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Abstract

In this paper we study the cohomology of smooth projective complex surfaces S of general
type with invariants p; = ¢ = 2 and surjective Albanese morphism. We show that on a
Hodge-theoretic level, the cohomology is described by the cohomology of the Albanese variety
and a K3 surface X that we call the Kg partner of S. Furthermore, we show that in suitable
cases we can geometrically construct the K3 partner X and an algebraic correspondence in
S x X that relates the cohomology of S and X. Finally, we prove the Tate and Mumford—Tate
conjectures for those surfaces S that lie in connected components of the Gieseker moduli

space that contain a product-quotient surface.

1 Introduction

1.1 — Let S be a smooth projective complex surface with invariants py(S) = ¢(S) = 2, and
assume that the Albanese morphism «: .S — A is surjective. The results of this paper are inspired
by the following two observations:

1. The induced map on cohomology o*: H*(A,Z) — H*(S,Z) is injective. The orthogonal
complement H2,, = H*(A,Z)t C H*(S,Z) is a Hodge structure of weight 2 with Hodge
numbers (1,7, 1), where n = h11(S) — 4. Such a Hodge structure is said to be of K3 type.

2. Let S’ be a smooth projective complex surface with invariant py(S’) = 1. Then Mor-
rison [Mor87] showed that there exists a K3 surface X’ together with an isomorphism
J H?(S', Q) — H2(X', Q)% that preserves the Hodge structure, the integral structure,
and the intersection pairing. (Here (_ )" denotes the transcendental part of a Hodge
structure, that is, the orthogonal complement of the Hodge classes.)

These observations lead to the following questions.

1.2 QUESTION A. — Let S be as before.
Does there exist a K3 surface X together with an isomorphism v: (H> gt — H?(X,Q)t

new

that preserves (H) the Hodge structure, or (Z) the integral structure, or (P) the intersection

pairing?



We give an affirmative answer to this question in theorem 3.12, showing that there exists an X
and ¢ that satisfy (H), (Z), and (P). The strategy of the proof is the same as for Morrison’s result

mentioned above.

1.3 QUESTION B. — The Hodge conjecture predicts that if ¢ satisfies (H), then it is algebraic.
Do there exist X and v satisfying (H) as above, such that v is algebraic?

In general we are not able to answer this question. However, an intesting class of examples of the
surfaces that we consider is formed by so-called product-quotients: these are surfaces birational to
a surface (C' x D)/G, where C and D are curves equipped with an action by a finite group G.
In these cases we give an affirmative answer to question B in theorem 4.8. The strategy boils
down to finding appropriate Prym varieties in the Jacobians of C' and D, and taking for X the
associated Kummer variety.

(Note: surfaces S for which there is a positive answer to question B are very much related to

the notion of Kg burgers, as introduced by Laterveer [Lat18].)

1.4 QUESTION C. — Since we are not able to settle question B in general, we may aim
for something weaker, sitting in between question A.(H) and question B. We use the notion of

motivated cycles introduced by André [Andg6] (see §5.9 for details).
Do there exist X and v satisfying (H) as above, such that ¢ is motivated?

Once again, we are not able to give an answer to this question in general. However, we give
sufficient conditions for a positive answer to this question. For example, we show that to decide
question C one may replace S with any other surface in the same connected component of the
moduli space of surfaces of general type (theorem 5.17). In particular, question C has a positive
answer for every surface S that lies in the same connected component as a product-quotient
surface.

If question C has a positive answer for the surface S, then we also deduce that the Tate
and Mumford-Tate conjectures hold for models of S over finitely generated subfields of C
(corollary 5.18).

We summarise these results in the following theorem (the conjunction of theorems 3.12, 4.8

and 5.17 and corollary 5.18).

1.5 THEOREM. — Let S be a smooth projective complex surface with invariants py(S) =
q(S) =2, and assume that the Albanese morphism a: S — A is surjective.
1. Then there exists a K3 surface X and an isomorphism of Hodge structures

2 (H2

new

(57 Q))tra — H2 (X, Q)tra.

2. If S is a product-quotient surface (cf. definition 2.3) with group G, then there exist X and v

as above, and an algebraic cycle on S x X that induces t.
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8. If S is in the same connected component of the Gieseker moduli space as a product-quotient
surface, then ¢ is motivated (in the sense of André) and the Tate and Mumford—Tate

conjectures hold for S.

1.6 STRUCTURE OF THIS TEXT. — In the next section, “On the classification of surfaces
with pg = ¢ = 27, we very briefly recall what is known for the surfaces under consideration. It
is important to stress that the classification of these surfaces is not yet complete. Hence we
present the state of the art up to now. We shall pay particular attention to those surfaces which
are product-quotients (here a classification theorem is available) recalling definitions, important
properties and its associated group theoretical data. Furthermore, we recall what is known about
their moduli space.

In section 3 we discuss the existence of Hodge-theoretical K3 partners for all the surfaces with
pg = q = 2, following Morrison’s theory. In theorem 3.12 we prove point 1 of theorem 1.5.

In section 4 we discuss the problem to find a geometric description where possible of the
Hodge-theoretical K3 partners, proving point 2 of theorem 1.5. Indeed, for those surface which
are product-quotients we are able to find an algebraic K3 partner.

Finally in the last section we see how the results obtained can be used to prove that the
Tate and Mumford-Tate conjectures hold for these surfaces. As already mentioned here we use
the notion of motivated cycles introduced by André. Corollary 5.18 proves the last point of

theorem 1.5.
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2 On the classification of surfaces with p, = ¢ =2

2.1 — The classification of smooth projective complex surfaces with invariants p, = ¢ = 2 is not
complete, although there has been much progress in recent years. We give an overview of the
current state of the art. Let S be a minimal surface of general type with p; = ¢ = 2, so that
X(S) =1—q+py = 1. Recall the following classical general inequalities:

» K2 < 9x(S) (Bogomolov-Miyaoka-Yau).
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» K2 > 2p,, if ¢ > 0, (Debarre).
These yield 4 < K2 < 9 under our assumptions. Except for the case K2 = 9, examples of such
surfaces have been constructred for every value of K% in this range. Since we are dealing with
irregular surfaces, i.e., with ¢ > 0, a useful tool to study them is the Albanese map. The Albanese
variety of S is the g-dimensional variety Alb(S) := H°(S,Q%)V/H:(S,Z). By Hodge theory,

Alb(S) is an abelian variety. For a fixed base point z¢ € S, we define the Albanese morphism as
o= ag,: S — Alb(S5), zr—>/ .
Zo

The dimension of a(S) (< ¢(S) = 2) is called the Albanese dimension of S and it is denoted by
Albdim(S). If Albdim(S) = 2, we say that S has mazimal Albanese dimension. For surfaces with
q(S) = 2, we have two possibilities:

1. Albdim(S) =1 and «(S) is a smooth curve of genus 2; or

2. Albdim(S) = 2 and « is a generically finite cover of an abelian surface.
The first case is completely understood: we have a classification theorem, see [Penii].

The second case is still open. By [Cat13, Section 5] the degree deg(«) of the Albanese map is
a topological invariant. In table 1 we summarize the state of the art of the classification using

K?% and deg(a) as main invariants.

