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Abstract

With the bare essentials of noncommutative geometry (defined by a spectral triple), we first
describe how it naturally gives rise to gauge theories. Then, we quickly review the notion
of twisting (in particular, minimally) noncommutative geometries and how it induces a Wick
rotation, that is, a transition of the metric signature from euclidean to lorentzian. We focus on
comparatively more tractable examples of spectral triples; such as the ones corresponding to
a closed riemannian spin manifold, U (1) gauge theory, and electrodynamics. By minimally
twisting these examples and computing their associated fermionic actions, we demonstrate
how to arrive at physically relevant actions (such as the Weyl and Dirac actions) in Lorentz
signature, even though starting from euclidean spectral triples. In the process, not only do
we extract a physical interpretation of the twist, but we also capture exactly how the Wick
rotation takes place at the level of the fermionic action.
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“The steady progress of physics requires for its theoretical formulation a mathematics that
gets continually more advanced. This is only natural and to be expected. What, however,
was not expected by the scientific workers of the last century was the particular form that
the line of advancement of the mathematics would take, namely, it was expected that the
mathematics would get more and more complicated, but would rest on a permanent basis of
axioms and definitions, while actually the modern physical developments have required a
mathematics that continually shifts its foundations and gets more abstract. Non-euclidean
geometry and non-commutative algebra, which were at one time considered to be purely
fictions of the mind and pastimes for logical thinkers, have now been found to be very
necessary for the description of general facts of the physical world. It seems likely that this
process of increasing abstraction will continue in the future and that advance in physics
is to be associated with a continual modification and generalisation of the axioms at the
base of the mathematics rather than with a logical development of any one mathematical
scheme on a fixed foundation. There are at present fundamental problems in theoretical
physics awaiting solution, e.g., the relativistic formulation of quantum mechanics and the
nature of atomic nuclei (to be followed by more difficult ones such as the problem of life),
the solution of which problems will presumably require a more drastic revision of our
fundamental concepts than any that have gone before. Quite likely these changes will be
so great that it will be beyond the power of human intelligence to get the necessary new
ideas by direct attempts to formulate the experimental data in mathematical terms. The
theoretical worker in the future will therefore have to proceed in a more indirect way.
The most powerful method of advance that can be suggested at present is to employ all
the resources of pure mathematics in attempts to perfect and generalise the mathematical
formalism that forms the existing basis of theoretical physics, and after each success in this
direction, to try to interpret the new mathematical features in terms of physical entities (by
a process like Eddington’s Principle of Identification).”

— P.AM. Dirac, Quantised singularities in the electromagnetic field,

Proceedings of the Royal Society of London A 133: 821 (1931).
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Introduction

Understanding the intrinsic nature of spacetime is not only one of the most fundamental quests
for theoretical physicists, but also a mountainous challenge for mathematicians. In the light
of how the advent of general relativity was facilitated and brought forth by Riemann’s very
broad extension and abstract generalization of euclidean differential geometry of surfaces in
IR3, it is quite likely that accommodating Planck scale physics calls for a revision of our notions
about geometry — towards geometric objects that are much more flexible than differentiable
manifolds.

Noncommutative geometry (NCG) [C94] is such an approach to generalize riemannian
geometry by giving a purely spectral/operator-algebraic characterization of geometry [C13];
in the same sense as Gel'fand duality (§A) provides an algebraic characterization of topology.
The mathematical object encapsulating such a characterization of geometry in a generalized
sense is a spectral triple (A, I, D) consisting of a unital *-algebra A of bounded operators
in a Hilbert space 3 and a self-adjoint operator D with compact resolvent on I such that
the commutator [D, a] is bounded for any a € A. Spectral triples naturally give rise to gauge
theories.

One of the most spectacular achievements of NCG for particle physics is the full derivation
of its most important gauge theory, i.e. the Standard Model (SM) lagrangian, along with all its
delicacies including the Higgs potential, spontaneous symmetry breaking, neutrino mixing,
etc. [CCM] and the Einstein-Hilbert action [CC96, CC97]. In fact, during the early develop-
mental stages, SM was regarded as one of the guiding principles behind the blueprints of
the framework [C95]. NCG provides a purely geometric/gravitational description of the SM,
where gravity is naturally present with minimal coupling to matter [C96, CC10, CS].

NCG offers various ways to build models even beyond the SM, see e.g. [CS, DKL] for a
recent review. One of them involves twisting the spectral triple of the SM by an algebra
automorphism [DLM1, DLM2, DM], in the sense of Connes and Moscovici[CMo]. This provides
a mathematical justification to the extra scalar field introduced in [CC12] to both fit the mass of
the Higgs and stabilize the electroweak vacuum. A significant difference from the construction
based on spectral triples without first-order condition [CCS1, CCS2] is that the twist does not
only yield an extra scalar field o, but also a supplementary real one-form field X,,,! whose
meaning was rather unclear so far.

!In [DM] this field was improperly called vector field.
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Although Connes’ work provides a spectral characterization of compact riemannian spin
manifolds [C13] along with the tools for their noncommutative generalization [C96], extending
this program to the pseudo-riemannian case is notoriously difficult, and there has, so far, been
no completely convincing model of pseudo-riemannian spectral triples. However, several
interesting results in this context have been obtained recently, see e.g. [BB, BBB, DPR, Fr, FE|,
there is nevertheless no reconstruction theorem for pseudo-riemannian manifolds in view, and
it is still unclear how the spectral action should be handled in a pseudo-riemannian signature.

Quite unexpectedly, the twist of the SM, which has been introduced in a purely riemannian
context, seems to have some link with Wick rotation. In fact, the inner product induced by the
twist on the Hilbert space of euclidean spinors on a four-dimensional manifold M, coincides
with the Krein product of lorentzian spinors [DFLM]. This is not so surprising, for the twist p
coincides with the automorphism that exchanges the two eigenspaces of the grading operator
(in physicist’'s words: that exchanges the left and the right components of spinors). And this
is nothing but the inner automorphism induced by the first Dirac matrix y° = c¢(dx°). This
explains why, by twisting, one is somehow able to single out the x, direction among the four
riemannian dimensions of M. However, the promotion of this x( to a “time direction” is not
fully accomplished, at least not in the sense of Wick rotation [D’AKL]. Indeed, regarding the
Dirac matrices, the inner automorphism induced by y° does not implement the Wick rotation
W (which maps the spatial Dirac matrices as Y’ — W(y’) := iy) but actually its square:

p(Y) =vVY' =V =WY),  for j=1,23. (1)

Nevertheless, a transition from the euclidean to the lorentzian does occur, and the xq direction
gets promoted to a time direction, but this happens at the level of the fermionic action. This
is one of the main results of this thesis, summarized in Prop. 4.10 and Prop. 4.19.

More specifically, starting with the twisting of a euclidean manifold, then that of a U(1)
gauge theory, and finally the twisting of the spectral triple of electrodynamics in euclidean
signature [DS]; we show how the fermionic action for twisted spectral triples, proposed in
[DFLM], actually yields the Weyl (Prop. 4.10) and the Dirac (Prop. 4.19) equations in Lorentz
signature. In addition, the zeroth component of the extra one-form field X,, acquires a clear
interpretation as an energy.

The following two aspects of the fermionic action for twisted spectral triples explain the
above-mentioned change of the metric signature from euclidean to lorentzian:

1. First, in order to guarantee that the fermionic action is symmetric when evaluated
on Graflmann variables,? one restricts the bilinear form that defines the action to the
+1-eigenspace Hx of the unitary R implementing the twist on the Hilbert space J;
whereas in the non-twisted case, one restricts the bilinear form to the +1-eigenspace of
the grading vy, in order to solve the fermion doubling problem [LMMS]. This different
choice of eigenspace had been noticed in [DFLM] but the physical consequences were

Zwhich is an important requirement for the whole physical interpretation of the action formula, also in
the non-twisted case [CCM])
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not drawn. As already emphasized above, in the models relevant for physics, R = v°,
and once restricted to Hx, the bilinear form no longer involves derivative in the xg
direction. In other words, the restriction to H projects the euclidean fermionic action
to what will constitute its spatial part in lorentzian signature.

2. Second, the twisted fluctuations of the Dirac operator of a 4-dimensional riemannian
manifold are not necessarily zero [DM, LM1]; in contrast with the non-twisted case
where those fluctuations are always vanishing. and these are parametrized by the
above-mentioned real one-form field X,,. By interpreting the zeroth component of this
field as an energy, one recovers a derivative in the X, direction — but now in Lorentz
signature.

In addition to the second point above, at least for the spectral action of the twisted SM, the
contribution of the X,, field is minimized when the field itself vanishes, i.e. there is no twist or
p = id [DM]. Thus, one may view the twist as a vacuum fluctuation around the noncommu-
tative riemannian geometry or its spontaneous symmetry breaking to a lorentzian (twisted)
noncommutative geometry.

The manuscript has been organized as follows.

Chapter 1 defines the notion of a noncommutative geometry in terms of spectral triples
(Def. 1.1). In §1.1, we first list out the five axioms a spectral triple with a commutative algebra
must obey to satisfy Connes’ reconstruction theorem (Theorem 1.3) for riemannian manifolds.
Two extra axioms added to the list take into account the spin structure and then we are also
able to give a purely spectral characterization to riemannian spin geometries (§1.2) and define
a canonical spectral triple associated to them (Def. 1.9). Considering the real structure, in
§1.3, four of the above-mentioned seven axioms are modified to be more flexible and suitable
to accommodate noncommutative algebras and, thus, generalizing the geometry defined by
the spectral triples to a noncommutative setting.

As discussed in chapter 2, spectral triples naturally give rise to gauge theories. There exists
a more general notion of equivalence than isomorphism between algebras known as Morita
equivalence (§2.1). This notion of equivalence between algebras when lifted to the level of
spectral triples — in a manner consistent with the real structure — gives rise to generalized gauge
fields (§2.2). These gauge fields obtained as perturbations of the Dirac operator (encoding the
metric information as it defines the distance formula in noncommutative geometry [C96]) are
referred to as the inner fluctuations (of the metric).

The gauge transformations of generalized gauge fields (or, gauge potentials in physical
gauge theories) thus obtained are arrived at via a change of connection on the bimodule (that
implements Morita self-equivalence of real spectral triples) induced by an adjoint action of the
group of unitaries of the algebra (§2.3). Then, in §2.3.1, we defined two of the most important
gauge-invariant functionals on spectral triples: the spectral action and the fermionic action.

In §2.4, we define one of the most important classes of noncommutative geometries from
the standpoint of physics — almost-commutative geometries, which will be very useful for our
purposes later in this thesis. We then give a few examples of the physically relevant models
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describes by such geometries: such as U(1) gauge theory (§2.4.1), electrodynamics (§2.4.2),
the Standard Model of particle physics and its extensions (§2.4.3).

In §3.1, we first review the known material regarding spectral triples twisted by using
algebra automorphisms and their compatibility with the real structure. We then recall the
notions of a covariant Dirac operator, inner fluctuations (§3.1.1), and gauge transformations
(§3.1.2) for twisted real spectral triples. We further discuss how the twist naturally induces a
new inner product on the initial Hilbert space (§3.1.3), which helps to define a corresponding
gauge-invariant fermionic action in the twisted case (§3.1.4).

Furthermore, in §3.2, we outline the construction named ‘minimal twist by grading’ that
associates a minimally twisted counterpart to any given graded spectral triple — meaning the
twisted spectral triple has the same Hilbert space and Dirac operator as that of the initial one,
but the algebra is doubled in order to make the twisting possible [LM1].

Chapter 4 is the main and new contribution of the thesis, which is primarily concerned
with making use of the methods summarized in the previous chapter, which entails applying
the procedure of minimal twist by grading to three very simple yet concrete examples of
spectral triples and computing the corresponding fermionic actions:

1. A closed riemannian spin manifold. We investigate the minimal twist of a four-
dimensional manifold in §4.1 and show that the twisted fluctuations of corresponding
Dirac operator are parametrized by a real one-form field X,, (§4.1.1) — first discovered
in [DM]. We further recall how to deal with gauge transformations in the twisted case
(§4.1.2) — along the lines of [LM2]; and then compute the fermionic action showing that
it yields a lagrangian density very similar to that of the Weyl lagrangian in lorentzian
signature, as soon as one interprets the zeroth component of X, as the time component
of the energy-momentum four-vector of fermions (§4.1.3). However, this lagrangian
does not possess enough spinorial degrees of freedom to produce Weyl equations.

2. A U(1) gauge theory. The previous example dictates that one must consider a spectral
triple with slightly more room for the Hilbert space. So, in §4.2, we double its size by
taking two copies of the background manifold — which describes a U(1) gauge theory
[DS]. We then compute the twisted-covariant Dirac operator (§4.2.1) and obtain the
Weyl equations from the associated fermionic action (§4.2.2).

3. The gauge theory of electrodynamics. In §4.3, we apply the same construction as above
to the spectral triple of electrodynamics proposed in [DS] We write down its minimal
twist and calculate the twisted fluctuations for both the free and the finite parts of the
Dirac operator in §4.3.1. The gauge transformations are derived in §4.3.2 and, finally,
the Dirac equation in Lorentz signature is obtained in §4.3.3.

This results not only in finding a physical interpretation for the twist, but also roots the link
between the twist and Wick rotation — as depicted in [DFLM] — on a much more firm ground.

Chapter 5 addresses some issues that opened up due to this work and are yet to be settled.
For instance, although we showed that the p-inner product and, hence, the fermionic action
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of a minimally twisted manifold are both invariant under Lorentz boosts (§5.1); how exactly
Lorentz transformations arise within the framework of (twisted) noncommutative geometry
is however rather unclear so far.

Another relevant question that naturally arises in this context is that of the spectral action.
In §5.2, we compute the Lichnerowicz formula for the twisted-covariant Dirac operator of
a closed riemannian spin manifold (with non-zero curvature), which is the very first step
towards writing down the heat-kernel expansion for the spectral action.

Finally, we conclude with some outlook and perspective.

The appendices contain a brief recollection of Gel'fand duality (§A), the definitions of and
notations for the Clifford algebras and Cliffords algebra bundles (§B), the modular theory of
Tomita and Takesaki (§C), and all the required notations for y-matrices (in chiral represen-
tation) and for the Weyl and Dirac equations — both in euclidean space and minkowskian
spacetime (§D).
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Chapter 1

The Axioms of Noncommutative Geometry

“It is known that geometry assumes, as things given, both the notion of space and the first
principles of constructions in space. She gives definitions of them which are merely nominal,
while the true determinations appear in the form of axioms. The relation of these assumptions
remains consequently in darkness; we neither perceive whether and how far their connection
is necessary, nor a priori, whether it is possible.”

— Bernhard Riemann, On the Hypotheses Which Lie at the Bases of Geometry (1854)
(Original: Uber die Hypothesen, welche der Geometrie zu Grunde liegen)

In §1.1, we look at the commutative case — that is, riemannian geometry — and list out the five
axioms for Connes’ reconstruction theorem [C13]. The reconstruction theorem is at the heart
of the subject and it lays down the foundation for a nontrivial generalization of riemannian ge-
ometry by giving a way to translate the geometric information on riemannian manifolds into
a spectral/operator-algebraic language and vice-versa. With two additional axioms (§1.2), the
theorem also holds for riemannian spin manifolds [C96]. Finally, in §1.3, we state a slightly
modified version of four out of the seven axioms to make them suitable for the said general-
ization. These seven (including the modified ones) will form the set of axioms a spectral triple
must fulfill to define a noncommutative geometry.

DEerINITION 1.1 (from [CMa]). A spectral triple (A, H, D) consists of

1. a unital x-algebra A (see definition in App. A),

2. a Hilbert space 3 on which A acts as bounded operators, via a representation
n: A — B(H),

3. a (not necessarily bounded) self-adjoint operator D : H — 3 such that its
resolvent (1 + D)~ is compact and its commutator with A is bounded, that is,

[D,al € B(H), Va € A

A spectral triple is said to be commutative if A is commutative.
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1.1 Connes’ reconstruction theorem

Riemannian geometry is described by a commutative spectral triple (A, H, D) satisfying the
following five axioms:

Axiom 1 (Dimension). D is an infinitesimal of the order n € N, i.e. the k-th characteristic
value of its resolvent D~ is O (k= ). The spectral triple is said to be of KO-dimension n.

Axiom 1 fixes the dimension of the riemannian manifold that the spectral triple describes.

Axiom 2 (First-order or order-one condition). Omitting the symbol 7t of the representation of
the algebra A,' one has that

[[D,al,b] =0, Va,be A (L1)

Axiom 2 ensures that D is a first-order differential operator.

Axiom 3 (Regularity condition). For any a € A, both a and [D, a] are in the smooth domain
of the derivation 6(-) := [IDI, -}, where |D| := v/DD* denotes the absolute value of D.
That is, for any m € N,

a € Dom(d™), [D,a] € Dom(6™), Va € A, (1.2)

where
Dom(5) = {T € B(H) ‘ T Dom |D| C Dom |D|, 5(T) € 3(3{)}. (13)

In other words, both 5™ (a) and 6™ ([D, a]) are bounded operators.

Axiom 3 is an algebraic formulation of the smoothness of coordinates. For the next axiom
we need the following definition.

DEerNiTION 1.2. An n-dimensional Hochschild cycle is a finite sum of the elements of
A — A @ A®...® A M+ 1 times), given by ¢ = Zj(a? ® a]-1 ®...® aj),
such that the contraction bc = 0, where, by definition, b is linear and satisfies
ba’®ad ®..0ada") =(dd®d®..a")—(d’®dd®..0a")+---
+ (- ®..@dd®.. . @a")+--- (1.4)
+ (=" (a"a’ ®...®a™ ).

!For brevity of notation, from now on and wherever applicable, we use a to mean its representation
7t(a). Thus, a* denotes 7t(a*) = 7t(a), where * is the involution of A and T is the hermitian conjugation
on H.
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A Hochschild cycle is the algebraic formulation of a differential form. For a commutative
algebra A, it can be constructed easily by taking any a’ and considering the following sum
running over all the permutations o of {1,...,n}:

c=) e0)(a’®a’V@a’® .. .®a"™), (1.5)

which corresponds to the familiar differential form a’°da’ A da? A ... /A da™, requiring no
previous knowledge of the tangent bundle whatsoever, yet providing the volume form.

Axiom 4 (Orientability condition). Let 7ty (c) be the representation of a Hochschild cycle c
on I, induced by the following linear map:

Tp(ap @ ar ®...® an) = ao[D,aq] ... [D,an], Va; € A (1.6)

There exists a Hochschild cycle ¢ € Z,,(A, A), such that for odd n, we have 1ty (c) = 1,
whereas for even n, we have that 7y (c) =y is a Zy-grading satisfying:

Yy=v v’=1, yD=-Dy, ya=ay, Va€cA. (1.7)

Axiom 5 (Finiteness and absolute continuity). The space H*® := N,,Dom(D™) is a finite

projective A-module (2.12), with a natural hermitian structure (-, -) (2.17)~(2.18), given by
(¢, an) :]l a(¢,n)|DI™,  VaeA, VineH™, (1.8)
where § denotes the noncommutative integral given by the Dixmier trace.
The following reconstruction theorem (see [C13, §11] for the proof) provides us a purely

spectral/operator-algebraic characterization of riemannian geometries and, hence, facilitates
their generalization to a noncommutative setting.

Tueorem 1.3. For a commutative spectral triple (A, H, D) that respects Axioms 1, 2, 4,
5, a stronger? regularity condition (Axiom 3), and is equipped with an antisymmetric
Hochschild cycle c; there exists a compact oriented smooth manifold M such that A
is the algebra C*>°(M) of smooth functions on M.

