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Abstract
In this paper we study the cohomology of smooth projective complex surfaces S of general

type with invariants pg = q = 2 and surjective Albanese morphism. We show that on a

Hodge-theoretic level, the cohomology is described by the cohomology of the Albanese variety

and a K3 surface X that we call the K3 partner of S. Furthermore, we show that in suitable

cases we can geometrically construct the K3 partner X and an algebraic correspondence in

S ×X that relates the cohomology of S and X. Finally, we prove the Tate and Mumford–Tate

conjectures for those surfaces S that lie in connected components of the Gieseker moduli

space that contain a product-quotient surface.

1 Introduction

1.1 — Let S be a smooth projective complex surface with invariants pg(S) = q(S) = 2, and
assume that the Albanese morphism α : S → A is surjective. The results of this paper are inspired
by the following two observations:

1. The induced map on cohomology α∗ : H∗(A,Z) → H∗(S,Z) is injective. The orthogonal
complement H2

new = H∗(A,Z)⊥ ⊂ H∗(S,Z) is a Hodge structure of weight 2 with Hodge
numbers (1, n, 1), where n = h1,1(S)− 4. Such a Hodge structure is said to be of K3 type.

2. Let S′ be a smooth projective complex surface with invariant pg(S′) = 1. Then Mor-
rison [Mor87] showed that there exists a K3 surface X ′ together with an isomorphism
ι′ : H2(S′,Q)tra → H2(X ′,Q)tra that preserves the Hodge structure, the integral structure,
and the intersection pairing. (Here (_)tra denotes the transcendental part of a Hodge
structure, that is, the orthogonal complement of the Hodge classes.)

These observations lead to the following questions.

1.2 Question A. — Let S be as before.
Does there exist a K3 surface X together with an isomorphism ι : (H2

new)traQ → H2(X,Q)tra

that preserves (H) the Hodge structure, or (Z) the integral structure, or (P) the intersection
pairing?
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We give an affirmative answer to this question in theorem 3.12, showing that there exists an X
and ι that satisfy (H), (Z), and (P). The strategy of the proof is the same as for Morrison’s result
mentioned above.

1.3 Question B. — The Hodge conjecture predicts that if ι satisfies (H), then it is algebraic.

Do there exist X and ι satisfying (H) as above, such that ι is algebraic?

In general we are not able to answer this question. However, an intesting class of examples of the
surfaces that we consider is formed by so-called product-quotients: these are surfaces birational to
a surface (C ×D)/G, where C and D are curves equipped with an action by a finite group G.
In these cases we give an affirmative answer to question B in theorem 4.8. The strategy boils
down to finding appropriate Prym varieties in the Jacobians of C and D, and taking for X the
associated Kummer variety.

(Note: surfaces S for which there is a positive answer to question B are very much related to
the notion of K3 burgers, as introduced by Laterveer [Lat18].)

1.4 Question C. — Since we are not able to settle question B in general, we may aim
for something weaker, sitting in between question A.(H) and question B. We use the notion of
motivated cycles introduced by André [And96] (see §5.9 for details).

Do there exist X and ι satisfying (H) as above, such that ι is motivated?

Once again, we are not able to give an answer to this question in general. However, we give
sufficient conditions for a positive answer to this question. For example, we show that to decide
question C one may replace S with any other surface in the same connected component of the
moduli space of surfaces of general type (theorem 5.17). In particular, question C has a positive
answer for every surface S that lies in the same connected component as a product-quotient
surface.

If question C has a positive answer for the surface S, then we also deduce that the Tate
and Mumford–Tate conjectures hold for models of S over finitely generated subfields of C
(corollary 5.18).

We summarise these results in the following theorem (the conjunction of theorems 3.12, 4.8
and 5.17 and corollary 5.18).

1 .5 Theorem. — Let S be a smooth projective complex surface with invariants pg(S) =
q(S) = 2, and assume that the Albanese morphism α : S → A is surjective.

1. Then there exists a K3 surface X and an isomorphism of Hodge structures

ι : (H2
new(S,Q))tra → H2(X,Q)tra.

2. If S is a product-quotient surface (cf. definition 2.3) with group G, then there exist X and ι
as above, and an algebraic cycle on S ×X that induces ι.
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3. If S is in the same connected component of the Gieseker moduli space as a product-quotient
surface, then ι is motivated (in the sense of André) and the Tate and Mumford–Tate
conjectures hold for S.

1.6 Structure of this text. — In the next section, “On the classification of surfaces
with pg = q = 2”, we very briefly recall what is known for the surfaces under consideration. It
is important to stress that the classification of these surfaces is not yet complete. Hence we
present the state of the art up to now. We shall pay particular attention to those surfaces which
are product-quotients (here a classification theorem is available) recalling definitions, important
properties and its associated group theoretical data. Furthermore, we recall what is known about
their moduli space.

In section 3 we discuss the existence of Hodge-theoretical K3 partners for all the surfaces with
pg = q = 2, following Morrison’s theory. In theorem 3.12 we prove point 1 of theorem 1.5.

In section 4 we discuss the problem to find a geometric description where possible of the
Hodge-theoretical K3 partners, proving point 2 of theorem 1.5. Indeed, for those surface which
are product-quotients we are able to find an algebraic K3 partner.

Finally in the last section we see how the results obtained can be used to prove that the
Tate and Mumford–Tate conjectures hold for these surfaces. As already mentioned here we use
the notion of motivated cycles introduced by André. Corollary 5.18 proves the last point of
theorem 1.5.

1.7 Acknowledgements. — The authors are indebted with Bert van Geemen and Ben
Moonen for sharing with them some of their ideas on this subject. They are also grateful to
Matteo Bonfanti, Fabrizio Catanese, Paola Frediani, Robert Laterveer, and Jennifer Paulhus for
useful discussions and suggestions.

The first author was supported by the Netherlands Organisation for Scientific Research (NWO)
under project no. 613.001.207 (Arithmetic and motivic aspects of the Kuga–Satake construction)
and by the Deutsche Forschungs Gemeinschaft (DFG) under Graduiertenkolleg 1821 (Cohomolog-
ical Methods in Geometry).

The second author was partially supported by MIUR PRIN 2015 “Geometry of Algebraic
Varieties” and also by GNSAGA of INdAM.

2 On the classification of surfaces with pg = q = 2

2.1 — The classification of smooth projective complex surfaces with invariants pg = q = 2 is not
complete, although there has been much progress in recent years. We give an overview of the
current state of the art. Let S be a minimal surface of general type with pg = q = 2, so that
χ(S) = 1− q + pg = 1. Recall the following classical general inequalities:

» K2
S ≤ 9χ(S) (Bogomolov-Miyaoka-Yau).
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» K2
S ≥ 2pg, if q > 0, (Debarre).

These yield 4 ≤ K2
S ≤ 9 under our assumptions. Except for the case K2

S = 9, examples of such
surfaces have been constructred for every value of K2

S in this range. Since we are dealing with
irregular surfaces, i.e., with q > 0, a useful tool to study them is the Albanese map. The Albanese
variety of S is the q-dimensional variety Alb(S) := H0(S,Ω1

S)∨/H1(S,Z). By Hodge theory,
Alb(S) is an abelian variety. For a fixed base point x0 ∈ S, we define the Albanese morphism as

α = αx0 : S −→ Alb(S), x 7→
∫ x

x0

.

The dimension of α(S) (≤ q(S) = 2) is called the Albanese dimension of S and it is denoted by
Albdim(S). If Albdim(S) = 2, we say that S has maximal Albanese dimension. For surfaces with
q(S) = 2, we have two possibilities:

1. Albdim(S) = 1 and α(S) is a smooth curve of genus 2; or
2. Albdim(S) = 2 and α is a generically finite cover of an abelian surface.