Ne K% Albdim deg(a) # dim Name MTC PQ/SIPC Reference
18 1 - 24 315,46 526 Isog. Prod. Yes [Pen1i]

2 8 2 2 2 02 No [PRR17]

3 8 2 <6 4 33,4 Isog. Prod. v Yes [Penii]
4T 2 31 3 v Yes  [PPiy; CF18]
5 7 2 2 ? ? [Rit15]

6 6 2 41 4 v Yes [PP14]
76 2 2 3 23 No [PP13b]

8 b 2 3 1 4 Chen-Hacon v Yes [PP13a]

9 4 2 2 1 4 Catanese v Yes [Peni1; CMo2]

Table 1: State of the art of the classification of minimal complex algebraic surfaces with in-
variants p;, = ¢ = 2. We have indicated, where possible, the number of families (#) and their
dimensions (dim). Moreover, we point out if some members of the family are product-quotient
surfaces (PQ) or (semi)-isogenous to a product of curves (SIPC), see definitions 2.3 and 2.4. In
the last column, we give references to more detailed descriptions of the class. Finally, as a
consequence of the present paper, we put a checkmark in the column MTC if we prove the Tate

and Mumford—Tate conjectures for a class.

2.2 — In the rest of this section we will describe the examples Ne = 3,4,6,8,9 in more detail.
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The examples Ne = 1,2,5,7 will not be treated in this paper for the following reasons. The
surfaces in Ne = 1 do not have a surjective Albanese map, therefore this case falls outside the
scope of this paper. For the surfaces in Noe = 5, at the time of writing, nothing is known about
their moduli spaces. Despite the abundance of information about their moduli, for the surfaces in
Ne =2 and 7 none of the methods we develop here seem to work; principally this is due to the

small dimensions of their moduli.

2.3 DEFINITION. — Let G be a finite group acting on two compact Riemann surfaces C7, Co
of respective genera g1, go > 2. Consider the diagonal action of G on C; x Cs. In this situation
we say for short: the action of G on Cy x Cq is unmized. By [Catoo] we may assume w.l.o.g. that
G acts faithfully on both factors.

The minimal resolution S of the singularities of T' = (C7 x C3)/G, is called a product-quotient
surface. If the action of G on the product Cy x Cs is free we will speak of surfaces isogenous to a

product of unmized type. In this case T is already smooth.

2.4 DEFINITION. — Let C be a smooth projective curve, and let G be a finite subgroup of
Aut(C) x Z/2. Assume that there are elements in G exchanging the two factors of C' x C. In
this case we say that the action is mized.

The minimal resolution of singularities S — T = (C x C)/G is called a mized surface. A
surface isogenous to a product of mized type is a mixed surface where G acts freely on C x C.

We denote by Gy <t G the index two subgroup, i.e., the subgroup of elements that do not
exchange the factors. In general the singularities of T" are rather complicated. Assuming that Gy
acts freely, i.e., (C x C)/Gy is a surface isogenous to a product, then 7' is smooth and we call it

a semi-isogenous mized surface.

2.5 — The families of surfaces Ne = 1,3 in table 1 are all the surfaces isogenous to a product
of umixed type (see [Peni1]) and a brief description of those with maximal Albanese dimension
(hence Ne=3) can be read from table 2 below. There one can find the genus of Cy and Co, the
group G, and the number branch points with multiplicity of the covering C; — C;/G for i = 1, 2.
Notice first that the curves C;/G are elliptic curves for i = 1,2; second that for a complete
description one needs a system of generators for the group G. The families of surfaces Ne = 6,8
and 9 contain subloci of product-quotient surfaces. To briefly describe these particular members
we add information about the singularities of (C; x C2)/G to table 2.

Table 3 describes two families of mixed surfaces that are of interest to us. The surfaces
described by the first row are surfaces isogenous to a product of mixed type. The semi-isogenous
mixed surfaces T' = (C x C)/G with py(T) = ¢(T) = 2 and K% > 0, form 9 families [CF18]. We
will not be able to say anything about the existence of algebraic K3 partners for these surfaces
(section 4), but we will study them in section 5. Since the questions studied in section 5 will turn
out to be invariant under deformation we only need to study one subfamily per component of the

Gieseker moduli space. Of the g families mentioned above, 7 are subfamilies of components of
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K2 g(Cy) g¢(Cs) G  branch sing. n dim Ne
8 3 3 Vi (2%),(2?) - 0 4 3
8 3 4 Ss (3),(2%) - 0o 3 3
8 3 5 Dy (2),(2% - 0o 3 3
6 4 4 Ay (2),(2) 2x 2(1,1) 2 2 6
5 3 3 Ss (3),(3) F(L,1)+3(1,2) 3 2 8
4 3 3 Qs (2),(2) 4x 3(1,1) 4 2 9
4 3 3 Dy (2,2 4x 3(1,1) 4 2 9
4 2 2 Cy  (27),(2?) 4x 2(1,1) 4 4 9

Table 2: Classification of product-quotient surfaces of unmixed type with p, = ¢ = 2. In the
column labeled 7 we give the number of irreducible components of the exceptional divisor of
the minimal resolution of (C; x C2)/G. The last column (Ne) mentions the component of the
Gieseker moduli space described in table 1 that contains the family of product-quotient surfaces

as a subfamily.

the Gieseker moduli space that also contain families of product-quotient surfaces that we already
described (see [CF18] and [Pig17]). The only families for which this is not the case are listed
in table 3; they are families in Ne = 3,4 described in table 1.
K2 g¢g(C) G G° branch dim Ne
8 2 Cy Cs - 3 3
7 4 Ce Cs3 (2,-4) 3 4

Table 3: The two families of mixed surfaces with p; = ¢ = 2 that are not subfamilies of components
of the Gieseker moduli space that also contain families of product-quotient surfaces that we

described before.

2.6 — As already remarked, the surfaces in component Ne = 3 are all isogenous to a product.
Hence the weak rigidity theorem of Catanese [Catoo] tells us that for each family their moduli
space consists of one connected irreducible component in the subspace Mg 22 (Mkgz2p, 4) of the
Gieseker moduli space of surfaces of general type Mg 1 (M2 ). Moreover each member of the
family is isogenous to a product.

The property of preserving an isotrivial fibration is no longer true for the families Ne = 4,6, 8, 9.
Indeed, their moduli space is bigger in some sense. To be precise let us first analyse the families
of surfaces in table 2 with K2 < 8. These families form an irreducible sublocus of M K222 but
they sit inside a bigger connected component.

The connected component with K2 = 4 was studied by [CMo2]. We have that all the three
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families in table 2 with K g = 4 belong to the same connected component of dimension 4. The
surfaces with Kg =5 form an irreducible component of dimension 2 sitting inside the connected
component of Chen-Hacon surfaces described in [PP13a], which has dimension 4. Finally the
family of surfaces with K% = 6 is a two dimensional irreducible component inside an irreducible
component of Mg 2 o of dimension 4, this component is studied in [PP14].

