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ABSTRACT: Heading and speed control for a patrol vessel is addressed by using simple PID regulators. The
selection of the PID parameters for both controllers is accomplished by using decoupled linearized model of the
original motion equations and LMIs as a design tool. The effectiveness of the resulting controllers is validated
on the original dynamic equations and with the presence of external disturbances such as wind, waves, and
current.

1 INTRODUCTION

Automatic steering of ships has been a goal of ma-
rine engineering for many years. Milestones such
as reduced manning, increasing fuel costs and per-
formance optimization has led to innovative design
approaches (Roberts, Sutton, Zirilli, & Tiano 2003)
and (Fuller 1979). Modern vessels require higher and
higher levels of automation on board to guarantee en-
hanced performances in various environmental con-
ditions. In this context, more sophisticated autopilots
and speed pilots enable the ship masters to operate
the vessel with the desired heading and speed. Toward
this end, an approach the design of both autopilot and
speed pilot is presented. Specifically, we refer as case
study to a patrol vessel of the Italian Coast Guard fit-
ted with two screw propellers and two rudders.

In order to guarantee both path keeping and small
induced drag, the controller has to avoid high rudder
angle requirements as well as to take into account rud-
der rotation rate bounds (Tzeng & Lin 2000). Indeed,
large oscillations of the rudder must be prevented for
two main reasons, i.e., reduction of mechanical stress
and generation of useless high-frequency motion of
the rudder (Källström 2000). Robustness to external
disturbances is a fundamental issue to account for
(Lauvdal & Fossen 1998).

As compared with the previous literature, a simpler
approach is presented for the design of regulators for
heading and speed since a reduced number of param-
eters such as PID (proportional, integral, and deriva-
tive) controllers is imposed as a strict requirement to
facilitate the tuning during sea tests. However, a nov-
elty with respect to the state-of-art is proposed as the
controllers synthesis is obtained by using Linear Ma-
trix Inequalities (LMIs). LMI techniques allow one to
solve a large number of control problems, estimation,
and stability analysis that may be formulated as con-
vex problems (Boyd, El Ghaoui, Feron, & Balakrish-
nan 1994). In particular, an LMI solution of the gain
assignment for feedback linear time-invariant systems
is considered here that is well-suited to designing PID
controllers for the autopilot and speed pilot.

The synthesis of regulators is based on simpli-
fied dynamic equations obtained by decoupling surge
and yaw motions. More specifically, the equations
are linearized around the desired advance speed after
neglecting environmental disturbances. The resulting
controllers are then validated by means of a complete
simulation model where all involved motions are cou-
pled through the original dynamical equations with
environmental disturbances explicitly taken into ac-
count.

The layout of the paper is as follows. In section 2



the dynamical model of the vessel is outlined. In sec-
tion 3 the LMI approach is applied to single out the
PID controllers for heading and advance speed. Sec-
tions 4 and 5 are devoted to the description of environ-
mental and actuated forces. Section 6 presents sim-
ulation results. Finally, in section 7 conclusions and
future developments are discussed.

2 VESSEL MODELLING

Following well known notations (Fossen 2002), let us
denote by η := [x, y,ψ]⊤ ∈ R

3 the array containing
the position and the orientation of the vessel w.r.t. the
earth-fixed frame, and by ν := [u, v, r]⊤ ∈ R

3 the ar-
ray containing the linear and angular velocity com-
ponents w.r.t. the body-fixed basis. Then the motion
equations of the vessel can be expressed as follows:

η̇ = R(ψ)ν , R(ψ) =

[

cosψ − sinψ 0
sinψ cosψ 0
0 0 1

]

, (1)

Mν̇ + C(ν)ν − D0νr − D(νr)νr = τD + τE , (2)

where τ := [X, Y, N ]⊤ ∈ R
3 is the array express-

ing the resultant longitudinal and lateral forces and
the resultant moment (evaluated w.r.t. midship) act-
ing on the vessel. The subscript D refers to delivered
forces while E regards environmental disturbances;
νr := ν − νc denotes the relative velocity w.r.t. to
the current. M, C, D0, and D, in equation (2), are
the inertia and added masses, Coriolis-centripetal and,
linear/nonlinear damping matrices, respectively. They
are defined as follows:

M =

[

m−Xu̇ 0 0
0 m− Yv̇ mxG
0 mxG Iz −Nṙ

]

, (3)

C =

[

0 0 −m(xGr+ u)
0 0 mu

m(xGr+ u) −mu 0

]

, (4)

