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Abstract

The aim of this thesis is to study the possible astrophysical and cos-

mological applications of Extended Theories of Gravity. In particular,

we will study Neutron Stars, both on astrophysical and cosmological

scale where, at cosmological level, they can assume a macroscopic con-

figuration, i.e. a cosmological probe, which can be represented like a

Fermionic condensate. The goal is to provide answers consistent with

observational evidences that are not justified by General Relativity.

In fact, in the Einstein theory and on astrophysical scale, the max-

imum allowed mass for the Neutron Stars, called Chandrasekhar’s

limit, is not confirmed by the observations since there exist observa-

tional evidences of Neutron Stars that exceed this limit, i.e. exceed

the upper limit that the mass of a stable body composed of degener-

ate matter can have. So, the canonical theories need to be reviewed

and integrated with new models that can provide a description that

is compatible with the observations. Furthermore, on cosmological

scale, standard theories fail to perfectly describe the formation of the

large-scale structure of the universe (dark matter concept) and the

accelerated expansion of the universe (dark energy concept). A cos-

mological theory, with Fermionic condensate non-minimally coupled

with the gravitational field, tries to describe a cosmological model us-

ing a classical approach where the condensate, being a Neutron Star

a good approximation, could provide us an evolutionary model that



can be consistent with the Lambda Cold Dark Matter ΛCDM model.

Having problems on different scales, we will study first Neutron Stars

as a single, non-rotating object in Extended Theories of Gravity. In

particular, we will use the f(R) theory, i.e. described by all classes of

lagrangians that are written as a generic function of the Ricci scalar.

We shall derive the stellar structure equations, namely the Tolman-

Oppenheimer-Volkoff equations, both in the metric and in the metric-

affine case (with torsion and spin). We will see how the torsion and

the spin terms could be gravitational field sources for these stars and

how these two theories, comparing them, could provide us information

on the mass excess obtained from the observations. Therefore, the

goal is to identify possible stable configurations of Neutron Stars not

justified and foreseen by General Relativity. This is possible by solving

numerically the Tolman-Oppenheimer-Volkoff equations and plot the

Mass-Radius relation, which is the most important representation of

this stars and it is uniquely related to the choice of the equation of

state of the dense matter.

We will consider the Starobinsky model and then we will study re-

alistic Neutron Stars using appropriate equations of state that are

compatible with the LIGO experiment constraints, which allow us

to discard a consistent number of equations of state that could be

incompatible with a internal structure of a compact star. Since there

are no observational evidences that allow to obtain information on

the internal structure of a Neutron Star, in the literature there are

a hundred possible candidates of equations of state. Therefore, the

choice of these equations is very important. By making this oppor-

tune choice, we will plot these diagrams, will quantify the parameters



of these objects and, then, will compare the results of the two theories

and we will see what the effects will produce. We will see how the

effects due to torsion tend to oppose the increases of the star mass,

while this effect does not happen in the metric case. We will see how

it is possible to obtain stable configurations not justified by General

Relativity and, in addition, we will see how a metric theory is better

suited to describe more compact objects respect than a torsion theory

more suited to describing less compact objects.

Then, subsequently, on cosmological case, we will compare theoret-

ical predictions with observations for a class of cosmological models

in which the dark energy component is modeled as a Fermionic con-

densate, non-minimally coupled with the gravitational field and char-

acterized by some specific self-interaction potentials. Our analysis

will be based on the Markov Chain Monte Carlo Method and will be

employed different data sets. It turns out that, with an appropriate

choice of parameters, our models are fully compatible with several

observed data. We will combine these parameter values with phase

space analysis to deduce the features of the entire cosmic history of

the considered models. Moreover, in the phase space analysis, the

strong constraint that comes from the Dirac equations allows us a

detailed design of the cosmology of the models considered, guarantee-

ing an evolution towards a state indistinguishable from the general

relativistic cosmological models. In fact, these specific potentials are

able to reproduce in a natural way an accelerated expansion phase,

where the exponential potential is able to induce two de Sitter phases

separated by an expansion with a power law that could be for the

unification of a phase inflationary and a dark energy era.
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Chapter 1

Introduction

Many fundamental physical problems, in General Relativity context, concern

the limitations of the Einstein theory, both on astrophysical and cosmological

scales, in extreme/strong gravitational regimes has. In fact, on astrophysical

scales, compact objects, such as Neutron Stars, are astrophysical objects that

can only be described with the General Relativity theory. These relativistic stars

are natural laboratories for studying the behavior of high-density nuclear matter

using an appropriate equation of state, which relates the pressure and density of

degenerate matter. This allows us to obtain the Mass-Radius relation and other

macroscopic properties such as the tidal deformability and the stellar moment of

inertia [1].

Since the internal structure of a Neutron Star can not be reproduced in the

laboratory because of the extreme conditions in which it operates, only theoretical

models can be formulated where there are a very large number of candidate

equation of state. The astrophysical measurements of the macroscopic properties

of the Neutron Star are very useful because they allow us to understand what

can be the realistic equation of state. In fact, they can provide information on

whether the equation of state is soft, i.e. more compact and less deformable,

1



or stiff, i.e. less compact and more deformable, and what is the pressure and

density of nuclear saturation [2; 3; 4; 5]. Therefore, measuring the mass value of

an Neutron Star could help us to describe matter at extreme gravity regimes.

Einstein’s theory describes accurately the physical properties that govern the

stability of Neutron Stars where Chandrasekhar, considering degenerate matter,

fixed a theoretical upper limit of 1.44M� so that the stability of a non-rotating

degenerate star is conserved [6]. Instead, as confirmed by various astrophysical

observations, there exist binary systems with Neutron Star with a mass larger

than this well known limit [7; 8; 9; 10; 11].

These observational evidences, have already been studied in several previous

works (in the metric formalism) [12; 13; 14; 15; 16; 17], where Extended Theories

of Gravity are used and in particular the f(R) gravity, i.e. classes of Lagrangians

that are written as a generic function of Ricci scalar. The primary goal is to

obtain the Mass-Radius relation for a Neutron Star that allows us, in principle,

given an equation of state, to derive the maximum mass value, radius and all

other macroscopic observables of Neutron Stars.

The use of f(R) theories and the presence of these objects in the Universe,

could give useful gravitational probes to survey still unresolved questions such

as the problem of the accelerated expansion of the universe, called dark energy,

where the expansion is confirmed by several observations highlighted in many

works [18; 19; 20; 21; 22; 23], and the problem of the formation of large-scale

structures, called dark matter. Unlike the cosmological model called as Concor-

dance Lambda Cold Dark Matter (ΛCDM) Model [24; 25; 26], with the f(R) theo-

ries, instead, are obtained similar results without considering any dark component

but expanding the gravitational sector (see [27; 28; 29; 30; 31; 32; 33; 34; 35] for

more information).

Furthermore, these theories, are having a growing interest because they allow a
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good description of the gravitating structures by providing the main contribution

to the non-baryonic dark matter of the Universe by means of the extra scalar

mode ([36; 37] for explicit examples), together with the possibility to unify the

cosmic acceleration [38] and the early-time inflation through, for instance, the

Starobinsky inflationary R2-model [39], thus leading to a complete picture of the

evolution of the Universe [29; 40; 41; 42; 43; 44; 45; 46] and large-scale structures

therein [47; 48; 49].

Unlike the works present in the literature, in this thesis we will plot the M− R

diagram, using realistic equation of state compatible with the LIGO constraints

[50] for a particular Lagrangian, using two different theories, the purely metric

theory (that is the one used in literature) and the f(R) gravity with torsion

theory, allow to introduce the spin in General Relativity [51]. In this theory, the

torsion field is due to the non-linearity of f(R) model. These theories allow us

to use spin, which is as important as the mass of particles, introducing torsion

where mass (energy) is a source of curvature and spin is a source of torsion. In this

way the torsion contributions could provide us additional information to various

astrophysical scales, including compact stars, thus obtaining more compatible

results in extreme gravity regimes where General Relativity has its own limits.

Studying massive Neutron Star means having an excellent investigation tool,

in extreme regimes where General Relativity exhibits some limitations too, both

on astrophysical and cosmological scales and could be what is called the Prova

Regina to test the validity of modified theories of gravity, verify their compatibil-

ity with observations and to distinguish General Relativity from its extensions.

All this could provide more information so that a consistent description can be

given to unsolved problems above, i.e. the dark matter problem in the astro-

physical context and the dark energy problem and early inflation at cosmological

level.
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Studying these objects means writing the modified Tolman-Oppenheimer-

Volkoff equations for f(R) gravity. These equations describe or constrain the

structure of a spherically symmetric body composed of isotropic material which

is in static gravitational equilibrium. In General Relativity, are derived start-

ing from the Einstein field equations considering a general spherically symmetric

metric time-independent. These equations, connected by an equation of state

which relates the pressure to the density, completely determine the structure of

a spherically symmetric body of isotropic material in equilibrium [52].

Considering the Extended Theories, the various derivation steps are the same

but the starting from field equations are different both from General Relativ-

ity and between the two formalisms used, i.e. the metric and the metric-affine

formalisms. In this thesis, we will be write the Tolman-Oppenheimer-Volkoff

equations in f(R) gravity using both formalisms. In the torsional theory, tor-

sion will be introduced considering fluids without spin and, subsequently, we will

consider Weyssenhoff spin fluids in addition to torsion.

One of the goal of this thesis is to obtain realistic M− R relation by solving

numerically the Tolman-Oppenheimer-Volkoff completely modified system equa-

tions [52], where we consider the quadratic corrections to the Ricci scalar. All

this allows us to compare exactly the data of the two theories and to see how

these differ from those of General Relativity and bring out the strong gravity

regimes that condition the aforementioned relation.

The study of compact objects could be an excellent tool for confirming or re-

futing these theories because it would allow us to investigate situations in extreme

gravity regimes, being able to distinguish general relativity from its extensions.

In the literature, new theoretical star structures have been obtained that are im-

portant confirmations for extended gravity[53; 54] by making hypotheses as in

[55].

4



Therefore, on astrophysical scale, studying the massive Neutrons Stars with

the Extended Theories of Gravity, may provide answers concerning the existence

of a class of objects not foreseen and justified by General Relativity that could

be cosmological probes that could provide a description more consistent with

cosmological models where the dark energy component is present. In fact, in

this thesis, using a non-minimally coupled theory, we will see how the use of a

Fermionic condensate non-minimally coupled with the gravitational field, allow

us to describe the dark energy component quite faithfully. Condensate cosmol-

ogy [56] is a way of describing the expanding accelerating universe. Indeed, on

cosmological scales, the primary goal of modern cosmology is to solve the prob-

lem of accelerated expansion of the universe, confirmed by several observations

highlighted in many works [18; 19; 20; 21; 22; 23], These observations show that

the standard cosmological model is inadequate for describing the universe under

extreme conditions because the hypotheses of a universe containing only matter

and radiation is not sufficient.

An explanation for a possible solution to this problem is to assume the ex-

istence of a cosmic fluid consisting of non-standard matter with an equation of

state p = −ρ that is not stored on large-scale structures where dark energy is

associated with the Einstein cosmological constant which includes 68.3% of the

universe, while 31.7% of the universe consists of 4.9% for baryonic matter and

cold dark matter for 26.8% which would explain the large scale structure.

This model is in agreement with the data provided from the observations

and is called (ΛCDM) Model [24; 25; 26], but despite all this, presents some

inconsistencies from the theoretical point of view. In fact, a discrepancy of 120

orders of magnitude emerged between the observed value of the cosmological

constant at the cosmological level and the one predicted by any quantum gravity

[57]. This inconsistency, is known as the cosmological constant problem. In the
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last years, a large quantity of observational data revealed that the present universe

is experiencing an accelerated expansion (see for instance [58; 59; 60; 61]), which

is usually assumed to be driven by a new form of matter–energy: dark energy.

As previously stated on astrophysical scale, also on cosmological scale is pos-

sible to use another approach to study these problems, i.e. modify the Einstein

theory where the General Relativity is limited to the description of the universe

on solar system scales and, as a consequence, going beyond these scales, the

observational effects of this inadequacy manifests itself in the dark matter and

dark energy form. These considerations allow us to propose alternative theories

of gravity where results are obtained without considering any dark component

where, in previous works [27; 28; 29; 30; 31; 32; 33; 34; 35], an accelerated ex-

pansion of the universe consisting of observations has been obtained, expanding

only the gravitational sector.

Going into more detail, these theories allowed to reproduce the Hubble dia-

gram derived from Type Ia Supernovae surveys [62; 63], the anisotropies observed

for Cosmic Microwave Background (CMB) [64; 65] and, recently, that the exis-

tence of a Noether symmetry in Extended Theories of Gravity gives rise to a

further gravitational radius determining the dynamics at galactic scales, where it

is possible to explain the baryonic Tully-–Fisher relation and the rotation curve

of gas-rich galaxies without the dark matter hypothesis [66].

In the current state, the nature of dark energy is still completely unknown.

Some of the theoretical frameworks proposed to understand this issue include a

non zero cosmological constant, the potential energy of some scalar field, effects

connected with non homogeneous distributions of matter and averaging proce-

dures, and effects due to alternative theories of gravity. Among the latter, the so

called scalar-tensor gravitational theories, arising in other contexts like for exam-

ple the low energy limit of Kaluza-Klein gravity or the quantum field theory in
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curved spacetimes [67; 68], have been widely investigated in both the scenarios

of the early and late universe expansions. The peculiar feature of these theories

is the non minimal coupling of gravity with a given scalar field. Recently, it is

has been suggested that such a scalar field is not fundamental but it may be

constituted by a fermion condensate.

In cosmology, fermion fields have been studied as possible sources of inflation

and dark energy [69; 70; 71; 72]. In most cases, fermions fields are minimally

coupled to gravity; only recently, few works have instead investigated the cosmo-

logical effects of non–minimally coupled condensates of semi–classical fermions

[73; 74; 75; 76; 77]. Differently from other scalar-tensor models, the fermion

condensate are characterized by an easier first order evolution equation. This in-

duces a number of peculiar features which have been described for the first time

via phase space analysis in [76] for a non–minimally coupled fermion condensate

characterized by three different potentials. The dynamical system approaches and

methods that have been used in [76] have been known for long time in General

Relativity based cosmologies [78], and more recently in the context of modified

gravity (see [79] for a recent review), allowing a relatively easy semi-quantitative

interpretation of complex cosmological models.

In this thesis, we aim to perform a comparison of the models introduced in

[76] with observations and more specifically with the Union2 Type Ia Supernovae

data set, the Gamma Ray Bursts Hubble diagram, a sample of 28 measurements

of the Hubble parameter compiled in [80], the gaussian priors on the distance

from the Baryon Acoustic Oscillations and the Hubble constant h (such priors

have been included in order to help break the degeneracies among model param-

eters). The statistical analysis on these datasets is based on Monte Carlo Markov

Chains simulations which allow us to compute, simultaneously, the full probabil-

ity density functions of all the parameters of interest. We will show that a value
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of these parameters exists which is able to match these data to the non-minimally

coupled condensate theory. Their values will be used in combination with phase

space analysis to deduce global features of the cosmic history suggested by these

theories. For this purpose, we will give here a set of dynamical system variables

different from the ones employed in [76]. Such new setting is required because the

phase space description in [76] was not compact and the data analysis suggests

that the present universe is on an orbit that would go to the infinite boundary.

The new formulation, instead, is compact and will allows us to explore with-

out problems the entire cosmic history selected by the values the observational

parameters.

Therefore, what we can say is that: in this thesis, we will see the possible

astrophysical and cosmological applications of Extended Theories of Gravity. We

will see how a theory f(R) can be useful to describe Neutron Stars not justi-

fied by General Relativity and how they can be used as cosmological probes, i.e.

Fermionic condensates non-minimally coupled to the gravitational field, which

model the dark energy component present in the universe. The thesis is orga-

nized as follow. In chapter 2, we will see what are the Extended Theories of

Gravity, why there is a need to extend Einstein’s theory, what are the physical

and mathematical motivations and how these theories relate to the Mach prin-

ciple. In chapter 3, we will see the scenarios beyond Einstein’s gravity. We will

derive the field equations both in scalar-tensor and in higher-order theories. In

chapter 4 we will give a brief, phenomenological, overview of what are compact

objects, especially Neutron Stars, and Fermionic condensates. In chapter 5, we

will derive the stellar structure equations for Neutron Stars in f(R) gravity both

in the metric and in the metric-affine case. In chapter 6, we will numerically

solve the Tolman-Oppenheimer-Volkoff equations, we will plot the Mass-Radius

diagrams for a Neutron Star, we will see the possible stable configurations of
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these stars not justified by Einstein’s theory and we will calculate the stellar

parameters (maximum value of mass and radius) and compared in the two the-

ories. In chapter 7, we compare theoretical predictions with observations for a

class of cosmological models in which the dark energy component is modeled as

a Fermionic condensate, non-minimally coupled with the gravitational field and

characterized by some specific self-interaction potentials using the Markov Chain

Monte Carlo Method and employs different data sets. Moreover, we will combine

these parameter values with phase space analysis to deduce the features of the

entire cosmic history of the considered models. In chapter 8, we will discuss the

results, conclusions and future works.

Finally, unless other specified, in this thesis the metric signature is (+,−,−,−),

Latin and Greek indices run from 0 to 3; ∇ denotes the Levi-Civita covariant

derivative associated with a metric tensor gij. Units are used in which the speed

of light c, the reduced Planck constant }, Newwton’s constant G and kB = 8πG

assume the value unity, i.e. (} = c = kB = 8πG = 1). Round and square brack-

ets around indices denote symmetrization and antisymmetrization, respectively,

which include division by the number of permutations of the indices and g de-

notes the determinant of the metric tensor gij. The Riemann tensor is defined by

Rd
cab = ∂aΓ

d
bc − ∂bΓ d

ac + Γ d
ap Γ p

bc − Γ h
bp Γ p

ac , (1.1)

where the Γ c
ab are the Christoffel symbols associated with the metric gij defined

by

∇∂a∂b = Γ c
ab ∂c . (1.2)

The Ricci tensor is obtained by contracting the first and the third index via the

metric gab:

Rab = Rc
acb, (1.3)
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while R ≡ gabRab is the Ricci curvature, � ≡ gab∇a∇b is d’Alembert’s operator

and the subscript 0 identifies quantities evaluated at the present instant of time

in the history of the universe.
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Chapter 2

Extended Theories of Gravity

Summary

In this chapter, we will see the main reasons to need extend Einstein theory,

starting first with why we need to have an alternative theory of gravity. Then,

we will move on to physical and mathematical motivations, also seeing General

Relativity and its extensions. Moreover, we will see how important it is to imple-

ment the Mach principle in the two fundamental branches of extended theories,

i.e. Higher Order Corrections theories to General Relativity and Non-Minimal

Coupled theories. Finally, we will discuss how the Mach principle can be corre-

lated with The Equivalence Principle and how it is connected with the variation

of the Newton gravitational ”constant” G [33].

2.1 Why extending gravity?

General Relativity, formulated by Einstein in 1916, is the most important physical

theory that describes gravitational interaction. In the following years, several

observations, have shown that this theory does not describe correctly all the
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2.1 Why extending gravity?

gravitational physical phenomena consistent with the observations.

The Einstein theory, basically elaborated with a classical approach, studies

at macroscopic level the correlation that exists between space and time and be-

tween matter and gravity. Unlike Newtonian theory, where space and time were

considered as absolute and static physical quantities, in Einsteinian theory, we

have instead a dynamic description of the universe where both space and time are

dynamic quantities that are derived taking into account the distribution and the

matter and energy dynamics. Moreover, this theory has allowed us to describe

the universe on a cosmological scale, thus obtaining the standard cosmological

model that consistently describes some cosmological observables [81].

In recent years, astrophysical and cosmological observations have shown that

General Relativity is inadequate to describe the gravitational interaction at var-

ious energy scales. In fact, for example at the cosmological level, a series of

problems have emerged [82], called The Standard Cosmology Problems, which

show how the standard Big Bang cosmological model fails to perfectly describe

the universe at extreme gravitational regimes. In addition to all this, the gravi-

tational interaction does not yet have a quantum field theory, therefore it cannot

yet be described as a fundamental theory at the quantum level, which happens

with the other fundamental interactions.

Because of all these motivations, a series of semiclassical theories have been

formulated where the Einstein theory and its experimental and observational

evidences can be reproduced. These theories, called Extended Theories of Gravity,

aim to correct and expand General Relativity. This consists in adding higher order

corrective terms in curvature invariants or minimally or non-minimally coupled

scalar fields with gravity that emerge from an effective quantum gravity action

[83].

The introduction of scalar fields in these theories also allows us to fully in-
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2.1 Why extending gravity?

tegrate the Mach principle [84]. According to Mach’s principle the local inertial

frame is determined by the average motion of distant astronomical objects [84].

This feature implies that the gravitational coupling at a spacetime point is not

absolute but is determined by surrounding matter and, therefore, becomes a func-

tion of the spacetime location, a scalar field. As a consequence, both the concept

of inertia and the principle of equivalence need to be revised. In this perspective,

the Brans-Dicke theory [85] is the prototype of the extended theories of gravity.

In fact, Newton’s gravitation ”constant”, variable in this theory, corresponds to

a scalar field non-minimally coupled with geometry and represents a more sat-

isfactory implementation of the Mach’s principle respect to General Relativity

[85; 86; 87].

Furthermore, every scheme unifying the fundamental interactions produces

effective actions in which non-minimal couplings to the geometry or higher order

terms in the curvature invariants are necessarily present. Such contributions are

due to first or higher loop corrections in the high curvature regime approaching

the full quantum gravity regime [83]. This scheme was adopted in the quantiza-

tion of matter fields on curved spacetimes and the result was that the interactions

between quantum scalar fields and the background geometry, or the gravitational

self-interactions, yield corrections to the Hilbert-Einstein Lagrangian [88]. More-

over, it has been realized that these corrective terms are unavoidable in the ef-

fective quantum gravity actions [89]. Thus, in these theories corrective terms are

added, as soon as quantum corrections are introduced, to the Hilbert-Einstein

Lagrangian [88], which can be the higher order invariants of the curvature tensor

or non-minimal coupling terms between matter scalar fields and geometry.

In addition to motivations essentially of fundamental physics, Extended Theo-

ries show, at a cosmological level, an inflationary behavior that allows to overcome

the gaps provided by the standard Big Bang model based on the Einstein the-
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2.2 Physical and Mathematical Motivations

ory. These inflationary scenarios seem able to justify recent observations of the

Cosmic Microwave Background CMB [40; 90; 91].

Finally, it has been shown that, by using of conformal transformations, the

higher order corrective terms and the non-minimally coupled ones always corre-

spond to one or more scalar fields minimally coupled to the curvature, which are

added to the General Relativity [92; 93; 94; 95; 96; 97]. These properties allow

us to describe multiple inflationary events where a primary phase could describe

large-scale structures with very long wavelengths that then develop into today’s

galaxy cluster observations, while a later phase stage could choose smaller scale

structures like the today’s observed galaxies [98]. Consequently every inflationary

era is linked to the dynamics of a scalar field.

2.2 Physical and Mathematical Motivations

The need to extend General Relativity is fundamentally due to physical (astro-

physics and cosmology) and mathematical motivations. For a detailed quantum

gravity motivations see [88; 99; 100; 101; 102; 103; 104].

The goal is to have descriptions that are consistent with the data taken in

recent years. As mentioned in the previous section, these theories could play

a fundamental role in the description of the early universe, i.e. to re-examine

the standard cosmological scenarios that lead to inflation. Therefore, thanks to

the data accumulated in the last period, could have a new cosmological model

called ΛCDM model. The first evidence that the universe is actually in a phase of

accelerated expansion it occurred by making measurements of the Hubble diagram

of Type Ia Supernovae [18; 19; 105; 106] with z ∼ 1. Other experiments [107; 108],

determined the position of the first two Doppler peaks in the spectrum of CMB

anisotropies, describing a universe with flat spatial sections.
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2.2 Physical and Mathematical Motivations

Information originated by these data, indicates that the universe is dominated

by a cosmic fluid with negative pressure (called dark energy) that is responsible

for accelerated expansion. This phenomenon is further confirmed by recent mea-

surements of the CMB spectrum from the Wilkinson Microwave Anisotropy Probe

WMAP satellite experiment [21; 109; 110] and from the extension of the Type Ia

Supernovae Hubble diagram to redshifts larger than one [20].

A simplest explanation for the cosmic acceleration is the well known cosmo-

logical constant Λ [111]. This one provides the best-fit to most of the available

astrophysical data [21] but the ΛCDM model does not explain why the deduced

value of Λ is 120 orders of magnitude lower in comparison with the typical value

of the vacuum energy density predicted by particle physics, and why its present

value is comparable to the matter density. This problem is called Coincidence

Problem.

In literature, this problem has been faced developing some models known as

quintessence [112; 113], i.e. replacing the cosmological constant Λ with a scalar

field φ linked to a potential V (φ). This approach, while compatible with data,

does not resolve the coincidence problem because the dark energy and matter

densities have two completely different evolutions and their values are comparable

on very short cosmological times that coincide precisely at the present era. This

problem is The Coincidence Problem of Quintessence.

Unlike an approach that includes exotic matter, the problem has been stud-

ied completely differently. Taking into account the fact that dark energy has a

component consisting of negative pressure matter, that comes to dominate the

dynamics late in the matter era, then the expansion could be explained by con-

sidering a single fluid characterized by an equation of state that acts like dark

matter at high densities, while at low densities it acts as a dark energy.

In these models, known as Unified Dark Energy or Unified Dark Matter mod-
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2.2 Physical and Mathematical Motivations

els, at least at the phenomenological level the coincidence problem is solved nat-

urally. A model used more often, for example, is the condensate cosmology [56].

A different class of Unified Dark Energy models with a single fluid has been pro-

posed [114; 115]: its energy density scales with the redshift z in such a way that

a radiation-dominated era, followed by a matter era and then by an accelerating

phase can be naturally achieved. These models are extremely versatile since they

can be interpreted both in the framework of Unified Dark Energy or as two-fluid

scenarios containing dark matter and scalar field dark energy. A characteristic

feature of this approach is that a generalized equation of state can always be

obtained and the fit to the observational data can be attempted.

There is another, different, way to approach the problem of the cosmic acceler-

ation. As highlighted in [116], it is the possibility that the observed acceleration

is instead the first signal of a breakdown, in the infrared limit, of the laws of

gravitation as we known them. Considering all this, the cosmological equations

are modified and it is verified if the astrophysical data are still adaptable to the

models that contain only standard matter. Examples are the Cardassian expan-

sion [117] and Dvali-Gabadadze-Porrati gravity [118]. Moreover, it is possible

to find alternative schemes in which a quintessential behavior is obtained by in-

corporating effective models coming from fundamental physics and giving rise to

generalized or higher order gravity actions [27] (see [119] for a comprehensive

review).

For instance, a cosmological constant may be recovered as a consequence

of a non-vanishing torsion field, leading to a model consistent with both the

Type Ia Supernovae Hubble diagram and observations of the Sunyaev–Zel’dovich

effect in galaxy clusters [120]. Type Ia Supernovae data could also be efficiently

fitted by including in the gravitational sector higher order curvature invariants

[119; 121; 122; 123]. These alternative models provide naturally a cosmological
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2.2 Physical and Mathematical Motivations

component with negative pressure originating in the geometry of the universe,

thus overcoming the problematic nature of quintessence scalar fields.