The first entry of table 3 is again isogenous to a product, of mixed type. Hence its moduli
space is 3-dimensional and is described by the weak rigidity theorem of Catanese [Catoo].

The moduli space of the surfaces relative to the second entry of table 3 is described by
Pignatelli and Polizzi in [PP17]. In this case the moduli space is a generically smooth, irreducible,
open and normal subset of the Gieseker moduli space M7 2 5. For the general member of the
family the Albanese surface is simple, but some specific surfaces admit an irrational fibration

over an elliptic curve.

3 Hodge-theoretic K3 partners

3.1 — Let S be a smooth projective complex surface with invariants p,(S) = ¢(S) = 2, and assume

that the Albanese morphism «: S — A is surjective. Recall question A from the introduction:

Does there exist a K3 surface X together with an isomorphism v: (Hp.,)g* — H*(X, Q)"

that preserves (H) the Hodge structure, or (Z) the integral structure, or (P) the intersection

pairing?

In theorem 3.12 we give an affirmative answer to this question.

3.2 — A Hodge lattice V is a free Z-module of finite rank, endowed with a polarised Hodge
structure such that the polarisation on V makes V into a lattice—a symmetric bilinear form on a

free Z-module of finite rank. In particular, the weight (as Hodge structure) of V is always even.

3.3 NOTATION. — There is some risk of confusing notation: if V' is a Hodge lattice, then
V (k) may denote either the k-th Tate twist of the Hodge structure on V or it may denote the
k-th twist of the lattice structure on V. In this paper we use the notation V (k) only for Tate

twists of the Hodge structure.

3.4 DEFINITION. — Let V be a Hodge lattice of K3 type (that is, the Hodge structure on V'
is of K3 type). A Kg partner of V is a complex K3 surface X together with an isomorphism
of Hodge structures ¢: V(tl)ra — H?(X,Q)'. Following the terminology of Morrison (page 181
of [Mor87]) we say that a K3 partner (X,¢) is strict if ¢ maps the intersection form on V{§™ to
the intersection form on H?(X, Q). The K3 partner (X, ¢) is integral if ¢ is compatible with an
isomorphism of integral Hodge lattices V' — H?(X,Z)"2.
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3.5 — Let A denote the even unimodular lattice Fg(—1)? @ U?. The lattice A goes by the name
K3 lattice, since there is an isometry H?(X,Z) = A for every complex K3 surface X. For an
integer d, let A4 denote the lattice Fg(—1)? & U? & (—2d). Observe that Ay < A. The signature
of A is (3,19), whereas the signature of A4 is (2, 19).

Recall that if M is a lattice, then the pairing on M defines a natural map M — M and the
cokernel MY /M is called the discriminant group Aps. The minimal number of generators of Ay
is denoted with ¢(Apy).

3.6 THEOREM. — Let L and M be even lattices with signatures (s1,s_) and (t4,t_) respec-
tively. Assume that L is unimodular. Then there exists a unique primitive embedding M — L, if
the following conditions hold:

1. ty < sy andt_ < s_; and

2. tk(L) — k(M) > €(Ap) + 2.
Proof. This is a slightly weaker form of theorem 1.14.4 of [Nik79]. O

The following corollary is part of an observation by Morrison, see corollary 2.10 of [Mor84].

3.7 COROLLARY. — Let M be an even lattice with signature (2,n) for some integer 0 < n < 8.

Then there exists a unique primitive embedding M — A into the K3 lattice introduced above.

3.8 — Let L be a lattice with signature (s;,s_), and assume that 2 < s; < 3 and s_ < 19.
Define Q(L) ={z e P(L®C) | (z,x) =0, (z,Z) > 0}. Note that Q(L) is an analytic open subset
of the quadric in P(L ® C) defined by the equation (x,2) = 0. If M < L is an embedding of two
such lattices, then there is a natural holomorphic map Q(M) — Q(L).

Observe that there is a natural bijection

Hodge structures of K3 type on L such
that for every nonzero z € L* one has p — Q(L),
(z,2) =0, (z,z) >0, and = L Lb!

obtained by mapping a Hodge structure on L to the point L*? in Q(L).

3.9 — We denote with fzf‘n}{]lK,C the moduli space of degree 2d primitively polarised K3 surfaces
with full level K-structure for an admissible subgroup K c SO(A4)(Z); see [Rizo6] for details.

3.10 PROPOSITION. — Let B be a connected algebraic variety over C, and let V/B be a
polarised variation of Z-Hodge structures of weight 2 of Kg type. Let b be a point of B and assume
that Vy, is a lattice with signature (2,n) that admits a primitive embedding Vi, — A. Then there
is an étale open B° — B such that b lies in the image of B°, a K3 space f: X — B°, and a
morphism of variations of Hodge structures V|go — R2 f.Z that is fibrewise a primitive embedding

and a Hodge isometry on the transcendental lattices.
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Proof. Let B — B be a universal cover of B, and let b be a point of B lying above b. Let L denote
the lattice underlying the fibre of V;. Fix a primitive embedding L < A. Under the induced map
Q(L) — Q(A) the Hodge structure on V; maps to a point z € Q(A). By the surjectivity of the
period map for K3 surfaces there is exists a complex K3 surface X, with H2(X,Z) = A, such
that the Hodge structure on H?(X,Z) corresponds to .

Let d € Z and K € SO(A4)(Z) be such that X admits a primitive polarisation of degree 2d
with full level K-structure. This means that [X] € F3i'y . Since L has signature (2,n) we get a

primitive embedding L < A,4. This yields a diagram

B (L) Q(Ag)
| |
B K\Q(Ay)

The composite map B — K\Q(Ay) factors via a finite cover By of B.

B L) Q(Aq)
| i
B¢—— By K\Q(Aq)

By a theorem of Borel (see thm 6.4.1 of [Huy16]) the map Bx — K\Q(Ay) is algebraic. By
proposition 3.2.11 of [Rizog], there is an open immersion ]:551,}&,@ — Shg(SO(Aq), 2(Ag)), where
the latter is the Shimura variety parameterising polarised Hodge structures on Ay ® Q with a
level K-structure.

We now have a diagram

QL) —— Q(Ag)

N |

T ——

i ot BK K\Q(Ad) E— ShK(SO(Ad),Q(Ad))
B SaK.C

where the bottom right rectangle is cartesian. By our choice of d and K, we know that [X] € .7:551’%7@
and b € B are in the image of B° under the respective maps. In particular B° is non-empty.
Pulling back the universal family of K3 surfaces from -szgl,hg,c to B° we end up with a K3 space
f: X — B° and a morphism of variations of Hodge structures V|go — R2f.Z. By construction it

is fibrewise a primitive embedding and a Hodge isometry on the transcendental lattices. O

3.11 LEMMA. — Let S be a smooth projective complex surface with invariants p; = q¢ = 2.

Let a: S — A be the Albanese morphism, and assume that « is surjective. Define H2,, =
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(H*(A,Z)/tors): C H*(S,Z)/tors. Then HZ,, has rank 14 — K%. In particular (HZ,
signature (2,n) with n <12 — K2.
Proof. By our assumptions we have xs = p; — ¢+ 1 = 1. Noether’s formula gives e + K2 =

12-xs = 12. Observe that e = 24 o(=1)b;, where by = by = 1, and by = b3 = 2q = 4. Therefore

1=

)tra has

by=12—- K +2-4-2-1=20- KZ.