The first case is completely understood: we have a classification theorem, see [Pen11].
The second case is still open. By [Cat13, Section 5] the degree deg(α) of the Albanese map is

a topological invariant. In table 1 we summarize the state of the art of the classification using
K2
S and deg(α) as main invariants.

№ K2
S Albdim deg(α) # dim Name mtc pq/sipc Reference

1 8 1 − 24 315, 46, 52, 6 Isog. Prod. Yes [Pen11]
2 8 2 2 2 02 No [PRR17]
3 8 2 ≤ 6 4 33, 4 Isog. Prod. X Yes [Pen11]
4 7 2 3 1 3 X Yes [PP17; CF18]
5 7 2 2 ? ? ? [Rit15]
6 6 2 4 1 4 X Yes [PP14]
7 6 2 2 3 42, 3 No [PP13b]
8 5 2 3 1 4 Chen–Hacon X Yes [PP13a]
9 4 2 2 1 4 Catanese X Yes [Pen11; CM02]

Table 1: State of the art of the classification of minimal complex algebraic surfaces with in-
variants pg = q = 2. We have indicated, where possible, the number of families (#) and their
dimensions (dim). Moreover, we point out if some members of the family are product-quotient
surfaces (pq) or (semi)-isogenous to a product of curves (sipc), see definitions 2.3 and 2.4. In
the last column, we give references to more detailed descriptions of the class. Finally, as a
consequence of the present paper, we put a checkmark in the column mtc if we prove the Tate
and Mumford–Tate conjectures for a class.

2.2 — In the rest of this section we will describe the examples № = 3, 4, 6, 8, 9 in more detail.
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The examples № = 1, 2, 5, 7 will not be treated in this paper for the following reasons. The
surfaces in № = 1 do not have a surjective Albanese map, therefore this case falls outside the
scope of this paper. For the surfaces in № = 5, at the time of writing, nothing is known about
their moduli spaces. Despite the abundance of information about their moduli, for the surfaces in
№ = 2 and 7 none of the methods we develop here seem to work; principally this is due to the
small dimensions of their moduli.

2.3 Definition. — Let G be a finite group acting on two compact Riemann surfaces C1, C2

of respective genera g1, g2 ≥ 2. Consider the diagonal action of G on C1 × C2. In this situation
we say for short: the action of G on C1 ×C2 is unmixed. By [Cat00] we may assume w.l.o.g. that
G acts faithfully on both factors.

The minimal resolution S of the singularities of T = (C1 ×C2)/G, is called a product-quotient
surface. If the action of G on the product C1 ×C2 is free we will speak of surfaces isogenous to a
product of unmixed type. In this case T is already smooth.

2.4 Definition. — Let C be a smooth projective curve, and let G be a finite subgroup of
Aut(C) × Z/2. Assume that there are elements in G exchanging the two factors of C × C. In
this case we say that the action is mixed.

The minimal resolution of singularities S −→ T = (C × C)/G is called a mixed surface. A
surface isogenous to a product of mixed type is a mixed surface where G acts freely on C × C.

We denote by G0 C G the index two subgroup, i.e., the subgroup of elements that do not
exchange the factors. In general the singularities of T are rather complicated. Assuming that G0

acts freely, i.e., (C × C)/G0 is a surface isogenous to a product, then T is smooth and we call it
a semi-isogenous mixed surface.

2.5 — The families of surfaces № = 1, 3 in table 1 are all the surfaces isogenous to a product
of umixed type (see [Pen11]) and a brief description of those with maximal Albanese dimension
(hence №=3) can be read from table 2 below. There one can find the genus of C1 and C2, the
group G, and the number branch points with multiplicity of the covering Ci −→ Ci/G for i = 1, 2.
Notice first that the curves Ci/G are elliptic curves for i = 1, 2; second that for a complete
description one needs a system of generators for the group G. The families of surfaces № = 6, 8
and 9 contain subloci of product-quotient surfaces. To briefly describe these particular members
we add information about the singularities of (C1 × C2)/G to table 2.

Table 3 describes two families of mixed surfaces that are of interest to us. The surfaces
described by the first row are surfaces isogenous to a product of mixed type. The semi-isogenous
mixed surfaces T = (C × C)/G with pg(T ) = q(T ) = 2 and K2

T > 0, form 9 families [CF18]. We
will not be able to say anything about the existence of algebraic K3 partners for these surfaces
(section 4), but we will study them in section 5. Since the questions studied in section 5 will turn
out to be invariant under deformation we only need to study one subfamily per component of the
Gieseker moduli space. Of the 9 families mentioned above, 7 are subfamilies of components of
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K2
S g(C1) g(C2) G branch sing. η dim №

8 3 3 V4 (22), (22) – 0 4 3
8 3 4 S3 (3), (22) – 0 3 3
8 3 5 D4 (2), (22) – 0 3 3

6 4 4 A4 (2), (2) 2× 1
2 (1, 1) 2 2 6

5 3 3 S3 (3), (3) 1
3 (1, 1) + 1

3 (1, 2) 3 2 8
4 3 3 Q8 (2), (2) 4× 1

2 (1, 1) 4 2 9
4 3 3 D4 (2), (2) 4× 1

2 (1, 1) 4 2 9
4 2 2 C2 (22), (22) 4× 1

2 (1, 1) 4 4 9

Table 2: Classification of product-quotient surfaces of unmixed type with pg = q = 2. In the
column labeled η we give the number of irreducible components of the exceptional divisor of
the minimal resolution of (C1 × C2)/G. The last column (№) mentions the component of the
Gieseker moduli space described in table 1 that contains the family of product-quotient surfaces
as a subfamily.

the Gieseker moduli space that also contain families of product-quotient surfaces that we already
described (see [CF18] and [Pig17]). The only families for which this is not the case are listed
in table 3; they are families in № = 3, 4 described in table 1.

K2
T g(C) G G0 branch dim №

8 2 C4 C2 – 3 3

7 4 C6 C3 (2,−4) 3 4

Table 3: The two families of mixed surfaces with pg = q = 2 that are not subfamilies of components
of the Gieseker moduli space that also contain families of product-quotient surfaces that we
described before.

2.6 — As already remarked, the surfaces in component № = 3 are all isogenous to a product.
Hence the weak rigidity theorem of Catanese [Cat00] tells us that for each family their moduli
space consists of one connected irreducible component in the subspaceM8,2,2 (MK2,pg,q) of the
Gieseker moduli space of surfaces of general typeM8,1 (MK2,χ). Moreover each member of the
family is isogenous to a product.

The property of preserving an isotrivial fibration is no longer true for the families № = 4, 6, 8, 9.
Indeed, their moduli space is bigger in some sense. To be precise let us first analyse the families
of surfaces in table 2 with K2

S < 8. These families form an irreducible sublocus ofMK2,2,2 but
they sit inside a bigger connected component.

The connected component with K2
S = 4 was studied by [CM02]. We have that all the three
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families in table 2 with K2
S = 4 belong to the same connected component of dimension 4. The

surfaces with K2
S = 5 form an irreducible component of dimension 2 sitting inside the connected

component of Chen–Hacon surfaces described in [PP13a], which has dimension 4. Finally the
family of surfaces with K2

S = 6 is a two dimensional irreducible component inside an irreducible
component ofM6,2,2 of dimension 4, this component is studied in [PP14].

The first entry of table 3 is again isogenous to a product, of mixed type. Hence its moduli
space is 3-dimensional and is described by the weak rigidity theorem of Catanese [Cat00].

