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The concept of a statically balanced mechanism with a sin-
gle rotational degree of freedom is presented. The proposed
device achieves static balancing by combining positive stiff-
ness elements and negative stiffness elements within an an-
nular domain. Two designs are discussed. The first is com-
posed of an Archimedean spiral and two pinned-pinned pre-
buckled beams. The overall mechanism is modeled via an an-
alytical approach and the element dimensions are optimized.
The optimal configuration is then tested through finite ele-
ment analysis (FEA). A second approach replaces the spiral
beam with elastic custom-shaped spline beams. A FEA op-
timization is performed to determine the shape and size of
such spline beams. The behavior of the negators is used as
reference for the optimization so as to achieve a complete
balancing. A physical prototype of each configuration is ma-
chined and tested. The comparison between predicted and
acquired data confirmed the efficacy of the design methods.

1 Introduction

Constant torque compliant mechanisms (CMs) [1] are
devices that provide a near constant output torque for a cer-
tain range of angular inputs [2–7]. Different than the con-
stant torque springs presented in [8], constant torque CMs
are characterized by a single common axis of rotation be-
tween the input and output frames. In practice, they may
be envisaged as the rotational counterpart of constant force

CMs, which have been thoroughly studied and optimized in
the previous literature [9–17]. Potentially, constant torque
CMs can supply a variety of desirable qualities, including
absence of backlash and friction, reduced part count, and
easier assembly. They can also be used to realize compact
and rather simple mechatronic systems requiring torque reg-
ulation, since no controllers or sensors are needed to main-
tain a specific torque value. Examples of applications in-
clude rehabilitative and assisting devices [2], medical tools
[3], aerospace devices [18] and counterbalancing systems in
robotic arms [19, 20].

In the literature, different methods are available for syn-
thesizing constant torque CMs. For instance, a possible
method is to employ bistable beams, whose behavior has
been extensively studied [9, 17, 21, 22]. According to the re-
sults reported in [23, 24], a fixed-guided beam can be used
either as a negative stiffness structure to be combined with
a classical positive stiffness structure (many examples can
be viewed in [17]) or, under specific circumstances, as a
structure capable of producing a constant output itself, as
shown in [7]. The latter method leads to a single-piece so-
lution, though the resulting constant output is available only
for a limited angular range. An extended range is achieved
in [2–5], where the intrinsic zero stiffness behavior is ob-
tained via a set of elastic curved beams that connect an in-
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Fig. 1: Conceptual schematic of the zero torque CM.

ner (movable) ring to an outer (fixed) ring. The shape of the
beams is optimized so as to provide a pre-defined torque level
over a large range of angular deflections. However, the re-
sulting monolithic solution is affected by a pre-loading range
(i.e. it has to be pre-loaded in order to function as a constant
torque device), usually amounting to one-third of the total
angular range. This issue has been overcome in [6], in which
the post-buckling behavior of initially straight beams is used
to produce a constant torque through the entire range.

Despite their stiffness is null for a definite range of an-
gular displacements, constant torque CMs require external
actuation to deflect the flexible members and to maintain the
deformed state. In particular, employing the same termi-
nology of [25], the spring-back behavior can be avoided by
designing statically balanced CMs [26–30]. These devices
combine the benefits of CMs with some benefits of conven-
tional rigid mechanisms, namely absence of a preferential
equilibrium position and absence of undesired energy stor-
age [25]. Indeed, note that CMs characterized by a positive
stiffness always require an increasing actuation force/torque
to generate large displacements, which is not the case for the
statically balanced CMs. Hence, from a practical standpoint,
their implementation may be beneficial for reducing the actu-
ation effort [28], allowing for smaller and lighter actuators.
In the recent literature, a number of architectures for stati-
cally balanced CMs employing the cross-axis flexural pivot
concept have been presented [25,31,32]. Many of these sys-
tems achieve significant angular deflections (see [25], where
the null output is available for 1.4 rad of rotation), however,
these mechanisms are rather unpractical due to their large
size. Moreover, the cross-axis pivot is subjected to an unde-
sired axis shift (i.e. parasitic motion [33]) during the deflec-
tion [34, 35].