Finally, by is the sum of the ranks of HZ2,,
that H

new

must have signature (2,n), with n < rk(H2,,,

and H?(A,Z). The latter has rank 6, and we conclude
has rank 14 — K32. Since (H2,,,)"™ is a transcendental Hodge structure of K3 type, it
) —2. O

3.12 THEOREM. — Let S be a smooth projective complex surface with invariants p, = q = 2,
and let a: S — A and H2,, be as in the preceding lemma 3.11. Then there exists a complex
K3 surface X and a morphism v: (HZ.,)g* = H?(X, Q)" that preserves (H) the Hodge structure,
(Z) the integral structure, and (P) the intersection pairing. In other words, we have a positive
answer to question A of the introduction.

Proof. Since 4 < K% < 9, lemma 3.11 shows that the lattice (HZ.,)"® has signature (2,n)

with n < 8. Note that (H2,,)"® is even by the Wu formula: for every v € H%(S,Z) we have

(v,v) = (v,¢1(S5)) (mod 2); and we have (H2,,)"™ C ¢1(9)* since (HZ,,

new )tra

is by definition

perpendicular to all Hodge classes. The result follows from corollary 3.7 and proposition 3.10.00

4 Algebraic K3 partners

Let S be a smooth projective complex surface with invariants p,(S) = ¢(S) = 2, and assume that
the Albanese morphism «: S — A is surjective. In this section we attempt to answer question B

of the introduction:

Does there exist a Kg surface X together with an isomorphism v: (H2,,

)6‘& — H2 (X’ Q)tra
that is algebraic?

Since theorem 3.12 provides an affirmative answer to question A, the Hodge conjecture predicts a
positive answer to question B as well. In theorem 4.8 we show that this is indeed the case for
certain surfaces that are product-quotients (cf. definition 2.3). If the essence of the proof must
be captured in one sentence, it would be the following: the algebraic correspondence inducing ¢ is
built from the Kummer K3 surface associated with a suitable 2-dimensional isogeny factor of the
product of the Jacobians of the curves that are used in the construction of the product-quotient

surface S.

4.1 OUTLINE OF THIS SECTION. — This section is the most technical part of this paper. It
is organised as follows. First we recall some facts about Chow motives of surfaces. Proposition 4.4
describes a natural decomposition of h%(S,Q), for product-quotient surfaces S of unmixed type. In

theorem 4.8 we give the general proof for the existence of an algebraic correspondence inducing ¢.
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This proof relies on a case-by-case computation, for which we refer to a MAGMA-script of which
we tabulate the output. The final part of this section illustrates this proof by discussing one of

the cases in detail, as an example.

4.2 CHOW MOTIVES OF SURFACES. — For an introduction to the theory of Chow motives
we refer to the excellent paper [Schg4] of Scholl. Let M., denote the category of Chow motives
over C. We recall that M., is an additive, Q-linear, pseudoabelian category (theorem 1.6
of [Schg4]). There exists a functor h: SmPrc/’E — M, from the category of smooth projective
varieties over C to the category of Chow motives. If X is a smooth projective variety, and G is a
finite group that acts on X, then we define h(X/G) = h(X)%. This leads to a satisfactory theory
of motives of quotient varieties, as is explained in [BN9g8].

We denote with CH'(X) (resp. CH'(M)) the i-th Chow group of a smooth projective variety X
(resp. a motive M € M,,;). In general, it is not known whether the Kiinneth projectors m; are
algebraic, so it does not (yet) make sense to speak of the summand h*(X) C h(X) for an arbitrary
smooth projective variety X/C. However, a so-called Chow—Kiinneth decomposition does exist
for curves [Man68], for surfaces [Murgo], and for abelian varieties [DMog1]. For algebraic surfaces
there is in fact the following theorem, which strengthens the decomposition of the Chow motive.

Statement and proof are copied from theorem 2.2 of [Lat18].

4.3 THEOREM. — Let S be a smooth projective surface over C. There exists a self-dual
Chow—-Kiinneth decomposition {m;} of S, with the further property that there is a splitting

al

Ty =mo® 47 e CH?(S x )
in orthogonal idempotents, defining a splitting h?(S) = h2(S)& @ h2(S)™ with Chow groups

NS(S) ifi=1, | CHE ($) o2
( ) Zfl and CHz(hQ(S)tra): AJ( ) Zfl

0 otherwise, 0 otherwise.

CH!(h?(S)"%) =

Here CH3,(S) denotes the kernel of the Abel-Jacobi map.
Proof. The Chow—Kiinneth decomposition is given in proposition 7.2.1 of [KMPo7|. The further

splitting into an algebraic and transcendental component is proposition 7.2.3 of [KMPo7]. O

4.4 PROPOSITION. — Let S be a product-quotient surface of unmized type with curves Cq
and Cyo, and with group G. Then the second Kiinneth component of S is given by h*(S) X UGS ZSE,
where

U= (R*(C1) @ h°(C2)) @ (h°(Ch) @ h*(Ch))

7 = (hM(Cy) ® K1 (1)),

E = @(_1)69773

and where 1 is the number of exceptional divisors introduced in the minimal desingularization of

the quotient surface.
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Proof. Let n denote the number of exceptional divisors introduced in the minimal desingularization
of the quotient surface. Recall that for the surfaces that we are interested in we gave the value
of 7 in table 2. Observe that h%(S) = h?((Cy x Cs)/G) @ E. Notice that if the action of G on
C1 x (s is free then F = 0. By the Kiinneth formula we obtain

W2(Ch x Cy) = (h?(Ch) @ hO(Ca)) @ (hO(Cy) @ h3(Ca)) @ (h1(Cy) @ hH(Ch)) .

By definition we have h2((Cy x C3)/G) = h%(Cy x C5)%; and since G acts trivially on h°(C;) and
h?(C;), we get the result. O

4.5 REMARK. — Note that we can further decompose the Chow motive Z of proposition 4.4
as Z = Z; @& Zy where

v\ G
2= R 9 Z= @ (ME)™Wen e ™))

WGG*X1

where G is the set of isomorphism classes of irreducible representations of G over Q, 1 is the

trivial representation, and (7)(W) denotes the W-isotypical component.

4.6 REMARK. — Observe that if W is a finite-dimensional Q-vector space, then we may
view it as a Chow motive, as follows: It is determined by the identity Hompg,,, (M, W) =
Homy,., (M,Q) ® W, and it is non-canonically isomorphic to Q® dm(W),

If G is a finite group, and W is equipped with a finite-dimensional representation of GG, then

we may view the representation G — Aut(WW) as an action of G on the Chow motive .

4.7 — We now state the main theorem of this section, which gives a partial answer to question B
of the introduction. The rest of this section is dedicated to its proof. We refer to §4.16 for an

explicit computation that illustrates the general argument of this proof.

