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ABSTRACT:

Rainfall infiltration in an unsaturated soil slope induces loss of suction (and even positive pore-
water pressures), which can eventually lead to failure. This paper investigates the probability and
the size of failure of an unsaturated slope with spatially variable void ratio, subjected to a constant
intensity rainfall. The random finite element method is employed in conjunction with a Monte Carlo
simulation to stochastically evaluate the factor of safety and the size of the sliding mass. The results
indicate that the mean value and the variability of these two quantities depend on both correlation
length and coefficient of variation of the void ratio field. This dependency is more prominent during
the transient regime than at steady states. Notably, the factor of safety in some cases can be low but
the corresponding sliding mass is relatively small while, in other instances, the factor of safety
might remain large though the associated sliding mass is very sizeable. The correlation between the
factor of safety and the size of the sliding mass shifts from positive to negative as the rainfall
progresses. A simple quadrant plot is suggested to assess the risk associated with slope failure
taking into account both the factor of safety and the size of failure, rather than the factor of safety
alone as it is usually the case. The study also demonstrates an application of a numerical approach
to assess stability of geostructures composed of complex multiphase materials such as unsaturated

soils or frozen soils.
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INTRODUCTION

The effect of soil heterogeneity on slope stability has been stochastically studied over the last forty
years by many authors, who have mainly assumed dry or fully saturated conditions (Alonso 1976;
Babu and Mukesh 2004; Cho 2009; El-Ramly et al. 2002; El-Ramly et al. 2005; Fenton and
Griffiths 2005; Griffiths and Fenton 2004; Griffiths et al. 2009; Griffiths et al. 2011; Hicks and
Samy 2002; Hicks and Spencer 2010; Li and Lumb 1987; Low and Tang 1997; Matsuo and Kuroda
1974; Mostyn and Soo 1992; Mostyn and Li 1993). These studies mostly focused on the influence
of shear strength on slope stability and have showed that the probability of failure increases with
increasing coefficient of variation of shear strength (e.g. Griffiths and Fenton 2004). Some authors
took into account the effect of spatial correlation and concluded that the assumption of an infinite
correlation length (i.e. a homogeneous slope) led to conservative predictions of failure probability
(Babu and Mukesh 2004; Mostyn and Soo 1992; Mostyn and Li 1993). Other authors (e.g. Griffiths
and Fenton 2004; Griffiths et al. 2009) indicated instead that the assumption of an infinite
correlation length for the undrained shear strength could lead to unconservative predictions of
failure. The anisotropy of the correlation lengths was also investigated in some studies (e.g. Hicks

and Samy 2002).

With reference to unsaturated conditions, previous research has been almost exclusively limited to
homogeneous soils (Alonso et al. 1995; Ng and Shi 1998; Cho and Lee 2001; Tsaparas et al. 2002;
Griffiths and Lu 2005; Lu and Godt 2008 and Gavin and Xue 2009). In spite of practical interest,
very few studies have attempted to incorporate the variability of soil properties into the analysis of

unsaturated slopes (e.g. Alonso and Lloret 1983; Arnold and Hicks 2010; Babu and Murthy 2005;
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Cho 2014; Dou et al. 2014; Santoso et al. 2011b; Zhang et al. 2005; Zhang et al. 2014) mainly
because of the high non-linearity of the problem. Zhang et al. (2005) analyzed the effect of the
variation of hydraulic parameters and shear strength on the stability of an unsaturated slope during a
rainstorm and showed that the coefficients of variation of both safety factor and displacement
increase as the storm progresses. Their study took into account cross-correlations between soil
properties but ignored spatial variability.

A few stochastic studies into rainfall-induced failure in unsaturated slopes published quite recently
took into account spatial variability. The majority of these studies are however limited to infinite
slopes with one-dimensional random variability of soil properties. Santoso et al. (2011b), for
example, used subset simulation with a modified Metropolis-Hasting algorithm to estimate the
probability of failure of an infinite unsaturated slope with randomly varied saturated permeability.
Correlation length was found to cause deeper wetting fronts and higher negative heads at the layers
above the wetting front during a rainstorm. This consequently led to lower probability of failure.
Cho (2014) conducted a series of seepage and stability analyses of an infinite unsaturated slope
during rainfall infiltration with randomly varying permeability. The author concluded, among other
things, that the influence of the coefficient of variation and the correlation length of saturated
permeability seemed to depend on the location of the critical failure surface (i.e. the surface with the
lowest factor of safety). Dou et al. (2014) extended the Green-Ampt infiltration model and
combined it with an infinite slope model to obtain a closed form of the limit state function. The
Monte Carlo simulation method was then used to study the influence of saturated permeability on
failure of an unsaturated slope during rainfall infiltration. Zhang et al. (2014) used a similar
approach of combining the Green-Ampt model with the infinite slope model. The authors however

varied both soil parameters and rainfall intensity-duration curves. Arnold and Hicks (2010) is one of
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the very few studies dealing with finite unsaturated slopes stochastically. The authors used the
Bishop’s effective stress approach (1959) to study the simultaneous variation of friction angle,

cohesion, porosity, saturated permeability and air entry suction.

With respect to the extent of failure, some authors studied the depth of the sliding mass, but only
qualitatively, to identify the factors that affect the depth of failure rather than quantifying the size of
the sliding mass. Alonso and Lloret (1983) showed that the slope angle marking the transition from
shallow to deep failures increase with soil dryness. Santoso et al. (2011) remarked that shallow
failure mechanisms during rainfall infiltration in heterogeneous slopes of infinite length cannot be
predicted using a homogeneous slope model. Hicks et al. (2008) presented a three-dimensional

stochastic study of the size of the sliding mass in saturated slopes.

This study investigates the impact of the spatial heterogeneity of void ratio on the stability of an
unsaturated slope subjected to rainfall infiltration via Monte-Carlo simulation. In particular, the
random finite element method (Griffiths and Fenton 1993) is employed to stochastically evaluate
the factor of safety and the extent of failure (quantified by the area of the sliding mass) at various
times, during and after a rainfall. The study examines the sensitivity of the results to the coefficient
of variation and correlation length of void ratio. The correlation between the factor of safety and the
sliding area is explored using their joint probability distribution and a simple quadrant plot is

suggested for risk assessment.