A possible way to overcome these issues may be the use
of the hereby named zero torque CMs. These are a special
class of statically balanced CMs, characterized by a single
rotational degree of freedom. Referring to Fig. 1, the zero
torque CM proposed hereafter is composed of two concentric
rings, one fixed and one movable. If a pure rotation is applied
to the movable ring and other external disturbances (parasitic

loads [33]) are neglected, the system will react with a negli-
gible torque and a null axis shift. However, differently from
e.g. C-Flex bearings [36], also referred to as tubular CAFP
in [37], the zero torque CMs cannot support radial loads, un-
less a properly defined constraint set is provided to the rings
(as it will be shown in Sec. 2). Due to their compactness and
scalability, zero torque CMs may be used as substitutes for
traditional rotational joints in mechanical systems that need
reduced part number or reduced friction. For instance, they
may be considered during the initial CM design phase when
applying the rigid-body replacement method [38]. Envis-
aged applications concern small manipulators, such as ten-
don driven robotic fingers [33, 39].

From a design standpoint, a zero torque CM can be real-
ized by means of the stiffness compensation method [40,41],
i.e. by combining purposely conceived elements capable of
reciprocally balance their action during the motion of the
system, as shown in Fig. 1. The overall mechanism is then
composed by positive stiffness members (denoted with K+ in
Fig. 1(b)) and by negative stiffness members (denoted with
K− in Fig. 1(b), hereinafter referred to as negators). Differ-
ently from the above-mentioned constant force/torque CMs,
which make use of initially straight bistable beams, here the
negators are pre-buckled and thus the stiffness compensation
is achieved without an initial force/torque offset. In fact, as
shown in [23,24], bistable beams behave as positive stiffness
springs in the first range of deflections. Generally speak-
ing, fixed-fixed beams, also largely employed when realizing
constant force linear CMs (see, e.g., [9,12,17]), seem prefer-
able as they allow one-piece solutions. On the other hand,
their application to the annular domain (as the one presented
in this paper) is quite limited due to the critical stress con-
dition arising in the beams when large rotations between the
rings are enforced. Also, fixed-fixed beams show an asym-
metric behavior for positive and negative rotations due to ev-
ident differences in the deformed shapes. Based on the re-
sults reported in [15, 22], pinned-pinned pre-buckled beams
are adopted as negators in this work due to their symmetric
behavior and lower stress.

As a drawback, the use of pinned-pinned pre-buckled
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beams does not allow to obtain jointless CMs. As previously
stated, another limit of the zero torque CMs is the rather lim-
ited resistance when subjected to radial loads. Moreover, as
a CM, the available angular range is limited by the stress
arising in the CM and by the negators operability. At last,
fatigue life of the flexible members requires special attention
and, depending on the application, may represent a critical
issue.

On the basis of these considerations and the conceptual
schematic reported in Fig. 1, this paper reports the design of
a compact zero torque CM with annular configuration. Two
different solutions are analyzed and discussed in this paper.
The first design exploits the Archimedean spiral [8,42,43] as
a torsional element that undergoes large angular deflections
with a constant positive stiffness (K+). Analytical behavioral
models for both the negator and the spiral are provided. The
size of the elements is obtained via an optimization routine
carried out in Matlab, and verified by means of finite element
analysis (FEA) conducted in ANSYS. Then, as an attempt to
increase the compensation accuracy and to further limit the
dimensions of the overall mechanism, a second design is pur-
sued by implementing custom shaped spline beams in place
of the previous spiral. The shape and size of such beams are
optimized via FEA to match a pre-defined behavior [44, 45],
obtained by reversing the negator’s characteristic in the pos-
itive plane. Finally, physical prototypes of both the configu-
rations are fabricated in polypropylene via CNC machining
and their performance is tested using a rotational setup. The
negators are cut from a sheet of spring steel.

The design process and the experimental validation are
hereinafter illustrated. The paper is organized as follows:
Sec. 2 reports the analytical modeling of the zero torque CM,
Sec. 3 describes the adopted design procedure and its practi-
cal implementation in a multi-software environment, Sec. 4
reports on the FEA shape optimization carried out to increase
the mechanism accuracy, whereas Sec. 5 shows the experi-
mental investigations. The concluding remarks are given in
Sec. 6.

2 Analytical Modeling of the Zero Torque Mechanism

This section provides the analytical modeling of the first
design utilizing an Archimedean spiral and pinned-pinned
pre-buckled beams. The two opposing inputs are analyzed
separately to underline the influence of the parameters on the
resulting stiffnesses. Then, by combining the equations, the
expression of the overall mechanism torque is obtained and
subsequentially used in the size optimization problem.

