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Abstract

We consider macroscopic descriptions of particles where repulsion is modelled by non-linear
power-law diffusion and attraction by a homogeneous singular kernel leading to variants of
the Keller—Segel model of chemotaxis. We analyse the regime in which diffusive forces
are stronger than attraction between particles, known as the diffusion-dominated regime,
and show that all stationary states of the system are radially symmetric non-increasing and
compactly supported. The model can be formulated as a gradient flow of a free energy
functional for which the overall convexity properties are not known. We show that global
minimisers of the free energy always exist. Further, they are radially symmetric, compactly
supported, uniformly bounded and C*° inside their support. Global minimisers enjoy certain
regularity properties if the diffusion is not too slow, and in this case, provide stationary states of
the system. In one dimension, stationary states are characterised as optimisers of a functional
inequality which establishes equivalence between global minimisers and stationary states,
and allows to deduce uniqueness.
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1 Introduction

We are interested in the diffusion—aggregation equation
dp=Ap" +xV-(pVSlp]) (1.1)

for a density p(¢, x) of unit mass defined on Ry x R¥, and where we define the mean-field
potential Si[p](x) := Wi(x) * p(x) for some interaction kernel Wy. The parameter x > 0
denotes the interaction strength. Since (1.1) conserves mass, is positivity preserving and
invariant by translations, we work with solutions p in the set

Y= {p e LL®RMNL"®RY), llplh = 1, /Rprm dx = 0} :

The interaction Wy is given by the Riesz kernel

k
Wi(x) = ﬁ k€ (—=N,0).

k
Let us write k = 2s — N with s € (0, %) Then the convolution term Si[p] is governed by

a fractional diffusion process,

r&-s) B kI (—k/2)
aN24s[(s) — gN/2pk+N [ (HTN) :

ens(—=A) Sklpl = p, cns = (25 —N)

For k > 1 — N the gradient VSi[p] := V (Wi x p) is well defined locally. For k €
(=N, 1 — N] however, it becomes a singular integral, and we thus define it via a Cauchy
principal value,

V (W * p) (x), if1—-N<k<0,

VA= [ VW= 0 00— pe dy, it ~N <k=1-N
RN

(1.2)

Here, we are interested in the porous medium case m > 1 with N > 1. The corresponding
energy functional writes

Flel = Hulpl + xWile] (1.3)
with

1 m 1 lx —yI*
Hmlpl = ﬁ/RN p"(x)dx, Wilpl = b //RN BN A px)p(y)dxdy.

Given p € ), we see that H,, and W are homogeneous by taking dilations pr(x) =
AN p(rx). More precisely, we obtain

FipM = AN DH, 0]+ A x Wil -

In other words, the diffusion and aggregation forces are in balance if N(m — 1) = —k.
This is the case for choosing the critical diffusion exponent m. := 1 — k/N called the fair-
competition regime. In the diffusion-dominated regime we choose m > m, which means that
the diffusion part of the functional (1.3) dominates as A — o0. In other words, concentrations
are not energetically favourable for any value of x > O andm > m.. Therange 0 < m < m,
is referred to as the attraction-dominated regime. In this work, we focus on the diffusion-
dominated regime m > m..
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Further, we define below the diffusion exponent m™ that will play an important role for
the regularity properties of global minimisers of F:

. KN if N>1 and —N<k<1-N, (14)
m’ = .
+ 00 if N>2 and 1-N<k<0.

The main results in this work are summarised in the following two theorems:

Theorem1 Let N > 1, x > 0 and k € (—N,0). All stationary states of Eq. (1.1) are
radially symmetric non-increasing. If m > mc, then there exists a global minimiser p of F
on Y. Further, all global minimisers p € ) are radially symmetric non-increasing, compactly
supported, uniformly bounded and C inside their support. Moreover, all global minimisers
of F are stationary states of (1.1), according to Definition 1, whenever m. < m < m™
Finally, if m¢ < m < 2, we have p € W (RN).

Theorem2 Let N =1, x > 0, k € (—1,0) and m > m.. All stationary states of (1.1) are
global minimisers of the energy functional F on Y. Further, stationary states of (1.1) in Y
are unique.

Diffusion-aggregation at the top equations of the form (1.1) are ubiquitous as macroscopic
models of cell motility due to cell adhesion and/or chemotaxis phenomena while taking
into account volume filling constraints [10,29,45]. The non-linear diffusion models the very
strong localised repulsion between cells while the attractive non-local term models either
cell movement toward chemosubstance sources or attractive interaction between cells due
to cell adhension by long filipodia. They encounter applications in cancer invasion models,
organogenesis and pattern formation [18,24,28,42,46].

The archetypical example of the Keller—Segel model in two dimensions corresponding to
the logarithmic case (m = 1, k = 0) has been deeply studied by many authors [2,3,5,6,15,
19,23,30-32,43,44,47], although there are still plenty of open problems. In this case, there is
an interesting dichotomy based on a critical parameter x. > 0: the density exists globally in
time if 0 < x < x. (diffusion overcomes self-attraction) and expands self-similarly [14,27],
whereas blow-up occurs in finite time when x > . (self-attraction overwhelms diffusion),
while for x = . infinitely many stationary solutions exist with intricated basins of attraction
[3]. The three-dimensional configuration with Newtonian interaction (m = 1,k = 2 — N)
appears in gravitational physics [20,21], although it does not have this dichotomy, belonging
to the attraction-dominated regime. However, the dichotomy does happen for the particular
exponent m = 4/3 of the non-linear diffusion for the 3D Newtonian potential as discovered
in [4]. This was subsequently generalised for the fair-competition regime where m = m,. for
agivenk € (—N,0) in [12,13].

In fact, as mentioned before two other different regimes appear: the diffusion-dominated
case when m > m, and the attraction-dominated case when m < m.. In Figure 1, we make a
sketch of the different regimes including cases related to non-singular kernels for the sake of
completeness. Note that non-singular kernels k > 0 allow for values of m < 1 corresponding
to fast-diffusion behaviour in the diffusion-dominated regime m > m.. We refer to [12,13]
and the references therein for a full discussion of the state of the art in these regimes.

In the diffusion-dominated case, it was already proven in [16] that global minimisers
exist in the particular case of m > 1 = m, for the logarithmic interaction kernel k = 0.
Their uniqueness up to translation and mass normalisation is a consequence of the important
symmetrisation result in [17] asserting that all stationary states to (1.1) for2 — N <k <0
are radially symmetric. We will generalise this result to our present framework for the range
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Ws_n = Newtonian potential

VW ¢ Llloc(RN/ Am
H

porous
medium
regime

fast
diffusion
regime

Wy, singular Wi, non-singular

fair-competition regime m, =1 —k/N

Fig. 1 Overview of the parameter space (k, m) for N > 3: fair-competition regime (m = m¢, red line),
diffusion-dominated regime (m > m., yellow region) and attraction-dominated regime (m < m¢, blue region).
For m = me, attractive and repulsive forces are in balance (i.e. in fair-competition). For m¢ < m < m* in
the diffusion-dominated regime, global minimisers of F are stationary states of (1.1), see Theorem 1, a result
which we are not able to show for m > m* (striped region)

—N < k < 2 — N not included in [17] due to the special treatment needed for the arising
singular integral terms. This is the main goal of Sect. 2 where we remind the reader the precise
definition and basic properties of stationary states for (1.1). In short, we show that stationary
solutions are continuous compactly supported radially non-increasing functions with respect
to their centre of mass. Some of these results are in fact generalisations of previous results
in [12,17] and we skip some of the details.

Let us finally comment that the symmetrisation result reduces the uniqueness of stationary
states to uniqueness of radial stationary states that eventually leads to a full equivalence
between stationary states and global minimisers of the free energy (1.3). This was used in
[17] to solve completely the 2D case with m > 1 = m,. for the logarithmic interaction kernel
k = 0, and it was the new ingredient to fully characterise the long-time asymptotics of (1.1)
in that particular case.

