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ABSTRACT: 24 

 25 

Rainfall infiltration in an unsaturated soil slope induces loss of suction (and even positive pore-26 

water pressures), which can eventually lead to failure. This paper investigates the probability and 27 

the size of failure of an unsaturated slope with spatially variable void ratio, subjected to a constant 28 

intensity rainfall. The random finite element method is employed in conjunction with a Monte Carlo 29 

simulation to stochastically evaluate the factor of safety and the size of the sliding mass. The results 30 

indicate that the mean value and the variability of these two quantities depend on both correlation 31 

length and coefficient of variation of the void ratio field. This dependency is more prominent during 32 

the transient regime than at steady states. Notably, the factor of safety in some cases can be low but 33 

the corresponding sliding mass is relatively small while, in other instances, the factor of safety 34 

might remain large though the associated sliding mass is very sizeable. The correlation between the 35 

factor of safety and the size of the sliding mass shifts from positive to negative as the rainfall 36 

progresses. A simple quadrant plot is suggested to assess the risk associated with slope failure 37 

taking into account both the factor of safety and the size of failure, rather than the factor of safety 38 

alone as it is usually the case. The study also demonstrates an application of a numerical approach 39 

to assess stability of geostructures composed of complex multiphase materials such as unsaturated 40 

soils or frozen soils. 41 

 42 

 43 

KEY WORDS: heterogeneity, variability, unsaturated, slopes, rainfall, stochastic 44 

45 
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INTRODUCTION 46 

 47 

The effect of soil heterogeneity on slope stability has been stochastically studied over the last forty 48 

years by many authors, who have mainly assumed dry or fully saturated conditions (Alonso 1976; 49 

Babu and Mukesh 2004; Cho 2009; El-Ramly et al. 2002; El-Ramly et al. 2005; Fenton and 50 

Griffiths 2005; Griffiths and Fenton 2004; Griffiths et al. 2009; Griffiths et al. 2011; Hicks and 51 

Samy 2002; Hicks and Spencer 2010; Li and Lumb 1987; Low and Tang 1997; Matsuo and Kuroda 52 

1974; Mostyn and Soo 1992; Mostyn and Li 1993). These studies mostly focused on the influence 53 

of shear strength on slope stability and have showed that the probability of failure increases with 54 

increasing coefficient of variation of shear strength (e.g. Griffiths and Fenton 2004). Some authors 55 

took into account the effect of spatial correlation and concluded that the assumption of an infinite 56 

correlation length (i.e. a homogeneous slope) led to conservative predictions of failure probability 57 

(Babu and Mukesh 2004; Mostyn and Soo 1992; Mostyn and Li 1993). Other authors (e.g. Griffiths 58 

and Fenton 2004; Griffiths et al. 2009) indicated instead that the assumption of an infinite 59 

correlation length for the undrained shear strength could lead to unconservative predictions of 60 

failure. The anisotropy of the correlation lengths was also investigated in some studies (e.g. Hicks 61 

and Samy 2002).  62 

 63 

With reference to unsaturated conditions, previous research has been almost exclusively limited to 64 

homogeneous soils (Alonso et al. 1995; Ng and Shi 1998; Cho and Lee 2001; Tsaparas et al. 2002; 65 

Griffiths and Lu 2005; Lu and Godt 2008 and Gavin and Xue 2009). In spite of practical interest, 66 

very few studies have attempted to incorporate the variability of soil properties into the analysis of 67 

unsaturated slopes (e.g. Alonso and Lloret 1983; Arnold and Hicks 2010; Babu and Murthy 2005; 68 
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Cho 2014; Dou et al. 2014; Santoso et al. 2011b; Zhang et al. 2005; Zhang et al. 2014) mainly 69 

because of the high non-linearity of the problem. Zhang et al. (2005) analyzed the effect of the 70 

variation of hydraulic parameters and shear strength on the stability of an unsaturated slope during a 71 

rainstorm and showed that the coefficients of variation of both safety factor and displacement 72 

increase as the storm progresses. Their study took into account cross-correlations between soil 73 

properties but ignored spatial variability.  74 

A few stochastic studies into rainfall-induced failure in unsaturated slopes published quite recently 75 

took into account spatial variability. The majority of these studies are however limited to infinite 76 

slopes with one-dimensional random variability of soil properties. Santoso et al. (2011b), for 77 

example, used subset simulation with a modified Metropolis-Hasting algorithm to estimate the 78 

probability of failure of an infinite unsaturated slope with randomly varied saturated permeability. 79 

Correlation length was found to cause deeper wetting fronts and higher negative heads at the layers 80 

above the wetting front during a rainstorm. This consequently led to lower probability of failure. 81 

Cho (2014) conducted a series of seepage and stability analyses of an infinite unsaturated slope 82 

during rainfall infiltration with randomly varying permeability. The author concluded, among other 83 

things, that the influence of the coefficient of variation and the correlation length of saturated 84 

permeability seemed to depend on the location of the critical failure surface (i.e. the surface with the 85 

lowest factor of safety). Dou et al. (2014) extended the Green-Ampt infiltration model and 86 

combined it with an infinite slope model to obtain a closed form of the limit state function. The 87 

Monte Carlo simulation method was then used to study the influence of saturated permeability on 88 

failure of an unsaturated slope during rainfall infiltration. Zhang et al. (2014) used a similar 89 

approach of combining the Green-Ampt model with the infinite slope model. The authors however 90 

varied both soil parameters and rainfall intensity-duration curves. Arnold and Hicks (2010) is one of 91 
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the very few studies dealing with finite unsaturated slopes stochastically. The authors used the 92 

Bishop’s effective stress approach (1959) to study the simultaneous variation of friction angle, 93 

cohesion, porosity, saturated permeability and air entry suction. 94 

 95 

With respect to the extent of failure, some authors studied the depth of the sliding mass, but only 96 

qualitatively, to identify the factors that affect the depth of failure rather than quantifying the size of 97 

the sliding mass. Alonso and Lloret (1983) showed that the slope angle marking the transition from 98 

shallow to deep failures increase with soil dryness. Santoso et al. (2011) remarked that shallow 99 

failure mechanisms during rainfall infiltration in heterogeneous slopes of infinite length cannot be 100 

predicted using a homogeneous slope model. Hicks et al. (2008) presented a three-dimensional 101 

stochastic study of the size of the sliding mass in saturated slopes. 102 

 103 

This study investigates the impact of the spatial heterogeneity of void ratio on the stability of an 104 

unsaturated slope subjected to rainfall infiltration via Monte-Carlo simulation. In particular, the 105 

random finite element method (Griffiths and Fenton 1993) is employed to stochastically evaluate 106 

the factor of safety and the extent of failure (quantified by the area of the sliding mass) at various 107 

times, during and after a rainfall. The study examines the sensitivity of the results to the coefficient 108 

of variation and correlation length of void ratio. The correlation between the factor of safety and the 109 

sliding area is explored using their joint probability distribution and a simple quadrant plot is 110 

suggested for risk assessment.   111 

 112 

THE MODEL 113 

 114 
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Geometry and mesh discretisation 115 