4.8 THEOREM. — Let S be a minimal surface of general type with p, = q = 2, of mazimal
Albanese dimension isogenous to a product of unmized type. Then there exists a Kg surface X and

a correspondence in S x X that induces an isomorphism between H*(X,Q)" and H?(S, Q)2 .

4.9 — The proof is done in several steps, and will be completed in §4.15. Following proposition 4.4
and remark 4.5 we decompose h?(S) = U & Z; ® Zy @ E. First of all we see that for i = 1,2
the quotients C;/G =: E; are elliptic curves. The product E; X F5 is the Albanese variety of S,
and we have h?(E; x Fy) = U @ Z;. Secondly, let 7 be the number of irreducible components of
the exceptional divisor of the minimal resolution of the quotient surface (see tables 2 and 3; if
there is no branch locus, then n = 0). This gives E = Q(—1)". For the purpose of this theorem
we are interested in the remaining term Z,. To find an algebraic K3 partner X for S, we will
find an abelian surface A as isogeny factor of J(C;) x J(Cs), such that Zo = h2(A)" @ Q(—1)*

for some k € Z>¢. We may then take the minimal resolution of singularities of the Kummer

12/25



surface Km(A4) = A/(—1) for the K3 surface X. To find the isogeny factor A, we proceed by
decomposing (up to isogeny) the Jacobians J(C;) of C; for ¢ = 1,2 as products of simple abelian
varieties following [PRu17].

4.10 — Now let A be an abelian variety of dimension g with a faithful action of a finite group G.

There is an induced homomorphism of Q-algebras

p: Q[G] — Endg(A).
Any element o € Q[G] defines an abelian subvariety

A% :=TIm(mp(a)) C A

where m is some positive integer such that mp(a) € End(A). This definition does not depend on
the chosen integer m.

We will now describe the so-called isotypical decomposition of the abelian variety A with
group action by G. Begin with the decomposition of Q[G] as a product of simple Q-algebras
Q1 X -+ x Q. The factors Q; correspond canonically to the rational irreducible representations
W; of the group G, because each one is generated by a unit element e; € @; which may be
considered as a central idempotent of Q[G].

The corresponding decomposition of 1 € Q[G],
l=e1+ - +e,

induces an isogeny, via p above,

At x oo x A — A (4.10.1)

which is given by addition. Note that the components A% are G-stable complex subtori of A
with Homg (A%, A%) = 0 for 7 # j. The decomposition (4.10.1) is the isotypical decomposition

mentioned above.

4.11 — The isotypical components A can be decomposed further, using the decomposition of
Q; into a product of minimal left ideals. Fix an i € {1,...,r}, and let W; be the irreducible
rational representation of G corresponding to the idempotent e;. We will now recall some facts
from representation theory; see §12.2 of [Ser77] for details.

Write D; for the simple algebra Endg(W;), and observe that Q; = Mat,,, (DS

?) is a matrix
algebra of degree n; over the opposite algebra, for some n; € Z>;. Recall that the Schur index
of W; is the degree m; of D; over its centre. If y; is the character of one of the irreducible summands
of W; ®qg C, then degx; = m; - n;. There is a set of primitive idempotents {m; 1,..., 7, } in

Mat,,, (D7) = Q; C Q[G] such that
€ =M1+ + Ty,

(We warn the reader that the m; ; are not G-equivariant, and hence the abelian subvarieties A™

are not G-stable.) The abelian subvarieties A™7 are mutually isogenous for j =1,...,n,. Let B;
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be any one of these isogenous factors; we call it a reduced factor of A% and n; the multiplicity
of the reduced factor: B — A® is an isogeny. Replacing the factors in (4.10.1) for every

i=1,...,7r, we get an isogeny called the group algebra decomposition of the G-abelian variety A
B x -+ x Bl'm — A. (4.11.1)

Note that, whereas (4.10.1) is uniquely determined, (4.11.1) is not. It depends on the choice
of the m;; as well as the choice of the B;. However, the dimension and the isogeny class of the

abelian varieties B; is independent of choices.

~

4.12 REMARK. — If D; = Q, then we get a G-equivariant isomorphism h'(A4%) = bl (B;)@W;

of Chow motives, where G acts trivially on h'(B;).

4.13 — While the factors in (4.11.1) are not necessarily easy to determine, we may compute their
dimension in the case of a Jacobian variety. Let C' be a compact Riemann surface equipped with
an action of a finite group G and consider the induced action of G on J(C). Define V to be
the representation of G on H;(X,Z) ®z Q. We use the same notation as at the beginning of
this section, so the quotient C/G has genus gy and the cover w: C' — C/G has r branch points
{q1,-...,¢} where each g; has corresponding monodromy g;. The tuple (g1,...,g,) is called the
generating vector for the action [Brogi].

We now copy equation 2.14 from [Brogi], and explain the notation afterwards: the Hurwitz

character yy associated to V' is

-

xv=2x1+2(g0—1) pr- + > (0= = pgn) - (4-13.1)
i=1

Here x; is the trivial character on G, and p;« is the character of the regular representation. The

character pp is the induced character on G of the trivial character of the subgroup H. (When

H = (g;), this subgroup is the stabilizer, or isotropy group, of a point in the fiber of the branch

point g¢;.)

With this definition of xy in place, we have the following equality

1 1
dim B; = 5 dimg m;,;V = 3 (1. xv) (413.2)

where 1; denotes the character of the Q-irreducible representation of G corresponding to W;. See
[Pauo8; LR12] for details.

4.14 — We will now complete the proof of theorem 4.8. We may calculate the dimension of the
B;’s for each class of surfaces in the statement, either by hand or using the MAGMA script as in
[PR17]. The result of this computation is given in table 4.

It is a coincidence that in the table all the characters that appear are actually self-dual and
defined over Q. One can check that for each row in the table, there is only one character y that

appears in column char(C7) such that the dual character x¥ appears in column char(Cs).
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G  char(Cy)—x1 J(Cy)/Ey char(Cs) — x1 J(Cs)/Es

Vi [1,1,2], [1,1,4] ExI [1,1,3], [1,1,4] E x Ly
SS [1?273] L% [17172]7 [17273] E x L%
D, [1,2,5] L3 (1,1,3], [1,1,4], [1,2,5] Ex E' x L3
A4 [17374] L? [1a3a4] Lg

S5 [1,2,3] L3 [1,2,3] L3

Qs (2,1,5] A (2,1,5) A

Dy [172,5] L% [132a5] L%

02 [17172] Ly [1a132] Lo

Table 4: The group algebra decomposition of the Jacobian varieties J(C;). The columns
char(C;) — x1 have to be read in the following way: each list [d, n, k] represents a non-trivial
isotypical factor of J(C;) corresponding to a simple rational representation W of G. Here d is the
dimension of a reduced factor, n is the multiplicity of the factor and k is the identifying number
according to the MAGMA character table of the group G of an irreducible character appearing
in W ®q C.