Moreover, the converse of the above statement also holds. That is, given any compact
oriented smooth manifold M, one can associate to it a strongly regular? commutative spectral
triple (C* (M), I, D) respecting the Axioms 1, 2, 4, 5, and equipped with an antisymmetric
Hochschild cycle c.

2All the elements of the endomorphism algebra End 4 (H{>) are regular.
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1.2 Riemannian spin geometry

With two more axioms, Theorem 1.3 can be extended to incorporate spin structures and,
thus, gives a spectral characterization of riemannian spin manifolds, which are of importance
for our purposes.

Before moving on to the axioms and the extension of the theorem, we quickly review some
standard definitions (from [Su, §4.2]) of spin geometry [LM]. For the definitions and notations
related to Clifford algebras see App. B.

DErNITION 1.4. A spin€ structure (M, 8) on a riemannian manifold (M, g) consists of a
vector bundle § — M such that

ClYTM), M even-dimensional

, 1.9
CLTM)°, M odd-dimensional (19)

End(8) ~ {

as algebra bundles, where C1(TM) is the complex Clifford algebra bundle over M and
CL(TM)? its even part. A riemannian manifold with a spin® structure is called a spin®
manifold.

DerINITION 1.5. If there exists a spin® structure (M, §), then § — M is called a spinor
bundle and the continuous sections \p € TI'(8) of the spinor bundle are called spinors. The
completion of the space I'(8) in the norm with respect to the inner product

(W1 h2) = JM dx+/g (b1, 1) (x), (1.10)

with dx,/g being the riemannian volume form; is called the Hilbert space L*(M, 8) of
square integrable spinors.

DErINITION 1.6. Given a spin® structure (M, 8). If there exists an anti-unitary operator
d:T(8) — T'(8) commuting with:

1. the action of real-valued continuous functions on T'(8), and
2. the algebra CLiff—1(M) (B.17) or its even part CLiff ~1(M)° if M is odd-dimensional,

then, J is called the charge conjugation operator. Also, (8,J) defines a spin structure and
M is, then, referred to as a spin manifold.

The following Axiom 6 is a K-theoretic reformulation (i.e. in terms of K-homologies) of
the Poincaré duality, which will not be used within the scope of this thesis. So we state it here
without explanation and refer to [C94| for the details.

Axiom 6 (Poincaré duality). The intersection form K, (A) x K,(A) — Z is invertible.
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Axiom 7 (Real structure). There exists an antilinear isometry | : H — H such that
Ja] '=a*, VacAh, (1.11)
and
J?=¢€ly, JD=¢€¢D], Jy=c¢€"y], (1.12)

where the signs €,€’,e” € {1} are determined by the KO-dimension n modulo 8, as per
Table 1.1, which come from the classification of the irreducible representations of Clifford
algebras (see [Su, §4.1)).

n |01 2 J | 4|56 |7
e 1|1 |—1|—-1]—-1|—-1] 1|1
e |1 |—-1]1 1 1 | =1 1 |1
e’ |1 —1 1 —1

Table 1.1: The signs of €, €, €” for a spectral triple of KO-dimension n (mod 8).

DErINITION 1.7. A spectral triple is said to be real if it is endowed with a real structure J, as
defined in the Axiom 7.

Tueorem 1.8. For a commutative real spectral triple (A, H, D) satisfying the Axioms
1-5 and a weaker® Poincaré duality (Axiom 6), there exists a smooth oriented compact
spin* manifold M such that A = C*®(M).

DEerINITION 1.9. A canonical triple is the real spectral triple
(A = C®(M), H :=L1*M,S8), D:= 3), (1.13)

associated to an n-dimensional closed spin manifold M. The algebra C* (M) acts on the
Hilbert space L?(M, 8) by point-wise multiplication

(7o () (%) == F(x)(x). (1.14)
0 is the Dirac operator
di=—i) y*VS V=0, +wf, (1.15)
n=1

3The multiplicity of the action of the bicommutant A" of A in 3 is 2™/2, see Theorem 11.5 of [C13].
*Without the real structure, the theorem continues to hold but rather for a spin® manifold; see the
Remark 5 about Theorem 1 in [C96].
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where v’s are the self-adjoint Euclidean Dirac matrices (see §D) and V? is the covariant
derivative associated to the spin connection w® on the spinor bundle. The real structure |
is given by the charge conjugation operator J.

One checks, from the Table 1.1, that for the canonical triple (1.13),

KO-dim(M) = dim(M) = n. (1.16)

1.3 Generalization to the noncommutative case

In general, the algebra A of a spectral triple (A, H, D) may not necessarily be commutative,
in which case the Axioms 1, 3 and 5 stay unchanged while the remaining axioms are modified.

DeriNITION 1.10. The opposite algebra A° associated to an algebra A is isomorphic to A
(as a vector space), but it is endowed with an opposite product e given by

a’ e b’ := (ba)®, Ya°,b° € A°, (1.17)
where a +— a° is the isomorphism between the vector spaces underlying A and A°.

Tomita-Takesaki theory (App. C) asserts, for a weakly closed *-algebra A of bounded
operators on a Hilbert space H (endowed with a cyclic and separating vector), the existence
of a canonical modular involution ] : 5 — I, which is an antilinear isometry

J:A—- A ~JATTY,  AsawJa ] led, (1.18)

defining a C-linear anti-isomorphism from the algebra to its commutant (C.4). One identifies
this with the antilinear isometry in Axiom 7, which is the real structure J, and requires it to
induce an isomorphism between A and A° given by the map

As>a—a®=Ja" ] 'ecA° (1.19)

which defines a right representation of A or, equivalently a left representation of A°, on I,
thus

Pa:=aP=Ja* ], VeH (1.20)

The opposite product e (1.17) in the opposite algebra A° is ‘opposite’ to the product - in
the algebra A in the following sense. For a,b € A, the map (1.19) sends a - b € A to

(a-b)°=J(a-b) ] =Jb"a’ ] = (Jo' ] )(Ja' ] ') =b%ea®.  (1.21)

Consequently, the Axioms 7 and 2 are adapted accordingly as below and will be used
extensively later.

22



Axiom 7’ (Commutant property, zeroth-order or order-zero condition). One has that
[a,b°] =ab°—b°a=0, VabeA (1.22)
Axiom 2’ (First-order or order-one condition). One has that
[[D, a],bo} =0 or, equivalently, [[D,bo], a] =0, Vabed, (1.23)
where the equivalence follows from Axiom 7.

The commutativity in (1.22) provides H with the structure of an (A ® A°)-module or,
equivalently, an A-bimodule:

(a®@b°)P =aJb*] ", VabecA VpcH (1.24)

Similar to Axiom 6, we shall not make use of the corresponding modification, i.e. the
following Axiom 6’, which reformulates Poincaré duality in the framework of Atiyah’s KR-

theory. Nevertheless, for completeness, we give the statement without explanation and refer
to [C95] for the details.

Axiom 6'. The Rasparov cup product with the class n € KR™(A ® A°) of the Fredholm
module associated to the spectral triple provides an isomorphism:

K. (A) 2% K*(A) (1.25)
from K-cohomology to K-homology.

Axiom 4'. There exists a Hochschild cycle c € Z,,(A, A ® A°), such that for odd n, we
have 7y (c) = 1, whereas for even n, we have that Tty (¢) =y is a Zy-grading with

Y=Y, ¥'=1, yYD=-Dy, ya=ay, Va€cA. (1.20)

Thus, an n-dimensional (metric) noncommutative geometry is defined by a spectral
triple (A, J, D) respecting the Axioms 1, 2°, 3,4, 5,6’ and 7". Such spectral triples will be the
key objects that we will work with.
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Chapter 2

Gauge Theories from Spectral Triples

Morita equivalence is a generalized notion of isomorphisms between algebras (§2.1). The
existence of Morita equivalence generates inner fluctuations in noncommutative geometry,
which are interpreted as generalized gauge fields. In other words, Morita equivalence of
algebras when lifted to spectral triples (§2.2) gives rise to gauge theories on noncommutative
geometries. More concretely, exporting the geometry of a spectral triple (A, H, D) on to an
algebra B Morita equivalent to A in a manner consistent with the real structure gives rise to
the fluctuation of the metric (§2.2.3).

Since in Def. 1.1, we defined spectral triples for unital *-algebras; from here onwards we
will work with unital algebras. The material presented in this section is well-known and has

been mostly adapted from [C94, C96, CMa, LM2, Sul.

2.1 Morita equivalence of algebras

DEerINITION 2.1. A left A-module A € is a vector space € with a left representation of the
algebra A given by a bilinear map

AxE—E (a,d) — ag, Vae A, V(e &, (2.1)

such that
(ayaz)C = ay(axl), Vay,a; €A, V(e . (2.2)

A right B-module €y is a vector space € with a right representation of the algebra B given
by a bilinear map

ExB & (Lb)— b, VbeB,VicE, (2.3)

such that
C(bIbz) = (Cbl)bg, Vbl,bz € B,V e é&. (24)
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An A-B-bimodule A &g is both a left A-module A€ and a right B-module g with the

actions of the left and the right representations commuting with each other:
a(cb) =(af)b, VaeA vbeB,V(ecC. (2.5)

DEerINITION 2.2. A module homomorphism is a linear map @ : € — &’ respecting the
algebra representation on the module &, in the following manner

for AE: ¢(al) = ap(0), Vae A, V(e
for & : @(Cb) = @(Q)b, Vb € B, VC € &, (2.6)
for ACp : @(alb) = ap(l)b, Yae A, Vb € B, VC € C.

Let Homa (€,&7) :={@ : € — &'} denote the space of A-linear module homomorphisms.
Then, the algebra of A-linear endomorphisms of € is given by Homa (&, E) =: Enda (E).

DeriniTION 2.3. A balanced tensor product of modules € and A&’ is defined as
ERa E=E8® 8// {Zj(CjCl)' &® C), — C)' &® ajCj’); Vaj €A, VC) €€, VCJ/ € 8,}, (27)
where the quotient ensures the A-linearity of the tensor product:

(a®a ' =(®ral’, VYaecA V(€& VT ek (2.8)

DEerFINITION 2.4. The algebras A and B are called Morita equivalent to each other if
there exist bimodules A Eg and g &’y such that

Epé& ' ~A and &' @A & ~B, (2.9)

as A-bimodule and B-bimodule, respectively.

ExampLE 1. For anym € N, B = M (A) is Morita equivalent to A, where both of the
bimodules € and &', implementing Morita equivalence, are given by

AV=AD DA, (2.10)
—_—

n times

viewed as an A-M, (A)-bimodule and an M,,(A)-A-bimodule, respectively, so that
A" OMm, Ay AT A and AT ®a AT > M, (A). (2.11)

In particular, forn = 1, B = M{(A) = A. That is, an algebra A is Morita equivalent to
itself, with the bimodules implementing Morita equivalence being € = &' = A
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DEermviTION 2.5. An A-module € is called finite projective (or, finitely generated projective),
if there exists an idempotent matrix p = p* € M (A), for some n € N, such that

EA~ A"  or A&~ AT, (2.12)

where A™ is the bimodule given by (2.10).

Further, it follows that € o is a finite projective module iff
EndA(E) >~ 8®A HomA(E,A), (213)

with Homa (€, A) as a left A-module.

Morita equivalence of algebras can be characterized in terms of endomorphism algebras
of finite projective modules as follows.

Two unital algebras A and B are Morita equivalent iff
B ~ Enda(€), (2.14)

for a finite projective module €.

Thus, (2.14), with (2.13), implies that all the algebras Morita equivalent to a unital algebra A
are of the form € ® A Hom(E, A) for some finite projective module €. We notice, in particular,

if B=A, then £ = A.

2.1.1 x-algebras and Hilbert bimodules

The above discussion on algebras and modules specializes to *-algebras (A.2), with addition-
ally requiring g in (2.12) to be an orthogonal projection, that is, p* = .

DErINITION 2.6. For a right A-module € 4, the conjugate module 4E° is a left A-module
e :={Clceé&}, with al="Ca* VacA. (2.15)

In case € 4 is a finite projective module, then it follows that £° ~ Hom 4 (€&, A), as a left
A-module, and (2.13) gives
EndA(S) >~ 8®A 80, (216)

which, following (2.14), implies that all the x-algebras Morita equivalent to a unital x-algebra
A are of the form &€ ® 4 £°.
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DerFiNITION 2.7. On a finite projective right A-module & 4, there is a sesquilinear map'
<-, > e " € x &€ — A called the hermitian structure, which defines an A-valued inner
product on € satisfying

<C1C11, C2(12>5 = (l]k<51, Cz>5(12, Vaj,a; € A, VG, G € &
(01, C2)e = (CaiCt) s Vi, G2 € &; (2.17)
(C.0) =0, Ve €&, (equaliff {=0).

and it is obtained by restricting the hermitian structure (-, -) an onA™ (2.10), given by
(CM) = Zji Gy, VEM €A, (2.18)
to E4 ~ pA™ (2.12), for some self-adjoint idempotent matrix p € M,,(A).

A finite projective right A-module € 4 is self-dual with respect to the hermitian structure
<-, '>€ on it [Ri, Prop. 7.3, that is

Vo € Homu(E,A) ey €€: @(0) = (£ Qe VCEE. (2.19)

Similarly, there exists a hermitian structure g<', > : € x & = A on a finite projective
left A-module 4 &, which is linear in the first entry, antilinear in the second, and obtained by
restriction to A™, since 4 & ~ A™p (2.12).

DEeriniTION 2.8. For *-algebras A and B, a Hilbert bimodule € is an A-B-bimodule 4E5
with a B-valued inner product (-, ) ¢ 1 € X &= Bon & satisfying

<C1,0C2>8 = <G*C1,Cz>8, Vae A, Vi1, G € &
<C1,C2b>8 = <C1,Cz>8b, Vb € B, V(i,( € &;
(01, C2)e = (Ca, Gty Vi1, Gp € & (2.20)
(¢,0), =0, V(e & (equaliff {=0).

In particular, a *-algebra A is Morita equivalent to itself, where the finite projective module
€ implementing Morita equivalence is taken to be the algebra A itself, carrying the hermitian
structure:

(a,b) , =a’b or 4(a,b)=ab*, VabedA (2.21)

Morita equivalent algebras have equivalent representation theories: given Morita equiva-

lent *-algebras A and B, a right A-module F 4 is converted to a right B-module via F ® 4 & ~
B, for some A-B-bimodule 4&5.

With a representation (A.3) of A, the Hilbert space H is, in fact, a Hilbert bimodule 4H¢
with the C-valued inner product given by (-, -) g

Lantilinear in the first entry and linear in the second
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2.1.2 Connections: from modules to Hilbert spaces

DErFINITION 2.9. A derivation § of an algebra A taking values in an A-bimodule Q) is a map
d: A — Q satisfying

d(ab) =8(a)-b+a-5(b), VabeA, (2.22)

where - indicates both the left and the right A-module structure of Q).

DermviTION 2.10. An Q-valued connection V on a right A-module € 4 is a linear map
Vi€ — &€ ®4 Q satisfying the Leibniz rule, i.e.

V(Ca) =V({)-a+(®b(a), VaeA V(eéE, (2.23)

where the right action of A on € ® 4 Q) is inherited from the right A-module structure of
Q as follows
((ow) - a=(®(w-a), VYwel. (2.24)

Similarly, an Q-valued connection V on a left A-module 4¢€ is a linear map V : € —
Q ®4 € such that

V(al) =a V() +8(a)® VaeA Ve¢E, (2.25)

where the left action of A on Q ® 4 € is being inherited from the left module structure of
Q as follows
a-(w®)=(a-w)®{ Ywe. (2.26)

When both A and Q are acting on a Hilbert space H (on the left), the connection V can
then be moved from the right module € 4 to 3, by virtue of the action of QO on H:
EQcOXH—=ERH, ((@w)p=IC® (), (2.27)
via the following map
ViEReH—=E@cH, V(1Y) :=V(O, (2.28)

defined with a slight abuse of notation. Similar to (2.28), for the right action of A and left
action of Q) on H, the action

HxQRc&—-HRcE Plwel=0Hw) ] (2.29)

defines
ViH®cE— H®cE, VI ® () =¢9pV(Q). (2.30)
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However, these maps (2.28 or 2.30) do not automatically extend over to the tensor products
E @ H or H ®y E (respectively) — on account of failing to be A-linear, which is captured
by the derivation & (2.22) generating Q, provided that the action of A and Q be compatible
[LM2, Prop. 3.1, 3.2]:

1. If the left action of both A and Q on H are such that (w - a)l = w(a), then V in
(2.28) satisfies (Leibniz rule)
V(Ca)p =V(Qap + (@ d(a). (2.31)
2. If the right action of A and the left action of Q on H are such that (a- w)Pp = w(Pa),
then V in (2.30) satisfies (Leibniz rule)

V¥ (al) = hav(Q) +8(a)p @ ¢ (2.32)

2.2 Morita equivalence of spectral triples

We are given a spectral triple (A, 3, D) and an algebra B ~ End,4(€) Morita equivalent
to A via a finite projective module &, as in (2.14). The task at hand is the construction of a
spectral triple (B, H’, D’), that is, to export the geometry (A, H, D) on to an algebra Morita
equivalent to A.

2.2.1 Morita equivalence via right A-module

Let us say that A and B are Morita equivalent via a Hilbert B-A-bimodule &,. Since 45H¢
carries a left A-module structure induced by the representation of the algebra A, the product

€, @4 H = K, (2.33)

is a Hilbert B-C-bimodule with a left action of B inherited from ., by extension:
bMmevy)=btnmey, VbeB V) e H,; (2.34)

and the C-valued inner product given by

<T]1 ®¢15n2 ®1l)2>g_(]_ - <1-|)1: <n1’n2>8r1|)2>9{’ VT]I,T]Z € 81‘, vll)l,ll)Q c K. (235)

The following naive attempt at furnishing an adaption D,. of the action of D over to H,:
D:m @) :=no Dy, (2:36)
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fails due to its incompatibility with A-linearity (2.8) of the balanced tensor product over A,
since its action on the elementary tensors generating the ideal, that is,

Dima@Pp-—meap) =na®@ DY —m®@ Dap =& [D,al (2.37)

is not necessarily zero. However, (2.37) suggests for D, to be a well-defined operator on H,
that it must rather act as follows:

Dma@d—meadp) =ma®@ Db - Dap +n& [D,ahp. (2.38)

Recalling Def. 2.10 of a connection V on a right A-module &, taking values in the A-bimodule
Q! (A) generated by the derivation 5(a) = [D, al, one has (2.31)

n® [D,ap = Vna)p — V(n)ap. (239)
In that light, (2.38) becomes

Dma®@d)—DMm®ad) =ma® Dy —-—n®Dap +Vmna)p —V(n)ab

(2.40)
=na®@ DY + V(na)p — (n® Dayp + V(n)ayp),
implying that the correct action of D, on H, must be as follows
D:m@b) = DY+ VN, (2.41)

which is A-linear by (2.31).
Nouw, if &, is finite projective (2.12), any Q! (A)-valued connection V is of the form

Vo + w, where Vj := g o & is the GralSmann connection, i.e.

M 6(my)
Wm=p| : |€&, withnj-y €A Vam=p| 1 |, (2.42)

.....