All this issues concern cosmological and astrophysical events in strong field

regimes. Coming to the weak-field limit, i.e. considering Solar System scales,

the Extended Theories must reproduce General Relativity which, in any case,

is firmly tested only in this limit and at these scales [124]. Even this limit is a

matter of debate since several relativistic theories do not reproduce exactly the

Einsteinian results in their Newtonian limit but, in some sense, generalize them.

For example, in [125], the R2-gravity give rise to Yukawa-like corrections to the

Newtonian potential with potentially interesting physical consequences. In fact,

such terms, can explain the flat rotation curves of galaxies [126].

Extended theories include a complex and distinct mathematical structure. In

these theories, the gravitational field equations are modified in two ways:

1. The geometry can be non-minimally coupled to some scalar field (scalar-

tensor theories);

2. Derivatives of the metric higher than second order appear (higher order

theories).

The complexity of this mathematical formalism derives from the fact that

more general theories must be reduced to the Einstein form. Through a Legendre

transformation on the metric, higher order theories with Lagrangians satisfying

minimal regularity conditions assume the form of Einstein theory with scalar

fields sourcing the gravitational field [127; 128; 129; 130].

Another issue is the Palatini approach to gravity first analyzed by Einstein

himself [131]. This formalism consider the (usually torsion-less) connection Γ h
ij

defining by Ricci tensor Rij as a quantity independent of the spacetime metric gij.

The Palatini formulation of General Relativity is equivalent to the purely metric
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2.2 Physical and Mathematical Motivations

theory [81; 132] because the field equations for the connection Γ h
ij regarded as a

quantity independent of the metric, yield the Levi-Civita connection of the metric

gij. Thus, the Palatini variational principle is completely equivalent to the metric

one.

This equivalence, on the other hand, is not found in extended theories because

the Palatini and the metric variational principles provide different gravitational

field equations, so describing different physics phenomena [129; 133]. Palatini

approach, in this framework, is useful for many cosmological applications [27;

119; 134; 135; 136; 137; 138]. When these formalisms are used, they must take

into account the fact that, from the physical point of view, in the Palatini case,

the metric structure of space-time is decoupled from the geodetic structure. Since

the causal structure of space-time is described by the metric tensor gij, while the

space-time trajectories of the particles are governed by the connection Γ h
ij , (this

connection, in general is different from Levi-Civita connection of gij for the metric

case), this decoupling further defines the geometry of space-time and generalizes

the purely metric formalism. Therefore, the metric-affine structure of spacetime is

defined into a bimetric structure of spacetime. In addition to the physical metric

gij, a second metric hij is present which is related, in the case of f(R) gravity, to

the connection. The connection Γ h
ij turns out to be the Levi-Civita connection

of this second metric hij and provides the geodesic structure of spacetime.

Instead, in a scalar-tensor theories, if we consider non-minimal coupling inter-

actions in the gravitational Lagrangian, the new metric hij is connected to this

non-minimal coupling and hij can be related to a different geometric and physical

aspect of the gravitational theory. With the Palatini formalism, the non-minimal

coupling and the scalar field entering the evolution of the gravitational fields are

separated from the metric structure of spacetime.

Finally, summarizing it can be said that: taking into account all the physical
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2.3 General Relativity and its extensions

and mathematical motivations, in general, any relativistic theory of gravitation

yields corrections to the weak-field gravitational potentials (e.g., [139]) which,

at the post-Newtonian level and in the Parametrized Post-Newtonian formalism,

could constitute a test of these theories [124]. Furthermore, the gravitational

lensing astronomy [140] is providing additional tests of gravity over small, large,

and very large scales which will soon provide direct measurements of the varia-

tion of the Newton coupling [141], the potential of galaxies, clusters of galaxies,

and several other features of self-gravitating systems. Likely, such data will be

capable of confirming or ruling out as physically inconsistent General Relativity

or Extended Theories of Gravity.

2.3 General Relativity and its extensions

A good relativistic theory of gravity, first of all, must justify a lot of astronom-

ical observations such as mapping the orbits of planets and the potential well

of self-gravitating structures such as galaxies and clusters. Then, a good the-

ory, in weak-field slow-motion limit, must reproduce the Newtonian dynamics.

Moreover, at the Post-Newtonian level, the theory must pass the classical Solar

System tests [124]. At the galactic level, the theory should reproduce correctly

the observed galactic dynamics taking into account the well-known baryonic con-

stituents of the matter as stars, planets, dust, gas and radiation in order to

reproduce the Newtonian potential extrapolated to galactic scales. Then, the

theory must provide a consistent description the problem of the generation of

large scale structures (galaxy clusters, superclusters, etc). Finally, the cosmolog-

ical dynamics must be reproduced: i.e. reproduce cosmological observables such

as Hubble parameter H0 , the deceleration parameter q0, the density parameters,

etc.
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2.3 General Relativity and its extensions

Einstein’s theory satisfies [142], in a certain way, the various requirements

set forth above. This theory describes the structure of the universe as a cosmic

network where space and time intertwine forming a single space-time structure

where, in the limit of zero gravity, he recovers Minkowski’s flat space-time. Using

Riemann ideas, i.e. that the universe is a curved manifold and that its curvature

must be measured by means of astronomical observations [143], Einstein hypothe-

sized that the matter distribution determines, point by point, the local curvature

of this spacetime manifold and, its formulation, assumes three hypothesis on

gravity:

1. The Principle of Relativity : all observers are equally valid for describing

physics. Then, inertial frames are not a priori preferred.

2. The Equivalence Principle: acceleration effects to be locally indistinguish-

able from gravitational effects (i.e. the equivalence between inertial and

gravitational mass).

3. The Principle of General Covariance: the field equations be “generally co-

variant” tensor equations whose form is the same in all coordinate systems,

and states that all coordinate systems are in principle equivalent in the

description of physics [144].

Moreover, one imposes that causality is conserved (Principle of Causality,

i.e., that each spacetime point should admit a notion of past, present, and future

which is the same for all physical observers). It is generally felt that the notion of

causality forbids the presence of closed timelike curves and time travel, although

this belief is rather superficial (see [145] for a discussion and references). In any

case, to enforce the absence of closed timelike curves it is necessary to impose

restrictions on the matter distribution (energy conditions) [132; 146; 147].
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Einstein, in his theory, had to recover the Newtonian gravitation in the low

speed limit and in the weak field limit where space and time are absolute entities.

Then, particles are required to move, in a preferred inertial frame, along curved

trajectories, the curvature of which (i.e. the acceleration) was a function of the

strength of the sources through the “forces”. Therefore, Einstein postulated that

gravitational forces should be described by the curvature of a metric tensor field

gij related to the line element:

ds2 = gijdx
idxj, (2.1)

and that the curvature is locally determined by the distribution of the sources. He

also postulated that spacetime curves onto itself and that its curvature is locally

determined by the distribution of the sources described by the four-dimensional

generalization of the matter stress-energy tensor Σij (a rank-two symmetric ten-

sor) of continuum mechanics. Once a metric gij is given, its curvature is expressed

by the Riemann curvature tensor:

R k
ijh = ∂jΓ

k
ih − ∂iΓkjh + ΓlijΓ

k
lh − ΓlhjΓ

k
li, (2.2)

where the Γhij are the Christoffel symbols associated with the metric gij, while

the Ricci tensor its contraction:

R j
ijh = Rij, (2.3)

while, with another contraction obtain the Ricci or curvature scalar of gij:

R = Rh
h = ghkRhk. (2.4)

Considering the matter distribution like a perfect fluid, the stress-energy ten-
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2.3 General Relativity and its extensions

sor is:

Σij = (ρ+ p)uiuj − pgij, (2.5)

where ui is the 4-velocity of the fluid particles and p and ρ are the pressure and

energy density of the fluid, respectively. The stress-tensor energy Σij must satisfy

the conservation law:

∇iΣij = 0 (2.6)

where ∇i is the covariant derivative operator of the metric gij. The continuity

equation requires Σij to be covariantly constant.

Then, the field equations are (in order to G = 1 = c):

Gij = 8πΣij, (2.7)

where

Gij = Rij −
1

2
gijR, (2.8)

is the Einstein tensor of gij. These equations can be derived by minimizing an

action and satisfy the conservation law (2.6) since the relation

∇iGij = 0 (2.9)

holds as a contraction of the Bianchi identities that the curvature tensor of gij

has to satisfy [81].

The Lagrangian that, when varied, produces the field equations (2.7) is the

sum of a “matter” Lagrangian density Lm the variational derivative of which is:

Σij =
−2√
−g

δ (
√
−gLm)

δgij
, (2.10)
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and of the gravitational (Hilbert-Einstein) Lagrangian

√
−gLHE =

√
−gR, (2.11)

where g is the determinant of gij.

In literature it has been shown that curvature is not a purely metric notion but

is also related to the linear connection defining parallel transport and covariant

differentiation [148] and that the three principles of relativity, equivalence, and

covariance, together with causality, require only that the spacetime structure be

determined by either one or both of two fields, a Lorentzian metric gij and a

linear connection Γhij. The metric gij fixes the causal structure of spacetime (the

light cones) as well as its metric relations measured by clocks and rods and the

lengths of four-vectors. The connection Γhij determines the laws of free fall, the

four-dimensional spacetime trajectories followed by locally inertial observers.

On the basis of all this, it is possible, therefore, to obtain a class of new

gravitational theories, called Extended Theories, because their basic assumptions

are the same as those used by Einstein and Hilbert in the General Relativity

formulation. These are theories in which gravitation is described by either a

metric (purely metric theories), or by a linear connection (purely affine theories),

or by both fields (metric-affine theories). In these theories, the Lagrangian is a

scalar density of the curvature invariants constructed out of both gij and Γhij.

From recent astrophysical observations and from cosmological investigations,

is legitimate to doubt the paradigmatic role played by the Einstein equations

at various scales or to bypass the problem by assuming that the stress-energy

tensor contains matter constituents of exotic nature, namely the dark matter and

the dark energy of our universe. The extended theories, instead, allows us to

take a different path, i.e. modify the geometry of the universe because is a priori

simpler and more convenient to change the geometric/gravitational sector of these
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equations by inserting non-linear corrections to the Lagrangian. In principle, the

action belongs to a vast class of possible actions and, phenomenologically, this

freedom allows it to be chosen on the basis of its best-fit with the available

observational data at all astrophysical and cosmological scales. The fundamental

problem of these theories comes from the fact that there are too many models

that fit well the observations. This depends on the fact that there are a very

large number of free functions and parameters so, consequently, there is a high

risk of losing predictive efficiency. From the theoretical point of view, it makes

perfect sense to give serious consideration to rather well-motivated non-linear

theories of gravity based on non-singular Lagrangians. Instead, the ΛCDM model

is accompanied by exotic matter completely different from the known baryons,

never detected in our laboratories, and segregated at astrophysical scales.

2.4 Mach’s principle and other fundamental is-

sues

Extended theories are originally developed to better understand the concept of in-

ertia, the most peculiar property of mass and today are used to answer unresolved

questions of standard cosmology in order to explain the large-scale distribution of

matter observed in the universe especially when trying to understand what is the

dark matter problem. This motivation allow us to discuss some of the older fea-

tures of extended theories where, for example, the scalar-tensor theory contained

a new important feature, the variability of the gravitational “constant”.

When Einstein formulated his theory in 1916, the technological shortcomings

of the period did not allow it to be tested efficiently. With the development

of new technologies, around the 60s, this theory began to have a new interest

thanks above all to some astronomical discoveries that indicated in the relativistic
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theory of gravity an important role in astrophysics and in cosmology. Moreover,

a more advanced instrumentation in the laboratory, has allowed to have some

more precise tests.

Compared to a slower experimental progress, the theoretical research in Gen-

eral Relativity continued more quickly, obtaining good results that allowed to

understand some crucial aspects of Einstein’s theory such as, for example, the

Kerr-Newman metric, the thermodynamics of black holes and the discovery of

the singularity theorem. In addition to this, new theories were formulated as

Brans-Dicke theory, i.e. the scalar-tensor theory in 1961 [85]. The main moti-

vations driving the formulation of alternative theories were, mainly, the attempt

to obtain a quantum theory of gravity and the introduction and development of

inflationary scenarios.

2.4.1 Mach’s principle and the variation of G

The problem of Mach’s principle states that the local inertial frame is determined

by some average motion of distant astronomical objects [84; 87]. This principle

was incorporated into a metric theory, the scalar-tensor theory, by constructing an

alternative theory to that of Einstein [85]. Taking into account the influence that

the total matter has at each point (constructing the “inertia”), was introduced,

together with the standard metric tensor, a new scalar field of gravitational origin

as the effective gravitational coupling where the gravitational “constant” is a

function of the total mass distribution and of the scalar field, and is variable.

Then, gravity is described by the Lagrangian density

√
−gLBD =

√
−g
[
φR− ω

φ
∇iφ∇iφ+ Lm

]
, (2.12)
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where ω is the dimensionless Brans-Dicke parameter and Lm is the matter La-

grangian including all the non-gravitational fields. Furthermore, there are two dif-

ferent groups called conformal transformations, i.e. Weyl transformations, which

allow a local rescaling of the metric tensor. Extended theories can be conformally

transformed in an Einstein theory with one or more scalar fields. Like in the con-

text of higher order gravity, as emphasized by Dicke [149], the Lagrangian (2.12),

under the conformal transformations

gij → g̃ij = Ω2gij, Ω2 = G0ϕ, (2.13)

become:
√
−gL =

√
−g̃
(
R̃ +G0L̃m +G0L̃Ω

)
, (2.14)

where

L̃Ω = −(2ω + 3)

4πG0Ω
∇h(
√

Ω)∇h(
√

Ω), (2.15)

and L̃m is the conformally transformed Lagrangian density of matter where the

total matter Lagrangian density L̃tot = L̃m + L̃Ω has been introduced. The field

equations are now written in the form of Einstein-like equations as

G̃ij = G0τ̃ij, (2.16)

where

G̃ij = R̃ij −
1

2
g̃ijR̃, τ̃ij = Σij + Λij(Ω), (2.17)

are the Einstein and the stress-tensor energy under conformal transformations

(2.13), while Λij(Ω) is the curvature term. Therefore, “any” equation linear in

Ricci can be recast in Einstein form including the ones in Jordan frame.

This new (tilded, or Einstein frame) form of the scalar-tensor theory has cer-

tain advantages over the theory non-tilded, or Jordan frame form; the Einstein

26



2.4 Mach’s principle and other fundamental issues

frame representation, being similar to the Einstein standard description, is famil-

iar and easier to handle in some aspects as, for instance, for simulating dynamical

space-time scenarios. But, in this new form, Brans-Dicke theory also shows prob-

lems. In fact, if we consider the motion of a spinless, electrically neutral, massive

particle, its trajectory is no longer a geodesic in the conformally rescaled world.

Only null rays are left unchanged because the rest mass is not constant in the

conformally transformed world and the equation of motion of massive particles

is modified by the addition of an extra force proportional to ∇iΩ [149]. Photon

trajectories, on the other hand, are not modified because the vanishing of the

photon mass implies the absence of a preferred physical scale and photons stay

massless under the conformal rescaling, therefore their trajectories are unaffected.

This new approach is of particular interest in cosmology, since they have

the potential to bypass many lacks of the standard cosmological model. These

theories exhibit a non-constant gravitational coupling. The Newton constant GN

is replaced by the effective gravitational coupling

Geff =
1

f(φ)
. (2.18)

In particular, in spatially homogeneous and isotropic cosmology, the coupling

(2.18) can only be a function of the epoch, i.e., of the cosmological era.

The variation of Geff implies that local gravitational physics depends on

the scalar field via φ. Therefore, we have then motivated the introduction of

a stronger version of the Equivalence Principle, the Strong Equivalence Principle.

These theories, with such a particular aspect, are called Non-Minimally Coupled

theories.

In these theories, concerning standard matter, everything goes as in General

Relativity (i.e., ηij → gij, ∂i → ∇i) following the minimal coupling prescription,

but now there is a direct coupling between the scalar degree of freedom and a
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function of the tensor degree of freedom (the metric) and its derivatives. Then,

from the cosmological point of view, we are presented with two possibilities. The

first is

lim
t→∞

Geff (φ(t)) = GN , (2.19)

where standard cosmology is recovered at the present time in the history of the

universe. The second possibility occurs if the gravitational coupling is not con-

stant today, i.e., Geff is still varying with the epoch and
Ġeff
Geff

is non-vanishing.

Finally, in many theories of gravity, then, it is perfectly conceivable that Geff

varies with time: in some solutions Geff does not even converge to the value

observed today. In fact, for example, to analyze the variability ofGeff , its possible

to use lunar laser ranging that monitoring the Earth-Moon distance, or obtain

information from solar astronomy and, finally use data from binary pulsars. In

[150; 151], the ratio
Ġeff
Geff

was measured obtaining a very small quantity.

2.4.2 Non-minimally coupled theories and the Equivalence

Principle

In order to formulate a non-minimal coupling theory, we must to discuss definitely

of the Equivalence Principle [124]. The first step is the equivalence between iner-

tial and gravitational mass found already in Galilei’s experiments and in Newton’s

work, which implies that all uncharged bodies fall with the same acceleration in-

dependent of their mass and internal structure, in a given gravitational field. This

statement is called Weak Equivalence Principle:

“If an uncharged body is placed at an initial event in spacetime and given

an initial velocity there, then its subsequent trajectory will be independent of its

internal structure and composition”[124].

In his formulation, Einstein, using as an example the famous freely falling
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elevator, said that not only the laws of mechanics behave in it as if gravity were

absent, but all physical laws (except those of gravitational physics) have the same

behavior. Following current terminology, we refer to this principle as the Einstein

Equivalence Principle:

“the outcome of any local non-gravitational test experiment is independent

of the velocity of the (free falling) apparatus and the outcome of any local non-

gravitational test experiment is independent of where and when in the universe it

is performed” [124].

A “local non-gravitational experiment” is defined as an experiment performed

in a small size freely falling laboratory, in order to avoid the inhomogeneities of

the external gravitational field, and in which any gravitational self-interaction

can be ignored.

Therefore, the gravitational interaction must be described in terms of a curved

spacetime, that is, the postulates of the so-called metric theories of gravity have

to be satisfied [124]

1. Spacetime is described with a metric gij;

2. The world lines of test particles are geodesics of that metric;

3. In local freely falling frames, i.e. local Lorentz frames, the non-gravitational

laws of physics are those of Special Relativity.

Obviously, point 3 refers to non-gravitational physical laws. Both General Rela-

tivity and Brans-Dicke-like theories are metric-theories. However, in the extended

theories context, these definitions meant to characterize the Equivalence Princi-

ple, and the physical properties discriminating between General Relativity and

other metric theories of gravity turn out to depend on the conformal representa-

tion of the theory adopted. More precisely, in scalar-tensor gravity, massive test

particles follow geodesics in the Jordan frame, satisfying the Weak Equivalence
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Principle, but the same particles deviate from geodesic motion in the Einstein

frame. This difference shows that the Equivalence Principle is formulated in a

representation-dependent way [152] and to this day it has not yet been solved.

At this point, it is reasonable to ask which extended theories satisfy the Ein-

stein Equivalence Principle given that the non-minimal coupling prescriptions

given in our previous discussion are connected precisely with the mathematical

formulation of the Einstein Equivalence Principle. In order to address this ques-

tion we must introduce new concepts and generalize the two principles reported

above. In [124], where the equivalence between inertial and gravitational masses

is strongly confirmed, introduces the notion of “purely dynamical metric theory”;

i.e. “the behaviour of each field is influenced to some extent by a coupling to at

least one of the other fields in the theory” [124].

Let us consider then an experimental situation such as the Einstein freely

falling elevator. We require that the frame used be sufficiently large to include

a gravitational system. When calculating the metric, we have to assign bound-

ary conditions ”Far” from the local system, then solve the equations for the

fields generated by the local system. Since the metric couples to the other fields,

then it will be influenced from this fields, i.e. the metric will be related to the

boundary values assumed “far away” by these fields. But local non-gravitational

experiments are unaffected by such a behavior because they couple only with the

metric which is locally Minkowskian. Of course, in a purely metric theory the

only field coupling the local system with the environment is the metric tensor and

it is always possible to find a Minkowskian coordinate system at the boundary

between the local system and the external world. In this way the asymptotic

behavior of the metric is Lorentz invariant, i.e., independent of the velocity and

flat, i.e., independent of the location. The status of Brans-Dicke-like theories is

different: in this case it is still possible to choose an asymptotically Minkowskian
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(Lorentz-invariant) metric which is independent of the velocity and of the scalar

field(s), but now the asymptotic value of these scalar(s) can give rise to a depen-

dence on the location of the laboratory. An example of this situation is given by

Brans-Dicke-like theories in which the gravitational coupling “constant” actually

depends on the asymptotic value assumed by the scalar field.

All these considerations can be summarized in the Strong Equivalence Prin-

ciple:

1. ”Weak Equivalence Principle is valid for self-gravitating bodies as well for

test bodies ;

2. The outcome of any local test experiment is independent of the velocity of

the (freely falling) apparatus ;

3. The outcome of any local test experiment is independent on where and when

in the universe it is performed” [124].

The Strong Equivalence Principle differs from the Einstein Equivalence Prin-

ciple because of the inclusion of bodies with self-gravitating interactions, such

as planets or stars, and because of experiments involving gravitational forces. If

gravitational forces are ignored, the Strong Equivalence Principle reduces to the

Einstein Equivalence Principle.

2.4.3 Higher order corrections to General Relativity

This type of approach is necessary when quantization is performed on a curved

space-time and is directed at the problem of renormalization [88]. This class of

theories is also present in the studies of inflation in the early universe [93]. The

scalar-tensor theories, on the other hand, have had a growing interest because

they could provide a fairly coherent description of the inflationary paradigm in
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cosmology because the inflation provides very reasonable answers to the puzzles

of Standard Big Bang cosmology as well as providing a physical mechanism for

the generation of large scale structures in the universe.

Now we will see how we will try to connect a higher order and the scalar-tensor

gravities. We begin with the particular case of fourth order theories described by

the Lagrangian density:
√
−gL =

√
−gf(R), (2.20)

where, in this case, the Lagrangian is a generic function of Ricci scalar. The

variation of this Lagrangian with respect to gij give the 4th-order field equations

f ′(R)Rij −
1

2
f(R)gij − (∇i∇j − gij�)f ′(R) = 0, (2.21)

with f ′(R) = df(R)
dR

. The formal equivalence between models with variable grav-

itational coupling and Einstein gravity via conformal transformations has also

been known for a long time [149; 153]. This has given rise to a debate, still

continuing, on whether the mathematical equivalence between different confor-

mal representations of the theory (called Jordan and Einstein conformal frames)

is also a physical equivalence [154]. Taking this into account, the new set of

variables

q = f ′(R) = f ′(gij, ∂hgij, ∂h∂kgij), g̃ij = qgij, (2.22)

links the Jordan frame variable gij to the Einstein frame variables (q, gij) where

q is positive. In the vacuum, the Einstein frame equations are

G̃ij =
1

2q2

[
3∂iq∂jq −

3

2
g̃ij g̃

hk∂hq∂kq + g̃ij(f(R)−Rq)
]
. (2.23)
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It is possible to rewrite the (2.23) as:

G̃ij = (∇i∇j −
1

2
g̃ij∇h∇h)ϕ− g̃ijV (ϕ), (2.24)

where

ϕ =
√

3/2lnq, V (ϕ) =
Rf ′(R)− f(R)

2f ′2(R)
, R = R(q(ϕ)). (2.25)

The (2.24) can be obtained from the Lagrangian written in terms of ϕ, where the

sign of ϕ can be negative, and the tilded geometrical quantities

√
−gL =

√
−g̃

[
R̃

2
− 1

2
g̃ij∇iϕ∇jϕ− V (ϕ)

]
, (2.26)

which has the same form as that of Einstein gravity coupled to a self-interacting

non-minimally coupled scalar field. So far we have seen how to go from the Jordan

to the Einstein frame but, in principle, it is possible to do the reverse path, i.e.,

beginning with the Einstein frame, is in principle possible to go to a Jordan-type

Lagrangian and when standard matter is present in these models, it is important

to look at its dynamics. For example, the photon worldlines are geodesics in the

Jordan frame as well as in the Einstein frame, but the case of massive particles

is different: their Jordan frame geodesics are no longer transformed into Einstein

frame geodesics, and vice-versa. In this regard, the two frames are not equivalent

[129].

We conclude noticing that: in this chapter we have seen how it seems reason-

able to extend General Relativity to more general schemes because in this way it

is possible to explain several theoretical and observational facts where cosmology

is a field which has seen many fruitful applications of these generalizations of

Einstein gravity. Nowadays, we have not yet reached any definitive conclusion on
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what is the “correct” theory of gravity but here we identify the search for “the

theory of gravity” as a urgent problem of theoretical and experimental physics.

The theories developed thus far, and those currently under development, are use-

ful at least as toy models to learn how gravity could be different from Einstein’s

theory and to get a glimpse of the difficulties and phenomena one could expect

in a more advanced theory.
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Chapter 3

Scenarios beyond Einstein gravity

Summary

In this chapter we will discuss the two main class of the Extended Theories of

Gravity, i.e. scalar-tensor and f(R) gravity. We will see the action and field equa-

tions of Brans-Dicke theory and, more generally, the scalar-tensor theories and

the action and field equations of metric f(R) gravity general. The f(R) gravity is

described from classes of Lagrangians written as a generic function of Ricci scalar

and includes higher order corrective terms in curvature invariants. Scalar-tensor

gravity include a scalar field as an extra field mediating the gravitational inter-

action. We present the derivation of the field equations through the application

of a variational principle and analyse the basic characteristics of the theories. As

is the case for General Relativity, these theories are best expressed using actions

and variational principles for the degrees of freedom that they contain [155].
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3.1 The field equations of Brans-Dicke gravity

3.1 The field equations of Brans-Dicke gravity

The Brans-Dicke theory of gravity [85; 156; 157; 158] is the prototype of gravita-

tional theories alternative to General Relativity. The action in the Jordan frame

(the set of variables (gij, φ)) is (for G = 1 = c)

A(BD) =
1

16π

∫
d4x
√
−g
[
φR− ω

φ
gij∇iφ∇jφ− V (φ)

]
+ Am , (3.1)

where

Am =

∫
d4x
√
−gLm, (3.2)

is the action of ordinary matter and ω is the dimensionless Brans-Dicke parameter.

The factor φ in the denominator of the kinetic term of φ in the action (3.1) is

purely conventional and has the only purpose of making ω dimensionless. Matter

does not couple directly to φ, i.e., the Lagrangian density Lm is independent

of φ. However, φ couples directly to the Ricci scalar. The gravitational field

is described by both the metric tensor gij and the Brans-Dicke scalar φ which,

together with the matter variables, constitute the degrees of freedom of the theory.

The potential V (φ) generalizes the cosmological constant and may reduce to a

constant, or to a mass term.1.

