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Preface

General Relativity is one of the pillars of modern theoretical physics: it describes gravity
through geometry. Over the years, several alternative theories have been developed to
answer some of the questions left open by Einstein’s theory. One of the most fruitful ap-
proaches is to separate the causal structure of spacetime from its geodesic structure. This
separation is obtained by considering the metric and connection as independent fields.
The resulting geometrical framework is the so-called metric-affine approach to gravity.
Three main geometrical attributes are associated with a given connection: the curvature,
the torsion, and the nonmetricity tensors. They represent the rotation of a vector parallel
transported along a closed curve, the failure of the infinitesimal parallelogram formed
when two infinitesimal vectors are parallel transported along each other to close, and the
change of length of a vector parallel transported along a generic curve, respectively.

This thesis focuses on Symmetric Teleparallel Gravity and its generalization called
f(Q) gravity. They are alternative theories of gravity in which both curvature and torsion
are zero and where only metric and nonmetricity tensors are involved in the description
of the gravitational interaction. We investigate both the cosmological and astrophysi-
cal aspects of f(Q) gravity to assess the possible improvements brought by this theory
compared to the alternative ones that already exist. The main points of our study can be
summarized as follows.

First, we present a reconstruction algorithm for cosmological models. We specifically
focus on Bianchi type-I and Friedmann-Lemaitre-Robertson-Walker spacetimes, obtain-
ing exact solutions that might have application in a variety of scenarios such as spon-
taneous isotropization of Bianchi type-I models, dark energy, and inflation as well as
pre-Big Bang cosmologies.

After that, using the 1 + 3 covariant formalism, we investigate the effect of nonmetric-
ity on the universe’s dynamics. Then, using the Dynamical System Approach, we an-
alyze the evolution of Bianchi type-I cosmologies. We consider several models of the
function f(Q), each manifesting isotropic eras of the universe, whether transitional or
not. In one case, in addition to the qualitative analysis provided by the dynamical sys-
tem method, we also obtain analytical solutions, showing agreement with the previously
reconstructed results.

We also apply the 1 + 1 + 2 formalism, where preferred directions are chosen for time
and space. Thanks to this formalism, we can introduce static and Locally Rotationally
Symmetric spacetimes. Moreover, we show how nonmetricity affects all kinematic quan-
tities involved in the covariant 1 + 1 4 2 decomposition. We apply the resulting geomet-
rical framework to study spherically symmetric solutions in the context of f(Q) gravity
in vacuum. We obtain explicit solutions and sufficient conditions for the existence of
Schwarzschild-de Sitter type spacetimes.

Finally, we investigate f(Q) gravity coupled with spinor fields of spin-1/2. We
present a tetrad-affine approach. After deriving the field equations, the conservation
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law of the spin density ensures the vanishing of the antisymmetric part of the Einstein-
like equations, just as it happens in theories with torsion and metricity. We show that
spinors are unaffected by the presence of the nonmetricity. We then focus on Bianchi
type-I cosmological models, proposing a general procedure to solve the corresponding
tield equations in the coincident gauge. We provide analytical solutions in the case of
gravitational Lagrangian functions of the kind f(Q) = aQ". At late times, such solu-
tions are seen to isotropize, and depending on the value of the exponent 7, they can
undergo an accelerated expansion of the spatial scale factors.

iii






List of publications

Fabrizio Esposito, Sante Carloni, Roberto Cianci, Stefano Vignolo, Reconstructing
isotropic and anisotropic f(Q) cosmologies, Phys. Rev. D, 105, 084061 (2022) [Ch. 5];

Fabrizio Esposito, Sante Carloni, Stefano Vignolo, Bianchi type-I cosmological dynam-
ics in f(Q) gravity: a covariant approach, Class. Quant. Grav., 39, 235014 (2022) [Chs.
6 and 7];

Fabrizio Esposito, Sante Carloni, Stefano Vignolo, Static and LRS spacetimes of type
IIin f(Q) gravity, arXiv:2311.17669 (2023) [Ch. 8];

Stefano Vignolo, Sante Carloni, Fabrizio Esposito, Roberto Cianci, Luca Fabbri,
Spinor fields in f(Q)-gravity, Class. Quant. Grav., 39, 015009 (2022) [Ch. 9];


https://doi.org/10.1103/PhysRevD.105.084061
https://doi.org/10.1088/1361-6382/ac9efd
https://doi.org/10.48550/arXiv.2311.17669
https://doi.org/10.1088/1361-6382/ac36e3




Contents

List of abbreviations

Notation and conventions

Introduction

I1

Gravity as geometry

Geometric preliminaries

1.1 Metric-affinegeometry . . . . .. ... ... L Lo Lo

1.2 Nonmetricityand torsion . . . .. ... ... ... ... ... .. . ...
12.1 Levi-Civitatensor. . . . ... ... ... ... .. ... ........

