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A B S T R A C T

In the last decades, many efforts have been made to analyze and model small and large
deflections of flexures, considering complex load cases and different solution techniques.
However, few investigations focused on the kinematic aspects related to the deflection analysis
of the flexible elements, and limited the study to the second-order kinematics. In this paper,
an analytical formulation based on the instantaneous geometric invariants is developed to give
deep kinematic insight, up to the fourth order, into the motion generated by the deflections.
The problem is addressed from a geometrical point of view, defining the fundamental geometric
entities that characterize the motion, that are inflection circle, cubic of stationary curvature
and its derivative, Ball’s point, and Burmester’s points. Thanks to these special points on the
plane, straight and circular paths can be approximated to the third and to the fourth order,
respectively. The proposed formulation defines the geometric characteristics of flexures with
different curvatures. An application regarding the definition of pseudo-rigid body models is
discussed. Finite element simulations are performed to validate the results.

. Introduction

Compliant mechanisms are extensively employed in many industrial and scientific fields. This increasing trend can be explained
y considering their advantages over the traditional rigid-body mechanisms, consisting of performance improvement and of cost
eduction [1]. Several implementations can be found in micropositioning and micromanipulation [2–4], precision machining and
anufacturing [5,6], MEMS [7,8], aerospace [9–11], robotics [12–14], and lithography [15–17] applications.

Compliant mechanisms transmit force, motion, and energy through the elastic deformations of their flexible parts. In their
implest form, these parts consist of straight or curved beams [18–20] and notch hinges [21–23]. As a fundamental feature of
echanical systems, deflections of uniform or variable cross-section beams, with straight or initially-curved axis, have been studied

or decades.
In the case of small deflections, elastic beam theory [24,25], Castigliano’s theorems [26–28], and the principle of virtual

ork [29,30] proved to be useful tools for the analysis problems.
Regarding large deflections, the first contributions focused on straight or curved cantilever beams subject to concentrated or

istributed loads [31–34]. More recently, different load conditions, as follower forces or combined loads, and several solution
pproaches, as integral and direct nonlinear solutions [35–40], and energy-based frameworks [41], have been implemented. With
espect to compliant mechanisms, large deflections problems are often solved by resorting to elliptic integral solutions [42,43],
eam, chained beam, and body-frame beam constraint models [44–46].

It is worth noting that large deflection analysis is a necessary prerequisite for the determination of the pseudo-rigid body model.
irstly developed by Howell and Midha [47,48], this model consists of replacing the flexible beam with two rigid links connected
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Fig. 1. Reference frames.

by a revolute joint with a torsional spring. The revolute pair position is determined by minimizing the tip error. Successively, other
models with one [49] or more [50–55] kinematic pairs have been proposed. It is worth noting that PRBMs can also be adopted for
the solution of synthesis problems, often addressed with topology optimization [56–58].

Although extensive efforts have been made in the analysis of the deflections, fewer studies dealt with the kinematic aspects
associated to the deflection problem. The behavior of the pole of the displacements, which characterizes the rigid displacements
consequent to the flexible elements motion, was first analyzed in Ref. [59,60], and exploited to formulate a pseudo-rigid-body
model, based on finite displacement and strain energy, for the accurate modeling of final configurations [61]. By resorting to the
instantaneous geometric invariants, Valentini and Pennestrì evaluated the centrodes and the inflection circle of the motion generated
by the flexures, and developed an epicyclic pseudo-rigid-body model based on second-order kinematics [62–64].

The instantaneous geometric invariants were first introduced by Krause [65] and developed by Veldkamp [66], Bottema and
Roth [67]. As powerful tools in the solution of analysis and synthesis problems, they were recently extended to the hyperbolic
plane [68].

In this paper, the instantaneous geometric invariants are applied to the description of the motion generated by flexures with
different curvatures. The developed analytical formulation gives kinematic insights on the geometric characteristic of motion up to
the fourth order. The invariants lead to the determination of fundamental geometric entities, that are the inflection circle, the cubic
of stationary curvature and its derivative, the Ball’s point, and the Burmester’s points. In particular, Ball’s and Burmester’s points
identify the special points on the plane that approximate straight paths to the third order, and circular paths to the fourth order,
respectively. The obtained geometric characteristics can be exploited in all the design phases, for the solution of synthesis problems
with requirements of high accuracy, and for the definition of pseudo-rigid-body models.

The manuscript is organized as follows. In Section 2, the geometric invariants and the kinematic background are introduced. The
motion generated by a flexure with generic initial curvature is described in Section 3, and the corresponding geometric invariants are
determined in Section 4. In Section 5, the motion characteristics of two initially-curved flexures are obtained, whereas in Section 6
the particular cases of straight-axis and ring flexures are discussed. The implementation of the procedure for the definition of
pseudo-rigid body models is discussed, with an example, in Section 7. Conclusions are reported in Section 8.