Nn 5(Nn)
and w is an A-linear map &, — &, ® QL (A) such that

wma)=wn)-a, VaeA ¥meég,. (2.43)

THeoreM 2.11 (Theorem 6.15, [Su]). Given a spectral triple (A, 3, D) and a connection
V on finite projective £, then (B, H,, D) is a spectral triple provided V is hermitian,
that is, it satisfies

(ML VN2)e — (Vnuma), =8(Muma),,  ¥uma € &, (2.44)
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Morita self-equivalence via £, = A

The algebra A is Morita equivalent to itself via €, = A and any connection V on this right
A-module A is of the form & + w, for some w € QI (A). (2.41) becomes

D(a®Pp)=a® DY+ (6 + w)(a), (2.45)
which, identifying a ® P € H,; with ap € H and recalling that (a) = [D, al, becomes

D.(ap) = aDP + [D, alp + way

— (D + w)(aw), (2.46)

that is, on HH, one has that
D, =D+ w, (2.47)

which has a compact resolvent and bounded commutator with A, since w is bounded. Thus,

(A, H, D,) is a spectral triple, given w is self-adjoint [BMS], and said to be Morita equivalent
to the spectral triple (A, 3, D) [LM2, §3.2]

If the initial spectral triple (A, 3, D) comes with a real structure J, the latter does not
necessarily get inherited by the Morita equivalent spectral triple (A, 7, D) for JD, = €'D,]
holds iff w = €’Jw] !, which, in general, may not be the case. In fact, it follows from (1.11)
and (1.19) that

Jw] t=e' Y (a)°[D,(b5)°], (2.48)
j

for some w = 3_; a;[D, b;] € Qi (A).

2.2.2 Morita equivalence via left A-module

Let us say that A and B are Morita equivalent via a Hilbert A-B-bimodule &;. Since ¢H 4
is endowed with a right A-module structure induced by the representation of the opposite

algebra A° (Def. 1.10), the product
H®q & = H, (2.49)
is a Hilbert C-B-bimodule with a right action of B inherited from £, by extension:
(ben)b=yYendb, VbeB Vbon)eH; (2.50)
and C-valued inner product
(b1 @11, ®ﬂz>%l = <1P1<T11,ﬂ2>81,1|)2>5{, N2 € &, Vi, € H. (251)
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As before, the naive attempt at furnishing an adaption ‘D, of the action of D over to H;:

Di(p ®@n) :=DP ®@n (2.52)

does not work for it is incompatible with the A-linearity (2.8) of the balanced tensor product
over A as its action on the elementary tensors generating the ideal, that is,

Di(b®@an—Ya®n) =DY ®an—D(ba) ®n,
= ((Dp)a—D(a®P)) @,
= (a®(DP) — D(aP)) ®@n,
=—[D,a’Jp @n,

(2.53)

is not necessarily vanishing. However, (2.53) suggests for D, to be a well-defined operator on
H, that it must rather act as follows:

Dib@an—vdaen) =D ®an—D(pa) @n+[D,a’ben.  (254)

Recalling Def. 2.10 of a connection V° on a left A-module &, taking values in the A-bimodule
Q! (A°) generated by the derivation 5°(a) = [D, a°], one has (2.32)

[D,a’lp @n =PV°(an) —PaVe(n). (2.55)
In that light, (2.54) becomes

Di(b ® an) — Di(ba®n)
=D ® an — D(Pa) ®n +PV°(an) —paVe°(n) (2.56)
= DY ® an+PV°(an) — (D(a) @ n +paV°(n)),

implying that the correct action of D on H; must be
Di(b®@n) =D @n+1bV°Mn), (2.57)

which is A-linear by (2.32).

Further, if &, is finite projective (2.12), any Q (A°)-valued connection V° is of the form
V§ + w®, where V{j = 8° o p is the GrafSmann connection, i.e.

v = (Mo me)p € € with My n €A,

. i ) (2.58)
VOT] - (6 (nl)a"'76 (nn))p:
and w° is an A-linear map &, — QL (A°) ®4 & such that
w’(an) =a-w°Mm), VaecA, e, (2.59)
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Morita self-equivalence via &, = A

The algebra A is Morita equivalent to itself via £, = A and any connection V° on this left
A-module A is of the form 5° + w?®, for some w° € QL (A°). Then, (2.57) becomes

Di(p®a)=DP@a+ (6°(a)+w’(a))Pp® L,
= ((D¥)a+[D,a’lY +a- wP) @ 1,

(2.60)
= (a®DYP + (Da® — a®D)Pp + w°a®P) @ 1,
= (Daoll) + woaoll)) R1=(D+w’)(PY®a).
Thus, identifying P ® a € H; with P a € H, one obtains the following action on H:
D =D+ w". (2.61)

Following from (1.11) and (1.19), any w® = }_; a$[D, b5] € Qi (A°) has a left action on I
given by the bounded operator
w® =e'Jw] ! (2.62)

for w = Zj a; [ﬁ,b;‘ ] € QL (A). Therefore, (A,J, D) is a spectral triple, given w is
self-adjoint [BMS], said to be Morita equivalent to (A, H, D) [LM2, §3.2].

Yet again, the real structure ] of the initial spectral triple does not adapt to (A, H, D) for
JDy = €'Dq] holds iff w = €’Jw] !, which is not necessarily true.

2.2.3 Inner fluctuations by Morita self-equivalence

In order to overcome the incompatibility (mentioned at the end of §2.2.1 and §2.2.2) of the real
structure with the construction of Morita equivalent spectral triples or, in other words, to con-
struct Morita self-equivalent real spectral triples — one combines the above two constructions

of §2.2.1 and §2.2.2 together, cf. [LM2, §A.1.3].

One begins with a real spectral triple (A, H, D;]). Implementing Morita self-equivalence
of A via a right A-module €, = A, one obtains (§2.2.1)

Morita self-equivalance

(‘A’ g{’ D) via E,=A

» (A H D+ w,). (2.63)

Then, applying Morita self-equivalence of A via a left A-module £, = A again gives (§2.2.2)

(.A, g{, D (,Ur) Morita s.elf(;equ;\l/alance> (.A, j—(, D' =D + wy + wi), (264)
via 1=
where w{ = €’Jw;J~1. Both w, and wy are self-adjoint one-forms in QJ(A), but not

necessarily related.
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The real structure | of (A, H, D) also becomes the real structure for (A, H, D’) iff there
exists w € Q! (A) such that [LM2, Prop. A.5]

D'=Dy =D+ w+eJw] L (2.65)

Thus, Morita self-equivalence of real spectral triples induces inner fluctuations (2.65) of
the Dirac operator (metric). The operator D, is then referred to as the gauged or covariant
or fluctuated Dirac operator and the self-adjoint one-forms w € Q& (A) are identified as
generalized gauge fields.

2.3 Gauge transformations

A gauge transformation on a module is a change of connection (2.67) on that module, induced
by an adjoint action of a unitary endomorphism on it.

When the module is taken to be the algebra of a spectral triple itself (implementing Morita
self-equivalence), a gauge transformation is tantamount to transforming the fluctuated Dirac
operator under an adjoint action of a unitary of the algebra. This can equivalently be en-
coded in a law of transformation of the generalized gauge fields and subsequently gives the
transformation rules for the gauge potentials in physical theories.

On hermitian modules

Gauge transformations on a hermitian A-module € are induced by the group of its unitary
endomorphisms [LM2, §A.2.1]

U(E) := {u € End4 (&) |uu* =u*u = idg}, (2.66)
which acts on an Q-valued connection V on € as
V= V'=uvu", VYuel(€), (2.67)

where the action on € ® 4 Q or Q ®4 &, for a right A-module € 4 or a left A-module 4¢&,
respectively, is implemented as

U®Ryidag or ido ®4u. (2.68)
It follows that V' in (2.67) is also an Q-valued connection on € [LM2, Prop. A.7].
If € is finite projective (2.12), then for any connection
V=Vo+w — V*=Vo+w" = w—=w" (2.69)

that is, the transformation law for a gauge potential w solely captures a gauge transformation.
Explicitly, the Grafmann connection Vy = p o 9, for a derivation & of A in Q). Further, the
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group U(&) (2.66) consists of unitary matrices commuting with g, that is,
UE) := {u e Myp(A) [up = pu, uu* = u*u =idg }, (2.70)

acting by the usual matrix multiplication,

u= {FUe VeEla (2.71)
Cu*p, VC € a€
which implements the gauge transformation (2.69) as follows [LM2, Prop. A.8]:
WHE = pud(u*)C + uwu*(, Ve &q | 272)
CO(u)u*p + uwu*(, V(e 4€

where d(u),d(u*) € M,,(Q) for unitaries u, u* € A.

On real spectral triples

Consider a real spectral triple (A, H, D; J) with a right A-module € 4 taken to be the algebra
A itself (implementing Morita self-equivalence) and a derivation §(-) = [D, -] of A in QL (A).
Then, the first case of (2.72) gives
w" =u[D,u] + uwu’, (2.73)
which induces [LM2, Rem. A.9]
Do — Dv =D + w* + €'Jw" ] L. (2.74)

The same effect as above, i.e. the gauge transformation D, — D ,u (2.74), can be achieved
by the adjoint action of the group U(A) of unitaries of A

UA) :={ueAluu=uu" =1}, (2.75)
on the Hilbert space 3{ 3 1, defined as
(Ad w) P := upu* = uju] ', (2.76)

recalling that A has both a left and a right representation on J{ thanks to the real structure J.
On the Dirac operator D, (2.76) induces, following Axioms 2" and 7', the transformation [CMa,
Prop. 1.141]

D= (Adu)D(Adu)~! =D +u[D,u*] + e'Ju[D,u*]] (2.77)
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which is basically the relation (2.74) for w = 0 so that w* = u[D,u*] as per (2.73). On the
gauged Dirac operator D, (2.65), one has [CMa, Prop. 1.141]

with D ,u as in (2.74) and w™ as (2.73).

2.3.1 Gauge-invariants

Now that we have discussed, in the previous section, the generalized gauge fields carrying the
action of the group of unitaries of the algebra; we can define their gauge-invariants functionals
on a spectral triple, viz. the (bosonic) spectral action and the fermionic action.

Spectral action

A general formalism for spectral triples is the spectral action principle [CC96, CC97, CC0ba,
CC06b], which proposes a universal action functional on spectral triples that depends only on
the spectrum of the Dirac operator D or — more generally, if the inner fluctuations are turned
on — that of its fluctuation D .

A straight forward way to construct such an action is to count the eigenvalues that are
smaller than a fixed energy scale A. Thus, one defines the spectral action as the fucntional

2
SP[Dy] :i=Tr f (%) : (2.79)

where f is a positive and even real cutoff function taken to be the smooth approximation of the
characteristic function on the interval [0, 1] such that the action S®[D,] vanishes sufficiently
rapidly as the real cutoff parameter A approaches infinity.

It can be expanded asymptotically (in power series of A) — using heat kernel expansion
techniques given that D?  is a generalized Laplacian up to an endomorphism term (generalized
Lichnerowicz formula) - as follows

D5, . (DL
Tr f (F) =Y fi A'Tay <ﬁ> , (2.80)

n>0

where f,, are the momenta of f (given by fy = fgo f(v)vk~ldy, for k > 0 and f, = £(0)),
and a,, are the Seeley-de Witt coefficients (non-zero only for even n) [Gi, Va], which yield the
gauge theoretic lagrangians of the model.

S®[D] is the fundamental action functional that can be used both at the classical level
to compare different geometric spaces and at the quantum level in the functional integral
formulation (after Wick rotation to euclidean signature) [CMa, §11].
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However, when applied to the inner fluctuations D, the action S®[D,] only yields the
bosonic content on the theory (hence, the superscript b). For instance, on classical riemannian
manifolds where inner fluctuations vanish, S°[0] gives the Einstein-Hilbert action of pure
gravity. Thus, noncommutative geometries naturally contain gravity, while the other gauge
bosons appear due to the noncommutativity of the algebra of the spectral triples. The coupling
with the fermions is accounted for by adding to the spectral action an extra term called the
fermionic action.

Fermionic action

The fermionic action associated to a real graded spectral triple (A, 3, D; ],v), defined as

Sf[®w] = Q(Dw (lbill))a (281)

is a gauge-invariant quantity of Graffmann nature [CCM, Bal, constructed from the following
bilinear form

mﬂw(d)alb) = <I¢a®w1b>a Vd),ll) € g{’ (282)

defined by the covariant Dirac operator D, := D + w + €'Jw] !, where w is a self-adjoint
element of the set of generalized one-forms [C96]

0b(A):={Y Db, aybieal (2.83)

Here, \ is a Grafmann vector in the Fock space ﬂfu of classical fermions, corresponding to
the positive eigenspace JH; C I of the grading operator v, i.e.

§C+ = {11), VP e J{+}, where H, := {ll) eH, vy = 1|)}. (2.84)

Both actions S® and S are invariant under a gauge transformation, i.e. the simultaneous
adjoint action of the unitary group U(A) (2.75) both on J as (2.76) and on the fluctuated
Dirac operator D, as (2.78).

ReMARK 1. Since the bilinear form (2.82) is anti-symmetric for KO-dim. 2 and 4 (cf. Lem. 3.5

below), A, (P, ) vanishes when evaluated on vectors, but it is non-zero when evaluated
on GraSmann vectors, see [CMa, § 1.16.2].

In particular, the fermionic action associated to the spectral triple of the Standard Model
(which has KO-dim. 2) contains the coupling of the fermionic matter with the fields (scalar,
gauge, and gravitational).
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2.4 Almost-commutative geometries

Almost-commutative geometries are a special class of noncommutative geometries arising by
taking the product?of the canonical triple (1.13) of an oriented closed spin manifold M with
a finite geometry F defined by a finite-dimensional unital spectral triple (A, Hg, D). The
resulting product geometry, denoted by M x F, is then given by the spectral triple [C96]:

(A=C*M) @Ay, H:=L*MS8)@Hy, D:=0®I5+ vy ®Ds), (285)

where L is the identity in H, vy is the grading on M, and the representation 7ty of A on
H is the tensor product
Ty := Ty @ Ty (2.86)

of the multiplicative representation 7ty (1.14) of C*(M) on spinors with the representation
iy of Ay on Hy. If F is graded and real with grading v+ and real structure ], then
(A, J, D) is also graded and real, respectively, with

Y=Ym®Ys, J=I®]5. (2.87)

Here, the finite-dimensional Hilbert space {5 accounts for the fermionic content of the
theory and its dimension reflects the number of elementary fermions in the model. An or-
thonormal basis can be chosen for JH{+ where the basis vectors represent these fermions. The
finite Dirac operator D is a square matrix acting on H 5 and its entries encode the fermionic
masses. Y and ] being the parity and the charge conjugation operator of the finite space
J, respectively, switch between right/left-handed particles and particles/antiparticles.

In the following subsections, we give some examples of almost-commutative geometries
and the corresponding gauge theories they describe. Primarily, we briefly recall the spectral
triples of a U(1) gauge theory and that of electrodynamics, which we will make explicit use
of later. We also mention the spectral triples of Yang-Mills theory and the Standard Model of
particle physics.

24.1 U(1) gauge theory

One of the simplest finite noncommutative spaces is that consisting of two points only — the
two-point space. The graded and real finite spectral triple I, associated to a two-point space,
given by the data:

) e o (1 0 (0 cc
A}'—C,%f}‘—@,@gﬁ—o, YS:_(O -1 ’]3:_ cc 0

) . (2.88)

2The product of two graded real spectral triples is defined in the sense of the direct product of two
manifolds, cf. [Su, §4].
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when considered for the almost-commutative geometry M x F,, defined by (2.85), describes
a U(1) gauge theory [DS, §3] Here, the grading 'y and the real structure ] of (2.88) are in
the orthonormal basis {e, €} of H5 = C?* with e being the basis element of H} (representing
an electron) and € of J(;; (representing an anti-electron, i.e. a positron), where HZ denote the
+1-eigenspace of the grading operator y+. So, we have

Yse =e, Yge =F¢,

Jre=¢ Jse=ce. (2.89)

For the product geometry M x F», the algebra A = C*(M) @ C? > a := (f, g) acts on
the Hilbert space H = 1.2(M, §) ® C? via the representation 7ty : A — B(H), defined by

T = , Vf,ge C®(M), 2.90
o(a) ( 0 o (g) g (M) (2.90)
with 71¢ as in (1.14). The KO-dim. of (2.88) is 6, then for a 4-dim. manifold M, the almost-
commutative geometry M x J, has KO-dim. 6 + 4 mod 8 = 2.

The inner fluctuations of M x F, are parametrized bya U(1) gauge field Y,, € C*°(M,R) ~
C>(M,1iu(1)) as [DS, Prop. 3.3]

D= Dy =D+vY"Y, ®v7, (2.91)

where D = 0 ® L (here, setting D5 = 0 is the only choice for F; to have a real structure
[DS, Prop. 3.1]). Thus, this gauge field Y,, implements the action of a unitary u := e*® €
C> (M, U(1)) of A on D, by conjugation:

Y, = Y, —iud,uf =Y, — 0,0, for 0 € C*(M,R). (2.92)

ReMARK 2. Although the almost-commutative geometry M x JF, successfully describes a
U(1) gauge theory, it falls short of a complete description of classical electrodynamics, as
discussed at the end of [DS, §3] This is due to the following two reasons:

1. Since the finite Dirac operator D is zero, the electrons cannot be massive.

2. The finite-dimensional Hilbert space {5 does not possess enough room to capture
the required spinor degrees of freedom. More precisely, the fermionic action (2.81) of
M x J; describes only one arbitrary Dirac spinor, whereas two of those, independent
of each other, are needed to describe a free Dirac field, cf. [Col, pg. 311].

However, none of the above arises as an issue if one only wishes to obtain the Weyl action,
since the Weyl fermions are massless anyway, and they only need half of the spinor degrees
of freedom as compared to the Dirac fermions.
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2.4.2 Electrodynamics

Electrodynamics is one of the simplest field theories in physics. A slight modification of the
example of M x J given in §2.4.1 can overcome the two obstructions of Rem. 2 and provide
a unified (at the classical level) description of gravity and electromagnetism.

Such a modification entails doubling the finite-dimensional Hilbert space H from C? to
C*; which not only allows for a non-zero finite Dirac operator D, but also gives the correct
spinor degrees of freedom in the fermionic action. We refer to [DS, Su] for details.

The spectral triple of electrodynamics is given by the product geometry M x Fgp of a
4-dim. compact riemannian spin manifold M (with grading y»; = y° and real structure J)
and the graded real finite spectral triple ¢ p defined by the following data [DS, §4.1]:

Fep = (Ag =C?% Hy =C* Dg; vo, ]"f), (2.93)

where, in the orthonormal basis {eL, eR,E,E} of Hy = C* (denoting both the left and
right handed electrons and positrons) and for a constant parameter d € C, we have

9 d 0 0 1 0 0 0 0 0 cc O
d 0 0 0 0 —1 0 O 0 0 0 cc
Dr=10 00 al =lo o =t o] 7=|cc 0 0 o @9
0 0 4 0 0 0 0 1 0 cc 0 O
so that
Yger = e, YFer = —€g, YgeL = —er, YFERr = €R,
Jrer =er, Jrer = €g, Jrer = ey, Jrer = er.

The algebra A = C®(M) ® C* > a = (f,g) of M x Fep acts on its Hilbert space
H = 12(M,8) ® C* via the representation

f, 0 0 0
o om0 o o
m(a) == 0 0 gL, 0| Vf,g € C*(M). (2.95)

0 0 0 gl

The KO-dim. of Fep (2.93) is same as that of F, (2.88), i.e. 6. Therefore, the KO-dim. of
M x Fep is 2 (mod 8). The inner fluctuations of D =0 ® I, +v° @ D4

D—Dy=D+v"®B,,

(2.96)
where B :=diag(Yy, Y, — Y —Yu);

are parametrized by a single U(1) gauge field Y, carrying an adjoint action of the group

C> (M, U(1)) of unitaries of A on D, (2.96), implemented by (2.92) DS, §4.2].
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The full action (spectral plus fermionic) of the almost-commutative geometry M x Fep
yields the lagrangian for electrodynamics (on a curved background manifold M) — identifying
Y\, (2.96) as the U(1) gauge potential of electrodynamics — along with a purely gravitational
lagrangian [DS, §4.3].