In view of the main results already announced above, we show in Sect. 3 the existence
of global minimisers for the full range m > m. and k € (—N, 0) which are steady states of
the Eq. (1.1) as soon as m < m™. This additional constraint on the range of non-linearities
appears only in the most singular range —N < k < 1 — N and allows us to get the right
Holder regularity on the minimisers in order to make sense of the singular integral in the
gradient of the attractive non-local potential force (1.2).
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Besides existence of minimisers, Sect. 3 contains some of the main novelties of this
paper. First, in order to prove boundedness of minimisers, we develop a fine estimate on the
interaction term based on the asymptotics of the Riesz potential of radial functions, and show
that this estimate is well suited exactly for the diffusion dominated regime (see Lemma 2
and Theorem 7). Moreover, thanks to the Schauder estimates for the fractional Laplacian,
we improve the regularity results for minimisers in [12] and show that they are smooth
inside their support, see Theorem 10. This result applies both to the diffusion-dominated and
fair-competition regime.

These global minimisers are candidates to play an important role in the long-time asymp-
totics of (1.1). We show their uniqueness in one dimension by optimal transportation
techniques in Sect. 4. The challenging open problems remaining are uniqueness of radially
non-increasing stationary solutions to (1.1) in its full generality and the long-time asymp-
totics of (1.1) in the whole diffusion-dominated regime, even for non-singular kernels within
the fast diffusion case.

Plan of the paper: In Sect. 2 we define and analyse stationary states, showing that they are
radially symmetric and compactly supported. Section 3 is devoted to global minimisers. We
show that global minimisers exist, are bounded and we provide their regularity properties.
Eventually, Sect. 4 proves uniqueness of stationary states in the one-dimensional case.

2 Stationary states

Let us define precisely the notion of stationary states to the diffusion—aggregation equation

(1.1).
Definition 1 Given 5 € L} (RV) N L> (RY) with ||4||; = 1 and letting Sy[p] = Wy * p,

we say that p is a stationary state for the evolution equation (1.1) if p™ € Wllo’c2 (RN ),
V Sk [p] € L}OC (RN), and it satisfies

V" = —x pVS[5] @1
in the sense of distributions in RY. If —N < k < 1 — N, we further require p € C 0.0 (RN )

forsomea € (1 —k— N, 1).

In fact, as shown in [12] via a near-far field decomposition argument of the drift term,
the function Si[p] and its gradient defined in (1.2) satisfy even more than the regularity
VSilpl € L 110 . (RN ) required in Definition 1:

Lemma1 Letp € LL (RV)NL> (RY)with||p||, = Landk € (—N, 0). Then the following
regularity properties hold:

(i) Sklp] € L™ (RV).
(ii) VSi[p] € L*® (]RN), assuming additionally p € COe (RN) witha € (1 —k—N,1)in
the range k € (—N,1 — N].

Lemma 1 implies further regularity properties for stationary states of (1.1). For precise
proofs, see [12].

Proposition1 Let k € (—N,0) and m > m.. If p is a stationary state of Eq. (1.1) and
Si[p] = Wy = p, then p is continuous on RY, p"m—1 e yl.o° (RN), and
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_ _ m—1 _ _
A" = e (CIAIx) — xSk[pl(x) 4. VxeRY, 2.2)
where C[p](x) is constant on each connected component of supp (p).

It follows from Proposition 1 that p € wl.e (]RN ) in the case m, < m < 2.

2.1 Radial symmetry of stationary states

The aim of this section is to prove that stationary states of (1.1) are radially symmetric.
This is one of the main results of [17], and is achieved there under the assumption that the
interaction kernel is not more singular than the Newtonian potential close to the origin. As
we will briefly describe in the proof of the next result, the main arguments continue to hold
even for the more singular Riesz kernels Wy.

Theorem 3 (Radiality of stationary states) Let x > Oandm > m..Ifp € LL(RN)HLOO (RM)
with ||p|l1 = 1 is a stationary state of (1.1) in the sense of Definition 1, then p is radially
symmetric non-increasing up to a translation.

Proof The proof is based on a contradiction argument, being an adaptation of that in [17,
Theorem 2.2], to which we address the reader the more technical details. Assume that p is
not radially non-increasing up to any translation. By Proposition 1, we have

V"] < e (23)
for some positive constant ¢ in supp(p). Let us now introduce the continuous Steiner sym-
metrisation ST p in direction ey = (1,0, ---,0) of 5 as follows. For any x; € R,x’ €
RVN=1h >0, let

o0
Sy i= [ Ly )
0 X
where
Uf, ={x; eR:p(x1,x") > h})

and M* (U :’,) is the continuous Steiner symmetrisation of the U ;’, (see [17] for the precise
definitions and all the related properties). As in [17], our aim is to show that there exists a
continuous family of functions w(z, x) such that u(0, -) = p and some positive constants
C1 > 0,cp > 0and a small §y > 0 such that the following estimates hold for all T € [0, ép]:

Flu(z, )] = Flpl < —cot (2.4)
lu(r,x) — p(x)| < Cip(x)r forallx € RY 2.5)

/ (u(r,x) — p(x))dx =0  for any connected component £2; of supp(p). (2.6)
2;

Following the arguments of the proof in [17, Proposition 2.7], if we want to construct a
continuous family u(z, -) for (2.5) to hold, it is convenient to modify suitably the continuous

Steiner symmetrisation ST/ in order to have a better control of the speed in which the level
sets U ;’/ are moving. More precisely, we define u(z, -) = S7p as

oo
Srﬁo(xlyx/) = / 11[\/Iu(h)r(uh/)(-xl)dh
O X'

with v(h) defined as
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1 h>ho,

h) =
RO PR

for some sufficiently small constant 7y > O to be determined. Note that this choice of the
velocity is different to the one in [17, Proposition 2.7] since we are actually keeping the level
sets of S° 0(+, x') frozen below the layer at height k(. Next, we note that inequality (2.3) and
the Lipschitz regularity of Sy (Lemma 1) are the only basic ingredients used in the proof of
[17, Proposition 2.7] to show that the family w(z, -) satisfies (2.5) and (2.6). Therefore, it
remains to prove (2.4). Since different level sets of ST 0(-, x) are moving at different speeds
v(h), we do not have M“U“)f(Uf,') C Mv<h2>f(Uf,2) for all iy > ho, but it is still possible
to prove that (see [17, Proposition 2.7])

Hm[S*p] < Hnlp] forall T > 0.
Then, in order to establish (2.4), it is enough to show
Wk[S'T,E] < Wilp] — xcot forallt € [0, §p], for somecy > Oanddy > 0. (2.7)

As in the proof of [17, Proposition 2.7], proving (2.7) reduces to show that for sufficiently
small ¢ > 0 one has

‘Wk[S"ﬁ] - Wk[ST,E»]‘ < % for all . 2.8)

To this aim, we write
00 ho
STp(x1,x) = / ﬂMr(Uh/)()ﬂ)dl’l +/ ]lM-!(Uh/)()C])dh =: fi(r,x) + fa(z, x)
ho x 0 x

and we split STh similarly, taking into account that v(h) = 1 for all A > hg:

B ho -
57013 = fie ) + [ Ly (0 = i)+ fo(e, 0.

Note that
fr=S8"(T"p),
where 7" h0,6 is the truncation at height s of p. Since v(h) = 0 for & < hg, we have
fo=Thp.