2. Instantaneous geometric invariants

The mathematical description of the motion is provided by considering two Cartesian reference frames, F = {𝑂,𝑋, 𝑌 } and
= {𝑜, 𝑥, 𝑦}, representing the fixed and the mobile plane, respectively. With reference to Fig. 1, the motion of the mobile plane with

espect to the fixed one can be described by the following relations:

𝑋 (𝑡) = 𝑋𝑜 (𝑡) + 𝑥 cos (𝜙 (𝑡)) − 𝑦 sin (𝜙 (𝑡)) ,

𝑌 (𝑡) = 𝑌𝑜 (𝑡) + 𝑥 sin (𝜙 (𝑡)) + 𝑦 cos (𝜙 (𝑡)) .
(1)

In case of time-based motion, 𝑋𝑜, 𝑌𝑜, and 𝜙 are real functions of the parameter 𝑡 (time), whereas 𝑥 and 𝑦 are not dependent on 𝑡.
owever, a geometry-based description can be introduced for the analysis of the motion properties that not depend on time. By
ssuming 𝑑𝜙∕𝑑𝑡 = 1 and 𝜙 = 0 for 𝑡 = 0, it follows 𝑡 = 𝜙. If 𝜙 is the independent variable, 𝑋𝑜 and 𝑌𝑜 are function of 𝜙. The generic
alue of 𝜙 is defined as instant and represents one position of the mobile plane with respect to the fixed one. In compact form,
qs. (1) can be rewritten as

𝑋 = 𝑋𝑜 + 𝑥 cos𝜙 − 𝑦 sin𝜙,
(2)
2

𝑌 = 𝑌𝑜 + 𝑥 sin𝜙 + 𝑦 cos𝜙.
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The instantaneous geometric invariants are a set of parameters able to characterize the motion from a purely geometric point of
iew. To describe the motion, it is convenient to introduce a second pair of frames related to the fixed centrode 𝜆 and to the moving

centrode 𝑙. With reference to Fig. 1, F̃ = {𝑃1𝑋̃𝑌 } and f̃ = {𝑃1𝑥̃𝑦̃} are the fixed and moving canonical frames associated to 𝜆 and
, respectively. At the reference configuration, for 𝜙 = 0, the frames are coincident. Regarding F̃, its origin 𝑃1 is the instantaneous

center of rotation, the 𝑋̃-axis is tangent to the centrodes in 𝑃1, and the 𝑌 -axis is oriented towards the inflection pole.
During the motion, f moves with respect to F and f̃ rolls on F̃. As described below, the introduction of the canonical frames

leads to an advantageous mathematical description of the geometric entities that characterize the motion.
The instantaneous geometric invariants are defined as

𝑎𝑛 =
𝑑(𝑛)𝑋̃1
𝑑𝜙𝑛 , 𝑏𝑛 =

𝑑(𝑛)𝑌1
𝑑𝜙𝑛 . (3)

Eqs. (3) represent the 𝑛-order derivatives of the coordinates 𝑋̃1 and 𝑌1 of the instantaneous center of rotation 𝑃1 with respect to the
independent variable 𝜙, that defines the orientation of f̃ with respect to F̃ during the motion. Considering the reference configuration
𝜙 = 0), and by introducing the notation

𝑋(𝑛)
𝑜 =

𝑑(𝑛)𝑋𝑜
𝑑𝜙𝑛 , 𝑌 (𝑛)

𝑜 =
𝑑(𝑛)𝑌𝑜
𝑑𝜙𝑛 , (4)

he invariants can be written as

𝑎0 = 𝑏0 = 𝑎1 = 𝑏1 = 𝑎2 = 0, (5)

𝑏2 =

√

(

𝑋(2)
0 + 𝑌 (1)

0

)2
+
(

𝑌 (2)
0 −𝑋(1)

0

)2
, (6)

𝑎3 =
1
𝑏2

((

𝑋(3)
0 +𝑋(1)

0

)(

𝑌 (2)
0 −𝑋(1)

0

)

−
(

𝑌 (3)
0 + 𝑌 (1)

0

)(

𝑋(2)
0 + 𝑌 (1)

0

))

, (7)

𝑏3 =
1
𝑏2

((

𝑋(3)
0 +𝑋(1)

0

)(

𝑋(2)
0 + 𝑌 (1)

0

)

+
(

𝑌 (3)
0 + 𝑌 (1)

0

)(

𝑌 (2)
0 −𝑋(1)

0

))

, (8)

𝑎4 =
1
𝑏2

((

𝑋(4)
0 − 𝑌 (1)

0

)(

𝑌 (2)
0 −𝑋(1)

0

)

−
(

𝑌 (4)
0 +𝑋(1)

0

)(

𝑋(2)
0 + 𝑌 (1)

0

))

, (9)

𝑏4 =
1
𝑏2

((

𝑋(4)
0 − 𝑌 (1)

0

)(

𝑋(2)
0 + 𝑌 (1)

0

)

+
(

𝑌 (4)
0 +𝑋(1)

0

)(

𝑌 (2)
0 −𝑋(1)

0

))

. (10)

As a result, the position and the geometric derivatives for the path of the generic point 𝑃 , in the canonical frame F̃ at the instant
𝜙 = 0, are

𝑋̃𝑃 = 𝑥̃, 𝑌𝑃 = 𝑦̃, (11)

𝑋̃(1)
𝑃 = −𝑦̃, 𝑌 (1)

𝑃 = 𝑥̃, (12)

𝑋̃(2)
𝑃 = −𝑥̃, 𝑌 (2)

𝑃 = 𝑏2 − 𝑦̃, (13)

𝑋̃(3)
𝑃 = 𝑎3 + 𝑦̃, 𝑌 (3)

𝑃 = 𝑏3 − 𝑥̃, (14)

𝑋̃(4)
𝑃 = 𝑎4 + 𝑥̃, 𝑌 (4)

𝑃 = 𝑏4 + 𝑦̃. (15)