2.4.3 Other physical models

The great potential and flexibility of noncommutative geometry — in particular, its applicability
to theoretical high energy physics — can be realized by looking at the plethora of physically
relevant models that can be described within its framework.

Yang-Mills theory

Electrodynamics, as discussed in the previous section, is an abelian U(1) gauge theory, which
can be further generalized to the non-abelian cases. For instance, a non-abelian SU(n) gauge
theory — also known as Yang-Mills theory among physicists, is described within the almost-
commutative geometry M x Fypn defined by the data:

(C®(M) ® M (C), L*(M,8) @ Mp(C), 0®Ly; J® (1), ya ®@Ln). (2.97)

The spectral triple (2.97) describes the Einstein-Yang-Mills theory [CC97], which not only
adapts to (N = 2 and N = 4) supersymmetry [Ch94], but can also be extended to accommo-
date topologically non-trivial gauge configurations [BS].

Standard Model

Another very important non-abelian gauge theory is the Standard Model of particle physics,
with structure (gauge) group U (1) x SU(2) x SU(3), whose full lagrangian can be derived,
together with the Higgs potential and the Einstein-Hilbert action of gravity with a minimal
coupling; from the following spectral triple [CCM]:

(A=C*M)@Asm, H=LMS)®@Hy, D=00Ir+yn®@Ds), (2998
where the Standard Model algebra [CC08]
Asm = C & H & Ms(C) (2.99)

acts on the space
Hy =H @ Hr @ H; @ Hy =C® (2.100)

of elementary fermions: 8 fermions (up and down quarks with 3 colors each plus electron and
neutrino) for 3 generations and 2 chiralities left/right (L, R) plus their antiparticles (denoted
by bar). So, each of the four subspaces in (2.100) is of dim. 24 and, thus, isomorphic to C?*,
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Dy is a 96 x 96 matrix acting on Hgy = C whose entries correspond to the 31 real
parameters® of the Standard Model [CMa, §13.5]. The grading is v = y® ® 'y and the real
structure is | = J ® ], where

Yg = diag(]l24, —lpq, —g, H24),
(0 g (2.101)
Jg = (]L;s 0 ) ccC.

The KO-dim. of M x Fsp (2.98) is 4 + 6 mod 8 = 2. The representation 7ty of A on H
for one generation* is written as, cf. [CCM]:

7T0(f® Cl) = ﬂm(f) X 7T5M(C1), Vf e COO(M), ac -ASMy (2102)
where 71y is as in (1.14) and 7tsp for a := (A, g, m) € Asn is given by
risn(a) i= 711 () © 7ir (A) @ 7 (A, m) 6 g (A, m), (2.103)

with A € C acting on Hyr @ H; @ Hy, quaternions ¢ € H on Hy, and matrices m €
M;3(C) on H; @ Hy. The individual representations in (2.103), identifying H with its usual
representation as M, (C), explicitly are:

m(q) == q ® Ly,
mr(A) := diag(A\,A) ® 1, (2.104)
i (A, m) = 7R (A, m) := [, ® diag(A, m),

where 4 in the first two egs. indicates that C and H preserve color and do not mix the leptons
(electrons and neutrinos) with the quarks (up and down), and I, in the last eq. indicates that
C and M3(C) preserve the flavor: A acts on the antileptons whereas m mixes the color of
the antiquarks.

Beyond Standard Model

It is also possible to construct Grand Unified Theories in the framework of noncommutative
geometry, such as the SO(10) model [CF1, CF2, W]. Among other extensions, there is the
Pati-Salam model [AMST, CCS2, CCS3|, whose symmetry spontaneously breaks down to the
Standard Model.

Further, there are ways to modify and/or relax some of the axioms of noncommutative
geometry to produce more flexible geometries that are capable of serving as platforms to

3Yukawa couplings of the fermions, the Dirac and Majorana masses of the neutrinos, the quark mixing
angles of the CKM matrix, and the neutrino mixing angles of the PMNS matrix.

4In (2.100), Hg = C3? and all four of its subspaces are each isomorphic to C2. Then, the representation
for all the three generations is just a direct sum of similar representations (2.102) for each generation.
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explore the physics beyond that of the Standard Model, see e.g. [CCS1] and [DLM1, DM]. One
such method of twisting will be the subject-matter of this thesis, which we will be exploring
in the next chapters.
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Chapter 3

Minimally Twisted Spectral Triples

Twisted spectral triples were first introduced — from a purely mathematical motivation — by
Connes and Moscovici [CMo] in the context of operator algebras to extend the local index
formula for algebras of type IIL.' Such algebras characteristically exhibit no nontrivial trace
and, hence, are incompatible with the requirement of the boundedness of the commutator
[D, a] in the Def. 1.1 of a spectral triple (A, 3, D). So, the ‘twist’ basically comprises of
trading off this requirement for the condition that there exists of an automorphism p of A
such that the ‘twisted’ commutator, defined as

[D,al, :=Da—p(a)D, (3.1)

is bounded for any a € A. Twisted commutators are well-defined on the domain of D and
extend to bounded operators on H.

Later, noncommutative geometries twisted in this manner found applications to high
energy physics in describing extensions of Standard Model, such as the Grand Symmetry
Model [DLM1, DM].

In §3.1, we define twisting real spectral triples using algebra automorphisms [LM1] and,
in §3.1.2, state the laws of gauge transformations for them [LM2]. We recall how the twist p
naturally induces a p-inner product (-,-), on the Hilbert space H (§3.1.3), which allows to
define a fermionic action suitable for real twisted spectral triples (§3.1.4) [DFLM].

The key difference from the Def. (2.81) of the fermionic action in the usual (i.e. non-twisted)
case is that one no longer restricts to the positive eigenspace 3, of the grading vy, but rather
to that of the unitary R implementing the twist p.

In §3.2, we highlight the ‘twist by grading’ procedure — which canonically associates a
twisted partner to any graded spectral triple whose representation is sufficiently faithful —
and the notion of twisting a spectral triple minimally [LM1].

lin the sense of the type classification of the von Neumann algebras, cf. [C94, CMo]
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3.1 Twisting by algebra automorphisms

DEerNtTION 3.1 (from [CMo]). A twisted spectral triple (A, 3, D), consists of a unital
x-algebra A acting faithfully on a Hilbert space 3 as bounded operators, a self-adjoint
operator ‘D with compact resolvent on I referred to as the Dirac operator, and an
automorphism p of A such that the twisted commutator, defined as

[D,al, :=Da—p(a)D, (3.2)

is bounded for any a € A.

As for usual spectral triples, a graded or even twisted spectral triple is one endowed with
a Zy-grading 'y on X, that is, a self-adjoint operator y : H — K, satisfying (1.7).

The real structure (Axiom 7) easily adapts to the twisted case [LM1]. One considers an
antilinear isometry J : 37 — JH (1.11) satisfying (1.12), where — as in the non-twisted case —
the signs €, €’, €” determine the KO-dimension of the twisted spectral triple. Additionally, |
is required to implement an isomorphism (1.19) between A and its opposite algebra A° such

that Axiom 7’ is satisfied. However, in the twisted case, Axiom 2’ is modified to be compatible
with the twist as follows [DM, LM1]:

[[D, al,, b°] oo = [D,alpb® —p°(b°)[D,al, =0, Va,beA, (3.3)
where p° is the automorphism induced by p on A° via

p°(b°) = p°(Jb*J ") :=Jp(b*)] L. (3.4)

DermviTiON 3.2 (from [LM1]). A real twisted spectral triple is a graded twisted spectral
triple with a real structure J (1.11) satisfying (1.12), Axiom 7’, and the ‘twisted’ first order
condition given by (3.3).

In case the automorphism p coincides with an inner automorphism of B(H), that is
n(p(a)) = R(a)R!, Va € A, (3.5)

where R € B(H) is unitary, then p is said to be compatible with the real structure J, as
soon as [DFLM, Def. 3.2]
JR =¢€""R], for € =+1. (3.6)

The inner automorphism p and, hence, the unitary R are not necessarily unique. In that case,
p is compatible with the real structure J if there exists at least one R satisfying the conditions
mentioned above.
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RemArk 3. In the original definition of the twist [CMo, (3.4)] the automorphism p is not
required to be a x-automorphism, but rather to satisfy the regularity condition p(a*) =
p~1(a)*. If, however, one requires p to be a x-automorphism, then the regularity condition
renders

p? = Id. (3.7)

Other modifications of spectral triples by twisting the real structure have been proposed
in [BCDS| and some interesting relations with the twisted spectral triples mentioned above
have been worked out in [BDS].

3.1.1 Tuwisted fluctuation of the metric

The fluctuations of the Dirac operator in the non-twisted case — as discussed in §2.2.3 — can be
extended for twisted spectral triples. Initially done by analogy in [DM], the twisted fluctuations
have successfully been put on the same footing in [LM2], as Connes’ original “fluctuations of
the metric” [C96]. This essentially entails transporting a real twisted spectral triple over to a
Morita equivalent algebra. Particularly, for Morita self-equivalence, one has the following.

DErINITION 3.3 (from [LM1]). Given a real twisted spectral triple (A, 3, D;]),, a twisted
fluctuation of D by A is a self-adjoint operator of the form

Dw, =D+ wy+ € Jw,] !, (3.8)
for some twisted one-form
wp € Qb (A,p) == { T a[D,by],, a;,b; €A} (3.9)
The operator D, is then referred to as the twisted-covariant Dirac operator.

The set QL (3.9) of twisted one-forms is an A-bimodule with a twisted action on the left:

a-w,-b=pla)w,b, VabedA, (3.10)

so that the twisted commutator [D, -], =: §,(-) is a derivation of A in QY [CMo, Prop. 3.4J:
dp(ab) =p(a) - 6,(b) +dp(a) - b. (3.11)

Thus, QL (A, p) is the A-bimodule generated by §, and it acts as bounded operator on K,
since so do both A and [D, A],,.

Here, it is also worth noticing that the self-adjointness is being imposed on the twist-
fluctuated operator D, (3.8), which has the same domain as that of D, and not necessarily
on the twisted one-form w,, (3.9). We shall further emphasize and explore this point in detail
right after Lem. 4.2 below.
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3.1.2 Twisted gauge transformations

For twisted spectral triples, the gauge transformations have been worked out in [LM2], which
— as in the non-twisted case (§2.3) — involve a change of the connection in the bimodule
implementing the Morita equivalence. These are induced by the simultaneous action of the
unitary group U(A) (2.75) on both the Hilbert space I and the space L(J) of linear operators
in JH.

On Y € H, a unitary u € U(A) acts via the usual adjoint action (2.76) of A. However,
on T € L(¥), the action is twisted and implemented by the map

T+ (Ad p(w)T(Adu*), with Adp(u):=p(u)Jp(u)] ", (3.12)
and this evaluated for the twisted-covariant Dirac operator D, gives [LM2, §4]
Dw, = (Ad p(W)) Dy, (Ad u*) = Doy, (3.13)

where, one has
W, = wy = pwweu” + p(u)[D,up, (3.14)

which is the twisted analogue of how the one-forms of the usual spectral triples transform as
(2.73) in noncommutative geometry [CI6].

Although gauge transformations leave the fluctuated Dirac operator D, self-adjoint, the
twist-fluctuated Dirac operator D, , is not self-adjoint under twisted gauge transformations.
However, there does exist a more natural property than self-adjointness that is preserved
under the twisted gauge transformations: p-adjointness defined with respect to the p-inner
product induced by the twist p on the Hilbert space I, cf. [DFLM, Rem. 2.1].

3.1.3 p-inner product

Given a Hilbert space H with the inner product (-,-) and an automorphism p of B(J), a
p-inner product (-, -), is an inner product satisfying [DFLM, Def. 3.1]

(b, 00), = (p(O) ', d), VO € B(F), Vb, b € K, (3.15)
where T denotes the hermitian adjoint with respect to (-, -). One denotes
0" == p(O)' (3.16)

to be the p-adjoint of the operator O.

If p is an inner automorphism and implemented by a unitary operator R € B(H), that
is, p(0) = RORT for any O € B(H). Then, a canonical p-inner product is given by

<ll)’ ¢>D = <Il)a:Rd)>’ \Vlll), Cb € H. (317)
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The p-adjointness is not necessarily an involution. If p is a *-automorphism (e.g. when p
is an inner automorphism), then * is an involution iff (3.7) holds, since

(07)" =p(0) = p((07)") = p(p(0)). (3.18)

The same condition arises for a twisted spectral triple, when one defines the p-adjointness
solely at the algebraic level, i.e. at := p(a)*, without assuming that p € Aut(A) extends to
an automorphism of B ().

Indeed, assuming the regularity condition in Rem. 3 (written as p(b)* = p~!(b*) for any
b = a* € A), one then gets

(@) =(p(a))" =(p " (a")" =plp ' (a")* = p(p(a)*)* =p*(a).  (3.19)

3.1.4 Fermionic action

In twisted spectral geometry, the fermionic action is defined by replacing D, in (2.81) with
the twist-fluctuated Dirac operator D, , (3.8) and by replacing the inner product with the p-

inner product (3.15) or, in particular, with (3.17) when the compatibility condition (3.6) holds
[DFLM, §4.1]. Thus, instead of (2.82), one defines

Ap, (0. 0) = (Jo. D, b)p = (J&, RDw, b)), Vb, b € Dom(Dy, ). (3.20)

In the case when the twist p is compatible with the real structure J, in the sense of (3.6),
the bilinear form (3.20) is invariant under the ‘twisted’ gauge transformation, given by the
simultaneous actions of (2.76) and (3.13) [DFLM, Prop. 4.1].

However, the antisymmetry of the form 2§, s not guaranteed, unless one restricts to
wp
the positive eigenspace Hx of R [DFLM, Prop. 4.2]

Hay = {x € Dom(Dy,), Rx =x}, (3.21)

which led to the following:

DEeriniTION 3.4. For a real twisted spectral triple (A, H{, D; ]),, the fermionic action is
$o(Daw,) =25 (b)), (3.22)

where \ is the GraBmann vector associated to \p € Hx.

In the spectral triple of the Standard Model, the restriction to J{ is there to solve the
fermion doubling problem [LMMS]. It also selects out the physically meaningful elements of
the space H = 12(M, 8) ® Hy, i.e. those spinors whose chirality in L?(M, 8) coincides with
their chirality as elements of the finite-dimensional Hilbert space .
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In the twisted case, the restriction to H{x is there to guarantee the antisymmetry of the
bilinear form A,  (3.20). However, the eigenvectors of R may not have a well-defined
wp

chirality. If fact, they cannot have it when the twist comes from the grading (see §3.2), since
the unitary R implementing the twist, given by (3.31), anticommutes with the chirality y =
diag (Isc,, —Is¢ ), so that we have

H, NHx = {0} (3.23)

From a physical point-of-view, by restricting to Hx rather than J{,, one loses a clear
interpretation of the elements of the Hilbert space: a priori, an element of H is not physically
meaningful since its chirality is not well-defined. However, we shall demonstrate in what
follows that — at least in two examples: the almost-commutative geometry of a U (1) gauge
theory and that of electrodynamics — the restriction to Hx, is actually meaningful, for it allows
us to obtain the Weyl and Dirac equations in the lorentzian signature, even though one starts
with a riemannian manifold.

We conclude this subsection with two easy but useful lemmas. The first one recalls how
the symmetry property of the bilinear form 2, = (J-, D-) does not depend on the explicit
form of the Dirac operator D, but solely on the signs €, €’ in (1.12). And, the second one
emphasizes that once restricted to H«, the bilinear forms (2.82) and (3.20) differ only by a
sign.

LemMma 3.5. Let | be an antilinear isometry on the Hilbert space (J, {-,-)) such that J* = €I,
and D be a self-adjoint operator on H such that |'D = €'D]. Then, we have

(Jo, DY) = ee(Jv, Do), Vo, b € IH. (3.24)

Proor. By definition, an antilinear isometry satisfies (J§, Ji) = (b, ) = (I, d). Thus,
(Jo. DY) = e(Jb,J* D) = e(JDW, d)
— ec/(DJ, ) = ee/(J, DP). W

In particular, for KO-dim. 2 and 4 one has € = —1, €’ = 1, so 2 is antisymmetric. The
same is true for 2 in (2.82), because the covariant operator D, also satisfies the same rules
of sign (1.12) as D. On the other hand, for KO-dim. 0 and 6 one has € = €’ = 1, and so A
is symmetric.

LemMma 3.6. Given D, and R compatible with ] in the sense of (3.6), one has

Ql‘pD(d)’lb) =e” QlD((b,ll)), Vd),ll) € :}CfR' (325)
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Proor. For any ¢, € Hx, we have

AL (b, %) = (Jb, RDY) = (RT]d, D)
— €///<JiRT(1),D1b> — €///<I¢,.le>’
where we used (3.6) as RT] = ¢”JRT and (3.21)as RTp = . W

(3.26)

3.2 Minimal twist by grading

The twisted spectral triples that are recently employed in physics have been built by minimally
twisting a usual spectral triple (A, J, D). The idea of minimal twisting is to substitute the
commutator [D, -] with the twisted commutator [D, -],, while keeping the Hilbert space H
and the Dirac operator D intact, since they encode the fermionic content of the theory and
there has, so far, been no experimental indications of the existence of extra fermions beyond

those of the Standard Model.

Such a substitution yields new fields [DLM1, DM] that not only make the theoretical mass
of the Higgs boson compatible with its experimental value [CC12], but also offer a way out of
the problem of the instability (or, meta-stability) of the electroweak vacuum at intermediate
energies, as mentioned in the Introduction. However, for physically relevant spectral triples,
both [D, -] and [D, -], cannot be bounded simultaneously and so one needs to enlarge the

algebra [LM1].

DEerNtTION 3.7 (from [LM1]). A minimal twist of a spectral triple (A, H, D) by a unital
x-algebra B is a twisted spectral triple (A @ B, H, D), where the initial representation
1 of A on H is related to the representation 7t of A @ B on I by

nla®lg) =m(a), VaeA, (3.27)

where I3 is the identity of the algebra B.

If the initial spectral triple is graded, then a canonical minimal twist can be obtained
naturally as follows. The grading y commutes with the representation of the algebra A, so
the latter is a direct sum of two representations on the positive and negative eigenspaces,
respectively, 7 and J{_, of the grading v, see (2.84).

Therefore, one has enough room on H = H & H{_ to represent the algebra A twice.
It is tantamount to taking B = C? in the Def. 3.7 above, with A ® C2 ~ A ® A > (a,a’)
represented on J{ as

n(a,a’) = p.mola) + p_mola’) = ( R ) (3.20)
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where

1
Py = E(]Ig{ +v) and my(a) = me(a)s, (3.29)
are, respectively, the projections on J{ 1 and the restrictions on H . of 7.

If 7. are faithful,* then (A ® C?,H, D), with the flip automorphism p given by
p(a,a’) = (a’,a), V(aa')eAxC? (3.30)

is indeed a twisted spectral triple, with grading y. Furthermore, if the initial spectral triple is
real, then so is this minimal twist, with the same real structure [LM1].

The flip p (3.30) is a *-automorphism satisfying (3.7) and coinciding on 7t(A ® C?) with
the inner automorphism of B(J() implemented by the unitary operator

(0 Iy,
fR_(HH ; ) (3.31)

where I, is the identity operator in I .