13 Curvature . . ... ... .. ... .. e
1.3.1 Irreducible decomposition of Riemann tensor: the Weyl tensor . . .

14 Geodesics . . . . ... .

1.5 Lie derivative and Killing vectors . . . . .. ... ...............

General Relativity and metric-affine formulation

21 General Relativity . . . .. ... ... . o oo
211 FieldEquations . .. ... .. ... ... ... ... ... .. ...

2.2 Alternative and extended theories of gravity . . .. .. ... ... .. ...
221 f(R)theories . . . . ... ..

2.3 Metric-affine formalism . . . ... ... ... ... Lo L.
2.3.1 f(R) theories in metric-affine formalism . . . . . ... ... ... ..

Symmetric Teleparallel Gravity and extensions
3.1 Symmetric Teleparallel Equivalent of General Relativity . . . . ... .. ..
3.2 Extensionsof STEGR . . .. ... ... ... ... ... ... .. .....

Cosmology and Astrophysics

Homogeneous cosmology

41 Homogeneity andisotropy . . . . .. ... ... Lo o oL
42 FLRW metric in General Relativity . . ... ... ...............
4.3 The Bianchi classification . . . . . . . . . . .. ... .. .. ..
4.4 Bianchi type-Iin General Relativity . . . .. .. ... .. ... ... ... ..
45 4-velocity with nonmetricity . . . . ... ... ... ... oo oL

vii

xi

xii



5 Reconstructing homogeneous f(Q) cosmologies 57

51 f(Q)cosmology . . . . o v 58
51.1 BianchiType-Imetric. . . . ... ... ..... ... ......... 58
512 FLRWmetric . ... ... .. ... ... . . . ... .. 60
5.2 Reconstruction method: Bianchi Type-I . . . ... ... ... ... ..... 61
521 Example 1: Power law scale factors . . . .. ... ... ... .... 61
52.2 Example 2: More complex scale factors. . . . ... ... ... .... 62
5.3 Reconstruction method: FLRW . . .. ... ... ... ... .. ... .. 68
5.3.1 Example 1: reconstruction from a time-dependent scale factor . . . 69
5.3.2 Example 2: reconstruction from the time derivative of the scale factor 71
5.3.3 Example 3: reconstruction from the deceleration parameter . ... 73

5.3.4 Example 4: reconstruction from the time derivative of nonmetricity
scalar . . ... 75
54 Discussions . . . . ... 76
6 1+ 3 covariant formalism 79
6.1 1+ 3 formalism with nonmetricity . . ... ... ... ............ 79
6.1.1 4-velocity . . ... ... ... .. 79
6.1.2 Time and spatial derivative . . . . . ... ... ... ... ... ... 80
6.1.3 Kinematic quantities . . . . . ... ... ... .. 0000000 81
6.1.4 Intrinsic and extrinsic curvature: the Gauss Relation. . . . . . . .. 82
6.1.5 Energy-momentumtensor. . ... . ... . ... ... ....... 84
6.1.6 Nonmetricity decomposition . . . ... ... ... ... ....... 85
6.2 Covariant cosmological equations in f(Q) gravity . . . ... ... ... .. 86
6.2.1 Cosmological equations . . . ... ... ............ ... 87
6.3 Bianchi type-Imodelin1+3approach ... ................. 88
7 Dynamics of Bianchi type-I cosmology in f(Q) gravity 91
7.1 Dynamical Systems Approach . . . . .. ...... .. ... .. ... ..., 91
711 Dynamical systems in the ACDM model ... ............ 93
7.2 Dynamical Systemsin f(Q) gravity . ... ... ... . ... ... ... .. 94
721 f(Q) as a power law without anisotropic pressure . . . . . .. ... 95
722 f(Q) asapower law with anisotropic pressure . . . . .. ... ... 99
723 Thecase f(Q)=a(VO+BQ") .. ... ... . 101
724 f(Q)asLambertfunction . . .. ... ... ... ... ... .. .. 103
7.3 Discussions . . . . . . ... 106
8 1+ 1+ 2 covariant formalism 108
8.1 Static and Locally Rotationally Symmetric spacetime . . . ... ... ... 108
8.1.1 Schwarzschild solution in General Relativity . . . .. ... ... .. 109
82 1+1+2decomposition . . ... ... .. ... ... .. .. ... ..., 112
8.3 Static and LRS spacetimein 1+ 1+ 2 formalism . . ... ... ... ... .. 117
8.3.1 Decomposition of nonmetricity tensor . . . . . ... ... ... ... 117
83.2 Staticspacetime . . . . ... ... o Lo 118
84 f(Q)gravity . . . . . ... 119
84.1 1+ 1+ 2field equations in LRS spacetimes of classII . . . . . . .. 119
8.4.2 Weyl tensor: magnetic and electricparts. . . . ... ... ... ... 120
8.4.3 Riemann tensor contractions . ... .. ... .. ... ........ 121
8.44 The final system of covariant equations . . . .. ... ... ... .. 123