THE MODEL
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Geometry and mesh discretisation

This study assumes a 10 m high slope of 2:1 gradient, which rests on a 20 m thick base and is
discretized by a finite element mesh of 1515 quadrilateral elements (Fig.1). Finite element analyses
are performed by using the software CODE BRIGHT (UPC, 2010), which allows fully coupled
thermo-hydro-mechanical simulations of boundary value problems in multiphase materials such as

unsaturated soils and frozen soils.

The initial stress distribution is in equilibrium with gravity and is calculated by the software at the
start of the analysis through the application of gravity to an initially weightless slope. The random
variability of void ratio (e) is introduced before application of gravity to take into account the effect
of the variation in soil unit weight (caused by the variability of e) on the initial stress distribution.
The initial pore water pressures (p,,) are in hydrostatic equilibrium with the initial water table
located 5 m below the slope toe. The pore air pressure is assumed constant and equal to zero (i.e.
atmospheric), so that the suction s is equal to the negative value of pore water pressure, i.e. s=-p,,.
The maximum initial suction is therefore attained at the crest of the slope AB and is equal to 150
kPa. This suction level falls in the lower end of the range observed in semiarid or arid environments

such as, for example, in Australia (Cameron et al. 2006).

A mesh sensitivity analysis under saturated conditions showed that the assumed mesh produces
reliable estimates of the factor of safety (Le 2011). The vast majority of elements are squares or
parallelograms, each having an area of ~ 1 m*. Approximately 1% of all elements, i.e. those in the

centre of the mesh, have smaller areas than this value (Fig.1).
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Simulation process

In the Monte Carlo analysis, each random finite element realization is analysed in two separate
stages: 1) an initial simulation of rainfall infiltration, up to a chosen time during or after the rainfall,
to establish the stresses, strains and p,, inside the slope and ii) the subsequent application of the
shear strength reduction technique (SRT) to calculate the factor of safety (#0S) and the area of the

sliding mass (4;) at that particular time.

In the first stage, a moderate constant rainfall of 43.2 mm/day over 10 days is simulated by
imposing a “seepage” boundary condition on the ABCD surface (Fig.1). This boundary condition
allows water to infiltrate into the soil at a constant rate as long as the p,, at the boundary is negative
(i.e. existence of suction). If the p,, becomes equal or larger than zero, the boundary condition shifts
to a constant p, = 0 to avoid build-up of hydraulic head at ground surface. More detailed
explanations of the seepage boundary condition can be found in CODE BRIGHT Users’ Manual
(UPC 2010) or Le et al. (2012). After 10 days of rainfall, the simulation is continued for another
355 days (referred to as the post-infiltration period). Boundaries OA, OG and GD are assumed to be
impermeable both during and after the rainfall. This causes the infiltrated water to accumulate
inside the soil domain, hence raising the water table at the end of the rainfall. After day 10 (i.e. after
the end of the rainfall), the boundary ABCD is assumed to be impermeable. Therefore, water loss
from evaporation is prevented and any change of the FoS during the post-infiltration period is
purely due to the redistribution of p,,. During the analysis carried out in this first stage, mechanical
deformations are fully coupled with pore water flow, i.e. the equations of equilibrium and water

flow are simultaneously solved in CODE_BRIGHT.
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In the second stage, the FoS and A, are evaluated at various times of interest by performing a
separate SRT analysis at each of these times. Four times during the rainfall (0, 0.5, 5, 10 days) and
four times during the post-infiltration period (15, 20, 100 and 365 days) are selected to capture the
changes of the failure mechanism associated with a significant variation of the p,, field. In each SRT
analysis the stresses and strains calculated during the first stage are imposed as initial conditions
while the p,, is maintained fixed at every node. This means that, for example, to calculate the FoS
and A, after 5 days of rainfall, the SRT will be applied to a slope model with the starting stresses
and strains equal to those obtained at day 5 during rainfall infiltration (calculated in the first stage).
Moreover, as soil strength is reduced, the p, remains fixed at every node and equal to the value
calculated at day 5 during rainfall infiltration. The value of p,, is maintained fixed because the SRT
analysis is purely a numerical technique to estimate the values of FoS and A4, corresponding to a

given p,, field and does not simulate any physical phenomenon.

Hydraulic and mechanical constitutive relationships

The van Genuchten (1980) and van Genuchten and Nielsen (1985) models are used for the water
retention curve and the permeability function, respectively, because they can realistically represent
unsaturated soil behaviour in a simple and numerically stable way. These constitutive models are
presented briefly below. More details about these relationships can be found in Le (2011); Le et al.

(2012) and Le et al. (2013Db):

1 —m

_ 1-m
s =525 _ 1+[ij (1)
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The soil water retention curve (SWRC) van Genuchten (1980) is given by equation 1, which relates
the effective degree of saturation (S.) (calculated as a function of the current degree of saturation
(S), the maximum degree of saturation (S;), and the residual degree of saturation (S, )) to suction s=-
pw through the air entry suction parameter s.. In equation 2, the parameter s, is in turn related to the
porosity (@) through parameter # which controls the rate at which s, deviates from its reference
value s., when ¢ deviates from its reference value ¢, (Roriguez et al. 2007 and Zandarin et al.
2009). Similarly, equation 3 describes the variation of the saturated permeability (k) from its
reference value k;, when ¢ deviates from its reference value ¢,, as proposed by Kozeny (1927).
Equation 4 describes the van Genuchten and Nielsen (1985) permeability curve linking the relative
permeability &, to the effective degree of saturation S, through the parameter m, which can be
geometrically interpreted as the curve gradient. The unsaturated permeability %, is the product of the
saturated and relative permeability (i.e. k, = ksk,). In other words, the value of %, is the normalised
value of k, to k. Finally, the unsaturated flow q is calculated using the generalized Darcy’s law
(equation 5). The symbols u,, p,, g and z indicate the pore water pressure, the water density, the

gravitational acceleration and the elevation coordinate, respectively.
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According to the above models, the heterogeneity of e, and hence of ¢, influences the distribution of
pore water pressure by influencing the SWRC (equations 1 and 2) and hence the &, (equations 1, 2
and 4) and influencing the &, through the Kozeny's equation (equation 3). The inclusion of the
influence of randomly varying e on the SWRC and £,, in addition to its influence on £;, is a step-
forward from existing probabilistic models considering similar effects. Phoon et al. (2010), for
example, proposed a probabilistic model for the normalised SWRC. The author used a correlated
lognormal vector containing the curve fitting parameters related to the shape and air entry value of
the SWRC but did not take into account the variability of k;. Santoso et al. (2011a) further
developed the model proposed in Phoon et al. (2010) for the non-normalised SWRC in which the
saturated water content is treated as a random variable. The Kozeny-Carman equation was also used
by the authors to link random saturated water content to k. This approach implies that the variation
of the SWRC and £; are independent from one another, unlike in this study where they are related

through the variation of e.