This study assumes a 10 m high slope of 2:1 gradient, which rests on a 20 m thick base and is 116 

discretized by a finite element mesh of 1515 quadrilateral elements (Fig.1). Finite element analyses 117 

are performed by using the software CODE_BRIGHT (UPC, 2010), which allows fully coupled 118 

thermo-hydro-mechanical simulations of boundary value problems in multiphase materials such as 119 

unsaturated soils and frozen soils. 120 

 121 

The initial stress distribution is in equilibrium with gravity and is calculated by the software at the 122 

start of the analysis through the application of gravity to an initially weightless slope. The random 123 

variability of void ratio (e) is introduced before application of gravity to take into account the effect 124 

of the variation in soil unit weight (caused by the variability of e) on the initial stress distribution. 125 

The initial pore water pressures (pw) are in hydrostatic equilibrium with the initial water table 126 

located 5 m below the slope toe. The pore air pressure is assumed constant and equal to zero (i.e. 127 

atmospheric), so that the suction s is equal to the negative value of pore water pressure, i.e. s=-pw. 128 

The maximum initial suction is therefore attained at the crest of the slope AB and is equal to 150 129 

kPa. This suction level falls in the lower end of the range observed in semiarid or arid environments 130 

such as, for example, in Australia (Cameron et al. 2006).  131 

 132 

A mesh sensitivity analysis under saturated conditions showed that the assumed mesh produces 133 

reliable estimates of the factor of safety (Le 2011). The vast majority of elements are squares or 134 

parallelograms, each having an area of ~ 1 m2. Approximately 1% of all elements, i.e. those in the 135 

centre of the mesh, have smaller areas than this value (Fig.1).  136 

 137 
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Simulation process 138 

In the Monte Carlo analysis, each random finite element realization is analysed in two separate 139 

stages: i) an initial simulation of rainfall infiltration, up to a chosen time during or after the rainfall, 140 

to establish the stresses, strains and pw inside the slope and ii) the subsequent application of the 141 

shear strength reduction technique (SRT) to calculate the factor of safety (FoS) and the area of the 142 

sliding mass (As) at that particular time. 143 

 144 

In the first stage, a moderate constant rainfall of 43.2 mm/day over 10 days is simulated by 145 

imposing a “seepage” boundary condition on the ABCD surface (Fig.1). This boundary condition 146 

allows water to infiltrate into the soil at a constant rate as long as the pw at the boundary is negative 147 

(i.e. existence of suction). If the pw becomes equal or larger than zero, the boundary condition shifts 148 

to a constant pw = 0 to avoid build-up of hydraulic head at ground surface. More detailed 149 

explanations of the seepage boundary condition can be found in CODE_BRIGHT Users’ Manual 150 

(UPC 2010) or Le et al. (2012). After 10 days of rainfall, the simulation is continued for another 151 

355 days (referred to as the post-infiltration period). Boundaries OA, OG and GD are assumed to be 152 

impermeable both during and after the rainfall. This causes the infiltrated water to accumulate 153 

inside the soil domain, hence raising the water table at the end of the rainfall. After day 10 (i.e. after 154 

the end of the rainfall), the boundary ABCD is assumed to be impermeable. Therefore, water loss 155 

from evaporation is prevented and any change of the FoS during the post-infiltration period is 156 

purely due to the redistribution of pw. During the analysis carried out in this first stage, mechanical 157 

deformations are fully coupled with pore water flow, i.e. the equations of equilibrium and water 158 

flow are simultaneously solved in CODE_BRIGHT. 159 

 160 
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In the second stage, the FoS and As are evaluated at various times of interest by performing a 161 

separate SRT analysis at each of these times. Four times during the rainfall (0, 0.5, 5, 10 days) and 162 

four times during the post-infiltration period (15, 20, 100 and 365 days) are selected to capture the 163 

changes of the failure mechanism associated with a significant variation of the pw field. In each SRT 164 

analysis the stresses and strains calculated during the first stage are imposed as initial conditions 165 

while the pw is maintained fixed at every node. This means that, for example, to calculate the FoS 166 

and As after 5 days of rainfall, the SRT will be applied to a slope model with the starting stresses 167 

and strains equal to those obtained at day 5 during rainfall infiltration (calculated in the first stage). 168 

Moreover, as soil strength is reduced, the pw remains fixed at every node and equal to the value 169 

calculated at day 5 during rainfall infiltration. The value of pw is maintained fixed because the SRT 170 

analysis is purely a numerical technique to estimate the values of FoS and As corresponding to a 171 

given pw field and does not simulate any physical phenomenon.  172 

 173 

Hydraulic and mechanical constitutive relationships 174 

The van Genuchten (1980) and van Genuchten and Nielsen (1985) models are used for the water 175 

retention curve and the permeability function, respectively, because they can realistically represent 176 

unsaturated soil behaviour in a simple and numerically stable way. These constitutive models are 177 

presented briefly below. More details about these relationships can be found in Le (2011); Le et al. 178 

(2012) and Le et al. (2013b): 179 

1

1

1

m

m
r

e

s r e

S S s
S

S S s

−

−
 

 −  = = +   −   
 

 (1) 180 
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φ
φ −

−
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2/1 ))1(1( mm

eer SSk −−=   (4) 183 

q= )( z
g

u
kk

w

w
rs +∇−

ρ
   (5) 184 

 185 

The soil water retention curve (SWRC) van Genuchten (1980) is given by equation 1, which relates 186 

the effective degree of saturation (Se) (calculated as a function of the current degree of saturation 187 

(S), the maximum degree of saturation (Ss), and the residual degree of saturation (Sr )) to suction s=-188 

pw through the air entry suction parameter se. In equation 2, the parameter se is in turn related to the 189 

porosity (φ) through parameter η which controls the rate at which se deviates from its reference 190 

value seo when φ deviates from its reference value φo (Roriguez et al. 2007 and Zandarin et al. 191 

2009). Similarly, equation 3 describes the variation of the saturated permeability (ks) from its 192 

reference value kso when φ deviates from its reference value φo, as proposed by Kozeny (1927). 193 

Equation 4 describes the van Genuchten and Nielsen (1985) permeability curve linking the relative 194 

permeability kr to the effective degree of saturation Se through the parameter m, which can be 195 

geometrically interpreted as the curve gradient. The unsaturated permeability ku is the product of the 196 

saturated and relative permeability (i.e. ku = kskr). In other words, the value of kr is the normalised 197 

value of ku to ks. Finally, the unsaturated flow q is calculated using the generalized Darcy’s law 198 