2.1 Archimedean Spiral Torsion Spring

The Archimedean spiral has been used extensively as
a compliant transmission element [42, 43, 46, 47] due to evi-
dent design advantages, including simple analytical formula-
tions which accurately predict the spring behavior and quasi-
constant stiffness availabilities for a wide angular range. The
spiral can be easily adapted to the annular domain consid-
ered in this work. With reference to Fig. 2, by adopting a
polar coordinate system (R, α), and then selecting number of
turns, nt , and inner/outer ring radii, Rin and Rext , the location

b
Cross Section:

p
R

R

(R , ) t

(R , )

x

y

M
Initial Point

Final Point

Deflection

Fig. 2: Archimedean spiral geometry in the annular frame.

of the initial and final points of the spiral, namely (Rin, αmin)
and (Rext , αmax), can be found by means of the following
relations [43]:

αmax = 2πnt (1)

p =
2πRext

αmax
(2)

αmin =
2πRmin

p
(3)

where p is the pitch between the coils. The shape of the
spiral, to be defined between (Rin,αmin) and (Rext ,αmax), can
be obtained as follows:

R(α) =
pα

2π
(4)

x = Rcos(α) (5)
y = Rsin(α) (6)

To calculate the rotational stiffness, the length of the
flexible element must be determined. As highlighted in
Fig. 2, the central portion of the spiral is considered part of
the rigid inner ring. Therefore, with respect to the central
coordinate system, the characteristic spring length is given
by:

LSp = Ltot −Lin (7)

where

Ltot =
p

4π

[
αmax

√
1+α2

max + ln
(

αmax

√
1+α2

max

)]
(8)

Lin =
p

4π

[
αmin

√
1+α2

min + ln
(

αmin

√
1+α2

min

)]
(9)

If a rectangular cross section, such as the one in Fig. 2 de-
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Fig. 3: Pinned-pinned pre-buckled negators in the annular frame.

fined by width bSp and thickness tSp, is considered, the spring
rotational stiffness along the z-axis becomes [42]:

kSp =
ESpbSpt3

Sp

12LSp
(10)

ESp being the material elastic modulus. The spring reaction
torque for an imposed angular deflection θ is given by:

MSp = kSpθ (11)

and the maximum stress acting on the coils can be found
as [42]:

σSp =
6MSp

bSpt2
Sp

(12)

When large rotations are enforced, undesired contacts
may occur between the spiral and the inner ring. However,
such contacts can be avoided by purposely shaping the inner
ring.

2.2 Pre-Buckled Negator
The proposed zero torque CM comprises a set of nN

negators arranged in a parallel spring configuration within

the annular domain to provide the required compensation.
Provided the beams are equally spaced in the angular do-
main, nN can be arbitrarily selected while still preserv-
ing equilibrium in the initial configuration and thus dur-
ing assembly. Except for nN = 1, which requires a cen-
tral pin to constrain the translation along the horizontal axis,
the equally spaced parallel configurations ensure force and
torque balancing in the initial state (θ = 0 rad). In practice,
the central pin is adopted also for nN = 2, as visible in Fig. 3,
in order to avoid instability along the vertical axis.

In this section, the behavior of a single pre-buckled
beam in the annular domain is analyzed, as visible in the
principle schematic of Fig. 4. The effect of varying nN will
be considered in Sec. 2.3. The negator is simply a pinned-
pinned straight beam with a constant rectangular cross sec-
tion along the main axis. Its geometry is defined by length
LN , width bN and thickness tN , as shown in Figs. 4(a)-4(b).
Referencing Fig. 4(b) as well as the theory reported in [22],
the behavioral modeling of the beam under axial loads be-
yond the buckling load, Fcr = π2ENIN/L2

N , EN being the ma-
terial elastic modulus and IN = bNt3

N/12 the cross section’s
moment of inertia, can be solved in closed-form resulting in
the following relations:
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Fig. 4: Principle schematic of the pre-buckled negator.

f
LN

=
LN−a

LN
= 2

(
1− E(α)

K(α)

)
(13)

F
Fcr

=
4K(α)2

π2 (14)

δ

LN
=

sin(α/2)
K(α)

(15)

M f max

FcrLN
=

4sin(α/2)K(α)

π2 (16)

where f is the axial displacement of the movable pin, a =
Rext −Rin is the distance between the pins in the deformed
configuration, δ is the maximum transversal displacement
of the beam, M f max is the maximum bending moment act-
ing on the beam, and α is the end rotation of the beam un-
der load. The quadratic functions E(α) = π/2− 0.1α2 and
K(α) = π/2+0.1α2 are used in place of the complete ellip-
tic integrals of the first and second kind [48] to ensure the
closed-form of the problem. By imposing a rotation θ to the
inner ring (see Fig. 4(c)), the distance between the pins can
be expressed as:

c =
√

c2
x + c2

y =

√
(a−Rin (cos(θ)−1))2 +R2

in sin2(θ)