The values of all hydraulic parameters are summarized in Table 1. Note that the values of m, &, Seo
and 7 are assumed constant, spatially uniform and are taken around the middle of their typical range
in order to avoid overly large or small values which can cause unrepresentative results (Bear, 1972;
van Genuchten, 1980; Zandarin, 2009). In equation 1, the values of S and S, are equal to 1 and

0.01, respectively.

A linear elastic model with an extended Mohr-Coulomb (MC) failure criterion (equation 6)

describes the mechanical behavior of the unsaturated soil (Fredlund et al. 1978):

10

Page 10 of 56



Page 11 of 56

Can. Geotech. J. Downloaded from www.nrcresearchpress.com by GLASGOW UNIVERSITY LIBRARY on 05/14/15

For personal use only. This Just-IN manuscript is the accepted manuscript prior ?0 copy editing and page composition. It may differ from the final official version of record.

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

7 =c'+otan ¢'+s tan ¢’ (6)

In equation 6, the shear stress at failure (7) depends on the net normal stress (o) and suction (s)
through the friction angle (¢’), cohesion (¢’) and a parameter controlling the increase in shear
strength with suction (¢b ). The component of strength contributed by suction (i.e. the 3" term in
equation 6) decreases with decreasing s and becomes zero for a fully saturated soil. The value of ¢b
has been shown experimentally to increase with decreasing s (Escario and Saez 1986 and Gan et al
1988), approaching ¢' in saturated conditions. The dependency between the angle ¢’ and the suction
is however not well-understood. Gan et al. (1988) suggested that the value of ¢ decreased to a
relatively constant value as the soil desaturated to a higher matric suction. For simplicity, this study
assumes a constant value for ¢. The values of the strength parameters (¢, ¢ and ¢) assumed in
this study are typical of a clay and are based on the values reported by Bishop et al. (1960) for
boulder clay and by Gan et al. (1988) for a compacted glacial till. The elastic parameter values, i.e.
Young modulus (E) and Poisson ratio (v), are also typical of a clay and chosen within their
respective typical ranges of variation (Zhu 2014). The values of all mechanical parameters are
summarized in Table 1.

In this study, the chosen value of k, = 10™ m/s lies in the upper range of permeability for layered
clay or silt with some clay. It is considered acceptable to adopt a value of k; that is higher than the
typical permeability of clayey materials due to the significant spatial variation of e. This spatial
variation implies that the 'average' k; would be elevated toward the upper values of the permeability

range because, in heterogeneous soils, water follows preferential paths through more permeable

11
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areas, which has been shown in Le et al. (2012). The corresponding £, is rather low, around 10°—
10" m/s for s =150 kPa which is found at the crest of the slope. The selection of a slightly elevated
ks also facilitates the numerical performance of the simulation by easing the steep transition in pore

pressure across the wetting front formed during water migration through the slope domain.

In reality, the variation of porosity can also influence the values of mechanical parameters. In this
study, however, it is assumed that porosity has no influence on the values of stiffness and strength,
which are taken constant and spatially uniform. This assumption facilitates the investigation of the
effect of the heterogeneity of porosity on the hydraulic behavior of the slope by isolating it from
other effects. This study can however provide a reference for future research in which more
complex probabilistic models, taking into account the influence of porosity on both hydraulic and

mechanical parameters, can be adopted.

A non-associated flow rule with zero dilatancy is employed in the mechanical model, which means
that no plastic volumetric strain occurs during yielding. A viscoplastic convergency algorithm is

used to update the stress field during plastic loading.

SHEAR STRENGTH REDUCTION TECHNIQUE

One of the challenges in assessing slope stability by the SRT technique is to define failure based on
the output of a finite element analysis. Detection of failure is normally associated either with the
loss of global equilibrium or with the onset of a kinematic “sliding” mechanism. The former is

identified by the “non-convergence” of the solution within a certain iteration ceiling (Griffiths and

12
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Lane 1999; Zienkiewicz et al. 2005) while the latter relies on monitoring selected nodes to detect a

sudden increase of displacements (Hicks and Spencer 2010).

The analysis of heterogeneous unsaturated slopes involves solving a complex system of coupled
mechanical - hydraulic equations. Non-convergence can therefore be caused by a number of reasons
that are unrelated to the loss of global equilibrium and, if counted as slope failure, can mislead risk
assessment. Because of this, the current study adopted the displacement monitoring approach to
detect slope failure. Those realizations, which did not converge due to reasons other than attainment
of failure, were therefore disregarded. In heterogeneous slopes, the sliding mass might vary
considerably in shape and size. The present study therefore takes a comprehensive approach by
monitoring every node of the mesh to ensure that the occurrence of failure can always be detected
and to estimate the size of the sliding mass. Failure is identified when one or more nodes satisfy a

combination of criteria as discussed later.

In a saturated SRT analysis, the factor of safety (FoS) is defined as the factor by which the strength
parameters (i.e. tang’ and ¢’) must be divided to make a slope “barely stable” (Duncan 1996). In
unsaturated soils, the extended Mohr-Coulomb criterion involves, in addition to ¢’ and ¢’, an extra
parameter ¢’ which controls the expansion of the failure envelope with increasing suction. The
product of suction and tan¢b contributes to shear strength in a similar way to cohesion and is often
lumped with ¢’ to create an “enhanced cohesion” term. It is therefore reasonable to apply the
strength reduction factor to tan¢b in the same manner as to tang’ and ¢’. In this study, the FoS for

unsaturated soil is therefore defined as:

13
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! ' b
FoS = C uctual — tan¢ tan¢ actual

b
c' e tan ¢' fui tan @’ s

actual __

(1)