viii



8.5 Spherically symmetricsolutions . . . . ... ... ..o Lo Lo 124

8.5.1 Schwarzschild-de Sitter solutions . . . . . .. ... ... ....... 125

8.5.2 O-GravastarS . . . . . . . i e e e 126

8.6 Discussions . . . ... ... 127
III Spinors and nonmetricity 129
9 Spinor fields in f(Q) gravity 130
91 Spinorfields . . . ... ... .. . 131
9.1.1 Dirac matricesand spinors . . . . ... .. ... ... ... 132

9.12 Spinorconnection . ... ... ... ... ... 135

9.2 f(Q) gravity coupled toaspinor field . . . ... ... ... ... ... .. 136
9.3 Bianchi type-I cosmologicalmodels . . . . . ... ... ... . ... ... 141
9.4 Discussions . . . .. ... e 145
IV Final remarks 148
10 Conclusions 149
V Appendices 152
A Boundary term in the Einstein-Hilbert action 153
B Frobenius’ theorem 155
Bibliography 157

ix






GR
ACDM
TG
STG
TEGR
STEGR
FLRW
BI
DSA
CMB
1(r).h.s.

List of abbreviations

General Relativity

A Cold Dark Matter

Teleparallel Gravity

Symmetric Teleparallel Gravity

Teleparallel Equivalent of General Relativity
Symmetric Teleparallel Equivalent of General Relativity
Friedmann-Lemaitre-Robertson-Walker
Bianchi type-I

Dynamical System Approach

Cosmic Microwave Background

left(right) hand side

X1



Notation and conventions

Metric tensor

Determinant of the metric tensor
Minkowski metric tensor

Kronecker delta

Affine connection

Levi-Civita connection

Covariant derivative with respect to the affine connection
Partial derivative

Nonmetricity tensor

Nonmetricity scalar

Torsion tensor

Torsion scalar

Distortion tensor

Contortion tensor

Disformation tensor

Riemann tensor

Ricci tensor

Ricci scalar

Weyl tensor

Levi-Civita symbol

Levi-Civita tensor

Lie derivative with respect to the vector field X
Energy-momentum tensor
Hypermomentum tensor

Energy density of a fluid

Pressure of a fluid

Transverse metric

Set of real numbers

General linear group of degree n over R
Special orthogonal group in dimension n

xii



Throughout the thesis we will mostly use the natural units c = 87Gy = 1.

The metric signature (—,+,+,+) is used. An exception is Chapter 9 in which in-
stead we use the signature (4, —, —, —).

We denote by a tilde all quantities related to the Levi-Civita connection, e.g., V,is
the covariant derivative with respect to the Levi-Civita connection.

Symmetrization of indices is given by

1
Tiayan) = 77 2 Totar)-otan)

g

whereas antisymmetrization by

1
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where the sum is over all possible permutations, and sgn() is the sign function.
Commutation and anticommutation relations for geometrical objects are,
[A,B] = AB — BA,

and,
{A,B} = AB+ BA,

respectively.
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Introduction

Gravity is one of the fundamental forces in nature, along with electromagnetism, weak
nuclear force, and strong nuclear force.

Ancient Greek philosopher Aristotle made an early attempt to explain gravity by di-
viding the universe into terrestrial and celestial spheres. He believed that all objects
naturally move toward their "natural place" and was the first to suggest that objects
with different masses fall at different rates. However, this idea was later disproved by
Galilei’s experiments between the 16th and 17th centuries. Galilei used inclined planes,
pendulums, and telescopes to demonstrate that all objects accelerate uniformly toward
the Earth if we neglect friction forces.

In 1687, Sir Isaac Newton proposed a comprehensive theory of gravity in his treatise
"Philosophiae Naturalis Principia Mathematica." Newton formulated the inverse-square
law of universal gravitation and introduced the crucial idea that space and time are
absolute entities, providing a non-dynamical background for all physical phenomena.
Newton also assumed that gravitational and inertial masses are equivalent, a hypothesis
known nowadays as the Weak Equivalence Principle.