If we are in the singular range k € (—N, 1 — N], we have p € O« (]RN) for some o € (1 —
k — N, 1). Since the continuous Steiner symmetrisation decreases the modulus of continuity
(see [8, Theorem 3.3] and [8, Corollary 3.1]), we also have S75, fo. fo € C%® (RV).
Further, Lemma 1 and the arguments of [17, Proposition 2.7] guarantee that the expressions

and

Arr) = V Fo(Wie s f1) — Fo(Wi # f)dx

As(r) = ‘ / LWk x f2) — (Wi * f)dx

can be controlled by ||p]|oo and the a-Holder seminorm of p. Hence, we can apply the
argument in [17, Proposition 2.7] to conclude for the estimate (2.8). Now it is possible to
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proceed exactly as in the proof of [17, Theorem 2.2] to show that for some positive constant
C», we have the quadratic estimate

|Fl(z, )] — FIpll < Ca1?,

which is a contradiction with (2.4) for small . ]

2.2 Stationary states are compactly supported

In this section, we will prove that all stationary states of Eq. (1.1) have compact support,
which agrees with the properties shown in [16,17,33]. We begin by stating a useful asymptotic
estimate on the Riesz potential inspired by [50, § 4]. For the proof of Proposition 2, see
Appendix 1.

Proposition 2 (Riesz potential estimates) Let k € (—N, 0) and let p € Y be radially sym-
metric.

() If1 =N <k <0, then |x|* % p(x) < Cy|x|¥ on RV,
@) If —N <k <1 — N and if p is supported on a ball By for some R < oo, then

Ix|* % p(x) < CaTi(Ix], R) Ix|¥, V¥ |x| > R,

where

(};‘;}fg)l*k*N ifk € (=N, 1—N),
Ti (x|, R) == (2.9)
(1 +log (}j}jﬁ)) ifk=1—-N

Here, C1 > 0 and C, > 0 are explicit constants depending only on k and N.

From the above estimate, we can derive the expected asymptotic behaviour at infinity.

Corollary 1 Let p € Y be radially non-increasing. Then Wy x p vanishes at infinity, with
decay not faster than that of |x|~.

Proof Notice that Proposition 2(i) entails the decay of the Riesz potential at infinity for
1— N <k <0.Instead, let —N < k <1— N.Letr € (1 —k — N, 1) and notice that
|y|k < |y[¥t"if |y| > 1, so that if By is the unit ball centered at the origin we have

[ x p(x) < fB ple =yl dy + /B px =Ny dy
1 1

YEB|

< (sup p(x — y)) /B IyIEdy + (Wigr % p)(x).
1

The first term in the right hand side vanishes as |x| — oo, since y +> |y|k is integrable
at the origin, and since p is radially non-increasing and vanishing at infinity as well. The
second term goes to zero at infinity thanks to Proposition 2(i), since the choice of r yields
k+r>1—N.

On the other hand, the decay at infinity of the Riesz potential can not be faster than that
of |x|¥. To see this, notice that there holds

|x|k*p(x)z/3p(y)|x—y|kdyz<|x|+1>"/3 p(y)dy

with f B P> 0 since p € ) is radially non-increasing. O

As a rather simple consequence of Corollary 1, we obtain:
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Corollary 2 Let p be a stationary state of (1.1). Then p is compactly supported.

Proof By Theorem 3 we have that p is radially non-increasing up to a translation. Since the
translation of a stationary state is itself a stationary state, we may assume that p is radially
symmetric with respect to the origin. Suppose by contradiction that p is supported on the
whole of RY, so that Eqg. (2.2) holds on the whole RN, with C¢[p](x) replaced by a unique
constant C. Then we necessarily have C = 0. Indeed, 5! vanishes at infinity since it is
radially non-increasing and integrable, and by Corollary 1 we have that Sg[p] = Wi * p
vanishes at infinity as well. Therefore

1 1/(m—1)
b= (Msk[ﬁo .
m

But Corollary 1 shows that Wy * p decays at infinity not faster than |x|¥ and this would
entail, since m > m,, a decay at infinity of p not faster than that of |x |_N , contradicting the
integrability of p. O

3 Global minimisers

We start this section by recalling a key ingredient for the analysis of the regularity of the drift
term in (1.1), i.e. certain functional inequalities which are variants of the Hardy-Littlewood-
Sobolev (HLS) inequality, also known as the weak Young’s inequality [36, Theorem 4.3]: for
all f e LP (RM), gelLd (RM) there exists an optimal constant Cy s = depends on N too >
0 such that

WR Tl =ylg G dxdy| < ChisifIplgla,
X

11 k
if —+-=24—-, pg>1 ke(=N,0). G.1
P q N

The optimal constant C g1 s is found in [35]. In the sequel, we will make use of the following
variations of the above HLS inequality:

Theorem4 Letk € (—N,0), and m > m.. For f € L'(®RN) N L™(RN), we have

k+N)/N .
W Ik = ¥ £ Foddy| = CLlFIIE Y1, (32)
RN xRN
where C, = Cy(k, m, N) is the best constant.
Proof The inequality is a direct consequence of the standard sharp HLS inequality and of

Holder’s inequality. It follows that C, is finite and bounded from above by the optimal
constant in the HLS inequality. O

3.1 Existence of global minimisers
Theorem 5 (Existence of global minimisers) For all x > 0 and k € (—N, 0), there exists

a global minimiser p of F in ). Moreover, all global minimisers of F in ) are radially
non-increasing.
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We follow the concentration compactness argument as applied in Appendix A.1 of [33].
Our proof is based on [38, Theorem II.1, Corollary II.1]. Let us denote by M”(RY) the
Marcinkiewicz space or weak L” space.

Theorem 6 (see [38, Theorem II.1]) Suppose W € MP R, 1 < p < 09, and consider the
problem

1
Iy = inf {7/ pmdx+1// W(x—y)p(x)p(y)dxdy} .
peVgm |m —1 JrN 2 JJRN xRN

where

1
Vou = {p e LIRM)yn L'RY), 0> Oa.e.,/ p(x)dx = M}, q= r+l <m.
RN p
Then there exists a minimiser of problem (Iyr) if the following holds:
Imy < Ing + Iyg—m forall M € (0, M) . (3.3)

Proposition 3 (see [38, Corollary I1.1]) Suppose there exists some A € (0, N) such that
W(tx) >t W(x)
forallt > 1. Then (3.3) holds if and only if
Iy <0 forall M > 0. 3.4

Proof of Theorem 5 First of all, notice that our choice of potential Wy (x) = |x|/k is indeed
in M?(RN) with p = —N/k. Further, it can easily be verified that Proposition 3 applies
with A = —k. Hence we are left to show that there exists a choice of p € Y, u such that
Flp] < 0. Letus fix R > 0 and define

) M
Ps(x) = W IlBR(-)C)»

where By denotes the ball centered at zero and of radius R > 0, and where oy =
2w N/2 /(N /2) denotes the surface area of the N-dimensional unit ball. Then

MN m
Hm[p*] — 7/ _ ( N() — RN(lfm)7

Wilps] = 3 //RN ax Wi(x — y)px(x) o (y) dxdy

(MN)?
= m //RN RN |x — y|k13R(x)]13R(y)dxdy
N X
(MN)? R )k R2N 2k—1M2£k <0
= 2ko} RN k '
We conclude that
m m—]al m
Flps) = Huload + xWilpel £ — 80— RV 127y =

Since we are in the diffusion-dominated regime N (1 —m) < k < 0, we can choose R > 0
large enough such that F[p,.] < 0, and hence condition (3.4) is satisfied. We conclude
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by Proposition 3 and Theorem 6 that there exists a minimiser o of F in ), y» with g =

(p+1/p=({N—-k)/N.
It can easily be seen that in fact 5 € L™ (R") using the HLS inequality (3.1):

1 lx —yI* CHLs || 2
o= [[ E 2 ampdray = ol

where r = 2N /(2N + k) =2p/(2p — 1). Using Holder’s inequality, we find

CuLs 2—
—Wilpe] < ollalell; .