As mentioned in chapter 2, the original motivation for introducing Brans-

Dicke theory was the implementation of Mach’s Principle. This is achieved

in Brans-Dicke theory by making the effective gravitational coupling strength

Geff ∼ φ−1 depend on the space-time position and being governed by distant

matter sources, as in Eq. (3.9) below. The variation of the action (3.1) with

1Due to the particular equation (3.9) satisfied by the Brans-Dicke field φ, its mass is not
the coefficient of the quadratic term in the expansion of V (φ), as for minimally coupled scalar

fields, but rather the quantity m defined by m2 =
1

2ω + 3

(
φ
d2V

dφ2
− dV

dφ

)
[159]
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respect to gij and the well known properties [160]

δ
(√
−g
)

= −1

2

√
−g gij δgij , (3.3)

δ
(√
−g R

)
=
√
−g
(
Rij −

1

2
gijR

)
δgij ≡

√
−g Gij δg

ij , (3.4)

yield the field equation

Gij =
1

φ

[
8πΣij +

ω

φ

(
∇i∇j −

1

2
gij∇h∇h

)
φ+ (∇i∇j − gij �)φ− V

2
gij

]
(3.5)

where

Σij ≡
−2√
−g

δ

δgij
(√
−gLm

)
, (3.6)

is the energy-momentum tensor of ordinary matter. By varying the action with

respect to φ, one obtains

2ω

φ
�φ+R− ω

φ2
∇hφ∇hφ−

dV

dφ
= 0 . (3.7)

Taking now the trace of Eq. (3.5),

R =
−8πΣ

φ
+
ω

φ2
∇hφ∇hφ+

3�φ
φ

+
2V

φ
, (3.8)

and using the resulting Eq. (3.8) to eliminate R from Eq. (3.7) leads to

�φ =
1

2ω + 3

(
8πΣ + φ

dV

dφ
− 2V

)
. (3.9)

Therefore, the scalar φ is sourced by non-conformal matter (i.e., by matter with

trace Σ 6= 0), however the scalar does not couple directly to Lm: the Brans-Dicke
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scalar φ reacts on ordinary matter only indirectly through the metric tensor gij,

as dictated by Eq. (3.5). The term proportional to φ dV/dφ − 2V on the right

hand side of Eq. (3.9) vanishes if the potential has the form V (φ) = m2φ2/2

familiar from the Klein-Gordon equation and from particle physics. The (3.1)

and the (3.5) suggest that the field φ be identified with the inverse of the effective

gravitational coupling

Geff (φ) =
1

φ
, (3.10)

a function of the space-time location. In order to guarantee a positive gravita-

tional coupling, only the range of values φ > 0 corresponding to attractive gravity

is considered. The dimensionless Brans-Dicke parameter ω is a free parameter of

the theory: a value of ω of order unity would be natural in principle. However,

values of ω of this order of magnitude are excluded by Solar System experiments,

for a massless or light field φ (i.e., one that has a range larger than the size of

the Solar System).

The larger the value of ω, the closer Brans-Dicke gravity is to GR [81]; there

are, however, exceptions such as vacuum Brans-Dicke solutions, and solutions

sourced by conformal matter [161; 162; 163; 164; 165; 166; 167; 168; 169; 170].

The most stringent experimental limit, ω > 40, 000, was set by the Cassini probe

in 2003 [171].

Brans-Dicke theory with a free or light scalar field is viable in the limit of

large ω, but the large value of this parameter required to satisfy the experimental

bounds is certainly fine-tuned and makes Brans-Dicke theory unappealing. How-

ever, this fine-tuning becomes unnecessary if the scalar field is given a sufficiently

large mass and, therefore, a short range. This means that a self-interaction poten-

tial V (φ) has to be considered in discussing the limits on ω adjusting the original

Brans-Dicke theory [85].

The Brans-Dicke theory or, more generally, scalar-tensor theories, are non-

38



3.2 The field equations of metric f(R)-gravity

minimally coupled theories, which are very useful for problems on a cosmological

scale. In fact, the problem of accelerated expansion of the universe, called dark

energy, has not yet been solved. Without requiring any dark component or consid-

ering non-baryonic matter that has not yet been found, in the following chapters

we will see how, for some cosmological models, the dark energy component is

modeled as a non-minimally coupled fermionic condensate with the gravitational

field. We will compare the theoretical predictions with the observations and,

then, with the analysis of the phase space, we will deduce the characteristics of

the entire cosmic history of the considered models.

3.2 The field equations of metric f (R)-gravity

We now examine the variational principle and the field equations of another class

of Extended Theories of Gravity, f(R)-gravity in the metric formalism. The

salient feature of these theories is that the field equations are, ”generilcally”, of

fourth order and, therefore, more complicated than those of General Relativity

(which is recovered as the special case f(R) = R). Due to their higher order,

these field equations admit a much richer variety of solutions than the Einstein

equations. We discuss now a generic analytical function f(R) in the metric for-

malism, beginning with the vacuum case, as described by the Lagrangian density

√
−gL =

√
−g f(R), (3.11)

obeying the variational principle

δ

∫
d4x
√
−g f(R) = 0. (3.12)
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We have

δ

∫
d4x
√
−g f(R) =

∫
d4x

[
δ
(√
−g f(R)

)
+
√
−g δ (f(R))

]

=

∫
d4x
√
−g
[
f ′(R)Rij − 1

2
gijf(R)

]
δgij +

∫
d4x
√
−g f ′(R)gijδRij ,

(3.13)

where the prime denotes differentiation with respect to R. We now compute these

integrals in the local inertial frame. By using

gijδRij = gij∂h
(
δGh

ij

)
− gih∂h

(
δGj

ij

)
≡ ∂hW

h (3.14)

where

W h ≡ gijδGh
ij − gihδG

j
ij , (3.15)

the second integral in Eq. (3.13) can be written as

∫
d4x
√
−g f ′(R)gijδRij =

∫
d4x
√
−g f ′(R)∂hW

h . (3.16)

Integration by parts yields∫
d4x
√
−g f ′(R)gijδRij =

∫
d4x∂h

[√
−g f ′(R)W h

]
−∫

d4x∂h
[√
−gf ′(R)

]
W h .

(3.17)
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The first integrand is a total divergence and can be discarded by assuming that

the fields vanish at infinity, obtaining

∫
d4x
√
−g f ′(R)gijδRij = −

∫
d4x∂h

[√
−g f ′(R)

]
W h . (3.18)

Let us calculate now the term W h appearing in Eq. (3.18). We have

δGh
ij = δ

[
1

2
ghk (∂igkj + ∂jgik − ∂kgij)

]
=

1

2
ghk [∂i (δgkj) + ∂j (δgik)− ∂k (δgij)] ,

(3.19)

since in the locally inertial frame considered here it is

∂kgij = ∇kgij = 0 . (3.20)

Similarly, it is

δGj
ij =

1

2
gjk∂i (δgjk) . (3.21)

By combining Eqs. (3.20) and (3.21), one obtains

gijδGh
ij =

1

2
∂h
(
gijδg

ij
)
− ∂i

(
gkiδg

jk
)
, (3.22)

gihδGj
ij = −1

2
∂h
(
gjkδg

jk
)
, (3.23)

from which it follows immediately that

W h = ∂h
(
gijδg

ij
)
− ∂i

(
gijδg

hj
)
. (3.24)
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3.2 The field equations of metric f(R)-gravity

Using this equation one can write

∫
d4x
√
−g f ′(R)gijδRij =

∫
d4x∂h

[√
−g f ′(R)

] [
∂i
(
gijδg

hj
)
− ∂h

(
gijδg

ij
)]
.(3.25)

Integrating by parts and discarding total divergences, one obtains

∫
d4x
√
−g f ′(R)gijδRij =

∫
d4xgij∂

h∂h[
√
−gf ′(R)]δgij

−
∫
d4xgij∂

i∂h
[√
−g f ′(R)

]
δghj .

(3.26)

The variation of the action is then

δ

∫
d4x
√
−g f(R) =

∫
d4x
√
−g
[
f ′(R)Rij − 1

2
f(R)gij

]
δgij

+

∫
d4x

[
gij∂

h∂h
(√
−g f ′(R)

)
− ghj∂i∂h

(√
−gf ′(R)

)]
δgij . (3.27)

The vanishing of the variation implies the fourth order vacuum field equations

f ′(R)Rij −
f(R)

2
gij = ∇i∇jf

′(R)− gij�f ′(R) . (3.28)

These equations can be re-arranged in the Einstein-like form

f ′(R)Rij −
f ′(R)

2
gijR +

f ′(R)

2
gijR−

f(R)

2
gij = ∇i∇jf

′(R)− gij�f ′(R)(3.29)

and then

Gij =
1

f ′(R)

{
∇i∇jf

′(R)− gij�f ′(R) + gij
[f(R)− f ′(R)R]

2

}
. (3.30)
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The right hand side of Eq. (3.30) is then regarded as an effective stress-energy

tensor, which we call curvature fluid energy-momentum tensor Σ
(curv)
ij sourcing

the effective Einstein equations. Although this interpretation is questionable in

principle because the field equations describe a theory different from General

Relativity, and one is forcing upon them the interpretation as effective Einstein

equations, this approach is quite useful in practice.

3.3 Extended Theories with torsion

In this section, we want to face the problem to study f(R)-gravity considering

also torsion. Torsion theories have been taken into account firstly by Cartan and

then were introduced by Sciama and Kibble in order to deal with spin in General

Relativity (see [172] for a review). Being the spin as fundamental as the mass of

the particles, torsion was introduced in order to complete the following scheme:

the mass (energy) as the source of curvature and the spin as the source of torsion.

Up to some time ago, torsion did not seem to produce models with observ-

able effects since phenomena implying spin and gravity were considered to be

significant only in the very early Universe.

In principle, torsion could be constrained at every astrophysical scale and, as

recently discussed, data coming from Gravity Probe B could contribute to this

goal also at Solar System level [173].

In above section, a systematic discussion of metric-affine f(R)-gravity has

been pursued. Here, following the same philosophy, we want to show that, starting

from a generic f(R) theory, the curvature and the torsion can give rise to an

effective curvature-torsion stress-energy tensor capable, in principle, to address

the problem of the Dark Side of the Universe in a very general geometric scheme

[174].
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3.3.1 The field equations of f(R) gravity with torsion

Let us discuss the main features of a f(R)-gravity considering the most general

case in which torsion is present in a U4 manifold 1 [175]. In a metric-affine

formulation, the metric g and the connection Γ can be, in general, considered

independent fields. More precisely, the dynamical fields are pairs (g,Γ) consisting

of a pseudo-Riemannian metric g and a metric compatible linear connection Γ

on the space–time manifold M . The corresponding field equations are derived

by varying separately with respect to the metric and the connection the action

functional

A(g,Γ) =

∫ √
−gf(R) ds , (3.31)

where f is a real function, R = R(g,Γ) = gijRij (with Rij := Rh
ihj) is the scalar

curvature associated with the dynamical connection Γ and ds := dx1 ∧ · · · ∧ dx4.

We use the index notation

Rh
kij =

∂Γ h
jk

∂xi
− ∂Γ h

ik

∂xj
+ Γ h

il Γ l
jk − Γ h

jl Γ l
ik , (3.32)

for the curvature tensor and

∇ ∂

∂xi

∂

∂xj
= Γ h

ij

∂

∂xh
, (3.33)

for the connection coefficients. In order to evaluate the variation δA under ar-

bitrary deformations of the connection, we recall that, given a metric tensor gij,

every metric connection Γ may be expressed as

Γ h
ij = Γ̃ h

ij −K h
ij , (3.34)

1We indicate with V4 a 4D pseudo-Riemaniann manifold without torsion and with U4 a 4D
manifold with torsion.
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3.3 Extended Theories with torsion

where (in the holonomic basis

{
∂

∂xi
, dxi

}
) Γ̃ h

ij denote the coefficients of the

Levi-Civita connection associated with the metric gij, while K h
ij indicate the

components of a tensor satisfying the antisymmetry property K jh
i = −K hj

i .

This last condition ensures the metric compatibility of the connection Γ. In view

of this, we can identify the actual degrees of freedom of the theory with the

(independent) components of the metric g and the tensor K. Moreover, it is

easily seen that the curvature and the contracted curvature tensors associated

with every connection (3.34) can be expressed respectively as

Rh
imj = R̃h

imj + ∇̃jK
h

mi − ∇̃mK
h

ji +K l
ji K

h
ml −K l

miK
h

jl , (3.35a)

and

Rij = Rh
ihj = R̃ij + ∇̃jK

h
hi − ∇̃hK

h
ji +K l

ji K
h

hl −K l
hi K

h
jl , (3.35b)

where R̃h
imj and R̃ij = R̃h

ihj are respectively the Riemann and the Ricci tensors of

the Levi–Civita connection Γ̃ associated with the given metric g, and ∇̃ indicates

the Levi-Civita covariant derivative.

Making use of the identities (3.35b), the action functional (3.31) can be written

in the equivalent form

A(g,Γ) =

∫ √
−gf [gij(R̃ij+∇̃jK

h
hi −∇̃hK

h
ij +K l

ji K
h

hl −K l
hi K

h
jl )] ds , (3.36)

more suitable for variations in the connection. Taking the metric g fixed, we have
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the identifications δΓ h
ij = δK h

ij and then the variation

δA =

∫ √
−gf ′(R)gij(∇̃jδK

h
hi − ∇̃hδK

h
ji + δK l

ji K
h

hl +K l
ji δK

h
hl )ds+∫ √

−gf ′(R)gij(−δK l
hi K

h
jl −K l

hi δK
h

jl )ds .

(3.37)

Using the divergence theorem, taking the antisymmetry properties of K into

account and renaming finally some indexes, we get the expression

δA =

∫ √
−g
[
−∂f

′

∂xi
δhj +

∂f ′

∂xj
δhi + f ′(K l

lj δ
h
i −K l

li δ
h
j −K h

ij +K h
ji )

]
δK ij

h ds .

(3.38)

The requirement δA = 0 yields therefore a first set of field equations given by

K l
lj δ

h
i −K l

li δ
h
j −K h

ij +K h
ji =

1

f ′
∂f ′

∂xl
(
δliδ

h
j − δljδhi

)
, (3.39)

where Lm is independent of K. Considering that the torsion coefficients of the

connection Γ are T h
ij := Γ h

ij − Γ h
ji = −K h

ij + K h
ji and thus (due to antisym-

metry) T l
li = −K l

li , eqs. (3.39) can be rewritten as

T h
ij + T l

jl δ
h
i − T l

il δ
h
j =

1

f ′
∂f ′

∂xl
(
δliδ

h
j − δljδhi

)
, (3.40)

or, equivalently, as

T h
ij = − 1

2f ′
∂f ′

∂xl
(
δliδ

h
j − δljδhi

)
, (3.41)

because T l
jl δ

h
i − T l

il δ
h
j = 3

2f ′
∂f ′

∂xl

(
δliδ

h
j − δljδhi

)
.

In order to study the variation δA under arbitrary deformations of the metric,

it is convenient to resort to the representation (3.31). Indeed, from the latter, we
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have directly

δA =

∫ √
−g
[
f ′(R)Rij −

1

2
f(R)gij

]
δgij ds , (3.42)

thus getting the second set of field equations

f ′(R)R(ij) −
1

2
f(R)gij = 0 . (3.43)

Of course, one can obtain the same equations (3.43) starting from the represen-

tation (3.36) instead of (3.31). In that case, the calculations are just longer.

As a remark concerning Eqs. (3.43), it is worth noticing that any connection

satisfying Eqs. (3.34) and (3.41) gives rise to a contracted curvature tensor Rij

automatically symmetric. Indeed, since the tensor K coincides necessarily with

the contorsion tensor, namely

K h
ij =

1

2

(
−T h

ij + T h
j i − T hij

)
, (3.44)

and since in (3.39) we already had K = −T , from Eqs. (3.41) we have

K h
ij =

1

3

(
Tjδ

h
i − Tlglhgij

)
, (3.45)

being

Ti := T h
ih = − 3

2f ′
∂f ′

∂xi
. (3.46)

Inserting Eq. (3.45) in Eq (3.35b), the contracted curvature tensor can be repre-

sented as

Rij = R̃ij +
2

3
∇̃jTi +

1

3
∇̃hT

hgij +
2

9
TiTj −

2

9
ThT

hgij . (3.47)
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The last expression, together with Eqs. (3.46), entails the symmetry of the in-

dexes i and j. Therefore, in Eq. (3.43) we can omit the symmetrization symbol

and write

f ′(R)Rij −
1

2
f(R)gij = 0 . (3.48)

Now, considering the trace of the equation (3.48), we get

f ′(R)R− 2f(R) = 0 . (3.49)

The latter is an identity automatically satisfied by all possible values of R only in

the special case f(R) = αR2. In all other cases, Eq.(3.49) represents a constraint

on the scalar curvature R. As a conclusion follows that, if f(R) 6= αR2, the scalar

curvature R has to be constant (at least on connected domains) and coincides

with a given solution value of (3.49). In such a circumstance, Eqs.(3.41) imply

that the torsion T h
ij has to be zero and the theory reduces to a f(R)-theory

without torsion. In particular, we notice that in the case f(R) = R, eq. (3.49)

yields R = 0 and therefore Eqs. (3.48) are equivalent to Einstein’s equations in

empty space Rij = 0. On the other hand, if we assume f(R) = αR2, we can have

non–vanishing torsion. In this case, by replacing Eq. (3.49) in Eqs. (3.41) and

(3.48), we obtain field equations of the form

Rij −
1

4
Rgij = 0 , (3.50a)

T h
ij = − 1

2R

∂R

∂xi
δhj +

1

2R

∂R

∂xj
δhi . (3.50b)

Finally, making use of Eq. (3.47) and the consequent relation

R = R̃ + 2∇̃hT
h − 2

3
ThT

h , (3.51)
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in Eqs. (3.50), we can separately point out the contribution due to the metric

and that due to the torsion. In fact, directly from eqs. (3.50a) we have

R̃ij −
1

4
R̃gij = −2

3
∇̃jTi +

1

6
∇̃hT

hgij −
2

9
TiTj +

1

18
ThT

hgij , (3.52)

while from the ”trace” Ti := T h
jh = − 3

2R

∂R

∂xi
of Eqs. (3.50b), we derive

∂

∂xi

(
R̃ + 2∇̃hT

h − 2

3
ThT

h

)
= −2

3

(
R̃ + 2∇̃hT

h − 2

3
ThT

h

)
Ti , (3.53)

Eqs. (3.52) and (3.53) are the coupled field equations in vacuum for metric and

torsion in the f(R) = αR2 gravitational theory.

The presence of matter is embodied in the action functional (3.31) by adding

to the gravitational Lagrangian a suitable material Lagrangian density Lm, which

can depend on a perfect fluid or on a generic Lagrangian scalar field, namely

A(g,Γ) =

∫ (√
−gf(R) + Lm

)
ds . (3.54)

In this case, the field equations take the form

f ′(R)Rij −
1

2
f(R)gij = Σij , (3.55a)

T h
ij = − 1

2f ′(R)

∂f ′(R)

∂xl
(
δliδ

h
j − δljδhi

)
, (3.55b)

where Σij := − 1√
−g

δLm

δgij
plays the role of the energy–momentum tensor. From

the trace of Eq. (3.55a), we obtain a fundamental relation between the curvature

scalar R and the trace Σ := gijΣij, which is

f ′(R)R− 2f(R) = Σ , (3.56)

49



3.3 Extended Theories with torsion

(see also [176] and references therein). In what follows, there a lot of model in

which (3.56) is locally invertible where you get branches and phase transitions

and that Σ 6= const, thus allowing to express the curvature scalar R as a suitable

function of Σ, namely

R = F (Σ) . (3.57)

With this assumption in mind, using Eqs. (3.56) and (3.57) we can rewrite

equations (3.55a) and (3.55b) in the form

Rij −
1

2
Rgij =

1

f ′(F (Σ))

(
Σij −

1

4
Σgij

)
− 1

4
F (Σ)gij , (3.58a)

T h
ij = − 1

2f ′(F (Σ))

∂f ′(F (Σ))

∂xl
(
δliδ

h
j − δljδhi

)
. (3.58b)

Moreover, making use of Eqs. (3.47) and (3.51), in Eq. (3.58a) we can decompose

the contracted curvature tensor and the curvature scalar in their Christoffel and

torsion dependent terms, thus getting an Einstein-like equation of the form

R̃ij −
1

2
R̃gij =

1

f ′(F (Σ))

(
Σij −

1

4
Σgij

)
− 1

4
F (Σ)gij −

2

3
∇̃jTj+

2

3
∇̃hT

hgij −
2

9
TiTj −

1

9
ThT

hgij .

(3.59)

Now, setting

ϕ := f ′(F (Σ)) , (3.60)

from the trace of Eqs. (3.58b), we obtain

Ti := T h
ih = − 3

2ϕ

∂ϕ

∂xi
. (3.61)
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Therefore, substituting in Eqs. (3.59), we end up with the final equations

R̃ij −
1

2
R̃gij =

1

ϕ
Σij +

1

ϕ2

(
−3

2

∂ϕ

∂xi
∂ϕ

∂xj
+ ϕ∇̃i

∂ϕ

∂xi

)
+

1

ϕ2

(
3

4

∂ϕ

∂xh
∂ϕ

∂xk
ghkgij − ϕ∇̃h ∂ϕ

∂xh
gij − V (ϕ)gij

)
,

(3.62)

where we defined the effective potential

V (ϕ) :=
1

4

[
ϕF−1((f ′)−1(ϕ)) + ϕ2(f ′)−1(ϕ)

]
, (3.63)

Eqs. (3.62) may be difficult to solve, neverthless we can simplify this task find-

ing solutions for a conformally related metric. Indeed, performing a conformal

transformation of the kind ḡij = ϕgij, eqs. (3.62) may be rewritten in the easier

form (see, for example, [176; 177; 178])

R̄ij −
1

2
R̄ḡij =

1

ϕ
Σij −

1

ϕ3
V (ϕ)ḡij , (3.64)

where R̄ij and R̄ are respectively the Ricci tensor and the Ricci scalar curvature

associated with the conformal metric ḡij. Concerning the connection Γ, solution

of the variational problem δA = 0, from eqs. (3.34), (3.45) and (3.61), one gets

the explicit expression

Γ h
ij = Γ̃ h

ij +
1

2ϕ

∂ϕ

∂xj
δhi −

1

2ϕ

∂ϕ

∂xl
glhgij . (3.65)

To conclude, we notice that Eqs. (3.64) are deducible from an Einstein-

Hilbert like action functional only under restrictive conditions. More precisely,

let us suppose that the material Lagrangian depends only on the components

of the metric and not on its derivatives as well as that the trace Σ = Σijg
ij is
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independent of the metric and its derivatives. Then, from the identities

√
−ḡ = ϕ2

√
−g, ∂

∂gij
=

1

ϕ

∂

∂ḡij
, Σij = − 1√

−g
δLm

δgij
= − 1√

−g
∂Lm

∂gij
, (3.66)

we have the following relation

Σij = −ϕ 1√
−ḡ

∂Lm

∂ḡij
:= ϕΣ̄ij . (3.67)

In view of this, and being ϕ = ϕ(Σ), it is easily seen that Eqs. (3.64) may be

derived by varying with respect to ḡij the action functional

Ā(ḡ) =

∫ [√
−ḡ
(
R̄− 2

ϕ3
V (ϕ)

)
+ Lm

]
ds . (3.68)

Therefore, under the stated assumptions, f(R)-gravity with torsion in the metric

framework is conformally equivalent to an Einstein-Hilbert like theory.

The f(R) theories are Extended Theories that include higher order corrective

terms in curvature invariants. They are very useful theories to describe obser-

vational evidences both on astrophysical and on cosmological scale. In fact, in

this thesis, these theories allowed us to describe Neutron Stars that, from their

observations, would seem to exceed Chandrasekhar’s limit. The problem that

has emerged, on astrophysical scale, is that inn which pulsars have been discov-

ered and measured that would seem to clearly violate this limit and these stable

configurations are neither provided nor justified by General Relativity. What we

will see, in the next chapters, is how to obtain stable configurations of Neutron

Stars that go beyond this limit. We will proceed to derive the stellar structure

equations, the Tolman-Oppenheimer-Volkoff equations, in the f(R) theories in

both cases. We will consider the Starobinsky model solving numerically these

equations by considering appropriate equations of state for the dense matter.

52



3.3 Extended Theories with torsion

We will plot the Mass-Radius diagrams for Neutron Stars, we will calculate the

maximum value of Mass and Radius and we will make a comparison between the

two theories. We will see how the two theories allow us to justify stable stellar

configurations not provided by Einstein theory and, we will see how the metric

theory can describe more compact objects than the metric-affine case where, the

torsion, behaves like a repulsive field which tends to oppose the increase in the

total mass of the star. All this happens when the quadratic corrective term added

to the Lagrangian, tends to assume larger values when its parameter is chosen.
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Chapter 4

Neutron Stars and Fermionic

condensate

Summary

In this chapter, we will give a phenomenological overview of Neutron Stars, its

physical properties, nuclear matter and its hadronic composition. We will see

how one of its development sequences is correlated with the Mass-Radius relation.

Finally we will make a brief description of a Fermionic condensate, highlighting

its singular characteristics, i.e. the physical properties of matter in the superfluid

state.

4.1 Compact objects: an overview

Compact objects are the remnants of bright stars [179]. At the end of its evolu-

tion, the stars, whatever their mass, go through a phase in which the matter that

constitutes them assumes on a degenerate state.

During the stability phase of main sequence and the immediately following
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phases, the star shines by losing energy. This loss, which the stars suffer, is

compensated by the production of energy in the nucleus through nuclear fusion

reactions.

When a star becomes unstable, the radiation pressure of the nucleus it is no

longer able to oppose the gravity of the star outer layers. As a result, the core

undergoes a collapse while the outer layers are expelled and what remains is a

dense object, a compact star composed of matter in a highly degenerate state.

They are classified like compact objects, White Dwarfs, Neutron Stars and Black

Holes.

A White Dwarf is the final result of the low mass stars evolution (up to 8M�),

where M� means one solar mass. After having converted all the hydrogen in he-

lium and, subsequently, helium in all the other elements up to oxygen, the bright

star no longer develops radiation pressure necessary to oppose the gravity that

tends to make the star collapse on itself. In this way, there is a phase transi-

tion between the bright star and the White Dwarf freeing the gas cloud and dust

residues in the form of a planetary nebula. The White Dwarf basically is a degen-

erate star where the nucleus is composed mainly of carbon and oxygen balanced

thanks to the pressure of degenerate electrons which opposes the gravitational

force. The dimensions of a White Dwarf are of the planet Earth order but with

a mass that can reach a maximum of 1.44M� value.

A Black Hole is probably the final evolutionary phase of the most massive

stars (> 25M�), one inaccessible space-time region in which the entire star, at

the end of its luminous phase, including its remnants, is attracted within the very

strong gravitational field of the Black Hole itself. In fact, all the objects that pass

near the gravitational field of the Black Hole, will no longer be able to escape.

In the high mass stars evolution,(> 8M�), all the heavy elements are converted

to iron thus forming a very high density iron core which, having an higher bond
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energy than all the other elements, is no longer able to develop the radiation

pressure that opposes the collapse of the star itself. What happens is that the

star enters in the type II Supernovae phase, i.e. a highly energetic explosion that

releases its gas residues and dusts, which are called Supernovae Remnants.

A Neutron Star, on the other hand, is the final evolutionary phase of stars

that have a mass that falls in the range of (8M� < M < 25M�). The bright star

that falls within this mass value, evolves like a high mass star, but the final result

will not be a Black Hole but a Neutron Star.

Like White Dwarfs, Neutron Stars are degenerate stars where the matter

state is characterized by an extremely high density, so that the greatest pressure

contribution is given by the Pauli Exclusion Principle.