(equation 5). The symbols uw, ρw, g and z indicate the pore water pressure, the water density, the 199 

gravitational acceleration and the elevation coordinate, respectively. 200 

 201 
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According to the above models, the heterogeneity of e, and hence of φ, influences the distribution of 202 

pore water pressure by influencing the SWRC (equations 1 and 2) and hence the kr (equations 1, 2 203 

and 4) and influencing the ks through the Kozeny's equation (equation 3). The inclusion of the 204 

influence of randomly varying e on the SWRC and kr, in addition to its influence on ks, is a step-205 

forward from existing probabilistic models considering similar effects. Phoon et al. (2010), for 206 

example, proposed a probabilistic model for the normalised SWRC. The author used a correlated 207 

lognormal vector containing the curve fitting parameters related to the shape and air entry value of 208 

the SWRC but did not take into account the variability of ks. Santoso et al. (2011a) further 209 

developed the model proposed in Phoon et al. (2010) for the non-normalised SWRC in which the 210 

saturated water content is treated as a random variable. The Kozeny-Carman equation was also used 211 

by the authors to link random saturated water content to ks. This approach implies that the variation 212 

of the SWRC and ks are independent from one another, unlike in this study where they are related 213 

through the variation of e.  214 

  215 

The values of all hydraulic parameters are summarized in Table 1. Note that the values of m, kso, seo 216 

and η are assumed constant, spatially uniform and are taken around the middle of their typical range 217 

in order to avoid overly large or small values which can cause unrepresentative results (Bear, 1972; 218 

van Genuchten, 1980; Zandarin, 2009). In equation 1, the values of Ss and Sr are equal to 1 and 219 

0.01, respectively.   220 

 221 

 222 

A linear elastic model with an extended Mohr-Coulomb (MC) failure criterion (equation 6) 223 

describes the mechanical behavior of the unsaturated soil (Fredlund et al. 1978): 224 
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 225 

bsc φφστ tan'tan' ++=   (6) 226 

 227 

In equation 6, the shear stress at failure (τ) depends on the net normal stress (σ) and suction (s) 228 

through the friction angle (φ’), cohesion (c’) and a parameter controlling the increase in shear 229 

strength with suction (φb). The component of strength contributed by suction (i.e. the 3rd term in 230 

equation 6) decreases with decreasing s and becomes zero for a fully saturated soil. The value of φb 231 

has been shown experimentally to increase with decreasing s (Escario and Saez 1986 and Gan et al 232 

1988), approaching φ' in saturated conditions. The dependency between the angle φb and the suction 233 

is however not well-understood. Gan et al. (1988) suggested that the value of φb decreased to a 234 

relatively constant value as the soil desaturated to a higher matric suction. For simplicity, this study 235 

assumes a constant value for φb. The values of the strength parameters (c', φ’ and φb) assumed in 236 

this study are typical of a clay and are based on the values reported by Bishop et al. (1960) for 237 

boulder clay and by Gan et al. (1988) for a compacted glacial till. The elastic parameter values, i.e. 238 

Young modulus (E) and Poisson ratio (ν), are also typical of a clay and chosen within their 239 

respective typical ranges of variation (Zhu 2014). The values of all mechanical parameters are 240 

summarized in Table 1. 241 

In this study, the chosen value of ks = 10-5 m/s lies in the upper range of permeability for layered 242 

clay or silt with some clay. It is considered acceptable to adopt a value of  ks that is higher than the 243 

typical permeability of clayey materials due to the significant spatial variation of e. This spatial 244 

variation implies that the 'average' ks would be elevated toward the upper values of the permeability 245 

range because, in heterogeneous soils, water follows preferential paths through more permeable 246 
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areas, which has been shown in Le et al. (2012). The corresponding ku is rather low, around 10-9– 247 

10-10 m/s for s ≈150 kPa which is found at the crest of the slope. The selection of a slightly elevated 248 

ks also facilitates the numerical performance of the simulation by easing the steep transition in pore 249 

pressure across the wetting front formed during water migration through the slope domain. 250 

 251 

In reality, the variation of porosity can also influence the values of mechanical parameters. In this 252 

study, however, it is assumed that porosity has no influence on the values of stiffness and strength, 253 

which are taken constant and spatially uniform. This assumption facilitates the investigation of the 254 

effect of the heterogeneity of porosity on the hydraulic behavior of the slope by isolating it from 255 

other effects. This study can however provide a reference for future research in which more 256 

complex probabilistic models, taking into account the influence of porosity on both hydraulic and 257 

mechanical parameters, can be adopted. 258 

 259 

A non-associated flow rule with zero dilatancy is employed in the mechanical model, which means 260 

that no plastic volumetric strain occurs during yielding. A viscoplastic convergency algorithm is 261 

used to update the stress field during plastic loading. 262 

 263 

SHEAR STRENGTH REDUCTION TECHNIQUE 264 

 265 

One of the challenges in assessing slope stability by the SRT technique is to define failure based on 266 

the output of a finite element analysis. Detection of failure is normally associated either with the 267 

loss of global equilibrium or with the onset of a kinematic “sliding” mechanism. The former is 268 

identified by the “non-convergence” of the solution within a certain iteration ceiling (Griffiths and 269 
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Lane 1999; Zienkiewicz et al. 2005) while the latter relies on monitoring selected nodes to detect a 270 

sudden increase of displacements (Hicks and Spencer 2010). 271 

 272 

The analysis of heterogeneous unsaturated slopes involves solving a complex system of coupled 273 

mechanical - hydraulic equations. Non-convergence can therefore be caused by a number of reasons 274 

that are unrelated to the loss of global equilibrium and, if counted as slope failure, can mislead risk 275 

assessment. Because of this, the current study adopted the displacement monitoring approach to 276 

detect slope failure. Those realizations, which did not converge due to reasons other than attainment 277 

of failure, were therefore disregarded. In heterogeneous slopes, the sliding mass might vary 278 

considerably in shape and size. The present study therefore takes a comprehensive approach by 279 

monitoring every node of the mesh to ensure that the occurrence of failure can always be detected 280 

and to estimate the size of the sliding mass. Failure is identified when one or more nodes satisfy a 281 

combination of criteria as discussed later.  282 

 283 

In a saturated SRT analysis, the factor of safety (FoS) is defined as the factor by which the strength 284 

parameters (i.e. tanφ’ and c’) must be divided to make a slope “barely stable” (Duncan 1996). In 285 

unsaturated soils, the extended Mohr-Coulomb criterion involves, in addition to φ’ and c’, an extra 286 

parameter φb which controls the expansion of the failure envelope with increasing suction. The 287 

product of suction and tanφb contributes to shear strength in a similar way to cohesion and is often 288 

lumped with c’ to create an “enhanced cohesion” term. It is therefore reasonable to apply the 289 

strength reduction factor to tanφb in the same manner as to tanφ’ and c’. In this study, the FoS for 290 

unsaturated soil is therefore defined as: 291 

 292 
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fail
b

actual
b

fail

actual

fail

actual

c

c
FoS

φ
φ

φ
φ

tan

tan

'tan

'tan

'

'
===    (1) 293 

 294 

During a SRT analysis, the response of the slope is monitored while the shear strength parameters 295 

are reduced by dividing them by a factor that is initially equal to one and is incremented by 0.01 in 296 

a number of consecutive steps. An initial validation of the SRT method is performed in this work 297 

for the simpler case of a homogeneous slope by comparing the FoS estimated as described above 298 

with that computed by the limit equilibrium method (LEM). The slope considered for this validation 299 

has the same geometry and dimension as shown in Fig.1 and the same hydraulic parameters as in 300 