Let W be the irreducible rational representation of G that corresponds to y. We will complete
the proof by a case distinction. First assume that G # Qs. In this case, one may check that the
Schur index of W is 1, and in fact D = Endg(W) = Q. In other words, we are in the situtation
of remark 4.12. Let Ly be a reduced factor of J(Cy) corresponding with x, and denote with Lo a
reduced factor of J(Cq) that corresponds to xV. Thus we have

RIC))M =2 (L) e W,  RNI(C)W) = h (L) o WY,
as motives with an action of G. Consequently, we find
v\ G
(7€) ™ @ R I(C2) ™) 2B (E2) @ BN (L2) © (W @ WY)E =2 b (Ly) @ b (L),

We conclude that Zs 2 hl(L;) ® h'(La) = h?(Ly x L3)'™ & Q(—1)®* for some k € Zx, and thus
Ly x Ly is the 2-dimensional isogeny factor A of J(C7) x J(C2) that we are looking for.

4.15 THE CASE G = Qg. — In the case where G = Qg, we find that D = Endg(W) = H
which has Schur index 2. In this case we cannot use the methods employed so far to prove that
the Jacobian is isogenous to a product of elliptic curves as in all the other cases.

Nevertheless, in [FPP16] it is proven that in this case the curves Cy and Cy, which are of genus
g = 3, admit a bigger automorphism group. Indeed, their automorphism group is isomorphic to
(Cy x Cq) x Cy, which readily contains Qg. More precisely, in [FPP16] it is shown that the curves
C of genus g = 3 and with automorphism Qg and (Cy x C) x Cy give rise to the same subvariety
in the moduli space of curves which is the family (34) of Table 2 in [FGP15]. Therefore, we can

try to decompose the Jacobian of C' using this larger group.
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Performing the calculation relative to this larger group we have (in the notation of table 4):
(Cyx Co)xCy  [1,2,9] LT  [1,2,9] L3

To conclude, notice that the nineth character of (Cy x C3) x Cs is not self dual, but we have to
restrict it to Qs. Recalling that Qg <(Cy x C2) x Cy, one sees that all the condition of Problem 5.2
on page 65 of [FHog1| are fulfilled. Hence the restriction of this character to Qg is the only
two dimensional irreducible representation, which is self dual. We remark that the L; must be
CM elliptic curves, since H injects into Ma(End(L;)g).

Now recall that H®H = End(x1®x: D x; D xk) = Ma(Q). We conclude that h' (L?)@h! (L3) =
(R (L1) ® h'(L2)) ® (x1 @ xi ® x; ® X&) as Chow motives with an action of G. In particular we
have (h*(L3) ® hl(Lg))G =~ hl(Ly) ® h'(Ly). This concludes the proof of theorem 4.8.

416 THE CASE K2 =8 AND G = V4. — As an illustration of the proof of theorem 4.8 and
in particular the computations performed by the MAGMA script, we will now study one example
in detail. This example will occupy us for the next few pages.

Let By and Es be elliptic curves, marked with two points {p; 1,pi2} C E;. As group we take
G = Vi. Let {a;, 3;} be generators of m(F;,0) and let 7; ; be a loop in 7 (E;,0) around p; ;.
Then we define two G-covers f;: C; — E;, using the Riemann existence theorem (see e.g., [Mirgs,

Sec. II1]), by the following epimorphisms of groups:

(B —{p1;}.0) — G m (B2 —{p2;},0) — G
a1 — (0, 1) =:ay Qg — (170) =:as
(416.1)
ﬁl — (0,0) =: bl ,82 — (0,0) =: b2
1,5 — (1,0) =.C1,5 V2,5 — (0, 1) =.C2,j

By construction {p; 1,pi2} C E; is the branch locus, and above each Di,j, there are 2 ramification
points with branching orders 2. Therefore, by the Riemann-Hurwitz formula the C; are curves of
genus 3.

For a non trivial element g € G, let x4 denote the nontrivial character of G, that annihilates g,
let p(yy denote the character of G induced from the trivial character of the subgroup generated

by g, let p1~ be the regular character. We get

Q[G} — QX(0,0) X QX(U,l) X @X(I,O) X QX(I,I)'

We proceed by calculating the Hurwitz character (4.13.1) relative to the first quotient (i = 1).

Starting from the ramification data of the curve C7, we get
X1 = (17171’1)) P1x = (4’0’050) p(l,O) = (272a070)7

where the induced trivial representation is calculated using the formula of exercise 3.19.b

in [FHg1]. Therefore, the Hurwitz character is xy = (6,—2,2,2). Now we use eq. (4.13.2)
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to compute that the dimensions of the reduced factors B, of J(C}) are respectively 1,1,0,1
for x = X(0,0)s X(0,1)> X(1,0)» X(1,1)- Analogously, we compute that the dimension of the reduced
factors B, of J(C2) are respectively 1,0, 1,1 for x = X(0,0), X(0,1)> X(1,0)> X(1,1)-

These results relate to row 1 of table 4 in the following way: [1,1,2] means that there is
a 1-dimension reduced factor with multiplicity 1 corresponding to the second character in the
MAGMA character table of Vj, this is the character x( 1). This is exactly the isogeny factor
By, of J(C1). Similarly [1, 1, 3] corresponds to the isogeny factor By, ,; of J(C2). Both J(C1)
and J(C2) have an isogeny factor By, , , which corresponds to [1,1,4] in table 4, and thus to
the elliptic curves L; and L.

4.17 — Now we will explain how to construct geometrically the algebraic K3 partner X of S =
(C1 x C3)/G, and a correspondence that induces the isomorphism HZ2, (S, Q)" — H?(X,Q)%"=.
The K3 partner X will turn out to be the minimal resolution of Kummer surface associated with
Ll X LQ.

Observe that f; factors as in the diagram:

C.
S e
i,(1,0)

Ci/((0,1)) Ci/((1,0)) Ci/((1,1)) (4.17.1)

J/wi,(l,[))
¥i,(0,1) bi(1,1)
E

Using the Riemann—-Hurwitz formula we compute the following genera for the quotient curves:
9(C1/{(0,1)) =2, g(C1/((1,0))) =1, g(C1/((1,1))) =2;
9(C2/{(0,1)) =1, g(C2/((1,0))) =2, g(C2/((1,1))) = 2.

Pushing the preceding diagram through the Jacobian functor, we obtain the diagram:

///// l \\\\\

HEHOD)  HCAL) G
\\\\\$l(/////

This leads to the following isogenies of abelian varieties:

J(C1/((0,1)) ~ Ey x P(¥1,00,1)) J(C2/{(0,1)) ~ Es
J(C1/{(1,0)) ~ Ey J(C2/((1,0)) ~ E2 x P(¢2,1,0)) (417.2)
J(C1/((1,1)) ~ By x P(Y1,1,1y)  J(Ca/{(1,1)) ~ E2 x P(2,1,1));
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where P(1) denotes the Prym—Tyurin variety associated to the cover 1: it is the kernel of the
induced map J(1) between the Jacobians (see also, [BLo4] paragraph 12.2). Observe that L; is
isogenous to P(v; (1,1y). Finally by (4.17.2) we have

J(C1) ~ J(C1/((0,1)) x P(é1,0,1))

(417.3)
~ By X P(Y1,0,1)) X P(¢1,0,1))

J(Ca) ~ J(C2/((1,0)) x P(d2,1,0)
~ Ey X P(ta,1,0) X P(d2,31,0))-
We now go back to the surface S = (Cy x C3)/Vy. Since n = 0, we get

(417.4)

h2(S) = h*(By x Ez) @ W' (P(¢1,(1.1))) ® h*(P(¥a,(1.1))-

Let us go further and build an algebraic K3 partner of S. To do that we consider the abelian
surface A = P(11,(1,1)) X P(t2,1,1)) and divide modulo the natural involution. In this way we
get a singular Kummer surface.