The previous assumptions lead to a convenient description of the geometric characteristic of the motion. Firstly, the curvature
of the trajectory of point 𝑃 , defined as

𝜅 =
𝑋̃(1)

𝑃 𝑌 (2)
𝑃 − 𝑋̃(2)

𝑃 𝑌 (1)
𝑃

(

𝑋̃(1)2
𝑃 + 𝑌 (1)2

𝑃

)
3
2

, (16)

can be rewritten by making use of Eqs. (12) and (13), obtaining

𝜅 =
𝑥̃2 + 𝑦̃2 − 𝑏2𝑦̃
(

𝑥̃2 + 𝑦̃2
)
3
2

. (17)

Therefore, the radius of curvature, 𝜌, and the position of the center of curvature, 𝛺, are given by

𝜌 = 1
𝜅

=

(

𝑥̃2 + 𝑦̃2
)
3
2

𝑥̃2 + 𝑦̃2 − 𝑏2𝑦̃
(18)

and

𝑥̃𝛺 = −
𝑏2𝑥̃𝑦̃

𝑥̃2 + 𝑦̃2 − 𝑏2𝑦̃
, 𝑦̃𝛺 = −

𝑏2𝑦̃2

𝑥̃2 + 𝑦̃2 − 𝑏2𝑦̃
, (19)

respectively. From Eq. (16) or Eq. (17), it can be noted that, if

𝑋̃(1)𝑌 (2) − 𝑋̃(2)𝑌 (1) = 0, (20)
3

𝑃 𝑃 𝑃 𝑃
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or

𝑥̃2 + 𝑦̃2 − 𝑏2𝑦̃ = 0, (21)

the radius of curvature tends to infinity. Eq. (20) and Eq. (21) represent the equation of the inflection circle, that is the locus of
points with zero normal acceleration. From the definition of curvature, it is also possible to find the locus of the points on the
moving plane with stationary curvature. These points can be found, at 𝜙 = 0, by imposing

𝑑𝜅
𝑑𝜃

|

|

|

|𝜙=0
= 0. (22)

Therefore, the differentiation of Eq. (16) yields
(

𝑋̃(1)
𝑃 𝑌 (3)

𝑃 − 𝑋̃(3)
𝑃 𝑌 (1)

𝑃

)(

𝑋̃𝐼2
𝑃 + 𝑌 𝐼2

𝑃

)
3
2 − 3

(

𝑋̃(1)
𝑃 𝑌 (2)

𝑃 − 𝑋̃(2)
𝑃 𝑌 (1)

𝑃

)(

𝑋̃(1)
𝑃 𝑋̃(2)

𝑃 − 𝑌 (1)
𝑃 𝑌 (2)

𝑃

)(

𝑋̃𝐼2
𝑃 + 𝑌 𝐼2

𝑃

)
1
2 = 0, (23)

and, by substituting Eqs. (12)–(14) in Eq. (23), it follows

(𝑦̃2 + 𝑥̃2)(𝑎3𝑥̃ + 𝑏3𝑦̃) + 3𝑥̃𝑏2(𝑥̃2 + 𝑦̃2 − 𝑏2𝑦̃) = 0, (24)

hat is the equation of the cubic of stationary curvature. Furthermore, by calculating the second derivative of Eq. (16), and
onsidering Eqs. (12)–(15), it follows

𝑐4(𝑦̃2𝑥̃ + 𝑥̃3) + 𝑐1(𝑦̃3 + 𝑦̃𝑥̃2) + 𝑐5𝑥̃
2 + 𝑐6𝑥̃𝑦̃ + 𝑐2𝑦̃

2 + 𝑐3𝑦̃ = 0, (25)

here 𝑐1 = 5𝑏2 + 4𝑎3 − 𝑏4, 𝑐2 = −4𝑎3𝑏2 − 9𝑏22, 𝑐3 = 3𝑏32, 𝑐4 = −𝑎4 − 4𝑏3, 𝑐5 = −3𝑏22, 𝑐6 = 4𝑏2𝑏3. Eq. (25) is the derivative of the
ubic of stationary curvature. The real solutions of the system composed of Eqs. (24) and (25) give the coordinates of the Burmester
oints, which are points with a trajectory that, for four infinitesimal, subsequent rotations of the mobile plane, have five contact
oints with the osculating circle.

The instantaneous geometric invariants allow also the determination of a special point on the mobile plane, called Ball’s point,
efined as the intersection of the cubic of stationary curvature with the inflection circle (other than the velocity pole).

Considering Eqs. (21) and (24), its coordinates are given by

𝑥̃ = −𝑏3
𝑏2𝑎3

𝑎23 + 𝑏23
, 𝑦̃ = 𝑎3

𝑏2𝑎3
𝑎23 + 𝑏23

. (26)

For three infinitesimal, subsequent rotations of the mobile plane, the trajectory of the Ball’s point has four contact points with a
straight line.

3. Motion description

For a constant-curvature beam, under the Euler–Bernoulli assumptions, the moment–curvature relation can be written as
𝑑𝜃
𝑑𝑠

= 1
𝑟
+ 𝑀

𝐸𝐼
, (27)

where s is the arc-length coordinate, 𝑑𝜃∕𝑑𝑠 is the curvature, 𝑟 is the initial radius of the beam axis, 𝑀 is the internal bending
moment, and 𝐸𝐼 is the bending stiffness. If 𝑙 is the length of the beam, the previous equation can be rewritten as

𝑑𝜃
𝑑𝑠

= 1
𝑙
(2𝛼 + 𝜙) , (28)

where

𝛼 = 𝑙
2𝑟

and 𝜙 = 𝑀
𝐸𝐼

𝑙. (29)

In the present investigation, 𝜙 is assumed to be constant with respect to 𝑠, as in the case of uniform, linear elastic cantilevers subject
o moments applied to the free-end section.