Table 1. The void ratio is spatially uniform and equal to 0.5 (corresponding to the mean value of 301 

void ratio adopted in this study). The LEM estimation is performed by, first, using the software 302 

SEEPW (GEO-SLOPE International, Ltd, Alberta, Canada) to calculate the pw distribution at 303 

different times during rainfall infiltration. The obtained pw distribution is then fed into the software 304 

SLOPEW (GEO-SLOPE International, Ltd, Alberta, Canada) to estimate the corresponding FoS by 305 

the LEM. Figure 2 shows that the two methods produce remarkably similar trends of variation of 306 

FoS over time, though the FoS obtained by the LEM appears systematically higher than the FoS 307 

obtained by using the FEM (however the relative difference between the two curves is not 308 

significant). This discrepancy might be caused by various reasons, including the restriction imposed 309 

on the geometry of the failure surface in the LEM, the assumption about the forces acting between 310 

slope slices in the LEM and the coupling of hydraulic and mechanical behaviour during rainfall in 311 

the FEM but not in the LEM. In addition, there might be a slight variation in the pw distribution 312 

predicted by SEEPW and CODE_BRIGHT due to the different meshes used in the two cases.  313 

 314 
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RANDOM VOID RATIO FIELD 315 

 316 

In unsaturated soils, the wetting process can lead to a drop in suction and even to positive pw, which 317 

reduces shear strength and contributes to the loss of stability. In this study, the computed slip 318 

surfaces tend to cut mainly through the unsaturated region. This implies that the suction drop in the 319 

unsaturated region plays a more relevant role than the build-up of positive pw in the saturated 320 

region. Due to the spatial variation of e, the advancing wetting front during rainfall is uneven and 321 

geometrically irregular, unlike the smooth and uniform wetting front observed in homogeneous 322 

soils (Le et al. 2012). This is because, in heterogeneous soils, water follows preferential paths 323 

causing an uneven suction reduction over the soil domain. Soil elements experiencing large suction 324 

drops might reach failure earlier or under lower stresses than neighbouring elements experiencing 325 

smaller reductions of suction. Therefore, the heterogeneity of e can change the failure mechanism 326 

compared to the case of a homogeneous soil, as the slip surfaces passing through the weaker, 327 

“wetter” elements tend to result in lower FoS.  328 

 329 

In this study, the mean of the void ratio field µ(e) is kept constant at 0.5 for all simulations while 330 

five values of the coefficient of variation (i.e. COVe = 0.1, 0.2, 0.4, 0.8 and 1.6), and five values of 331 

the correlation lengths in both horizontal and vertical directions (i.e. θh(e)= θv(e)= θ(e) = 2, 4, 8, 16 332 

and 32 m) are investigated. Baecher and Christian (2003) compiled data from various sources and 333 

suggested a range of 0.13 – 0.42 for the COVe while ranges of 0.07 – 0.3 and of 0.15 – 0.3 have 334 

been suggested by Lacasse and Nadim (1996) and Lumb (1974), respectively. Santoso et al. (2011a) 335 

used a value of COVe = 0.13 for sandy clay loam and loam based on the volumetric water content 336 

from test data provided in the unsaturated soil database - UNSODA (Leij et al. 1996). Le et al. 337 
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(2013a) reported a range of COVe from 0.05 to 0.26 for porosity of various soils including glacial 338 

clays, sands and chalks. The two upper values of COVe considered in this study are much larger 339 

than the coefficients of variation reported in the literature. The two large values of COVe (in 340 

addition to the usual values of 0.1, 0.2 and 0.4) are chosen in order to emphasize the effect of the 341 

variation of e on unsaturated slopes. In addition, they might be more representative of the variability 342 

of compacted soils, such as embankment fills, which can be composed of mixed materials from 343 

various sources leading to very large variations in void sizes. With respect to correlation length, 344 

there are few published values from real measurements for e. Onyejekwe and Ge (2013) analysed 345 

the data for fined grain soils at four different locations in Missouri from 11 CPTu soundings 346 

together with laboratory tests from 15 different boreholes and reported values of θv(e) between 0.55 347 

to 4.66 m. Phoon et al. (2006) suggested θv(e) ≈ 3 m for organic silty clay. The values of θh(e) are 348 

often much larger than the θv(e) (Phoon and Kulhawy 1999). Given this limited information, the 349 

selection of a lower bound of θ(e) = 2 m for this study is considered practically reasonable.  350 

To examine the possible values of degree of saturation and unsaturated permeability modelled by 351 

equation 1 to 5, Figure 3 presents the variation of the soil water retention curve and the unsaturated 352 

permeability curve with porosity (and hence, void ratio) over a suction range from 1 to 1000 kPa 353 

which is relevant for this study. Five values of porosity from 0.1 to 0.7 are considered. A value of 354 

porosity larger than 0.7 or smaller than 0.1 is quite unlikely for the range of input coefficient of 355 

variation adopted in this study. As can be seen from Figure 3, at s ≈150 kPa at the crest of the slope, 356 

the soil would be from 50 to 80% saturated and have a corresponding ku of around 10-10 – 10-9 m/s. 357 

Noticeably, the degree of saturation tends to decrease with increasing porosity while the ku at the 358 

suction range larger than 20 kPa no longer increases with larger porosity (Fig. 3a). This implies that 359 
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the areas with larger porosity/void ratio are not always the most permeable areas in unsaturated 360 

soils as it is the case for saturated soils. 361 

The selection of the mesh size in this study aims at balancing between capturing the soil variability 362 

and avoiding excessive computational expenses which is critical for Monte Carlo simulation. The 363 

selected mesh of 1m x 1m is considered reasonable for this study because it allows the Monte Carlo 364 

analyses to be performed within an acceptable amount of time. In addition, the element size is 365 

smaller than the lowest θ(e) = 2 m, which means the soil variability can be reasonably reflected 366 

because the impact of local averaging over the area of each element is minimal. Figure 3b shows 367 

that, at high suction (above 100 kPa), the ku becomes quite low (< 10-9 m/s) and less varied among 368 

different porosities.  369 

 370 

In the following, the random field of e is assumed to be isotropic (i.e. ratio of horizontal over 371 

vertical correlation length α = θh(e)/ θv(e) = 1), unless otherwise specified. Therefore, in an isotropic 372 

field, the symbol θ(e) will be used to indicate the same correlation length in both vertical and 373 

horizontal directions. Mapping of the random field onto the finite element mesh is achieved by 374 

allocating to each element the random value with coordinates that are closest to the centroid of the 375 

element (Le 2011; Le et al. 2012). 376 

Although the void ratio can theoretically be any positive value, most soils are likely to have a 377 

minimum and a maximum e. Fenton and Griffiths (2008) suggested that perhaps a bounded tanh 378 

type distribution would be the most appropriate for e variability. This type of distribution is 379 

however hard to defined because it requires 4 soil parameters. A number of authors suggest a log-380 

normal or normal distribution for the variation of e because of their simplicity and popularity 381 