2The requirement that 7. are faithful was not explicit in [LM1]. If it does not hold, then (A& C?,3(, D),
still satisfies all the properties of a twisted spectral triple, except that 7t in (3.28) might not be faithful.
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Chapter 4

Lorentzian Fermionic Actions from

Fuclidean Spectral Triples

In this chapter, we study three examples of minimally twisted spectral triples: a manifold,
U(1) gauge theory, and electrodynamics — with their corresponding fermionic actions. This
pields the Weyl and the Dirac action in lorentzian signature, respectively, in the last two cases.

We recall that the canonical p-inner product (3.17) associated to the minimal twist of a 4-
dimensional closed riemannian spin manifold turns out to coincide with the lorentzian Rrein
product on the Hilbert space of lorentzian spinors [DFLM, §3.2]. One of the main results of
this thesis is to demonstrate that a similar transition of metric signature — from the euclidean
to the lorentzian — also occurs at the level of the fermionic action [MS].

In §4.1, we will first investigate how this idea comes about, by looking at the simplest
example of the minimal twist of a closed riemannian spin manifold M and computing the
associated fermionic action.

Then, in §4.2, we demonstrate how we obtain a lorentzian Weyl action from the minimally
twisted U(1) gauge theory. Similarly, in §4.3, we also derive the lorentzian Dirac action from
the spectral triple of electrodynamics [DS| — by minimally twisting it.

Since we intend to arrive at the physically relevant Weyl and Dirac actions, we chose to
work in dimension 4, assuming gravity is negligible (hence the flat metric). This is tantamount
to choosing in (1.12) the following signs:

e=—1, €'=1 €"=1 (4.1)
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4.1 Minimal twist of a manifold

The minimal twist of the canonical triple (1.13) of a closed riemannian spin manifold M is the
following real twisted spectral triple:

A=CM@C* H=L*MS8), D=07) (4.2)

with the inner product on the Hilbert space L*(M, 8) given by

(b, d) = J dupio, (4.3)

M

where dt is the volume form. With the self-adjoint euclidean Dirac matrices y’s (see App. D),
the real structure is given by [DM]

2
0.2 _ . (0O 0
Jd=1y"ycc=1i ( 0 02) cc, (4.4)
where cc denotes complex conjugation and the grading is
IL, 0
Vo = vly2y3y0 = (()2 —I[2> : (4.5)

The representation (3.28) for the algebra C> (M) @ C? on the Hilbert space, decomposed as
L2(M,8) = L2(M,8), & L*(M,8)_, is given by

. fI, 0
T[M(f7f ) = < 02 f/ HZ) ’ (46)

where each of the two copies of C*(M) acts independently and faithfully by the pointwise
multiplication on the eigenspaces L2(M, 8) . of the grading y°.

The automorphism p of C®(M) ® C? is the flip
o(f,f') = (f',f), VI f € C®M), (4.7)

which coincides with the inner automorphism of B () implemented by the following unitary

matrix
(0 I,
ae (U8, o

This R is nothing but the first Dirac matrix y° and it is compatible with the real structure g,
in the sense of (3.6), with
e =—1. 4.9)
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Lemma 4.1. For any a = (f,f') € C*(M) ® C? and n = 0,1,2,3, one has
Yra=pla)y", vy"pla)=ay", y"J=—€"dv" (4.10)

Proor. The first equation is checked by direct calculation, using the explicit form of y*,
along with (4.6). Omitting the symbol of representation, by 7y (p(a)), we mean

pla) = <f/O]I2 f(J)Iz> . (4.11)

The second equation then follows from (3.7). And, finally, the third one is obtained from
(1.12), noticing that § commutes with d,,, having constant components:

0=30—€'0d =1(dy"* +€'y*d)o,. N

As an immediate corollary, one checks the boundedness of the twisted commutator, thus

[0.a], = (v"d.a—p(a)y"d,,)
= —iy*[d,, d]
— —iy*(3,a), Ya € C*(M) ® C2 (4.12)

4.1.1 The X, field

Following the standard terminology of the non-twisted case, given a twisted spectral triple
(A, 3, D)y, the substitution of D with D, is referred to as the twisted fluctuation.

The Dirac operator 0 of a four-dimensional manifold M has non-vanishing self-adjoint
twisted fluctuation (3.8) of the form [LM1, Prop. 5.3]:

0 — 0x:=0+X, (4.13)
where
X :=—iy"X,, with X, =y (4.14)
for some f,, € C*°(M,R).

In contrast, the self-adjoint (non-twisted) fluctuations of the Dirac operator 0 are always
vanishing, irrespective of the dimension of the manifold M [C96).

However, in [LM1] one imposes the self-adjointness of 0x, without necessarily requiring
w, to be self-adjoint. One might wonder that the non-vanishing of X is then an artifact of
such a choice and that X might vanish as soon as one also imposes w, = w,. The following
lemma clarifies this issue.
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Lemma 4.2. The twisted one-forms w,, (3.9) and the twisted fluctuations w, + Jw,J=* of
the minimally twisted canonical triple (4.2) are of the form

w, = W= —iy"W,, with W, = diag(h,l, h/l,), (4.15)
W, +Jw,d =X = —iyHX,, with X, = diag(f.lp, f,I2), (4.16)

for some hy, h/, € C*°(M) with f, := 2Re(h,} and f, := 2Re{h/}. They are self-
adjoint, respectively, iff

h,=-h,, and f, =—f, (4.17)

Proor. For some a; := (fi,f]) € C®°(M) @ C?, using (4.10) along with [Vﬁ,ﬂ] = (0.fi),
one gets

[0, ai] o= —i(y"Viai — pla)y*Vy)
=—i(y"Viai —y*a V)

— iy [V2.a] (4.18)
= _iyu(apai)
S ((augi)]lz (aug{)h) , (4.19)

Then, with some b; := (gi,g!) € C®°(M) ® C?, one has

w, = Z bi[0, ai], = -1y Z p(bi)(0uai) = —iy"W,, (4.20)

where W/, is defined in (4.15), with
=) g{(d.f)) and  hj:=) gi(d.f) (4.21)
The adjoint is

wh = (—iy*W)" =iWly* = iy*p(W)), (4.22)

where the last equality follows from (4.10) applied to W/, viewed as an element of the algebra
C®(M) ® C2. Thus, w, is self-adjoint iff y”p(WIL) = —y"*W,, that is, going back to the
explicit form of y*, equivalent to

o*h, =—0o%h), and G"h’, =—G"h,. (4.23)

Multlplylng the first equation by o and using Tr(c*o*) = 26"*, (4.23) then implies that
h, —h/,, from where (4.17) follows. Hence, w, = w is equivalent to the first equation
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of (4.17). Further, we have
Jwed ™' = J(—iy*W,)g ! =13y W, )g
= —yMIWL I = —iy* Wi,

using Jy* = —y*J — from (4.1) and (4.10) — along with JW* = W/ J - from (44) and the
explicit form (4.15) of W,,. Therefore,

Wp + Jwe] ! = =iy (W, + W), (4.24)
which is nothing but (4.16), identifying

Xy =W, + W]

. L (4.25)
= dlag((hu + hu)]l27 (hH + hlu)ﬂz).

One checks, in a similar way as above, that w, + Jw,d ~1 is self-adjoint iff the second eq. of

(4.17) holds. [

Imposing that w, # 0 be self-adjoint, that is imposing (4.17) with h, # 0, does not
imply that X, vanishes. It does vanish, if h, is purely imaginary, for then h;, + h, =0
and (4.17) imposes that h/, is also purely imaginary, consequently, the sum (h|, + h’,,) also
vanishes, hence X, = 0. However, h,, is not necessarily purely imaginary, in which case the
self-adjointness of w, does not forbid a non-zero twisted fluctuation.

4.1.2 Gauge transformation

For a minimally twisted manifold, not only is the fermionic action (3.22) invariant under a
gauge transformation (2.76, 3.13), but also the twist-fluctuated Dirac operator D, (in dim. 0
and 4) [LM2, Prop. 5.4]. It is interesting to check this explicitly by studying how the field h,,
parametrizing the twisted one-form w,, in (4.15) transforms. This will also be useful later in
the example of electrodynamics.

A unitary u of the algebra C*° (M) ® C? is of the form (e'?,e*®") with 8,0’ € C®(M, R).
It (and its twist) acts on H according to (4.6) as (omitting the symbol of representation):

U= Cie]lz 0
“L 0 e )’

e%L, 0
p(u) = ( 0 eiO]I2> .
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ProrosiTiON 4.3. Under a gauge transformation with unitary uw € C®(M) ® C?, the fields
h, and h{, parametrizing the twisted one-form w,, in (4.15) transform as

My — My, —10,8,  h/ — h/ +10,6’ (4.27)

Proor. Under a gauge transformation, a twisted one-form w, € QI (A, p) transforms as
[LM2, Prop. 4.2]
w, — wh = p(u)([D,u’]l, + wou®). (4.28)

For D =0 = —iy"*d, and w, = —iy*W,,, we have

wy = —ip(u) (Y*0,, ul, + YHWuu)
= —ip(u)y"* (9, + W, )u"
= —iy*(uo,u” +W,),

where we have used (4.19) for a; = u*, namely
[y”au,u*] o = YH (0, u"), (4.29)

as well as (4.10) for a = u, together with uW,u* = W, since u commutes with W,,.
Therefore, W,, — W, + u0,u*, which with the explicit representation (4.15) of W/, and
(4.26) of u, respectively, reads

R, 0 (hy —10,0)T 0
( 0 h;HQ) _>< 0 (W, +10,00L)" ™

Although h,, and hL transform in a nontrivial manner, their real parts remain invariant,
as we have B B B
h,+h, — h,—i10,0+h,+10,0 = h,+h,,

and similarly for h,. Since it is the real parts that enter in the Def. (4.15) of X, this explains
why the latter is invariant under a gauge transformation.

Notice that this is true whether X is self-adjoint or not. In case w, is not self-adjoint, the
imaginary part
1 —
gy = Im{h,} = 21 (hu - hu)
of h,, is not invariant under a gauge transformation, but transforms as

gu = Gu — 0,0.

We return to this point while discussing the gauge transformations for the example of
electrodynamics, where a similar phenomenon occurs in (4.92)—4.93).
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4.1.3 Fermionic action with no spinor freedom
First we work out how the the positive eigenspace Hx (3.21) of the unitary matrix R = v°,
as in (4.8), looks like.

LemmA 4.4. An eigenvector ¢ € Hy, is of the form ¢ = (ﬁ), where @ is a Weyl spinor.

Proor. The +1-eigenspace of R = y? is spanned by

a=()e () -0

Therefore, a generic vector ¢ € Hx is given by

¢ = v + vy = (ﬁ) ., with ¢:= (i;) |

Now, we compute the fermionic action (3.22) of the minimally twisted manifold (1.13).

ProposiTION 4.5. Let Ox be the twist-fluctuated Dirac operator (4.13). The symmetric form
(3.20) is

, (4.30)

3
ng><(d)’ &) = ZJ dp [(PT(Tz (ifo]lz _Z O']'aj) C
M

j=1

where @, ( are, respectively, the Weyl components of the Dirac spinors ¢, & € Hg, and fy
is the zeroth component of f, in (4.14).

Proor. One has the following relations:

> i

I = iy’y*cc (ﬁ) =1 (% (?2> $) , (4.31)
. ¢\ _ .(0 o" G\ _ . o"0,C

5e = —iy a, (c) _ i ((w 0) EC> - (fwaﬁc)’ (432)

. (0 YA 0
w4 (2 D 2

Hence, noticing that (6?)" = 02 and o2l = _¢? (see App. D), and using

oM + " = 20,80,

ot — g% = —2i8% o), (4:34)
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one gets

As(h, &) = (3, 0E) = — (@16*" @Ta?) (gtg@

= —J du (¢'0*0"0,.0— ¢T0%6%0,.0)
M
(

_ 2JM du (@Toz ¥, ojajc) : (4.35)
(0. €) = (30 XE) =~ (00" 1o (" 0F)
JM du (@' o*f 0" + @To?f,6"C)
- JM du (@0, (o + 6")0,.0)
— i JMdu (fo@io20) (4.36)

where in (4.35) and (4.36) we have used 0> = —i0,. The result then follows from Lem. 3.6
and (4.9), as

A, (4.8) = —As, (¢, &)
= —As(h, &) —Ax(P,&). W

The fermionic action is then obtained by substituting ¢ = & in (4.30) and replacing the
components ( of & by the associated Graffmann variable Z, as follows

Sp(Dw,) = 2JM

du [é*oz (ifo]lz -y, ojaj> z} . (4.37)

The most interesting observation regarding this action (4.37) is the disappearance of the
derivative in the X, direction, and the appearance of the zeroth-component of the real field f,
parametrizing the twisted fluctuation X, instead. This derivative, however, can be restored by
interpreting —if(C as 0¢(, that is, assuming

C(xo,xi) = exp(—ifoxo) C(x4). (4.38)

Denoting by o}, = {I, 0;} the upper-right components of the minkowskian Dirac matri-
ces (see (D.4)), the integrand in the fermionic action S, (4.37) then reads (with summation on
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the index p)
—C'oj (o304 G, (4.39)
which reminds us of the Weyl lagrangian densities (D.10):

St =1i¥i (o}h,0,) V., (4.40)
but with an extra 0%, matrix factor that prevents us from simultaneously identifying ¢ with
Y, and —('0%, with i¥i.

To make such an identification possible, one needs more spinorial degrees of freedom,
which can be obtained by considering a tensor product of the manifold M with a two-point
space J5.

4.2 Minimal twist of a U(1) gauge theory

Following the minimal twist by grading procedure of §3.2, the minimal twist of the spectral
triple of a UL(1) gauge theory (§2.4.1) is given by the algebra A®C?, where A := C®°(M)®C?,
represented on the Hilbert space H := [2(M, §) @ C? as

fI, 0 0 0
0 I, 0 0 F 0
nla,a)=| 02 oL 0 | = (0 G,), (4.41)

0 0 0 gl

for a:= (f,g), a’ := (f',g’) € A; along with its twist represented as

f'I, 0 0 0
/ _ / . O ﬂ12 0 O . F/ O
m(pla,a’)) =n(a’,a)=| g, 0 |~ (0 Gl (4.42)
0 0 0 glﬂg

In both of the equations above, we have denoted
F = my (£, '), Fri= mo (£, F),
/ / ) (4.43)
G:= ﬂM(gag )7 G = ﬂM(g ’9)7

where 71y is the representation (4.6) of C®(M) ® C? on L?(M, §).
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4.2.1 Twisted fluctuation

Following the notation of (4.14), given Z,, = 7ty (f,,, f),) and Z|, = 7y (f, f,,) for some
i, f, € C*(M), we denote the following

1:=—-yz,, 1 :=—w"Z, 1:=-—-iy"Z,. (4.44)

Notice that Z is not the complex conjugate of Z, since in (4.44) the complex conjugation does
not act on the Dirac matrices. This guarantees that “and ' commute not only for Z,, but also
for Z, that is,

Z' =(Z,), ad (Z) =17 (4.45)

i

Thus, the notation Z' is then unambiguous and denotes indistinctly both the members of the
second eq. in (4.45).

Lemma 4.6. For any F, G, Z,,, as in (4.43, 4.44), one has
FI0,Gl, = —iy“F'0,G, JL3'=7Z, 1t=-7" (4.46)

Proor. Eq. (4.10) for a = F’ gives Fy* = y"F’, whereas eq. (4.19) for a = G yields
[0, G], — iy*0,,G. Thus, we have the first of (4.46):

F[o,Gl], = —iFy"0,,G = —iy"*F'9,G.
The second relation in (4.46) follows from
JL3~' =iy"2, 0 = 92, ) ' = —"Z, = I (4.47)

where we used (4.10), as well as (recalling that in KO-dime. 4, one has J~! = —J)
52 52
-1 _ o 0 fll ]Iz 0 . [ O 0
42,9 = ‘(0 02) CC( 0 fL)"\0o o)
(& 0\(f.I, 0 \(&* 0
— \0 oL 0 f,LLJ\0 o?

(., 0 —
B ( 0 ﬂm) = fw
noticing that 5> = & and 6% = 02, so 626 = 026° = —I. Finally, the third eq. of (4.46)
follows from B B o _
L' =iZly" =iZ v =iyM(Z,) =WMZ] = -1, (4.48)
where we notice that Zf, = Z,,, from the explicit form (4.6) of 7ty [
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ProrosiTion 4.7. For a = (f,g), a’ = (f’,g’), b = (v,w), b’ = (v/,w') in A, let
w, :=7(a,a’) [0 @I, 7(b,b)] ,
be a twisted one-form. Then,
w, +Jw,d ' =X, +iY ® v4, (4.49)
where X = —iy*X, and Y = —iy"Y, with
Xy =mn(f, ), Yo =mv(gu g,), (4.50)
where f,,, f and g,,, g,, denote, respectively, the real and the imaginary parts of
zy:=f0,v+go W, and z,=fo,v' +g'0. W (4.51)
Proor. We first set the following notation:

Vi=my(v,v), V' i=m(v,v),

452
W =mv(w,w'), W :=m(w,w). (452)
From (4.41, 4.42), we have
/ _ [65\/]9 0
[0 @I, n(b,b)] ) = ( 0 @ W,]p), (4.53)
so that, for (a, a’) as in (4.41), and using (4.46) we get
_(F 0)\/[O,V], 0
@ =10 )L 0o [@wl,
(4.54)
o [=iy*P. 0\ (P 0
B 0 —iy*Q, /)  \0 Q')
with
P,:=F9,V, and Q:=GoW" (4.55)
The explicit form of the real structure ] and its inverse ]!, that s,
B (0 ({0 g
along with the second relation of (4.46), yield
o (3QFt 0 Y _(Q o
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Summing up (4.54) and (4.57), one obtains (4.61)

wo + Jwed ' = (g %) (4.58)

with Z := P+ Q" = —iy*Z,, and

Z,=P.+Q,=F3,V+GoW
(v + o W), 0 (+59)
N 0 (fov' + g0 w)l, )’
where the last equality follows from the explicit form (4.52) of V,W’ and (4.43) of F/, G,
respectively. Then, with (4.51), this gives

Z, =Tmyv(z,, 2!
w = T2y ,”) _ , , (4.60)
= T (., fu) + i (g, gu) = Xy +1Y,..

Similarly, Z = —iy*Z, with Z,, = X,, —iY,,. Hence, (4.58) becomes

(R (X F 1Y) 0
Wo +Jwed " = ( 6‘ W —W”(Xu—iYu))’ (4.61)

which is nothing but (4.49). [

ProrosiTiON 4.8. The self-adjoint twisted fluctuations of the Dirac operator for the U(1)
gauge theory (§2.4.1) are parametrized by two real fields f,, g, € C®(M,R), and are of
the form:

ox®IL + guy" ®@vs, (4.62)

where Ox is the twisted-covariant Dirac operator (4.13) of the manifold M.

Proor. A generic twisted fluctuation (4.58)" is self-adjoint iff Z = Z' and Z = Al By (4.45),
and the third eq. of (4.46), both conditions are equivalent to Z = —7', that is,

—iy*(Z,+Z,) =0

As discussed in the argument following eq. (4.23), this is equivalent to Z,, = —ZL, which
using the explicit form (4.59) boils down to z,, = —Z, that is,
fu=—f, and g,=g,. (4.63)

Technically, one should add a summation index i and redefine it as Z := > i Zs.
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Then, in (4.50) one has the following explicit forms:

X, = 1oy (f, —f) = fuy°,

4.64
Yu:’nj\/[(gp.ygu) :gu]Lh ( )

so that (4.49) reads
wp +Jw,d = -y Y @ L+ gyt @ va (4.65)
Hence, the result follows by adding d ® I, to (4.65). W

Prop. 4.8 shows that the self-adjointness can directly be read into the bold notation. Mean-
ing, (4.63) shows that Z = X ® [, + 1Y ® vy is self-adjoint iff X’ = —X and Y’ =Y, that is,
from the third eq. in (4.46), iff X = X" and Y = —Y".