The moduli space of the surfaces relative to the second entry of table 3 is described by
Pignatelli and Polizzi in [PP17]. In this case the moduli space is a generically smooth, irreducible,
open and normal subset of the Gieseker moduli space M7,2,2. For the general member of the
family the Albanese surface is simple, but some specific surfaces admit an irrational fibration
over an elliptic curve.

3 Hodge-theoretic K3 partners

3.1 — Let S be a smooth projective complex surface with invariants pg(S) = q(S) = 2, and assume
that the Albanese morphism α : S → A is surjective. Recall question A from the introduction:

Does there exist a K3 surface X together with an isomorphism ι : (H2
new)traQ → H2(X,Q)tra

that preserves (H) the Hodge structure, or (Z) the integral structure, or (P) the intersection
pairing?

In theorem 3.12 we give an affirmative answer to this question.

3.2 — A Hodge lattice V is a free Z-module of finite rank, endowed with a polarised Hodge
structure such that the polarisation on V makes V into a lattice—a symmetric bilinear form on a
free Z-module of finite rank. In particular, the weight (as Hodge structure) of V is always even.

3.3 Notation. — There is some risk of confusing notation: if V is a Hodge lattice, then
V (k) may denote either the k-th Tate twist of the Hodge structure on V or it may denote the
k-th twist of the lattice structure on V . In this paper we use the notation V (k) only for Tate
twists of the Hodge structure.

3.4 Definition. — Let V be a Hodge lattice of K3 type (that is, the Hodge structure on V
is of K3 type). A K3 partner of V is a complex K3 surface X together with an isomorphism
of Hodge structures ι : V tra

Q → H2(X,Q)tra. Following the terminology of Morrison (page 181
of [Mor87]) we say that a K3 partner (X, ι) is strict if ι maps the intersection form on V tra

Q to
the intersection form on H2(X,Q)tra. The K3 partner (X, ι) is integral if ι is compatible with an
isomorphism of integral Hodge lattices V tra → H2(X,Z)tra.
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3.5 — Let Λ denote the even unimodular lattice E8〈−1〉2 ⊕ U3. The lattice Λ goes by the name
K3 lattice, since there is an isometry H2(X,Z) ∼= Λ for every complex K3 surface X. For an
integer d, let Λd denote the lattice E8〈−1〉2 ⊕ U2 ⊕ 〈−2d〉. Observe that Λd ↪→ Λ. The signature
of Λ is (3, 19), whereas the signature of Λd is (2, 19).

Recall that if M is a lattice, then the pairing on M defines a natural map M ↪→M∨ and the
cokernel M∨/M is called the discriminant group AM . The minimal number of generators of AM
is denoted with `(AM ).

3.6 Theorem. — Let L and M be even lattices with signatures (s+, s−) and (t+, t−) respec-
tively. Assume that L is unimodular. Then there exists a unique primitive embedding M ↪→ L, if
the following conditions hold:

1. t+ < s+ and t− < s−; and
2. rk(L)− rk(M) ≥ `(AM ) + 2.

Proof . This is a slightly weaker form of theorem 1.14.4 of [Nik79]. �

The following corollary is part of an observation by Morrison, see corollary 2.10 of [Mor84].

3.7 Corollary. — LetM be an even lattice with signature (2, n) for some integer 0 ≤ n ≤ 8.
Then there exists a unique primitive embedding M ↪→ Λ into the K3 lattice introduced above.

3.8 — Let L be a lattice with signature (s+, s−), and assume that 2 ≤ s+ ≤ 3 and s− ≤ 19.
Define Ω(L) = {x ∈ P(L⊗C) | (x, x) = 0, (x, x̄) > 0}. Note that Ω(L) is an analytic open subset
of the quadric in P(L⊗C) defined by the equation (x, x) = 0. If M ↪→ L is an embedding of two
such lattices, then there is a natural holomorphic map Ω(M)→ Ω(L).

Observe that there is a natural bijection
Hodge structures of K3 type on L such
that for every nonzero x ∈ L2,0 one has
(x, x) = 0, (x, x̄) > 0, and x ⊥ L1,1

 −→ Ω(L),

obtained by mapping a Hodge structure on L to the point L2,0 in Ω(L).

3.9 — We denote with F full
2d,K,C the moduli space of degree 2d primitively polarised K3 surfaces

with full level K-structure for an admissible subgroup K ⊂ SO(Λd)(Ẑ); see [Riz06] for details.

3.10 Proposition. — Let B be a connected algebraic variety over C, and let V/B be a
polarised variation of Z-Hodge structures of weight 2 of K3 type. Let b be a point of B and assume
that Vb is a lattice with signature (2, n) that admits a primitive embedding Vb ↪→ Λ. Then there
is an étale open B◦ → B such that b lies in the image of B◦, a K3 space f : X → B◦, and a
morphism of variations of Hodge structures V|B◦ → R2f∗Z that is fibrewise a primitive embedding
and a Hodge isometry on the transcendental lattices.
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Proof . Let B̃ → B be a universal cover of B, and let b̃ be a point of B̃ lying above b. Let L denote
the lattice underlying the fibre of Vb̃. Fix a primitive embedding L ↪→ Λ. Under the induced map
Ω(L)→ Ω(Λ) the Hodge structure on Vb̃ maps to a point x ∈ Ω(Λ). By the surjectivity of the
period map for K3 surfaces there is exists a complex K3 surface X, with H2(X,Z) ∼= Λ, such
that the Hodge structure on H2(X,Z) corresponds to x.

Let d ∈ Z and K ⊂ SO(Λd)(Ẑ) be such that X admits a primitive polarisation of degree 2d
with full level K-structure. This means that [X] ∈ F full

2d,K,C. Since L has signature (2, n) we get a
primitive embedding L ↪→ Λd. This yields a diagram

B̃ Ω(L) Ω(Λd)

B K\Ω(Λd)

The composite map B̃ → K\Ω(Λd) factors via a finite cover BK of B.

B̃ Ω(L) Ω(Λd)

B BK K\Ω(Λd)fin ét

By a theorem of Borel (see thm 6.4.1 of [Huy16]) the map BK → K\Ω(Λd) is algebraic. By
proposition 3.2.11 of [Riz05], there is an open immersion F full

2d,K,C → ShK(SO(Λd),Ω(Λd)), where
the latter is the Shimura variety parameterising polarised Hodge structures on Λd ⊗Q with a
level K-structure.

We now have a diagram

B̃ Ω(L) Ω(Λd)

B BK K\Ω(Λd) ShK(SO(Λd),Ω(Λd))

B◦ F full
2d,K,C

fin ét

◦ ◦

where the bottom right rectangle is cartesian. By our choice of d andK, we know that [X] ∈ F full
2d,K,C

and b ∈ B are in the image of B◦ under the respective maps. In particular B◦ is non-empty.
Pulling back the universal family of K3 surfaces from F full

2d,K,C to B◦ we end up with a K3 space
f : X → B◦ and a morphism of variations of Hodge structures V|B◦ → R2f∗Z. By construction it
is fibrewise a primitive embedding and a Hodge isometry on the transcendental lattices. �

3.11 Lemma. — Let S be a smooth projective complex surface with invariants pg = q = 2.
Let α : S → A be the Albanese morphism, and assume that α is surjective. Define H2

new =
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(H∗(A,Z)/tors)⊥ ⊂ H∗(S,Z)/tors. Then H2
new has rank 14 −K2

S. In particular (H2
new)tra has

signature (2, n) with n ≤ 12−K2
S.