(17)

By introducing Eq. 17 in Eq. 13 (where a becomes c), it is
possible to derive the following expression for α:

α =±
√

5π

√
LN− c
3LN + c

=

±
√

5π

√√√√√ LN−
√
(a−Rin (cos(θ)−1))2 +R2

in sin2(θ)

3LN +
√
(a−Rin (cos(θ)−1))2 +R2

in sin2(θ)

(18)

Equation 18 can be substituted in K(α) and thus entered in
Eq. 14 to find the following solution for F :

F =
16ENINπ2

(3LN + c)2 =

16ENINπ2(
3LN +

√
(a−Rin (cos(θ)−1))2 +R2

in sin2(θ)

)2 (19)

Referring to Fig. 4(d), the torque generated by the negator
can be written as:

MN = FtRin = F cos(π/2−θ−β)Rin (20)

where

θ = arctan
(

Rin sin(θ)
a+Rin−Rin cos(θ)

)
(21)

The maximum stress acting on the beam is reached in the
pre-loaded condition (i.e. for θ = 0). In this configuration,
being f = LN − a (see Fig. 4(b)), the following expression
for α can be directly obtained from Eq. 13:

α =±
√

5π

√
f

4LN− f
(22)

By introducing Eq. 22 in K(α) and then substituting K(α) in
Eq. 16, the following expression for M f max holds:

M f max =

8πENIN sin
(√

5π

√
f/(4LN− f )

2

)
4LN− f

(23)
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Therefore, the maximum stress due to bending can be deter-
mined as [22]:

σN =
6M f max

bNt2
N

(24)

2.3 Optimization Problem
The overall mechanism combines the previous concepts.

The spiral and the negators are arranged in two parallel
planes to avoid mutual interactions. The resulting torque
generated for an imposed rotation θ is given by:

M = MSp(ESp,bSp, tSp,LSp)−nNMN(EN ,bN , tN ,LN) (25)

When designing the proposed mechanism, Rin and Rext
should be considered as input parameters for the problem
because they vary depending on the application. This ap-
plies to the material selection (ESp and EN) as well as to the
number of negators, nN . Since LSp = LSp(Rin,Rext ,nt) and
LN = LN(Rin,Rext , f ) (see Eqs. 9 and Fig. 4(b)), the design
variables become:

• bSp, tSp, bN and tN → cross sections’ dimensions;
• nt → number of spiral’s turns;
• f → initial axial displacement for the negator(s).

Knowing the angular range [0,θmax] to be considered
and the materials’ yield strength, σmax,Sp and σmax,N , the op-
timization problem may be formalized as follows:

Min. Mrms =

√
1
r

r

∑
i=1

[MSpi −nNMNi ]
2 (26)

Constraints→
{

σSp < σmax,Sp
σN < σmax,N

(27)

DesignVar.→



bSp ∈ [bSp,min,bSp,max]
tSp ∈ [tSp,min, tSp,max]
bN ∈ [bN,min,bN,max]
tN ∈ [tN,min, tN,max]
nt ∈ [nt,min,nt,max]
f ∈ [ fmin, fmax]

(28)

where Mrms is the root mean square (rms) value of the mech-
anism torque (see Eq. 25), evaluated by varying θ in a series
of r incremental step within the range [0,θmax]. The imposed
constraints preserve the structural integrity of the members
in the operative range. To ensure the correct negators’ oper-
ability in [0,θmax], the total length LN must be higher than a
minimum value. Being LN = a+ f = (Rext −Rin)+ f , this
condition can be imposed to fmin. With reference to Fig. 4(c)
and to Eq. 17, for a maximum deflection angle equal to θmax,
it is possible to write:

fmin = c(θmax)−a =√
(a−Rin (cos(θmax)−1))2 +R2

in sin2(θmax)−a (29)

1-Input Parameters

R , R

Material Properties

….

2-Optimization

3-FEA Batch Verification

4-Results Comparison

Archimede’s Spiral 

(Positive_Stiff.txt)

FEA_Input.txt
Check Routine

FEA_Output.txt

OptFun.m

(Analytical Model)

Matlab Function

Cyclical Routine

Pre-Buckled Beam

(Negator.txt)

Zero Torque

(ZT_Mechanism.txt)

Fig. 5: Multi-software design tool.