4.2.2 Weyl action in Lorentz signature

Here we show that the fermionic action associated to the twisted-covariant operator 0x & I,
(assuming that g,, = 0) yields the Weyl equations in the lorentzian signature.

For the U (1) gauge theory, the unitary operator implementing the action of the twist p on
the Hilbert space J is given by the matrix R = y° ® I, which has eigenvalues +1 and is
compatible with the real structure J, in the sense of (3.6), with the sign €’ = —1.

Similar to Lem. 4.4, a generic element 1 in the +1-eigenspace H of R is written as

n=(@e+ e, with &= (2) ¢ = ((p)a (4.66)

where &, ¢ € L2(M, 8) are Dirac spinors with corresponding Weyl components , @.

ProposiTION 4.9. Let 1, 1’ € Hq, with ¢', @’ being the Weyl components of the Dirac
spinors &', ¢’ — as in the decomposition (4.66) of ). Then,

mgx@b(ﬂ,ﬂ/) = ZJ dPL [@LO—Z (ifoﬂz - E O'j@j) (p' + (pTO'2 (ifoﬂz — E O'j@j) C/]
M . ,
j j
Proor. Forn € Hy (4.66), recalling that Jre = € and J5€ = e, one has

Mm=JdiRe+JpRe,
(Ox @ LN =0x&' ®e+0xd’' @€
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Then, using Lem. 3.6 with ¢ = —1 yields

Q[gx@)ﬂz (m,n") = —(n, (0x @ I)n’)
= —(J&,0xP") — (3, 0xE")
= A5, (& ') — A (b, &)
= A5 (& &) + A5 ($, &),

where the inner product in the first line is on 3(, the ones in the second line are on L2(MV, S),
and the second equality is due to (4.1.3). Thus, the result then follows from Prop. 4.5. W

The twisted fermionic action Sg is then obtained substituting " = 1 in the Prop. 4.9 and
promoting ¢ and @ to their corresponding GrafSmann variables ¢ and @, respectively. The
bilinear form 21§ then becomes symmetric when evaluated on these Gramann variables —
as in the proof of DS, Prop. 4.3]. Hence,

Sy (0x 1) =2 %5, (6.8) =4

M

du [@Toz (iﬂﬂlz -y ojaj> é] . (467)

j=1

ProposiTION 4.10. Identifying the physical Weyl spinors W1, V; as

Y= Wl.=—igloy, or V,:=( VYi:=i¢'o,, (4.68)
the lagrangian
3
L; = (f)TO'Q (lfo — Z 0')6]> z
j=1

in the fermionic action (4.67) describes, for a non-zero constant function fy, a plane wave
solution of the Weyl equation, with x° being the time coordinate.

Proor. With the first identification in (4.68), Lg coincides with the Weyl lagrangian £},
(D.10), as soon as one imposes

80‘1’1 = ].,foqjl, ie. qjl (Xo, X]- ) — 11/1 (Xj )eifoxoy

which is the plane-wave solution (D.11) with fy, x( being identified with E,t and W, (x;) =
Yoe X', The second identification in (4.68) yields the other Weyl lagrangian £, imposing

VY, = —ifo¥,, ie W.(xo,xi) =W, (xi)e Foxo,

which is again the plane wave solution (D.11), where one identifies fo with —E and W,.(x;) =
Yo eiipjxj . |
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The above Prop. 4.10 adds weight to the observation made at the end of the previous
section, right after (4.37). That is, without fluctuation, the fermionic action 52(5 ®1,) of a
minimally twisted U(1) gauge theory yields the spatial part of the Weyl lagrangian, which
is nothing but the lagrangian in (4.67) with f, = 0. For a non-zero constant fy, the twisted
fluctuation not only brings back a fourth component, but it also allows its interpretation as a
time direction. This further provides a clear interpretation of the zeroth component f (of the
real field f,, that parametrizes the twisted fluctuation) as an energy.

These above two examples discussed so far — that is, the manifold and the U(1) gauge
theory — indicate that the main difference between the non-twisted and the twisted fermionic
actions does not lie so much in the twisting of the inner product to a p-inner product, but
rather in the restriction to different subspaces, viz. Hx instead of . Indeed, by Lem. 3.6,
the twisting of the inner product (-,-) on H to (-,-), solely brings forth to a global sign.
However, as highlighted in the following remark: it is the restriction to Hx instead of H
that explains the change of signature.

ReMARK 4. The disappearance of a derivative has no analogue in the non-twisted case, i.e.
fory € H,:

e the usual fermionic action (2.81) vanishes on a manifold, since W € H_ while
P ey

e in case of a U(1) gauge theory, H is spanned by {¢ ® e, ® e} with & = <C>,

0
b= <(([))) Then

SO ®1y) = 2(Jd,dE) = —2J du(@To?6"9,.0). (4.69)
M

Up to the identification (4.68), the integrand is the euclidean version
LL=1ivligho W,
of the Weyl lagrangian L},.
According to the result of §4.1.2, we anticipate the invariance of the real field f,, under a
gauge transformation. We check this for the case of the spectral triple of electrodynamics in
section §4.3.2. We will also discuss the meaning of the other field, viz. g,,, which parametrizes

the twisted fluctuation in Prop. 4.8. As in the non-twisted case, this will be identified with the
U(1) gauge field of electrodynamics.
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4.3 Minimal twist of electrodynamics

In this subsection, we first write down the minimal twist of electrodynamics (§2.4.2) following
the recipe prepared in §3.2. Then, we compute the twisted fluctuation in §4.3.1 and investigate
the gauge transformations in §4.3.2. Finally, we compute the fermionic action in §4.3.3 and
derive the Dirac equation in lorentzian signature.

A minimally twisted spectral triple of electrodynamics is obtained by doubling its algebra
Aegp = C®(M) ® C? to A = Agp ® C? along with its flip automorphism p (3.30), with
the representation 71, of A defined by (3.28). Explicitly, the grading y is given by the tensor
product?

1 0 0 0
5 (I, 0 0 —1 0 0
Y=Y ®V§_<0 —]12)® 00 —10
0 0 0 1
L, 0 0O 0 0 0 0 O
0O -I, 0 0 O 0 0 0 (4.70)
0o 0 -, 0 0 0 0 O
10 0 0 I 0 0 0 O
10 0 0 0 -, 0 0 0 [’
0 0 0 0 0 L 0 0
0 0 0 0 0 0 L 0
0 0 0 0 0 0 0 —IL
so that the projections p = %(]IIG + y) on the eigenspaces H 1 of I are
p4 = diag(ly, 02,02,15, 09,15, I, 05),
(4.71)

p_ = diag (0, I3, 15, 04, I, 05, 0, I5).

Therefore, for (a,a’) € A, where a := (f,g), a’ := (f’,g’) with f, g, f’, g’ € C*(M), one
has the representation,
T[(Cl, (1/) = erTtO(a) + pfﬂ()(a/)a

2The product has been taken in the following sense:

biitA ... DbiA
A®B= : :
bmiA ... bmnA
where B := (by;) is an m X n matrix.
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explicitly given by

I,
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where F,F’,G and G’ are given as in (4.43). The image of (a,a’) € A under the flip p is
represented by

FF 0o 0 0
0 F 0 O
n(p(a,a’)) =n(a’,a) = 000G 0 (4.73)
0 0 0 G’
The unitary R € B(H) implementing the action of p on H = L2(M, 8) @ C* is
R=v"®1, = 0 LY o, (4.74)
I, 0
which, as before, is compatible with the real structure, in the sense of (3.6), with ¢ = —1.

4.3.1 Twisted fluctuation

The twisted commutator [D, a], being linear in D, we treat the free part 0 ® Iy and the finite
part v°> ® Dy of the Dirac operator D separately. The results are summarized in Prop. 4.15.

The free part

The self-adjoint twisted fluctuations of the free part 0 ® I of the Dirac operator D are
parametrized by two real fields (Prop. 4.13). One we relate with the anticipated X,, field
arising from the minimal twist of the manifold M (4.13) and the other one with the U(1)
gauge field Y, (2.96) of electrodynamics. To arrive there, we need two lemmas that we dis-
cuss below.
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The following lemma gives a general expression for a twisted one-form w,,, associated
to the free Dirac operator 0 ® 1.

Lemma 4.11. For a = (f,g), b = (v,w) in Agp with similar definitions for a’,b’, one has

P 0O 0 O
0O P 0 0
wo, =7(a,a’)[0® L, n(b,b’)}p =10 0 o ol (4.75)
0 0 0 Q
where we use the notation (4.44) for
P.:=F0o.V, P/ :=Fo,V,
(4.76)

Qu=Gd.W, Ql:=GoW/,

with F,F',G, G’ as in (443), and V, V', W, W' as in (4.52).

Proor. Using (4.72, 4.73) written for (b, b’), one computes the twisted commutator as follows

0,Vl, 0 0 0
o0 BV, 0 0
0@, n(b,d)], = | 0" Bwl, 0 (4.77)
0 0 0 [BwWl,

The result simply follows by multiplying (4.77) with (4.73) and then using (4.46). [

The lemma below gives a general expression for the twisted fluctuation (w o I Won ]_1)
associated to the free part 0 ® L4 of the Dirac operator D.

Lemma 4.12. With the same notations as in Lem. 4.11, one has

Z 0 0 0
. 0 Z 0 0
Z:=W,, +Jw,. ] = , , 478
Pm ] PMI 0 0 Z 0 ( )
0 0 0 Z
denoting
L=P+Q, 171': =P +Q
L _ _ (4.79)
7=P+Q', 7 =P +Q
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Proor. Using the explicit form of | = J ® J5 with J5 as in (2.94), one gets, from (4.75) and
Lem. 4.6, the following

00JO0\N/P 0 0 0\/0 0 J*' 0
& (ooo0agjlopr o off0o 0o o g
Jooud =15 00 0flo 0 o ollg* 0o o o |
0og00/\o o o Q/\o g' 0o o
8Q/3—1 0 0 0 Ql 0 0 O
I O [0 o | [0 Qoo
B 0 0 Jgprg! 0 "o o P o
0 0 V) S 0 0 0 P

Adding this up with w,,, (4.75), the result follows. [

In the following proposition we constrain the form of the twisted fluctuation Z discussed
above, by imposing self-adjointness on it.

ProrosiTiON 4.13. Any self-adjoint twisted fluctuation (4.78) of the free Dirac operator
0 ® 1y is of the form
Z2=XI'+iY®1", (4.80)

where
Xy =fy" and Y,:=g.L

are parametrized, respectively, by real fields f,,, g,, € C*°(M,R) and

I' :=diag(1,—1,1,—1), I":=diag(1,1,—1,—1).

Proor. Z as given by (4.78) is self-adjoint iff
1=1!, 1'=1" 1=1!, I =1" (4.81)

From (4.45) and the third eq. in (4.46), all of these four conditions are equivalent to Z = ZT,
which is a condition that we have already encountered in the proof of Prop. 4.7, and it yields,
cf. (4.64):

Z, =X, +1iY,

[y +igu) 0 (4.82)
o ( 0 _(fH — lgu)ﬂz) ’

where X,, := f,y%and Y, := g, [, with f, and g,, as defined in (4.51). Going back to (4.78),
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one obtains

Z 0 0 0
0 —Z 0 0
7 = -
0 0 Z 0
0 0 0 —Z
—iyHZ, 0 0 0
B 0 iy"Z, 0 0
B 0 0 —iy"Z, 0
0 0 0 iyuzu
—iyH (X, +1Yy) 0 0 0
_ 0 iy (X — 1Y) 0 0
B 0 0 —iy* (X, — 1Y) 0
0 0 0 iy (X + 1Y)
1 0 0 0 10 0 0
: 0 —1 0 0 o 01 0 0
=@y g o | FHERTIE L g g "
0 0 0 —1 00 0 —1

We conclude the discussion on the free part with the following remark on self-adjointness
of the twisted one-form w ;) vs. that of the twisted fluctuation Z.

REMARK 5. Imposing self-adjointness of the twisted one-form w,,,. amounts to the following
constraints:

PF=P, Q' =Q. (4.83)

These conditions imply, but are not equivalent to, imposing the self-adjointness of the
twisted fluctuation Z, that is,
7' =1 (4.84)

As discussed right after Lem. 4.2 for the minimal twist of a manifold, the relevant point
is that the stronger condition (4.83) does not imply that the twisted fluctuation Z be zero.
The final form of the twist-fluctuated operator is the same, whether one requires (4.83) or
(4.84). What differs is the relations among the real fields f,, g, and the components of
(a,a’), (b,b’) appearing in the definition of the twisted-one form w ;.

The finite part

In the spectral triple of electrodynamics, the finite part y°> @ Dg of the Dirac operator D
§2.4.2 does not fluctuate [DS], for it commutes with the representation 7ty (2.95) of the algebra
Aep. The same is true in case of the minimal twist of electrodynamics also — as shown in
the following proposition.
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ProposITION 4.14. The finite Dirac operator y® @ Dy has no twisted fluctuation.

Proor. With the representations (4.72, 4.73), one calculates that

|:‘Y5 ® ‘Df}“a T[(as a/):| 0
= (¥’ @ Dg)n(a,a’) —n(a’,a) (v° ® Ds)

0 d&y* 0 ON/F 0 0 0 FFo o0 0 0 dy° 0 0
a0 0 o JfoF 0 0| (0O F O Offday* 0 o0 0
o 0o 0 &[0 0 G O 000G 0 0 0 0 dy

0 0 dy> 0/\0 0 0 G 000 G/J\o0o 0 da° 0

0 dly®, F/] 0 0

0 0 0 diy®, Gl | 7

0 0 d[y®, G'] 0

where F, F/, G, G’ (4.43) being diagonal, commute with 5. [

The results of §4.3.1 summarize as follows:

ProposITION 4.15. The Dirac operator D = 9 ® 1y + v®> ® D5 of electrodynamics
(§2.4.2), under the minimal twist (4.72—4.74), twist-fluctuates to

Dy :=D+2Z, where Z:=XxI' +iYxI” (4.85)

as given in Prop. 4.13.

The explicit form of Y is the same as that of the gauge potential Y, (2.92) of electrody-
namics in the non-twisted case. This is confirmed in the next section, where we show that Y
transforms exactly as the U(1) gauge potential of electrodynamics.

The X field is similar to that of the minimally twisted manifold. We show below that
this field is gauge-invariant and induces a transition of signature from the euclidean to the
lorentzian, in the same way as exhibited in §4.2.2.

ReMARK 6. Expectedly, substituting p = |d, one returns to the non-twisted case of elec-
trodynamics (§2.4.2): the triviality of p is tantamount to equating (4.72) with (4.73), that
is to identify the ‘primed’ functions (f’,g’,- - - ) with their ‘un-primed’ partners (f,g,--- ).
Hence, 1" =71.

Imposing the self-adjointness, the third eq. (4.46) gives 7. = —Z. Going back to (4.82),
this yields f,, = 0. Therefore, X,, vanishes and only the (1) gauge field Y survives.
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4.3.2 Gauge transformation

Along the lines of §4.1.2, here we discuss the transformations of the fields parametrizing the
twisted fluctuation Z. Let u := (e'*, e*®) and u’ = (e'™,e'®’) be two unitaries of the
algebra Agp, with o, o/, B, B’ € C®°(M,R). A unitary of Agp ® C? is of the form (u,u’),
with the representation

A 0 0 0
, 0 A" 0 0
M) =19 o B 0]
0 0 0 B
(4.86)
A0 0 0
and  mlpuu) = w={ o o 8 ol
0 0 0 B
where, similar to (4.43), we have denoted
A :=mm(et%et®), A= p(A) = my (et et%),
M(' | /) P(A) = T ( ) (487)
B:= WM(eIBaeIB )7 B/ = p(B) = WM(eIB aelB)

ProposiTION 4.16. Under a gauge transformation (2.78) with a unitary (u,u’) (4.86), the
fields z,,, z, parametrizing the twisted-covariant operator Dy, of Prop. 4.15 transform as

zy =z, —i0,0,  z, =z, —10, 9’ (4.88)
ford:=a—p" and ¥’ =« — f in C*(M,R).

Proor. Since the finite part Y4 ® D4 twist-commutes with the algebra, in the law of trans-
formation of the gauge potential (4.28), it is then enough to consider only the free part 0 ® L.
Thus, w ¢ in (4.78) transforms to

Wl = o, u) ([0 @ L (ww')] |+ w, (wu))
= (

4.89
u,u) (0@ L + wp, ) (w,u'), 45

where, as in (4.29), we made use of [5 ® Ly, (u,u’)*} = (0 ® I4)(uw,u')*. With the rep-
resentation (4.86) of (u,u’) and w,,, from Lem. 4.11, the above transformation (4.89) reads
as

P O 0 0 A'(0+P)A 0 0 0
0P 0 0 0 A(@+PHA 0 0

00 Q 0|~ 0 0 B(d+Q')B’ 0 ’
00 0 Q 0 0 0 B/(0+Q)B
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where recalling that matrices A" and B’ twist-commute with y* and A commutes with P,
(and, B with Q,), one obtains

Pp—Pu.+AdA  and Qj — Q,+B'd,B" (4.90)

implying, for Z, = P, + Q},, that
Z, — Z.+(AdA+B3,B), (4.91)

With the representations (4.82) of Z,, (recalling that z, = f,, + ig,,), and (4.87) of A, B, the
transformation (4.91) reads

ZHH2 0 (Zu — 16u8) Hz 0
( 0 z;ﬂz) _>( 0 2 —i0,0,) ™

By imposing that both Z and its gauge transform are self-adjoint, that is, by Lem. 4.6:

z, = —z, and z;, —10, 9" = —z,, — 10, one is forced to identify ¥’ = 9. Then, the law

of transformation of z,, in terms of its real and imaginary components reads:
fu+igy — fo+1i(gy—0uD), (4.92)

which implies for the fields X,, = f,y® and Y,, = g,,I4 of Prop. 4.13 that X, stays invariant,
while Y, undergoes a nontrivial transformation, induced by

Ju = gu— 0,0, Ve C°(MR). (4.93)

In the light of (2.92), this identifies g,, as the U(1) gauge field of electrodynamics.

4.3.3 Dirac action in Lorentz signature

To calculate the twisted fermionic action, we first identify the eigenvectors of the unitary R
implementing the twist.

LeEMMmA 4.17. Any 1) in the +1-eigenspace Hx, (3.21) of the unitary R (4.74) is of the form

N=0;®e+0,0e, + V3¢ + Py Q¢ (4.94)

with Oy 4 = ($k> where ®, € L2(M, 8) are Dirac spinors with Weyl components
k

@, while {e, e, ey, €.} denotes the orthonormal basis for the finite-dimensional Hilbert
space Hy = C*.
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Proor. R has eigenvalues +1 and its eigenvectors corresponding to the eigenvalue +1 are:

€1 =V ®ey, €2 =y ® ey, €3 =V ® ey, €4 = V3 ® ey,

€5 =V ® ey, € =Ly ®e€, €& =V e, €8 = V2 ® €y,

w=()efl) =)

denote the eigenvectors of v°, as in Lem. 4.4. Therefore, we have

8
n = 2 d5¢
= (b1v1 + Pav2) ® er + (P31 + dyv2) ® er + (P5V1 + Pev2) @ €L + (P71 + dsv2) R &y
= O0;0e+0,0e, + D3R+ Dy @y,

where

denoting

oci= () s (§2) 0= (32) o= () = (§7) -

The twisted-covariant Dirac operator (4.85) contains two extra terms that were not present
in the U(1) gauge theory: y* ® Ds and the term in Y. The following lemma is useful to
compute the contribution of these two terms to the fermionic action.