Proof . By our assumptions we have χS = pg − q + 1 = 1. Noether’s formula gives e + K2
S =

12 ·χS = 12. Observe that e =
∑4
i=0(−1)ibi, where b0 = b4 = 1, and b1 = b3 = 2q = 4. Therefore

b2 = 12−K2
S + 2 · 4− 2 · 1 = 20−K2

S .

Finally, b2 is the sum of the ranks of H2
new and H2(A,Z). The latter has rank 6, and we conclude

that H2
new has rank 14−K2

S . Since (H2
new)tra is a transcendental Hodge structure of K3 type, it

must have signature (2, n), with n ≤ rk(H2
new)− 2. �

3.12 Theorem. — Let S be a smooth projective complex surface with invariants pg = q = 2,
and let α : S → A and H2

new be as in the preceding lemma 3.11. Then there exists a complex
K3 surface X and a morphism ι : (H2

new)traQ → H2(X,Q)tra that preserves (H) the Hodge structure,
(Z) the integral structure, and (P) the intersection pairing. In other words, we have a positive
answer to question A of the introduction.
Proof . Since 4 ≤ K2

S ≤ 9, lemma 3.11 shows that the lattice (H2
new)tra has signature (2, n)

with n ≤ 8. Note that (H2
new)tra is even by the Wu formula: for every v ∈ H2(S,Z) we have

(v, v) ≡ (v, c1(S)) (mod 2); and we have (H2
new)tra ⊂ c1(S)⊥ since (H2

new)tra is by definition
perpendicular to all Hodge classes. The result follows from corollary 3.7 and proposition 3.10.�

4 Algebraic K3 partners

Let S be a smooth projective complex surface with invariants pg(S) = q(S) = 2, and assume that
the Albanese morphism α : S → A is surjective. In this section we attempt to answer question B
of the introduction:

Does there exist a K3 surface X together with an isomorphism ι : (H2
new)traQ → H2(X,Q)tra

that is algebraic?

Since theorem 3.12 provides an affirmative answer to question A, the Hodge conjecture predicts a
positive answer to question B as well. In theorem 4.8 we show that this is indeed the case for
certain surfaces that are product-quotients (cf. definition 2.3). If the essence of the proof must
be captured in one sentence, it would be the following: the algebraic correspondence inducing ι is
built from the Kummer K3 surface associated with a suitable 2-dimensional isogeny factor of the
product of the Jacobians of the curves that are used in the construction of the product-quotient
surface S.

4.1 Outline of this section. — This section is the most technical part of this paper. It
is organised as follows. First we recall some facts about Chow motives of surfaces. Proposition 4.4
describes a natural decomposition of h2(S,Q), for product-quotient surfaces S of unmixed type. In
theorem 4.8 we give the general proof for the existence of an algebraic correspondence inducing ι.
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This proof relies on a case-by-case computation, for which we refer to a MAGMA-script of which
we tabulate the output. The final part of this section illustrates this proof by discussing one of
the cases in detail, as an example.

4.2 Chow motives of surfaces. — For an introduction to the theory of Chow motives
we refer to the excellent paper [Sch94] of Scholl. LetMrat denote the category of Chow motives
over C. We recall that Mrat is an additive, Q-linear, pseudoabelian category (theorem 1.6
of [Sch94]). There exists a functor h : SmProp/C →Mrat from the category of smooth projective
varieties over C to the category of Chow motives. If X is a smooth projective variety, and G is a
finite group that acts on X, then we define h(X/G) = h(X)G. This leads to a satisfactory theory
of motives of quotient varieties, as is explained in [BN98].

We denote with CHi(X) (resp. CHi(M)) the i-th Chow group of a smooth projective variety X
(resp. a motive M ∈Mrat). In general, it is not known whether the Künneth projectors πi are
algebraic, so it does not (yet) make sense to speak of the summand hi(X) ⊂ h(X) for an arbitrary
smooth projective variety X/C. However, a so-called Chow–Künneth decomposition does exist
for curves [Man68], for surfaces [Mur90], and for abelian varieties [DM91]. For algebraic surfaces
there is in fact the following theorem, which strengthens the decomposition of the Chow motive.
Statement and proof are copied from theorem 2.2 of [Lat18].

4.3 Theorem. — Let S be a smooth projective surface over C. There exists a self-dual
Chow–Künneth decomposition {πi} of S, with the further property that there is a splitting

π2 = πalg2 + πtra2 ∈ CH2(S × S)

in orthogonal idempotents, defining a splitting h2(S) = h2(S)alg ⊕ h2(S)tra with Chow groups

CHi(h2(S)alg) =

NS(S) if i = 1,

0 otherwise,
and CHi(h2(S)tra) =

CH2
AJ(S) if i = 2,

0 otherwise.

Here CH2
AJ(S) denotes the kernel of the Abel–Jacobi map.

Proof . The Chow–Künneth decomposition is given in proposition 7.2.1 of [KMP07]. The further
splitting into an algebraic and transcendental component is proposition 7.2.3 of [KMP07]. �

4.4 Proposition. — Let S be a product-quotient surface of unmixed type with curves C1

and C2, and with group G. Then the second Künneth component of S is given by h2(S) ∼= U⊕Z⊕E,
where

U :=
(
h2(C1)⊗ h0(C2)

)
⊕
(
h0(C1)⊗ h2(C2)

)
,

Z :=
(
h1(C1)⊗ h1(C2)

)G
,

E := Q(−1)⊕η,

and where η is the number of exceptional divisors introduced in the minimal desingularization of
the quotient surface.
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Proof . Let η denote the number of exceptional divisors introduced in the minimal desingularization
of the quotient surface. Recall that for the surfaces that we are interested in we gave the value
of η in table 2. Observe that h2(S) = h2((C1 × C2)/G)⊕ E. Notice that if the action of G on
C1 × C2 is free then E = 0. By the Künneth formula we obtain

h2(C1 × C2) =
(
h2(C1)⊗ h0(C2)

)
⊕
(
h0(C1)⊗ h2(C2)

)
⊕
(
h1(C1)⊗ h1(C2)

)
.

By definition we have h2((C1×C2)/G) = h2(C1×C2)G; and since G acts trivially on h0(Ci) and
h2(Ci), we get the result. �

4.5 Remark. — Note that we can further decompose the Chow motive Z of proposition 4.4
as Z ∼= Z1 ⊕ Z2 where

Z1 := h1(C1)G ⊗ h1(C2)G, Z2 :=
⊕

W∈Ĝ−χ1

(
h1(C1)(W ) ⊗ h1(C2)(W∨)

)G
,

where Ĝ is the set of isomorphism classes of irreducible representations of G over Q, χ1 is the
trivial representation, and (_)(W ) denotes the W -isotypical component.

4.6 Remark. — Observe that if W is a finite-dimensional Q-vector space, then we may
view it as a Chow motive, as follows: It is determined by the identity HomMrat(M,W ) =
HomMrat(M,Q)⊗W , and it is non-canonically isomorphic to Q⊕ dim(W ).

If G is a finite group, and W is equipped with a finite-dimensional representation of G, then
we may view the representation G→ Aut(W ) as an action of G on the Chow motive W .

4.7 — We now state the main theorem of this section, which gives a partial answer to question B
of the introduction. The rest of this section is dedicated to its proof. We refer to §4.16 for an
explicit computation that illustrates the general argument of this proof.

4.8 Theorem. — Let S be a minimal surface of general type with pg = q = 2, of maximal
Albanese dimension isogenous to a product of unmixed type. Then there exists a K3 surface X and
a correspondence in S ×X that induces an isomorphism between H2(X,Q)tra and H2(S,Q)tranew.