3 Design of Zero Torque Mechanisms

This section provides a detailed overview of the pro-
posed design approach and describes its software implemen-
tation. The overall system, which provides M = 0 in the
range [0,θmax], has been conceived as a combination of two
annular frames: the first frame accommodates the spiral and
the second frame comprises a set of nN = 2 negators (see
Figs. 2-3). The frames are then rigidly connected to each
other at the inner and outer rings. In this work, θmax, which
is envisaged as a design input, is set to 0.7 rad so as to demon-
strate the accuracy of the proposed device within the assump-
tion of large deflections. However, by employing the same
design framework, different θmax values may be set as inputs
to possibly synthesize zero torque CMs with an increased
range of motion. Nonetheless, an extended motion range
may be achieved only if larger stress, along with a lower
accuracy of the reaction torques can be accepted. In addi-
tion, note that the design procedure reported in Sec. 2.3 has
been hereafter employed to synthesize a proof-of-concept
zero torque CM subjected to static loads only, hence neglect-
ing possible fatigue issues.

3.1 Integrated Design Tool

To design the zero torque CM according to the mod-
els reported in Sec. 2, an integrated environment compris-
ing Matlab and ANSYS APDL has been setup [35, 45]. The
Matlab optimization toolbox is used to solve the analytical
problem formulated in Sec. 2.3. Then, the obtained solution
is verified via batch FEA analysis [49]. The general architec-
ture of the proposed software framework, visible in Fig. 5, is
organized in four main sections:

1. Input Parameters: in this section the user can spec-
ify all the input parameters (Rin, Rext , ESp, EN , nN),
the lower/upper bounds for the design variables (see
Eq. 28), and the materials’ elastic limit (σmax,Sp, σmax,N);

2. Optimization: in this section the optimization expressed
by Eqs. 26-28 is solved by means of a gradient-based
routine [50]. The behavioral model, characterized by the
equations reported in Secs. 2.1-2.2, is stored in an exter-
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Fig. 6: Representation of FE parametric models also depicting the element types.

nal function (OptFun.m), which provides the numerical
value of Mrms for each of the candidates;

3. FEA Batch Verification: in this section the optimal con-
figuration is tested via 1D batch FEA. Three separate
APDL scripts are used to singularly investigate the be-
havior of the spiral, the negators and the overall zero
torque mechanism. The optimal variables set, i.e. the
one found in the previous section and composed of the
entities visible in Eq. 28, is stored in an external file
(FEA Input.txt in Fig. 5) and then used to setup the FE
models. All the scripts provide the automatic geometry
generation, the meshing and the boundary conditions.
The simulation outputs are saved by ANSYS in another
external file (FEA Output.txt in Fig. 5) and are then pro-
cessed by Matlab;

4. Results Comparison: this section provides a list of the
optimal variables set and a comparison between the out-
puts achieved with analytical and FEA models on the
optimal configuration.

The FE models are shown in Fig. 6. All the beams are
meshed with Beam 188 elements (quadratic shape functions).
MPC 184 rigid elements are used both to model the rigid in-
ner ring and, by setting Keyopt(1)=6, to create the revolute
joint between the negator and the inner ring (see Fig. 6(b)).
The spiral is analyzed in a single load-step by imposing a ro-
tation θ to the central node and by fixing the other extremity,
as in Fig. 6(a). The negator needs a multi-step approach: i) in
the first load-step a displacement ∆x = f and a perturbation
force Fp are applied to the beam, as in Fig. 6(b), to obtain the
pre-buckled state with a limited number of numerical itera-
tions (substeps); ii) in the second load-step, Fp is removed
and, as for the spiral model, the central node is guided in a
rotation θ. As a direct output of the imposed rotation, the re-
action torque and maximum Von Mises stress are evaluated
and exported for both FE models.

3.2 Preliminary Study and Optimal Design

In the following, Rin = 10 mm and Rext = 50 mm are
considered. As for the materials, polypropylene and 1095
spring steel are adopted for the spiral and for the negators

Table 1: Analytical optimization results.

Range Opt. Value

bSp [1,10] mm 6.33 mm

tSp [1,10] mm 3.64 mm

bN [1,10] mm 2.12 mm

f [2.82,10] mm 6.50 mm

respectively. The Young’s moduli are ESp = 1450 MPa and
EN = 190000 MPa, whereas the yield strengths are σSp = 50
MPa and σN = 950 MPa.