Neutron Stars are the smallest and most dense stars known. Like all stars,

the Neutron Stars rotate around their own axis, but some even to do it a few

hundred times per second. This type of rotating star will experience an enormous

centrifugal force that must be balanced by gravity otherwise it would disintegrate.

The equilibrium of the two forces gives information on the lower limit of stellar

density. Neutron Stars are 1014 times more dense than the Earth.

Some Neutron Stars, together with a companion star, form a binary system

and, in some cases, using the Kepler’s III Law, it is possible to evaluate the mass

by using mechanics classic. The mass of a Neutron Star is generally 1.44M� and

from this its possible to obtain their radius which are about 10km.

The existence of Neutron Stars is deduced from the Supernovae explosion

events and by observing the periodic emission of Pulsars at radio frequencies. In

order to obtain the angular momentum conservation, the Neutron Stars acquire

a very high angular velocity generating so strong magnetic fields through the

magnetic flux conservation during bright star collapse. These are the two main

physical properties that allow us to detect the Pulsars periodic signal. These
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4.2 Nuclear matter and adronic composition of Neutron Stars

extreme characteristics distinguish Neutron Stars in physical principles from other

classic stars and in-depth studies for their understanding are needed.

All other stars can be described very well with Newtonian gravity with low-

energy atomic and nuclear energy physics in known laboratory conditions. Indeed

the luminous stars evolve through thermonuclear reactions. These are nuclear

reactions induced by high temperatures, but involve collision energies that are

small on a nuclear scale. In some cases, the cross sections can be measured

with nuclear accelerators and, in others, the cross sections measured, must be

extrapolated to lower energies.

Neutron Stars, on the other hand, in their different forms push matter to

such extremes density and, consequently, it is necessary to resort to nuclear and

particle physics to describe them. Furthermore, the intense concentration of

matter in Neutron Stars can only be described by General Relativity, the Einstein

gravity theory which alone describes the way in which the weakest force of nature

organizes the distribution of mass and the constituents of the densest objects of

the universe.

4.2 Nuclear matter and adronic composition of

Neutron Stars

The matter hypothesized within a stellar nucleus, compared with that of a Neu-

tron Star, highlights similarities and differences. The similarities include the mat-

ter baryonic composition and have very similar nuclear densities. The differences

instead arise from two important physical properties:

1. The nuclei are bound by the isospin symmetrical nuclear force but the

Neutron Stars are bounded by gravity. This means that nuclei tend to be

symmetrical in isospins while Neutron Stars are very asymmetrical.
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4.2 Nuclear matter and adronic composition of Neutron Stars

2. There is another difference arising from the weak interaction timescale

(1010s). Because of the high density of matter in Neutron Stars and the

fact that baryons obey the Pauli’s principle, it is energetically favorable for

nucleons at the top of the Fermi sea to convert to other baryons, including

strange ones, (hyperons), so as to lower the Fermi energies. Strangeness

is a quantum number that describes long-lived particles. The transforma-

tions do not violate the strangeness conservation of the strong interactions

because strangeness is conserved only on the strong interaction timescale,

not in the weak one.

In general the fundamental differences between nuclear matter and Neutron

Stars are these, where the properties of such systems as symmetrical hot matter

and the non-strangeness of matter produced in relativistic nuclear collisions are

related in any matter theory.

Moreover, Neutron Stars are not composed only of neutrons. Charge neutral-

ity is automatically satisfied by pure neutron matter, but this is not the lowest

energy state of matter dense neutral. Some neutrons will decay in such a way as

to reach the balance between protons, electrons and neutrons. Therefore, other

thresholds populated by additional particle species are reached. The thresholds

are simply, in a Fermi gas model, the masses of the particles. In general, particle

thresholds depend on pure interactions.

The Neutron Stars therefore are not formed only by neutron matter, but of

matter electronics at the lowest energy state consistent with neutrality of charge.

In general, it could be a state that is very rich in baryonic species and is called

Neutron Star matter and its baryonic composition constantly changes with the

increase in baryonic density.
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4.3 Development sequence and Mass-Radius re-

lation of a Neutron Star

Neutron Stars are completely relativistic objects. Their structure can be de-

rived only in the General Relativity context. When the problem solution of

the Neutron Stars matter is obtained, we can use the equations of state. The

Tolman-Oppenheimer-Volkoff equations provides a family with a parameter of

stellar models that corresponds to a particular equation of state.

The Tolman-Oppenheimer-Volkoff equations are first order differential equa-

tions each with an initial condition. The equations must be integrated until the

pressure becomes zero or until the pressure decreases rapidly as the star’s radius

increases, until it reaches the surface of the star itself. Then, for a fixed central

density, both the radius and the mass are known, which is a function of the radius

itself. The choice of one succession of increasing values for the central density

corresponds to the development sequence of stars of increasing mass, until the

mass limit is reached.

From Tolman-Oppenheimer-Volkoff equations solutions, for a given equation

of state and central density chosen, we not only study the corresponding stellar

mass and the radius but, as a result of the numerical integration of the equations,

we obtain the mass-energy distribution for a particular star model.

All this allows us to plot the Mass-Radius diagram, i.e. the most important

representation of a Neutron Star sequence, and is uniquely linked to the equation

of state. While mass and radius are not quantities known so far for any Pulsar,

its, in principle, possible to determine them in some cases. The mass can be

determined by Binary Pulsars. In principle, the radius could be obtained by

measuring the Doppler shift of known spectral transitions. The Doppler shift

determines the Mass-Radius relation, which provides the radius if the mass is
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known.

Neutron Stars are the Fermi degenerate systems: matter can be compressed

without the heat generation. Instead, gravitational compression of pre-sequence

and main sequence stars, which can be described by an equation of state of a per-

fect gas, raises the temperature to the combustion point of increasingly heavier

elements in thermonuclear reactions. The degenerate stars, furthermore, have a

generic relation between their mass and radius. Instead of being bigger, the de-

generates high mass stars are smaller than low mass stars. The reason is simple.

For low mass stars, the gravitational attraction is weak and the corresponding

stars are large and widespread. Instead, for high mass stars, the gravitational

attraction is stronger than all those in stable hydrostatic equilibrium. Corre-

spondingly, the radius is smaller. For an object slightly more compact, the star

becomes unstable, collapsing into a Black Hole. The general form of the Mass-

Radius relation is generic for compact stars that are bound by gravitational force.

4.4 Fermionic condensate

A Fermionic condensate is a superfluid phase formed by Fermionic particles at low

temperatures, then Fermionic condensates are a type of superfluid. A superfluid

possesses fluid properties similar to those possessed by ordinary liquids and gases,

such as the lack of a definite shape and the ability to flow in response to applied

forces. However, superfluids possess some properties that do not appear in ordi-

nary matter. For instance, they can flow at high velocities without dissipating

any energy— i.e. zero viscosity. At lower velocities, energy is dissipated by the

formation of quantized vortices, which act as ”holes” in the medium where super-

fluidity breaks down. Superfluidity is the characteristic property of a fluid with

zero viscosity which therefore flows without loss of kinetic energy. Superfluidity
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4.4 Fermionic condensate

occurs in two isotopes of helium (helium-3 and helium-4) when they are liquefied

by cooling to cryogenic temperatures. The discovery of superfluidity of helium-3

[180; 181] was made by Lee, Richardson and Osheroff were jointly awarded the

Nobel Prize in Physics in 1996 for this discovery. They discovered unexpected ef-

fects in their measurements, which they eventually explained as phase transitions

to a superfluid phase of 3He. Superfluidity is also a property of various other

exotic states of matter theorized to exist in astrophysics, high-energy physics,

and quantum gravity theories [180; 181]. The idea that superfluidity exists inside

Neutron Stars was first proposed in [182], where it is expected that nucleons in a

Neutron Star at sufficiently high density and low temperature can also form pairs

of fermions bound together at low temperatures in a certain manner, also called

Cooper pairs [183], where Cooper pairing is a quantum effect. The composition

of the superdense matter in the core remains uncertain. One model describes

the core as superfluid neutron-degenerate matter. More exotic forms of matter

are possible, including degenerate strange matter, matter containing high-energy

pions and kaons in addition to neutrons, [184] or ultra-dense quark-degenerate

matter. Recent works, [see [185] and the references therein], have established

that Neutron Stars have various emergent states in its interior in presence of a

strongly interacting fermion system, i.e. the presence of a strongly interacting

fermion system leads to emergence of various condensates and emergent states

and their effects affect on the dynamics of the Neutron Star. Moreover, in [186],

the structure of Neutron Star interiors has been proposed, and reproduced the

theoretical arguments for the existence of superfluidity in Neutron Stars, discut-

ing the implications of neutron superfluidity and proton superconductivity for the

rotational dynamics of Pulsars. Finally, always in [186], arguments that has been

proposed for observable effect of superfluidity on the timing history of Pulsars

and perhaps other Neutron Stars have been revised.
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Chapter 5

Stellar structure equations for

Neutron Stars in f (R) gravity

Summary

In this chapter, we will derive the stellar structure equations for Neutron Stars in

f(R) gravity both in metric and in metric-affine case where, in the metric-affine

case, we will consider first the torsion with perfect fluids and, subsequently, the

torsion with spin fluids. These equations, in the next chapter, will allow us to

plot the Mass-Radius diagrams in both theories and derive the stellar parameters

of Neutron Stars. Given the complexity of the equations, in this thesis, we will

numerically solve them in the metric and in the torsion case considering matter

composed of perfect fluids while, in the spin fluids case, they could be considered

for future works, due to the strong non-linearity of the equations to be integrated.
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5.1 Stellar structure equations in f (R) gravity

with perfect fluids

5.1.1 The purely metric theory

As mentioned in the third chapter and taken up here, in the purely metric for-

mulation, the action for f(R)-gravity (in units for G = 1 = c) is given by

A =
1

16π

∫
d4x
√
−g[f(R) + Lm], (5.1)

where f(R) is a function of the scalar curvature R, g is determinant of the metric

tensor gij and Lm is the matter Lagrangian. Varying the action (5.1) with respect

to the metric tensor gij, one gets the field equations:

f ′(R)Rij −
1

2
f(R)gij − (∇i∇j − gij�)f ′(R) = 8πΣij. (5.2)

In eqs. (5.2), Rij is the Ricci tensor, f ′(R) denotes the derivative of f(R) with

respect to the scalar curvature, Σij =
−2√
−g

δ (
√
−gLm)

δgij
is the energy–momentum

tensor of matter and � = 1√
−g

∂
∂xj

(√
−ggij ∂

∂xi

)
indicates the covariant d’Alembert

operator. Here we adopt the signature (+,−,−,−).

In order to describe stellar objects, we assume that the metric is static and

spherically symmetric of the form:

ds2 = e2ψdt2 − e2λdr2 − r2(dθ2 + sin2 θdφ2), (5.3)

where ψ and λ are functions depending only on the radial coordinate r. Moreover,

we also assume that inside the star matter is described as a perfect fluid, with

energy–momentum tensor Σij = diag(e2ψρ, e2λp, r2p, r2p sin2 θ), where ρ = ρ(r)

and p = p(r) are the matter density and pressure respectively.
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5.1 Stellar structure equations in f(R) gravity with perfect fluids

By a direct calculation, it is possible to show that field equations (5.2), eval-

uated in the metric (5.3), are equivalent to the set of equations consisting of

the Tolmann-Oppenheimer-Volkoff equations for f(R) gravity and the continuity

equation. In detail, the Tolmann-Oppenheimer-Volkoff equations for f(R)-gravity

are expressed as

dλ

dr
=

e2λ[r2(16πρ+ f(R))− f ′(R)(r2R + 2)] + 2(2rf ′′(R)Rr + f ′(R))

2r [2f ′(R) + rRrf ′′(R)]
+

2r2 [f ′′′(R)R2
r + f ′′(R)Rrr]

2r [2f ′(R) + rRrf ′′(R)]
,

(5.4)

dψ

dr
=
e2λ[r2(16πp− f(R)) + f ′(R)(r2R + 2)]− 2(2rf ′′(R)Rr + f ′(R))

2r [2f ′(R) + rRrf ′′(R)]
, (5.5)

while the continuity equation is the usual one:

dp

dr
= −(ρ+ p)

dψ

dr
. (5.6)

Here Rr and Rr,r denote respectively the first and second derivative of R(r) with

respect to r. In order to solve numerically the equations (5.4), (5.5) and (5.6), we

can regard the scalar curvature R as an independent dynamical field. In doing

this, we need an additional equation which is directly obtained form the very

definition of scalar curvature:

R = 2e−2λ

[
ψ2
r − ψrλr + ψr,r +

2ψr
r
− 2λr

r
+

1

r2
− e2λ

r2

]
, (5.7)

Indeed, inserting the content of eqs. (5.4), (5.5) and (5.6) into (5.7), we get the
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dynamical equation for R:

d2R

dr2
= Rr

(
λr +

1

r

)
+
f ′(R)

f ′′(R)

[
1

r

(
3ψr − λr +

2

r

)
− e2λ

(
R

2
+

2

r2

)]
−

R2
r

(
f ′′′(R)

f ′′(R)

)
,

(5.8)

Finally, the numerical solution of the resulting dynamical equations relies on the

assignment of a suitable Equation of State p = p(ρ), relating pressure and density

inside the star, as well as of initial data (values of the fields at the center of the

star).

5.1.2 The torsion theory

Here too, as mentioned in the third chapter, we recall that in f(R)-gravity with

torsion, the gravitational and dynamical fields are pairs (g, Γ) consisting of a

pseudo-Riemannian metric g and a metric compatible linear connection Γ with

non–vanishing torsion.

The corresponding field equations are obtained by varying the action func-

tional (5.1) independently with respect to the metric and the connection. It is

worth noticing that now R refers to the scalar curvature associated with the

dynamical connection Γ.

Moreover, we recall that any metric compatible linear connection Γ may be

decomposed as the sum

Γ h
ij = Γ̃ h

ij −K h
ij , (5.9)

where Γ̃ h
ij is the Levi–Civita connection associated with the given metric g and

K h
ij denotes the contorsion tensor, related to the torsion tensor T h

ij = Γ h
ij −Γ h

ji
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by the relation [187]:

K h
ij =

1

2

(
−T h

ij + T h
j i − T hij

)
. (5.10)

The contorsion tensor (5.10) verifies the antisymmetry property K j h
i = −K h j

i

and, together with the metric tensor g, identifies the actual degrees of freedom

of the theory.

Making use of eqs. (5.9) and (5.10), we can decompose the Ricci and the

scalar curvature of the dynamical connection respectively as:

Rij = R̃ij + ∇̃jK
h

hi − ∇̃hK
h

ji +K p
ji K

h
hp −K

p
hi K

h
jp , (5.11)

and

R = R̃ + ∇̃jK
jh

h − ∇̃hK
jh

j +K jp
j K h

hp −K
jp

h K h
jp , (5.12)

where R̃ij and R̃ are the Ricci and the scalar curvature of the Levi–Civita con-

nection induced by the metric g.

In the absence of matter spin density, variations of (5.1) yield the field equa-

tions [174; 175; 188; 189; 190]:

f ′(R)Rij −
1

2
f(R)gij = 8πΣij, (5.13)

and

T h
ij =

1

2f ′(R)

∂f ′(R)

∂xp
(δpj δ

h
i − δ

p
i δ
h
j ), (5.14)

where Σij denotes again the energy-momentum tensor of matter, and the non–

linearity of the gravitational Lagrangian function f(R) becomes source of torsion.

Now, by inserting the content of equations (5.11) and (5.14) into equations

(5.13), it is possible to show that the whole set of field equations evaluated in the
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metric (5.3) is equivalent to the system formed by the following two Tolmann-

Oppenheimer-Volkoff equations together with the continuity equation

dλ

dr
=

e2λ[r2(16πρ+ f(R))− f ′(R)(r2R + 2)] + 2(2rf ′′(R)Rr + f ′(R))

2r [2f ′(R) + rRrf ′′(R)]
+

2r2
[
f ′′′(R)R2

r + f ′′(R)Rrr − 3f ′′(R)2R2
r

4f ′(R)

]
2r [2f ′(R) + rRrf ′′(R)]

,

(5.15)

dψ

dr
=

e2λ[r2(16πp− f(R)) + f ′(R)(r2R + 2)]− 2rf ′′(R)Rr

[
2 + 3f ′′(R)rRr

4f ′(R)

]
2r [2f ′(R) + rRrf ′′(R)]

− 2f ′(R)

2r [2f ′(R) + rRrf ′′(R)]
,

(5.16)

dp

dr
= −(ρ+ p)

dψ

dr
, (5.17)

which also holds in the present case [137; 191; 192; 193; 194; 195].

Also in this torsional case, we consider the scalar curvature R as an indepen-

dent dynamical variable, introducing a consequent additional equation derived

from the very definition of R itself. In fact, inserting eqs. (5.10) and (5.14) into

(5.12), evaluating all in the metric (5.3) and making use of eqs. (5.15) and (5.16),

we obtain the evolution equation:

d2R

dr2
= Rr

(
λr +

1

r

)
− 2f ′(R)

f ′′(R)

[
1

r

(
3ψr − λr +

2

r

)
− e2λ

(
R

2
+

2

r2

)]
−

R2
r

(
f ′′′(R)

f ′′(R)
+

3f ′′(R)

2f ′(R)
+

3ψr
Rr

+
9

rRr

)
,

(5.18)

Again, in order to be solved, the set of dynamical equations (5.15), (5.16), (5.17)

and (5.18) for the unknowns R, λ, ψ, p and ρ must be completed by an equation
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of state and initial data.

5.2 Stellar structure equations in f (R) gravity

with spin fluids

As for the previous section, always using the Palatini’s calculus, we now get the

the Tolmann-Oppenheimer-Volkoff equations but considering a Weyssenhoff spin

fluid. Using the above techiques, the field equations in this case are [174; 175;

188; 189; 190]:

f ′(R)Rij −
1

2
f(R)gij = 8πΣij, (5.19)

T h
ij =

1

f ′(R)

[
1

2

(
∂f ′(R)

∂xp
+ S q

pq

)
(δpj δ

h
i − δ

p
i δ
h
j ) + S h

ij

]
, (5.20)

where Rij and T h
ij are the Ricci and Torsion tensors associated with the dy-

namical connection Γ, Σij and S h
ij are the energy-momentum and spin density

tensors of the matter fields, while S q
pq is the antisymmetrized spin tensor. We

note that, in these field equations, the energy-momentum tensor, the tensor and

Ricci scalar have, in their internal definition, some additives terms due to the

spin (see for more details [196; 197; 198]). From (5.20), one realizes that it is

possible to have non-vanishing torsion even in absence of spin density. We now

consider a Weyssenhoff spin fluid, characterized by an energy-momentum tensor

of a perfect fluid and a spin density tensor given by

S h
ij = SijU

h, (5.21)

where Uh (UhUh = 1) denote the 4-velocity of energy-momentum, while Sij the

spin density of the fluid (see, for example, [199; 200] and references therein). The
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4-velocity and the spin density satisfy the convective condition

SijU
j = 0. (5.22)

Like for the previous section, by considering the trace equation and excluding the

case f(R) = k R2, we get that R = R(r).

Now, by choosing the reference frame where

U1 = 0, U2 = 0, U3 = 0, U4 = e−ψ(r),

we substitute the equations (5.20) in the system (5.19). By taking into ac-

count equations (5.21), (5.22), we get that the components of field equations

(1, 3), (2, 3), (1, 2) imply Sih,4 = 0. On the other hand, the components of field

equations (2, 4) and (3, 4) give

S13 (2ψrf
′(R) + f ′′(R)Rr) = 0, S12 (2ψrf

′(R) + f ′′(R)Rr) = 0. (5.23)

We distinguish now a first case, that we call the regular one, in which

2ψr f
′(R) + f ′′(R)Rr 6= 0,

and so, consequently S12 = 0, S13 = 0. The second case, that we call the singular

one, is verified when

2ψr f
′(R) + f ′′(R)Rr = 0.

This last case, implying

f ′(R) = C e−2ψ(r),

for some costant C, will be not discussed here. By limiting our study to the
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regular case, it is possible to show that the field equations imply

S12 = 0, S13 = 0, S23 = σ(r) r2 sin(θ),

where σ2 = σ2(r) = 1
2
SijS

ij is the square of the spin density.

Further, we show that the remaining field equations are equivalent to the

Tolmann-Oppenheimer-Volkoff equations

dλ

dr
=

e2λ
[
r2(16πρ+ f(R))− f ′(R)

(
r2R + 2 + σ2r2

2f ′(R)2

)]
2r [2f ′(R) + rRrf ′′(R)]

+

2[2rf ′′(R)Rr + f ′(R)] + 2r2
[
f ′′′(R)R2

r + f ′′(R)Rrr − 3f ′′(R)2R2
r

4f ′(R)

]
2r [2f ′(R) + rRrf ′′(R)]

,

(5.24)

dψ

dr
=

e2λ
[
r2(16πp− f(R)) + f ′(R)

(
r2R + 2− σ2r2

2f ′(R)2

)]
2r [2f ′(R) + rRrf ′′(R)]

−

−
2rf ′′(R)Rr

[
2 + 3f ′′(R)rRr

4f ′(R)

]
+ 2f ′(R)

2r [2f ′(R) + rRrf ′′(R)]
,

(5.25)

together with the continuity equation

dp

dr
= −(ρ+ p)

dψ

dr
+

[f ′(R) (σ ψr + σr)− σ f ′′(R) Rr]σ

16πf ′(R)2
. (5.26)

The calculation of the Ricci scalar is similar to the one of the previous section.

By substituting the contorsion tensor in eq. (5.12) and using the field equations
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we obtain:

d2R

dr2
= Rr

(
λr +

1

r

)
− 2f ′(R)

f ′′(R)

[
1

r

(
3ψr − λr +

2

r

)
− e2λ

(
R

2
+

2

r2
− σ2

4f ′(R)2

)]
−R2

r

(
f ′′′(R)

f ′′(R)
+

3f ′′(R)

2f ′(R)
+

3ψr
Rr

+
9

rRr

)
,

(5.27)

where λr and ψr are the (5.24) and (5.25), respectively.

Moreover, if we define the effective density and pressure ρ?, p? as :

ρ? = ρ− σ2

32πf ′(R)
, p? = p− σ2

32πf ′(R)
(5.28)

the Tolmann-Oppenheimer-Volkoff equations (5.24), (5.25) become the equations

(5.15), (5.16) with respect to the effective density and pressure:

dλ

dr
=

e2λ[r2(16πρ? + f(R))− f ′(R)(r2R + 2)] + 2[2rf ′′(R)Rr + f ′(R)]

2r [2f ′(R) + rRrf ′′(R)]
+

2r2
[
f ′′′(R)R2

r + f ′′(R)Rrr − 3f ′′(R)2R2
r

4f ′(R)

]
2r [2f ′(R) + rRrf ′′(R)]

,

(5.29)

dψ

dr
=

e2λ[r2(16πp? − f(R)) + f ′(R)(r2R + 2)]− 2rf ′′(R)Rr

[
2 + 3f ′′(R)rRr

4f ′(R)

]
2r [2f ′(R) + rRrf ′′(R)]

− 2f ′(R)

2r [2f ′(R) + rRrf ′′(R)]
.

(5.30)

We observe that the effect of the square of the spin in Tolmann-Oppenheimer-

Volkoff equations behaves like a type of repulsive force for the density and pres-

sure. The continuity equation will become

dp?

dr
= −(ρ? + p?)

dψ

dr
− σ̃2 f ′′(R)Rr

16π f ′(R)2
. (5.31)
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In absence of spin it is easy to show that the (5.31) become the classic (5.6). The

trace equation, dependent from the previous equations, is

f ′(R)R− 2f(R) = Σ, (5.32)

where Σ = gijΣij is the trace of energy-momentum tensor.

With the presence of the spin, inside the star the Eqs. (5.24), (5.25),(5.26),

(5.27) can be solved for the equation of state p = p(ρ) for pressure and σ = σ(ρ)

for spin.

5.3 The case f (R) = R

In order to apply the Tolmann-Oppenheimer-Volkoff equations to study stel-

lar structures, Neutron Stars in primis, they must be equivalent to the classic

Tolmann-Oppenheimer-Volkoff equations in General Relativity limit. Therefore,

in the limit f(R) = R, we have f ′(R) = 1 and f ′′(R) = f ′′′(R) = 0. Substituting

in (5.4)(5.5) and (5.15)(5.16) we have

dλ

dr
=

e2λ(8πr2ρ− 1) + 1

2r
, (5.33)

dψ

dr
=

e2λ(8πr2p+ 1)− 1

2r
. (5.34)

We known that a mass parameter m(r) can be defined according to the relation:

e−2λ = 1− 2m

r
, (5.35)
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therefore substituting in (5.34) we have

dψ

dr
=

1

r2

(
m+ 4πr3p

)(
1− 2m

r

)−1

. (5.36)

Substituting (5.36) in (5.6) we get the classic Tolmann-Oppenheimer-Volkoff

equations written as in [52]

dp

dr
= − 1

r2

(
ρ+ p

)(
m+ 4πr3p

)(
1− 2m

r

)−1

, (5.37)

in units where G = 1 = c. It can be easily checked that, for f(R) = R, eq. (5.13)

reduces to the trace of General Relativity, i.e.

R = −8π(ρ− 3p). (5.38)

Considering instead the (5.24)(5.25)(5.26), in the limit f(R) = R, there will be

additive terms due to the presence of the spin. Therefore we have

dλ

dr
=

e2λ
[
8πr2ρ− 1− r2σ2

4

]
+ 1

2r
, (5.39)

dψ

dr
=

e2λ
[
8πr2p+ 1− r2σ2

4

]
− 1

2r
, (5.40)

dp

dr
= −

(
ρ+ p− σ2

16π

)
dψ

dr
+
σ2σr
16πσ

. (5.41)
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Using (5.35) in (5.40) we have

dψ

dr
=

1

r2

(
m+ 4πr3p− r3σ2

8

)(
1− 2m

r

)−1

, (5.42)

where obviously, a further term due to the spin appears. Substituting (5.42) in

(5.41) we get the generalized Tolmann-Oppenheimer-Volkoff equations with spin

in the General Relativity limit:

dp

dr
= − 1

r2

(
ρ+ p− σ2

16π

)(
m+ 4πr3p− r3σ2

8

)(
1− 2m

r

)−1

+
σ2σr
16πσ

. (5.43)

If the spin is zero, then the (5.43) is equivalent to (5.37). Now we consider the

effective quantities for density and pressure defined in (5.28). In this case we have

ρ∗ = ρ− σ2

32π
, p∗ = p− σ2

32π
(5.44)

and we obtain the Tolmann-Oppenheimer-Volkoff equations and the conservation

equation of the (5.33)(5.34), for f(R) = R, in the form

dλ

dr
=

e2λ[8πr2ρ∗ − 1] + 1

2r
, (5.45)

dψ

dr
=

e2λ[8πr2p∗ + 1]− 1

2r
, (5.46)

dp?

dr
= −(ρ∗ + p∗)

dψ

dr
. (5.47)
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Using (5.35) in (5.46) we have

dψ

dr
=

1

r2

(
m+ 4πr3p∗

)(
1− 2m

r

)−1

. (5.48)

Substituting (5.48) in (5.47) the classic Tolmann-Oppenheimer-Volkoff equations

written as in [52] but with the effective quantities, i.e.

dp?

dr
= − 1

r2

(
ρ∗ + p∗

)(
m+ 4πr3p∗

)(
1− 2m

r

)−1

, (5.49)

always in units where G = 1 = c. Hence, the equations written in the previous

sections are valid to describe any stellar structure in the extreme field regimes

choosing the appropriate boundary conditions and suitable equations of state

[31; 193; 201].