4.9 — The proof is done in several steps, and will be completed in §4.15. Following proposition 4.4
and remark 4.5 we decompose h2(S) = U ⊕ Z1 ⊕ Z2 ⊕ E. First of all we see that for i = 1, 2
the quotients Ci/G =: Ei are elliptic curves. The product E1 × E2 is the Albanese variety of S,
and we have h2(E1 × E2) = U ⊕ Z1. Secondly, let η be the number of irreducible components of
the exceptional divisor of the minimal resolution of the quotient surface (see tables 2 and 3; if
there is no branch locus, then η = 0). This gives E = Q(−1)η. For the purpose of this theorem
we are interested in the remaining term Z2. To find an algebraic K3 partner X for S, we will
find an abelian surface A as isogeny factor of J(C1)× J(C2), such that Z2 = h2(A)tra ⊕Q(−1)k

for some k ∈ Z≥0. We may then take the minimal resolution of singularities of the Kummer
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surface Km(A) = A/〈−1〉 for the K3 surface X. To find the isogeny factor A, we proceed by
decomposing (up to isogeny) the Jacobians J(Ci) of Ci for i = 1, 2 as products of simple abelian
varieties following [PR17].

4.10 — Now let A be an abelian variety of dimension g with a faithful action of a finite group G.
There is an induced homomorphism of Q-algebras

ρ : Q[G]→ EndQ(A).

Any element α ∈ Q[G] defines an abelian subvariety

Aα := Im(mρ(α)) ⊂ A

where m is some positive integer such that mρ(α) ∈ End(A). This definition does not depend on
the chosen integer m.

We will now describe the so-called isotypical decomposition of the abelian variety A with
group action by G. Begin with the decomposition of Q[G] as a product of simple Q-algebras
Q1 × · · · ×Qr. The factors Qi correspond canonically to the rational irreducible representations
Wi of the group G, because each one is generated by a unit element ei ∈ Qi which may be
considered as a central idempotent of Q[G].

The corresponding decomposition of 1 ∈ Q[G],

1 = e1 + · · ·+ er

induces an isogeny, via ρ above,
Ae1 × · · · ×Aer → A (4.10.1)

which is given by addition. Note that the components Aei are G-stable complex subtori of A
with HomG(Aei , Aej ) = 0 for i 6= j. The decomposition (4.10.1) is the isotypical decomposition
mentioned above.

4.11 — The isotypical components Aei can be decomposed further, using the decomposition of
Qi into a product of minimal left ideals. Fix an i ∈ {1, . . . , r}, and let Wi be the irreducible
rational representation of G corresponding to the idempotent ei. We will now recall some facts
from representation theory; see §12.2 of [Ser77] for details.

Write Di for the simple algebra EndG(Wi), and observe that Qi = Matni
(D◦i ) is a matrix

algebra of degree ni over the opposite algebra, for some ni ∈ Z≥1. Recall that the Schur index
ofWi is the degreemi ofDi over its centre. If χi is the character of one of the irreducible summands
of Wi ⊗Q C, then degχi = mi · ni. There is a set of primitive idempotents {πi,1, . . . , πi,ni

} in
Matni

(D◦i ) = Qi ⊂ Q[G] such that

ei = πi,1 + · · ·+ πi,ni
.

(We warn the reader that the πi,j are not G-equivariant, and hence the abelian subvarieties Aπi,j

are not G-stable.) The abelian subvarieties Aπi,j are mutually isogenous for j = 1, . . . , ni. Let Bi
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be any one of these isogenous factors; we call it a reduced factor of Aei and ni the multiplicity
of the reduced factor: Bni

i → Aei is an isogeny. Replacing the factors in (4.10.1) for every
i = 1, . . . , r, we get an isogeny called the group algebra decomposition of the G-abelian variety A

Bn1
1 × · · · ×Bnr

r → A. (4.11.1)

Note that, whereas (4.10.1) is uniquely determined, (4.11.1) is not. It depends on the choice
of the πij as well as the choice of the Bi. However, the dimension and the isogeny class of the
abelian varieties Bi is independent of choices.

4.12 Remark. — If Di = Q, then we get a G-equivariant isomorphism h1(Aei) ∼= h1(Bi)⊗Wi

of Chow motives, where G acts trivially on h1(Bi).

4.13 — While the factors in (4.11.1) are not necessarily easy to determine, we may compute their
dimension in the case of a Jacobian variety. Let C be a compact Riemann surface equipped with
an action of a finite group G and consider the induced action of G on J(C). Define V to be
the representation of G on H1(X,Z) ⊗Z Q. We use the same notation as at the beginning of
this section, so the quotient C/G has genus g0 and the cover π : C → C/G has r branch points
{q1, . . . , qr} where each qi has corresponding monodromy gi. The tuple (g1, . . . , gr) is called the
generating vector for the action [Bro91].

We now copy equation 2.14 from [Bro91], and explain the notation afterwards: the Hurwitz
character χV associated to V is

χV = 2χ1 + 2 (g0 − 1) ρ1∗ +
r∑
i=1

(
ρ1∗ − ρ〈gi〉

)
. (4.13.1)

Here χ1 is the trivial character on G, and ρ1∗ is the character of the regular representation. The
character ρH is the induced character on G of the trivial character of the subgroup H. (When
H = 〈gi〉, this subgroup is the stabilizer, or isotropy group, of a point in the fiber of the branch
point qi.)

With this definition of χV in place, we have the following equality

dimBi = 1
2 dimQ πi,jV = 1

2 〈ψi, χV 〉 (4.13.2)

where ψi denotes the character of the Q-irreducible representation of G corresponding to Wi. See
[Pau08; LR12] for details.

4.14 — We will now complete the proof of theorem 4.8. We may calculate the dimension of the
Bi’s for each class of surfaces in the statement, either by hand or using the MAGMA script as in
[PR17]. The result of this computation is given in table 4.

It is a coincidence that in the table all the characters that appear are actually self-dual and
defined over Q. One can check that for each row in the table, there is only one character χ that
appears in column char(C1) such that the dual character χ∨ appears in column char(C2).
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G char(C1)− χ1 J(C1)/E1 char(C2)− χ1 J(C2)/E2

V4 [1, 1, 2], [1, 1, 4] E × L1 [1, 1, 3], [1, 1, 4] E × L2

S3 [1, 2, 3] L2
1 [1, 1, 2], [1, 2, 3] E × L2

2

D4 [1, 2, 5] L2
1 [1, 1, 3], [1, 1, 4], [1, 2, 5] E × E′ × L2

2

A4 [1, 3, 4] L3
1 [1, 3, 4] L3

2

S3 [1, 2, 3] L2
1 [1, 2, 3] L2

2

Q8 [2, 1, 5] A [2, 1, 5] A′

D4 [1, 2, 5] L2
1 [1, 2, 5] L2

2

C2 [1, 1, 2] L1 [1, 1, 2] L2

Table 4: The group algebra decomposition of the Jacobian varieties J(Ci). The columns
char(Ci) − χ1 have to be read in the following way: each list [d, n, k] represents a non-trivial
isotypical factor of J(Ci) corresponding to a simple rational representation W of G. Here d is the
dimension of a reduced factor, n is the multiplicity of the factor and k is the identifying number
according to the MAGMA character table of the group G of an irreducible character appearing
in W ⊗Q C.

Let W be the irreducible rational representation of G that corresponds to χ. We will complete
the proof by a case distinction. First assume that G 6= Q8. In this case, one may check that the
Schur index of W is 1, and in fact D = EndG(W ) = Q. In other words, we are in the situtation
of remark 4.12. Let L1 be a reduced factor of J(C1) corresponding with χ, and denote with L2 a
reduced factor of J(C2) that corresponds to χ∨. Thus we have

h1(J(C1))(W ) ∼= h1(L1)⊗W, h1(J(C2))(W∨) ∼= h1(L2)⊗W∨,

as motives with an action of G. Consequently, we find(
h1(J(C1))(W ) ⊗ h1(J(C2))(W∨)

)G ∼= h1(L1)⊗ h1(L2)⊗ (W ⊗W∨)G ∼= h1(L1)⊗ h1(L2).