Fig. 2 shows the elastic element, in neutral and deflected configurations, and the fixed and mobile reference frames. The origin
of the fixed frame F{𝑂,𝑋, 𝑌 } is coincident to the anchored end of the beam axis, and the 𝑌 -axis is collinear to the axis chord

𝑂𝐸. The mobile frame f {𝑜, 𝑥, 𝑦} has origin 𝑜 coincident to the free-end 𝐸 of the beam axis. For 𝜙 = 0, the frames f and F have the
same orientation.

At the generic instant 𝜙, the position and the orientation of the mobile frame with respect to the fixed one can be determined
from Eq. (28), by separating variables, using the chain rule of differentiation, and integrating, as

∫

𝜃𝐹

𝜃0
𝑑𝜃 =

2𝛼 + 𝜙
𝑙 ∫

𝑙

0
𝑑𝑠, (30)

∫

𝑋𝐹

0
𝑑𝑋 = 𝑙

2𝛼 + 𝜙 ∫

𝜃𝐹

𝜃0
cos 𝜃𝑑𝜃, (31)

∫

𝑌𝐹

0
𝑑𝑌 = 𝑙

2𝛼 + 𝜙 ∫

𝜃𝐹

𝜃0
sin 𝜃𝑑𝜃. (32)
4
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Fig. 2. Reference frames.

With reference to Fig. 2, by considering that the orientation of the anchored section is

𝜃𝑂 = 𝜋
2
− 𝛼, (33)

Eqs. (30)–(32) become

𝜃𝐹 = 𝜋
2
+ 𝛼 + 𝜙, (34)

𝑋𝐹 =
cos (𝛼 + 𝜙) − cos 𝛼

2𝛼 + 𝜙
𝑙, (35)

𝑌𝐹 =
sin 𝛼 + sin (𝛼 + 𝜙)

2𝛼 + 𝜙
𝑙. (36)

ccording to the notation introduced in Section 2, the non-dimensional coordinates

𝑋0 =
𝑋𝐹
𝑙

and 𝑌0 =
𝑌𝐹
𝑙

(37)

are considered for the evaluation of the geometric invariants.

4. Determination of the instantaneous geometric invariants

To define the geometric invariants, the first step consists of calculating the coordinates of the mobile frame f {𝑜, 𝑥, 𝑦}, having
origin coincident to the free end of the beam axis. The coordinates given by Eqs. (35) and (36) can be written, in non-dimensional
form according to Eq. (37), as

𝑋0 =
cos (𝛼 + 𝜙) − cos (𝛼)

2𝛼 + 𝜙
, (38)

𝑌0 =
sin (𝛼) + sin (𝛼 + 𝜙)

2𝛼 + 𝜙
. (39)

The derivatives of Eqs. (38) and (39) with respect to the independent variable 𝜙, introduced in Eq. (4), are

𝑋(1)
0 = −

cos (𝛼 + 𝜙) − cos (𝛼)
(2𝛼 + 𝜙)2

−
sin (𝛼 + 𝜙)
2𝛼 + 𝜙

, (40)

𝑌 (1)
0 = −

sin (𝛼) + sin (𝛼 + 𝜙)
+

cos (𝛼 + 𝜙)
, (41)
5

(2𝛼 + 𝜙)2 2𝛼 + 𝜙
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𝑋(2)
0 =

2 cos (𝛼 + 𝜙) − 2 cos (𝛼)
(2𝛼 + 𝜙)3

+
2 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)2

−
cos (𝛼 + 𝜙)
2𝛼 + 𝜙

, (42)

𝑌 (2)
0 =

2 sin (𝛼) + 2 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)3

−
2 cos (𝛼 + 𝜙)
(2𝛼 + 𝜙)2

−
sin (𝛼 + 𝜙)
2𝛼 + 𝜙

, (43)

𝑋(3)
0 = −

6 (cos (𝛼 + 𝜙) − cos (𝛼))
(2𝛼 + 𝜙)4

−
6 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)3

+
3 cos (𝛼 + 𝜙)
(2𝛼 + 𝜙)2

+
sin (𝛼 + 𝜙)
2𝛼 + 𝜙

, (44)

𝑌 (3)
0 = −

6 (sin (𝛼) + sin (𝛼 + 𝜙))
(2𝛼 + 𝜙)4

+
6 cos (𝛼 + 𝜙)
(2𝛼 + 𝜙)3

+
3 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)2

−
cos (𝛼 + 𝜙)
2𝛼 + 𝜙

, (45)

𝑋(4)
0 =

24 cos (𝛼 + 𝜙) − 24 cos (𝛼)
(2𝛼 + 𝜙)5

+
24 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)4

−
12 cos (𝛼 + 𝜙)
(2𝛼 + 𝜙)3

−
4 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)2

+
cos (𝛼 + 𝜙)
2𝛼 + 𝜙

, (46)