In the next chapter, we solve numerically the Tolman-Oppenheimer-Volkoff

equations, for the Starobinsky model considering both theories and perfect fluids

with a suitable choice of the equations of state of dense matter. We will plot the

Mass-Radius diagrams for a Neutron Star and calculate its stellar parameters.

We will make a comparison between the theories and we will see how, in both

cases, it is possible to obtain stable stellar configurations, not justified by General

Relativity, that are compatible with the recent observations of Neutron Stars that

exceed the Chandrasekhar’s limit, i.e. 1.44M�. Since the Tolman-Oppenheimer-

Volkoff equations are strongly non-linear, the case with spin fluids will be studied

in future works because, with a further degree of freedom due to spin, the non-

linearity is even stronger.
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Chapter 6

The Mass-Radius relation for

Neutron Stars in

(R + αR2)-gravity: a comparison

between the purely metric and

the torsion theory.

Summary

In this chapter, within the framework of the Starobinsky model, we study realistic

models of Neutron Stars. By numerically solving modified Tolman-Oppenheimer-

Volkoff equations, we investigate the Mass–Radius relation in both purely metric

and the torsion theory. In particular, we observe that the torsion effects are

seen to decrease the compactness and total mass of the Neutron Stars, therefore

mimicking the effects of a repulsive massive field. The opposite occurs in the

metric theory, where mass and compactness tends to increase, thus inducing, in
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6.1 The f(R) = R + αR2 model

both theories, an excess of mass that overtakes the standard General Relativity

limit.

6.1 The f (R) = R + αR2 model

We consider here the specific form of f(R):

f(R) = R + αR2, (6.1)

where α is the coupling parameter of the quadratic curvature correction. This

model is specially suitable to account for cosmological inflation, where higher-

order curvature terms naturally lead to cosmic accelerated expansion. The quadratic

term emerges in strong gravity regimes, while on Solar System scales and more

in general in the weak field regime, the linear term predominates.

This statement can be easily demonstrated because any analytic f(R) model,

in the weak field limit, presents a Yukawa-like correction in the gravitational

potential except f(R) = R. As shown in [202; 203], such a correction is relevant

at very large scales (e.g. at galactic scales and beyond [36]) with respect to

Solar System and does not affect classical experimental constraints of General

Relativity. As a consequence, R2 terms are relevant only in the strong field

regime.

Since the interior of a Neutron Star presents very similar conditions to those

that an early universe could have had, the model (6.1) is particularly suited to

our considerations. In this model, eqs. (5.4), (5.5) and (5.8) take the explicit

form:

dλ

dr
=
e2λ[16πr2ρ− 2− αR(r2R + 4)] + 4α(r2Rr,r + 2rRr +R) + 2

4r [1 + α(2R + rRr)]
, (6.2)
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6.1 The f(R) = R + αR2 model

dψ

dr
=
e2λ[16πr2p+ 2 + αR(r2R + 4)]− 4α(2rRr +R)− 2

4r [1 + α(2R + rRr)]
, (6.3)

d2R

dr2
= Rr

(
λr +

1

r

)
+

1 + 2αR

2α

[
1

r

(
3ψr − λr +

2

r

)
− e2λ

(
R

2
+

2

r2

)]
, (6.4)

while eqs. (5.15), (5.16) and (5.18) become respectively:

dλ

dr
=
e2λ[16πr2ρ− 2− αR(r2R + 4)] + 4αr2

[
Rr,r + 2Rr

r
+ R

r2
− 3αR2

r

2(1+2αR)

]
+ 2

4r [1 + α(2R + rRr)]
(6.5)

dψ

dr
=
e2λ[16πr2p+ 2 + αR(r2R + 4)]− 4αr2

[
2Rr
r

+ R
r2

+ 3αR2
r

2(1+2αR)

]
− 2

4r [1 + α(2R + rRr)]
, (6.6)

d2R

dr2
= Rr

(
λr +

1

r

)
− 1 + 2αR

α

[
1

r

(
3ψr − λr +

2

r

)
− e2λ

(
R

2
+

2

r2

)]
−

R2
r

(
3α

1 + 2αR
+

3ψr
Rr

+
9

rRr

)
.

(6.7)

In the next section, we shall discuss numerical solutions for the interior space–

time of spherically symmetric Neutron Stars in both purely metric and torsional

f(R) = R + αR2-gravity. Our intent is to propose a comparison between the

solutions of the above differential equations that emerge from the two different

theories.

In view of this, it is worth noticing that, in vacuo, (R + αR2)-gravity with

torsion amounts to General Relativity [175; 190]. Therefore, under the assump-

tion of spherical symmetry, in the case with torsion the space–time outside the
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(R + αR2)-gravity

star must necessarily coincide with the Schwarzschild one. In order to better

perform the comparison between the two theories, it seems then reasonable and

consistent assuming Schwarzschild as the space–time outside the star also in the

purely metric theory. Note that Schwarzschild space–time is actually a vacuum

solution for purely metric (R + αR2)-gravity [204; 205].

Therefore, in order for given interior solutions be viable, at their boundary

they have to match with the exterior Schwarzschild space–time. In this regard,

we recall that junction conditions for f(R)-gravity have been studied in [206] for

the purely metric formulation, and in [207] for the theory with torsion. Referring

the reader to [206; 207] for more details, in the present context the junction

conditions at the stellar radius result to be:

λ ∈ C0, ψ ∈ C1, R ∈ C1 in the purely metric theory (6.8)

λ ∈ C0, ψ ∈ C1,
dR

dr
∈ C0 in the torsional theory (6.9)

where outside the star λ, ψ and R refer to the corresponding Schwarzschild quan-

tities. Eqs. (6.8) and (6.9) are the conditions at the stellar radius to be satisfied

by the numerical solutions we shall investigate in the next sections.

6.2 Numerical aspects of the stellar structure

equations in (R + αR2)-gravity

The Tolman-Oppenheimer-Volkoff equations presented in Sec. 5.1 together with

an equation of state form a closed system of equations that can be solved numeri-

cally once a suitable set of initial conditions are provided. The equations of state

accounts for the behavior of the matter fields in the Neutron Star at nuclear level
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but also dominating the Neutron Star macroscopic properties as the total mass

M, radius RS and compactness C = M/RS. The total mass M and the radius RS

may vary significantly depending on the state of the matter at the Neutron Star

interior where C ≈ [0.02, 0.25], being C = 0.5 the black hole solution. On the

other hand, the knowledge of the macroscopic properties provides a direct insight

to understand the particle interactions, energy transport and state of the matter

in the Neutron Star core. Until recently, there were placed only vague constraints

on the equations of state of Neutron Stars from electromagnetic observations

[208]. The recent LIGO-Virgo Binary Neutron Star observation has significantly

clarified the state of the art concerning the equations of state physics. The largest

accuracy of the Gravitational Waves channel in relation to the electromagnetic

observations, has allowed to rule out stiffer solutions (less compact) thus reduc-

ing significantly the number of astrophysically relevant equation of state. In this

section we discuss some aspects of the numerical solution of the The Tolman-

Oppenheimer-Volkoff equations in the metric and torsional f(R) formulations

described above, for four equations of state compatible with the recent LIGO

constraints: APR4, MPA1, SLy, WFF1 [209; 210; 211; 212], accurately described

the piecewise polytropic fits provided in [213].

Then, to solve numerically the The Tolman-Oppenheimer-Volkoff equations,

we use a dimensionless version of the them by re-scaling our physical variables as

r → r/rg, R→ R/r2
g , p→ P/P0, ρ→ ρ/ρ0 , (6.10)

where

rg = GM�/c
2, P0 = M�c

2/r3
g , ρ0 = M�/r

3
g , (6.11)

and M� is the mass of the sun, rg is the gravitational radius (' 1.5km), G

Newton’s Gravitational constant and c the speed of light. The two systems of
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differential equations shown in Subsection 6.1 take the following form,

p′ = f1(ρ, p, ψ′, r), λ′ = f2(λ,R,R′, R′′, ρ, r), ψ′ = f3(λ,R,R′, p, r) (6.12)

and

R′′ = f4(λ, λ′, ψ′, R,R′, ρ, r), p = f5(ρ) , (6.13)

where the primed variables denote radial derivatives. Therefore, we are left to

setup five initial conditions for the variables {p(0), λ(0), ψ(0), R(0), R′(0)} to com-

plete the numerical scheme. Initial conditions are chosen at the center of the star

r = 0 in order to preserve regularity, thus preventing the generation of large gra-

dients that may lead to numerical instabilities. Mathematically this involves that

any expansion around the Neutron Star center must have a zero first derivative.

In particular, the scalar curvature at the Neutron Star center may be expanded

as,

R(r → 0) ≈ R(0) +R′(0)r +
1

2
R′′(0)r2 , (6.14)

where regularity involves R′(0) = 0. Pressure and density at the center ρ(0) = ρc

and p(0) = pc are given by the equation of state so they only depend on the

type of fluid under consideration. For the metric potential λ is natural to fix

λ(0) = 0, analogously to what happens in Newtonian gravity, where the λ(r) and

ψ(r) variables are matched to the m(r) mass of the system by,

e2λ(r) =

(
1− 2

m(r)

r

)−1

, e2ψ(r) =

(
1− 2

m(r)

r

)
. (6.15)

Notice that the variable ψ(r) does not enter directly in our system of dif-

ferential equations which implies that ψ(0) can be defined up to any arbitrary

constant. Therefore we adjust ψ(0) conveniently to match (i) the internal solu-
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tions with the external Schwarzschild solution at the stellar radius RS and (ii) to

obtain asymptotically the O(r−1) profile as,

λ(r →∞) ≈ M

r
, ψ(r →∞) ≈ −M

r
, ρ(r →∞) = 0, p(r →∞) = 0 .

(6.16)

The star radius is ideally defined where the pressure p(RS) ≈ 0 though, in

practice, and for numerical reasons, is sufficient to set a ground value ε as

p(RS)/pc ≤ ε ∼ 10−10.

The fulfillment of eqs. (6.16) require to find an optimal choice for the Ricci

scalar Rc = R(0). In general, this is achieved by shooting the central value Rc

within some sufficiently large range [Rmin
c , Rmax

c ], containing the true value Rc.

Then Rc is found by applying bijection root-finding methods until eqs. (6.16)

are satisfied up to numerical tolerance. Unfortunately, the existence of such Rc

strongly depends on the particular form of the f(R) model, giving rise to ghosts

in case of ill-defined configuration of the model parameters. This is true for both

metric and torsional R + αR2-theories, matter of study of this thesis. Then we

choose the sign of α to be the one that better matches the junction conditions at

the surface of the star (6.8)(6.9) for the metric and torsional theory respectively.

As we evince in the following sections, the only choices that reproduce not blow-

ing up solutions are α > 0 for the metric case and α < 0 for the torsion one.

Unfortunately, these choices generate of some typical tachyonic oscillations due to

the fact of a bad behaved f ′′(R) [214] and that we could not remove numerically.

This effect was also reported in [215], thus also showing an oscillatory behavior

in a form of a damped-sinusoid outside the star even in the minimally perturbed

scenario with α� 1. These oscillations grow as the value of α increases and they

are as well propagated to our metric potentials λ(r) and ψ(r). This inserts some

ambiguity in defining the asymptotic conditions (6.16) at large r since the oscil-
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lations are not totally vanished when the numerical noise begins to dominate the

solution (at r ∼ 100). To overcome this issue and to reduce the amplitude of the

oscillations, we restrict our analysis to small values of α ∈ [0.001, 0.1]. As this is

anyway consistent with current observational tests, doing so we are not discard-

ing any relevant astrophysical scenario and that also allow us to set Rc ≈ RGR.

This hypothesis is shown to have a minimal impact in the M− R diagrams as we

discuss throughout next sections. Moreover, the assumption of a Schwarzschild-

type solution outside the star allows us to smooth out these oscillations and to

recover a good fulfillment of the junction conditions. Given all that, we justify

the choice of α > 0 for the metric theory and α < 0 for the torsional one.

Finally, the two systems of ordinary differential equations are solved by using

a 8th-order Runge-Kutta with adaptive step-size and high-stiffness control meth-

ods implemented in the Wolfram Mathematica package [216]. These methods

regulate the discretization step-size by estimating the error of the Runge-Kutta

method point by point ensuring the numerical convergence of the solution step

by step. The stiffness control methods use polynomial extrapolation on the short

regimes where the gradients get too large. We have found these methods essential

to ensure the accuracy of the solutions in the torsional formulation.

6.3 Numerical solutions

We compute the M− R diagrams for metric and torsional formulations of R+αR2

gravity. Due to the numerical limitations found throghout our analysis, we restrict

|α| ∈ [0, 0.1] where α is required to be positive for the purely metric theory and

negative in the theory with torsion to avoid blowing up solutions [215]. These val-

ues are anyway consistent with solar system tests of General Relativity [215; 217].

Such tests fix light constraints on the form f(R) . 10−6 rather than on the param-
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eter α, thus being translated asR+|α|R2 . 10−6. Bearing in mind that curvatures

themselves are expected to be small, all this leaves the parameter α rather uncon-

strained. Other tests as Eöt-Wash laboratory experiment set α . 10−10m2. On

the contrary, there exist alternative observational space-based constraints coming

from the Gravity Probe B experiment [218] or the observation of the binary pul-

sar PSR J0737-3039 [219; 220] that set α . [5 × 1011, 2.3 × 1015]m2. Therefore,

the discrepancies among the several experiments do not set tight bounds on the

value of α, and our choice seems to be compatible with existing data.
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Figure 6.1: Solutions of The Tolman-Oppenheimer-Volkoff equations for General
Relativity (blue) and purely metric R + αR2 with α = 0.05 (orange), using the
SLy equation of state. All the plotted quantities show small deviations with
respect to General Relativity. Note the asymptotic decay of the metric potentials
λ and ψ as r →∞. Our choice of α explains the oscillatory behavior as reported
in [215].
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6.3.1 Purely metric theory

The solutions of the Tolman-Oppenheimer-Volkoff equations for the purely met-

ric f(R) = R+ αR2 model are illustrated in Fig. 6.1. The pressure at the center

of the star pc drops quickly until it eventually gets equal to zero, thus defining

the radius of the star RS. This radius is used as our reference point to com-

pute the total mass M by means of eq. (6.15). The numerical system exhibits

Figure 6.2: Profiles for the pressure P (left) and the Ricci scalar R (right) cor-
responding to Rc = {RGRc , 0.2RGRc , 2RGRc} for the f(R) = R+αR2 model with
α = 0.1. In the zoomed-in plot for the pressure, the grid lines fix two possible
values for the radius of the star RS that depend on to the accuracy chosen in
defining its position as: p(RS)/pc ≤ {10−9, 10−10} providing a relative difference
of about 4%. Complementary, on the right hand side plot we show the R = 0
point for different choices of the central value Rc. Notice that on the latter the
effects of choosing one or another Rc contribute in total about the ∼ 2% be-
tween 0.2RGRc and 2RGRc choices thus this error being smaller than the our error
estimate in defining RS.

some dissipative oscillations about the Ricci scalar R and the metric potential

λ. These oscillations naturally arise from the harmonic-form of the Ricci scalar

R(r) equation in vacuum [215], for a non optimal choice of the Ricci scalar Rc at

the center of the star, and where optimal choice is here defined as that match-

ing the Schwarzschild junction conditions at the stellar radius. Unfortunately,

such a choice becomes increasingly difficult as α tends to zero since the system
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of equations become also stiffer [221]. Generally speaking, this may appear to

be counterintuitive, since α → 0 should exactly recover the General Relativity

space-time. However the asymptotic approach to α→ 0 of the Ricci scalar equa-

tions (6.4)(6.7) are ill-defined. This is clear if, for instance, one re-expresses (6.4)

as,

R′′ = −e
2λ (8π(ρ− 3p) +R)

6α
−R′

(
−λ′ + ψ′ +

2

r

)
. (6.17)

Notice that the numerator of the first term is exactly zero in General Relativity

and that ideally approaches to zero faster than to linear order in α. However,

this is not so exact when dealing with numerical uncertainties, where the same

factor may behave as a ∼ 0/0 solution for α << 1 thus requiring much more

precision on the estimation central value Rc. To overcome this issue, we have

set R(0) = RGR = 8π(3pc − ρc) to the General Relativity value. Though this

seems apparently an arbitrary choice, we notice that for α .< 1 the solution

must be close to that of General Relativity so the value can not be further to

that of General Relativity. This is self-evident from Fig. 6.2, where in the right

plot we illustrate the variations on the pressure p(r) and the Ricci scalar R(r) for

different choices of the central value Rc = {RGRc , 0.2RGRc , 2RGRc}. Then, notice

than the effect of varying Rc on the radius R for such small values of α is about

∼ 2% considering the maximum and minimum choices of Rc. This variation is

then compared with the uncertainty arising from the definition of the star radius

RS to be the place where the pressure drops by a factor ε. Then, in the left plot

we show that the impact of relaxing this value to ε ∼ 10−9 would generate an

uncertainty of about the 4%, thus larger than the one from varying Rc.

In Fig. 6.3, we show the behavior of the metric potentials λ(r) and ψ(r) and

the derivatives R′(r) and ψ′(r) paying special attention to: (i) the junction con-

ditions at the Neutron Star boundary and (ii) their profiles as r →∞. We show

the full numerical solution (blue line), its corresponding Schwarzschild solution
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Figure 6.3: Results of our analysis with α = 0.05 for λ and ψ (left plots) and the
derivatives for R′ and ψ′ (right plots) for the exact numerical solution (blue line);
the Schwarzschild solution (orange line) with mass M = 1.43M�; a Schwarzschild
fit (green line) to the numerical data outside the star, that is, with R > 11.6km.
We note that, for α small and averaging out all the oscillations, all physical
quantities reproduce rather well the Schwarzschild solution outside the star, while
matching as well the junction conditions (6.8). From the fitted results we get
M = 1.40M�, thus very close to the theoretical one.

(orange line) given by eqs. (6.15) with M = 1.43M� and the result of fitting the

exterior data to the same Schwarzschild-like ansatz in order to quantify the agree-

ment with the Schwarzschild space-time outside the star and which results in a

Neutron Star with total mass M = 1.40M�. The good agreement between the

three lines confirms that the solution is well approximated by the Schwarzschild

solution right outside the star radius by better than ∼ 2%. This good match is

also extended to their derivatives thus globally satisfying the necessary junction

conditions of eqs. (6.8) once the oscillations are averaged out. On the other
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hand, since the oscillations do not appear on ψ(r), we choose this quantity more

appropriated to define the Neutron Star mass M.
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Figure 6.4: M− R relations obtained within the purely metric formalism with
α = {0, 0.001, 0.01, 0.05, 0.1} for the four equations of state considered in this the-
sis. Note the general increase of the total mass as the quadratic term takes larger
values, thus favoring the formation of more massive objects than in standard
General Relativity.

Finally, in Fig. 6.4, we show the M− R diagrams for the four equations of

state considered in this thesis. For each choice of the central density ρc we get

a different estimate of the radius RS and the total mass M. We loop over ρc

until dM/dR = 0 which defines the unstable branch, i.e. the point at which

the Neutron Star is expected to collapse to a Black Hole and that provides the

maximum allowed mass Mmax for the given equation of state. Note that for all

the equations of state considered, the total mass tends to increase with respect

to General Relativity as in [17; 221]. This is because gravity becomes stronger,
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thus allowing more massive systems. Indeed, in the R + αR2 scenario, Newton’s

gravitational constant G is replaced by

G→ Geff =
G

f ′(R)
=

G

1 + 2αR
. (6.18)

The combined conditions of α > 0 and R < 0 imply then Geff > G, thus gener-

ating a more attractive gravity.

6.3.2 Torsion Theory

We repeat the analysis for the torsional f(R) = R+αR2 theory. Although further

models have been also considered in the literature, the numerical complexity of

the torsional equations makes difficult a full exploration of other kinds of f(R)

functions. This issue becomes more relevant when considering the torsional theory

with spin [188], where spin gradients add higher order derivatives to our system of

equations that increase the stiffness of the numerical system. We plan to extend

our study in the presence of spin matter in a forthcoming work.

In Fig. 6.5, we repeat the same Schwarzschild-based tests than for the metric

formalism for α = 0.05. In this case, the total mass M = 1.37M� is slightly

diminished with respect to the metric case. Notice that the Schwarzschild solution

is as well verified at the star radius Rs, where the metric λ(r) is clearly C0 and

ψ(r) still preserves the C1 condition. Outside the star, and once the oscillations

are vanished, the metric functions λ and ψ still preserve the 1/r decay.

In Fig. 6.6, we show the results we obtained for the theory with torsion,

using the same range for |α| as in the metric case but choosing α < 0. In this

scenario, we see that the general trend predicts a decreasing of the total mass

of the Neutron Star, independently of the equations of state considered. This

could be related with the fact that the stable branch of the solutions given by
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Figure 6.5: Results of the analysis in the torsional case with α = 0.05. We
show the metric potentials λ and ψ (left plots) and the derivatives for ψ′ and
R′ (right plots) for the exact numerical solution (blue line), the Schwarzschild
solution (orange line) and a Schwarzschild fit (green line) to the numerical data
outside the star, that is with R > 11.6km. Notice that once the oscillations are
averaged out, all the distributions satisfy (up to numerical accuracy) the junction
conditions.

the signature of α is reversed with respect to the purely metric case, in order to

avoid for ghosts. However, the estimates for the total mass and radius are still

compatible with the astrophysical observations [4], thus not allowing us to rule

out any of the models studied here. On the other hand, if we further increase

|α| the errors generated by eq. (6.7) and propagated to the total mass M and

the total radius RS become too large. Therefore, we restrict the our analysis to

|α| ≤ 0.1.

Finally, in Fig. 6.7, we compare the different predictions obtained in the

purely metric and the torsional formulation respectively, for α = 0.1. Note that,
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Figure 6.6: Analogous M− R relations to those of Fig. 6.4 but here obtained
within the torsional formalism. The effect of the torsion tends to decrease the
total mass of the Neutron Star, contrary to what occurs in the purely metric case.
This is dominantly caused by sign flip on the α-dependent part of eq. (6.7) with
respect to eq. (6.4), which actually acts as a repulsive term.

in the theory with torsion though the total mass of the Neutron Star decreases,

while increases in relation to the metric case but, in torsion theory, the relative

deviations, in absolute value, with respect to General Relativity seem to be larger

respect to the metric case. This is caused by the effective repulsion generated

by the extra torsional terms (see eq. (6.7)) which induce a partial screening of

the gravitational field that prevents to reach Neutron Stars masses as large as in

standard General Relativity. This is explicitly shown in Table 6.1, where we show

the variation of the maximum mass Mmax, radius Rmax and compactness C for

the purely metric and torsional theories respectively, corresponding to the points

in the M− R diagrams where dM/dR = 0 . Note that whereas the purely metric
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Figure 6.7: M− R relations for α = 0.1 in GR (blue), metric (green) and torsion
(orange) for the four equations of state considered in this thesis. The torsion
contributions tend to decrease the total mass of the system.

formulation tends to more massive and compact Neutron Stars, the opposite

occurs when considering torsion. Indeed, as the quadratic term in the curvature

increases, the effects of torsion counterbalance the increase of total mass. This

can be intuitively derived by using the same reasoning as in (6.18) with α < 0

and R < 0, implying Geff < G and thus generating a less attractive gravity.
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EoS |α| M
(M)
max R

(M)
max C(M) M

(T )
max R

(T )
max C(T )

M� Km M� Km
0 2.13 9.29 0.23 2.13 9.29 0.23

0.001 2.13 9.29 0.23 2.13 9.29 0.23
WWF1 0.01 2.14 9.28 0.23 2.11 9.30 0.23

0.05 2.19 9.21 0.24 2.06 9.28 0.22
0.1 2.20 9.24 0.24 2.02 9.31 0.21
0 2.19 9.88 0.22 2.19 9.88 0.22

0.001 2.19 9.91 0.22 2.19 9.88 0.22
APR4 0.01 2.20 9.88 0.22 2.18 9.91 0.22

0.05 2.23 9.85 0.23 2.13 9.91 0.21
0.1 2.24 9.92 0.23 2.10 9.91 0.21
0 2.05 9.97 0.20 2.05 9.97 0.20

0.001 2.05 9.94 0.20 2.05 9.94 0.20
SLy 0.01 2.06 9.97 0.21 2.04 9.98 0.20

0.05 2.08 9.94 0.21 2.00 9.96 0.20
0.1 2.10 10.02 0.21 1.98 9.98 0.20
0 2.45 11.28 0.22 2.45 11.28 0.22

0.001 2.45 11.30 0.22 2.45 11.26 0.22
MPA1 0.01 2.47 11.26 0.22 2.44 11.30 0.22

0.05 2.50 11.28 0.22 2.40 11.26 0.21
0.1 2.51 11.30 0.22 2.37 11.26 0.21

Table 6.1: Parameters of Neutron Stars for the equations of state considered in
this thesis for the α values for the (6.1) models in the metric formalism and in
a torsion theory. The case α = 0 is the standard General Relativity. Mmax and
Rmax are the maximum values of mass and radius, where M� is the Solar mass.
The superscripts stand for the (M) metric formalism and (T ) torsional formalism,
where C(M) and C(T ) refer to the compactness Mmax/Rmax in units of M�/Km.
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Chapter 7

Non-minimally coupled

condensate cosmologies:

matching observational data with

phase space

Summary

In this chapter, we compare theoretical predictions with observations for a class

of cosmological models in which the dark energy component is modeled as a

Fermionic condensate, non-minimally coupled with the gravitational field and

characterized by some specific self-interaction potentials. Our analysis will be

based on the Markov Chain Monte Carlo Method and employs different data

sets. It turns out that, with an appropriate choice of parameters, our models will

be fully compatible with several observed data. We will combine these parameter

values with phase space analysis to deduce the features of the entire cosmic history

of the considered models.
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7.1 The (1 + ε(ψ̄ψ))R-theory in a cosmological

metric

For convenience of the reader, we briefly review the main features of the theory

proposed in [76]. Making use of natural units (} = c = kB = 8πG = 1) for

simplicity, let us consider the action functional

S =

∫ √
|g|
[(

1 + ε(ψ̄ψ)
)
R− LD

]
ds, (7.1)

in which the Einstein–Hilbert term is non–minimally coupled to the condensate

ψ̄ψ associated with a Dirac field. The latter has a Lagrangian of the usual form

LD =
i

2

(
ψ̄ΓiDiψ −Diψ̄Γiψ

)
−mψ̄ψ + V (ψ̄ψ), (7.2)

where a fermionic self–interaction potential V (ψ̄ψ) is present. In eq. (7.1) ε

indicates a suitable constant parameter, while in eq. (7.2) we have Γi := eiµγ
µ,

γµ representing Dirac matrices and eµi a tetrad field such that the metric tensor

can be expressed as gij = eµi e
ν
j ηµν (ηµν = diag.(1,−1,−1,−1)); Di denotes the

covariant derivative of the spinor field

Diψ = ∂iψ − Ωiψ, Diψ̄ = ∂iψ̄ + ψ̄Ωi, (7.3)

where

Ωi = −1

4
gij
(
Γ j
pq − ejµ∂peµq

)
ΓpΓq, (7.4)

are the spin covariant derivative coefficients associated with the Levi–Civita con-

nection Γ j
pq .