Before considering the optimization process, a small
parametric study has been conducted via the software frame-
work in Fig. 5 on both the positive and the negative stiffness
structures to validate the analytical formulations. By impos-
ing bSp = 10 mm, tSp = 3 mm, bN = 10 mm, tN = 1 mm and
by considering ESp = EN = 1450 MPa, the effect of the spi-
ral and of the single negator are analyzed via batch FEA for
an imposed rotation θ = 0.7 rad. The results are reported in
Fig. 7. In particular, Fig. 7(a) reports the torque-deflection
relationships achieved on the spiral for 1≤ nt ≤ 10, whereas
Fig. 7(b) shows the single results of the negator with an im-
posed pre-buckling displacement f = 6 mm. The following
considerations can be made:

• the analytical model captures the spiral’s behavior ac-
curately only for nt ≥ 4, as clearly shown in Figs. 7(a)-
7(c)-7(d). The errors decrease as much as nt increases;
• the analytical and FEA results match very well for the
negator, as visible in Fig. 7(b). The torque-deflection re-
lationship is affected by a rms error equal to 0.04 Nmm,
and the maximum stresses differ of about 2.1%;
• the negator shows a remarkable loss in linearity for
θ≥ 0.28 rad.

On the basis of this discussion, nt = 4 is considered to ensure
accuracy in the analytical calculations and limit the spiral’s
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Fig. 7: Comparison between analytical and FEA results for an imposed rotation θ = 0.7 rad.

shape complexity within the radial range [Rin,Rext ] in view
of the manufacturing process. Moreover, since the negators
are made of spring steel, it is convenient to cut a commercial
sheet with a pre-defined size instead of trying to machine a
precise thickness (i.e. the one obtained after the optimiza-
tion). Consequently, by considering tN = 0.26 mm, the de-
sign variables become bSp, tSp, bN and f (see Eq. 28 with-
out nt and tN). Imposed range of variation for each design
variable and optimal values are summarized in Tab. 1. Wide
ranges have been set for each design variable by consider-
ing the technological limits. Then, as specified in Sec. 2.3,
Eq. 29 is used to define the lower bound for the variable f .
A gradient-based interior-point algorithm (fmincon) has been
set to solve the problem. Being the cost function non-convex
in the design domain, in the attempt to avoid local minima,
several starting points are considered in the optimization by
adopting the GlobalSearch option within the fmincon rou-
tine. The simulations have been performed on a personal
computer with an Intel(R) Core(TM) CPU @ 2.5 GHz and 16
GB RAM. The total elapsed time for the optimization study
is 2.3 s. Then, each of the 1D batch FEA simulations in Fig. 5
took less than 15 s to be completed. Figure 8 reports the op-
timal configuration of the proposed CM. Overall, the results
show good agreement. With reference to Fig. 8(c), both the
analytical and FEA results are affected by an acceptable er-
ror with respect to the ideal zero torque characteristic, quan-
tifiable as Mrms,An = 1.33 Nmm and Mrms,FEA = 0.72 Nmm.

By comparing Fig. 8(a) and Fig. 8(b), these errors may be
attributed to the difference between the spiral and negators
characteristics. As highlighted in Fig. 7(b), the negators
show an evident change in the trend for large deflections. On
the contrary, the spiral behaves as a quasi-linear spring in the
whole angular range. Therefore, a complete compensation
cannot be achieved. The discrepancy between the analytical
and the FEA data is mainly due to the slight differences be-
tween the behaviors shown in Fig. 8(a) (see also Fig. 7(c)
with nt = 4). Concerning the maximum stress, the spiral
reached 3 MPa (3.94 MPa with FEA) at the maximum ro-
tation θ = 0.7 rad, and the negators reached 930 MPa (780
MPa with FEA) in the pre-loaded state. The CAD overview
of the zero torque CM is shown in Fig. 8(d). A final FEA
simulation has been performed to analyze the synthesized
CM in the opposite direction, namely in the range [−0.7,0]
rad, highlighting the following results:

• the Archimedean spiral (Fig. 2) provides a quasi-
symmetric behavior when a rotation is enforced in either
clockwise or anti-clockwise directions;
• the negator presents a symmetric behavior, as it may
be expected by analyzing Eq. 17 and Fig. 4(c);
• the overall rms torque is equal to Mrms,FEA = 0.73
Nmm.

Therefore, the CM performance may be reasonably extended
to the whole angular range, i.e. [−0.7,0.7] rad.
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Fig. 8: Comparison between analytical and FEA results for an imposed rotation θ = 0.7 rad.