D0 =

[

0 0 0
0 Yv Yr
0 Nv Nr

]

, (5)

D(ν) =

















R(u) Xvvv Xvrv+
+Xrrr

0 Yv|v||v| Yr|v||v|+
+Yr|r||r|+
+Yvrrvr

0 Nv|v||v|+ Nr|r||r|+
+Nr|v||v| +Nvrrvr

















, (6)

where Xu̇ < 0, Yv̇ < 0, and Nṙ < 0 are the only avail-
able zero frequency added masses coefficients; R(u)

Figure 1: Speed pilot and autopilot main plants.

is the drag coefficient; coefficients in matrices (5) and
(6) are defined in accordance with (Ankudinov, Ka-
plan, & Jacobsen 1993). Practical applications, con-
cerning low speed and high speed vessels modeling,
can be found in (Altosole, Boote, Brizzolara, & Vi-
viani 2013) and (Martelli, Viviani, Altosole, Figari, &
Vignolo 2014), respectively.

3 DESIGN OF THE CONTROL SYSTEM

In figure 1 the main plant logic is outlined. The con-
trol system is composed by two distinguished con-
trollers: an autopilot for heading control and a speed
pilot to keep the surge velocity constant. In both cases,
an approach to the synthesis of PID controllers by us-
ing LMIs is presented. We will firstly illustrate the
design of the speed pilot and then that of the autopi-
lot.

3.1 Speed Pilot

The surge equation is decoupled from sway and yaw
motions and it is linearized around the desired ad-
vance velocity ud. Since, in this case of study, ud
is close to the design speed and the navigation-
guidance law keeps the pitch angle constant over a
large speed range, the only available degree of free-
dom for propulsion management is given by the shaft
speed np. Under the stated assumption, the linearized
surge equation assumes the following expression:

(m−Xu̇) u̇+R(ud)u = bnp , (7)

where b is a suitable coefficient linking the thrust of
both the propellers to the shaft speed. In order to
model the dynamical behavior of the propulsion line,
a first-order differential equation is added to the sys-
tem (7):

u̇ = − R(ud)

m−Xu̇

u+
b

m−Xu̇

np , (8)

ṅp = τp(nr − np) , (9)



where nr is the desired shaft speed and τp is a posi-
tive time constant accounting for the response of the
propulsion line.

The PID regulator can be represented as a transfer
function G(s) given by

G(s) = KP +KI

1

s
+KDs , (10)

with the scalar parametersKP ,KI , andKD to be suit-
ably chosen in such a way to ensure closed-loop sta-
bility. In practice, the control signal is as follows:

nr(t) = KP e(t) +KI

∫ t

0

e(ξ)dξ +KD ė(t) , (11)

where e := ud − u is the speed error. Thus, the result-
ing closed-loop dynamics is

ẋ1 = a11x1 + a12x2 ,

ẋ2 = a22x2 + b
(

KP (ud − x1) +KIx3 +

− KD(a11x1 + a12x2)
)

,

ẋ3 = ud − x1 , (12)

where

a11 := − R(ud)

m−Xu̇

, a12 :=
b

m−Xu̇

,

a22 := τp . (13)

After defining

K1 := bKP − bKD a11 , K2 := bKD a12,

K3 := −bKI , (14)

the previous differential equation can be equivalently
written as follows:

ẋ = (A − BK) x+ Eud , (15)

where x= [u , np , e]
⊤ ∈ R

3 collects all the state vari-
ables,

A :=

[

a11 a12 0
0 a22 0
−1 0 0

]

, B := [0, 1, 0]⊤,

K := [K1, K2, K3]
⊤, E := [0 , bKP , 1]

⊤ . (16)

The system (15) is quadratically stabilizable if there
exists a state-feedback gain K such that (15) is
quadratically stable or equivalently if there exists a
Lyapunov function V (x) = x

⊤Qx with Q symmet-
ric positive matrix (Q > 0 in short) such that the
time derivative of V (x) is strictly negative for all x

out of the origin. As pretty well-known, such a con-
dition correspond to find a gain matrix K such that
(A − BK)⊤Q + Q(A− BK) is negative definite, i.e.,

(A − BK)⊤Q + Q(A− BK) < 0 . (17)

As shown in (Boyd, El Ghaoui, Feron, & Balakr-
ishnan 1994) (see p. 100), (17) can be expressed in an
equivalent way by pre- and post-multiplying for Q−1

as follows

Q−1A⊤ −Q−1K⊤B⊤ + AQ−1 −BKQ−1 < 0 , (18)

and, after using P := Q−1 and Y := KP, via the fol-
lowing LMI

PA⊤ − Y⊤B⊤ + AP − BY < 0 . (19)

After solving (19), we obtain the gain K = P−1Y and
thus, from (14), the values of KP , KI , and KD.