(Baecher and Christian 2003, Laccasse and Nadim 1996). With proper selection of mean and 382 
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standard deviation, a normal or log-normal distribution yields very small possibilities of generating 383 

excessively inappropriate values. Therefore, the normal and log-normal distributions are generally 384 

regarded as suitable for void ratio/porosity of materials.  A log-normal distribution is selected in this 385 

study because it ensures that the value of e is always positive, and hence the corresponding value of 386 

porosity stays between 0 and 1.  387 

 388 

FACTOR OF SAFETY AND AREA OF SLIDING MASS 389 

 390 

Numerous realizations are required for each Monte-Carlo simulation, so it is not possible to identify 391 

slope failure by manually examining individual simulations. Appropriate criteria are therefore 392 

defined so that failure can be automatically identified by using a numerical algorithm. In particular, 393 

failure is recorded when the following three criteria are simultaneously satisfied at one node on the 394 

exposed boundary of the finite element mesh (i.e. boundary ABCD in Fig. 1): 395 

 396 

i. Increment of vertical or horizontal displacement increases by more than 10 times in one 397 

strength reduction step (i.e. when the strength reduction factor is increased by 0.01). 398 

ii. Increment of total displacement increases by more than 2 mm in one strength reduction 399 

step. 400 

iii. Cumulative vertical or horizontal displacements are larger than 10 mm. 401 

 402 

These criteria were established after examination of the displacement fields in a large number of 403 

realizations. Criterion (i) identifies the sudden increase in vertical or horizontal displacement rate at 404 

a given node, which is the fundamental condition for detecting failure. However, criterion (i) alone 405 
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might be misleading because a displacement increment that is very small in absolute terms can still 406 

be more than 10 times larger than the displacement increment observed during the previous strength 407 

reduction step. This might, for example, be the consequence of numerical oscillations rather than 408 

slope failure. An additional criterion (ii) is therefore required to ensure that the displacement 409 

increment is substantial and hence indicative of failure. Criterion (ii) alone is also not sufficient 410 

because it can be satisfied by a node experiencing rather large displacement increments in 411 

subsequent strength reduction steps, even without the occurrence of overall failure. Finally, 412 

criterion (iii) needs to be simultaneously satisfied to ensure that the slide has moved by a 413 

considerable amount, which signifies the initiation of a mechanism rather than an occasional large 414 

displacement at one node.  415 

 416 

In each realization, the FoS is recorded as the smallest strength reduction factor at which criteria (i), 417 

(ii) and (iii) are simultaneously satisfied by at least one node on the exposed boundary of the finite 418 

element mesh. This FoS marks the evolution of failure from unconnected regions inside the soil 419 

domain to a continuous band that causes sliding.  420 

 421 

In a conventional slope stability study, risk assessment is normally based on likelihood of failure, 422 

which is in turn linked to the FoS. However, a large sliding mass is more likely to cause extensive 423 

damage and poses a greater hazard than a shallow slide, even if the former has a higher FoS than the 424 

latter. Therefore, a better estimate of risk should take into account both the likelihood and the size 425 

of failure. The algorithm used to monitor displacements is also employed in this study to estimate 426 

the size of failure. After identifying the first node on the exposed boundary of the mesh that satisfy 427 

criteria (i), (ii) and (iii) simultaneously (which occurs for a strength reduction factor equal to the 428 
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FoS), the SRT analysis is continued until it can no longer progress (i.e. due to excessively large 429 

displacements). This is to allow the sliding mass to develop and move substantially. At the end of 430 

each SRT analysis, the number of nodes over the entire mesh satisfying criteria (i), (ii) and (iii) is 431 

recorded and assumed to be equal to the area of the sliding mass (As). The fulfillment of the above 432 

three criteria implies that the corresponding node is located on the sliding mass (though different 433 

nodes inside the mass might fulfill the criteria at different values of the strength reduction factor 434 

during the SRT analysis). The above approximation of As is based on the observation that each node 435 

identifies an area made up of the sum of one quarter from each of the four elements sharing that 436 

node. Since the mesh mostly consists of square or parallelogram elements of 1 m2, the area 437 

allocated to each node is also approximately equal to 1 m2. In reality, the number of nodes slightly 438 

over-estimates the value of As as nodes located on or next to the boundaries of the sliding mass 439 

should be allocated smaller areas. Nevertheless, the variation of As is reasonably described by the 440 

variation of the number of nodes that satisfy the above failure criteria because, if As increases, the 441 

number of nodes located on the sliding mass also increases in an almost proportional fashion and 442 

vice versa. Given that this study focuses on investigating the sensitivity of failure to different 443 

parameters, the above approximation of As is considered satisfactory. For investigations of real 444 

slopes, it is recommended that As is estimated more accurately either by using a finer mesh or by 445 

directly measuring the area contained inside the slip surface.  446 

 447 

QUALITATIVE ASSESSMENT AND CASES EXAMINATION 448 

 449 

Figure 4 shows a sample distribution of φ mapped onto the finite element mesh in Fig. 1. This 450 

distribution corresponds to a random field of e with µ(e) = 0.5, COVe = 0.8 and θ(e) = 8 m. Porosity 451 
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(φ), rather than void ratio (e), is plotted because the value of φ is bound between 0 and 1, which 452 

facilitates visual presentation of the random field by avoiding an extremely large range of numerical 453 

values. In this example, since the value of COVe is large, the range of φ becomes relatively large for 454 

a domain of the size considered here (it varies from 0.05 to 0.75 in Fig. 4). This is however 455 

considered preferable for illustrative purposes in order to emphasize the effect of soil heterogeneity 456 

on the computed results.  457 

 458 

Note that this study ignores the decrease of φ with depth due to increasing overburden pressure 459 

because of the relatively small height of the slope (≤ 30 m). The significance of this assumption was 460 

evaluated by application of gravity to a homogeneous slope of the same dimensions to those used in 461 

the present study, which yielded a negligible variation of φ (i.e. less than 0.003 difference between 462 

the top and bottom boundaries of the mesh) compared to the degree of variability introduced by the 463 

random field.  464 

 465 

Figure 5 shows the vertical displacement recorded at point A of the mesh (Fig. 4) during the SRT 466 

analyses undertaken at different times. Displacements increase significantly once failure occurs 467 

(Fig. 5). In addition, the FoS decreases during the rainfall but increases back once the rainfall stops 468 

(and stabilizes around 1.39 after 100 days for this particular realization).  469 

 470 

Figure 6 demonstrates that the heterogeneous porosity field produces an “uneven” distribution of pw 471 

during the rainfall and until the early stages of the post-infiltration period (i.e. until day 20). At the 472 

start of the rainfall (0 – 0.5 days), the FoS and As attain their largest values because no or little 473 

wetting of the slope face has occurred. For this realization, the As is smallest at an intermediate time 474 
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during the rainfall (day 5) because, after 5 days of infiltration, the superficial soil layer has been 475 

weakened enough to induce a shallow failure mechanism confined to the wetted soil region (Fig. 476 