~ (=2k)
Hence, since F[p] < 0,
M*9Cyrs
(—2k)

Translating p so that its centre of mass is at zero and choosing M = 1, we obtain a minimiser
p of F in ). Moreover, by Riesz’s rearrangement inequality [36, Theorem 3.7], we have

Wilp™1 < Wilpl, Vp e,

IIﬁllﬁS—X(m—l)Wk[ﬁ]Sx(m—1)< )IIﬁIIZ < 0.

where p* is the Schwarz decreasing rearrangement of p. Thus, if /5 is a global minimiser of
Fin Y, then so is p*, and it follows that

Wilp"1 = Wilp].

We conclude from [36, Theorem 3.7] that p = ,5#, and so all global minimisers of F in )
are radially symmetric non-increasing. O

Remark 1 An alternative and more direct proof of the existence of global minimisers for 7 can
be achieved by a scaling argument along the lines of [4,12,37]. More precisely, taking dilations
p*(x) := AN p(rx) of a given p € Y, we define g(1) := F[p*]and 8 := N(m — 1) +k > 0.
Optimising over A, we find a unique A* > 0 such that g’(A*) = 0:

A*,_< kxWilp] )‘/3
T\ N — DHulpl '

Note that
+2

1o % _kt2 | k+2 k+2
§ ) =Qk+1 =8 k=387 (kxWkleD) ™+ Hulpl .
Substitution the optimal dilation p** of p into the energy functional F, we obtain
Flp*'1= —c1 Alpl.
where
)
(@ —k's

The goal is therefore to show existence of o € ) maximising A[p]. If such a global maximiser
exists, then ,5)‘* provides a global minimiser of F over ), and F[p] > —c1 A[p] = ]-'[/3)‘*].
Note that A[p] is invariant by dilations, A[p*] = A[p] YA > 0, and we can therefore apply
the same strategy as in the existence proof [12, Proposition 3.4].

Alp] = kxWilpD)' ™ Hulpl?, ¢ :

Global minimisers of F satisfy a corresponding Euler—Lagrange condition. The proof can
be directly adapted from [16, Theorem 3.1] or [12, Proposition 3.6], and we omit it here.
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Proposition4 Let k € (—N,0) and m > me. If p is a global minimiser of the free energy
functional F in Y, then p is radially symmetric and non-increasing, satisfying

-1
p" ) = ('"7) (DIp] = xSklpl(x);. a.ein RY. (3.5)

Here, we denote

m—2 m
D[p] :=2F[p] + <7) lolly,, pPed.
m—1

3.2 Boundedness of global minimisers

This section is devoted to showing that all global minimisers of F in ) are uniformly bounded.
In the following, for a radial function p € L'(RM) we denote by M,(R) := fBR p dx the
corresponding mass function, where Bp, is a ball of radius R, centered at the origin. We start
with the following technical lemma:

Lemma2 Let y >0, —N <k <0, m > 1and0 < g <m/N. Assume p € Y is radially
non-increasing. For a fixed H > 0, the level set {p > H} is a ball centered at the origin
whose radius we denote by A . Then we have the following cross-range interaction estimate:
there exists Hy > 1, depending only on q, N, m, ||p||m, such that, for any H > Hy,

/ / Ix — y[¥ 0o () dxdy < Cx.n My(An) Ki g n(H),
BS, JBay

where

H1—ak+N) 4 f—kq if ke (—=N,0), k#1—N,

’Ck,q,N(H) = {Hl_q(2+10g(1 + Hq)) +Hq(N—1) lf k=1—N

and Cy N is a constant depending only on k and N.

Proof Notice that the resultis trivial if p is bounded. The interesting case here is p unbounded,
implying that Ay > O for any H > 0.
First of all, since p € L (RY) and p > H on By - the estimate

UNAZ
N

H" = H’”s/ o™ < llplln
Bay A

H
implies that HY Ay is vanishing as H — 400 as soon as ¢ < m/N, and in particular that
we can find Hy > 1, depending only on ¢, m, N, ||p||, such that
H % >2Ay forany H > Hj.

We fix g € [0,m/N) and H > Hj as above from here on.
Let us make use of Proposition 2, which we apply to the compactly supported function

pH = plip=H}/Mp (Ap).
Case | — N < k < 0: Proposition 2(i) applied to py gives the estimate

/ Ix =yl p(y) dy < CiM, (An) 1xI¥, Vx e RV,
B

A

and hence, integrating against p on BgH and using p < H on BgH,
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f / =y p()p(y) dx dy < C1 My (Ag) / o (o) dix
BS BAH Bg
H H

=CiM, (Ap) (/
B¢

S, "By

<C\M,(An) (H/
BC

AH

k
|x] ,O(x)dx+/c

BS, \By—

Ix/¥dx + H k4 /

BS, \By—q

1x[€p(x) dx)

px) dx)

NBy—q

H—4
<CiM,(An) HUN/
An

< C]Mp (Ag) (kj_iNNHlfﬂi(kJrN) + H*kﬂ) ,

pREN=L gy 4 Hk‘1>

which conludes the proof in that case.
Case —N < k <1 — N: In this case, we obtain from Proposition 2(ii) applied to py the
estimate

/ x — ¥ p () dy < CaM, (Aw) Ticlxl. Alxl¥, Vx € B, .

and integrating against p(x) over BCH, we have
/ / lx =y p(x)p(y)dxdy < C2M, (AH)/ Te(xl, Ap)lx | p(x) dx. (3.6)
BgH Bay BgH

We split the integral in the right hand side as 11 + I, where

I ::/ Te(x|, Ap)|x*p(x)dx, I :Zf Ti(lx], Ap)lx[Fp(x) dx .
B, NBy— BS

Ay \Bri—a

Let us first consider I, where we have |x| > H~4 > 2A g on the integration domain. Since
the map |x| +— mff{; is monotonically decreasing to 1 in (A g, +00), it is bounded above

by 3 on (2Ax, +00). We conclude from (2.9) that Ty (|x|, Ax) < 3 for |x| € (H™ 1, 400).
This entails

L < 3/C x| p(x)dx <3 H*, (3.7)
B

Ay \Br—a
where we used once again |x| > H ™9, recalling that k < 0.

Concerning /1, we have p < H on BgH which entails

H—4
I <H Te(x], Ap)|x|¥dx = oy H Te(r, Ap)r*™N="Yar.  (3.8)

C
BS, NBy—g Ap

If—N <k<1—N,weuse(29)and (r +2Ay)/(r + Ag) < 2 for r € (0, +00), so that

H— 1 H~ 1 1—k—N
2A
/ Tk(r,AH)rk+N_ldr < / <7r+ H) pREN=L gy
A 0

" r+An (3.9)

2lfk7N

< -

~— k+N

If k =1 — N we have from (2.9), since 2Ay < H 9 < 1,

H—4*+N)
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H H
A
/ Tk(r,AH)rk+N—1dr=/ <1+10g<r+ ”)) dr
Ay Ay r—AH
H™4
1
5/ <l+log<r+ )) dr (3.10)
0 r

=H 9+ H 1log(l + HY) + log(1 + H™9)
< H 92 +1log(1 + HY)).

Combining (3.8), (3.9), (3.10) we conclude I; < 22 F1=46+tM if N <k < 1— N,
and I} < onH'™92 4+ log(l + H?)) if k = 1 — N. These information together with the
estimate (3.7) can be inserted into (3.6) to conclude. ]

We are now in a position to prove that any minimiser of F is bounded.

Theorem7 Let x > 0, k € (=N, 0) and m > mc. Then any global minimiser of F over )
is uniformly bounded and compactly supported.