3.2 Autopilot

Likewise for the speed pilot, the yaw equation is de-
coupled and linearized around the desired advance
speed ud; the resulting system for yaw and rudder dy-
namics is:

ψ̇ = r ,

ṙ =
mxGud +Nr

Iz −Nṙ

r+
Nδ

Iz −Nṙ

δ , (20)

δ̇ = τδ(δr − δ) ,

where τδ is a positive time constant accounting for
the response of the rudder and Nδ is the rudders mo-
ment. After introducing the error e := ψd − ψ in (20)
as augmented state variable with ψd denoting the de-
sired heading and proceeding as in Section 3.1 to ac-
count for a PID regulator, we obtain the system:

ẋ = (A − BK) x+ Eψd ,

where x := [ψ, r, δ, e]T ∈ R
4,

A =







0 a12 0 0
0 a22 a23 0
0 0 a33 0
−1 0 0 0






, B = [0 , 0 , 1 , 0]⊤,

K = [K1,K2,K3,K4]
⊤, E = [0,0, bKP ,1]

⊤,

with

a12 = 1, a22 =
mxGud +Nr

Iz −Nṙ

, a33 = τδ,

a23 =
Nδ

Iz −Nṙ

,



and

K1 = bKP , K2 = ba12KD,

K3 = −Kδ, K4 = −bKI .

Note that Kδ accounts for a necessary feedback of the
actuated rudder angle. Following the same reasoning
from (17) to (19), we obtain the corresponding LMI
and single out the PID coefficients.

4 ENVIRONMENT

Environmental forces and moments τE are computed
as the superposition of wind and sea actions.

4.1 Wind Disturbances

The resultant force and moment generated by the
wind action are modeled as:

τW =

[

XADW
cos(γrw)

YADW
sin(γrw)

NADW
sin(2γrw)

]

V 2

R

(

1 +
VG

VW

)

, (21)

where XADW
, YADW

, NADW
are the longitudinal, lat-

eral force, and the moment wind coefficients, re-
spectively ; γrw := ψW − ψ is the relative angle
between the vessel bow and the main incoming
wind direction; VW is the wind mean speed; VR :=
√

(VW cosγrw − u)2 + (VW sinγrw − v)2 is the rel-
ative mean wind speed; VG is the velocity of gusts
whose time histories are reconstructed by Davenport
spectrum approximation.

4.2 Wave Disturbances

Wave drift forces and moments are described by

τ S =

[

XADS
cos(γrs)

YADS
sin(γrs)

NADS
sin(2γrs)

]

H2

S , (22)

where XADW
, YADW

, NADW
are respectively the lon-

gitudinal, lateral forces and the moment coefficients;
γrs := ψS −ψ is the relative angle between the vessel
bow and the main wave incoming direction; HS is the
significant wave height, whose time history is com-
puted by an approximation of the JONSWAP spec-
trum.

5 DELIVERED FORCES

Delivered forces and moments are computed as fol-
lows:

τD = τP + τR , (23)

where τP is the contribution due to the propulsion and
τR denotes rudder effects.

5.1 Propellers

In navigation, portside and starboard propellers are
coupled, then they are supposed to generate identical
thrusts. Moreover, lateral propeller force is negligible.

As already mentioned, the only degree of freedom
for surge speed control is the shaft speed. The total
thrust array is then given by:

τ P := [Tpt + Tsb,0,0]
⊤ , (24)

where:

Tpt = Tsb =KT (J)ρn
2

pD
4 (25)

and

J =
u(1−w)

npD
(26)

denotes the advance coefficient.

5.2 Rudders

Rudder forces and moment are modeled by means of
drag and lift coefficients. The resulting array is de-
scribed as:

τR := [2D, 2L, 2Lxrud]
⊤, (27)

with

L =
1

2
ρARU

2CL, (28)

D =
1

2
ρARU

2CD, (29)

where AR is the rudder area; U :=
√
u2 + v2; CL and

CD are functions of the rudder angle, computed in ac-
cordance to (SNAME 1989).

6 SIMULATION RESULTS

As mentioned in the Introduction, this case of study
refers to a patrol vessel of the Italian Coast Guard.
The speed pilot and autopilot will be installed on
board within Summer 2015. Before on-board instal-
lation, the system is validated through several simu-
lation tests. Simulation results of two specific maneu-
vers are reported with sea state 4.