6c). Therefore, the sliding mass at day 5 is smaller than at any other time (Fig. 6). On the other 477 

hand, the FoS drops to the lowest value at the end of the rainfall (10 days) due to suction loss in the 478 

unsaturated zone and water table rise in the saturated zone (Fig. 6d). After the rainfall, the FoS 479 

increases back due to the recovery of suction in the soil region close to the slope face (Figs. 6e-h) 480 

but it does not attain the same value as at day 0 due to accumulation of water (i.e. water table rise) 481 

inside the soil domain caused by the impermeable vertical and bottom boundaries. Finally, the 482 

higher hydrostatic water table at the end of the simulation than at the start also produces smaller As 483 

at the end of the simulation than at the start (Figs. 6a and h). It is important to note that only the 484 

initial sliding is detected in this study at each rainfall time while progressive failure is not accounted 485 

for. 486 

 487 

STATISTICAL CHARACTERISATIONS 488 

 489 

The reliability of the statistics of FoS and As is assessed by plotting the running means µ(FoS) and 490 

µ(As) together with their corresponding 95% confidence intervals against the number of realizations 491 

N (e.g. Fig. 7). Figure 7 indicates that the values of µ(FoS) and µ(As) converge rather quickly, i.e. 492 

after around 60 realizations at 5 days of rainfall. At this point, the 95% confidence interval of FoS 493 

and As becomes relatively narrow indicating stabilization of the standard deviation of the FoS 494 

σ(FoS). The FoS of individual realisations ranges over a wider interval at day 5 (≈1 to 2.2) than at 495 

day 0 (≈1.6 to 2.2) (Fig. 7 a and b). This is caused by the more significant differences in the suction 496 

and stresses distributions of distinct realizations at day 5 compared to day 0. At other times, the 497 
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convergence of the statistics of FoS is achieved with a smaller number of realizations than 60. The 498 

value of As spans a wide range and, at intermediate rainfall times (e.g. 5 days), exhibit skewness 499 

with dominance of relatively small values and a mean µ(As) higher than the majority of realizations. 500 

 501 

Several probability distributions functions (pdf) were initially fitted to the frequency histograms of 502 

FoS and As and, most of the times, the log-normal function was found to provide a simple and 503 

acceptable representation in both cases (e.g. Fig. 8). Figure 8 indicates that the fit of the log-normal 504 

pdf to the As histogram is worst at day 5, which is due to the pronounced skewness of the data and 505 

large variability at this particular time as explained earlier (Fig. 7d). The match between the fitted 506 

log-normal pdfs and the corresponding histograms at 0.5 day, 15 days, 100 days and 365 days (not 507 

shown in Fig. 8) are generally similar to the match at 0 day, 10 days, 20 days and 100 days, 508 

respectively. The fitted log-normal pdfs are used in later sections to estimate the probability of 509 

failure and to construct the joint probability distribution between FoS and As in order to assess their 510 

correlation. 511 

 512 

INFLUENCE OF VARIABILITY CHARACTERISTICS OF VOID RATIO 513 

 514 

Factor of Safety and probability of failure 515 

The changes of the mean and coefficient of variation of the factor of safety, µ(FoS) and COVFoS, 516 

over time follow very similar patterns for different values of COVe, θ(e) and α (i.e. anisotropy of 517 

correlation length) as shown in Figure 9. As water infiltrates, the µ(FoS) decreases and attains a 518 

minimum at 10 days, just before rainfall stops. This is due to the strength reduction caused mainly 519 

by the suction loss in the unsaturated region and, to a lesser degree, by the positive pw rise in the 520 
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saturated region. From day 10 to 365, infiltration is no longer occurring leading to the recovery of 521 

µ(FoS) to a value that is however smaller than the one prior to rainfall because of the rise of water 522 

table. The COVFoS changes marginally up to 0.5 days, then it increases considerably from 0.5 to 5 523 

days due to the larger variability in the suction distribution within the soil domain. The COVFoS 524 

peaks at day 5 (except for COVe = 0.1) but then decreases from day 5 to day 15 and fluctuates 525 

within a small range after that. 526 

 527 

As the variability of e increases with increasing values of the COVe, the heterogeneity of 528 

permeability, porosity and degree of saturation also becomes larger. The larger heterogeneity of 529 

permeability then increases the variability of suction over the soil domain, while the larger 530 

heterogeneity of porosity and degree of saturation increases the variability of the soil unit weight 531 

and, hence, of stresses. The “weakest” slip surface (which governs the FoS) tend to occur in regions 532 

of low strength. As the suction and stresses become more variable, the lower bound of soil strength 533 

decreases. Therefore, an increase of COVe tends to cause a decrease of µ(FoS) (at times before 100 534 

days) and an increase of COVFoS (Figs. 9a and b).  535 

 536 

As θ(e) increases from 2 to 32 m (with α=1), the µ(FoS) changes marginally up to day 20 but 537 

exhibits minor increases with higher values of θ(e) from day 20 onward (Fig. 9c). At the same time, 538 

the COVFoS increases considerably (Fig. 9d). This is because ‘regions of strongly correlated e’ 539 

(referred, in short, as “regions” later on) increase in size with larger θ(e), which reduces the average 540 

number of such “regions” that the slip surfaces pass through. For example, a 12 m long slip surface 541 

might pass through, on average, 6 “regions” in a domain with θ(e) = 2 m, but can be contained 542 

within one single “region” in a domain with θ(e) > 12 m. The decreasing number of “regions” cut 543 
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by the slip surfaces increases the variation of average soil strength along the slip surfaces between 544 

realizations because there is less compensating effects between ‘weak’ and ‘strong’ regions. This 545 

leads to an increase of the COVFoS with increasing θ(e). Another factor is that the number of 546 

independent realisations (i.e. realisations with zero correlation with one another) tends to decrease 547 

statistically with increasing θ(e) which also contributes to increasing COVFoS (Fenton and Griffiths 548 

2008). 549 

 550 

The influence of anisotropy of correlation lengths (α) is also investigated by keeping the horizontal 551 

correlation length θh(e) constant while reducing the vertical correlation length θv(e). Two values of 552 

θh(e) = 8 and 16 m are considered. For each θh(e), the θv(e) is scaled down by an anisotropic ratio 553 

(α= θh(e)/θv(e)) equal to 2, 4 and 8. This implies that the “regions” become increasingly 554 

‘compressed’ vertically and, hence, have a more elongated shape in the horizontal direction. The 555 

similarity in variation patterns of µ(FoS) and COVFoS with decreasing θ(e) (Figs. 9c and d) and with 556 

increasing α (Figs. 9e and f) suggests that the effect of the decreasing size of the “regions” 557 

dominates over the effect of the more elongated shape. The former is caused by the proportional 558 

decreases in both θv(e) and θh(e) at the same time, hence changing the size but not the shape of the 559 

“regions”; while the latter corresponds to a decrease in θv(e) while θh(e) stays constant, hence 560 

changing both size and shape of the “regions”. For the range α investigated, the change in shape 561 

alone appears to have minimal influence on the variation of µ(FoS) and COVFoS. 562 