According to the propostion above and Shioda and Inose [SI77] the minimal resolution X of
the singularities of Km(A) is a K3 surface whose transcendental part of H?(X) is isomorphic to

the transcendental part of H2(A). Now consider the following diagram:

Cy xCy —— J(Cy) x J(Cy) +— A X
S Km(A)
All the morphisms in this diagram induce correspondences and by composing these correspondences

we obtain an isomorphism A%(S)%2 — h2?(X)'? that induces an isomorphism of Hodge structures
Hﬁew(sa Q)tra - H? (X, Q)tra.

5 Motivated K3 partners

Let S be a smooth projective complex surface with invariants p,(S) = ¢(S) = 2, and assume that
the Albanese morphism «: S — A is surjective. In this section we attempt to answer question C

of the introduction:

Does there exist a K3 surface X together with an isomorphism v: (Hp,)g* — H?*(X, Q)"

new

that is motivated in the sense of Yves André?

5.1 — In this section we prove the Tate and Mumford-Tate conjectures for surfaces that fall
into type Ne = 3,4,6,8, and 9 of table 1. We will use the language of motives, and specifically
motivated cycles as introduced by André [Andg6].

This section is organised as follows: First we introduce notation and recall the definition of the

Mumford—Tate group and the ¢-adic monodromy groups. Then we will recall three conjectures that
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are connected in the following sense: if two of the conjectures hold, then so does the third. These
conjectures are (¢) the Hodge conjecture; (i) its f-adic analogue known as the Tate conjecture;
and (74) the Mumford-Tate conjecture.

Starting from §5.9 we recall the definition of motivated cycles in the sense of André [Andg6],
and we quote the main theorems that describe the resulting category of motives. Once we we
have all the machinery in place we turn our attention to the proof of the Tate and Mumford—Tate

conjectures for the surfaces mentioned above.

5.2 NOTATION. — Let K C C be a field, and let X be a smooth projective variety over K. We
denote with H*(X) the singular cohomology group HY,,(X(C),Q). It is naturally endowed with
a pure Hodge structure of weight i. Let ¢ be a prime number, and let K C C be the algebraic
closure of K € C. We denote with H}(X) the f-adic étale cohomology group H} (X gz, Q). It is
naturally endowed with a Galois representation Gal(K/K) — GL(H}(X)).

Artin’s comparison theorem between étale cohomology and singular cohomology gives an

isomorphism of vector spaces
Hy(X) = Hy(Xc) — H'(X) 9 Q

that is functorial in X.

Recall from §4.2 that we denote with CH*(X) the Chow ring of X with Q-coefficients. Recall
the cycle class map cl: CH'(X¢) — H?(X)(i) for singular cohomology. There is also a cycle class
map clg: CH(X) — H2'(X)(4) for étale cohomology. These are compatible with the comparison
isomorphism H}(X) = H*(X) ® Qg; we get the following commutative diagram:

CH(X) = HZ(X)(i)

| s

CH'(Xc) — H¥(X)(i) =25 H(X)(i) © Qq

5.3 MUMFORD—TATE GROUPS. — Let V be a Q-Hodge structure. There is a representation
of S = Resg/rGm on V ® R: on complex points (z, z) acts on v € VP4 by v — z7Pz"%. (The
minus signs are a historical convention.) Write h = hy for this representation S — GL(V)g.

The Mumford—Tate group of V is the smallest algebraic subgroup G C GL(V') over Q such
that Gr contains the image of hy. We denote the Mumford-Tate group of V' with Gyr(V).
Alternatively, Gy (V) may be defined using the Tannakian formalism. It is the algebraic group
over Q associated with the Tannakian subcategory of Q-HS generated by V. If V is polarisable,
then this subcategory generated by V is semisimple, and hence Gyr(V) is a reductive algebraic
group.

Two more remarks are in place: First, observe that Gy (V') is a connected algebraic group,
since S is connected. Second, note that the subspace V' N VC0 0 of Hodge classes in V is exactly

the space of invariants V&Mt (V)
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5.4 £~-ADIC MONODROMY GROUPS. — Let K C C be a field of finite transcendence degree
over Q. Let ¢ be a prime number, let V be a finite-dimensional Qg-vector space, and let
p: Gal(K/K) — GL(V) be a representation that is continuous for the f-adic topology on V.
The ¢-adic monodromy group of V is the smallest algebraic subgroup G C GL(V') over Q; such
that G(Qy) contains the image of p. We denote the ¢-adic monodromy group of V' with G¢(V). In
general, the algebraic group G¢(V) is not connected; the identity component is denoted G(V).
An element of V is called a Tate class if it is invariant under an open subgroup of Gal(K /K).
In particular, the subspace of Tate classes in V' is exactly the space of invariants yeiv),

In general, the algebraic group Gj (V) is not reductive.

5.5 CONJECTURE (HODGE). — Let X be a smooth projective variety over C. Then the
image of cl: CH'(X) — H?(X)(i) is the subspace of Hodge classes H*(X)(i) N H* (X)(i)%°.

5.6 CONJECTURE (TATE). — Let X be a smooth projective variety over a number field K.
Then the image of clp: CH (X ) — HF'(X)(i) spans the space of Tate classes HZ'(X)(i)i(X),

5.7 CONJECTURE (MUMFORD-TATE). — Let X be a smooth projective variety over a
number field K. The comparison isomorphism Hj(X) — H'(X) ® Qg induces and isomorphism
Gy (H}(X)) = Gur(H (X)) ® Qp.

5.8 REMARK. — To illustrate how these conjectures fit together, we make the following
claims.
1. If the Mumford—Tate conjecture is true for X, then the Hodge conjecture for X is equivalent
to the Tate conjecture for X.
2. If the Tate conjecture is true for all smooth projective varieties X over K, then the /-adic
monodromy groups are reductive. This follows from [Moo17].
3. If the Hodge and Tate conjectures are true for all X, then the Mumford—Tate conjecture is
true for all X.

5.9 MOTIVATED CYCLES. — Let K be a subfield of C, and let X be a smooth projective
variety over K. A class v in H?(X) is called a motivated cycle of degree i if there exists an
auxiliary smooth projective variety Y over K such that v is of the form m.(a U xf3), where
m: X xY — X is the projection, a and 8 are algebraic cycle classes in H*(X x Y), and %3 is
the image of 8 under the Hodge star operation. (Alternatively, one may use the Lefschetz star
operation, see §1 of [Andg6].)