Some remarks are here in order on the nature of the fermion field we are

considering [222; 223; 224]. Our approach is entirely classical, ψ denoting a set
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of four complex–valued spacetime local functions which transform according to

the spinor representation of the Lorentz group. This means that, rather than

an actual fermion field, ψ can be though to represent macroscopic objects made

of fermions (see e.g. [69]). Indeed, as we are considering cosmic eras in which

particles are non-relativistic, a second quantization fermion field would not really

be compatible with our assumptions. On top of this, we are restricting specifically

to the case in which such fermion field is a condensate and it is known that in this

case a classical description of the field is able to capture all the key properties of

the quantum field [69].

As a consequence, our Dirac action and the resulting matter field equations

do not necessarily have to satisfy the same properties as those in quantum field

theory. This applies, for example to the issue of renormalizability. As a matter of

fact, if we were to insist considering ψ a quantum field, we could ask if the presence

of the self-interaction potential and even more the non-minimal coupling can make

the Dirac equations non–renormalizable. In this regards, in Section 7.3 we shell

consider three different potentials (see subsequent Eqs. (7.33), (7.34), (7.35)). In

particular, in the minimal coupled theory the potentials (7.33) and (7.35) would

be renormalizable respectively for α < 4
3

and γ < 2
3
, while potential (7.34) would

be always renormalizable. Instead, the real problem lays, at least in the purely

metric theory, in the non–renormalizable terms generated by the non-minimal

coupling. A possible way out of this problem would be to introduce torsion.

Indeed, following the procedure given in [225] and according to Wilson’s analysis

of renormalizability, it is easy to see that in the theory with torsion the presence

of non-minimal coupling leads always to renormalizable actions, provided that

the considered potentials have the values of α and γ in the intervals mentioned

above. We will see that the values we will obtain for these parameters belong to

these intervals.
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Making use of the notation ϕ := ψ̄ψ, from the the action (7.1) we derive

Einstein–like and Dirac equations respectively of the form

(1 + εϕ)

(
Rij −

1

2
Rgij

)
= Σij + ε (∇i∇jϕ− gijgpq∇p∇qϕ) , (7.5)

and

iΓiDiψ −mψ + V ′(ϕ)ψ − εψR = 0, (7.6a)

iDiψ̄Γi +mψ̄ − V ′(ϕ)ψ̄ + εψ̄R = 0, (7.6b)

where

Σij =
i

4

(
ψ̄Γ(iDj)ψ −D(iψ̄Γj)ψ

)
− 1

2
LD gij, (7.7)

is the energy–momentum tensor of the Dirac field and V ′ := dV
dϕ

. For later use,

inserting eqs. (7.6) into (7.7), we can express the energy–momentum tensor Σij

as

Σij = +
i

4

(
ψ̄Γ(iDj)ψ −D(iψ̄Γj)ψ

)
− ε

2
ϕR gij −

1

2
V (ϕ) gij +

1

2
ϕV ′(ϕ) gij. (7.8)

In order to discuss cosmological models arising from the above presented theory,

let us consider a spatially flat Friedmann–Lemâıtre–Robertson–Walker metric

tensor

ds2 = dt2 − a(t)2
(
dx2 + dy2 + dz2

)
. (7.9)

It is seen that the Einstein–like equations (7.5), evaluated in the metric (7.9),

reduce to [76]

(1 + εϕ)3

(
ȧ

a

)2

=
m

2
ϕ− 3ε

ȧ

a
ϕ̇− 1

2
V (ϕ), (7.10a)
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(1 + εϕ)

[
2
ä

a
+

(
ȧ

a

)2
]

= − ε
2
ϕR− εϕ̈− 2ε

ȧ

a
ϕ̇− 1

2
V (ϕ) +

1

2
ϕV ′(ϕ). (7.10b)

We can replace eq. (7.10b) by the equivalent Raychaudhuri equation

(1 + εϕ)6
ä

a
= −3

2
εϕR− 3εϕ̈− 3ε

ȧ

a
ϕ̇− m

2
ϕ− V (ϕ) +

3

2
ϕV ′(ϕ). (7.11)

Analogously, in the metric (7.9) the Dirac equations (7.6) assume the expression

ψ̇ +
3

2

ȧ

a
ψ + imγ0ψ − V ′(ϕ)γ0ψ + iεRγ0ψ = 0, (7.12a)

˙̄ψ +
3

2

ȧ

a
ψ̄ − imψ̄γ0 + V ′(ϕ)ψ̄γ0 − iεRψ̄γ0 = 0. (7.12b)

From eqs. (7.12) we immediately derive the evolution law for the scalar field

ϕ = ψ̄ψ

ϕ̇+ 3
ȧ

a
ϕ = 0, (7.13)

yielding the final relation

ϕ =
ϕ0

a3
. (7.14)

Since ϕ → 0 when the scale factor grows, it is expected that the non-minimal

coupling contributions tend to disappear at cosmological late time. For sake of

completeness, we can add a perfect fluid to our cosmological model. To this end,

we suppose a barotropic perfect fluid assigned, with equation of state p = wρ

(w ∈ [0, 1[) and standard conservation law

ρ̇+ 3
ȧ

a
(ρ+ p) = 0. (7.15)
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In such a circumstance, the field equations (7.10) and (7.11) become respectively

(1 + εϕ)3

(
ȧ

a

)2

= ρ+
m

2
ϕ− 1

2
V (ϕ)− 3ε

ȧ

a
ϕ̇, (7.16a)

(1 + εϕ)

[
2
ä

a
+

(
ȧ

a

)2
]

= −p− ε

2
ϕR− 1

2
V (ϕ) +

1

2
ϕV ′(ϕ)− εϕ̈− 2ε

ȧ

a
ϕ̇, (7.16b)

and

(1 + εϕ)6
ä

a
= −(ρ+ 3p)− 3

2
εϕR− 3εϕ̈− 3ε

ȧ

a
ϕ̇− m

2
ϕ−V (ϕ) +

3

2
ϕV ′(ϕ). (7.17)

Inserting the evolution equation (7.13) for the scalar field and the expression of

the Ricci scalar in flat Friedmann–Lemâıtre–Robertson–Walker spacetime R =

−6
(
ä
a

+ ȧ2

a2

)
into eqs. (7.16) and (7.17), we get the final system of equations

3(1− 2εϕ)

(
ȧ

a

)2

= ρ+
m

2
ϕ− 1

2
V (ϕ), (7.18a)

6(1− 2εϕ)
ä

a
= −(ρ+ 3p)− 18εϕ

(
ȧ

a

)2

− m

2
ϕ− V (ϕ) +

3

2
ϕV ′(ϕ), (7.18b)

ϕ̇+ 3
ȧ

a
ϕ = 0, (7.18c)

ρ̇+ 3
ȧ

a
(1 + w) ρ = 0, (7.18d)

which represent the starting point of our subsequent analysis.
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7.2 Redshift cosmological equations

In this section we rewrite the system of equations (7.18) in terms of redshift z.

To start with, let us take the identities a = a0
1+z

and H = ȧ
a

into account, so that

the system (7.18) assumes the form

3(1− 2εϕ)H2 = ρ+
m

2
ϕ− 1

2
V (ϕ), (7.19a)

6(1− 2εϕ)(H2 + Ḣ) = −(ρ+ 3p)− 18εϕH2 − m

2
ϕ− V (ϕ) +

3

2
ϕV ′(ϕ), (7.19b)

ϕ̇+ 3Hϕ = 0, (7.19c)

ρ̇+ 3H (1 + w) ρ = 0. (7.19d)

From now on we restrict ourselves to a dust filled Universe with w = 0 and thus

p = 0. In this case, the last two equations have exact solutions

ϕ(z) =
ϕ0

a3
= ϕ0(1 + z)3, (7.20)

ρ(z) =
ρ0

a3
= ρ0(1 + z)3 , (7.21)

thus implying that the fermion condensate evolves as the dark matter energy

density composed of dust fluid. The Eqs. (7.19a), and (7.19b) can be slightly

manipulated in order to define the effective pressure and energy density of the
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fermion field

pϕ = −
ϕ
[
(1− 2εϕ)V ′(ϕ)− 2εϕ

(
m+ 2ρ0

ϕ0

)]
+ V (ϕ)(4εϕ− 1)

2(1− 2εϕ)
, (7.22)

ρϕ =
mϕ

2
− V (ϕ)

2
. (7.23)

These two expressions allow us to define an effective equation of state wϕ, which

drives the behavior of the model in the dark energy dominated era:

wϕ = −ϕ [(ϕ0 − 2εϕϕ0)V ′(ϕ)− 2εϕ (mϕ0 + 2ρ0)] + ϕ0V (ϕ)(4εϕ− 1)

ϕ0(1− 2εϕ)[mϕ− V (ϕ)]
. (7.24)

Now we can interpret the fermion condensate as the source of an effective Λ

term Λeff , by defining Λeff = ρϕ
F

, being F (ϕ) = (1 − 2εϕ), and the effective

gravitational constant as Geff = 1
F

. With these definitions, the Eqs. (7.19a) and

(7.19b) can be rewritten in terms of ρϕ and pϕ as

3H2 = Geffρm + Λeff , (7.25)

2Ḣ + 3H2 = −Geffpϕ . (7.26)

Introducing the standard Ω parameters by [195; 226]

Ωm =
ρm

3H2
, ΩΛeff =

ρϕ
3H2

,

we get the relation

Ωm + ΩΛeff = F . (7.27)
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Note that in order to write the (7.25) and (7.26) we have defined

Geff =
1

1− 2εϕ
=

1

1− 2εϕ0(1 + z)3
, (7.28)

and therefore we assumed that the denominator 1−2εϕ0(1 + z)3 does not vanish.

In order to analyze the cosmological solutions, we first formulate the Friedmann

equation (7.25) in terms of the red-shift z, making use of the well known relations

1 + z =
a0

a
, (7.29)

d

dt
= −(1 + z)H(z)

d

dz
, (7.30)

where the Hubble function H(z) is here expressed as

H(z) =

√
mϕ(z)− V (ϕ(z)) + 2ρ0(z + 1)3

6− 12εϕ(z)
. (7.31)

Let us subsitute ρ0 = 3H2
0 Ωm, ϕ(z) = ϕ0(1 + z)3, and ϕ0 = βρ0 = 3βH2

0 Ωm,

thus obtaning the expression

H(z) =

√
3H2

0 (z + 1)3(βm+ 2)Ωm − V (z)

6 [1− 6βH2
0 (z + 1)3εΩm]

, (7.32)

In Eq. (7.32) the fermion condensate not only acts as dark energy, through its

self-interaction potential, but it can also play the role of a dark matter term.

In the following we will consider models for which ε and ϕ0 have the same sign.

This anzats can appear ill chosen as it allows the presence of divergences in the

effective gravitational constant and in the Hubble term (7.28) and (7.32). The

phase space analysis in Section (7.7) reveals, however, that these singular states

are unstable and therefore never reachable dynamically. In addition, in order to

avoid possible problems within the numerical codes used to process observational
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data, we set for ε and ϕ0 very small values, as, for instance, in Fig. (7.4). It

is worth noting that the critical quantity is the product ε ϕ0; therefore we set

ε = 10−7: in this way the evolution of the cosmology will be always far from the

singular states.

7.3 Some cosmological models

So far we have made no assumptions about the form of the self-interaction poten-

tial V (ϕ) appearing in the Eqs. (7.19a) and (7.19b). In this section we investigate

three different forms of V (ϕ):

V (ϕ) = V0ϕ
α, (7.33)

V (ϕ) = V0 exp(−λϕ), (7.34)

V (ϕ) = V0(ϕ2 + V1)γ . (7.35)

The potential V (ϕ) = V0ϕ
α is largely used in the dark energy literature and also

in the investigation of fermionic dark energy. Because of Eq. (7.14), for a → 0

the potential can be, depending on the sign of the parameter α, negligible or

dominant. The converse happens when a → ∞. The exponential potentials of

the kind (7.34) are very important to describe not only quintessence models of the

dark energy, but also various scenarios of the inflationary expansion of the early

universe. Actually, for a flat Friedmann universe filled with a minimally coupled

exponential field, we know the general exact solution of the field equations [227].

Moreover, in the limit ϕ → 0 exponential potentials become cosmological con-

stant terms, introducing in this way a dynamical realization of the cosmological

constant related to the scalar field. Finally, the potential V = V0(ϕ2 + V1)γ is a

simple generalization of the power law potential. It has been chosen because of
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its relevance in inflationary scenarios in the presence of a scalar field. For a→ 0

this potential coincides with the pure power law one. However, for a → ∞ it

generates a cosmological term related to the value of the constant V1. In the

following discussion, we will compare theoretical predictions with observational

data for each cosmological model arising from the above three different choices

of potential. To accomplish this aim, we parametrize in a different way our mod-

els introducing in their analytical representation parameters for which we can

immagine the proper ranges of variations : for each cosmological model, indeed,

V0 is not a fit parameters, but is expressed in terms of different observables, as

shown in Eq. (7.36).

7.3.1 The case V (ϕ) = V0ϕ
α

In order to analyze the cosmological scenarios arising from this power law model,

we start from the Eq. (7.31) which can be parametrized in a different way by

requiring that H(0) = H0, where 0 refers to today. It turns out that we can

express V0 in terms of H0 and the other parameters:

V0 = ϕ−α0

[
6H2

0 (Ωm + 2εϕ0 − 1) +mϕ0

]
(7.36)

so that the Hubble function H can be expressed as (with u = z + 1)

H =

√
(u)3 (6H2

0 Ωm +mϕ0)− (u)3α [6H2
0 (Ωm + 2ϕ0ε− 1) +mϕ0]

6− 12ϕ0(u)3ε
.(7.37)

If we introduce the dimensionless Hubble parameter E(z, θ) = H(z)
H0

, where θ

indicates the set of parameters characterizing the cosmological model, then we

can construct the luminosity distance and the modulus of distance according to
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Figure 7.1: The behaviour in redshift of the function H(z) (red solid line) for
the power law potential V (ϕ) = V0ϕ

α, corresponding to the best fit values of the
parameters as in Table (7.2) (ε = 10−7, ϕ0 = 0.006, α = 0.23, m = 1.56). It is
compared with the standard ΛCDM model (blue dashed line): it turns out that,
with an appropriate choice of the parameters these behaviours are comparable
within a wide range of redshifts and will differ at very high redshift.

the following relations:

dL(z, θ) =
c

H0

(1 + z)

∫ z

0

dζ

E(ζ, θ)
, (7.38)

µth(z, θ) = 25 + 5 log dL(z, θ) . (7.39)

In Fig. (7.1) we compare the evolution of the Hubble functions [226; 228] in our

power law model and in the standard ΛCDM model.
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7.3.2 The case V (ϕ) = V0 exp(−λϕ)

Following the same procedure implemented in the previous subsection, also in the

case of the exponential potential we use the condition H(0) = H0 to express V0

in terms of H0 and the other parameters:

V0 = eλϕ0
[
6H2

0 (Ωm + 2ϕ0ε− 1) +mϕ0

]
(7.40)

(7.41)

so that the Hubble function H assumes the form (with u = z + 1 and v = 6H2
0 )

H =

√
(u)3 (vΩm +mϕ0)− eλϕ0[1−(u)3] [v (Ωm + 2ϕ0ε− 1) +mϕ0]

6− 12ϕ0(u)3ε
(7.42)

In Fig. (7.2) we compare the evolution of the Hubble function in our exponential

model and in the standard ΛCDM model.

7.3.3 The case V (ϕ) = V0(ϕ
2 + V1)

γ

Owing to the presence of an additional parameter, in this case we include both H0

and the deceleration parameter q0 in the new parametrization and, consequently,

we need more constraints. Actually, the conditions H(0) = H0 allow us to express

V0 in terms of the other parameters:

V0 =
(
V1 + ϕ2

0

) −γ [6H2
0 (Ωm + 2εϕ0 − 1) +mϕ0

]
. (7.43)
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Figure 7.2: The behaviour in redshift of the function H(z) (red solid line) for the
exponential potential V (ϕ) = V0 exp(−λϕ) corresponding to the best fit values of
the parameters as in Table (7.2) (ε = 10−7, ϕ0 = 0.006, λ = 0.67, m = 0.33). It is
compared with the standard ΛCDM model (blue dashed line): it turns out that,
with an appropriate choice of the parameters these behaviours are comparable
within a wide range of redshifts and will differ at very high redshift.
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With this substitution the Hubble function H takes the form: (always with u =

z + 1 and v = 6H2
0 )

H(z) =

√√√√[v (Ωm + ϕ0

5·106
− 1
)

+mϕ0

]
[V1 + (u)6ϕ2

0]
γ − (u)3 (vΩm +mϕ0)

(V1 + ϕ2
0)
−γ
[

3(u)3ϕ0

2,5·106
− 6
] .

(7.44)

It is worth noting that, owing to the presence of an additional parameter, it

is also possible include both H0 and the deceleration parameter q0 in the new

parametrization so that the conditions H(0) = H0 and q0 = −H0

(
limz→0

dH(z)
dz

)
allow us to express V0 and V1 in terms of H0, q0 and the other parameters:

V0 = 2−γ
[
6H2

0 (Ωm + 2ϕ0ε− 1) +mϕ0

]
×{

γϕ2
0 [6H2

0 (Ωm + 2ϕ0ε− 1) +mϕ0]

H2
0 [6Ωm + q0 (8ϕ0ε− 4) + 20ϕ0ε− 4] +mϕ0

}−γ
,

(7.45)

and

V1 =
ϕ2

0 {2H2
0 [6γ (Ωm + 2ϕ0ε− 1)− 3Ωm + q0 (2− 4ϕ0ε)− 10ϕ0ε+ 2]}

H2
0 [6Ωm + q0 (8ϕ0ε− 4) + 20ϕ0ε− 4] +mϕ0

+

(2γ − 1)mϕ3
0

H2
0 [6Ωm + q0 (8ϕ0ε− 4) + 20ϕ0ε− 4] +mϕ0

.

(7.46)

With these substitutions the Hubble function H takes the form: (δ = 2γ − 1,

u = z + 1 and v = 6H2
0 )

108



7.3 Some cosmological models

H(z) =

{
1

12ϕ0(u)3ε− 6

[
2−γγ−γ (vΩm + 2vϕ0ε− v +mϕ0) × (7.47)

[v (Ωm + 2ϕ0ε− 1) +mϕ0] −γ
{

2v

3

[
3Ωm

2
+ ϕ0ε (2q0 + 5)− q0 − 1

]
+mϕ0

}
γ{

v
3

[3δΩm + 2 [−3γ + ϕ0ε (6γ − 2q0 − 5) + q0 + 1]] + δmϕ0

2v
3

[
3Ωm

2
+ ϕ0ε (2q0 + 5)− (q0 + 1)

]
+mϕ0

+ (u)6

}
γ

−(u)3 (vΩm +mϕ0)
]} 1

2 .

In Fig.(7.3) we compare the evolution of the Hubble function in our modified

power law model and in the standard ΛCDM model. In Fig.(7.4) we compare

the evolution of the Hubble functions the power law model and in the standard

ΛCDM model. As we shall see, in order to carry out the comparison with the

observational data, it turns out that the above parametrizations are more efficient

in exploring the region of parameters.

7.3.4 The value of the parameter ε

The equations (7.13) is deduced from the Dirac equations (7.12) and, then, it is

evident that it is the same that we would have in the minimally coupled theory

(ε = 0). This similarity, however, is only apparent. Equation (7.12) is coupled

to Einstein’s equations (7.10) where the non-minimal coupling manifests itself

explicitly, showing that the minimally coupled theory and the non-minimally

coupled one are very different, at least in terms of corresponding field equations.

This corresponds effectively to the fact that the evolution of the condensate is

different because the expansion of the universe, which appears in ȧ/a, is different.

In spite of this fact, since ϕ→ 0 when the scale factor grows, it is expected that

the non-minimal coupling contributions tend to disappear at cosmological late

time and therefore, for redshifts not too large, both theories tend to coincide. It
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Figure 7.3: The behaviour in redshift of the function H(z) (red solid line) for
the extended power law potential V (ϕ) = V0(ϕ2 +V1)γ corresponding to the best
fit values of the parameters as in Table 7.2 (ε = 10−7, ϕ0 = 0.006, V0 = −236,
V1 = 16.5, γ = 0.51, m = 0.87). It is compared with the standard ΛCDM model
(blue dashed line): it turns out that, with an appropriate choice of the parameters
these behaviours are comparable within a wide range of redshifts and will differ
at very high redshift.
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Figure 7.4: The behaviour in redshift of the relative variation of the Hubble
function H(z) for the power law potential V (ϕ) = V0ϕ

α, compared with the
standard ΛCDM model. The parameters correspond to the best fit values, as in
Table (7.2) (ε = 10−7, ϕ0 = 0.006, α = 0.23, m = 1.56). For this power law
model we have the worst matching with the ΛCDM model.
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would be an error to think, however, that they are exactly the same. In doing the

fits, a (common) strategy that we have adopted is to gauge the initial data using

the most precise information available, which concern only the cosmology of eras

of dominance of the self-interaction potentials. Therefore, the two models are

the same today by definition. Why then bothering considering a data analysis

of this model with data at the present time? As mentioned repeatedly in the

chapter, finding the values of the parameters today allows to reconstruct via

the dynamical analysis the evolution at early times in which the effects of the

condensate are more evident (as proved in a previous work [76]). Indeed, this is

exactly the main purpose, i.e. matching observational data with a phase space

analysis. In addition to that, the similarities of the model we considered with

the standard model of cosmology quickly disappear when one considers other

aspects of the cosmological model, like for example the matter perturbations.

The determination of the value of the parameters, including ε, will have a much

more relevant role in that case. In this perspective, our analysis and the result

we find for the constant ε is very relevant and cannot be dismissed by arguing

that ε very small is the same of ε = 0.

As in all non-minimally coupled theories our model we do not have exactly

Geff ≡ GN ≡ GNewton at a given time. This is directly due to the action of the

condensate and therefore depends strictly on the value of ε. Recent data analysis

indicates that the gravitational constant and its derivatives are slowly varying,

i.e.
∣∣∣Ġ/G∣∣∣ ∝ 10−14 [229; 230]. However, a change in Geff would affect obser-

vations on solar system dynamics, Big Bang Nucleosynthesis predictions, data

concerning the growth rate of structures and the CMB (see e.g. [229; 231; 232]).

Our analysis offers a way to probe these differences using measures performed

today. In order to give an idea of the differences that our model could present

with respect to the Standard cosmological model, in Figs. (7.5), we plot the be-
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Figure 7.5: Time evolution for the relative variation δG for our model, with
ε = 10−5 (blue line), and ε = 10−7 (red line). As we see, the evolution of Geff is
very different.

haviour of δG =
Geff−GN

GN
for two different values of ε while, in Figs. (7.6), we plot

the behaviour of Ġeff for two different values of ε. It turns out that the high-z

behaviour of the the effective gravitational is different, showing that indeed an

importa difference exists between different values of ε.

7.4 Observational data sets

In our investigation we use observational data sets on Type Ia Supernovae and

Gamma Ray Bursts Hubble diagram, as well as some recent measurements of

H(z) from the differential age of passively evolving elliptical galaxies [80]. We set

Gaussian priors on the distance data from the Baryon Acoustic Oscillations and

the Hubble constant h. These priors were included to help break the degeneracies

among the parameters of different cosmological models.
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Figure 7.6: Time evolution for the derivate Ġeff for our model, with ε = 10−5

(blue line), and ε = 10−7 (red line). As in the previous case, the evolution of Ġeff

is very different.

7.4.1 Supernovae and Gamma Ray Bursts Hubble dia-

gram

Type Ia Supernovae observations gave the first strong evidence of the present

accelerating expansion of the Universe [233; 234]. Here we consider the recently

updated Supernovae Cosmology Project Union 2.1 compilation [61], which spans

the redshift range 0.015 ≤ z ≤ 1.4. We compare the theoretically predicted

distance modulus µ(z) with the observed one through a Bayesian approach, based

on the definition of the distance modulus for each of the different models described

in the previous section

µ(zj) = 5 log10(DL(zj, {θi})) + µ0 , (7.48)

where DL(zj, {θi}) is the Hubble free luminosity distance, expressed as a series

depending on the cosmological parameters. The parameter µ0 encodes the Hubble

constant and the absolute magnitude M , and has to be marginalized over. In our
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analysis we use the version of the χ2 given by

χ̃2
SN({θi}) =

NSNIa∑
j=1

(µ(zj;µ0 = 0, {θi)} − µobs(zj))2

σ2
µ,j

−

∑NSNIa
j=1

(µ(zj ;µ0=0,{θi)}−µobs(zj))
σ2
µ,j∑NSNIa

j=1
1

σ2
µ,j

.

(7.49)

Gamma-Ray Bursts are visible up to very high redshifts thanks to the enor-

mous released amount of energy, and thus are good candidates for our high-

redshift cosmological investigation. Since their peak luminosity spans a wide

range, they are not standard candles; however it is possible to consider them as

distance indicators calibrating some empirical correlations of distance-dependent

quantities and rest-frame observables [235]. These empirical relations allow us to

deduce the Gamma Ray Bursts rest-frame luminosity or energy from an observer-

frame measured quantity, so that the distance modulus can be obtained with an

error that depends essentially on the intrinsic scatter of the adopted correlation.

We perform our analysis using a Gamma Ray Bursts Hubble diagram data set,

built by calibrating the Ep,i – Eiso relation [236; 237], plotted in Fig. 7.7.

7.4.2 Baryon acoustic oscillations and H(z) measurements

Baryon acoustic oscillations data are standard rulers available to investigate sev-

eral cosmological models; they are related to density fluctuations induced by

acoustic waves due to primordial perturbations. Measurements of the Cosmic

Microwave Background radiation provide the absolute scale for these peaks, and

the observed position of the peaks of the two-point correlation function of the

large scale matter distribution enables to measure distance scales, if it is com-

pared with these absolute values. In order to use Baryon acoustic oscillations

data, we define [238]

dz =
rs(zd)

dV (z)
, (7.50)
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Figure 7.7: Gamma Ray Bursts Hubble diagram used in our analysis.

where zd is the drag redshift computed in [239], rs(z) is the sound horizon

rs(z) =
c√
3

∫ (1+z)−1

0

da

a2H(a)
√

1 + (3/4)Ωb/Ωγ

, (7.51)

and dV (z) is the volume distance:

dV (z) =

[
(1 + z) dA(z)2 cz

H(z)

] 1
3

. (7.52)

Here dA(z) is the angular diameter distance. The data used in our analysis

are from [240]. The measurements of Hubble parameters are a complementary

probe to constrain the cosmological parameters and investigate dark energy effects

[80; 241]. The Hubble parameter, defined as the logarithmic derivative of the scale

factor H(z) =
ȧ

a
, depends on the differential age of the Universe as a function
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of the redshift and can be measured using the so-called cosmic chronometers.

From spectroscopic surveys we can measure the differential redshift interval dz

with high accuracy and the differential evolution of the age of the Universe dt

in the redshift interval dz can be measured too, provided that optimal probes

of the aging of the Universe (that is cosmic chronometers) are identified [242].