𝑌 (4)
0 =

24 sin (𝛼) + 24 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)5

−
24 cos (𝛼 + 𝜙)
(2𝛼 + 𝜙)4

−
12 sin (𝛼 + 𝜙)
(2𝛼 + 𝜙)3

+
4 cos (𝛼 + 𝜙)
(2𝛼 + 𝜙)2

+
sin (𝛼 + 𝜙)
2𝛼 + 𝜙

. (47)

Then, by substituting Eqs. (40)–(47) in Eqs. (6)–(10), the instantaneous geometric invariants are obtained as follows:

𝑏2 =

√

2
(2𝛼 + 𝜙)3

(

(𝜙 + 2𝛼 + 2) (𝜙 + 2𝛼 − 2) cos (2𝛼 + 𝜙) − (8𝛼 + 4𝜙) sin (2𝛼 + 𝜙) + 𝜙2 + 4𝛼𝜙 + 4𝛼2 + 4
)

1
2 , (48)

𝑎3 =
1

𝑏2 (2𝛼 + 𝜙)6
(

−3 (𝜙 + 2𝛼 + 2) (𝜙 + 2𝛼 − 2) cos (2𝛼 + 𝜙) + (24𝛼 + 12𝜙) sin (2𝛼 + 𝜙) − 3𝜙2 − 12𝛼𝜙 − 12𝛼2 − 12
)

, (49)

𝑏3 =
1

𝑏2 (2𝛼 + 𝜙)7
(

− (2𝛼 + 𝜙)
(

4𝛼2 + 4𝛼𝜙 + 𝜙2 − 24
)

sin (2𝛼 + 𝜙)

+
(

−32𝛼2 − 32𝛼𝜙 − 8𝜙2 + 24
)

cos (2𝛼 + 𝜙) − 4𝜙2 − 16𝛼𝜙 − 16𝛼2 − 24
)

,
(50)

𝑎4 =
1

𝑏2 (2𝛼 + 𝜙)7
(

2 (2𝛼 + 𝜙)
(

4𝛼2 + 4𝛼𝜙 + 𝜙2 − 24
)

sin (2𝛼 + 𝜙) +

(

64𝛼2 + 64𝛼𝜙 + 16𝜙2 − 48
)

cos (2𝛼 + 𝜙) + 8𝜙2 + 32𝛼𝜙 + 32𝛼2 + 48
)

,
(51)

𝑏4 =
1

𝑏2 (2𝛼 + 𝜙)8
((

−64𝛼4 − 128𝛼3𝜙 +
(

−96𝜙2 + 192
)

𝛼2 +
(

−32𝜙3 + 192𝜙
)

𝛼 − 4𝜙4 + 48𝜙2 − 96
)

cos (2𝛼 + 𝜙)

+20 (2𝛼 + 𝜙)
(

𝜙2 + 4𝛼𝜙 + 4𝛼2 − 24
5

)

sin (2𝛼 + 𝜙) −4𝜙4 − 32𝛼 𝜙3 − 96𝛼2𝜙2 − 128𝛼3𝜙 − 64𝛼4 + 96
)

.

(52)

n the next Section, the geometric invariants will be exploited to describe the geometric characteristics of the motion of flexures
ith different curvatures.

. Motion characteristic of constant curvature flexures

By resorting to the geometric invariants, the motion of flexures with unit length axis and initial curvature 𝜌 = 2𝛼, with 𝛼 = 𝜋∕4
nd 𝛼 = 𝜋∕2, is examined.

.1. Curved flexure, 𝛼 = 𝜋∕4

In case of 𝛼 = 𝜋∕4 at 𝜙 = 0, the geometric invariants become

𝑏2 =
16

√

2
𝜋3

−
4
√

2
𝜋2

, (53)

𝑎3 =
6
√

2 (𝜋 − 4)
𝜋3

, (54)

𝑏3 =
2
√

2
(

𝜋2 + 12𝜋 − 48
)

𝜋4
, (55)

𝑎4 = −
4
√

2
(

𝜋2 + 12𝜋 − 48
)

𝜋4
, (56)

𝑏4 =
8
√

2
(

𝜋3 − 6𝜋2 − 24𝜋 + 96
)

𝜋5
. (57)

According to the approach described in Section 2, Eqs. (53)–(57) allow the determination of the following geometrical entities in
the canonical reference.

• Inflection circle (Eq. (21)):

𝑥̃2 −

(

16
√

2
3

−
4
√

2
2

)

𝑦̃ − 𝑦̃2 = 0. (58)
6

𝜋 𝜋
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c
t
a

5

T

6

c

• Cubic of stationary curvature (Eq. (24)):

8𝑥̃𝑦̃ (𝜋 − 4)2
√

2 +
((

𝑥̃ −
𝑦̃
3

)

𝜋2 + (−4𝑥̃ − 4𝑦̃)𝜋 + 16𝑦̃
)

(

𝑦̃2 + 𝑥̃2
)

𝜋2 = 0. (59)

• Derivative of the cubic of stationary curvature (Eq. (25)):

12
((

𝑥̃2 + 2
3
𝑦̃𝑥̃ + 𝑦̃2

)

𝜋2 − 4 (𝑥̃ − 𝑦̃)2 𝜋 − 32𝑦̃𝑥̃
)

(𝜋 − 4)𝜋2
√

2 + (𝑥̃ + 𝑦̃)
(

𝑦̃2 + 𝑥̃2
)

𝜋7 + 12
(

𝑦̃2 + 𝑥̃2
)