During a SRT analysis, the response of the slope is monitored while the shear strength parameters
are reduced by dividing them by a factor that is initially equal to one and is incremented by 0.01 in
a number of consecutive steps. An initial validation of the SRT method is performed in this work
for the simpler case of a homogeneous slope by comparing the FoS estimated as described above
with that computed by the limit equilibrium method (LEM). The slope considered for this validation
has the same geometry and dimension as shown in Fig.1 and the same hydraulic parameters as in
Table 1. The void ratio is spatially uniform and equal to 0.5 (corresponding to the mean value of
void ratio adopted in this study). The LEM estimation is performed by, first, using the software
SEEPW (GEO-SLOPE International, Ltd, Alberta, Canada) to calculate the p, distribution at
different times during rainfall infiltration. The obtained p,, distribution is then fed into the software
SLOPEW (GEO-SLOPE International, Ltd, Alberta, Canada) to estimate the corresponding FoS by
the LEM. Figure 2 shows that the two methods produce remarkably similar trends of variation of
FoS over time, though the FoS obtained by the LEM appears systematically higher than the FoS
obtained by using the FEM (however the relative difference between the two curves is not
significant). This discrepancy might be caused by various reasons, including the restriction imposed
on the geometry of the failure surface in the LEM, the assumption about the forces acting between
slope slices in the LEM and the coupling of hydraulic and mechanical behaviour during rainfall in
the FEM but not in the LEM. In addition, there might be a slight variation in the p,, distribution

predicted by SEEPW and CODE_BRIGHT due to the different meshes used in the two cases.
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RANDOM VOID RATIO FIELD

In unsaturated soils, the wetting process can lead to a drop in suction and even to positive p,,, which
reduces shear strength and contributes to the loss of stability. In this study, the computed slip
surfaces tend to cut mainly through the unsaturated region. This implies that the suction drop in the
unsaturated region plays a more relevant role than the build-up of positive p,, in the saturated
region. Due to the spatial variation of e, the advancing wetting front during rainfall is uneven and
geometrically irregular, unlike the smooth and uniform wetting front observed in homogeneous
soils (Le et al. 2012). This is because, in heterogeneous soils, water follows preferential paths
causing an uneven suction reduction over the soil domain. Soil elements experiencing large suction
drops might reach failure earlier or under lower stresses than neighbouring elements experiencing
smaller reductions of suction. Therefore, the heterogeneity of e can change the failure mechanism
compared to the case of a homogeneous soil, as the slip surfaces passing through the weaker,

“wetter” elements tend to result in lower FoS.

In this study, the mean of the void ratio field u(e) is kept constant at 0.5 for all simulations while
five values of the coefficient of variation (i.e. COV,.= 0.1, 0.2, 0.4, 0.8 and 1.6), and five values of
the correlation lengths in both horizontal and vertical directions (i.e. Gx(e)= 6,(e)= 0(e) =2, 4, 8, 16
and 32 m) are investigated. Baecher and Christian (2003) compiled data from various sources and
suggested a range of 0.13 — 0.42 for the COV, while ranges of 0.07 — 0.3 and of 0.15 — 0.3 have
been suggested by Lacasse and Nadim (1996) and Lumb (1974), respectively. Santoso et al. (2011a)
used a value of COV, = 0.13 for sandy clay loam and loam based on the volumetric water content

from test data provided in the unsaturated soil database - UNSODA (Leij et al. 1996). Le et al.
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(2013a) reported a range of COV, from 0.05 to 0.26 for porosity of various soils including glacial
clays, sands and chalks. The two upper values of COV, considered in this study are much larger
than the coefficients of variation reported in the literature. The two large values of COV, (in
addition to the usual values of 0.1, 0.2 and 0.4) are chosen in order to emphasize the effect of the
variation of e on unsaturated slopes. In addition, they might be more representative of the variability
of compacted soils, such as embankment fills, which can be composed of mixed materials from
various sources leading to very large variations in void sizes. With respect to correlation length,
there are few published values from real measurements for e. Onyejekwe and Ge (2013) analysed
the data for fined grain soils at four different locations in Missouri from 11 CPTu soundings
together with laboratory tests from 15 different boreholes and reported values of €,(e) between 0.55
to 4.66 m. Phoon et al. (2006) suggested 6,(e) = 3 m for organic silty clay. The values of (e) are
often much larger than the 6,(e) (Phoon and Kulhawy 1999). Given this limited information, the
selection of a lower bound of &e) = 2 m for this study is considered practically reasonable.

To examine the possible values of degree of saturation and unsaturated permeability modelled by
equation 1 to 5, Figure 3 presents the variation of the soil water retention curve and the unsaturated
permeability curve with porosity (and hence, void ratio) over a suction range from 1 to 1000 kPa
which is relevant for this study. Five values of porosity from 0.1 to 0.7 are considered. A value of
porosity larger than 0.7 or smaller than 0.1 is quite unlikely for the range of input coefficient of
variation adopted in this study. As can be seen from Figure 3, at s =150 kPa at the crest of the slope,
the soil would be from 50 to 80% saturated and have a corresponding k, of around 10™° — 10° m/s.
Noticeably, the degree of saturation tends to decrease with increasing porosity while the &, at the

suction range larger than 20 kPa no longer increases with larger porosity (Fig. 3a). This implies that
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the areas with larger porosity/void ratio are not always the most permeable areas in unsaturated
soils as it is the case for saturated soils.

The selection of the mesh size in this study aims at balancing between capturing the soil variability
and avoiding excessive computational expenses which is critical for Monte Carlo simulation. The
selected mesh of 1m x 1m is considered reasonable for this study because it allows the Monte Carlo
analyses to be performed within an acceptable amount of time. In addition, the element size is
smaller than the lowest de) = 2 m, which means the soil variability can be reasonably reflected
because the impact of local averaging over the area of each element is minimal. Figure 3b shows
that, at high suction (above 100 kPa), the &, becomes quite low (< 10° m/s) and less varied among

different porosities.

In the following, the random field of e is assumed to be isotropic (i.e. ratio of horizontal over
vertical correlation length a = 6,(e)/ 6,(e) = 1), unless otherwise specified. Therefore, in an isotropic
field, the symbol 6(e) will be used to indicate the same correlation length in both vertical and
horizontal directions. Mapping of the random field onto the finite element mesh is achieved by
allocating to each element the random value with coordinates that are closest to the centroid of the
element (Le 2011; Le et al. 2012).