The failure of Newtonian gravitation to explain the excess in the precession of Mer-
cury’s orbit, together with the incompatibility of the Special Theory of Relativity with
Newton’s theory, led Einstein to formulate General Relativity (GR) in 1915 [1]. Unlike
Newton’s notion of gravity as a force, GR proposed that objects fall towards the Earth
due to the curvature of spacetime. The gravitational field is described in terms of the
metric tensor g,, and the curvature of spacetime is connected to the matter distribution.
Curvature and metric are related to each other by the Levi-Civita connection.

At present, GR has passed numerous observational tests, including the so-called clas-
sic tests (i.e. the perihelion precession, the gravitational deflection of light and the grav-
itational redshift [2-6]) proposed by Einstein himself, and more recently the direct de-
tection of gravitational waves in 2015 [7, 8]. However, Einstein’s theory is not free from
open issues.

A first shortcoming is the prediction of singularities, such as those found in black
holes or at the beginning of the universe in the Big Bang theory, in which curvature and
matter density become infinite. The presence of singularities challenges the physicality of
the theory, and it is believed that their ultimate understanding may lie in a quantum the-
ory of gravity. At the same time, GR has yet to be successfully integrated with Quantum
Field Theory, mainly because Quantum Field Theory assumes a non-dynamic spacetime,
while GR treats spacetime as a dynamic quantity [9].

From a cosmological point of view, the recent discovery of Cosmic Acceleration, i.e.
the present phase of accelerated expansion that the universe seems to be currently un-
dergoing, has led to the idea (and indeed the problem) of the "Dark universe." Indeed, in
the Concordance model, the dominance of an unclustered fluid with negative pressure,
known as dark energy, driving the accelerated expansion is assumed [10, 11]. A candi-

1



date for dark energy is the cosmological constant A. However, the Concordance model
fails to explain why the inferred value of A is much lower than the typical value of the
vacuum energy density predicted by the Standard Model of particle physics [12]. In ad-
dition to dark energy, GR does not offer a framework for the existence of the so-called
dark matter, a type of unknown non-interacting matter thought to govern astrophysi-
cal structures such as galaxies, galaxy clusters, etc. The study of the rotation curves of
galaxies provides simple evidence of the existence of dark matter. According to Kepler’s
second law, the velocity of objects orbiting the center of spiral galaxies should decrease
with increasing distance from the center. However, experimental observations show that
the orbital velocity does not decrease with distance, but remains more or less constant
[13-15]. The existence of dark matter is why the Concordance model is often called the
A Cold Dark Matter (ACD M) model.

One of the main problems of the ACDM model is the so-called coincidence problem.
It refers to the observed fact that the energy densities of dark matter and dark energy
are currently roughly the same. This fact implies a fine-tuning problem since these two
components of the universe must have evolved differently, being different in nature, and
since we expect dark energy to be negligible at the time of the formation of cosmic struc-
tures.

The shortcomings of GR in accounting for the phenomena mentioned above have
led the research community to study extensions and modifications of Einstein’s theories.
Over the years, these theories of gravitation have been developed to incorporate gravity
with the other fundamental forces and overcome the limits of GR [16-18].

One of the most common approaches to extending gravity is adding degrees of free-
dom by introducing additional fields that describe the gravitational interaction. The most
famous are scalar-tensor theories, in which a scalar field mediates gravity in addition to
the metric [19-22]. The prototype of these theories is the so-called Brans-Dicke theory,
which, however, is a particular case of the Horndenski theory, the most general scalar-
tensor theory in four dimensions with at most second derivatives of the scalar field giv-
ing second-order equations of motion [23-25]. On the other hand, more complicated
objects might be introduced in the theory, like in the case of bimetric theories [26-28]
in which an additional (dynamic or non-dynamic) second-order tensor is present. The
Minkowski metric gives the simplest non-dynamic example of such tensor, which repre-
sents the choice made by Rosen in the first description of bimetric theory conceived [29].
The geodesic motion of particles is still governed by the usual metric g,, but in the field
equations, we have both metrics. It is also worth mentioning the relativistic gravitation
theory for the MOND paradigm by Bekenstein, which accounts for a vector and a scalar
tield other than metric, so it is an example of the so-called tensor-vector-scalar theories
(TeVeS) [30-32]

Another type of GR extension is the approach in which the field equations are higher
than second-order. The classic example is f(R) gravity, where a generic function of the
Ricci scalar is considered [33-35]. With a redefinition of the significant parameters, one
can connect the f(R) theory and the scalar-tensor one. In particular, f(R) gravity can be
connected to Brans-Dicke theory, showing that despite their apparent complexity, f(R)
theories possess only an additional scalar degree of freedom with respect to GR. One can
also consider theories in which contractions of Ricci and Riemann tensors appear in the
action, like, e.g., Gauss-Bonnet invariant. In four dimensions, the Gauss-Bonnet term
corresponds to a boundary term, but this is not true if the invariant is non-minimally
coupled to other fields or in higher dimensions [36-38].