G

Lemma 4.18. For Dirac spinors ¢ := ($> and & = <C

) in L2(M, 8), one has

@9.¥e) =2t | du[oloa( ] 0191)],
" (4.95)
@678 = 2| _du (¢1020).

M

Proor. Using (4.80) for Y, and (D.1) for the Dirac matrices, one gets

Vo e\ (0 o*\(fgu O @\ _ [(guote
Ho=y Y”(@)_((f” 0)( 0 gulb)\@) \gut™ e/’

Along with (4.31), recalling that 0?" = i0, and 6" = —ioy, yields

o T "
(39) (iYe) = —i(gzﬁ) (giﬁ) = —ie! (6%0" +0%15") g,
= @lop(—0o*+")g.0 = 2iploy (Z}L%‘%) G
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where we used (4.34) and obtained the first equation of (4.95). The second one follows from

YR
@) (v°E) =—i (gzﬁ) (_CC) =900~ ¢To0=—2¢T0,¢. W

ProPOSITION 4.19. The fermionic action of the minimal twist of M x Fgp is
SH(Dz) = AL (D,D) = 4JM du £,
ot . . -t . .
where Lg = (pIO'Q(lfO—ZO'j@j)(p3—(PZO'2<lf0+ZGj©j>(p4 (496)
J J

+ (&(EJJ{O'Z(EM + dégo'z(fb,) ;

with ®,, = 9,, — ig, being the covariant derivative associated to the electromagnetic
four-potential g,, (4.93). Further, identifying the physical spinors as
yo (D) = (93 wi= (vl wi) = (—ip] ip! (4.97)
S\ T o) = ty) = (7102, 19302 :

the lagrangian (4.96) describes a plane-wave solution of the Dirac equation, in lorentzian
signature, and with the temporal gauge.

PRrROOF. Let %"DZ be the antisymmetric bilinear form (3.20) defined by the twisted-covariant
Dirac operator (4.85):

Dy =0L+XQI' +iYRI" +v° ® Dy,

which breaks down into the following four terms:

A, = Afer, + Axer + Ayer T Asgp - (4.98)
For @, & € Hy with @ as in (4.94) and = with components &; = <21> € L2(M, 8), one has
JO = Jpi@ea+dPp@e +ddz®e+IbsR ey,
(R = 0§ ®e+06 e +083® e + 08 ® ey,
XeINZ = XEee—XEi e XG0 — X ®E, (4.99)
(YRI"Z = Y&, @e+iYE, Qe —iYE3 Qe —iYE, R 6,
YV’ RDF)Z = Y ©de+V 0 ®dei+v° (s ® der +v° (4 ® dey
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where the first and the last eqs. come from the explicit forms (2.94) of ] 5 and D, respectively,
while the third and the fourth ones follow from the explicit form (4.80) of X and Y, respectively.
These egs. allow to reduce each of the four terms in (4.98) to a bilinear form on L.2(M, §) rather

than on the tensor product L2(M, 8) @ C*. More precisely, omitting the summation symbol

on the index j and recalling Lem. 3.6 with €”” = —1, one computes as below:

or, (D.2) = —UWser,(0,Z) = —(JO, (0@ 1))
= —(Jb1,083) — (Ib2, 0&4) — (I3, 0&1) — (I, 0&y)
= —RAs(P1, &) — As(Pa, £a) — As (3, &1) — APy, E2); (4.100)
Ao (D,2) = —Axer(D,Z) = —(JO,(X®I))
= —(0b1,XG) + (T2, XCy) — (I3, XCy) + (I, XCo)
= —RAx(Py, G) +Ax (P2, Ca) — Ax (3, G1) + Ax (b4, C2); (4.101)
Wyor (@2 = —Ayer(®,Z) = —(JO, (1Y ©1")E)
= (JP1,1YE3) + (IP2, 1YEy) — (I3, 1YE) — (I, 1Y Ey)
= Ay(P1, &3) + Ay (D2, &4) — Ay (d3, &1) — Ay (g, £2); (4.102)
(@.2) = “Apsgp,(0.2) = —(J, (v’ ® Dy)E)
= —d(Id1, v Es) — d(Td2, Y Es) — A(Ids, ¥*Ea) — d(Tda, V&)

= —dA,s(dr, &) — dAys(da, &) — dAys (b3, &) — A A5 (da, E1).
(4.103)

Yi®Dg

Substituting = = @, and then promoting the spinor ® to a GrafSmann spinor @, the sum of
eqs. (4.100), (4.101), and (4.103) is

—25(h1, P3) — 2UAs(Pa, Pa) — 2Ax (1, P3) + 2 Ax (D2, Pa)

: (4.104)
—deys (d)l, d)4) - 2d2l‘y5((b2’ ¢3)7

where we have used the fact that the bilinear forms 243, 2(x, and 2l s are antisymmetric on
vectors (by Lem. 3.5, since 3, X, and y® are all commuting with J in KO-dim. 4), and so they
are symmetric when evaluated on the corresponding Grafmann variables. On the other hand,
(4.102) is symmetric on vectors (since in KO-dim. 4: iYJ = g, y*d = —dg.y"* = —diY),
while antisymmetric in Grafmann variables. Thus, it yields

22y (b1, d3) + 2y (b2, da). (4.105)

The lagrangian (4.96) follows after substituting all the bilinear forms in (4.104, 4.105) with
their explicit expressions given in (4.35, 4.36) and Lem. 4.18.
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Upon the identification (4.97), one finds that £ coincides with the Dirac lagrangian in
lorentzian signature (D.8) (with the covariant derivative D, to take into account the coupling
with the electromagnetic field, but in the temporal Weyl gauge ©, = )

L = 1Y (Do — 07D ) W1 + W1 (Do + 0;0;) ¥, — m(Y]W, + WIW,),  (4.106)

as soon as one imposes that 0¥ = ifyV¥, i.e.

W(Xo,Xj) = W(Xj)eifox(). (4107)

The mass terms also match up correctly if one imposes the parameter d € C to be purely

imaginary as d := —im. This is in agreement with the non-twisted electrodynamics, cf. [DS,
Rem. 44] N

The above Prop. 4.19 extends the analysis done for the Weyl equation, in §4.2.2, to the
Dirac equation. It confirms the interpretation of the zeroth component of the real field f,
arising in the twisted fluctuation, as an energy. It also shows that the other field g,, is well-
identified with the electromagnetic gauge potential, as in the non-twisted case.

But this does not say anything about the other components f; for i = 1, 2, 3 since they do
not appear in the lagrangian (4.96). It is tempting to identify them with the momenta. This, in
fact, makes sense if one implements a Lorentz transformation, as discussed in the next section.

Another motivation to study the action of the Lorentz transformations on the twisted
fermionic action is that the temporal Weyl gauge we ended with, is not Lorentz invariant. One
must check whether the interpretation of the twisted fermionic action provided by Prop. 4.19
is robust enough to survive Lorentz transformations.
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Chapter 5

Open Questions

In this chapter, we touch upon some open issues that arise as a result of this thesis. We show
in §5.1 that the p-inner product and, hence, the fermionic action associated to a minimally
twisted manifold is invariant under Lorentz boosts. That being said, the origin of Lorentz
transformations (or, equally, the Lorentz group) within the context of (twisted) noncommuta-
tive geometry is not yet fully understood.

In §5.2, we work out the squared twisted-covariant Dirac operator 0% for the minimally
twisted manifold with curvature. Itis the first step towards writing a heat-kernel expansion for
spectral action associated to this twisted spectral triple. Here, we give the explicit expression
for the endomorphism term that accounts for the potential terms in the spectral action. This
formula gives the impression that there is a coupling between the curvature and the X, field
that appears in the non-vanishing twisted fluctuation dx of the Dirac operator 0.

These will be the subject of future works and a full exploration into these lines will appear
elsewhere.

5.1 Lorentz invariance of fermionic action

1

A Lorentz boost S[A] in the Dirac spinor representation (l, O) D (0, 2

5 ) is given by

A 0 . b-o
SIA] = (O: /\2_> with AL =exp (iT), (5.1)

where ¢ := (07, 03, 03) is the Pauli vector and b € R3 is the boost parameter. Under such a
boost, a lorentzian spinor 1y, and the lorentzian Dirac operator Op transform as

Pm — SIADM,

5.2
Om — SIAIOm SIAIT. 52
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We define the action of a boost on the minimal twist (C® (M) ® C?, L2(M, 8), 9) of a closed
euclidean manifold M of dimension 4, as follows

P — Yo =SIA, Ve l*MS$),

(5.3)
0 — Oa = p(S[A]) O S[A],

where p(S[A]) = RS[AJRT for R = ° given in (4.8), i.e.

p(SIA]) =+° (/32* /32) Y = (/32 /({i) = SIAI7L. (5.4)

The boost components A can be decomposed into their ‘even’ and ‘odd’ parts as shown
in the following lemma.

Lemma 5.1. For the Lorentz boost components (5.1):
At :=exp(ta- o) with a:= (b/2)n, (5.5)
where (b/2) is the rapidity and n is the direction of the boost, one has

Ae = (coshlal) I,

Ay =Ac+ A, with :
Ao := (sinhla])n- o
Proor. Using {0y, 05} = 28512, one gets

(:I:a . 0')2 = ((11(71 + ay07 + Cl30'3)2

= (ai+a;+a3)l, = laf*L,.

Collecting the terms with even and odd powers in the expansion of exp(+a - o), one obtains

Ab — i (+a- o)™

= (+a-0)? = (+a- o)kt
-y el +z e
k=0 =0
a|2k |a|2k

R
- kZ(zk) L+ Z ok @)

|a|2k |a|2k+1

=2 ik ® Z2k—+1)(n'0)

coshla|)I, + (sinhla])n- o
= N £ A,. 1

—
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The above decomposition (5.6) comes very handy in proving an important property of the

real structure J and the Lorentz boost S[A] given below.

ProposiTiON 5.2. The Lorentz boosts twist-commute with the real structure J (4.4) of a

four-dimensional riemannian manifold, i.e.

ISIAl = p(SIA])F =0.

Proor. For J = (—(;fz c? ) cc and S[A] as in (5.1), we have
2
. _0-2/_\+ 0
JSIN] = ( 0 G2K_> cc,
—A\_o 0
~1 _ 2
and STAID = ( 0 /\+02> cc,
where we use ccA+ = A_cc, with the bar denoting the complex conjugation.

decomposition (5.6), we have

where

with

(a.0) = a0 — Q07 + a303.

Further, recalling that

(a-0)oy =—0y(a-0)

due to {0, 03} = 20412, we notice that
NoOy = —U2Ko,
whence
AL0s = A0y + Ay0y = 02\ F 02/,
= 09(Ae :F/_\o) = sz = 02K¢~

Then, (5.8) reads as JS[A] = S™![A]J, and the result follows from (5.4). [ |
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As we recalled in the Introduction, the p-inner product of euclidean spinors coincides
with the Krein product of lorentzian spinors. For the action (5.3) of the boost to be coherent,
it should leave this product invariant. This is indeed the case as we shall see in what follows.

Lemma 5.3. The canonical p-inner product (3.17) of a minimally twisted four-dimensional
riemannian manifold is invariant under action (5.3) of the Lorentz boost S[A].

Proor. The product (P, ¢), is mapped to (omitting the argument A of S)

<1|)/\1 cI)/\>p = <Sll),5d)>p = <11)’S+Sd)>p
= (1, p(S)TSd)p = (W, (S7H)TSD),
= (1, S7'Sd)p = (W, d),,

using (5.4) and the fact that S~! is Hermitian. W

CorOLLARY 5.3.1. The fermionic action of a minimally twisted four-dimensional euclidean
manifold is boost invariant.

Proor. Using JS = S~17 from Prop. 5.2 and (5.4), one has that

Jba =SV =S 130,

- - (5.12)
and  Oadpa =p(S)TSISPH =S 'd¢.

By Lem. 5.3, one then gets
(FOA,OADA) e = (ST'TP,ST10D), = (JU,0p),. W
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5.2 Lichnerowicz formula for minimally twisted manifold

To compute the Seeley-de Witt coefficients in the asymptotic expansion (2.80) of the spectral
action S® (2.79), one uses the standard local formula for the heat-kernel expansion [Gi, §4.8]
on the square D? of the fluctuated Dirac operator D..

Let us first recall here the statement of [Gi, Lem. 4.8.1].

THEOREM 5.4. Given a differential operator D acting on the sections of a vector bundle
V on a compact riemannian manifold (M, g) with the leading symbol given by the
metric tensor. That is, D has the local form

D = —(g""19,0y + A*d, + B), (5.13)

where gV is the inverse metric, I the identity matrix, and A" and B are endomor-
phisms of V. Then, D can uniquely be written as

D=V*V—E, (5.14)

where V is a connection on V with the associated laplacian V*V and E is an endo-
morphism of V. Explicitly, one has that

1

Vi=0,+w,, wy:i= EgM(ocA + T id), with T = g“"rﬁ\,,

(5.15)

where id is the identity endomorphism of V and T}, are the Christoffel symbols of the
Levi-Civita connection of the metric g; and

E=B+ (M-id—g""V,.)w,. (5.16)

Now, we fix following the notation:

Os := —iy“Vﬁ, where Vﬁ =0, + wi, (5.17)
and similarly
Ox := —iy”Vif, where Vﬁ =0y + wif, (5.18)
with
wﬁ = wi + X, and wx:= —i‘y“wﬁ. (5.19)
Thus, we have that
VX =V + X, (5.20)
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With that under the belt, we now give an expression for 0% as an elliptic operator of the
laplacian type (5.13), in order to write down a generalized Lichnerowicz formula (5.14) for it,
using Theorem 5.4.

ProposITION 5.5. The squared twisted-covariant Dirac operator can be written as

0% = —(g"V0,0y + a0y + B), (5.21)
where
« =i(0y") + {wx,v'}, B =—(0wx) — wk. (5.22)
Proor. We have
0% = (0+wx)’ = 0+ wxd + dwx + w. (5.23)
The first term of (5.23) is
0° = (—iy*ou)(—1vYoy)
= YOy (5.24)

= — 'y“‘yvauav - ‘Yu(au‘yv)av
= —g"v9,0y — i(dy")0s,
where the last equality holds by using the identity y*y> = [y*, "] + ¢g*"I and the sym-
metry 0,0, = 0+0,, as following:
[Vuy'yv} auav - Yuyvauav _Yvyuauav
= vy*yY0,0, — y"y'0,0,
= v*v"[0,,0.]
= 0.
The second and third terms of (5.23), respectively, are

wx0 = —iwxy'0y,

5(.1))( = — i’}/vavwx (5 25)
= — "LYV(,UxaV — iy"(aywx) .
= — i’}/vwxav + (6(1))(),

Substituting (5.24) and (5.25) into (5.23), the result follows:

Ox =—=9"Y0,0y — (L(Oy") +iwxy" + iy wx) 3y + (wx) + wi. W

86



In accordance with the notation (5.17-5.20), we define the covariant derivatives associated
with the adjoint action of the corresponding connections as

D% =0, +[w),] and D=0, + [wd,], (5.26)

using which we now give two lemmata that will be useful for the subsequent proofs.

Lemma 5.6. One has
YHOXYY =TT = 2y*y X, (5.27)

ProoF. Since the commutator [d,,y*] acts on the Hilbert space L*(M, 8) as the bounded
operator (9, y"), Def. (5.26) gives

D5y} = (0,7Y) + [wd Y] = [VE, Y. (5.28)
If ¢ denotes the Clifford action: ¢c(dx") = y?*, then by definition of the spin connection,
8 A Lv A A v A v
[Vi,c(dx?)] =c(V dx?) = (T, dx") = =T c(dx"), (5.29)

where VY denotes the covariant derivative (on the cotangent bundle T*M) associated to
the Levi-Civita connection, and we used the linearity of the Clifford action. (5.29) in terms of
Y-matrices gives, for any p,v:

D5yt =T M (5.30)

From (5.19) and (5.26), we have that D} := D%, + [X,,, -], which acting on v becomes
DXy =D8yY + X yY] = —T0 v — 2v¥X,,, (5.31)

where
XYY = XY =y X =v"p(X) = v X = —2v"X,,,
since X, vY = vYp(X,) with X,, = f,v3, so p(X,.) = —X,,. Further, multiplying (5.31) by
Y, we get
YROLYY = —Thay" Y — 2v"yX,. (5:32)
Using the identity y*y* = g**I + 1 [v*,v*] and the symmetry e =T
oYy =Tg" T+ %FJK vyt

1
= M4 5 [N Ty Yy =T

(5.33)

substituting which in (5.32) the result follows. W
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COROLLARY 5.6.1. One has
X (A H) — A A
DX(YMyH) = =Py, (5.34)
Proor. Using the Leibniz rule and (5.31), it follows that

DA (YY) =D (VI v DL (vM)
= (=T Yy =2y X )y + v (= T = 29X,
==YV + 27X = YT, - 2 X
= —YYYHT, — Y YTE,

= —T)I—y*V'TL,

where we used the fact that X, = f,,y® anticommutes with any y-matrix and the last equality
follows from (5.33). [

LemMma 5.7. One has
v X _
g (D gvil) = (T + TEIL (5.35)

Proor. Since g I is a multiple of the identity matrix; for any p, v, k one has
X PN
D59vl =07 gvi L
By Leibniz rule, one has

D5(88) =0

®8 (QWQVKH) — {
. 9"V DX(gyil) + D3 (g" V1) gy

Hence,

1
vy X _ 8 v _
"D (gvil) = —gv Dy (g"]) = —3

By (5.30), we have

Ive D (YHYY + VY. (5.36)
D(YMyY) = Y TLY = MY Yy = Tyt = Ty ™YY,
DY) ==y Y = TRy Y = —Thy Y = Ty,
so that
D5 (Y*YY +¥YYH) = Do (vHyY) + DR (v YH)
=—2(Thg" + T g™ )T = —2(T + g L)L,
and, therefore, (5.36) give

ng)ﬁ(gwﬂ) =g (M + gW‘FEA)]I =(N+M)L .
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Moving forward, we make use of the above Lem. 5.6 to obtain explicit expressions for the
endomorphism terms ¥ and f3 in (5.22).

ProrosiTiON 5.8. One has that

OCV . Zguvwﬁ - ZYH‘YVXH - FV]L (5 37)
B=v"yY (V5 —Xu)w) —TVw3.
Proor. From (5.22), writing &V as

o = {y" et + v (urY)
= Y'Y wy + yroiy’ + v (0.rY)
= Y'Yrwy + vy wy + v ol yY] + v (0urY)
= {v". v}l + vy
= 29“"wﬁ — T — 2y"y¥X,,
and the first result follows, using Lem. 5.6 and the identity y*yY = %[y“,yv] +g*vLL
Next, 3 in (5.22) can be expanded as
B = vy w - v (0w
= Yol yY]wl + vy wiwd + vy )w + vy (0.w))
= VYt wi)wl + v ((0urY) + [wlyY]) wl
= YV (0u + Wl + X)Wl + Y (DY) w?
= YYY(VE+ X)) wl — TMwl — 2y y Xw]
and the second result follows. |

For the connection w defined in (5.15), we denote

w = —iy*w,, (5.38)
recalling the notation X := —iy*X,, and obtain the following relation between them.
Lemma 5.9. One has

wy=wi—X. and W =wx+2X (5.39)

where w and wx are as in (5.19), and we have defined
X =Y vV Xy (5.40)
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Proor. Substituting &, from Prop. 5.8, in w,, given by (5.15), we have

w, = %qu (o + TV -id)

1
= L0 2™ WX~ 27X

= guvngw;f - guvy)\VVXA
= wy =YY uXa,

and the first result follows identifying y*y,, X\ =: X,.. Further, multiplying the first result by
—1iyH", the second result is obtained

—iyrw, = —iyrw] + v MyuXa,
ie.  w = wx — 2Ay*Xy
= Wwx + 2X,

where we used the identity y*y*y, = —2y*. |

We now give another lemma and use to compute the endomorphism E that gives the
potential terms in the spectral action of the minimally twisted manifold.

