21)

where Cp, is the measured piezoelectric capacitance value after the r'" eigenfrequency.



Mode number w,/(2m) [Hz] & [%] keft

3 500.98 0.40 0.0400

4 1004.39 0.44 0.0924

Table 1: Modal parameters identified experimentally

Many tests have been carried out to validate the proposed approach based on matrix inequalities, but
only two are described here for brevity. The first test was carried out without synthetizing a real
passive shunt impedance (i.e. one made from resistances, capacitances, and inductances). Instead, a
synthetic device was used to simulate the shunt impedance [43]. This approach allowed the authors
to avoid any possible uncertainty on the values of the electric elements composing the shunt
impedance and thus enabled to test the MI approach without additional errors from external factors
(i.e. uncertainty on the values of the electrical parameters). Thus, the use of this synthetic system was
useful for testing the reliability of the MI approach. The test was carried out on the third and fourth
modes, having displacement as target variable to be decreased. The type of control imposed was a
mixed Hz/H. control, together with the passivity constraint. Figure 2a shows both the experimental
and numerical results. They match satisfactorily, and the damping action is effective, evidencing the
reliability of the proposed method.

The second test was instead a H; control on displacement, together with the passivity constraint.
Again, the modes taken into account are the third and fourth. This time the shunt impedance was built
physically. The way to synthetize the impedance from the controller layout resulting from the matrix
inequality problem was based on the Brune’s method [44,45]. Again, the control action is evident and
experimental and numerical results match (see Figure 2b).

More details about these tests can be found in [33].

5 Conclusion

This paper has dealt with vibration attenuation by means of piezoelectric shunt. The paper proposed
an approach for designing passive shunt impedances to be used for multi-mode vibration damping.
Such an approach is based on matrix inequality problems, which allow to set both performance
targets and impedance passivity.

The experimental tests carried out on a cantilever beam confirmed the reliability of the approach and the
accuracy of the analytical model used to develop the work.
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Figure 2: Amplitude of Frequency Response Functions (FRF) for the first test (that performed simulating
the shunt impedance with a synthetic device) (a) and for the second test (that carried out building the shunt

impedance) (b)
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