(

𝑥̃ −
2𝑦̃
3

)

𝜋6−

48 (𝑥̃ + 𝑦̃)
(

𝑦̃2 + 𝑥̃2
)

𝜋5 +
(

192𝑦̃3 + 192𝑥̃2𝑦̃
)

𝜋4 + 96𝜋3𝑦̃ − 1152𝜋2𝑦̃ + 4608𝜋𝑦̃ − 6144𝑦̃ = 0.
(60)

• Burmester’s points (Eqs. (24) and (25)) and corresponding center of curvature (Eq. (19)):

𝐵𝑢 = { 0.1095 ; 0.3402} , 𝛺 = {−0.0783 ; −0.2435} (61)

𝐵𝑢 = {−0.0783 ; 0.2435} , 𝛺 = { 0.1094 ; −0.3402} (62)

• Ball’s point (Eq. (26)):

𝐵𝑎 = {−0.0083 ; 0.1562} . (63)

The pole of velocity, the fixed and moving centrodes, and the canonical reference are depicted in Fig. 3(a). Inflection circle,
ubic of stationary curvature and its derivative, Burmester’s points and Ball’s point are reported in Fig. 3(b). The trajectories of
he Burmester’s points and their osculating circles, and the trajectory of the Ball’s point and its corresponding straight line to be
pproximated, are shown in Fig. 3(c).

.2. Curved flexure, 𝛼 = 𝜋∕2

Considering 𝛼 = 𝜋∕2 at the instant 𝜙 = 0, the geometric invariants Eqs. (49) and (49)–(52) take the form

𝑏2 =
4
𝜋3

, (64)

𝑎3 = − 6
𝜋3

, (65)

𝑏3 = − 12
𝜋4

+ 1
𝜋2

, (66)

𝑎4 =
24
𝜋4

− 2
𝜋2

, (67)

𝑏4 =
48
𝜋5

− 12
𝜋3

. (68)

Following the procedure in Section 5.1, the geometrical entities of motion are obtained as follows.

• Inflection circle (Eq. (21)):

𝑥̃2 − 4
𝜋3

𝑦̃ − 𝑦̃2 = 0. (69)

• Cubic of stationary curvature (Eq. (24)):

𝜋4𝑦̃3 + 𝜋4𝑦̃ 𝑥̃2 + 6𝜋3𝑦̃2𝑥̃ + 6𝜋3𝑥̃3 − 12𝜋2𝑦̃3 − 12𝜋2𝑦̃ 𝑥̃2 − 48𝑦̃𝑥̃ = 0. (70)

• Derivative of the cubic of stationary curvature (Eq. (25)):

2
(

12 − 𝜋2) (𝑦̃2 + 𝑥̃2
)

𝑥̃ +
8
(

𝜋2 − 6
) (

𝑦̃2 + 𝑥̃2
)

𝑦̃
𝜋

− 48𝑥̃2

𝜋2
+

16
(

𝜋2 − 12
)

𝑥̃𝑦̃

𝜋3
−

48𝑦̃2

𝜋2
+

192𝑦̃
𝜋5

= 0. (71)

• Burmester’s points (Eqs. (24) and (25)) and corresponding center of curvature (Eq. (19)):

𝐵𝑢 = {−0.0733 ; 0.1726} , 𝛺 = { 0.1265 ; −0.2979} (72)

𝐵𝑢 = { 0.1265 ; 0.2979} , 𝛺 = {−0.0733 ; −0.1726} (73)

• Ball’s point (Eq. (26)):

𝐵𝑎 = {−0.0144 ; 0.1274} . (74)

he geometric entities are reported in Fig. 4.

. Particular cases: straight-axis and ring flexures

Two particular cases are considered, consisting of the motion analysis of the straight-axis flexure and of the ring flexure,
7

orresponding to 𝛼 = 0 and 𝛼 = 𝜋, respectively.
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Fig. 3. Kinematics of the curved flexure with 𝛼 = 𝜋∕4. (a) Fixed (blue) and moving (red) centrodes, and canonical reference; (b) inflection circle (green), cubic
of stationary curvature (blue) and its derivative (red), Burmester’s points trajectories (solid red) and osculating circles (dot red), Ball’s point trajectory (solid
green) and straight line (dot green). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

6.1. Straight-axis flexure, 𝛼 = 0

In the case of 𝛼 = 0, the coordinates of the origin of the mobile frame and its geometric derivatives reported in Eqs. (40)–(47)
become

𝑋0 =
cos (𝜙) − 1

𝜙
, (75)

𝑌0 =
sin (𝜙)
𝜙

, (76)

𝑋(1)
0 = −

cos (𝜙) − 1
𝜙2

−
sin (𝜙)
𝜙

, (77)

𝑌 (1)
0 = −

sin (𝜙)
𝜙2

+
cos (𝜙)

𝜙
, (78)

𝑋(2) =
2 cos (𝜙) − 2

+
2 sin (𝜙)

−
cos (𝜙)

, (79)
8

0 𝜙3 𝜙2 𝜙
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Fig. 4. Kinematics of the curved flexure with 𝛼 = 𝜋∕2. (a) Fixed (blue) and moving (red) centrodes, and canonical reference; (b) inflection circle (green), cubic
of stationary curvature (blue) and its derivative (red), Burmester’s points trajectories (solid red) and osculating circles (dot red), Ball’s point trajectory (solid
green) and straight line (dot green). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