Proof Since p is radially symmetric non-increasing by Proposition 4, it is enough to show
p(0) < oco. Let us reason by contradiction and assume that p is unbounded at the origin. We
will show that F[p] — F[p] > 0 for a suitably chosen competitor g,

- - NM,(A
pX) = prr(x) = #mm +p(x)Lge (x),
ONT AH

where By, and g are defined as in Lemma 2, BSH denotes the complement of By, and
1p, is the characteristic function of a ball D, := B, (xo) of radius » > 0, centered at some
xo # 0 and such that D, N B4, = ¥. Note that Ay < H™9/2 < Ho_q/2 < 1/2. Hence, we
can take r > 1 and D, centered at the point xo = (2r,0,...,0) € R¥ . Notice in particular
that since p is unbounded, for any H > 0 we have that B4, has non-empty interior. On the
other hand, B4, shrinks to the origin as H — oo since p is integrable.

As D, C BgH and p = p on BgH \ D,, we obtain

~ m m NMy(Ag) "
=1 Gnlpl=Hoto)= [ pmax [ v [ o (p+ FEEE 1, ) s
A

H An Biy ONT
NM,(A mn
:/ pmdx—i—/ |:pm—<p+#> :|dx.
B D, ONT
We bound

NM,(A " 1-
Er Z:/ I:pm_(p_i_M) i| deMp(AH)m (O‘WN) ml"N(l_m)7
D,

AH

GNFN
where we use the convexity identity (a + b)" > |a™ — b™| for a, b > 0. Hence, ¢, goes to
0 as r — oo. Summarising we have for any r > 1,
(m—l)(Hm[p]—Hm[[)])Z/ p"dx + e, (3.11)
Bay
with ¢, vanishing as r — oo.

To estimate the interaction term, we split the double integral into three parts:
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2k OVl =Wl = [ x5l 0wp0) = 5500 drdy

=// ¥ = y[fp(¥)p(y) dxdy
BAHXBAH

+2 / / lx — y[*p(x)p(y) dxdy (.12)
Bay xBS

- / f Ix — yI* (p(x)p(y) — (x)(y)) dxdy
B¢ xBC¢

AH

=L+ L+ LF).

Let us start with 73. By noticing once again that p = p on BgH \ D, for any r > 0, we
have

no=[ [ =y (00p) = AP dady
w2 [ ey pme0) - BAO) dudy
Dy x(By  \Dy)

=:I31(r) + I3(r) .

NM,(An)

pn D;., we have

Since p = p +

NM,(An)
Inn(r) = —2 XM A) / / I = ¥ p () dxdy
ONT Dyx (B, \Dy)

By the HLS inequality (3.1), we have

NM,(A
e =220 [ [ ey ey

SZCHL M

1o, llallolls

ifa>1,b>1land1/a+ 1/b —k/N = 2. We can choose b € (1, min{m, N/(k + N)}),
which is possible as —N < k < O,m > 1, and then we geta > 1, p € Lb(RN) as
1 <b <m,and

onrV\
11320 = 2CusllpllsMp(An) | —5

The latter vanishes as r — o0. For the term /31, we have

NM,(An)
) == 22228 [yt vy
» X Dy

NM,(A
< p(NH)> // x—y|kdxdy
ONT X Dy

With the same choice of a, b as above, the HLS inequality implies

NM,(An)
) =220 [ [yt vy
ONT D, xRN
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NM,(A
+< p(NH)) // |x—y| dxdy
ONT XDy
)

onrV 2-1 N\ats
NV ONT
<CursM,(Ag) | 2llpllp ( N ) + M,(Ag) < N ) ,

which vanishes as r — oo since a > 1 and b > 1. We conclude that I3(r) — 0 as r — o0.
The integral /| can be estimated using Theorem 4, and the fact that p > H > 1 on By,
together with m > m.,

n=[ v =yl ) dxdy = CMy A Y [ g
BAHXBAH B

AH

§C*MP(AH)1+"/N/ P (x)dx . (3.13)

Bay

On the other hand, the HLS inequalities (3.1) and (3.2) do not seem to give a sharp enough
estimate for the cross-term /I, for which we instead invoke Lemma 2, yielding
I <2Ck,y My(Ap) Ky g, n(H), (3.14)

for given ¢ € [0, m/N) and large enough H as specified in Lemma 2.
In order to conclude, we join together (3.11), (3.12), (3.13) and (3.14) to obtain for any
r > 1 and any large enough H,

Flpl = Flpl = Hulel — Hmlp] + x Wklp]l — Wilo])
2<$+Xc M, (An )l+k/N>/ oM dx
m 2k BAH

Ci,N
+ X T Mp(AH) ’Cs,q,N(H)
Er

+m—1

X
+ ﬂ13(1’). (3.15)

Now we choose g. On the one hand, notice that for a choice n > 0 small enough such that
m > m¢ + n, we have

2—-m+n m-—1-—n
<
k+ N (—k)
On the other hand, —N < k < 0 implies 1 — k/N > 2N/(2N + k). Since m > m,,

this gives the inequality m > 2N /(2N + k). Hence, for small enough n > 0 such that
m > N2+ n)/(2N + k), we have

(3.16)

2—m+n m
_ . 3.17
K+N N ©17)
Thanks to (3.16) and (3.17) we see that we can fix a non-negative ¢ such that
2— —1-
ﬂ<q<mm m’ m—1-mn ) (3.18)
k+ N N (=k)

Since g satisfies (3.18), it follows that —kg < m — 1 —n and at the same time 1 —g(k+ N) <
m — 1 —n, showing that /Ct 4 n (H) from Lemma 2 grows slower than H"™ 1"mas H - o0
fork #1— N.Ifk =1— N, we have that for any C > 0 there exists H > Hy large enough
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such that CH'=%log(1 + H9) < H™ 7" since ¢ > 2 — m + 1, and so the same result
follows. Hence, for any large enough H we have

Ce.N Mp(Ap) Kign(H) < CenH™ 71 M, (Ap) < Ck,NH7"/ p" dx

Bay

since p > H on By, . Inserting the last two estimates in (3.15) we get for some n > 0

= 1 Cy C HN "
Flpl = Flol = 7+X7MD(AH)1+1¢/N+XI<,N7 / o7 dx
m—1 2k k B,

Er
+m—1

X
— I .
+ T 3(r)

forany r > 1 and any large enough H. First of all, notice that | p,, P" dxisstrictly positive
H

since we are assuming that p is unbounded. We can therefore fix H large enough such that
the constant in front of || B, P" isstrictly positive. Secondly, we have already proven that
H

& and I3(r) vanish as r — 00, so we can choose r large enough such that
Flpl = Flpl > 0.

Let p be defined by p(x) = 4(x + &), where ¥ = [y x5(x) dx. Since p € Y and F[p | =
Flp], we get a contradiction with the minimality of p. We conclude that minimisers of F
over ) are bounded.

Finally, we can just use the Euler—Lagrange Eq. (3.5) and the same argument as for
Corollary 2 to prove that p is compactly supported. O

3.3 Regularity properties of global minimisers

This section is devoted to the regularity properties of global minimisers. With enough regu-
larity, global minimisers satisty the conditions of Definition 1, and are therefore stationary
states of Eq. (1.1). This will allow us to complete the proof of Theorem 1.

We begin by introducing some notation and preliminary results. As we will make use of
the Holder regularising properties of the fractional Laplacian, see [48,51], the notation

ens(=2)' Sklpl=p, s €(0,N/2)

is better adapted to the arguments that follow, fixing s = (k + N)/2, and we will therefore
state the results in this section in terms of s.