The most reliable cosmic chronometers are old early-type galaxies that evolve

passively on a timescale much longer than their age difference, which have formed

the most part of their stars early and have not experienced further star formation

events. Moreover, the Hubble parameter can also be obtained from the Baryon

acoustic oscillations measurements [243]. We used a list of 28H(z) measurements,

compiled in [80] and shown in Table (7.1).

7.5 Statistical analysis

To constrain the cosmological parameters which characterize the models described

in Sect. 7.3, we performed a preliminary and standard fitting procedure to max-

imize a likelihood function L(p), in order to identify appropriate starting points

for the statistical analysis. This required the knowledge of the precision matrix:

L(p) ∝
exp (−χ2

SNIa/GRB/2)

(2π)
NSNIa/GRB

2 |CSNIa/GRB|1/2
exp (−χ2

BAO/2)

(2π)NBAO/2|CBAO|1/2

× 1√
2πσ2

ωm

exp

[
−1

2

(
ωm − ωobsm
σωm

)2
]
, (7.53)

× 1√
2πσ2

h

exp

[
−1

2

(
h− hobs
σh

)2
]

exp (−χ2
H/2)

(2π)NH/2|CH |1/2

× 1√
2πσ2

R

exp

[
−1

2

(
R− Robs

σR

)2
]
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z H(z) σH
(km s−1 Mpc −1) (km s−1 Mpc −1)

0.070 69 19.6
0.100 69 12
0.120 68.6 26.2
0.170 83 8
0.179 75 4
0.199 75 5
0.200 72.9 29.6
0.270 77 14
0.280 88.8 36.6
0.350 76.3 5.6
0.352 83 14
0.400 95 17
0.440 82.6 7.8
0.480 97 62
0.593 104 13
0.600 87.9 6.1
0.680 92 8
0.730 97.3 7.0
0.781 105 12
0.875 125 17
0.880 90 40
0.900 117 23
1.037 154 20
1.300 168 17
1.430 177 18
1.530 140 14
1.750 202 40
2.300 224 8

Table 7.1: Measurements of the Hubble parameter used in our analysis, as com-
piled in [80]
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where

χ2(p) =
N∑

i,j=1

(
i − xth

i (p)
)

C−1ij

(
j − xth

j (p)
)
. (7.54)

ωm = h2Ωm, p indicates the set of the cosmological parameters, N is the num-

ber of data, i is the i − th measurement; xth
i (p) denote the theoretical pre-

dictions for these measurements and depend on the cosmological model and its

own parameters p; Cij is the covariance matrix (specifically, CSNIa/GRB/H in-

dicates the SNIa/GRBs/H covariance matrix); (hobs, σh) = (0.742, 0.036) [244],

and (ωobsm , σωm) = (0.1356, 0.0034) [59]. We tested that our results are not biased

by the choice of the prior on h. The term
1√

2πσ2
R

exp

[
−1

2

(
R− Robs

σR

)2
]

in the

likelihood L(p) takes into account the so called shift parameter R, defined as

R = H0

√
ΩM

∫ z?

0

dz′

H(z′)
, (7.55)

with z? = 1090.1 [245], [246].

According to the Planck data, (Robs, σR) = (1.7407, 0.0094). To sample the N

dimensional space of parameters corresponding to each of our models, we used

the Markov Chain Monte Carlo Method and ran five parallel chains, the con-

vergence of which has been tested using the reduction factor R∗, defined as the

square root of the ratio of the variance extra-chain and the variance intra-chain.

A large R∗ indicates that the extra-chain variance is substantially greater than

the intra-chain variance, so that a longer simulation is needed. We required that

the convergence was reached if R∗ approached 1 for each parameter: we set the

precision of order 0.05. As first step, which allowed us to select the starting points

of the full analysis, we ran our chains to compute the likelihood L(p) considering

only the Type Ia Supernovae data. Therefore we applied the same Markov Chain

Monte Carlo approach to evaluate the likelihood L(p), combining all the data,

as described above. We discarded the first 30% of the point iterations at the
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Figure 7.8: Comparison between the observational data and the theoretical pre-
dictions for the power law potential (red solid line), and the exponential potential,
corresponding to their own best fit values for the parameters.

beginning of any Markov Chain Monte Carlo run, and thinned the chains that

were run many times. We finally extracted the constraints on the parameters by

coadding the thinned chains. The histograms of the parameters from the merged

chains were then used to infer median values and confidence ranges: the 15.87th

and 84.13th quantiles define the 68% confidence interval; the 2.28th and 97.72th

quantiles define the 95% confidence interval; the 0.13th and 99.87th quantiles

define the 99% confidence interval. In Table 7.2, we presented the results of our

analysis: we indicated the mean, the median, the 1σ and 2σ regions of confidence

for the main parameters of the different models. In Fig. (7.8) we plot the obser-

vational data with the best fit model relative to the power law and exponential

potential.
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Id 〈x〉 x̃ 68% CL 95% CL

V (ϕ) = V0ϕ
α

Ωm 0.21 0.22 (0.19, 0.24) (0.17, 0.25)

h 0.69 0.70 (0.67, 0.71) (0.66, 0.72)

α 0.23 0.21 (0.19, 0.24) (0.15, 0.30)

m 1.56 1.60 (1.39, 1.7) (1.31, 1.76)

V (ϕ) = V0 exp(−λϕ)

Ωm 0.25 0.25 (0.23, 0.27) (0.21, 0.29)

h 0.69 0.69 (0.69, 0.71) (0.68, 0.72)

λ 0.67 0.68 (0.25, 1.1) (0.21, 1.35)

m 0.33 0.24 (0.1, 0.78) (0.06, 0.96)

V (ϕ) = V0(ϕ2 + V1)γ

Ωm 0.21 0.23 (0.20, 0.24) (0.16, 0.27)

h 0.70 0.71 (0.67, 0.73) (0.65, 0.74)

q0 -0.66 -0.63 (-0.65, -0.57) (-0.67, -0.49)

γ 0.51 0.6 (0.47, 0.91) (0.45, 1.05)

m 0.87 0.8 (0.66, 0.95) (0.52, 1.17)

Table 7.2: Constraints on the main cosmological parameters which enter in the
representation of the models described in Sect. 7.3. The likelihood has been
marginalized with respect the others. Columns report the mean 〈x〉 and median
x̃ values and the 68% and 95% confidence limits.
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7.6 Comparison of our Fermionic models with

the Chevallier-Polarski-Linder model

In this section we compare the different models presented in the previous sections

and check if we can discriminate against them. We use the Akaike Information

Criterion, AIC, [247; 248], and its indicator

AIC = −2 lnLmax + 2kp +
2kp(kp + 1)

Ntot − kp − 1
, (7.56)

whereNtot is the total number of data and kp the number of free parameters (of the

cosmological model) . It turns out that the smaller is the value of AIC the better

is the fit to the data. To compare different cosmological models we introduce the

model difference ∆AIC = AICmodel−AICmin. The relative difference corresponds

to different cases: 4 < ∆AIC < 7 indicates a positive evidence against the model

with higher value of AICmodel, while ∆AIC ≥ 10 indicates a strong evidence.

∆AIC ≤ 2 is an indication that the two models are consistent. In our case

we have found that the model with the lower AIC is the exponential potential

model V (ϕ) = V0 exp (−λϕ). It turns out that ∆AIC = 4.3 if we consider the

exponential potential and ∆AIC = 1.97 for the the extended power law potential.

We can use he same method to make a comparison of our model with the CPL

parametrization for dark energy, which assumes a dark energy equation of state

given by

w(z) = w0 + w1z(1 + z)−1 , (7.57)

where w0 and w1 are real numbers that represent the equation of state present

value and its overall time evolution, respectively [249; 250]. For high redshift we
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Figure 7.9: Simulated data for an Euclid-like mission: we plot the Type Ia Su-
pernovae redshift distribution used in our analysis.

have the following behavior

lim
z→∞

w(z) = w0 + w1 . (7.58)

If we compare the exponential potential model with the CPL, it turns out that

the exponential model has got the lower AIC, and ∆AIC = 5.9. This indicates a

weak evidence against the CPL model. To confirm the results obtained above we

rely on future data. Here we investigate the possibility to constrain our model

using simulated data from an Euclid - like survey [251]. The number of Type Ia

Supernovae which could be used for cosmology and their redshift distribution is

plotted in Fig. 7.9. To each simulated Supernovae we estimate the error on the
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Figure 7.10: The mock dataset used in our analysis.

distance modulus as [252] :

σµ(z) =
√
σ2
sys + (z/zmax)2σ2

m . (7.59)

Here zmax is the maximum redshift of the sample, σsys an instrinsic scatter

and σm depends on the photometric accuracy. In our case (zmax, σsys, σm) =

(1.4, 0.15, 0.02). We then assign to each Supernovae a distance modulus randomly

generated from a Gaussian distribution centered on a fiducial model µfid(z) and

variance σµ(z). In this analysis we set the exponential potential model as the

fiducial model. In Fig. 7.10 we plot the mock dataset. In Table 7.3 we sum-

marized the results of the simulation, when we consider the simulated Type Ia

Supernovae HD as cosmological probes: it turns out that the mock dataset is

able to constraint much better our model.
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Id 〈x〉 x̃ 68% CL 95% CL

Ωm 0.27 0.27 (0.26, 0.27) (0.25, 0.28)

H0 70.1 70.1 (69.8, 70.5) (69.5, 70.7)

ϕ0 0.005 0.005 (0.004, 0.006) (0.003, 0.007)

m 0.60 0.51 (0.39, 0.89) (0.30, 0.99)

λ 2.45 2.50 (2.04, 2.87) (1.54, 2.97)

Table 7.3: Results of our statistical analysis, when we consider the simulated
Type Ia Supernovae HD as cosmological probes. Columns report the mean 〈x〉
and median x̃ values and the 68% and 95% confidence limits.

7.7 A new dynamical system formulation

We can combine the data analysis above with the dynamical system approach to

infer further features of the cosmic history that corresponds to the observational

results we have obtained.

Under the condition ε > 0 and ϕ0 > 0, we can consider the dynamical system

variables

Ω =

√
ρ

D2
, Y =

√
mϕ

2D2
,

E =

√
2εϕ̇2

3ϕD2
, Q =

H

D
,

(7.60)

where

D2 = 3H2 +
V (ϕ)

2
. (7.61)

This choice sends fixed points for which D = 0 to the asymptotic part of the phase
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space. Because of eq. (7.13) this condition reduces to the differential equation

ϕ̇2

3ϕ2
+
V (ϕ)

2
= 0 (7.62)

which, given the form of the potential, represents the solution associated to the

asymptotic limit of the phase space. Using variables (7.60), the cosmological

equations are equivalent to the dynamical system

Ω,N = − 3QΩ

2 (E2 − 3Q2)

[
E2
(
3Q2 − 1

)
V + E2(w + 1) + 3wQ2

(
Ω2 − 1

)]
, (7.63)

E,N = − 3EQ

2 (E2 − 3Q2)

[(
E2 − 1

) (
3Q2 − 1

)
V + E2 + wΩ2

(
3Q2 − 1

)
− 1
]
,

(7.64)

Q,N = − 3Q2

2 (E2 − 3Q2)

(
3Q2 − 1

) [(
E2 − 1

)
V + wΩ2 + 1

]
, (7.65)

together with the decoupled equation

D,N =
3D2Q

2 (E2 − 3Q2)

[
E2
(
3Q2 − 1

)
V + 3Q2

(
wΩ2 + 1

)]
, (7.66)

and the constraint

E2 + Y 2 + Ω2 = 1 (7.67)

where we have defined

X,N =
1

D
Ẋ (7.68)

and

V = V
(

E2

6εQ2

)
=
ϕV ′(ϕ)

V (ϕ)

∣∣∣∣
ϕ=E2/6εQ2

(7.69)

The constraint (7.67) implies that the phase space is compact.

In the following, however, we will consider the case w = 0. For this value

of the barotropic factor the cosmological equations (7.19) imply that ρ = βϕ,
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where β = ρ0/ϕ0 is a constant. This means that the phase space will loose one

dimensions. Therefore, if w = 0, we can choose the variables

Ȳ =

√
(m+ 2β)ϕ

2D2
, E =

√
2εϕ̇2

3ϕD2
, Q =

H

D
, (7.70)

so that the dynamical equations can be written as

E,N = −3EQ (E2 − 1) [(3Q2 − 1)V + 1]

2 (E2 − 3Q2)
, (7.71)

Q,N = −3Q2 (3Q2 − 1) [(E2 − 1)V + 1]

2 (E2 − 3Q2)
. (7.72)

with the constraint

Ȳ 2 = 1− E2. (7.73)

The above system is still not compact in the variable Q. We can obtain a compact

two-dimensional system with the transformation

E = cos θ, Ȳ = sin θ, Q =
Q̄

1− Q̄
, (7.74)

which leads to the system

Q̄,N =
3Q̄2

[
2Q̄
(
Q̄+ 1

)
− 1
] (

V̄ sin2 θ − 1
)

2
(
Q̄− 1

)2
cos2 θ − 6Q̄2

, (7.75)

θ,N =
3Q̄ sin θ cos θ

{[
2Q̄
(
Q̄+ 1

)
− 1
]
V̄ +

(
Q̄− 1

)2
}

2
(
Q̄− 1

)
[
(
Q̄− 1

)2
cos2 θ − 3Q̄2]

, (7.76)

with the decoupled equation

D,N =
3QD2

[
E2 (3Q2 − 1) V̄ + 3Q2

]
2 (E2 − 3Q2)

, (7.77)
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where

V̄ = V

((
Q̄− 1

)2
cos2 θ

Q̄2

)
. (7.78)

We will now use the data analysis above to determine the point of the phase space

which corresponds to the current state of the universe. Using this result and the

dynamical system above we will deduce, for each type of potential, information

on the entire cosmic history that is associated with the observations.

7.7.1 The case V (ϕ) = V0ϕ
α

If one considers the power law potential V (ϕ) = V0ϕ
α, then

Q̄,N =
3Q̄2

[
2Q̄
(
Q̄+ 1

)
− 1
] (
α sin2 θ − 1

)
2
(
Q̄− 1

)2
cos2 θ − 6Q̄2

,

θ,N =
3Q̄ sin θ cos θ

{[
2Q̄
(
Q̄+ 1

)
− 1
]
α +

(
Q̄− 1

)2
}

2
(
Q̄− 1

)
[
(
Q̄− 1

)2
cos2 θ − 3Q̄2]

,

(7.79)

and

D,N =
3Q̄D2

[
E2
(
3Q̄2 − 1

)
α + 3Q̄2

]
2
(
E2 − 3Q̄2

) , (7.80)

The system (7.79) has invariant submanifolds at Q̄ = 0, Q̄ = 1
2

(√
3− 1

)
, θ = kπ,

θ = π/2 + kπ with k integer number. It is also singular in

Q̄ =
cos(2θ)± 2

√
3 cos θ + 1

cos(2θ)− 5
Q̄ = 1 (7.81)

However, as we have seen, the divergence in Q̄ = 1 is just an artifact of our

variable choice.

Setting (Q̄,N = 0, θ,N = 0) shows the presence of two physical fixed points in

[0, 2π] and a fixed line. The stability of these points and their associated solutions

are given in Table 7.4. The line L is composed of non hyperbolic fixed points
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and one should calculate the Centre manifold for these points. However, since

the total dimension of the phase space is two, the stability of these points can be

calculated simply taking the second derivative of the equation for Q̄ at second

order at Q̄ = 0. It turns out that for

α > 1, kπ < θ < (2k + 1)
π

2
(7.82)

α < 1, (2k + 1)
π

2
< θ < kπ (7.83)

where k ∈ Z, these points are unstable. Since on the line L fixed points can

lead to unstable static solutions, we can conclude that these cosmologies admit

bounces and turning points only for certain values of α.

Comparing with the work in [76], we see that there are some differences; in

particular, some of the fixed points do not appear in the compact version of the

phase space. This is due to two different occurrences. The first is that in these

points the function D is either zero or divergent and in this case there is no

connection between the different variable systems. In the case of the power law

potential we have

D = 0⇒ ϕ̇2 + V0
3

2
ϕα+2 = 0 (7.84)

which implies via eq. (7.13)

a = a0(t− t0)
2
3α . (7.85)

if V0 is negative. This implies that for V0 < 0 orbits approaching the asymptotic

border will represent a Universe whose expansion approaches to the evolution

above.

The second occurrence is that some of these points correspond to special

cases in which two of the coordinates are one divergent and the other complex
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divergent. In this case the constraint (7.67) is still satisfied. However, in the

new formulation we have assumed that ϕ is positive, whereas these points are

compatible with a negative ϕ. We can say therefore that they have no relevance

if ϕ0 > 0 and that our compact formulation catches the true degrees of freedom

of the cosmological model. Similar reasonings can be made for the other models

we will consider here.

The data analysis above indicates the following values of the quantities ap-

pearing in the cosmological equations at present1:

ε→ 10−7, H0 → 69.6, ρ0 → 3851.11, ϕ0 → 0.006,

V0 → −40344.1, α→ 0.12, m→ 1.8
(7.86)

In Fig. 7.11 we have represented the compact phase space and the position

representing the state of the Universe related to the data analysis of the previous

sections. It is evident that the past attractor of the dynamics is a singular state

reached coasting the invariant submanifold Q̄ = 1
2

(√
3− 1

)
and the Universe

approaches the Q̄ = 1 boundary after transiting close the fixed point A1. This

behavior can be observed directly plotting the behavior of the dynamical variables

in time (see Fig. 7.12). Indeed, plotting the behavior of the deceleration factor

q (see Fig. 7.13) one can conclude that, as expected, the observational data

represent a cosmology which present cosmic acceleration and determine the value

of q on the boundary. This result is consistent with the interpretation we have

given of the Q̄ = 1 boundary. In fact the solution (7.85) for the value of α given

in (7.86) corresponds to an accelerated solution. The solution (7.85) was also

an attractor in the phase space analysis of [76], but it was not obvious that the

1In order to correctly evaluate the magnitude of the fitted values in the SI units, it is worth
noting, here and in the cases of the other potentials, that we are using natural units. Moreover,
the Hubble constant is usually estimated as H0 = 100h Km

Mpcs
−1 , and the conversion factor

from Km to Mpc is ζ ' 3.24 10−20. Actually, for h = 0.696 the actual dark matter density is
ρ0 = 2.41 10−27Kg/m3, as expected.
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Table 7.4: The fixed points and the solutions of the Non Minimal Coupling model
with dust matter and V = V0ϕ

α. Here S stays for saddle, A for attractor and R
for repeller.

Point [θ, Q̄] Scale Factor Stability

Ak

[
π
2

+ kπ, 1
2

(
1− 1√

3

)]
a = a0 (t− t0)2/3 S

L (θ∗, 0) a = a0t
2 cos θ∗
3(α−1)

R α > 1, kπ < θ < (2k + 1)π
2

R α < 1, (2k + 1)π
2
< θ < kπ

A α > 1, (2k + 1)π
2
< θ < kπ

A α < 1, kπ < θ < (2k + 1)π
2

initial conditions (7.86) would lead to it.

7.7.2 The case V (ϕ) = V0 exp (−λϕ)

If one consider the exponential potential V (ϕ) = V0 exp (−λϕ), then

Q̄,N =
3
[
1− 2Q̄

(
Q̄+ 1

)] [
λ(Q̄− 1)2 cos2(θ) sin2 θ + Q̄2

]
2
(
Q̄− 1

)2
cos2 θ − 6Q̄2

,

θ,N =
3 sin θ cos θ

{
λ(Q̄− 1)2

[
1− 2Q̄

(
Q̄+ 1

)]
cos2(θ) + Q̄2

(
Q̄− 1

)2
}

2Q̄
(
Q̄− 1

)
[
(
Q̄− 1

)2
cos2 θ − 3Q̄2]

,

(7.87)

and

D,N =
3D2

[
E2
(
3Q̄2 − 1

) (
1− Q̄

)2
cos2(θ) + 3Q̄4

]
2Q̄
(
E2 − 3Q̄2

) , (7.88)

The system (7.87) has invariant submanifolds at Q̄ = 1
2

(√
3− 1

)
, θ = kπ, θ =

π/2 + kπ with k integer number. It is also singular in

Q̄ =
cos(2θ)± 2

√
3 cos θ + 1

cos(2θ)− 5
Q̄ = 0 Q̄ = 1 (7.89)
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Figure 7.11: Portion of the phase space of equations (7.79). Here the black dot
represents the fixed point A1, the orange and the blue lines the singularity of the
dynamical system. The red dot represents the state of the universe as indicated
from the observational analysis of Sections 4, 5 and 6.
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Figure 7.12: Semilogarithmic plot of the evolution of the dynamical system vari-
ables along the orbit associated with the conditions (7.86).
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Figure 7.13: Plot of the evolution of the variable Q̄ and the deceleration factor
q along the orbits of the phase space for the potential V (ϕ) = V0ϕ

α associated
with the conditions (7.86).

The system (7.87) admits fixed points given by

Ak →
[
π

2
+ kπ,

1

2

(
1− 1√

3

)]
(7.90)

where k ∈ Z which are both saddles and associated with the solution

a = a0 (t− t0)2/3 . (7.91)

The above data analysis indicates the following values of the quantities appearing

in the cosmological equations at present:

ε→ 10−7, H0 → 69.6, ρ0 → 4069.09, ϕ0 → 0.005,

V0 → −21116, λ→ 1.5, m→ 0.6
(7.92)

In Fig. 7.14 we have represented the compact phase space and the position rep-

resenting the state of the Universe related to the data analysis of the previous
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sections. As in the case of the power law potential, the past attractor of the

dynamics is a singular state on the invariant submanifold and the Universe ap-

proaches the Q̄ = 1 boundary after transiting close the fixed point A1. This is

also confirmed by the time evolution of the variables in Fig. 7.15. The solution

associated with the boundary Q̄ = 1 is given by the equation

ϕ̇2 + V0
3

2
ϕ2 exp (−λϕ) = 0 (7.93)

whose solution can only be given parametrically. However, using the (7.13), we

can obtain

q = − äa
ȧ2

= −1− 3λϕ0

2a3
(7.94)

which for growing a shows that the solution to this equation corresponds to an

accelerating cosmology, and indeed to an asymptotically de Sitter solution. This

is also confirmed by Fig. 7.13 which plots the behavior of the deceleration factor

on the orbit selected by the parameters (7.92). Note also that different initial

conditions in this case lead to a final state with a different value of θ.

7.7.3 The case V (ϕ) = V0(V1 + ϕ)α

If one consider the exponential potential V (ϕ) = V0(V1 + ϕ)γ, then

Q̄,N = −
3Q̄2[2Q̄(Q̄+ 1)− 1]

{
Q̄4V1 + (Q̄− 1)4 cos4(θ)[1 + γ(cos(2θ)− 1)]

}
2
[
(Q̄− 1)2 cos2(θ)− 3Q̄2

] [
Q̄4V1 + (Q̄− 1)4 cos4(θ)

] ,

θ,N =
3Q̄(Q̄− 1) sin(θ) cos(θ)

{
Q̄4V1 + (Q̄− 1)2 cos4(θ)

[
2γ(2Q̄2+2Q̄−1)

(Q̄−1)2
+ 1
]}

2
[
(Q̄− 1)2 cos2(θ)− 3Q̄2

] [
Q̄4V1 + (Q̄− 1)4 cos4(θ)

] ,

(7.95)
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Figure 7.14: Portion of the phase space of equations (7.87). Here the black dot
represents the fixed point A1, the orange and the blue lines the singularity of the
dynamical system. The red dot represents the state of the universe as indicated
from the observational analysis of Sections 4, 5 and 6.
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Figure 7.15: Semilogarithmic plot of the evolution of the dynamical system vari-
ables along the orbit associated with the conditions (7.92).
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Figure 7.16: Plot of the evolution of the variable Q̄ and the deceleration factor
q along the orbits of the phase space for the potential V (ϕ) = V0 exp (−λϕ)
associated with the conditions (7.92).

and

D,N = −
3Q̄D2

{
3Q̄6V1 + (Q̄− 1)4 cos4(θ)

[
3Q̄2 + 2γ(2Q̄2 + 2Q̄− 1) cos2(θ)

]}
2(Q̄− 1)

{[
(Q̄− 1)2 cos2(θ)− 3Q̄2

] [
Q̄4V1 + (Q̄− 1)4 cos4(θ)

]}
(7.96)

As expected the system above has much in common with the case of Sec. 7.7.1.

Therefore we find the same invariant submanifolds, but additional singularities

determined by the equation

V1 = −(Q̄− 1)4 cos4(θ)

Q̄4
(7.97)

The type of fixed points consist of a line and two isolated fixed points and they

are the same of the ones in Sec. 7.7.1, in agreement with the analysis of [76] (see

Table 7.5). Also the stability of the isolated fixed points is the same. The points
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on the line, however, are unstable if

γ < 1/2 − 1√
2γ

< sin θ <
1√
2γ

(7.98)

The above data analysis indicates the following values of the quantities ap-

pearing in the cosmological equations at present:

ε→ 10−7, H0 → 69.7, ρ0 → 4080.08, ϕ0 → 0.005,

V0 → −236, γ → 1.6, m→ 0.55, V1 → 16.5
(7.99)

In Fig.7.17 we have represented the compact phase space and the position ex-

pressing the state of the Universe related to the data analysis of the previous

sections. As in the previous cases, the past attractor of the dynamics is a sin-

gular state reached coasting the invariant submanifold Q̄ = 1
2

(√
3− 1

)
. The

Universe approaches the Q̄ = 1 boundary after transiting close the fixed point A1

as indicated by the evolution of the dynamical variables in time (see Fig. 7.18).

Indeed, plotting the behavior of the deceleration factor (see Fig. 7.13) one can

conclude that the observational data represent a cosmology which present cos-

mic acceleration. However, differently form the power law case of Sec. 7.7.1, the

cosmology in this case approaches a de Sitter evolution (q = −1) rather than an

accelerated power law. As in Sec. 7.7.2, we cannot give the solution corresponding

the time asymptotic state as the key equation

ϕ̇2 + V0
3

2
ϕ2(V1 + ϕ)γ = 0 (7.100)

does not have a solution that can be put in a useful analytical form, but, using
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Table 7.5: The fixed points and the solutions of the Non Minimal Coupling model
with matter and V = V0(V1 + ϕ)γ. Here S stays for saddle, A for attractor and
R for repeller.

Point [θ, Q̄] Scale Factor Stability

Ak

[
π
2

+ kπ, 1
2

(
1− 1√

3

)]
a = a0 (t− t0)2/3 S

L (θ∗, 0) a = a0t
2 cos θ∗
3(γ−1)

R γ < 1/2 − 1√
2γ
< sin θ < 1√

2γ

A otherwise

eq. (7.13), we can give the form of the decelerating factor

q = − äa
ȧ2

= −1 +
3γϕ2

0

a6V1 + ϕ2
0 − 1

(7.101)

which approaches −1 for large a. As in the model of Sec. 7.7.2, and in contrast

with the model of Sec. 7.7.1, different initial conditions lead to a final state with

a different value of θ.
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Figure 7.17: Portion of the phase space of equations (7.95). Here the black dot
represents the fixed point A1, the orange and the blue lines the singularity of the
dynamical system. The red dot represents the state of the universe as indicated
from the observational analysis of Sections 4, 5 and 6.