Although the void ratio can theoretically be any positive value, most soils are likely to have a
minimum and a maximum e. Fenton and Griffiths (2008) suggested that perhaps a bounded tanh
type distribution would be the most appropriate for e variability. This type of distribution is
however hard to defined because it requires 4 soil parameters. A number of authors suggest a log-
normal or normal distribution for the variation of e because of their simplicity and popularity

(Baecher and Christian 2003, Laccasse and Nadim 1996). With proper selection of mean and
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standard deviation, a normal or log-normal distribution yields very small possibilities of generating
excessively inappropriate values. Therefore, the normal and log-normal distributions are generally
regarded as suitable for void ratio/porosity of materials. A log-normal distribution is selected in this
study because it ensures that the value of e is always positive, and hence the corresponding value of

porosity stays between 0 and 1.

FACTOR OF SAFETY AND AREA OF SLIDING MASS

Numerous realizations are required for each Monte-Carlo simulation, so it is not possible to identify
slope failure by manually examining individual simulations. Appropriate criteria are therefore
defined so that failure can be automatically identified by using a numerical algorithm. In particular,
failure is recorded when the following three criteria are simultaneously satisfied at one node on the

exposed boundary of the finite element mesh (i.e. boundary ABCD in Fig. 1):

1. Increment of vertical or horizontal displacement increases by more than 10 times in one

strength reduction step (i.e. when the strength reduction factor is increased by 0.01).

ii. Increment of total displacement increases by more than 2 mm in one strength reduction
step.
1. Cumulative vertical or horizontal displacements are larger than 10 mm.

These criteria were established after examination of the displacement fields in a large number of
realizations. Criterion (i) identifies the sudden increase in vertical or horizontal displacement rate at

a given node, which is the fundamental condition for detecting failure. However, criterion (i) alone
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might be misleading because a displacement increment that is very small in absolute terms can still
be more than 10 times larger than the displacement increment observed during the previous strength
reduction step. This might, for example, be the consequence of numerical oscillations rather than
slope failure. An additional criterion (ii) is therefore required to ensure that the displacement
increment is substantial and hence indicative of failure. Criterion (ii) alone is also not sufficient
because it can be satisfied by a node experiencing rather large displacement increments in
subsequent strength reduction steps, even without the occurrence of overall failure. Finally,
criterion (iii) needs to be simultaneously satisfied to ensure that the slide has moved by a
considerable amount, which signifies the initiation of a mechanism rather than an occasional large

displacement at one node.

In each realization, the FoS is recorded as the smallest strength reduction factor at which criteria (i),
(i1) and (iii) are simultaneously satisfied by at least one node on the exposed boundary of the finite
element mesh. This FoS marks the evolution of failure from unconnected regions inside the soil

domain to a continuous band that causes sliding.

In a conventional slope stability study, risk assessment is normally based on likelihood of failure,
which is in turn linked to the FoS. However, a large sliding mass is more likely to cause extensive
damage and poses a greater hazard than a shallow slide, even if the former has a higher FoS than the
latter. Therefore, a better estimate of risk should take into account both the likelihood and the size
of failure. The algorithm used to monitor displacements is also employed in this study to estimate
the size of failure. After identifying the first node on the exposed boundary of the mesh that satisfy

criteria (i), (ii) and (iii) simultaneously (which occurs for a strength reduction factor equal to the
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FoS), the SRT analysis is continued until it can no longer progress (i.e. due to excessively large
displacements). This is to allow the sliding mass to develop and move substantially. At the end of
each SRT analysis, the number of nodes over the entire mesh satisfying criteria (i), (ii) and (iii) is
recorded and assumed to be equal to the area of the sliding mass (4;). The fulfillment of the above
three criteria implies that the corresponding node is located on the sliding mass (though different
nodes inside the mass might fulfill the criteria at different values of the strength reduction factor
during the SRT analysis). The above approximation of 4, is based on the observation that each node
identifies an area made up of the sum of one quarter from each of the four elements sharing that
node. Since the mesh mostly consists of square or parallelogram elements of 1 m? the area
allocated to each node is also approximately equal to 1 m” In reality, the number of nodes slightly
over-estimates the value of 4, as nodes located on or next to the boundaries of the sliding mass
should be allocated smaller areas. Nevertheless, the variation of A, is reasonably described by the
variation of the number of nodes that satisfy the above failure criteria because, if 4, increases, the
number of nodes located on the sliding mass also increases in an almost proportional fashion and
vice versa. Given that this study focuses on investigating the sensitivity of failure to different
parameters, the above approximation of A, is considered satisfactory. For investigations of real
slopes, it is recommended that 4, is estimated more accurately either by using a finer mesh or by

directly measuring the area contained inside the slip surface.

QUALITATIVE ASSESSMENT AND CASES EXAMINATION

Figure 4 shows a sample distribution of ¢ mapped onto the finite element mesh in Fig. 1. This

distribution corresponds to a random field of e with u(e) = 0.5, COV, = 0.8 and 8(e) = 8§ m. Porosity
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(@), rather than void ratio (e), is plotted because the value of ¢ is bound between 0 and 1, which
facilitates visual presentation of the random field by avoiding an extremely large range of numerical
values. In this example, since the value of COV, is large, the range of ¢ becomes relatively large for
a domain of the size considered here (it varies from 0.05 to 0.75 in Fig. 4). This is however
considered preferable for illustrative purposes in order to emphasize the effect of soil heterogeneity

on the computed results.

Note that this study ignores the decrease of ¢ with depth due to increasing overburden pressure
because of the relatively small height of the slope (< 30 m). The significance of this assumption was
evaluated by application of gravity to a homogeneous slope of the same dimensions to those used in
the present study, which yielded a negligible variation of ¢ (i.e. less than 0.003 difference between
the top and bottom boundaries of the mesh) compared to the degree of variability introduced by the

random field.

Figure 5 shows the vertical displacement recorded at point A of the mesh (Fig. 4) during the SRT
analyses undertaken at different times. Displacements increase significantly once failure occurs
(Fig. 5). In addition, the FoS decreases during the rainfall but increases back once the rainfall stops

(and stabilizes around 1.39 after 100 days for this particular realization).