One fractional regularity result that we will use repeatedly in this section follows directly
from the HLS inequality (3.1) applied with k = 2s — N: for any

€ (0,N/2), 1 N Np
) , s < < —, = -
P 2s i N — 2sp
we have
(—A)Y felP (RN) = felf (RN> . (3.19)

Further, for | < p < oo and s > 0, we define the Bessel potential space £25:P(RN)
as made by all functions f € L? (RM) such that (I — A)* f € LP(RN), meaning that f
is the Bessel potential of an LP(RN) function (see [52, pag. 135]). Since we are working
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with the operator (—A)* instead of (I — A)®, we make use of a characterisation of the space
£2:P (RN in terms of Riesz potentials. For 1 < p < ocoand 0 < s < 1 we have

£2S’p(RN) — {f c LP(RN) cf=gx Wy N, g€ LP(RN)} , (3.20)

see [49, Theorem 26.8, Theorem 27.3], see also Exercise 6.10 in Stein’s book [52, pag.
161]. Moreover, for 1 < p < oo and 0 < s < 1/2 we define the fractional Sobolev space
WP (RN) by

W2s,p<RN) = {fELp(RN)// dedy<oo}
RN xRN

|x — y|N+2sp
We have the embeddings
L¥PRYy c WHP@®RN) for p>2, se(0,1/2), (3.21)
W2 (RN) c cOp (]RN> for B=25—N/p, p>N/2s,
s €(0,1/2), (3.22)

see [52, pag. 155] and [22, Theorem 4.4.7] respectively.

Lets € (0, 1) and o > 0 such that « + 2s is not an integer. Since cy s(—A)*Sk[p] = p
holds in R¥, then we have from [48, Theorem 1.1, Corollary 3.5] (see also [9, Proposition
5.2]) that

||Sk[,0]||co,a+zs<m) <c <||Sk[,0]||LOO(RN) + ||P||C0,a(m)> , (3.23)

with the convention that if & > 1 for any open set U in RY, then C%%(U) := C*-*"(U),
where o’ + o” = a, o’ € [0, 1) and o’ is the greatest integer less than or equal to o. With
this notation, we have C'(RV) = CLORYN) = WL°RN). In particular, using (3.23) it
follows that for @ > 0, s € (0, 1) and « + 2s not an integer,

ISkLo1ll cowras @y < ¢ (ISkLoll Loy + Nl cowmn)) - (3.24)

Moreover, rescaling inequality (3.23) in any ball Bg (xo) where R # 1 we have the estimate

a2
D RUD Skloll LB oo + RTZ DU SkloT coas2-a g a0y
=0

g

<C [nsk [Pl ey + ) REFUD pllre s + RO IDY plcoae (BR(XO))}
=0

(3.25)

where a1, oy are the greatest integers less than o and o + 2s respectively. In (3.25) the
quantities ||DZSk[,o]||Loo and [Dep]co,o( denote the sum of the L* norms and the C%¢
seminorms of the derivatives D®) S;[p], D p of order £ (that is |8| = £).

Finally, we recall the definition of m. and m™* in (1.4) in terms of s: m, := 2 — Zﬁ and

2—2s .
* if N>1 and s € (0,1/2),
m-=4{1-2s

+ 00 if N>2 and se[l/2,N/2).

Let us begin by showing that global minimisers of F enjoy the good Holder regularity in
the most singular range, as long as diffusion is not too slow.
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Theorem8 Let x > Oands € (0, N/2). If m. < m < m*, then any global minimiser p € Y

of F satisfies S[p] = Wi % p € WERRY), pm—1 € WLoRN) and p € CO*(RN) with
— mi 1

a = min{l, =}

Proof Recall that the global minimiser p € Y of F is radially symmetric non-increasing
and compactly supported by Theorem 5 and Theorem 7. Since p € L' (R¥) N L™ (RV)
by Theorem 7, we have p € L? (RV) forany 1 < p < oo. Since p = cy 5(—A)* Sk[pl.

it follows from (3.19) that Si[p] € L?(RN), q = Ng’w forall1 < p < %, that is

Silpl € LP(RN) forall p € (N%ZS, 00). Then, if s € (0, 1), since S is the Riesz potential
of the density p in L?, by the characterisation (3.20) of the Bessel potential space, we
conclude that Si[p] € Ezs*p(RN) for all p > % Let us first consider s < 1/2, as the
cases 1/2 <s < N/2and s = 1/2 follow as a corollary.

0 < s < 1/2: In this case, we have the embedding (3.21) and so Si[p] € WE:-P(RN)
forall p > 2 > A if N > 2 and for all p > max{2, -} if N = 1. Using (3.22), we
conclude that Sg[p] € C 0.5 (RN ) with

B:=2s —N/p,

for any p > % > 2if N > 2 and for any p > max{zl—s, 1—172.;} if N = 1. Hence p"~! €
cop (RN ) for the same choice of 8 using the Euler—Lagrange condition (3.5) since p" ! is
the truncation of a function which is Si[o] up to a constant.

Note that m, € (1,2) and m* > 2. In what follows we split our analysis into the cases
me <m <2and?2 < m < m*, still assuming s < 1/2. If m < 2, the argument follows
along the lines of [12, Corollary 3.12] since ,o’”’1 e CO4RN) implies that p is in the same
Holder space for any o € (0, 1). Indeed, in such case we bootstrap in the following way. Let
us fix n € N such that

25 <

1
— 3.26
n—+1 = n ( )

and let us define
Bn:=B+m—1)2s =2ns — N/p. (3.27)

Form (3.26) and (3.27) we see that by choosing large enough p there hold 1 —2s < g, < 1.
Note that Si[p] € L™ (RN) by Lemma 1, and if p € cor (RN) for some y € (0, 1) such
that y 4+ 2s < 1, then S[p] € CO7+2 (RV) by (3.24), implying p"~ ! € CO7+25 (RV)
using the Euler-Lagrange conditions (3.5). Therefore p € COr+2s (RN ) since m € (me, 2].
Iterating this argument (n — 1) times starting with y = 8 gives p € COF» (RN ) . Since
By < 1l and B, + 2s > 1, a last application of (3.24) yields Si[p] € WLo®RYN) 5o that
o=l e Whoo(RN), thus p € WH(RN). This concludes the proof in the case m < 2.
Now, let us assume 2 < m < m* and s < 1/2. Recall that p"~! € C% (RV) for any
y <2s,andso p € C%7 (RY) forany y < -2. By (3.24) we get Sx[p] € C*7 (R) for
mzj 7 +2s, and the same for o™~ by the Euler—Lagrange equation (3.5). Once more
with a bootstrap argument, we obtain improved Holder regularity for p”~!. Indeed, since

any y <

+00

2s 2s(m — 1)
E - = (3.28)
— (m — 1)/ m—2
j=0
and since m < m™* means % > 1, after taking a suitably large number of iterations we

get Si[p] € WER(RY) and p"~! € WL (RV). Hence, p € ¢%1/0m=D (]RN).
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N >2,1/2 <s < N/2: We start with the case s = 1/2. We have Si[p] € LPRY) for
any p > % as shown at the beginning of this proof. By (3.20) we get S¢[p] € L7 (RN)

for all p > % Then we also have Si[p] € L£2-P(RN) for all p > % and for all
r € (0, 1/2) by the embeddings between Bessel potential spaces, see [52, pag. 135]. Noting
that 2 > 5 for N > 2, by (3.21) and (3.22) we get Si[p] € CO¥~N/P(RY) for any
r € (0,1/2) and any p > % That is, Sy[p] € C*Y (RY) for any y € (0, 1). By the Euler—
Lagrange Eq.(3.5),p € COre(RN) withe = min{1, ﬁ},and so(3.24) fors = 1/2implies
SrLp] € Wh°(RY). Again by the Euler—Lagrange Eq. (3.5), we obtain p"~1 € WH®([RN).
If 1/2 < s < N/2 on the other hand, we obtain directly that Si[p] € WhoRN) by
Lemma 1, and so p" ! € WIHORN).