Every algebraic cycle is motivated, and under the Lefschetz standard conjecture the converse
holds as well. The set of motivated cycles naturally forms a graded Q-algebra. The category of
motives over K, denoted Mot, consists of objects (X, p, m), where X is a smooth projective
variety over K, p is an idempotent motivated cycle on X x X, and m is an integer. A morphism

(X,p,m) = (Y,q,n) is a motivated cycle v of degree n —m on Y x X such that gyp = v. We
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denote with Hy,01(X) the object (X, A,0), where A is the class of the diagonal in X x X. The
Kiinneth projectors 7; are motivated cycles, and we denote with H: ,(X) the object (X, m;,0).

Observe that Hy,ot(X) = @, H o (X). This gives contravariant functors Hupet () and HY ()

from the category of smooth projective varieties over K to Mot .

5.10 THEOREM. — The category Moty is Tannakian over Q, semisimple, graded, and po-

larised. Fvery classical cohomology theory of smooth projective varieties over K factors via Mot .

Proof. See théoréme 0.4 of [Andg6]. O

5.11 DEFINITION. — Let K be a subfield of C. An abelian motive over K is an object of
the Tannakian subcategory of Motk generated by objects of the form Hp,ot(X) where X is an
abelian variety, or X = Spec(L) for some finite extension L/K, with L C C.

We denote the category of abelian motives over K with AbMot k.

5.12 EXAMPLE. — If X/K is a K3 surface, then H2 (X)) is an abelian motive, by théoréme 7.1
of [Andg6].
The Lefschetz motive Q(—1) is abelian, because any class of a hyperplane section in an abelian

variety A will give a splitting H2 ,(4) & M @ Q(—1).

mot

5.13 THEOREM. — The Hodge realisation functor H: AbMotc — Q-HS is a full functor.
Proof. See théoréme 0.6.2 of [Andg6]. O
5.14 THEOREM. — Let B be a reduced connected scheme of finite type over C. Let f: X — B

be a smooth projective morphism, and & a global section of the sheaf R? f,Q(i). If there is a point
0 € B(C) such that & is motivated, then &, is motivated for all b € B(C).
Proof. See théoréme 0.5 of [Andg6]. O

5.15 — By theorem 5.10, the singular cohomology and ¢-adic cohomology functors factor via Mot g .
This means that if M is a motive, then we can attach to it a Hodge structure H(M) and an
l-adic Galois representation Hy(M). The comparison isomorphism between singular cohomology
and f-adic cohomology extends to an isomorphism of vector spaces Hy(M) = H(M) ® Q, that is
natural in the motive M.

We shall write Gy (M) for Gur(H(M)). Similarly, we write G¢(M) (resp. G§(M)) for
G¢(H¢(M)) (resp. (Gj(H¢(M)). The Mumford-Tate conjecture extends to motives: for the mo-

tive M it asserts that the comparison isomorphism Hy(M) = H(M)® Qy induces an isomorphism
G (M) = Gur(M) ® Q.

5.16 — We now have the notation and theory in place to answer question C (see §1.4) about
surfaces of general type with p, = ¢ = 2. We give a partial answer to this question in the following

results.
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5.17 THEOREM. — Let a: S — B be a smooth projective family of surfaces of general type
with invariants py, = ¢ = 2 and dominant Albanese morphism. Assume that B is connected, and
assume that there is one point 0 € B such that the motive H2 ((So) of the fibre Sy is an abelian

motive. Then for every point b € B, there exists a Kg surface Xy, and an isomorphism of motives
H2 (S )tra ~ H2 2
mot b -

e 2 o+ (Xp)". In particular, the motive H2

(Sp) is abelian.
Proof. The main idea of the proof is as follows: Using proposition 3.10 we construct a family
X — B of Hodge-theoretic K3 partners. We then use theorem 5.13 to prove that H2 ()52

new
is isomorphic to HZ . (Xo)%2 . Finally, this isomorphism spreads out to the other fibres via
theorem 5.14. We now make this sketch precise.

By replacing a: S — B with the pullback along B — B, we may and do assume that B is
simply connected. Let V denote the subvariation of Hodge structures of R%a,Q whose fibre V, at
a point b € B is H?(Sp, Q)pnew- Fix a point b € B. By proposition 3.10 we find that there is an
open By C B such that b € By, a K3 space f: X — B}, and a morphism of variations of Hodge
structures ¢: V| B — R2f,Q that is fibrewise a primitive embedding and a Hodge isometry on
the transcendental lattices. We may view ¢ as a global section of the sheaf VV| B ® R?f,Q which
is a subsheaf of R*(, f).Q(2). Note that we may and do assume that b € Bg; indeed, if b ¢ BS,
then we first prove the statement for all points in Bj, and then rerun the proof with a point
0" e By N B§.

Recall from example 5.12 that H2 ,(X() is an abelian motive. Also note that HZ

(So) is
abelian by assumption. Hence ¢y is motivated, by theorem 5.13. By theorem 5.14, we see that ¢,
(Xb)tra.

(S) is abelian, observe

is motivated as well. This means that we obtain an isomorphism HZ , (Sy)t2 — H2 .
In particular, the motive H2, ,(S;)2  is abelian. To conclude that H2
that H2 ((S) = HZ ,(9)i2 & H2 ,(9)%8 & Q(—1)". The term H2

now mot 2 ot (9)ia is abelian, because it
is the part coming from the Albanese surface, whose motive is abelian by definition. O

5.18 COROLLARY. — Let K be a finitely generated subfield of C. Let S be a surface of
general type over K with invariants ps = ¢ = 2 and dominant Albanese morphism. Assume that
S lies in one of the connected components of the Gieseker moduli space of surfaces of general type
that contain a surface that is (semi-)isogenous to a product of curves. (That is, one of the types
Ne g, 4, 6,8, or g in table 1.) Then the Tate and Mumford—Tate conjectures are true for S.

Proof. We first prove the Mumford—Tate conjecture for S. Let A be the Albanese variety of S.
(S)ra =~ H2 (X)), Possibly after

By theorem 5.17 there exists a K3 surface X such that H2 s ot
replacing K by a finitely generated extension we may assume that X is defined over K. Hence

mot
the motive Hy,ot(S) is an object in the Tannakian subcategory of Moty generated by Hy,t(A)
and Hp,ot(X). Therefore it suffices to prove the Mumford—Tate conjecture for Hyot (A) ® Hyot (X)-
This follows from the main result of [Com16]. (See also [Vaso8] and [Com18] for more general
results on the Mumford-Tate conjecture for direct sums of abelian motives.)

Recall that the Hodge conjecture is true for S, by the Lefschetz-(1,1) theorem. Therefore
the Tate conjecture for S is true, since it follows from the conjunction of the Hodge conjecture
and the Mumford-Tate conjecture. Indeed, if v C HZ(S)(1) is a Tate class, then this means

22/25



that it is fixed by G7(S). We have just proven the Mumford-Tate conjecture for S, so we
know that G9(S) = Gumr(S) ® Q. This means that v € HZ(S)(1) = H2(S)(1) ® Q; is a Q-

linear combination of Gyr(S)-invariant classes in H?(S)(1). Those Gyt (S)-invariant classes are

precisely Hodge classes, and by the Lefschetz-(1,1) theorem we know that they are in the image

of the cycle class map. We conclude that ~y is in the Qg-span of the image of the ¢-adic cycle class

map. O
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