 563 

The probabilities of failure Pf  presented in Fig. 10 for isotropic soils (i.e. α=1) are calculated by 564 

assuming a log-normal probability distribution of the FoS. To facilitate presentation, the vertical 565 

scale in Fig. 10 is set from 10-10 to 1 and hence data points corresponding to insignificant 566 
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probabilities (Pf < 10-10 at low COVe and θ(e) or at times before day 5) do not appear in Fig. 10. 567 

From day 5, the value of Pf increases significantly with increasing COVe or θ(e). The highest Pf 568 

occurs at day 10 indicating that the drop in µ(FoS) at day 10 (Figs. 9a and c) has a dominant effect 569 

over the increase in COVFoS at day 5 (Figs. 9b and d). The interacting trends of time and 570 

heterogeneity, as featured in Fig. 10, highlight the complexity and the importance of taking into 571 

account both factors in assessing the failure probability of unsaturated slopes during rainfall. 572 

 573 

Size of sliding area 574 

The variation of the mean and coefficient of variation of the sliding area, µ(As) and COVAs, over 575 

time for different values of COVe, θ(e) and α are very similar (Fig. 11). The µ(As) becomes 576 

minimum at a rainfall time of 5 – 10 days, then increases back after the rainfall stops at day 10. The 577 

value of COVAs fluctuates around a relatively low value during the first half day of rainfall but then 578 

increases sharply and attains a maximum at day 5 for all values of COVe, followed by a decrease to 579 

a stable value from day 20 onward.  580 

 581 

Increasing heterogeneity (i.e. larger COVe) causes larger variation in As which leads a considerable 582 

increase of COVAs (Fig. 11b). It also appears that as the “regions” of correlated e become larger (i.e. 583 

with increasing θ(e) or decreasing α) the size of the sliding mass also becomes more variable 584 

between realizations leading to generally higher COVAs (Figs. 11d and f). 585 

 586 

Correlation between Factor of Safety and size of sliding mass 587 

The correlation between the stochastic data of FoS and of As is examined by constructing the 588 

bivariate normal distribution of the natural logarithms of FoS and As because both these quantities 589 
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can be reasonably assumed to follow normal distributions. Figures 12 and 13 show the individual 590 

realisations together with the contour ellipses from the joint probability distributions on a log-log 591 

scale. The contours correspond to probabilities equal to 10, 30, 50, 70 and 90% (i.e. each contour 592 

encircles an area where the probability of a realisation falling outside the area is equal to the 593 

probability represented by the contour).  594 

There seems to be little correlation between lnFoS and lnAs at the start (0 – 0.5 days) and at the end 595 

(100 – 365 days) of the simulation, when the suction distribution can be considered to be almost 596 

hydrostatic. This is evident from the very small slopes of the major axis of the contour ellipses 597 

(Figs. 12 and 13). As the rainfall progresses, there appears to be a linear correlation between lnFoS 598 

and lnAs, which is positive at day 5, as indicated by positive slopes of the major axes of the ellipses. 599 

The correlation changes to negative at day 10, as shown by negative slopes, and the degree of 600 

correlation decreases from day 10 to day 20 (Figs. 12 and 13) as the suction distribution within the 601 

soil domain tends again towards hydrostatic. The results presented in Figures 12 and 13 correspond 602 

to an isotropic random field with µ(e) = 0.5, COVe = 0.8 and θ(e) = 8 m but similar variation 603 

patterns are observed for other input values of COVe, θ(e) and α.  604 

Figure 12 shows that the realisations at day 5 appear to concentrate in two distinct areas. A large 605 

number of realizations are located in the region of low FoS/small As while a relatively small number 606 

of realizations occupy the region of high FoS/large As. This separation is due to the existence of a 607 

‘critical’ depth determining the failure mechanism. With increasing e and hence larger φ, the 608 

saturated permeability ks becomes higher following Kozeny's relationship (equation 3). Conversely, 609 

the relative permeability kr becomes lower according to the permeability function (equation 4) due 610 

to lower values of the effective degree of saturation Se. This is because, with larger φ, it becomes 611 
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easier for the air to enter the soil voids (i.e. parameter se controlling the air entry value of soil 612 

decreases in equation 2) while, at the same time, the same amount of water occupies a smaller 613 

proportion of void (i.e. a decrease in Se as in equation 1). The unsaturated permeability is the 614 

product of ks and kr can decrease or increase with φ depending on the magnitude of suction. More 615 

detailed discussion about changes of unsaturated permeability with φ  can be found in Le (2011). In 616 

this study, the suction range is relatively low (< 150 kPa), which means that the unsaturated 617 

permeability tends to decrease with increasing φ or e. In those realizations characterized by high 618 

values of e at the slope face such as in Fig. 14a, the low unsaturated permeability inhibits water 619 

flow leading to a shallow infiltration depth (Fig. 14c). In such cases, the slip surface tends to cut 620 

though the deep unsaturated soil region leading to large values of As and FoS (Fig. 14c). 621 

Conversely, if the rainfall has infiltrated beyond this critical depth, the failure slip tends to be 622 

confined within the wetted superficial soil region leading to small values of As and FoS (e.g Figs. 623 

14b and d). 624 

  625 

The existence of correlation between lnFoS and lnAs observed in Figs. 12 and 13 suggests a 626 

possible simple risk assessment method for slope stability, taking into account both the probability 627 

of failure and the size of failure. In Fig. 15, the FoS-As plane is divided into four quadrants by a 628 

vertical line at a limit state AsL and a horizontal line at a limit state FoSL. A slope is considered to be 629 

risky due to either low FoS (i.e. FoS < FoSL and hence the realization locates below the FoSL) or 630 

large As (i.e. As > AsL and hence the realization locates to the right of the AsL). This method of 631 

assessing risk is referred to as the ‘quadrant plot’ in this study.  632 

The limit state values should be set depending on the required slope performance, taking into 633 

account both the probability/scale of failure and the consequences of failure. For example, a slope 634 
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near a school will require a very high limiting value for FoS and a very low limiting value for As, 635 

while, for a subsea slope, it is likely to be acceptable to set a medium limiting value for FoS and a 636 

rather high limiting value for As. For illustration purpose, the FoSL and AsL are set at 1.4 and 100 m2 637 

respectively in this study, based on experience from the stability study of an actual railway 638 

embankment (Fig. 15). The four quadrants are then rated as Low Risk (LR) for the case with a low 639 

As/high FoS combination, Medium Risk (MR) for the cases with either a high As/high FoS or a low 640 

As/low FoS combination, and High Risk (HR) for the case with a high As/high FoS combination. 641 

The contours corresponding to a 10% probability of a realisation falling outside the encircled area 642 

(for COVe = 0.8 and θ(e) = 8 m) are shown, for different times, in Fig. 15 to illustrate the 643 

application of the quadrant plot method. For the limit values chosen in this study, this specific slope 644 

has a MR rating at the beginning of the rainfall (i.e. 0 – 0.5 day), with the risk being dominated by 645 

large failures. As rainfall infiltration progresses to day 5, the risk spread to all quadrants, including 646 

the high risk region (HR), due to the large variation in both FoS and As (and the consequent 647 

expansion of the 10% probability ellipse). The positive correlation at day 5 indicates that As tends to 648 

be larger as FoS increases, and hence MR is the prevalent rating, with either high FoS but large As 649 

or low FoS but small As. The shift to a negative correlation from day 10 indicates that there is 650 

potentially a higher probability of slope realizations falling inside the HR rating quadrant.  651 