Figure 6 demonstrates that the heterogeneous porosity field produces an “uneven” distribution of p,,
during the rainfall and until the early stages of the post-infiltration period (i.e. until day 20). At the
start of the rainfall (0 — 0.5 days), the FoS and A4; attain their largest values because no or little

wetting of the slope face has occurred. For this realization, the A, is smallest at an intermediate time
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during the rainfall (day 5) because, after 5 days of infiltration, the superficial soil layer has been
weakened enough to induce a shallow failure mechanism confined to the wetted soil region (Fig.
6¢). Therefore, the sliding mass at day 5 is smaller than at any other time (Fig. 6). On the other
hand, the FoS drops to the lowest value at the end of the rainfall (10 days) due to suction loss in the
unsaturated zone and water table rise in the saturated zone (Fig. 6d). After the rainfall, the FoS
increases back due to the recovery of suction in the soil region close to the slope face (Figs. 6e-h)
but it does not attain the same value as at day 0 due to accumulation of water (i.e. water table rise)
inside the soil domain caused by the impermeable vertical and bottom boundaries. Finally, the
higher hydrostatic water table at the end of the simulation than at the start also produces smaller A4;
at the end of the simulation than at the start (Figs. 6a and h). It is important to note that only the
initial sliding is detected in this study at each rainfall time while progressive failure is not accounted

for.

STATISTICAL CHARACTERISATIONS

The reliability of the statistics of FoS and 4; is assessed by plotting the running means u(FoS) and
1(A;) together with their corresponding 95% confidence intervals against the number of realizations
N (e.g. Fig. 7). Figure 7 indicates that the values of wu(FoS) and u(A4;) converge rather quickly, i.e.
after around 60 realizations at 5 days of rainfall. At this point, the 95% confidence interval of FoS
and A becomes relatively narrow indicating stabilization of the standard deviation of the FoS
o(FoS). The FoS of individual realisations ranges over a wider interval at day 5 (=1 to 2.2) than at
day 0 (=1.6 to 2.2) (Fig. 7 a and b). This is caused by the more significant differences in the suction

and stresses distributions of distinct realizations at day 5 compared to day 0. At other times, the
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convergence of the statistics of FoS is achieved with a smaller number of realizations than 60. The
value of 4, spans a wide range and, at intermediate rainfall times (e.g. 5 days), exhibit skewness

with dominance of relatively small values and a mean u(A4;) higher than the majority of realizations.

Several probability distributions functions (pdf) were initially fitted to the frequency histograms of
FoS and 4, and, most of the times, the log-normal function was found to provide a simple and
acceptable representation in both cases (e.g. Fig. 8). Figure 8 indicates that the fit of the log-normal
pdf to the A histogram is worst at day 5, which is due to the pronounced skewness of the data and
large variability at this particular time as explained earlier (Fig. 7d). The match between the fitted
log-normal pdfs and the corresponding histograms at 0.5 day, 15 days, 100 days and 365 days (not
shown in Fig. 8) are generally similar to the match at 0 day, 10 days, 20 days and 100 days,
respectively. The fitted log-normal pdfs are used in later sections to estimate the probability of
failure and to construct the joint probability distribution between FoS and A, in order to assess their

correlation.

INFLUENCE OF VARIABILITY CHARACTERISTICS OF VOID RATIO

Factor of Safety and probability of failure

The changes of the mean and coefficient of variation of the factor of safety, u(FoS) and COVp,s,
over time follow very similar patterns for different values of COV,, 0(e) and a (i.e. anisotropy of
correlation length) as shown in Figure 9. As water infiltrates, the u(FoS) decreases and attains a
minimum at 10 days, just before rainfall stops. This is due to the strength reduction caused mainly

by the suction loss in the unsaturated region and, to a lesser degree, by the positive p,, rise in the
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saturated region. From day 10 to 365, infiltration is no longer occurring leading to the recovery of
W(FoS) to a value that is however smaller than the one prior to rainfall because of the rise of water
table. The COVp,s changes marginally up to 0.5 days, then it increases considerably from 0.5 to 5
days due to the larger variability in the suction distribution within the soil domain. The COVpg,s
peaks at day 5 (except for COV, = 0.1) but then decreases from day 5 to day 15 and fluctuates

within a small range after that.

As the variability of e increases with increasing values of the COV,, the heterogeneity of
permeability, porosity and degree of saturation also becomes larger. The larger heterogeneity of
permeability then increases the variability of suction over the soil domain, while the larger
heterogeneity of porosity and degree of saturation increases the variability of the soil unit weight
and, hence, of stresses. The “weakest” slip surface (which governs the FoS) tend to occur in regions
of low strength. As the suction and stresses become more variable, the lower bound of soil strength
decreases. Therefore, an increase of COV, tends to cause a decrease of u(FoS) (at times before 100

days) and an increase of COVg,s (Figs. 9a and b).

As 6(e) increases from 2 to 32 m (with a=1), the u(FoS) changes marginally up to day 20 but
exhibits minor increases with higher values of 8(e) from day 20 onward (Fig. 9¢). At the same time,
the COVp,s increases considerably (Fig. 9d). This is because ‘regions of strongly correlated e’
(referred, in short, as “regions” later on) increase in size with larger 8(e), which reduces the average
number of such “regions” that the slip surfaces pass through. For example, a 12 m long slip surface
might pass through, on average, 6 “regions” in a domain with 6(e) = 2 m, but can be contained

within one single “region” in a domain with 6(e) > 12 m. The decreasing number of “regions” cut
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by the slip surfaces increases the variation of average soil strength along the slip surfaces between
realizations because there is less compensating effects between ‘weak’ and ‘strong’ regions. This
leads to an increase of the COVp,s with increasing f(e). Another factor is that the number of
independent realisations (i.e. realisations with zero correlation with one another) tends to decrease
statistically with increasing 6(e) which also contributes to increasing COVp,s (Fenton and Griffiths

2008).

The influence of anisotropy of correlation lengths («) is also investigated by keeping the horizontal
correlation length 6,(e) constant while reducing the vertical correlation length 6,(e). Two values of
On(e) = 8 and 16 m are considered. For each 6y(e), the 6,(e) is scaled down by an anisotropic ratio
(= On(e)/B,(e)) equal to 2, 4 and 8. This implies that the “regions” become increasingly
‘compressed’ vertically and, hence, have a more elongated shape in the horizontal direction. The
similarity in variation patterns of u(FoS) and COVp,s with decreasing 8(e) (Figs. 9c and d) and with
increasing a (Figs. 9¢ and f) suggests that the effect of the decreasing size of the “regions”
dominates over the effect of the more elongated shape. The former is caused by the proportional
decreases in both 6,(e) and 6,(e) at the same time, hence changing the size but not the shape of the
“regions”; while the latter corresponds to a decrease in 6,(e) while 6,(e) stays constant, hence
changing both size and shape of the “regions”. For the range a investigated, the change in shape

alone appears to have minimal influence on the variation of x(FoS) and COVpys.

