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Exploratory factor analysis of ordinal variables:
a copula approach

Analisi fattoriale esplorativa di variabili ordinali: un
approccio via copula

Marta Nai Ruscone

Abstract Exploratory factor analysis attempts to identify the underlying factors that
explain the pattern of correlations within a set of observed variables. The analy-
sis is almost always performed with Pearson’s correlations even when the data are
ordinal, but this is not appropriate since they are not quantitative data. The use of
Likert scales is increasingly common in the field of social research, so it is neces-
sary to determine which methodology is the most suitable for analysing the data
obtained as non quantitative measures. In this context, also by means of simulation
studies, we aim to illustrate the advantages of using Spearman’s grade correlation
coefficient on a transformation operated by the copula function in order to perform
exploratory factor analysis of ordinal variables. Moreover, by using the copula, we
consider the general dependence structure, providing a more robust reproduction of
the measurement model.

Abstract L’analisi fattoriale esplorativa vuole identificare i fattori latenti che sp-
iegano un insieme di variabili osservate. L’analisi quasi sempre utilizza la corre-
lazione di Pearson, anche quando i dati sono di natura ordinale, ma questo non
€ appropriato in quanto questi dati non sono quantitativi. L’uso di scale Likert é
sempre piti comune nel campo della ricerca sociale, risulta quindi necessario de-
terminare quale metodo risulta essere piii idoneo per I’analisi di tali dati tenendo
presente che spesso vengono analizzati utilizzando tecniche idonee solo per mis-
ure quantitative. In questo contesto, e mediante studi di simulazione, si illustrano i
vantaggi nell’utilizzo dello Spearman grade correltion ottenuto mediante l’utilizzo
dalla funzione copula anziché della correlazione di Pearson. Con [’utilizzo della
copula, si considera cosi la struttra di dipendenza generale, fornendo cosi una mis-
urazione pii accurata

Key words: Factor analysis, copula, ordinal variables, Likert scales, correlation

Marta Nai Ruscone
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738 Marta Nai Ruscone

1 Introduction

Exploratory factor analysis is a widely used statistical technique in the social sci-
ences where the main interest lies in measuring the unobserved construct, such as
emotions, attitudes, beliefs and behaviors. The main idea behind the analysis is that
the latent variables (also named factors) account for the dependencies among the
observed variables (also named items or indicators) in the sense that if the factors
are held fixed, the observed variables would be independent. In exploratory factor
analysis the goal is the following: for a given set of observed variables x1, ..., x;, one
wants to find a set of latent factors &1, ..., &, fewer in number than the observed
variables (k < p), that contain essentially the same information. In its classical for-
mulation [1], it concerns a set of continuous variables measured on a set of indepen-
dent units. The data usually encountered in social sciences are of categorical nature
(ordinal or nominal). The Likert Rating Scale [10], [11] is a simple procedure for
generating measurement instruments which is widely used by social scientists to
measure a variety of latent constructs, and meticulous statistical procedures have
therefore been developed to design and validate these scales [3], [15]. However,
most of these ignore the ordinal nature of observed responses and assume the pres-
ence of continuous observed variables measured at interval level. Evidence shows
that, under relatively common circumstances, classical factor analysis (FA) yields
inaccurate results characterizing the internal structure of the scale or selecting the
most informative items within each factor [4], [7].

In the present work Spearman’s grade correlation coefficient on a transforma-
tion operated by the copula function is employed, in order to take into account the
ordinal nature of the data. The copula is a helpful tool for handling multivariate
continuous distributions with given univariate marginals [14]. It describes the de-
pendence structure existing across pairwise marginal random variables. In this way
we can consider bivariate distributions with dependence structures, different from
the linear one, that characterises the multivariate normal distribution.

So taking into account that the use of measurement instruments which require
categorical responses from subjects is increasingly common in social research, and
this implies the use of ordinal scales, the present work aims to point out a cor-
rect definition of dependence measure for ordinal variables rather than the Pearson
correlation coefficient correctly applied to quantitative variables. Moreover, the use
of several copulae with specific tail dependence allow us to obtain an index that
weights the ordinal variables categories in several ways. In so doing we can address
and recognize the ordinal nature of observed variables and estimate that weight di-
rectly from the data.