We conclude that Z2 ∼= h1(L1)⊗h1(L2) ∼= h2(L1×L2)tra⊕Q(−1)⊕k for some k ∈ Z≥0, and thus
L1 × L2 is the 2-dimensional isogeny factor A of J(C1)× J(C2) that we are looking for.

4.15 The case G = Q8 . — In the case where G = Q8, we find that D = EndG(W ) = H
which has Schur index 2. In this case we cannot use the methods employed so far to prove that
the Jacobian is isogenous to a product of elliptic curves as in all the other cases.

Nevertheless, in [FPP16] it is proven that in this case the curves C1 and C2, which are of genus
g = 3, admit a bigger automorphism group. Indeed, their automorphism group is isomorphic to
(C4 ×C2)oC2, which readily contains Q8. More precisely, in [FPP16] it is shown that the curves
C of genus g = 3 and with automorphism Q8 and (C4×C2)oC2 give rise to the same subvariety
in the moduli space of curves which is the family (34) of Table 2 in [FGP15]. Therefore, we can
try to decompose the Jacobian of C using this larger group.
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Performing the calculation relative to this larger group we have (in the notation of table 4):

(C4 × C2) o C2 [1, 2, 9] L2
1 [1, 2, 9] L2

2.

To conclude, notice that the nineth character of (C4 × C2) o C2 is not self dual, but we have to
restrict it to Q8. Recalling that Q8 / (C4×C2)oC2, one sees that all the condition of Problem 5.2
on page 65 of [FH91] are fulfilled. Hence the restriction of this character to Q8 is the only
two dimensional irreducible representation, which is self dual. We remark that the Li must be
CM elliptic curves, since H injects into M2(End(Li)Q).

Now recall that H⊗H ∼= End(χ1⊕χi⊕χj⊕χk) ∼= M4(Q). We conclude that h1(L2
1)⊗h1(L2

2) ∼=(
h1(L1)⊗ h1(L2)

)
⊗ (χ1 ⊕ χi ⊕ χj ⊕ χk) as Chow motives with an action of G. In particular we

have
(
h1(L2

1)⊗ h1(L2
2)
)G ∼= h1(L1)⊗ h1(L2). This concludes the proof of theorem 4.8.

4.16 The case K 2 = 8 and G = V4 . — As an illustration of the proof of theorem 4.8 and
in particular the computations performed by the MAGMA script, we will now study one example
in detail. This example will occupy us for the next few pages.

Let E1 and E2 be elliptic curves, marked with two points {pi,1, pi,2} ⊂ Ei. As group we take
G = V4. Let {αi, βi} be generators of π1(Ei, 0) and let γi,j be a loop in π1(Ei, 0) around pi,j .
Then we define two G-covers fi : Ci → Ei, using the Riemann existence theorem (see e.g., [Mir95,
Sec. III]), by the following epimorphisms of groups:

π1(E1 − {p1,j}, 0) −→ G

α1 7−→ (0, 1) =: a1

β1 7−→ (0, 0) =: b1
γ1,j 7−→ (1, 0) =: c1,j

π1(E2 − {p2,j}, 0) −→ G

α2 7−→ (1, 0) =: a2

β2 7−→ (0, 0) =: b2
γ2,j 7−→ (0, 1) =: c2,j

(4.16.1)

By construction {pi,1, pi,2} ⊂ Ei is the branch locus, and above each pi,j , there are 2 ramification
points with branching orders 2. Therefore, by the Riemann–Hurwitz formula the Ci are curves of
genus 3.

For a non trivial element g ∈ G, let χg denote the nontrivial character of G, that annihilates g,
let ρ〈g〉 denote the character of G induced from the trivial character of the subgroup generated
by g, let ρ1∗ be the regular character. We get

Q[G] = Qχ(0,0) ×Qχ(0,1) ×Qχ(1,0) ×Qχ(1,1) .

We proceed by calculating the Hurwitz character (4.13.1) relative to the first quotient (i = 1).
Starting from the ramification data of the curve C1, we get

χ1 = (1, 1, 1, 1), ρ1∗ = (4, 0, 0, 0) ρ〈1,0〉 = (2, 2, 0, 0),

where the induced trivial representation is calculated using the formula of exercise 3.19.b
in [FH91]. Therefore, the Hurwitz character is χV = (6,−2, 2, 2). Now we use eq. (4.13.2)
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to compute that the dimensions of the reduced factors Bχ of J(C1) are respectively 1, 1, 0, 1
for χ = χ(0,0), χ(0,1), χ(1,0), χ(1,1). Analogously, we compute that the dimension of the reduced
factors Bχ of J(C2) are respectively 1, 0, 1, 1 for χ = χ(0,0), χ(0,1), χ(1,0), χ(1,1).

These results relate to row 1 of table 4 in the following way: [1, 1, 2] means that there is
a 1-dimension reduced factor with multiplicity 1 corresponding to the second character in the
MAGMA character table of V4, this is the character χ(0,1). This is exactly the isogeny factor
Bχ(0,1) of J(C1). Similarly [1, 1, 3] corresponds to the isogeny factor Bχ(1,0) of J(C2). Both J(C1)
and J(C2) have an isogeny factor Bχ(1,1) , which corresponds to [1, 1, 4] in table 4, and thus to
the elliptic curves L1 and L2.

4.17 — Now we will explain how to construct geometrically the algebraic K3 partner X of S =
(C1 × C2)/G, and a correspondence that induces the isomorphism H2

new(S,Q)tra → H2(X,Q)tra.
The K3 partner X will turn out to be the minimal resolution of Kummer surface associated with
L1 × L2.

Observe that fi factors as in the diagram:

Ci

Ci/〈(0, 1)〉 Ci/〈(1, 0)〉 Ci/〈(1, 1)〉

Ei

φi,(0,1)
φi,(1,0)

φi,(1,1)

ψi,(0,1)

ψi,(1,0)
ψi,(1,1)

(4.17.1)

Using the Riemann–Hurwitz formula we compute the following genera for the quotient curves:

g(C1/〈(0, 1)) = 2, g(C1/〈(1, 0)〉) = 1, g(C1/〈(1, 1)〉) = 2;

g(C2/〈(0, 1)) = 1, g(C2/〈(1, 0)〉) = 2, g(C2/〈(1, 1)〉) = 2.

Pushing the preceding diagram through the Jacobian functor, we obtain the diagram:

J(Ci)

J(Ci/〈(0, 1)〉) J(Ci/〈(1, 0)〉) J(Ci/〈(1, 1)〉)

Ei

This leads to the following isogenies of abelian varieties:

J(C1/〈(0, 1)〉 ∼ E1 × P (ψ1,(0,1)) J(C2/〈(0, 1)〉 ∼ E2

J(C1/〈(1, 0)〉 ∼ E1 J(C2/〈(1, 0)〉 ∼ E2 × P (ψ2,(1,0))

J(C1/〈(1, 1)〉 ∼ E1 × P (ψ1,(1,1)) J(C2/〈(1, 1)〉 ∼ E2 × P (ψ2,(1,1)),

(4.17.2)

17/25



where P (ψ) denotes the Prym–Tyurin variety associated to the cover ψ: it is the kernel of the
induced map J(ψ) between the Jacobians (see also, [BL04] paragraph 12.2). Observe that Li is
isogenous to P (ψi,(1,1)). Finally by (4.17.2) we have

J(C1) ∼ J(C1/〈(0, 1)〉 × P (φ1,(0,1))

∼ E1 × P (ψ1,(0,1))× P (φ1,(0,1))
(4.17.3)

J(C2) ∼ J(C2/〈(1, 0)〉 × P (φ2,(1,0))

∼ E2 × P (ψ2,(1,0))× P (φ2,(1,0)).
(4.17.4)

We now go back to the surface S = (C1 × C2)/V4. Since η = 0, we get

h2(S) ∼= h2(E1 × E2)⊕ h1(P (ψ1,(1,1)))⊗ h1(P (ψ2,(1,1))).