Lemma 5.10. One has the following relations

gDy =Y IVHDIXA + Ty Yy Xa — TAX,, (5.41)

XX = =277 X X, X, = Fy v Xa. (5.42)

Proor. Using (5.40), the Leibniz rule for ®} as in Lem. 5.6 and Cor. 5.6.1, we expand as
following

9" DXy = "V (DIV MY Xa) = MY YD X + g (DY Yy )Xo
where the first term is y}‘y”fi)ﬁX)\ and the second term becomes
9"V (DY MY )Xa = ¢*Y (D] gvicY Y )X
= g"Y (DN gv VY Xa + 6"V gu D (YY) XA
= (N + TEYY XA + DLy YH)Xa
= (N + TEIY Y X — (ML Y T )Xo
= FK’Y}\'YKX)\ — r}\X)\,
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and so the first result follows. In the same manner, we obtain

MXv =YYy X0 = Tag Y v Xa =Ty v Xy,

and
XX = 9" XuXy = 9" (Y MV X)) (Y vV X«)

= "V Yy v Xa X«
= 4 YV YV XX = 27 XX . B

ProrosiTion 5.11. The endomorphism term (5.16) for the Lichnerowicz formula (5.14) of
the twisted-covariant Dirac operator Ox is

1
E— byy (R, + 295K, +4X,X,) =X, (549
where

= Viwy —Viw} (5.44)

is the field strength of the connection wﬁ and ”DX is the covariant derivative (5.26) of its
adjoint action.

Prook. Substituting 3 from Prop. 5.8 into E (5.16) and using w,, = w} — ;. of Lem. 5.9 in
the form V,, = V7 — ., one has

E=v"yY (Vi — Xy — ¢" (Vi = xpwy — T (W — w,)
3= g VRwl + g Vixy + ¢M Y xvw — Ty
{

=¥y (Vi = X oy = vy ' Viel + Sy IViey

+ g"Y (DhxXy + 2Xv W + X wy) — Ty (5.45)

v 1 v

=YY (Ve = Xu = Vi)l + 5y (Viw] = Viwp)

+ "D Xy + 20"V Xy Wl — gV Xv X — Ty

1
= 2yMyYXuwl + - YHYYEL,

2
+ g"DIXy + 2y Y X W)y —x o x — My (5.46)
1 v v v
= —yMy ]:ifV + g @ﬁXv —x X=Xy, (5.47)

2

91



where in (5.45) we used the identity g*¥I =y*y” — 1[y*,v"] and the relation from (5.19)
DXy = X + [ Xv] = Viixy — Xy’ (5.48)

and in (5.46) we used (5.20) and (5.40). Finally, substituting in (5.47) the expressions from the
previous Lem. 5.10 directly yields the result. W

Prop. 5.11, of course, reduces to the correct expression in the flat case [DM, Prop. 5.3]. The
only difference is that of the last term ' X|,, which asserts a coupling between the X, field
and the curvature. It is tempting to speculate that X,, has something to do with torsion due to
its form X, = —iy*f,,y> (4.14), which also appears as a modification of the spin connection
(with curvature) in the above analysis. However, this is yet to be confirmed by fully computing
the spectral action.

A related result in this context is [HPS], where the spectral action for pure gravity with
torsion is calculated. The (skew-symmetric) torsion is incorporated into the twisted Dirac
operators, which are twisted in a different sense than what we mean in our context. A com-
parative study might shed some light on the geometric understanding of the X, field.
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Conclusions

Here we conclude the thesis highlighting the key results with some passing comments.

The fermionic actions associated to the minimal twist of the spectral triples of a U(1)
gauge theory and electrodynamics respectively, yield the Weyl and the Dirac equations in
lorentzian signature, although one starts with the euclidean signature (Prop. 4.10 and 4.19).
That a similar transition of metric signature (from the riemannian to the pseudo-riemannian)
at the level of fermionic action happens also for the minimal twist of the Standard Model
should be checked. This will be the subject-matter of future works.

At any rate, these results we put forward here strengthen the suggestion of twisting non-
commutative geometries as an alternative way to approach the problem of extending the
theory of spectral triples to lorentzian manifolds. The fact that the twist does not satisfactorily
implement the Wick rotation — it does so only for the Hilbert space — is not so relevant after
all. What is far more important and interesting from a physical point of view than giving a
purely spectral characterization of pseudo-riemannian manifolds is to arrive at an action that
is meaningful in a lorentzian context. This thesis makes the case that it occurs for minimally
twisted spectral triples, at least at the level of the fermionic action.

This reminds us of the results of [Ba] where, by dissociating the KO-dimension from the
metric dimension, one imposes the lorentzian signature for the internal spectral triple, and
thus obtains a fermionic action allowing right-handed neutrinos.

Indeed, the question of a lorentzian spectral action or the spectral action associated to
twisted spectral triples remains wide open. The interpretation of the zeroth component of the
real field X, as an energy (cf. discussions right after Prop. 4.10 and 4.19) should nevertheless
play a role for the spectral action, where this field also appears (Prop. 5.11). As shown in [DM]
for the twisted Standard Model that the contribution of this real field X, to the spectral action
is minimized when X, vanishes, i.e. the case when no twisting occurs. Based on that and the
results presented here regarding the Wick rotation of the fermionic action, one might wonder
if the lorentzian (twisted) geometry is a vacuum excitation of the (non-twisted) riemannian
geometry or, in other words, the twist is indeed a spontaneous breaking of the symmetry
from a riemannian geometry to a pseudo-riemannian one.
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The regularity condition imposed in [CMo, (3.4)| (see also Rem. 3) has its origin in Tomita-
Takesaki theory (App. C). Particularly, the automorphism p defining a twisted spectral triple
should be seen as the evaluation of a one-parameter modular group {p:} of automorphisms
at some specific value t. For the minimal twist of spectral triples, the flip (3.30) turned out
to be the only possible automorphism that makes the twisted commutator bounded [LM1,
Prop. 4.2]. It is not yet determined what the modular group of automorphisms corresponding
to this flip would be. Should it exist, this will indicate that the time evolution in the Standard
Model has its origin in such a modular group. This is precisely the essence of the ‘thermal time
hypothesis’ proposed in [CR]. So far, this hypothesis has been applied to algebraic quantum
field theory [Ma, MR], and for general considerations in quantum gravity [RS]. Its application
to the Standard Model would be a novelty.
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Appendix A
Gel’'fand Duality

Gel'fand duality is an algebraic characterization of topological spaces, providing one-to-one
correspondence between compact Hausdorff topological spaces and commutative C*-algebras.
The following definitions are from [Su, §2.1, §4.3].

Algebras. An [F-algebra A is a vector space over the field F with a bilinear associative prod-
uct:
AxA—A, (ab)—ab, VabeA. (A1)

A is said to be unital if there exists a unit 1 € A satisfying la = al = a (Va € A).

*_algebras and their representations. An algebra A is called a x-algebra (or, an involutive
algebra), if there exists an involution (that is, a conjugate linear map) * : A — A such that

(ab)* =b*a*, (a*)" =aq, Va,b € A. (A2)
A representation 7t of A on a Hilbert space J{ is given by a *-algebra map
n: A — L(H), (A3)

where L(H) denotes the x-algebra of operators on H with the product given by composition
and the involution given by hermitian conjugation.

C*-algebras and their representations. A C*-algebra 2l is a complex norm-complete -
algebra that satisfies the C*-property:

la*a| = |lal|’, Vae€2 (A4)
A representation (H, ) of a C*-algebra 2( on a Hilbert space HH is given by a *-algebra map

2 — B(H), (A.5)
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where B(H) denotes the x-algebra of bounded operators on K.

A representation (H, 7t) is called irreducible if H # 0 and the only closed subspaces in
JH that are invariant under the action of 2l are {0} and J itself.

Two representations (Hy,7t;) and (Hy, 7;) of A are called unitarily equivalent if there
exists a unitary map U : H; — I, such that

mi(a) =U'my(a)U, Vael (A6)
Define the structure space A of 2 as the set of all unitary equivalence classes of the

irreducible representations of 2. And, let C(X) denote the algebra of continuous C-valued
functions on a compact Hausdorff topological space X. Then, Gel'fand duality asserts that

1. The structure space A of a commutative (non-)Junital C*-algbera 2l is a (locally)
compact Hausdorff topological space, and 2 ~ C(2() via the Gel’fand transform:

Asa—ae?, a(n) =mnla) (A7)

—

2. For any compact Hausdorff topological space X, we have C(X) ~ X.
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Appendix B
Clitford Algebras

The definitions and the notations here are primarily taken from [Su, §4.1].

A quadratic form Q on a finite-dimensional F-vector space V is a map Q : V — F such
that Q(Av) = A%2Q(v) for all A € Q,v € V and the function Q(v +w) — Q(v) — Q(w) is
bilinear for all v,w € V.

Given a quadratic form Q on V, the Clifford algebra C1(V, Q) is a unital associative
algebra generated (over IF) by V satisfying v = Q(v)1 for allv € V.

Properry 1. Clifford algebras are Z,-graded algebras, with grading x given by
X(vi--vid) = (=D vy - w), (B.1)
and, thus, can be decomposed into even and odd parts, respectively, as follows:
ClLV,Q) = C1°(V,Q) & Cl'(V, Q). (B.2)

ProperTY 2. For all v, w € V, one has vw +wv = 2gq (v, w), where the symmetric bilinear
form gg : V x 'V — [ associated to Q is given by

go(v,w) = = (Q(v+w) —Q(v) — Q(w)). (B.3)

DO | —

For the Clifford algebras generated by the vector spaces R™ and C™, respectively, we fix
the following notation

Clf .= CR™ +9,), Cl,:=ClC™+9,), (B.4)

with the standard quadratic form Q. (x;,...,xn) = x3 + ... + x. The algebras Cl are
generated over R by {ey,..., e,,} subject to

€i; + ejeq = i26ij, vt,] € {1, .. .,TL}. (BS)
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The even part (ClE)? and the odd part (ClE)! of CLE consists of products, respectively, of
an even and an odd number of e;’s. Cl,, is the complexification of the algebras ClTil and is,
therefore, generated over C by the same {ey, ..., e, } respecting (B.5).

Further, one checks that
dimg (C1E) = dim¢(Cl,) = 2™ (B.6)
The lower dimensional Clifford algebras (for n = 1, 2) are obtained explicitly as
Cly ~RaR, Cly ~C; Cly ~My(R), Cl; ~H. (B.7)

The map ®(e;) = e, 1€ on the generators extends to the following isomorphisms:

Cl, ~ (ClE, )" (B.8)
Similarly, the map defined by
1 i=1,2
Wey) = { cee e (B9)
ei_r®ejeq, 1=3,...,n

extends to
Clf @r CIf ~ ClF,,, Vk=1, (B.10)

which, along with its base cases (B.7), recursively generates the Table B.1.

nlcl L. L.

Il  ReR C CoC

2 | My(R) H M, (C)

3 | My(C) HoH M, (C) & M,(C)
4 | My(H) M, (H) My(C)

5 | Ma(H) & M(H) | My(C) My (C) & M4(C)
6 | My(H) Mz (R) Mg (C)

7 | Mg(C) Mg(R) © Mg(R) | Mg(C) & Mg(C)
8 | Mys(R) Mi6(R) M6(C)

Table B.1: Clifford algebras Cl and their complexifications Cl,, forn = 1,...,8.

For k = n + 2, (B.10) gives

Clf, , ~ClT , ®s ClE,
~ ClE @ C1J @5 C1F, (B.11)
~ Cli; ®r M (H),

where in the second step we used (B.10) for k = n and in the third step H @ M,(R) ~
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M, (R) ®g H ~ M;(H). Further, substituting n — n + 4 in (B.11), we have

ClE , ~ ClE,, ®r M, (H),

~ ClE ®p My(H) @ M,y (H), (B.12)
>~ le ®r Mi6(R),

where the second step uses (B.11) and the third M, (H) @g M, (H) ~ M6(R).

Thus, with (B.12), one concludes that lef g is Morita equivalent to le and, therefore,
one determines Cl:£ for all n.

In this sense, for the real Clifford algebras, Table B.1 has the periodicity of eight. Similarly,
the complex Clifford algebras have periodicity two:

Cln—!—Z ~ (Cln ®(C MQ(C) (B13)

and, thus, Cl,, ;, is Morita equivalent to Cl,,.

(Clifford bundles

The Clifford algebraic structure can be naturally imported to riemannian manifolds, thanks
to the metric structure on them.

A riemannian metric g on a manifold M is a symmetric bilinear form g : T'(TM) X
I'(TM) — C(M) satisfying the following conditions:

(i) g(X,Y) is a real function if X and Y are real vector fields;
(i) g is C(M)-bilinear, that is

g(fxX,Y) = g(X,fY) =1fg(X,Y), Vfe C(M), VX,Y € T(TM);
(iii) g(X,X) > 0 for all real vector fields X and equality holds iff X = 0.

On the fibers T, M of the tangent bundle TM over a riemannian manifold (M, g), the

inner product defined by the metric:

gx (Xx, Yx) := g(X, Y)Ix (B.14)
associates the following quadratic form on the tangent space T, M:

Qg(Xx) = gx(Xi, Xi)- (B.15)

Then, at every x € M, one has the Clifford algebra C1(T7xM, Qg) and its corresponding
complexification CL(T, M, Q).
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The Clifford bundle C1*(TM) is the bundle of algebras CL(T, M, £Q) along with the
transition functions T inherited from the tangent bundle TM (i.e. for open sets U,V C M,
Tuy : UNV — SO(n), where n = dim(M)) and their action on each fiber T, M extended
to CL(TxM, £Qq4) by

ViVy Ve = Tuv(ve) s Tuv(ve), Ve, v € T (B.16)
Similarly, complexified algebras C1(TyM, £Qg4) define the Clifford bundle C1(TM).
The algebra of continuous real-valued sections of C1*(TM) is denoted by
CLiffE(M) := I(C1¥(TM)), (B.17)
and the algebra of continuous sections of CL(TM) by

Cliff(M) := Cliff* (M) ®g C. (B.18)
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Appendix C
Tomita-Takesaki Modular Theory

Modular theory first appeared in two unpublished lecture notes of Minoru Tomita [Tol, To2]
and a more accessible version was later presented by Masamichi Takesaki [Tal]. It provides a
way to construct ‘modular automorphisms’ of von Neumann algebras via polar decomposition
of an involution. For a more involved account, see [Ta2].

A C*-algebra (A.4) is a x-algebra of bounded operators on a Hilbert space I that is closed
in the operator norm topology. In particular, a von Neumann algebra 91 is a unital C*-
algebra closed in the weak operator topology. The commutant 9t of 9t is defined as

M ={m e M: m'm=mm', Vm € M}. (C1)

For a von Neumann algebra 90, let a unit vector @ € JH be separating (that is, the
map 9 — Mo is injective) and cyclic (that is, M is dense in H). Then, there exist two
unique canonical operators, namely the modular operator A and the modular conjugation
or modular involution J, such that

e A* = Ais positive and invertible (but not bounded),

o the set {A't : t € R} of unitaries induces a strongly continuous one-parameter group
{1} of modular automorphisms o, : 0T — M (with respect to @) defined by

o (m) = Ad(A)m = A''mA™Y, Ym e M, Vt € R, (C2)

e | = J* = J ! is antilinear (ie. (JY,Jb) = (b, d) = (b, V), Vi, b € H) and it

commutes with A't, implying

Ad(DA:=JA] ' =A"1, (C3)
o | M — M, defined by J9M] = M’. Thus, M is anti-isomorphic to its commutant
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M’ and the anti-isomorphism is given by the C-linear map

Mo>m — Jm*] ' e (C4)

e @ is a +1-eigenvector of both the operators, that is,

A = =]o, (C5)

e The unbounded antilinear operators Sy and Fy defined on H with domains 9t@ and
M’ @, respectively, by setting
So(m@) =m*®, VYmeM
(C6)
Fom'®) :==m"®, Vvm' eM’;

extend to their respective closures — antilinear operators S and F = S*, defined on a
dense subset of H{ — which have the following polar decomposition:

S=JIS|=Jab =A7Y]

1 1 (C7)
F=]JIF =]JA™ = Az],
implying
A=S"S=TFS
A~ = SF = S5, (9
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Appendix D

The Dirac Equation

D.1 y-matrices in chiral representation

In four-dimensional euclidean space, the gamma matrices are

0 o* IL, 0
| — 5. ~1,,2,,3,,0 _ 2

where, for 1 = 0,j, we define
oM = {]Iz,—io')‘}, oM = {Hz,i()'j},

with oj, for j = 1, 2,3, being the Pauli matrices:
(01 (0 —i (1 0
=\ 0) 27\ o) BT N0 —1)-
In (3 + 1)-dimensional minkowski spacetime, the gamma matrices are

(%

5
Ym = | -
M= gt 0

) ek = -
where, for 1 = 0,j, we define

o = {lp, 05}, ofy = {I, —03},

with oj, for j = 1, 2,3, being the Pauli matrices (D.3).
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D.2 Dirac lagrangian and Weyl equations

The Dirac lagrangian in euclidean space and minkowski spacetime, respectively, is

L =x"(@+mh 0 =—iy"0,

) (D.6)

where , 1 are independent Dirac spinors, while the Dirac spinors W, ¥ are related by: ¥ :=
Wiy And y*, v}, are, respectively, the euclidean (D.1) and minkowskian (D.4) gamma
matrices.

The Dirac spinor (or, the spin-1) representation of (the double cover of) the Lorentz group

SL(2,C) is reducible into two irreducible representations: (% , O) D (O, %), which act only

on the two-component Weyl spinors ¥, and ¥, of a Dirac spinor ¥, defined, in the chiral
representation (see §D), by

1.'lj[ ) wl € LZ(M7S)+
Y= e L°(M, 8), . D.7
(Wr) S W, € L2(M,8)- (D7)

Under such decomposition into Weyl spinors, the Dirac lagrangian £ becomes

0 I 0 iokd y

_ (vt ot 2 MO\ 1
Lm = (¥ W) (]12 o) Kify;\;{au 0 ) m} (‘Pr) D8)

= W[50, W + W0l 0, — m (W]W, + Wiw ),

which, for m = 0, describes the Weyl fermions (massless spin-3 particles) in quantum field
theory. The corresponding Weyl equations of motion:

Ly, =ivieh v — o8 = (19 — 059;)¥1 =0,

D9
L = iWiok oW, — ob0.Y, = (ILdo+ 050;)¥, =0, (D)

are derived from the relevant lagrangian density, by treating the Weyl spinor ¥y, and its
Hermitian conjugate ‘PI /» as independent variables in the Euler-Lagrange equation:

Ly =iVeho ¥ — oW1 =0 — Y| 0;0)¥1 =0,

(D.10)
Ly =1iVioh ¥, — oh0 Y =(Ldo+ Y, 050)¥, =0,
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The plane-wave solutions of these equations, with x° identified to the time t and x)=123
the space coordinates, are

Wy, (x%) = Woe_i(pjxj_Et) (D.11)
where (E, p;) is the energy momentum 4-vector and ¥ is a constant spinor, solution of

(El, — &/p;)¥o = 0, for the left handed solution ¥y, (D.12)
(El, — o/p;)¥o = 0, for the right handed solution ¥, (D.13)
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