In this regard, an interesting approach consists of considering a spacetime of dimen-
sions greater than four, as in the Kaluza-Klein theory developed between the 1910s and
1920s to unify gravitation and electromagnetism [39, 40], and representing the precursor
of the formulation of String theory [41, 42]. Among the modern theories that consider
high-dimensional spacetimes, the most famous is Dvali-Gabadadze-Porrati (DPG) grav-
ity [43], which is based on the concept of braneworld, in which the universe is confined to
four-dimensional hypersurfaces, known as brane, encompassed in a higher-dimensional
spacetime called bulk [44—-46].

So far, we have mentioned only purely metric theories of gravity where the affine
structure of spacetime is the Levi-Civita one. However, metric tensor and affine connec-
tion can be treated as independent of each other. In this case, one disconnects the causal
structure of spacetime and the idea of parallel transport, which are associated with metric
and connection, respectively, obtaining a much richer theory than GR.

When considered from the variational point of view, there are two different
approaches in considering metric and connection as separate geometric entities: Pala-
tini’s method and the metric-affine formalism [16, 17, 47, 48]. The main difference is that
in the Palatini approach, the matter Lagrangian is independent of connection, whereas in
the metric-affine one, both gravity and matter depend on it. If we apply Palatini’s method
to GR, the variation with respect to connection constrains the connection itself to be that
of Levi-Civita. However, this is a mere coincidence due to the use of the Einstein-Hilbert
action. In general, for other theories, we would obtain different results. In the metric-
affine approach, the resulting theory is different, even in the case of Einstein-Hilbert
Lagrangian.

These alternative ways to geometrize gravity were explored right after the formu-
lation of GR, and they led Weyl to develop a theory with a symmetric and nonmetric
connection, which aimed to unify gravity and electromagnetism [49]. The adjective “non-
metric” indicates that the metric tensor g, is not preserved under parallel transport, im-
plying that the inner product between vectors changes when transported along a given
curve. From the geometric point of view, all this is expressed by the nonmetricity tensor
Qupe- Another interesting geometric approach was considered by Cartan, who developed
a theory where the connection is not symmetric but metric compatible [50], thus intro-
ducing degrees of freedom connected to the torsion tensor T,,°. Today, we know that
torsion can be associated with a purely quantum property of matter, i.e., the spin. This
connection led to the development of the so-called Einstein-Cartan-Sciama-Kibble the-
ory [51-53] and its several extensions [54-59], which allow introducing spin degrees of
freedom in a relativistic geometric framework.

Both torsion and nonmetricity contain enough degrees of freedom to describe space-
time geometry entirely. Based on this fact, Teleparallel theories were introduced. They
are metric-affine theories of gravity characterized by zero curvature, hence their name.
Einstein initially introduced teleparallelism in an attempt to unify gravitation and elec-
tromagnetism [60]. The idea was based on using tetrad fields since they possess more
degrees of freedom than the metric. However, the Lorentz invariance of the theory lim-
its the additional degrees of freedom. Today, we can recognize two main branches in
teleparallel theories, which are identified by Teleparallel Gravity (TG) and Symmetric
Teleparallel Gravity (STG). Teleparallel Gravity is a gravitational gauge theory for the
translation group that assumes spacetime is flat and describes gravitation through the
torsion and the Weitzenbock connection [61-63]. Also, in TG, the tetrads are the dy-
namical fields, whereas torsion is the field strength. On the other hand, STG assumes a



torsion-free and curvature-free connection, but with nonmetricity that differs from zero
[64-66]. Although these theories are geometric descriptions of gravity different from GR,
among them, we can consider theories that have field equations equivalent to those of
GR. These are called Teleparallel Equivalent of General Relativity (TEGR) and Symmet-
ric Teleparallel Equivalent of General Relativity (STEGR). Teleparallel theories have been
extended and modified to include new parameters. Significant examples are given by
the f(T) (where T is the torsion scalar) and f(Q) (where Q is the nonmetricity scalar)
theories [67-73].

Within the f(Q) gravity framework, this thesis aims to investigate how nonmetricity
affects spacetime dynamics at both cosmological and astrophysical levels. To this end,
different mathematical methods are used to derive the field equations and their resolu-
tion.