The first considered maneuver is presented in Sec-
tion 6.1 and regards both the heading and speed con-
trol with bow quartering sea, wind, and current. This
weather condition results to be one of the worst cases
for the yaw control. The second maneuver in Section
6.2 aims to analyze head incoming disturbances that
are more critical for the speed control. In both the
cases, simulation results are satisfactory, errors being
within the maximum allowed values. In the following
figures, all motions are plotted as percentage of the
maximum allowable errors, whereas thrusts and rud-
der angles are reported as percentage of their maxi-
mum deliverable quantities.



6.1 Bow-Quartering Sea

In this section the first 10 minutes of simulation when
all the incoming environmental disturbances are com-
ing from 45◦ are reported. The vessel is supposed to
be on the right course with the desired advance speed
when both the controllers are turned on. Then, initial
errors for vessel heading and velocity are null, initial
thrusts are corresponding to the necessary thrusts for
the desired speed, rudders are hard over.

Figure 2 shows heading and speed errors. They are
within the desired range. Figure 3 illustrates the tran-
sient behavior in the presence of disturbances (note
the quick convergence of both yaw and speed errors).

The output of the heading controller is shown in
Figure 4 in terms of required rudder angle (dotted
line),vs the saturated one. Instead, saturation concerns
upper and lower bounds of the deliverable angle and
rate limiters. The first plot illustrates the whole time
history where it is shown that a stable angle compen-
sating disturbances is reached. The second plot fo-
cuses on the beginning of the maneuver and show that
only rate limiters are active without saturation of the
amplitude signals, as maximum allowable rudder an-
gles are not involved and the controllers are able to
stabilize the system only working in the linear range.

Figure 5 shows the output of the surge controller
in terms of required shaft speed (dotted line) vs the
saturated one. The second plot outlines the controller
transient.

Figure 6 shows the disturbance time history; due
to the main incoming direction of the aligned sea and
wind, longitudinal, and lateral forces are of the same
order of magnitude; in such a situation the moment
reaches its maximum value.
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Figure 2: Heading and speed error for bow quartering sea.
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Figure 3: Sketch of the heading and speed error transient.
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Figure 4: Rudder angle required for bow quartering sea.
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Figure 5: Shaft speed time history for bow quartering sea.
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Figure 6: Environmental disturbances for bow quartering sea.

6.2 Head Seas

In this case environmental disturbances are coming
from 5◦ w.r.t. the bow, which is a challenging situation
from the speed keeping point of view.

In figure 7, heading and speed errors are plotted.
Due to the lower value of the disturbance moment,
in the transient heading error is smaller than in the
previous maneuver. As can be seen in figure 8, in the
transient also the speed error appears to be lower than
in the previous case. Such a behavior can be due to
a smaller rudder induced drag because of the lower
rudder angles.

Figure 9 reports the required (dotted line) and de-
livered rudder angles. In this case, such records are
overlying because, due to the small requirements, the
rudder is instantaneously able to deliver the necessary
angle.

Figure 10 shows the speed pilot output time history
(dotted line) and the required shaft speed. The ma-
neuver starts with the desired speed (the initial speed
error is null) and then the speed pilot control is acti-
vated. In the transient from manual to automatic con-
trol a phenomenon called bump could arise.
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Figure 7: Heading and speed error for head sea.
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Figure 8: Sketch the heading and speed error transient.
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Figure 9: Rudder angle required for head sea.
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Figure 10: Shaft speed time history.



0 100 200 300 400 500 600
-100

-50

0
SURGE ENV FORCE

X
E
 [

kN
]

0 100 200 300 400 500 600
-40

-20

0
SWAY ENV FORCE

Y
E
 [

kN
]

0 100 200 300 400 500 600
-400

-200

0
ENV MOMENT

Time [s]

N
E
 [

kN
m

]

Figure 11: Environmental disturbances for head sea.

7 CONCLUSION

We have presented an approach to heading and speed
control based on an “ad hoc” developed model. This
study is motivated by both robustness evaluation and
the request for most naval vessels to improve power
management and cut fuel consumption without de-
creasing performance and, at the same time, reduc-
ing manning. Simulation results have been provided
to illustrate the effectiveness of the proposed techni-
cal choices.

After the model calibration through maneuverabil-
ity trials results, future work will concern the design
of some additional controller functionality such as
course keeping. Moreover, we will study techniques
to reduce and possibly avoid bump effects.
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