4 FEA Shape Optimization

In the previous sections, a feasible design was presented.
Simple analytical formulations can be used to synthesize a
multi-material zero torque CM with a limited computational
cost. However, as discussed in Sec. 3.2, a constant stiffness
structure (as the one described by Eq. 10) cannot balance the
negators for very large deflections. To overcome this issue,
a second prototype is proposed where two spline beams are
used in place of the spiral to balance the negators input. A
more compact solution can be achieved with all the elements
in a single annular frame (Rin = 10 mm, Rext = 50 mm), as
shown in Fig. 1(a). The aim is to reduce the rms torque
(i.e. Mrms) in the operative range [0,0.7] rad. By adopting the
previous optimal negators, whose dimensions are reported in
Sec. 3.2, two identical spline beams that provide a response
symmetric to the one reported in Fig. 8(b) have been synthe-
sized. The behavior of spline beams undergoing large deflec-
tions cannot be easily modeled via theoretical approaches.
Hence, a FEA optimization is carried out to generate spline
beams that match a prescribed torque-deflection characteris-
tic [4, 44, 51, 52]. The study is performed using the frame-
work visible in Fig. 9, namely a simplified version of the one
shown in Fig. 5. A Matlab script manages the optimization
(pre/post-processing and ANSYS batch execution), whereas
ANSYS APDL is used to provide the torque-deflection re-
lationship of each candidate and the maximum Von Mises

stress. The objective function is calculated in Matlab as fol-
lows:

erms =

√
1
r

r

∑
i=1

[|MNi |−Mi]
2 (30)

where erms is the rms value of the error between the reference
behavior, namely the one in Fig. 8(b) reversed in the positive
plane, and the i-th FEA response (i.e. Mi). The number of
substeps, r, is set equal to 10. The FE parametric model
is shown in Fig. 10: the beam axis is defined by a cubic
spline [4] that is forced to pass through a set of six inter-
polation points (pin, p1, p2, p3, p4, pext ). Note that pin and
pext are placed to the inner and outer ring respectively, thus
only their characteristic angle must be considered in the opti-
mization. As compared to straight segments, the use of spline
functions ensure lower stress concentrations where the struc-
ture undergoes changes in the curvature [4, 44]. The spline
beam is made with polypropylene and is characterized by a
constant cross section, defined by width bb and thickness tb.
The new design variables are:

• bb and tb → cross sections’ dimensions;
• rpi , i = 1, ..,4 → radius of each interpolation point;
• ϕpi , i = 1, ..,4, ϕpin , ϕpext → angle of each interpola-
tion point.
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In line with the previous optimization study (see Eqs. 26-28),
a constraint on the maximum stress is added to the algorithm
to exclude all the candidates that exceed the yield strength
(55 MPa) during the simulation. To increase the com-
putational efficiency, a single spline beam is parametrized
and then tested with FEA. Differently from the optimiza-
tion problem reported in Sec. 2.3, which leverages analytical
models, in the current procedure an explicit correlation be-
tween the design variables and the cost function is not avail-
able. An approximate correlation, namely a surrogate model,
may be retrieved by means of the design of experiments and
the response surface modeling techniques [50]. However,
the large number of design variables would considerably in-
crease the total number of FEA simulations to be performed,
especially if the full-factorial discretization is adopted. On
the contrary, genetic algorithms do not provide as an output
the aforementioned correlation but they can manage a very
large number of design variables and they converge after a
relatively limited number of iterations. Therefore, on the ba-
sis of the results presented in [4, 44, 52] for similar devices,
in this work, a genetic algorithm has been used to optimize

Table 2: Shape optimization results.

Range Opt. Value

bb [1,10] mm 3.81 mm

tb [0.5,5] mm 0.80 mm

rp1 [11,21] mm 13.29 mm

rp2 [22,26] mm 25.00 mm

rp3 [27,32] mm 28.21 mm

rp4 [33,49] mm 35.00 mm

ϕp1 [1,2.5] rad 1.61 rad

ϕp2 [1,2.5] rad 1.56 rad

ϕp3 [1,2.5] rad 1.40 rad

ϕp4 [1,2.5] rad 1.13 rad

ϕpin [1,2.5] rad 1.77 rad

ϕpext [1,2.5] rad 1.75 rad

the shape of the spline beams.
The optimization has been run with 100 generations and

30 candidates for each generation. Each batch FEA takes
3− 5 s to be completed in ANSYS. By adopting a function
tolerance equal to 10−4, the convergence has been reached
after 90 generations and total time equal to 180 min. The
optimal variables set, reported in Tab. 2, allows to match the
negator trend with good accuracy, as visible in Fig. 11(a),
which shows the contributions of both the spline beams in
parallel spring configuration. The final torque-deflection re-
lationship, resulting from the new stiffness compensation, is
reported in Fig. 11(b). The overall rms torque has been sig-
nificantly reduced with respect to the prototype in Fig. 8(d),
i.e. from Mrms,FEA = 0.72 Nmm to Mrms,FEA = 0.30 Nmm.
As a drawback, the asymmetric behavior of the spline beams
limits the use of the second prototype in the range [0,0.7]
rad. However, by setting any intermediate positions as refer-
ence position, the CM can be utilized in both directions. The
new mechanism is shown in Fig. 11(c). The maximum stress
acting on the spline beams is equal to 39 MPa for a deflection
of θ = 0.7 rad.