We conclude that p € C%*(RV) with & = min{1, ﬁ} forany 1/2 <s < N/2. O

Remark2 1f m > m* and s < 1/2, we recover some Holder regularity, but it is not enough
to show that global minimisers of F are stationary states of (1.1). More precisely, m > m*
means % < 1, and so it follows from (3.28) that p € C*7 (RV) for any y < mzfz.
Note that m > m™ also implies mzf 5 < 1 — 2s, and we are therefore not able to go above the

desired Holder exponent 1 — 2s.

Remark 3 1In the arguments of Theorem 8 one could choose to directly bootstrap on fractional
Sobolev spaces. In fact, for0 < s < 1/2andm > 2 wehavethat "' € WP (RN ) implies
o E sz%l’p('"fl)(RN). Indeed, let o < 1 and u € W*?(R"), where and p € [1, 00). By
the algebraic inequality ||a|* — |b|¥| < Cla — b|* we have

o _ o p/a _ P
// NuC)® — [u(y)|*] dxdy < c// [u(x) —u(y)| dxdy .
RN xRN |x — y|N+e2s(p/a) RN xRN |x — y|N+2sp

thus [u|® € WSP/*(RN). This property is also valid for Sobolev spaces with integer order,
see [41]. In particular, thanks to this property, in case m > m* we may obtain p"~!
WP (RN) for any o < % and any large enough p, hence (3.22) implies that p has the
Holder regularity stated in Remark 2.

We are now ready to show that global minimisers possess the good regularity properties
to be stationary states of equation (1.1) according to Definition 1.

Theorem 9 Let x > 0, s € (0, N/2) and m; < m < m™*. Then all global minimisers of F in
Y are stationary states of equation (1.1) according to Definition 1.

Proof Note that m < m* means 1 — 2s < 1/(m — 1), and so thanks to Theorem 8, Si[p]
and p satisfy the regularity conditions of Definition 1. Further, since p"~! € W (RN ),
we can take gradients on both sides of the Euler—Lagrange condition (3.5). Multiplying by
p and writing pV 1 = mT_Ime, we conclude that global minimisers of F in ) satisfy
relation (2.1) for stationary states of Eq. (1.1). ]

In fact, we can show that global minimisers have even more regularity inside their support.

Theorem 10 Let x > 0, m; < mand s € (0, N/2). If p € Y is a global minimiser of F,
then p is C® in the interior of its support.

Proof By Theorem 8 and Remark 2, we have p € C%¢(RN) for some « € (0, 1). Since P
is radially symmetric non-increasing, the interior of supp (p) is a ball centered at the origin,
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which we denote by B. Note also that p € LYRN) N L®RY) by Theorem 7, and so
Sklp]l € L®(RY) by Lemma 1.

Assume first that s € (0, 1) N (0, N/2). Applying (3.25) with B centered at a point within
B and such that Bg CC B, we obtain S¢[p] € CO*V(BR/g) for any y < o + 2s. It follows
from the Euler-Lagrange condition (3.5) that p"~! has the same regularity as Si[p] on
Bg/2, and since p is bounded away from zero on Bg/2, we conclude p € C 0’V(BR /2) for
any y < o + 2s. Repeating the previous step now on Bg,>, we get the improved regularity
Sklpl € cov (Bry4) forany y < a +4s by (3.25), which we can again transfer onto p using
(3.5), obtaining p € CY%Y (Bg /4) forany y < a+4s. Iterating, any order £ of differentiability
for Sy (and then for p) can be reached in a neighborhood of the center of Bg. We notice that
the argument can be applied starting from any point xo € B, and hence p € C*°(B).

When N > 3 and s € [1, N/2), we take numbers s, ..., s; such that s; € (0, 1) for any
i =1,...,[ and such that Zle s; = 5. We also let

St ol == Slpl. S{lpli=IT_; (=) Sklpl, Vj e {l.....1}.
Then S,l [p] = p. Note that Lemma 1(i) can be restated as saying that p € Y N L®(RN)
implies (—A)%p € L®°(RN) for all § € (0, N/2). Taking § = s —rforanyr € (0,s), we
have (—A)" Sk[p] = (—A) ~*p € L. In particular, this means S,i [p] € L>®(RN) for any
j =1,...,14 1. Moreover, there holds

(=AY S o1 = Spl, Vjell,... 0},

Therefore we may recursively apply (3.25), starting from S ,: [p] = p € CO%(Bg), where the
ball By is centered at a point within B such that Bg CC B, and using the iteration rule

) o _
S{lpl € CO7 (By) = S]"[p] € COVF2 (By)a)
Vjiefl,...,l}, Yy >O0s.ty+2s; isnotaninteger, VB, CC B.

We obtain S,lfl[,o] = Silp] € CO’V(BR/(zl)) for any y < « + 2s, and as before, the Euler—
Lagrange Eq. (3.5) implies that p € CO’V(BR/(ZI)) for any y < o + 2s. If we repeat the
argument, we gain 2s in Holder regularity for p each time we divide the radius R by 2'. In

this way, we can reach any differentiability exponent for p around any point of B, and thus
p € C*(B). O

Remark 4 We observe that the smoothness of minimisers in the interior of their support also
holds in the fair-competition regime m = m,. In such case global Holder regularity was

obtained in [12].
The main result Theorem 1 follows from Theorem 3, Corollary 2, Theorem 5, Proposi-
tion 4, Theorem 7, Theorem 9 and Theorem 10.
4 Uniqueness
4.1 Optimal transport tools
Optimal transport is a powerful tool for reducing functional inequalities onto pointwise

inequalities. In other words, to pass from microscopic inequalities between particle locations
to macroscopic inequalities involving densities. This sub-section summarises the main results
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of optimal transportation we will need in the one-dimensional setting. They were already used
in [11] and in [13], where we refer for detailed proofs.

Let o and p be two probability densities. According to [7,39], there exists a convex func-
tion ¥ whose gradient pushes forward the measure g(a)da onto p(x)dx: ¥'# (6(a)da) =
p(x)dx. This convex function satisfies the Monge-Ampere equation in the weak sense: for
any test function ¢ € Cp(R), the following identity holds true

/rp(w/(a))ﬁ(a)da =/<p(x),0(x)dx.
R R

The convex map is unique a.e. with respect to p and it gives a way of interpolating measures
using displacement convexity [40]. On the other hand, regularity of the transport map is a
complicated matter. Here, as it was already done in [11,13], we will only use the fact that
¥ (a)da can be decomposed in an absolute continuous part ¥/ (a)da and a positive singular
measure [53, Chapter 4]. In one dimension, the transport map v is a non-decreasing function,
therefore it is differentiable a.e. and it has a countable number of jump singularities. For any
measurable function U, bounded below such that U (0) = 0 we have [40]

/U(ﬁ(x))dx =/ U( pla) )yfgc(a)da. 4.1)
R R

ac(@

The following Lemma proved in [11] will be used to estimate the interaction contribution in
the free energy.

Lemma3 Let K : (0, 00) — R be an increasing and strictly concave function. Then, for any

a,beR

/ ol 1

K<M> > / K (v(la, b)) ds 4.2)
b—a 0

where the convex combination of a and b is given by [a, bly = (1 — s)a + sb. Equality is
achieved in (4.2) if and only if the distributional derivative of the transport map V" is a
constant function.

4.2 Functional inequality in one dimension

In what follows, we will make use of a characterisation of stationary states based on some
integral reformulation of the necessary condition stated in Proposition 4. This characterisation
was also the key idea in [11,13] to analyse the asymptotic stability of steady states and the
functional inequalities behind.

Lemma4 (Characterisation of stationary states) Let N = 1, x > O and k € (—1,0). If
m > m¢ withm, = 1 — k, then any stationary state p € Y of system (1.1) can be written in
the form

1
i =% [ [ latito —sato =sa+pyasdg. @3)

The proof follows the same methodology as for the fair-competition regime [13, Lemma 2.8]
and we omit it here.