The probabilities of failure P, presented in Fig. 10 for isotropic soils (i.e. a=1) are calculated by

assuming a log-normal probability distribution of the FoS. To facilitate presentation, the vertical

scale in Fig. 10 is set from 10" to 1 and hence data points corresponding to insignificant
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probabilities (Py < 107" at low COV, and 6(e) or at times before day 5) do not appear in Fig. 10.

From day 5, the value of Princreases significantly with increasing COV, or (e). The highest Py

occurs at day 10 indicating that the drop in «(FoS) at day 10 (Figs. 9a and c) has a dominant effect
over the increase in COVp,s at day 5 (Figs. 9b and d). The interacting trends of time and
heterogeneity, as featured in Fig. 10, highlight the complexity and the importance of taking into

account both factors in assessing the failure probability of unsaturated slopes during rainfall.

Size of sliding area

The variation of the mean and coefficient of variation of the sliding area, u(A4;) and COV,, over
time for different values of COV,, f(e) and o are very similar (Fig. 11). The u(4;) becomes
minimum at a rainfall time of 5 — 10 days, then increases back after the rainfall stops at day 10. The
value of COV 4, fluctuates around a relatively low value during the first half day of rainfall but then
increases sharply and attains a maximum at day 5 for all values of COV~, followed by a decrease to

a stable value from day 20 onward.

Increasing heterogeneity (i.e. larger COV,) causes larger variation in 4; which leads a considerable
increase of COV, (Fig. 11b). It also appears that as the “regions” of correlated e become larger (i.e.
with increasing f(e) or decreasing @) the size of the sliding mass also becomes more variable

between realizations leading to generally higher COV 4, (Figs. 11d and f).

Correlation between Factor of Safety and size of sliding mass

The correlation between the stochastic data of FoS and of A, is examined by constructing the

bivariate normal distribution of the natural logarithms of FoS and A, because both these quantities
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can be reasonably assumed to follow normal distributions. Figures 12 and 13 show the individual
realisations together with the contour ellipses from the joint probability distributions on a log-log
scale. The contours correspond to probabilities equal to 10, 30, 50, 70 and 90% (i.e. each contour
encircles an area where the probability of a realisation falling outside the area is equal to the

probability represented by the contour).

There seems to be little correlation between InFoS and In4; at the start (0 — 0.5 days) and at the end
(100 — 365 days) of the simulation, when the suction distribution can be considered to be almost
hydrostatic. This is evident from the very small slopes of the major axis of the contour ellipses
(Figs. 12 and 13). As the rainfall progresses, there appears to be a linear correlation between InFoS
and In4, which is positive at day 5, as indicated by positive slopes of the major axes of the ellipses.
The correlation changes to negative at day 10, as shown by negative slopes, and the degree of
correlation decreases from day 10 to day 20 (Figs. 12 and 13) as the suction distribution within the
soil domain tends again towards hydrostatic. The results presented in Figures 12 and 13 correspond
to an isotropic random field with u(e) = 0.5, COV, = 0.8 and 6(e) = 8 m but similar variation

patterns are observed for other input values of COV,, §(e) and a.

Figure 12 shows that the realisations at day 5 appear to concentrate in two distinct areas. A large
number of realizations are located in the region of low FoS/small A, while a relatively small number
of realizations occupy the region of high FoS/large A;. This separation is due to the existence of a
‘critical’ depth determining the failure mechanism. With increasing e and hence larger ¢, the
saturated permeability k; becomes higher following Kozeny's relationship (equation 3). Conversely,
the relative permeability k. becomes lower according to the permeability function (equation 4) due

to lower values of the effective degree of saturation S,. This is because, with larger ¢, it becomes
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easier for the air to enter the soil voids (i.e. parameter s, controlling the air entry value of soil
decreases in equation 2) while, at the same time, the same amount of water occupies a smaller
proportion of void (i.e. a decrease in S, as in equation 1). The unsaturated permeability is the
product of &, and &, can decrease or increase with ¢ depending on the magnitude of suction. More
detailed discussion about changes of unsaturated permeability with ¢ can be found in Le (2011). In
this study, the suction range is relatively low (< 150 kPa), which means that the unsaturated
permeability tends to decrease with increasing ¢ or e. In those realizations characterized by high
values of e at the slope face such as in Fig. 14a, the low unsaturated permeability inhibits water
flow leading to a shallow infiltration depth (Fig. 14c). In such cases, the slip surface tends to cut
though the deep unsaturated soil region leading to large values of A; and FoS (Fig. l4c).
Conversely, if the rainfall has infiltrated beyond this critical depth, the failure slip tends to be
confined within the wetted superficial soil region leading to small values of 4; and FoS (e.g Figs.

14b and d).

The existence of correlation between InFoS and InA; observed in Figs. 12 and 13 suggests a
possible simple risk assessment method for slope stability, taking into account both the probability
of failure and the size of failure. In Fig. 15, the FoS-A; plane is divided into four quadrants by a
vertical line at a limit state 4,; and a horizontal line at a limit state FoS;. A slope is considered to be
risky due to either low FoS (i.e. FoS < FoS; and hence the realization locates below the FoS;) or
large A4 (i.e. A4; > Ay, and hence the realization locates to the right of the A;). This method of
assessing risk is referred to as the ‘quadrant plot’ in this study.

The limit state values should be set depending on the required slope performance, taking into

account both the probability/scale of failure and the consequences of failure. For example, a slope
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near a school will require a very high limiting value for FoS and a very low limiting value for A4,
while, for a subsea slope, it is likely to be acceptable to set a medium limiting value for FoS and a
rather high limiting value for 4. For illustration purpose, the FoS; and Ay are set at 1.4 and 100 m*
respectively in this study, based on experience from the stability study of an actual railway
embankment (Fig. 15). The four quadrants are then rated as Low Risk (LR) for the case with a low
As/high FoS combination, Medium Risk (MR) for the cases with either a high 4,/high FoS or a low
Ay/low FoS combination, and High Risk (HR) for the case with a high A;/high FoS combination.
The contours corresponding to a 10% probability of a realisation falling outside the encircled area
(for COV, = 0.8 and f(e) = 8 m) are shown, for different times, in Fig. 15 to illustrate the
application of the quadrant plot method. For the limit values chosen in this study, this specific slope
has a MR rating at the beginning of the rainfall (i.e. 0 — 0.5 day), with the risk being dominated by
large failures. As rainfall infiltration progresses to day 5, the risk spread to all quadrants, including
the high risk region (HR), due to the large variation in both FoS and A, (and the consequent
expansion of the 10% probability ellipse). The positive correlation at day 5 indicates that 4, tends to
be larger as FoS increases, and hence MR is the prevalent rating, with either high FoS but large 4
or low FoS but small 4;. The shift to a negative correlation from day 10 indicates that there is
potentially a higher probability of slope realizations falling inside the HR rating quadrant.