5 Experimental validation

Physical prototypes have been fabricated and tested to
validate the predicted torque-deflection behaviors. By na-
ture, CMs can be difficult to produce using both additive
and subtraction manufacturing methods. Conventional and
climb milling, as well as 3D printing (fused deposition mod-
eling) often result in unacceptable variation when creating
thin members. Therefore, the annular frames, the spiral and
the spline beams have been manufactured by means of a 3-
axis Haas DM1 CNC machine. In line with the calculation,
the specimens are made of polypropylene whereas the nega-
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Fig. 12: Second prototype - static balancing in different angular positions.

tors are cut from a commercial spring steel sheet (0.26 mm
thick). The negator pins are realized by direct contact of the
thin beam against “V” sockets cut into the inner and outer
rings. The pre-loaded condition, shown in Fig. 4(b), is real-
ized by fixing both rings to the ground and by imposing the
axial displacement, f , to the beams.

The high accuracy of the machined parts can be seen
in Fig. 12, which shows a complete balancing of the second
prototype for different angular positions in the range [0,0.7]
rad. It should be noted that the spline beams ensure the ver-
tical stability in the undeflected configuration with nN = 2,
limiting the need of a central pin to the first prototype only.

Both the specimens have been tested with the experi-
mental setup shown in Fig. 13. The system is composed of
a worm-wheel gearset that acts on a shaft, an Omega TQ103
socket torque gauge and a US Digital optical encoder. A
shape coupling is used to connect the shaft extremity with
the inner ring. The outer ring is then fixed to the ground
through a connection member (shown in Fig. 13). The shaft
is manually actuated and both angular position and reaction
torque are acquired using a Labview interface. The results of
the test are plotted in Fig. 14. FEA and the experimental data
show good agreement for both prototypes, confirming the ac-
curacy of the proposed modeling approach. The discrepancy
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Fig. 14: Comparison between predicted and measured behaviors.

between the data may be mainly due to:

• small defects in the machined parts;
• uncertainties in the material properties;
• the FE model (mesh quality and settings);
• the non-ideal pins (contact between the negators and
the “V” sockets);
• the user’s irregular action during the manual deflection
of the specimens.

6 Conclusions

This paper presents innovative concepts for a compact
zero torque CM and illustrates their design. Statically bal-
anced CMs have been presented in literature, although their
size and shape do not allow for easy or practical implemen-
tation. The proposed device consists of a simple annular
frame to maximize its applicability and scalability. The sys-
tem is synthesized by exploiting the stiffness compensation
method, i.e. by adopting elastic elements that provide oppo-
site responses in terms of reaction torque for an imposed ro-
tation. Pinned-pinned pre-buckled beams between the inner
and the outer rings of the frame are used as negators. Two
prototypes are presented, modeled and optimized to obtain
the zero output between θ = 0 rad and θ = 0.7 rad. The first

prototype combines the effects of an Archimedean spiral and
of a set of two pre-buckled beams. Analytical models for
both the spiral and the negators are provided. An integrated
tool comprising Matlab and ANSYS is developed to design
the mechanism.

The analytical and FEA data are consistent and the over-
all behavior is quasi-symmetric for positive and negative ro-
tations of the inner ring. However, the negators show a re-
markable nonlinear trend for large deflections (an evident
loss in linearity after θ ≥ 0.28 rad), limiting the accuracy
of overall mechanism output.

As an attempt to reduce the compensation error and to
further increase the mechanism compactness, a second pro-
totype has been proposed. In particular, a set of two spline
beams are employed in place of the spiral to obtain a non-
linear positive spring capable of counteracting the negators.
The shape and size of the spline beams have been optimized
via a genetic algorithm and batch FEA simulations. As a
result of the numerical optimization, the accuracy of the
zero torque mechanism significantly increased. However, the
asymmetric behavior of the spline beams limits the use of the
second prototype in the pre-defined interval.

Lastly, physical prototypes have been produced with a 3-
axis CNC machine and tested with a rotational setup. The ac-
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quired torque-deflection relationships matched with the pre-
dicted behaviors and confirmed the validity of the proposed
design approach.
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