Theorem11 Let N =1, x > 0, k € (—1,0) and m > m. If (1.1) admits a stationary
density p in'Y, then

Flpl =z Flpl, Vpel
with equality if and only if p = p.
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Proof For a given stationary state p € ) and a given p € ), we denote by ¢ the convex
function whose gradient pushes forward the measure p(a)da onto p(x)dx: ¥'# (p(a)da) =
p(x)dx. Using (4.1), the functional F[p] rewrites as follows:

1 pla) \" ' _
Flol = —— 1/( I )) 5(a)da

// V(@) —y'(b)
RxR

P
_ " l-m - m
= | @) @ da

— bl*p(a)p(b) dadb

= / / (v (e, bD))la — bI* (@) 5 (b) dadb,
RxR

where <u([a, b])> = fol u(la, bls)ds and [a,b]ly = (1 — s)a + bs for any a,b € R and
u: R — Ry. By Lemma 4, we can write for any a € R,

W@ pla)" f (Wl (a, b)) ")la — bl* 5(a) p(b) db,
and hence

_X 1 " 1—-m 1 ” k AL _
Flpl =4 /foR{(m_ 5 Wiedla. b)) 4 Ly (a. bD) }|a bl 5(@)p(b) dadb |

Using the concavity of the power function (-)!~" and and Lemma 3, we deduce

1
Flpi= L / / { (0", b)) ™" + ~ (¢ (la, b]))k} la = b 5(@)5(b) dadb.
RxR | (M — 1) k

Applying characterisation (4.3) to the energy of the stationary state p, we obtain

Flpl = // ( > la — bI*p(a)p(b) dadb .
RxR \ (m — 1)

Since
1—m k
Z z 1 1
— > 4 - 4.4
m—1+k_m—l+k 44
for any real z > 0 and for m > m. = 1 — k, we conclude F[p] > F[p]. Equality in (4.2)
arises if and only if ¥/ = 1, i.e. when p = p. In agreement with this, equality in (4.4) is
realised if and only if z = 1. O

In fact, the resultin Theorem 11 implies that all critical points of F in ) are global minimisers.
Further, we obtain the following uniqueness result:

Corollary 3 (Uniqueness) Let x > 0 and k € (—1,0). If m¢ < m, then there exists at most
one stationary state in Y to equation (1.1). If m¢ < m < m®*, then there exists a unique
global minimiser for F in ).

Proof Assume there are two stationary states to Eq. (1.1): p1, oo € Y. Then Theorem 11
implies that F[p;] = Fl[p2], and so p; is a dilation of p,. By Theorem 5, there exists a
minimiser of F in ), which is a stationary state of Eq. (1.1) if m, < m < m™ by Theorem 9,
and so uniqueness follows. O

Theorem 11 and Corollary 3 complete the proof of the main result Theorem 2.
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Properties of the Riesz potential

The estimates in Proposition 2 are mainly based on the fact that the Riesz potential of a radial
function can be expressed in terms of the hypergeometric function

Y e I'(c) _ c—b—1,b—1
F(a,b;c;2) := T (= b)/(l z2t) (1 —1) 7 dt,

which we define for z € (—1, 1), with the parameters a, b, ¢ being positive. Notice that

F(a,b,c,0) =1and F is increasing with respect to z € (—1, 1). Moreover, ifc > 1,b > 1

and ¢ > a + b, the limit as z 1 1 is finite and it takes the value
I'(c)I'(c —a —b)
I'c—a)'(c—-b)’

(A.1)

see [34, §9.3]. We will also make use of some elementary relations. First of all, there holds

Fla,bic;2) =(1—2) " PF(c —a,c—b;c; 2), (A2)

see [34, §9.5], and it is easily seen that

d ab
—F(a,b;c;z2) = —F@+1,b+1;c+1;2).
dz c
Inserting (A.2) we find
d b .
L Fabien=L0—) " Fe—ac—bc+1:2). (A3)
dz c
To simplify notation, let us define
r'®)re-—»on
H(a,b;c;z) = MF(a,b; c;2)
I'(c)

. (A4)
=/ (1—z0)~%(1 — )b~ ar .
0

Proof of Proposition 2 For a given radial function p € ) we use polar coordinates, still
denoting by p the radial profile of p, and compute as in [50, Theorem 5], see also [1], [25]
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or [26, §1.3],
el % o (x)
e k2 . N— _ (A.5)
:oN_I/ </ (|x|2+n2—2|x|ncos0)/ sin 29d0> omnN"ldn.
0 0
Then we need to estimate the integral
oo 2 k2 . N-2
O(r,n) == on_1 (r*+n" —2rncos(®)) " sin" 7*(0) do
0
k
0 Rl 9
_ rk k(n/r) n<r (A.6)
"o r/m),  r<n,

where, for u € [0, 1),

D) = on / (14 u? = 2ucos(8))"/* sin¥ 2(0) o
0

T u 0\ \/?
=oy_1(1+ u)k/o (1 — 4m cos® <§>> sinN_z(G) de .

Using the change of variables # = cos” (%), we get from the integral formulation (A.4),

1 k/2
K@) =2V 2oy (1 kf l—a—" A" ar
x(u) on—1 (1 +u) A A2 ( )

=2"26n 1 (A +u) H (a,b; c; 2) (A7)
with
k N-—1 4
a=—5 b=""" c=N-1, z=_"
2 2 (1 +u)?

The function F(a, b; c; z) is increasing in z and then for any z € (0, 1) there holds

F(a,b;c;z) < li%lll F(a,b;c;z2). (A.8)
z

Note that c —a — b = (k + N — 1)/2 changes sign at k = 1 — N, and the estimate of @
depends on the sign of ¢ — a — b:

Case k > 1 — N: The limit (A.8) is finite if c —a — b > 0 and it is given by the expression
(A.1). Therefore we get from (A.6), (A.7) and (A.4)

Or(lxl,m) < Ci(Ix|+pf < CilxF if 1—=N <k <0

with C; := 2N_20N_1F(b)F(c —a — b)/I"(c — a). Inserting this into (A.5) concludes the
proof of (i).
Casek <1—N:Ifc—a—b <0weuse (A.2)

F(a,b;c;z) = (1 —2) " PF(c—a,c—b;c;2),

where now the right hand side, using (A.8) and (A.1), can be bounded from above by (1 —
b reyra+b— c)/[I"(a)I"(b)] for z € (0, 1). This yields from (A.6), (A.7) and
(A.4) the estimate

1—k—N
@k<|x|,n)sc2|x|"(:x:+”) k<1 N (A9)
Xl —n
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with C5 := 2N 20oy_1I'(c —b)(a + b —¢)/ T (a).
Casek = 1—N:Ifontheotherhand c—a—b = 0, weuse (A.3) withc = 2a =2b = N—1,
integrating it and obtaining, since F' = 1 for z = 0,
N —1 /Z F(c—a,c—b;c+1;1)dt
4 0 1—1¢
and the latter right hand side is bounded above, thanks to (A.8) and (A.1), by
(N —1DI'(N) 1
log
A (NJ2+1/2))2 1
for z € (0, 1). This leads from (A.6), (A.7) to the new estimate

F(a,b;c;z) =1+

’

1+

Oc(xl, n) < Calxf <1 n 10g<:x: + ")) ifk=1-N, (A.10)
x| —n
: . AN=2 L(N/2-1/2) (N=DI'(N)
with Cp :=2 GN,IWmaX[I,W}.

Now, if p is supported on a ball Bg, the radial representation (A.5) reduces to

R
|x|"*p(x)=/0 Ocllxl, oG~ dn, x e RV, (A1)

If |x| > R, wehave (|x|+n)(Ix|—n) "' < (Ix]+R)(Ix| — R)~! forany 5 € (0, R), therefore
we can put R in place of 7 in the right hand side of (A.9) and (A.10), insert into (A.11) and
conclude. O
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