Let us go further and build an algebraic K3 partner of S. To do that we consider the abelian
surface A = P (ψ1,(1,1))× P (ψ2,(1,1)) and divide modulo the natural involution. In this way we
get a singular Kummer surface.

According to the propostion above and Shioda and Inose [SI77] the minimal resolution X of
the singularities of Km(A) is a K3 surface whose transcendental part of H2(X) is isomorphic to
the transcendental part of H2(A). Now consider the following diagram:

C1 × C2 J(C1)× J(C2) A X

S Km(A)

All the morphisms in this diagram induce correspondences and by composing these correspondences
we obtain an isomorphism h2(S)tranew → h2(X)tra that induces an isomorphism of Hodge structures
H2

new(S,Q)tra → H2(X,Q)tra.

5 Motivated K3 partners

Let S be a smooth projective complex surface with invariants pg(S) = q(S) = 2, and assume that
the Albanese morphism α : S → A is surjective. In this section we attempt to answer question C
of the introduction:

Does there exist a K3 surface X together with an isomorphism ι : (H2
new)traQ → H2(X,Q)tra

that is motivated in the sense of Yves André?

5.1 — In this section we prove the Tate and Mumford–Tate conjectures for surfaces that fall
into type № = 3, 4, 6, 8, and 9 of table 1. We will use the language of motives, and specifically
motivated cycles as introduced by André [And96].

This section is organised as follows: First we introduce notation and recall the definition of the
Mumford–Tate group and the `-adic monodromy groups. Then we will recall three conjectures that
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are connected in the following sense: if two of the conjectures hold, then so does the third. These
conjectures are (i) the Hodge conjecture; (ii) its `-adic analogue known as the Tate conjecture;
and (iii) the Mumford–Tate conjecture.

Starting from §5.9 we recall the definition of motivated cycles in the sense of André [And96],
and we quote the main theorems that describe the resulting category of motives. Once we we
have all the machinery in place we turn our attention to the proof of the Tate and Mumford–Tate
conjectures for the surfaces mentioned above.

5.2 Notation. — Let K ⊂ C be a field, and let X be a smooth projective variety over K. We
denote with Hi(X) the singular cohomology group Hi

sing(X(C),Q). It is naturally endowed with
a pure Hodge structure of weight i. Let ` be a prime number, and let K̄ ⊂ C be the algebraic
closure of K ∈ C. We denote with Hi

`(X) the `-adic étale cohomology group Hi
ét(XK̄ ,Q`). It is

naturally endowed with a Galois representation Gal(K̄/K)→ GL(Hi
`(X)).

Artin’s comparison theorem between étale cohomology and singular cohomology gives an
isomorphism of vector spaces

Hi
`(X) ∼= Hi

`(XC) ∼−→ Hi(X)⊗Q`

that is functorial in X.
Recall from §4.2 that we denote with CH∗(X) the Chow ring of X with Q-coefficients. Recall

the cycle class map cl : CHi(XC)→ H2i(X)(i) for singular cohomology. There is also a cycle class
map cl` : CHi(X)→ H2i

` (X)(i) for étale cohomology. These are compatible with the comparison
isomorphism Hi

`(X) ∼= Hi(X)⊗Q`; we get the following commutative diagram:

CHi(X) H2i
` (X)(i)

CHi(XC) H2i(X)(i) H2i(X)(i)⊗Q`

cl`

∼

cl _⊗1

5.3 Mumford–Tate groups. — Let V be a Q-Hodge structure. There is a representation
of S = ResC/RGm on V ⊗ R: on complex points (z, z̄) acts on v ∈ V pq by v 7→ z−pz̄−qv. (The
minus signs are a historical convention.) Write h = hV for this representation S→ GL(V )R.

The Mumford–Tate group of V is the smallest algebraic subgroup G ⊂ GL(V ) over Q such
that GR contains the image of hV . We denote the Mumford–Tate group of V with GMT(V ).
Alternatively, GMT(V ) may be defined using the Tannakian formalism. It is the algebraic group
over Q associated with the Tannakian subcategory of Q-HS generated by V . If V is polarisable,
then this subcategory generated by V is semisimple, and hence GMT(V ) is a reductive algebraic
group.

Two more remarks are in place: First, observe that GMT(V ) is a connected algebraic group,
since S is connected. Second, note that the subspace V ∩ V 0,0

C of Hodge classes in V is exactly
the space of invariants V GMT(V ).
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5.4 `-adic monodromy groups. — Let K ⊂ C be a field of finite transcendence degree
over Q. Let ` be a prime number, let V be a finite-dimensional Q`-vector space, and let
ρ : Gal(K̄/K)→ GL(V ) be a representation that is continuous for the `-adic topology on V .

The `-adic monodromy group of V is the smallest algebraic subgroup G ⊂ GL(V ) over Q` such
that G(Q`) contains the image of ρ. We denote the `-adic monodromy group of V with G`(V ). In
general, the algebraic group G`(V ) is not connected; the identity component is denoted G◦` (V ).

An element of V is called a Tate class if it is invariant under an open subgroup of Gal(K̄/K).
In particular, the subspace of Tate classes in V is exactly the space of invariants V G◦` (V ).

In general, the algebraic group G◦` (V ) is not reductive.

5.5 Conjecture (Hodge). — Let X be a smooth projective variety over C. Then the
image of cl : CHi(X)→ H2i(X)(i) is the subspace of Hodge classes H2i(X)(i) ∩H2i(X)(i)0,0

C .

5.6 Conjecture (Tate). — Let X be a smooth projective variety over a number field K.
Then the image of cl` : CHi(XK̄)→ H2i

` (X)(i) spans the space of Tate classes H2i
` (X)(i)G◦` (X).

5.7 Conjecture (Mumford–Tate). — Let X be a smooth projective variety over a
number field K. The comparison isomorphism Hi

`(X)→ Hi(X)⊗Q` induces and isomorphism
G◦` (Hi

`(X))→ GMT(Hi(X))⊗Q`.

5.8 Remark. — To illustrate how these conjectures fit together, we make the following
claims.

1. If the Mumford–Tate conjecture is true for X, then the Hodge conjecture for X is equivalent
to the Tate conjecture for X.

2. If the Tate conjecture is true for all smooth projective varieties X over K, then the `-adic
monodromy groups are reductive. This follows from [Moo17].

3. If the Hodge and Tate conjectures are true for all X, then the Mumford–Tate conjecture is
true for all X.

5.9 Motivated cycles. — Let K be a subfield of C, and let X be a smooth projective
variety over K. A class γ in H2i(X) is called a motivated cycle of degree i if there exists an
auxiliary smooth projective variety Y over K such that γ is of the form π∗(α ∪ ?β), where
π : X × Y → X is the projection, α and β are algebraic cycle classes in H∗(X × Y ), and ?β is
the image of β under the Hodge star operation. (Alternatively, one may use the Lefschetz star
operation, see §1 of [And96].)