Chapter 1 describes the metric-affine structure with which the differential manifold
representing spacetime is endowed. Special attention is given to nonmetricity, torsion,
and curvature, which constitute the three geometric quantities that characterize an affine
connection. In addition to the covariant derivative, the Lie derivative is also employed,
which is a valuable tool for finding cosmological and astrophysical solutions, given its
connection with the symmetries of the metric.

In Ch. 2, we review the basic principles and concepts that led to the formulation of
GR, showing how the field equations can be derived by a logical process of comparison
with Newtonian gravity as well as by variational principle through Einstein-Hilbert ac-
tion. Next, we analyze the extension of GR given by the f(R) theory, whose paradigm
led to the introduction of f(Q) gravity. In applying the metric-affine approach, we note
how the projection invariance of the Ricci scalar implies stringent constraints on the hy-
permomentum, i.e. the variation of the matter Lagrangian with respect to connection,
and we show some solutions to this issue that have been proposed in the literature.

The STEGR theory and its extensions are described in Ch. 3, focusing in particular
on showing step-by-step how the field equations are derived since the literature is not
always clear about this aspect. In the STEGR, since both curvature and torsion are zero,
a particular choice of coordinates exists where the connection is zero. This coordinate
choice constitutes the so-called “coincident gauge” and is widely used in literature. The
coincident gauge will be employed in the following chapters.

In Ch. 4, we review how the concepts of homogeneity and isotropy imply the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric through the use of the Killing
equations. In addition, we have that the energy-momentum tensor must necessarily be
that of a perfect fluid. By relaxing the concept of isotropy, we can consider possible
anisotropic spaces according to the Bianchi classification. This thesis uses the Bianchi
type-I (BI) metric several times, which is a straightforward generalization of the flat
FLRW metric. Using the reconstruction method and the coincident gauge, in Ch. 5, we
obtain exact solutions for both BI and flat FLRW metric in f(Q) gravity, thereby having
a first glimpse of how nonmetricity affects the evolution of the universe.

In Ch. 6, we apply the 1 4 3 formalism to a spacetime endowed with nonmetricity
but without torsion. The formalism is based on splitting spacetime into a congruence of
timelike curves, representing the observers, and three-dimensional spacelike hypersur-
faces. This splitting allows the nonmetricity tensor to be decomposed into its components
along the congruence and in the orthogonal hypersurfaces, and, in turn, this decompo-
sition highlights the influence of nonmetricity in the kinematic aspects that characterize
spacetime. Using the 1 4 3 formalism, we derive the covariant cosmological equations



for the BI model in the f(Q) gravity. These equations are then used in Ch. 7 in which we
give a semi-quantitative dynamical analysis through the Dynamical Systems Approach
(DSA). Such analysis is performed by choosing several functions f(Q) widely used in
the literature. Whenever possible, a comparison is made with the results obtained by the
reconstruction method to understand the compatibility between the two approaches.

Chapter 8 is devoted to the study of static and Locally Rotationally Symmetric (LRS)
solutions. We adopt the 1 + 1 + 2 formalism, where a congruence of spacelike curves is
introduced to identify a preferred direction in space. As in the case of the 1 + 3 approach,
the decomposition helps understand the roles of the different components of the non-
metricity tensor in the LRS spacetimes. Indeed, the 1 + 1 + 2 decomposition allows us
to recast the gravitational field equations as a set of scalar differential equations, simpli-
tying their solution considerably. Using these equations, we could show that to have a
Schwarzschild-de Sitter type metric, certain conditions must be imposed on the function
£(Q), the nonmetric scalar, or the scalar components of the nonmetricity tensor.

The last Ch. 9 is dedicated to the study of the coupling between gravitation and
spinors in the context of f(Q) gravity. The unique feature of the proposed approach is
that the dynamical variables are the tetrad field and the affine connection, not the spin
connection as it usually happens. Spinors appear to be unaffected by the presence of
nonmetricity. The theory is applied to BI cosmologies, providing an exact solution that
isotropizes at a late time.

To conclude, in Ch. 10 we discuss final remarks on the results obtained in this thesis.

The material in Chs. 5, 6, 7 and 8 is based on the works [74], [75], and [76] for which
I was responsible for both its drafting and all calculations. The other authors gave me
valuable insights into the general considerations of the results shown. On the other hand,
Ch. 9 is based on the paper [77], in which I contributed to part of the calculations and the
overall analysis of the results.






1

Gravity as geometry



Geometric preliminaries

This chapter provides mathematical concepts and definitions that are useful for devel-
oping gravitational theories in a geometric framework. In this way, we will be able to
understand what differentiates General Relativity (GR) from other theories that rely not
only on the metric tensor but also on geometric quantities such as torsion and nonmetric-
ity [53, 73, 78-84].