𝑌 (2)
0 =

2 sin (𝜙)
𝜙3

−
2 cos (𝜙)

𝜙2
−

sin (𝜙)
𝜙

, (80)

𝑋(3)
0 = −

6 (cos (𝜙) − 1)
𝜙4

−
6 sin (𝜙)

𝜙3
+

3 cos (𝜙)
𝜙2

+
sin (𝜙)
𝜙

, (81)

𝑌 (3)
0 = −

6 sin (𝜙)
𝜙4

+
6 cos (𝜙)

𝜙3
+

3 sin (𝜙)
𝜙2

−
cos (𝜙)

𝜙
, (82)

𝑋(4)
0 =

24 cos (𝜙) − 24
𝜙5

+
24 sin (𝜙)

𝜙4
−

12 cos (𝜙)
𝜙3

−
4 sin (𝜙)

𝜙2
+

cos (𝜙)
𝜙

, (83)

𝑌 (4)
0 =

24 sin (𝜙)
𝜙5

−
24 cos (𝜙)

𝜙4
−

12 sin (𝜙)
𝜙3

+
4 cos (𝜙)

𝜙2
+

sin (𝜙)
𝜙

. (84)

The geometric invariants defined in Eqs. (49) and (49)–(52), for 𝛼 = 0 take the following form:

𝑏2 =
1
𝜙3

√

2𝜙2 (cos (𝜙) + 1) − 8 (sin (𝜙)𝜙 + cos (𝜙) − 1), (85)

𝑎3 =
1

𝑏2𝜙6

(

−3 cos (𝜙)𝜙2 + 12 sin (𝜙)𝜙 − 3𝜙2 + 12 cos (𝜙) − 12
)

, (86)

𝑏3 =
1

𝑏2𝜙7

((

−𝜙3 + 24𝜙
)

sin (𝜙) − 8 cos (𝜙)𝜙2 − 4𝜙2 + 24 cos (𝜙) − 24
)

, (87)

𝑎4 =
1

𝑏2𝜙7

((

2𝜙3 − 48𝜙
)

sin (𝜙) + 16 cos (𝜙)𝜙2 + 8𝜙2 − 48 cos (𝜙) + 48
)

, (88)

𝑏4 =
1

𝑏2𝜙8

((

20𝜙3 − 96𝜙
)

sin (𝜙) +
(

−4𝜙4 + 48𝜙2 − 96
)

cos (𝜙) − 4𝜙4 + 96
)

. (89)

According to Eqs. (85)–(89), the geometric invariants are not defined at 𝜙 = 0. However, by computing the limit as 𝜙 tends to 0, it
follows

lim
𝜙→0

𝑏2 =
1
6
, (90)

lim 𝑎3 = − 1 , (91)
9

𝜙→0 4
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lim
𝜙→0

𝑏3 =0, (92)

lim
𝜙→0

𝑎4 =0, (93)

lim
𝜙→0

𝑏4 = − 3
10

. (94)

Considering the limits of the invariants, the geometrical entities of the motion can be calculated as follows.

• Inflection circle (Eq. (21)):

𝑥̃2 − 1
6
𝑦̃ − 𝑦̃2 = 0. (95)

• Cubic of stationary curvature (Eq. (24)):

𝑥̃
(

3𝑦̃2 + 3𝑥̃2 − 𝑦̃
)

= 0. (96)

• Derivative of the cubic of stationary curvature (Eq. (25)):
2
15

𝑦̃3 + 2
15

𝑥̃2𝑦̃ − 1
12

𝑥̃2 − 1
12

𝑦̃2 + 1
72

𝑦̃ = 0. (97)

• Burmester’s points (Eqs. (24) and (25)) and corresponding center of curvature (Eq. (19)):

𝐵𝑢 =

{
√

15
48

; 5
16

}

, 𝛺 =

{

−

√

15
48

; − 5
16

}

(98)

𝐵𝑢 =

{

−

√

15
48

; 5
16

}

, 𝛺 =

{
√

15
48

; − 5
16

}

(99)

• Ball’s point (Eq. (26)):

𝐵𝑎 =
{

0 ; 1
6

}

, (100)

The geometric entities are reported in Fig. 5. It is worth noting that the cubic of stationary curvature degenerates to a circle
and a straight line, as shown in Fig. 5(b). In particular, the cubic and its derivative are symmetric with respect to the flexure axis.
Also, the center of the inflection circle and the Ball’s point lie on the same axis. As a consequence, the Burmester’s points and their
related circular paths, and the straight path associated to the Ball’s point, are symmetric.

6.2. Ring flexure, 𝛼 = 𝜋

Considering 𝛼 = 𝜋 at the instant 𝜙 = 0, the geometric invariants Eqs. (49) and (49)–(52) become

𝑏2 =
1

2𝜋2
, (101)

𝑎3 = − 3
4𝜋2

, (102)

𝑏3 = − 3
4𝜋3

, (103)

𝑎4 =
3

2𝜋3
, (104)

𝑏4 =
3

2𝜋4
− 1

𝜋2
. (105)

Following the procedure in Section 5.1, the geometrical entities of the motion are obtained as follows.