The application of the quadrant plot method shows that combining both FoS and As in evaluating 652 

slope stability can lead to a more informative assessment of the risk than when using the probability 653 

of failure alone. 654 

 655 

CONCLUSIONS 656 

 657 
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This paper investigated the effect of randomly heterogeneous void ratio on the risk assessment of an 658 

unsaturated slope subjected to rainfall infiltration via Monte Carlo simulation. Simulations were 659 

conducted over a rainfall infiltration period (day 0 to 10) and a post-infiltration period after the 660 

rainfall has stopped (day 10 to 365). Factor of safety and size of failure (represented by the area of 661 

sliding mass) were estimated at 4 times during the rainfall and 4 times after the rainfall. The 662 

increasing loss of shear strength provided by suction during rainfall infiltration causes a decrease of 663 

the mean factor of safety and a wider variation of the factor of safety for individual realizations. The 664 

mean factor of safety attains a minimum at the end of the rainfall (day 10) while the coefficient of 665 

variation reaches a maximum at an intermediate rainfall time (around day 5). Over the post-666 

infiltration period, the suction distribution increasingly stabilises towards a new hydrostatic steady 667 

state and hence both the mean and the coefficient of variation of factor of safety become 668 

increasingly constant. 669 

 670 

The variations over time of the mean and coefficient of variation of the sliding area follow very 671 

similar patterns to the mean and coefficient of variation of the factor of safety, respectively. 672 

Increase in soil variability and expansion of correlated region (corresponding to increasing 673 

coefficient of variation and correlation length of the input random void ratio, respectively) cause 674 

only slight changes in the mean but significant increases in the coefficient of variation of both factor 675 

of safety and sliding area. The anisotropy of correlation length α in the range from 2 to 8 is also 676 

investigated but found to have marginal influence. 677 

 678 

The log-normal distribution function is found to capture acceptably well the distribution of the 679 

factor of safety and the sliding area at various times during the simulation period. Assuming a log-680 
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normal distribution for the factor of safety, the estimated probability of failure reaches the highest 681 

value at the end of the rainfall (10 days). The probability of failure also consistently increases as the 682 

soil void ratio becomes more variable and correlated over a longer distance due to the widening of 683 

the variation range of the factor of safety. 684 

 685 

The bivariate normal distribution reveals a positive correlation between the factor of safety and the 686 

sliding area at intermediate time (day 5) which shifts to negative at the end of the rainfall (day 10). 687 

This correlation does not seem to exist when the suction distribution is close or at a steady state (i.e. 688 

hydrostatic) either at the beginning of the rainfall (0 – 0.5 days) or long after the rainfall has 689 

stopped (after day 100). A simple quadrant plot is suggested, which divides the space of factor of 690 

safety –sliding area into low, medium and high risk regions based on their limit state values. The 691 

plot allows assessing the risk of slope failure in a more intuitive way by taking into account not only 692 

the probability of failure but also the scale of the failure mass. 693 

 694 

Further study should concentrate on verifying the correlation between the factor of safety and the 695 

size of failure based on real data on slope failures. The approach of assessing stability demonstrated 696 

in this study is useful for geostructures composed of multiphase materials and can also be extended 697 

from unsaturated soils to other complex soils such as frozen (unsaturated) soils in permafrost areas. 698 

 699 
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Table.1: Values of soil parameters 

Hydraulic model Mechanical model 

Symbol Units Value Symbol Units Value 

m 0.2 E kPa x 10
3
 100 

η 5 v 0.3 

φo 0.333 φ' ° 20 

kso m/s 10-5 c' kPa 5 

seo kPa 20 φb
 ° 18 
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LIST OF FIGURE CAPTIONS 

Fig.1. Slope geometry and boundary conditions (scale in metres). 

Fig. 2. Comparison of FoS estimated using the LEM and the FEM (with the SRT) during and after the 

rainfall event. 

Fig. 3. Variation of (a) degree of saturation and (b) unsaturated permeability with suction for 

different porosity values. 

Fig. 4. A typical realization of φ (calculated from a random field of e with µ(e) = 0.5, COVe = 0.8, θ(e) 

= 8 m). Point A indicates location of a sampling point to monitor displacement. 

Fig. 5. Vertical displacements recorded during SRT analyses at different rainfall times (days) 

(corresponding to point A in Fig. 3). 

Fig. 6. Pore water pressure contours and corresponding slip surface during and after rainfall 

(corresponding to the random porosity field in Fig. 4) (µ(e) = 0.5, COVe = 0.8, θ(e) = 8 m). 

Fig. 7. Convergence of (a, b) µ(FoS) and (c, d) µ(As) with N (example from the Monte Carlo 

simulation with µ(e)= 0.5, COVe = 0.8, θ(e) = 8 m). 

Fig. 8. Histograms (bars) with fitted log-normal distributions (continuous line) of FoS and As at 

different times (example from the Monte Carlo simulation with µ(e)= 0.5, COVe = 0.8, θ(e) = 8 m). 

Fig. 9. Variation of µ(FoS) and COVFoS over time for various (a,b)  COVe (with µ(e) = 0.5, θ(e) = 8 m) 

(c,d) θ(e) (with µ(e) = 0.5, COVe = 0.8) (e,f) α (with µ(e) = 0.5, COVe = 0.8). 

Fig. 10. Probability of failure Pf against (a) COVe (b) θ(e) at different times. 

Fig.11. Variation of µ(As) and COVAs over time for (a,b)  various COVe (µ(e) = 0.5, θ(e) = 8 m) (c,d) 

various θ(e) (µ(e) = 0.5, COVe = 0.8) (e,f) α (µ(e) = 0.5, COVe = 0.8). 
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Fig. 12. Realisations (cross symbols) and contours of the bivariate normal distribution for FoS and As 

(lines) at 4 times during the rainfall period (example from the Monte Carlo simulation with µ(e) = 0.5, 

COVe = 0.8, θ(e) = 8 m). 

Fig. 13. Realisations (cross symbols) and contours of the bivariate normal distribution for FoS and As 

(lines) at 4 times during the post-infiltration period (example from the Monte Carlo simulation with 

µ(e) = 0.5, COVe = 0.8, θ(e) = 8 m). 

Fig. 14. Sample porosity distributions (calculated from the associated random fields of void ratio) 

corresponding to significantly different failure mechanisms: (a, c) large sliding mass with high values 

of FoS and (b, d) small sliding mass with low values of FoS (5 days, example from the Monte Carlo 

simulation with COVe = 0.8 and θ(e) = 8 m). 

Fig. 15. Contour of 10% probability from bivariate normal probability at different times (indicated by 

numbers on the contours) on a quadrant plot (example from the Monte Carlo simulation with µ(e) = 

0.5, COVe = 0.8, θ(e) = 8 m). 
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