1.1 Metric-affine geometry

Spacetime is described by a 4-dimensional differentiable manifold M endowed with a
metric

g = gabdxadxb/ 8ab = 8bas (1.1)

a rank-2 symmetric covariant tensor, which defines a scalar product on the manifold
between any two vectors v = v%d, and w = w“9,,

g(0,w) = guv'w’, (1.2)

and consequently the length of a vector,
1? = g0’ (1.3)

According to the sign of g,,v"v”, we distinguish timelike vectors 2 < 0, spacelike vectors
12> 0, and lightlike vectors 12 = 0. In view of this, we can define the line element ds? as
the length of an infinitesimal displacement dx,

ds? = gpdx?dad. (1.4)

In the case where ds? < 0, the line element represents the so-called proper time ¢, that
is the time measured by a clock following the curve to which the infinitesimal displace-
ments dx are tangent.

The metric is assumed to be non-degenerate, § = det(g,,) # 0, therefore we can
define the tensor ¢** such that g"’g;,. = 67, where ¢ is the Kronecker delta. In matrix
representation, ¢* is nothing more than the inverse matrix of g,;. With the introduction
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CHAPTER 1. GEOMETRIC PRELIMINARIES

of the metric, at each point x of the manifold, we can establish an isomorphism between
the tangent space V, and the dual one V}. Locally, it is described by the procedure of
raising and lowering the indices:
gubvb = 7,. (1.5)
In addition to the metric, the manifold can be endowed with an affine structure in-
duced by the connection I';;°. The connection is a geometric object that establishes a rule
that maps a vector v” at a point x, into a vector w” at an infinitely near point x + dx:

0v° = w' — v° = —T' 5, 0l dx". (1.6)
Under a coordinate change % : x* — %7(x?), I';;° transforms as follows

- ox¢ o9%x1 o0x¢ oxt ox/

i) dg,n 9% ox”
Fa'(%) = 5. 5mam T o' ) gza gt (17)

so it is not a tensor quantity. A generalization of the Euclidean concept of directional
derivative can be introduced using the affine connection. It is called covariant derivative
V, and applied to an arbitrary tensor T gives

chﬂlu.unbl---bm :acTulmanbl...bm + rcdalemanbl...bm 4 rcdanr]l-gl...dblmbm_'_

— T, Ty gy — o+ — gy Ty 9
The covariant derivative is linear,
V¢ (a0 + pw®) = aV 0" + BV 0" Va,BeR, (1.9)
it satisfies the Leibniz rule,
Ve (T“l'”””bl...bmle“'d"el...em) = (VT "y ) ’J_I"dl“'d"el...em+
(1.10)

+ Talmanbl'“bm (vcr]_[‘dlwdnel"'em> 4
and applied to an arbitrary function f € C*, it is equal to the partial derivative,

Vaf = duf. (1.11)
From Egs. (1.7) and (1.8), it is evident that the covariant derivative of a tensor is still
a tensor. On the other hand, if T is a generic tensor density of weight w, its covariant
derivative is given by
VcTalma”bl...bm :aCTa1-~~anblmbm + ch"le"'“"bl...bm + -+ rcda”Talmdbl...bm—i-

Aoy Aoy - Ay
TR R e P K I o (2] Il AT
(1.12)

Using the connection and the associated covariant derivative, we can also define the
notion of parallel transport along a given curve. To this end, let y(A) be a curve in M
with tangent vector u” = dx”/dA, we say that a tensor field T is parallel transported
with respect to I';,¢ along «y if

utNv Iy, = 0. (1.13)
Moreover, if the following relation holds
u'Vaub =0, (1.14)

the curve (M) is called autoparallel with respect to I';;,°.

9
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1.2 Nonmetricity and torsion

Given two vectors v* and w” which are parallel transported along a curve 7, their scalar
product is not in general preserved,

u‘v, <gubvawb) = v“wbucvcgab + WtV 0" + 0,u Vew® = 0*wu°Qyp. (1.15)
The tensor Q4 is called nonmetricity,

Qcab = vcgab Qcab = chal (1-16)

and there are two independent vectors associated to it,

ge = 8" Qe and  Qp = g% Quap- (1.17)

Nonmetricity represents the failure of the connection to covariantly preserve the metric
and the scalar product of parallel transported vectors, so the norm of a vector is not
conserved either. Another consequence is that the process of raising and lowering indices
does not commute with the covariant derivation. For example, if we want to lower the
index in V,0?, we have

gbcvavc = Va0p — Qupcv”. (1.18)