The application of the quadrant plot method shows that combining both FoS and 4, in evaluating
slope stability can lead to a more informative assessment of the risk than when using the probability

of failure alone.

CONCLUSIONS
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This paper investigated the effect of randomly heterogeneous void ratio on the risk assessment of an
unsaturated slope subjected to rainfall infiltration via Monte Carlo simulation. Simulations were
conducted over a rainfall infiltration period (day O to 10) and a post-infiltration period after the
rainfall has stopped (day 10 to 365). Factor of safety and size of failure (represented by the area of
sliding mass) were estimated at 4 times during the rainfall and 4 times after the rainfall. The
increasing loss of shear strength provided by suction during rainfall infiltration causes a decrease of
the mean factor of safety and a wider variation of the factor of safety for individual realizations. The
mean factor of safety attains a minimum at the end of the rainfall (day 10) while the coefficient of
variation reaches a maximum at an intermediate rainfall time (around day 5). Over the post-
infiltration period, the suction distribution increasingly stabilises towards a new hydrostatic steady
state and hence both the mean and the coefficient of variation of factor of safety become

increasingly constant.

The variations over time of the mean and coefficient of variation of the sliding area follow very
similar patterns to the mean and coefficient of variation of the factor of safety, respectively.
Increase in soil variability and expansion of correlated region (corresponding to increasing
coefficient of variation and correlation length of the input random void ratio, respectively) cause
only slight changes in the mean but significant increases in the coefficient of variation of both factor
of safety and sliding area. The anisotropy of correlation length o in the range from 2 to 8 is also

investigated but found to have marginal influence.

The log-normal distribution function is found to capture acceptably well the distribution of the

factor of safety and the sliding area at various times during the simulation period. Assuming a log-
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normal distribution for the factor of safety, the estimated probability of failure reaches the highest
value at the end of the rainfall (10 days). The probability of failure also consistently increases as the
soil void ratio becomes more variable and correlated over a longer distance due to the widening of

the variation range of the factor of safety.

The bivariate normal distribution reveals a positive correlation between the factor of safety and the
sliding area at intermediate time (day 5) which shifts to negative at the end of the rainfall (day 10).
This correlation does not seem to exist when the suction distribution is close or at a steady state (i.e.
hydrostatic) either at the beginning of the rainfall (0 — 0.5 days) or long after the rainfall has
stopped (after day 100). A simple quadrant plot is suggested, which divides the space of factor of
safety —sliding area into low, medium and high risk regions based on their limit state values. The
plot allows assessing the risk of slope failure in a more intuitive way by taking into account not only

the probability of failure but also the scale of the failure mass.

Further study should concentrate on verifying the correlation between the factor of safety and the
size of failure based on real data on slope failures. The approach of assessing stability demonstrated
in this study is useful for geostructures composed of multiphase materials and can also be extended

from unsaturated soils to other complex soils such as frozen (unsaturated) soils in permafrost areas.
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Fig.1. Slope geometry and boundary conditions (scale in metres).

Fig. 2. Comparison of FoS estimated using the LEM and the FEM (with the SRT) during and after the

rainfall event.

Fig. 3. Variation of (a) degree of saturation and (b) unsaturated permeability with suction for
different porosity values.
Fig. 4. A typical realization of ¢ (calculated from a random field of e with y(e) = 0.5, COV, = 0.8, 6(e)

= 8 m). Point A indicates location of a sampling point to monitor displacement.

Fig. 5. Vertical displacements recorded during SRT analyses at different rainfall times (days)

(corresponding to point A in Fig. 3).

Fig. 6. Pore water pressure contours and corresponding slip surface during and after rainfall

(corresponding to the random porosity field in Fig. 4) (u(e) = 0.5, COV, = 0.8, 6(e) = 8 m).

Fig. 7. Convergence of (a, b) u(FoS) and (c, d) u(A,) with N (example from the Monte Carlo

simulation with y(e)= 0.5, COV,=0.8, f(e) = 8 m).

Fig. 8. Histograms (bars) with fitted log-normal distributions (continuous line) of FoS and A, at

different times (example from the Monte Carlo simulation with u(e)= 0.5, COV, = 0.8, 6(¢) = 8 m).

Fig. 9. Variation of y(FoS) and COVg,s over time for various (a,b) COV, (with u(e) = 0.5, 6(e) = 8 m)

(c,d) O(e) (with u(e) = 0.5, COV, = 0.8) (e,f) a (with u(e) = 0.5, COV, = 0.8).

Fig. 10. Probability of failure P;against (a) COV., (b) 6(e) at different times.

Fig.11. Variation of u(A,) and COVy, over time for (a,b) various COV, (u(e) = 0.5, 6(e) = 8 m) (c,d)

various 6(e) (u(e) = 0.5, COV,=0.8) (e,f) a (u(e) = 0.5, COV, =0.8).
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Fig. 12. Realisations (cross symbols) and contours of the bivariate normal distribution for FoS and A,
(lines) at 4 times during the rainfall period (example from the Monte Carlo simulation with u(e) = 0.5,

COV,=0.8, 0(e) = 8 m).

Fig. 13. Realisations (cross symbols) and contours of the bivariate normal distribution for FoS and A
(lines) at 4 times during the post-infiltration period (example from the Monte Carlo simulation with

ue)=0.5,CoV,=0.8, 6(e) = 8 m).

Fig. 14. Sample porosity distributions (calculated from the associated random fields of void ratio)
corresponding to significantly different failure mechanisms: (a, c) large sliding mass with high values
of FoS and (b, d) small sliding mass with low values of FoS (5 days, example from the Monte Carlo

simulation with COV, = 0.8 and 0(¢) = 8 m).

Fig. 15. Contour of 10% probability from bivariate normal probability at different times (indicated by
numbers on the contours) on a quadrant plot (example from the Monte Carlo simulation with u(e) =

0.5, COV,=0.8, 6(e) =8 m).
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