2 The copula function

The copula function is the key ingredient for handling multivariate continuous dis-
tributions with given univariate marginals. We will discuss this issue briefly below,
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for further details and proofs, see for instance [14], [8] and [2]. It describes the de-
pendence structure existing across pairwise marginal random variables. In this way
we can consider bivariate distributions with dependence structures different from
the linear one that characterises the multivariate normal distribution.

A bivariate copula C : I — I, with I> = [0,1] x [0,1] and I = [0, 1], is the cu-
mulative bivariate distribution function of a random variable (U;,U,) with uniform
marginal random variables in [0,1]

C(uy,u;0)=PU; <up,Uy<up;0), 0<u; <1 0<up<1 (1)

where 0 is a parameter measuring the dependence between U; and Us.

The following theorem by Sklar [14] explains the use of the copula in the char-
acterization of a joint distribution. Let (X;,X;) be a bivariate random variable with
marginal cdfs Fy, (x1) and Fy, (x2) and joint cdf Fx, x, (x1,x2; 6), then there is always
a copula function C(-,-;0) with C : I> — I such that

Fy, x, (x1,%2;0) = C(Fx, (x1),Fx,(x2);0), x1,x2 € R. 2

Conversely, if C(-,-; 0) is a copula function and Fy, (x1) and Fy, (x2) are marginal
cdfs, then Fx, x, (x1,x2;0) is a joint cdf.
If Fx, (x1) and Fx, (x») are continuous functions then the copula C(-,-; 0) is unique.
Moreover, if Fx, (x;) and Fx, (x;) are continuous the copula can be found by the
inverse of (2):
Clur,u2) = Fx, x,(Fy, ' (1), Fy,' (u2)), 3)

with u; = Fx, (x1) and up = Fx, (x2). This theorem states that each joint distribution
can be expressed in term of two separate but related issues, the marginal distri-
butions and the dependence structures between them. The dependence structure
is explained by the copula function C(-,-;6). Moreover the (2) provides a general
mechanism to construct new multivariate models in a straightforward manner. By
changing the copula function we can construct new bivariate distributions with dif-
ferent dependence structures, with the association parameter indicating the strength
of the dependence, also different from the linear one that characterizes the multi-
variate normal distribution.

Each copula is related to the most important measures of dependence: the Pear-
son correlation coefficient, the Spearman grade correlation coefficient and tail de-
pendence parameters. The Spearman grade correlation coefficient (see [14] pp. 169-
170 for the definition of the grade correlation coefficient for continuous random
variables) measure the association between two variables and can be expressed as a
function of the copula. More precisely, if two random variables are continuous and
have copula C with parameter 0, then the Spearman grade correlation is

Cov(Uy,Uy)
VVar(Uy)\/Var(Uy)

“4)

ps(C) = 12/12 Co(uy,u)duyduy —3 =
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For continuous random variables this is invariant with respect to the two marginal
distributions, i.e. it can be expressed as a function of its copula. This property is
also known as ’scale invariance’. Note that not all measures of association satisfy
this property, e.g. Pearson’s linear correlation coefficient [6]. Among all copulas
C: I? — I such that for every u,v € I, three especially noteworthy ones are W (u,v) =
max(u+v—1,0), I1(u,v) = uv, and M(u,v) = min(u,v). These copulae correspond
to perfect negative association (ps(C) = —1), independence (ps(C) = 0), and perfect
positive association (ps(C) = +1) between the two random variables, respectively.
For all (u,v) € I? it holds that W (u,v) < IT(u,v) < M(u,v).