• Inflection circle (Eq. (21)):

𝑥̃2 − 1
2𝜋2

𝑦̃ − 𝑦̃2 = 0. (106)

• Cubic of stationary curvature (Eq. (24)):

𝜋2𝑦̃2𝑥̃ + 𝜋2𝑥̃3 − 𝜋 𝑦̃3 − 𝜋𝑦̃ 𝑥̃2 − 𝑦̃𝑥̃ = 0. (107)

• Derivative of the cubic of stationary curvature (Eq. (25)):
3𝑦2𝑥
2𝜋3

+ 3𝑥3

2𝜋3
+
(

1
2𝜋2

− 3
2𝜋4

)

(

𝑦3 + 𝑦𝑥2
)

− 3𝑥2

4𝜋4
−

3𝑥𝑦
2𝜋5

−
3𝑦2

4𝜋4
+

3𝑦
8𝜋6

= 0. (108)

• Burmester’s points (Eqs. (24) and (25)) and corresponding center of curvature (Eq. (19)):

𝐵𝑢 = { 0.0832 ; 0.1071} , 𝛺 = {−0.0348 ; −0.0448} (109)

𝐵 = −0.0348 ; 0.0448 , 𝛺 = 0.0832 ; −0.1071 (110)
10
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Fig. 5. Kinematics of the straight flexure, 𝛼 = 0. (a) Fixed (blue) and moving (red) centrodes, and canonical reference; (b) inflection circle (green), degenerated
cubic of stationary curvature (blue) and its derivative (red), Burmester’s points trajectories (solid red) and osculating circles (dot red), Ball’s point trajectory
(solid green) and straight line (dot green). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

• Ball’s point (Eq. (26)):

𝐵𝑎 = {−0.0146 ; 0.0460} . (111)

The geometric entities are reported in Fig. 6.

7. Rigid-body modeling

The procedure described in the previous sections leads to the definition of pseudo-rigid body models that reproduce with high
accuracy the position of a rigid section of the flexure. Fig. 7 shows the straight-axis flexure and the Burmester’s point 𝐵𝑢, rigidly
connected to its free-end section. As demonstrated in Section 6.1, 𝐵𝑢 is a point of the mobile plane that follows, with the fourth
order of approximation, a circular path. The center of curvature of the trajectory in 𝐵𝑢 is 𝛺, and the radius of curvature is 𝜌 = 𝛺𝐵𝑢.
Therefore, the motion can be modeled by means of a rigid link, with length 𝜌, connected to the ground by a revolute pair with
axis passing through 𝛺. Fig. 7 shows the flexure and its corresponding 1R PRBM in initial configurations, and after a clockwise
rotation. The same procedure can be adopted for the definition of the PRBM associated to the second Burmester’s point, whereas
the modeling of the Ball’s point requires the implementation of a prismatic pair (1P PRBM). The same reasoning can be followed
for the othe flexure with initial curvature.
11
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Fig. 6. Kinematics of the curved flexure with 𝛼 = 𝜋. (a) Fixed (blue) and moving (red) centrodes, and canonical reference; (b) inflection circle (green), cubic of
stationary curvature (blue) and its derivative (red), Burmester’s points trajectories (solid red) and osculating circles (dot red), Ball’s point trajectory (solid green)
and straight line (dot green). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Straight-axis flexure(𝛼 = 0) defining an approximating circular path through the Burmester’s point 𝐵𝑢1 and the corresponding PRBM. Initial and final
configurations are depicted in solid and dashed lines, respectively.
12
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Fig. A.8. Finite element simulations for the case 𝛼 = 𝜋∕4.

8. Conclusions

In this paper, the motion generated by flexures with initial curvature has been described resorting to the instantaneous geometric
invariants. An analytical formulation has been developed to define the fundamental geometrical entities of the motion. Flexures
with different curvature have been considered, including straight axis, axes subtending the angles 𝜋∕2 and 𝜋, and the ring flexure
(subtending the angle 2𝜋). For each case, the equations of the inflection circle, the cubic of stationary curvature and its derivative
are presented. The Ball’s and Burmester’s points have been determined, identifying the special points on the plane that approximate
straight paths to the third order, and circular paths to the fourth order, respectively. The proposed formulation has been exploited for
the definition of pseudo-rigid-body models. Theoretical results have been validated by performing a set of finite element simulations.
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Appendix. FEA simulations

FEA simulations have been performed with the commercial software Ansys. According to the theoretical model, flexures with
unit-length axis (𝑙 = 1) have been considered, with cross-sections having in-plane thickness and out-of-plane thickness equal to 𝑙∕20
and 7∕20, respectively. Flexures have been meshed with 100 BEAM3 elements. The rigid connections between the free-end section
and the Burmester’s and Ball’s points have been modeled with the multipoint constraint element MPC184. Geometric nonlinearities
have been considered in the simulation setup. An increasing moment has been applied at the free-end sections, determining rotations
from −𝜋 to 𝜋. During the simulations, the trajectories of the Burmester’s and Ball’s points have been acquired. The trajectories
corresponding to the flexure curvatures defined by 𝛼 = 𝜋∕4, 𝛼 = 𝜋∕2, 𝛼 = 0, and 𝛼 = 𝜋, are reported in Fig. A.8, Fig. A.9, Fig. A.10,
and Fig. A.11, respectively. Numerical results show perfect agreement with the theoretical ones.
13
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Fig. A.9. Finite element simulations for the case 𝛼 = 𝜋∕2.

Fig. A.10. Finite element simulations for the case 𝛼 = 0.

Fig. A.11. Finite element simulations for the case 𝛼 = 𝜋.
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