E

Y

Q

-10 -8 -6 -4 -2
η

10-4

0.001

0.010

0.100

1

Figure 7.18: Semilogarithmic plot of the evolution of the dynamical system vari-
ables along the orbits of the phasespace for the potential V (ϕ) = V0(V1 + ϕ)γ

associated with the conditions (7.99).
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Figure 7.19: Plot of the evolution of the variable Q̄ and the deceleration factor q
along the orbit associated with the conditions (7.99).
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Chapter 8

Discussion and conclusions

In this thesis, we have seen how possible astrophysical and cosmological applica-

tions of Extended Theories of Gravity can be obtained. Indeed, on astrophysical

scales, we have seen how a higher order theory can describe and predict mas-

sive Neutron Stars not justified by General Relativity or, on cosmological scales,

thanks to a non-minimally coupled theory, compare theoretical predictions with

observations for a class of cosmological models in which the dark energy com-

ponent is modeled as a Fermionic condensate, non-minimally coupled with the

gravitational field and characterized by some specific self-interaction potentials.

The first step that was done, was to derive the stellar structure equations for

compact objects using two known formalisms by General Relativity and, in Pala-

tini formalism, introducing the torsion and spin, where the additive terms that

emerge could be sources of gravitational field and justify observations of massive

Neutron Stars [7; 8; 10; 11; 253] that appear to exceed the Chandrasekhar’s limit.

In his theory, Chandrasekhar considering degenerate matter, fixed a theoretical

upper limit for the stability of a static Neutron Stars at 1.44M� [6] but some

observations have measured higher mass values [7; 8; 10; 11; 253]. Thus, a good

estimate of the Neutron Star mass, would provide further information on the

behavior of matter at extreme regimes.
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It is well known that the structure of a Neutron Star is strictly correlated with

the equation of state, i.e. the relation between pressure and density in its interior

[2]. Considering instead spin fluids, in addition to the relation between pressure

and density, it is necessary to have an additional equation of state that relates the

spin to the same density. For any Neutron Stars, in principle, a corresponding

maximal mass can be derived, giving an equation of state and plotting the mass-

radius (M − R) relation that depends only on the equation of state [254], so

describing the evolution of the star’s mass according to its radius. Moreover, by

finding the (M − R) relation using the Tolman-Oppenheimer-Volkoff equations

in both theories, with torsion and/or spin, one could understand what might be,

eventually, regions prohibited for the stability of the star.

In fact, in the second step, we have studied the existence of realistic Nuetron

Stars in the context of the f(R) = R + αR2 theory both in the purely metric

and torsional formulations. The main results concern the computation of the

M− R diagrams resulting from the two different theoretical frameworks consid-

ered. Matter fields have been represented by static and spherically symmetric

perfect fluids where the equations of state have been chosen to agree with the

recent LIGO-Virgo constraints [50]. The parameter α has been restricted to be

smaller than |α| ≤ 0.1 to avoid unrealistically large oscillations (see e.g. [215]) on

our metric potentials and therefore ensuring the(i) fullfillment of junction con-

ditions and (ii) the accurate recovery of the Schwarzschild solution far from the

source. These two requirements single out four of the five initial conditions: p(0),

λ(0),ψ(0) and R′(0), while R(0) remains free. R(0) is ideally defined by choosing

this parameter in such a way to match the junction conditions (6.8)(6.9). How-

ever, the oscillatory behavior of some solutions for r →∞ prevents from finding a

unique value for R(0). To overcome this issue, we have set R(0) = RGR identical

to the General Relativity value. This assumption have been shown to be valid for
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small α, being the estimates of the Neutron Star radius only mildly dependent

on the R(0) choice, but this is no longer true for α & 1.

However, a general consideration is in order at this point to justify the as-

sumption R(0) = RGR. Let us consider the trace of field equations in metric

f ′(R)R− 2f(R) + 3�f ′(R) = 8πΣ , (8.1)

and in torsion case

f ′(R)R− 2f(R) = 8πΣ . (8.2)

Substituting f(R) = R + αR2, we have, in the metric case,

6�R−R = 8πΣ , (8.3)

and, in the torsion case,

R = −8πΣ . (8.4)

For the metric picture, it is reasonable to suppose that, at the center of the star,

�R ' 0 because one can assume a constant central density without remarkable

variations and gradients [255]. For the torsion picture, we recover exactly the

trace of General Relativity. According to these results, the assumption R(0) =

RGR, besides the above numerical considerations, is fully justified.

In the purely metric theory, the obtained results show a progressive increasing

of the total mass as |α| increases, for all the four equations of state considered.

This allows for higher masses and more compact Neutron Stars than in General

Relativity. This absolute increasing of the mass and compactness could be also

reproduced by assuming softer equations of state in full General Relativity, con-

sitent with the recent observations [50]. In the torsion case, the Neutron Star

mass tends to decrease for all the equations of state considered. This could be

related with the fact that the stable branch of the solutions is flipped with respect
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to the purely metric case, in order to ensure the stability of the numerical sys-

tem. The physical existence of such solutions could help us to describe Neutron

Star compact or not, based on astrophysical observations, choosing the appro-

priate theory by simply constraining whether α is positive or negative. In the

torsional framework, the differences about the M−R predictions with respect to

General Relativity are larger than those obtained in the purely metric case, as

a consequence, the allowed intervals on α are poles apart from the two theories.

Moreover, the theory with torsion would seem to describe less compact Neutron

Star. This would allow to obtain solutions that could be reproduced using equa-

tions of state with stiff matter in the limit of General Relativity. Unfortunately,

this is in disagreement with the recent LIGO-Virgo discoveries [50]. What comes

to the rescue is that given the current accuracy of electromagnetic observations,

we can not deny the Neutron Stars observations yet because the differences with

the General Relativity are still too small. However, this issues could be addressed

by next generation gravitational wave detectors (3G) [256; 257; 258], where the

scientific community may have the opportunity to test the results presented in

this thesis.

The Mass-Radius diagrams plotted in the two theories, included only perfect

fluids because the equations with spin, presenting a further degree of freedom due

to the spin, were found to be strongly non-linear and, consequently, the numerical

resolutions its turned out to be quite complicated. This is due to the fact that

the spin gradients add higher order derivatives that increases the stiffness of our

numerical system. We plan to extend these solutions in a future work.

Neutron Stars, furthermore, have a main role in relativistic astrophysics be-

cause, since they are the visible objects more denser than the observable universe,

their material fields at extreme regimes would allow us to better understand the

final phases of stellar evolution. Taking all this into account, a good knowledge of
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the equation of state that describes the matter degenerate within it, would allow

both to obtain information on the state of degenerate matter and to understand

the global behavior of stars in the final stages of their life. Moreover, the Neutron

Stars could be an excellent investigation tool, in extreme regimes where General

Relativity exhibits some limitations too, both on astrophysical and cosmological

scales and could be what is called the Prova Regina to test the validity of modified

theories of gravity thanks to the huge gravitational field acting on them.

In the third step, on a cosmological scale, we have analyzed some acceler-

ating cosmological models in which dark energy is modeled as a non-minimally

coupled selfinteracting fermion condensate. Assuming standard matter to be non

relativistic, we have investigated three different forms of potential V (ϕ) that are

important in cosmological models with scalar fields.

As a first example, we have considered the power law model V (ϕ) = V0ϕ
α. At

early times (a ≈ 0) the (7.14) implies that the scalar field will have high values

and the potential will be negligible (α < 0) or dominant (α > 0). This situation is

reversed at late time (a→∞ ). We have obtained a suitable parametrized form

of the Hubble function written in terms of redshift, which, with an appropriate

choice of parameters, is comparable to the ΛCDM model within a wide range of

redshifts and differs at very high redshift.

The second example we have considered has been the exponential potential

V (ϕ) = V0 exp(−λϕ) which is commonly used for scalar fields. At late time ϕ→ 0

the exponential potential becomes actually a cosmological constant term: indeed,

also in this case, the behavior of the function H(z) mimics, for an appropriate

choice of the parameters, the standard ΛCDM model.

The third example we have studied has been the potential V = V0(ϕ2 + V1)γ

which is a generalization of the power law potential. This potential combines

characteristics of both the previous potentials as it behaves as a power law and
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generates an effective cosmological constant at late time, related to the value of

the constant V1.

After choosing appropriate parameterizations of these models, we have tested

them with some different observational data. To this end, we have used the re-

cently updated Supernovae Cosmology Project union 2.1, a sample of 193 Gamma

Ray Bursts Hubble diagram, and a list of 28 H(z) measurements, compiled in

[80]. Moreover, we have set Gaussian priors on the distance data from the Bary-

onic Acoustic Oscillations [243] and the Hubble costant h, in order to help break

the degeneracies among the parameters of the different cosmological models. For

our statistical analysis, we have used the Markov Chain Monte Carlo Method,

running five parallel chains, and using the Gelman-Rubin test to check the con-

vergence. The histograms of the parameters from the merged chains have been

then used to infer median values and confidence ranges. In Table 7.2, we have

presented the results of our analysis for the main parameters concerning the three

different models. The analysis we have performed indicates that a non–minimally

coupled self-interacting fermion condensate is compatible with the datasets we

have considered.

We have analyzed the three different models using the Akaike Information

Criterion AIC [247; 248] and its indicator (7.56). We have found that the model

with the lower AIC is the the exponential potential one V (ϕ) = V0 exp (−λϕ). We

also used the same method to perform a comparison of the exponential potential

model with the Chevallier-Polarski-Linder CPL parametrization for dark energy

with an equation of state given by (7.57). Interestingly, it turned out that the

exponential model has the lower AIC indicating a weak evidence against the

Chevallier-Polarski-Linder model. This result should be confirmed using further

data which will be available in the future.

In addition, we have investigated the Euclid experimental possibility to con-

146



strain our model. We used simulated data assuming an Euclid - like survey of

Type Ia Supernovae [251] (plotted in Fig. 7.9) setting the exponential potential

model as the fiducial model and considering the simulated Type Ia Supernovae

HD as cosmological probes. In Table 7.3 we have summarized the results of the

simulation. These results indicate that the mock dataset is able to constraint

much better our model.

Finally, using the values of the parameters deduced by the statistical analysis,

we have used dynamical system techniques to infer the general behavior of the

cosmology and in particular the behavior of the deceleration factor. As expected,

it turns out that the three potentials lead to similar behaviors with differences

in the final value of q which is −1 for potentials that generate a cosmological

constant term and is higher than this value in the other cases. The behavior of the

deceleration factor suggests that changes in the expansion rate during the matter

dominate era might have repercussions in the large scale structure. Whether these

differences are observables, however, cannot be deduced from our calculations and

will require further work on the behavior of matter and condensate fluctuations.

We conclude noticing that: the possible astrophysical and cosmological appli-

cations of Extended Theories of Gravity presented in this thesis have provided

answers fairly consistent with today’s astrophysical and cosmological observa-

tions. Surely they are not definitive theories to be taken as a reference point, but

they could be a good start in order to formulate a more advanced and complete

theory. The results present in this thesis will be the subject of future works where,

on astrophysical scale, we will try to describe stellar structures with spin plotting

the Mass-Radius diagrams and comparing them with the results already obtained

in this thesis. We will see how the spin source could behave when the mass of the

Neutron Star tends to increase. From the obtained equations we see that the spin

could behave as an additional repulsive field, like the torsion, that tends to oppose
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the increase of the star mass. This possible information, which could be denied

or confirmed, can only be obtained by numerically solving the very complicated

Tolman-Oppenheimer-Volkoff equations with the spin fluids that previously we

obtained. Instead, on cosmological scale, the results obtained in this thesis take

into account the fact that we have considered here standard matter in the form

of dust and than the complete description of the cosmic history, in particular

at earlier times, requires the inclusion of other forms of matter–energy, like ra-

diation. This analysis is certainly possible with the dynamical system approach

we proposed, but it requires a different treatment of the datasets, other than,

probably additional sources of data. In addition, as we approach even earlier

epochs, the approximation of the semiclassical fermion, which is the cornerstone

of the theory we have considered, starts to loose accuracy. This indicates that

our approach to the analysis of this type of cosmology is useful but need to be

extended with care in order to give meaningful results. Future works will consider

this more complicated situation.
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Appendix A

Neutron Stars in General
Relativity

A.1 Derivation of Tolman-Oppenheimer-Volkoff

equations

In General Relativity, a model of an isolated star generally consists of a fluid-filled

interior region, i.e. a perfect fluid solution of the Einstein field equation, and an

exterior region, which is an asymptotically flat vacuum solution. These two pieces

must be carefully matched across the world sheet of a spherical surface, the surface

of zero pressure. The exterior region of non-rotating compact objects is given in

terms of the Schwarzschild solution. We derive the famous Tolman-Oppenheimer-

Volkoff equations which give the hydrostatic equilibrium for relativistic stars.

This equations can be derived in a standard way by calculating the Christoffel

symbols in Schwarzschild coordinates and from there the Riemann and Ricci

tensor. Static and spherically symmetric non rotating stars therefore generate a

spacetime of the following form (with c = 1)

ds2 = −e2ψ(r)dt2 + e2λ(r)dr2 + r2(dθ2 + sin2 θdφ2). (A.1)
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A.1 Derivation of Tolman-Oppenheimer-Volkoff equations

The non-null components of the Einstein tensor Gij = Rij − 1
2
gijR are:

G00 =
1

r2
− e−2λ(r)

(
1

r2
− 2λ′

r

)
=

1

r2

d

dr

[
r
(
1− e(−2λ(r))

)]
, (A.2)

G11 = −
[

1

r2
− e−2λ(r)

(
1

r2
− 2ψ′

r

)]
, (A.3)

G22 = G33 = e−2λ(r)

[
(ψ′)2 − ψ′λ′ + ψ′ − λ′

r

]
, (A.4)

where λ′ = dλ
dr

, ψ′ = dψ
dr

and Gij = 0 for i 6= j. The equality of A.4 is a

consequence of the isotropy on the sphere. Einstein’s equations, provide three

equations for the two functions λ(r) and ψ(r). In fact, the third equation contains

the hydrostatic equilibrium, since the equations of motion are not independent

in General Relativity. The matter in the interior of the star is described in terms

of the energy-momentum tensor Σij that assumes the form of a perfect fluid

Σij = (ρ+ p)uiuj + pgij, (A.5)

where ρ is the total mass-energy-density, p is the corresponding pressure, ui is the

local fluid 4-velocity and gij are the covariant components of the metric tensor.

For static stars, with the signature used in A.1, the source of the gravitational

field has the form

Σij = diag(−ρ, p, p, p). (A.6)

Consequently, Einstein’s equations (with G = 1 = c)

Gij = 8πΣij, (A.7)

can explicity written as

G00 =
1

r2
− e−2λ(r)

(
1

r2
− 2λ′

r

)
= 8πρ(r), (A.8)
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A.1 Derivation of Tolman-Oppenheimer-Volkoff equations

G11 = −
[

1

r2
− e−2λ(r)

(
1

r2
− 2ψ′

r

)]
= 8πp(r), (A.9)

G22 = G33 = e−2λ(r)

[
(ψ′)2 − ψ′λ′ + ψ′ − λ′

r

]
= 8πp(r). (A.10)

The first two equations, provide us two independent equations for the functions

ψ(r) and λ(r)
1

r2
− e−2λ(r)

(
1

r2
− 2λ′

r

)
= 8πρ(r), (A.11)

[
1

r2
− e−2λ(r)

(
1

r2
− 2ψ′

r

)]
= −8πp(r). (A.12)

The first equation is equivalent to

(re−2λ(r))
′
= 1− 8πρ(r)r2, (A.13)

which can be integrated with the asymptotic flatness condition to yield the 3-

space metric

e−2λ(r) = 1− 2M(r)

r
, (A.14)

with the total mass inside radius r given as

M(r) = 4π

∫ r

0

ρ(r′)r′2dr′. (A.15)

By subtracting the second equation from the first one, we obtain

e−2λ(r)(ψ′ + λ′) = 4π[ρ(r) + p(r)]r. (A.16)

This is equivalent to

dψ

dr
=

(
1− 2M(r)

r

)−1(
M(r)

r2
+ 4πrp(r)

)
. (A.17)
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A.1 Derivation of Tolman-Oppenheimer-Volkoff equations

This demonstrates now, how the gravitational force is generalized in General

Relativity. In particular, pressure is a source of the gravitational field, and the

Schwarzschild metric acts as a modification in the denominator of the force-law.

Solving the first and the second equations for λ′ and ψ′, we obtain

−2rλ′ = (1− 8πr2ρ)e2λ(r) − 1, (A.18)

2rψ′ = (1− 8πr2p)e2λ(r) − 1. (A.19)

Taking the derivative of (A.19), multiply by r, solving for ψ′′, using the (A.18) in

the ψ′′ equation, using (A.10) in the ψ′′ equation which allows us to eliminate all

the metric functions and rearranging, we obtain the equation for the relativistic

hydrostatic equilibrium

dp

dr
= −M(r)ρ(r)

r2

(
1 +

p(r)

ρ(r)

)(
1 +

4πr3p(r)

M(r)

)(
1− 2M(r)

r

)−1

. (A.20)

The (A.20) is the Tolman-Oppenheimer-Volkoff equations [52] that, for a given

equation of state p = p(ρ), can be easily integrated from the origin with the initial

conditions M(r) = 0 and an arbitrary value for the central density ρc = ρ(0) until

the pressure p(r) ill vanish at some radius Rs. To each possible equation of state,

there is a unique family of stars parametrized by central density, i.e. we obtain a

sequence of stellar models M(r) = M(ρc).
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Appendix B

The Friedmann equations and
the standard cosmological model

B.1 The Friedmann equations

The Friedmann equations are a set of equations in cosmology that govern the

expansion of space in homogeneous and isotropic models of the universe within

the context of General Relativity. They were first derived from Einstein’s field

equations of gravitation starting for the Friedmann–Lemâıtre–Robertson–Walker

metric and a perfect fluid with a given mass density ρ and pressure p [259; 260].

The Friedmann–Lemâıtre–Robertson–Walker FLRW metric is an exact solution

of the Einstein’s field equations of General Realtivity; it describes a homogeneous,

isotropic, expanding (or otherwise, contracting) universe that is path-connected,

i.e. assuming The Cosmological Principle. This model is sometimes called the

Standard Model of Modern Cosmology [261] The metric was derived independently

from the authors, arriving at the same result. The final metric has the following

form, (with c=1 ), [259; 260]:

ds2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
, (B.1)
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B.1 The Friedmann equations

where a(t) is the cosmic scale factor and k is a constant representing the curvature

of the space.

The metric (B.1) contains the spatial hypotheses of homogeneity and isotropy

and is therefore the most suitable for the study of cosmology. From a general

point of view, assigning a given cosmology, in accordance with the cosmologi-

cal principle, means deriving the cosmic scale factor a(t) from the cosmological

equations. The cosmic scale factor parameterizes the relative expansion of the

universe and this is a key parameter of the Friedmann equations. The parameter

k, instead, assigns the curvature of the spatial submanifold. For k = 1 we have

spatially closed models (3D sphere), for k = 0 we have spatially flat models and

for k = −1 we have spatially open models (hyperbolic models). As a result, this

metric assigns all the topologies of the universe.

By inserting the metric (B.1) into Einstein’s equations, we obtain all the nec-

essary information on the universe evolutions and the contribution of Einstein’s

equations, i.e. the matter quantity present in the universe, gives us the nature

of k, i.e. the matter present in the universe tells us the space topology. With

abundant matter, the universe curves, with little abundant matter the universe

expands, instead with matter in equilibrium with energy we have a substantially

flat space. Thus, the value of k is assigned by the matter-energy density of a

given cosmological model.

Starting from the (B.1), the cosmological equations or Friedmann equations

are obtained and written in this form [259; 260]:(
ȧ

a

)2

=
8πGρ

3
− k

a2(t)
, (B.2a)

ä

a
= −4πG

3
(ρ+ 3p), (B.2b)
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B.1 The Friedmann equations

and the continuity equations

ρ̇+ 3
ȧ

a
(ρ+ p) = 0. (B.3)

The expression of the Ricci scalar in the Friedmann–Lemâıtre–Robertson–Walker

spacetime is

R = −6

[
ä

a
+

(
ȧ

a

)2

+
k

a2

]
. (B.4)

The (B.4) is very important because inside it contains all the cosmological dynam-

ics, i.e. it provides the evolution of the cosmic scale factor, contains the Hubble

parameter and the curvature of the universe. The (B.2) are the Friedmann or

cosmological equations for a homogeneous, isotropic universe. The (B.2a) is an

expansion equation while the (B.2b) is a scale acceleration equation i.e. what

type of acceleration the universe undergoes. The (B.2a) and (B.2b) are two

equations in three unknowns (ρ, p and a(t)). The (B.3), derived from Bianchi’s

identity considering perfect fluid, establishes a relation between ρ and p. Since

the cosmological fluid is not known, in order to complete the cosmological model,

a fourth equation is inserted, i.e. the equation of state written in the form

p = wρ, (B.5)

where w is the adiabatic index. Having an extra equation, the (B.3) can be used

as a constraining equation. The system (B.2), (B.3) and (B.5) represents the

standard cosmological model with the three variables ρ, p and a(t) and the two

parameters w and k. By assigning the two parameters, we can solve the system

and see the type of universe that we are considering.

155



B.2 The standard cosmological model

B.2 The standard cosmological model

The standard cosmological model explains observations consistently in a simple

framework. In fact, this model coherently reproduce some of the cosmological

observations. For example, allows us to see the recession of galaxies through the

Hubble law, thus finding that the universe is expanding. The second observation

is compatible with an expanding thermodynamic universe, allowing us to identify

an era dominated by radiation and an era dominated by matter. This allows us

to calculate, on the one hand, the time that passes from the beginning of the

expansion to the time in which matter is decoupled from radiation, and on the

other hand, its possible to calculate the time from the present epoch up to when

this type of process occurs. We see that, from the beginning of the expansion

up to the matter transparency, about 1250 years elapse while, instead, from

today’s era until the time when this luminous surface was, also called the last

scattering surface, about 13.7 billion years elapse. So, we can say that this model

provides a series of coherent observations. Furthermore, we can obtain the rate

of cosmological fluid variation provided by the Hubble parameter. Consequently,

we can get an estimate of the energy density that gives information on how the

universe is expanding. This depends on the matter considered in the model.

However, this model presents important inconsistencies. The first problem,

and it is also the most obvious one, is the initial singularity problem. The standard

cosmological model was formulated considering standard matter. The choice of

the matter and, consequently, the choice of the adiabatic index w, implies a

different temporal evolution of the matter-energy density ρ(t), implies a different

temporal evolution of the cosmic scale factor a(t) and, consequently, of the Hubble

parameter H(t) = ȧ(t)
a(t)

. For example, for w = 0, an universe dominated by dust

with zero pressure, i.e. non relativistic matter (baryons), ρ(t) ∼ a−3, a(t) ∼ t
2
3

and H(t) = 2
3t

where, in this era, the gravitational interaction is dominant. For
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B.2 The standard cosmological model

w = 1
3
, an universe dominated by radiation, i.e. dominated by relativistic matter

(photons and neutrinos), ρ(t) ∼ a−4, a(t) ∼ t
1
2 and H(t) = 1

2t
where, in this era,

electromagnetic interaction is dominant or, for w = 1, an universe dominated by

stiff matter, i.e. compact matter in primordial eras, ρ(t) ∼ a−6, a(t) ∼ t
1
3 and

H(t) = 1
3t

. Thus, whatever the type of matter, the matter-energy density evolves

as ρ(t) ∼ 1
t2

.

If we consider the (B.2a), for k = 0, we see that
(
ȧ
a

)2 ∼ 1
t2

. The initial

singularity problem emerges when t → 0. In fact, we have the matter-energy

density and the Hubble parameter that go to infinite and the cosmic scale factor

go to zero, consequently the model is divergent when t → 0. This is due to the

fact that, in the standard cosmological model, standard matter was considered.

Consequently at infinitely large energies, in a very small volume, a perfect fluid is

incompatible in these conditions due to the strong interactions between molecules.

Thus, the initial singularity problem implies another problem, namely the matter

problem, i.e. what kind of matter or source exists in the early universe. In fact,

considering the (B.2b), if we use the (B.5) in the (B.2b), for the ordinary matter,

we obtain a decelerated expansion of the universe, but the observations show us

that the universe expands accelerating. Consequently, for standard fluids, the

universe can only expand by decelerating. Experimentally, instead, the universe

is expanding accelerated with a cosmic fluid accelerated at negative pressure,

p = −ρ. Therefore, to justify the observations, the cosmological fluid must have

a different nature. This problem, also called dark energy concept, represents

about 68% of the matter present in the universe. Then, we have the horizon

problem, i.e. the characteristic length that we observe is not invariant but tends

to zero for t = 0, whatever the type of matter choose. So, the horizon goes to

zero for t = 0. To obtain a finite length at the origin, the universe, at some point,

must evolve with a cosmic scale factor that includes increasing and decreasing
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B.2 The standard cosmological model

exponentials that eliminate this singularity. Thus, a temporal evolution of the

universe that includes exponentials allows us to eliminate the horizon problem.

Another problem of the standard cosmological model is related to the forma-

tion of large-scale structures, also called dark matter concept. What is observed

is that the galaxies and galaxy clusters, in order to assume those structures, need

a greater mass than the one observed. When observing autogravitating objects

such as galaxies, we note that by studying their rotation curves, considering only

the luminous matter, at some point the curves tend to decrease. Instead, what

is observed is that the rotation curves, at a certain point, tend to remain stable

at a constant velocity. This means that there is another matter that gravitation-

ally interacts but does not interact with light radiation. This quantity of matter

represents about 27% of the fluid present in the universe. Therefore, almost 95%

of matter/energy is non-baryonic, while only 5% is of baryonic form.

Another problem is the homogeneity problem. It is observed that the Cosmic

Microwave Background Radiation is isotropic up to an accuracy of the order

of 10−(4÷5). This implies that the last scattering surface, as mentioned, must

be homogeneous within the aforementioned accuracy on a length scale at least

as large as the light cone passed, at the recombination time of the primordial

elements (last scattering). The problem arises because the light cone passed is

larger than the comovent radius of the cone light future at the recombination time.

Thus, within the standard cosmology framework, there are no causal processes

that can create the observed homogeneity, being causally disconnected volumes

of distant universes. So, what happens is that the number of objects observed is

more homogeneous than it should be.

Finally, we have the flatness problem, where the universe is more homogeneous

and isotropic than it should be. Therefore, there must have been a mechanism,

before the radiation and the matter epoch, that allowed the universe to expand
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B.2 The standard cosmological model

in such a way as to have a higher isotropy and homogeneity than what we can

observe now. Furthermore, this mechanism must have been able to eliminate the

initial singularity because primordial matter cannot be considered as a perfect

fluid.

Most of the standard cosmological model inconsistencies are attributable at

primordial epochs. The flatness, initial singularity and homogeneity problems,

have been studied using inflationary cosmological models where, in the primordial

era, inflation hypothesizes that the universe, shortly after the Big Bang, has

undergone an extremely rapid expansion phase, due to great negative pressure.

In the literature, there are many works that effectively solve these problems of

the standard cosmological model. (For more information see [40; 82]). As for

the dark matter and dark energy problem, they are current problems that have

not yet found a coherent answer with current cosmological models but many

theories, including the Extended Theories of Gravity, try to propose models that

are consistent with recent observations.
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