The tail dependence relationship can be measured by means of the upper and lower
tail dependence parameters

C
Mzhmﬂ&>@%ﬁ&>ﬂﬂﬂzhmlﬂg (5)
u—1- u—1- u
1 —2u+C(u,u)

A= lim P[Xy < F, '(w)|X) < F ()] = lim (6)

u—0+ u—0t l—u
If A, € (0,1] or A4; € (0, 1], the random variables X; and X, present upper or lower
tail dependence. If A, = 0 or A; = 0, there is no upper or lower tail dependence.
These parameters measures the dependence in the tails of the joint distribution, i.e.
high/low values of one variable are associated with high/low values of the other
one. They represent the probability that one variable is extreme given that the other
is extreme. The Spearman grade correlation coefficient and both tail dependence
parameters are directly associated with the parameters of some copula family [14].

3 Our proposal

Theory and methodology for exploratory factor analysis have been well developed
for continuous variables, but in practice observed or measured variables are often
ordinal.

Observations on an ordinal variable are assumed to have logical ordering cate-
gories. This logical ordering is typical when data are collected from questionnaires.
A good example is the Likert Scale that is frequently used in survey research: 1 =
Strongly disagree, 2 = Disagree, 3 = Neutral, 4 = Agree, and 5 = Strongly agree.
Although a question is designed to measure a theoretical concept, the observed re-
sponses are only a discrete realization of a small number of categories and distances
between categories are unknown. Following [13], [9] and others, it is assumed that
there is a continuous variable x;* underlying the ordinal variable x;, i = 1, ..., p. This
continuous variable x;* represents the attitude underlying the order responses to x;
and it is assumed to have a range from —oo to +-oo.

The underlying variable x;* is unobservable. Only the ordinal variable x; is ob-
served. For an ordinal variable x; with m; categories, the connection between the
ordinal variable x; and the underlying variable x;* is:
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X e T <xx<T, i=1,2,..,m (7

where _ | - | |

are threshold parameters. For variable x; with m; categories, there are m; — 1 strictly
increasing threshold parameters ‘L'{ < ‘L'é <. < T:ia,-—l-

Let x; and x; be the two ordinal variables with m; and m; categories respectively.
We define now Spearman’s grade correlation via copula. We consider a copula Cy
associated with each pair (X;*,X;*) underlying the pair (X;,X;) in the set of ordinal
items X1,X>, ..., X;, we thus assume that each pair (X;,X;) corresponds to a bivariate
discrete random variable obtained by a discretisation of a bivariate continuous latent
variable U; = F (X;*),U; = F (Xj*) with support on the unit interval.

Let Ajj = [uj—1,ui] X [vj—1,uj], i=1,2,....,m; j =1,2,...,mj, be the rectangles
defining the discretisation. Let pyy, ..., Pmm; be the joint probabilities of the ordinal
variables corresponding to the rectangles Ay, ---;Am,»m,-- Let V¢, (A, ...,Aml.mj) be
the volumes of the rectangles under the copula Cy, then

VC9<A11;--->A1n[1nj):pllw--,pm,-mj (9)

There exists a unique element in the family of copula for which (9) holds true. We
apply this to each pair (X;,X;) i # j in the set of the items. 6 can be estimated
via maximum likelihood [5] [12]. The multivariate normality assumption pertaining
to the underlying variables, assumed by polychoric correlation and Pearson cor-
relation, is relaxed. To apply the index one needs only to specify the dependence
structure of the variables by means of a copula family.

In this way the construct validity is analysed according to ordinal data obtained
from Likert scales using the most suitable method. The factor results show a better fit
to the theoretical model when the factorization is carried out using the Spearman’s
grade correlation via copula rather than Pearson correlation. Our focus here has
been to identify the type of correlation that yields a factor solution more in keeping
with the original measurement model, as we believe this to have great importances
in terms of drawing correct substantive conclusions. When we conduct a FA our
results can be summarized as follow:

e regardless of the number of dimensions and items with skewness, Pearson cor-
relations are lower than Spearman’s grade correlations. The results are more sig-
nificant when all items are asymmetric.

e The model obtained is more consistent with the original measurement model
when we factorize using the Spearman’s grade correlation. This result does not
depend on the number of dimensions and asymmetric items.

To summarize the factor results obtained when we use Spearman’s grade corre-
lation better reproduce the measurement model present in the data, regardless of the
number of factors.
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