Every algebraic cycle is motivated, and under the Lefschetz standard conjecture the converse
holds as well. The set of motivated cycles naturally forms a graded Q-algebra. The category of
motives over K, denoted MotK , consists of objects (X, p,m), where X is a smooth projective
variety over K, p is an idempotent motivated cycle on X ×X, and m is an integer. A morphism
(X, p,m) → (Y, q, n) is a motivated cycle γ of degree n −m on Y ×X such that qγp = γ. We
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denote with Hmot(X) the object (X,∆, 0), where ∆ is the class of the diagonal in X ×X. The
Künneth projectors πi are motivated cycles, and we denote with Hi

mot(X) the object (X,πi, 0).
Observe that Hmot(X) =

⊕
i Hi

mot(X). This gives contravariant functors Hmot(_) and Hi
mot(_)

from the category of smooth projective varieties over K to MotK .

5.10 Theorem. — The category MotK is Tannakian over Q, semisimple, graded, and po-
larised. Every classical cohomology theory of smooth projective varieties over K factors via MotK .

Proof . See théorème 0.4 of [And96]. �

5.11 Definition. — Let K be a subfield of C. An abelian motive over K is an object of
the Tannakian subcategory of MotK generated by objects of the form Hmot(X) where X is an
abelian variety, or X = Spec(L) for some finite extension L/K, with L ⊂ C.

We denote the category of abelian motives over K with AbMotK .

5.12 Example. — IfX/K is a K3 surface, then H2
mot(X) is an abelian motive, by théorème 7.1

of [And96].
The Lefschetz motive Q(−1) is abelian, because any class of a hyperplane section in an abelian

variety A will give a splitting H2
mot(A) ∼= M ⊕Q(−1).

5.13 Theorem. — The Hodge realisation functor H : AbMotC → Q-HS is a full functor.
Proof . See théorème 0.6.2 of [And96]. �

5.14 Theorem. — Let B be a reduced connected scheme of finite type over C. Let f : X → B

be a smooth projective morphism, and ξ a global section of the sheaf R2if∗Q(i). If there is a point
0 ∈ B(C) such that ξ0 is motivated, then ξb is motivated for all b ∈ B(C).
Proof . See théorème 0.5 of [And96]. �

5.15 — By theorem 5.10, the singular cohomology and `-adic cohomology functors factor via MotK .
This means that if M is a motive, then we can attach to it a Hodge structure H(M) and an
`-adic Galois representation H`(M). The comparison isomorphism between singular cohomology
and `-adic cohomology extends to an isomorphism of vector spaces H`(M) ∼= H(M)⊗Q` that is
natural in the motive M .

We shall write GMT(M) for GMT(H(M)). Similarly, we write G`(M) (resp. G◦` (M)) for
G`(H`(M)) (resp. (G◦` (H`(M)). The Mumford–Tate conjecture extends to motives: for the mo-
tive M it asserts that the comparison isomorphism H`(M) ∼= H(M)⊗Q` induces an isomorphism
G◦` (M) ∼= GMT(M)⊗Q`.

5.16 — We now have the notation and theory in place to answer question C (see §1.4) about
surfaces of general type with pg = q = 2. We give a partial answer to this question in the following
results.
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5.17 Theorem. — Let α : S → B be a smooth projective family of surfaces of general type
with invariants pg = q = 2 and dominant Albanese morphism. Assume that B is connected, and
assume that there is one point 0 ∈ B such that the motive H2

mot(S0) of the fibre S0 is an abelian
motive. Then for every point b ∈ B, there exists a K3 surface Xb, and an isomorphism of motives
H2
mot(Sb)tranew

∼= H2
mot(Xb)tra. In particular, the motive H2

mot(Sb) is abelian.
Proof . The main idea of the proof is as follows: Using proposition 3.10 we construct a family
X → B of Hodge-theoretic K3 partners. We then use theorem 5.13 to prove that H2

mot(S0)tranew

is isomorphic to H2
mot(X0)tranew. Finally, this isomorphism spreads out to the other fibres via

theorem 5.14. We now make this sketch precise.
By replacing α : S → B with the pullback along B̃ → B, we may and do assume that B is

simply connected. Let V denote the subvariation of Hodge structures of R2α∗Q whose fibre Vb at
a point b ∈ B is H2(Sb,Q)new. Fix a point b ∈ B. By proposition 3.10 we find that there is an
open B◦b ⊂ B such that b ∈ B◦b , a K3 space f : X → B◦b , and a morphism of variations of Hodge
structures ι : V|B◦

b
→ R2f∗Q that is fibrewise a primitive embedding and a Hodge isometry on

the transcendental lattices. We may view ι as a global section of the sheaf V∨|B◦
b
⊗R2f∗Q which

is a subsheaf of R4(α, f)∗Q(2). Note that we may and do assume that b ∈ B◦0 ; indeed, if b /∈ B◦0 ,
then we first prove the statement for all points in B◦0 , and then rerun the proof with a point
0′ ∈ B◦b ∩B◦0 .

Recall from example 5.12 that H2
mot(X0) is an abelian motive. Also note that H2

mot(S0) is
abelian by assumption. Hence ι0 is motivated, by theorem 5.13. By theorem 5.14, we see that ιb
is motivated as well. This means that we obtain an isomorphism H2

mot(Sb)tranew → H2
mot(Xb)tra.

In particular, the motive H2
mot(Sb)tranew is abelian. To conclude that H2

mot(S) is abelian, observe
that H2

mot(S) ∼= H2
mot(S)tranew ⊕H2

mot(S)traold ⊕Q(−1)r. The term H2
mot(S)traold is abelian, because it

is the part coming from the Albanese surface, whose motive is abelian by definition. �

5.18 Corollary. — Let K be a finitely generated subfield of C. Let S be a surface of
general type over K with invariants pg = q = 2 and dominant Albanese morphism. Assume that
S lies in one of the connected components of the Gieseker moduli space of surfaces of general type
that contain a surface that is (semi-)isogenous to a product of curves. (That is, one of the types
№ 3, 4, 6, 8, or 9 in table 1.) Then the Tate and Mumford–Tate conjectures are true for S.
Proof . We first prove the Mumford–Tate conjecture for S. Let A be the Albanese variety of S.
By theorem 5.17 there exists a K3 surface X such that H2

mot(S)tranew
∼= H2

mot(X)tra. Possibly after
replacing K by a finitely generated extension we may assume that X is defined over K. Hence
the motive Hmot(S) is an object in the Tannakian subcategory of MotK generated by Hmot(A)
and Hmot(X). Therefore it suffices to prove the Mumford–Tate conjecture for Hmot(A)⊕Hmot(X).
This follows from the main result of [Com16]. (See also [Vas08] and [Com18] for more general
results on the Mumford–Tate conjecture for direct sums of abelian motives.)

Recall that the Hodge conjecture is true for S, by the Lefschetz-(1, 1) theorem. Therefore
the Tate conjecture for S is true, since it follows from the conjunction of the Hodge conjecture
and the Mumford–Tate conjecture. Indeed, if γ ⊂ H2

` (S)(1) is a Tate class, then this means
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that it is fixed by G◦` (S). We have just proven the Mumford–Tate conjecture for S, so we
know that G◦` (S) ∼= GMT(S) ⊗ Q`. This means that γ ∈ H2

` (S)(1) ∼= H2(S)(1) ⊗ Q` is a Q`-
linear combination of GMT(S)-invariant classes in H2(S)(1). Those GMT(S)-invariant classes are
precisely Hodge classes, and by the Lefschetz-(1, 1) theorem we know that they are in the image
of the cycle class map. We conclude that γ is in the Q`-span of the image of the `-adic cycle class
map. �
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