In view of this, we must be careful in defining tensors that are the covariant derivative of
covariant or contravariant objects. An example is represented by the nonmetricity itself.
Let us explicitly calculate Q,”,

Q" =g™obe 1 = ¢"gtV g4 = V. <gad Qb gde> — 228"V g™ — g43,8"V g =

:chab . vcgab . vcgab _ _vcgab.
(1.19)

If we had defined nonmetricity with the totally contravariant metric instead, we would
have had Q. = V.¢%, which differs from Eq. (1.19) by a minus sign.
From the definition (1.16),

Qcab = 9c8ab — rcudgdb - Fcbdgadr (1.20)
and subsequent permutations,
Qube = agbe — Tav"8ac — Tac” Sua, (1.21)

Qbea = abgca - rbcdgda - rbadgcdr (1.22)
subtracting Eq. (1.20) from the sum of Eq. (1.21) and (1.22), we derive

Quabe + Qbea — Qeab = 9agve + 9p&ea — 3cgab — 2T (a) e — 2T (0" Sba — 2T (pe)"Qaa-  (1.23)

From the last expression, we obtain the connection decomposition

- 1 1
rabc = rabc + E (Tabc + Tcab + cha) + E (Qcab - Qabc - Qbac) : (1.24)

10
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We have introduced the Levi-Civita connection?,

5 1 N 5
' = Eng (0a&bd + Ob8ad — 9dSab) Lop® =TS, (1.25)

the only symmetric and metric compatible connection, i.e., so that V.g,, = 0, and the
torsion T,;,°,
Tabc = rabc - rbucr Tabc = _Tbacr (1.26)

the antisymmetric part of the connection. From Eq. (1.7), we prove that torsion is a
tensor, p

C e
TS = Tyt — Ty’ = %%% (refd - rfed> . (1.27)
Geometrically, torsion measures the non-closure of the parallelogram formed when two
infinitesimal vectors, such as v and w*, are parallel transported along each other. The
failure to construct the parallelogram is represented by the vector T,,“v"w?.

In decomposition (1.24), it is useful to define the distortion tensor,
Nabc = Kabc + Labcr (1-28)
where K,;¢ is the contortion tensor,

1
Kabc - E (Tabc + Tcab + chu) ’ (1-29)

which is antisymmetric in the last two indices,

1
Kacb — 5 (Tacb + Tbuc + Tbcu) =

) (_Tcab - Tabc - cha) - _Kabcr (1-30)

NI —

whereas L;;“ is the disformation tensor,

1

Labc = E (Qcab - Qabc - Qbac) ’ (1'31)

which is instead symmetric in the first two indices, L;;,¢ = Ly,

1.2.1 Levi-Civita tensor

The Levi-Civita tensor is the tensor constructed from the Levi-Civita symbol €*** and
the determinant of the metric g, which are both tensor densities of weight —1 and —2,

respectively,
1
€abed = \/~8€abcar €0 = \/—__ge“de, (1.32)
where
"1 g magnb8pc8qd = —&Eabeds (1.33)
and it is characterized by the following properties,
€abed = €labed)r (1.34)

IThroughout the thesis, we will denote by a tilde all quantities related to the Levi-Civita connection.

11
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Eaba " = =245 ,67,53.8"y,
€abcd™!8 = —65° ;67 624,
8ahcdgabef = _456[c§fd]l

Eapcde™ = —66%,

Sabcdsade = —24.

Its covariant derivative is equal to

(1.35)
(1.36)
(1.37)

(1.38)
(1.39)

_ h h h h _ h _
Ve€abed =9€abed — Lea €nbed — Leb' €ancd — Lec €abhd — Ted' €abeh = 9e€abcd — Len' €abed =

1 11, 1
= (—_ _gae\/ _g) €abed + (E% - 58 baegab> Eabcd = qusade'

Therefore, it is covariantly preserved only in the absence of nonmetricity. In Eq.

we used the relation

1 1
\/__gae V8= igabaegab-

1.3 Curvature

From the commutator of two covariant derivatives applied to a vector v*,
Ve, V] 0" = V Vgt — VgV = Req0’ — TP Vi,

we define the Riemann tensor, or curvature tensor, for the connection I',;,¢,

R%cq = 0L ap" — 04Ty + Tee"Tap® — T3 T,

which is antisymmetric in the last two indices,

R%cq = —Rpae,

and satisfies the two Bianchi identities:

* First Bianchi identity,

Rpea) = Vi Tea® — Tiea Ty

* Second Bianchi identity,

VielR%(ea) = —Rpse Tea)’-

Similar relations are obtained for a covector w,,

Ve, Vil wy = —R%peqwa — Teg” Vawg,

and an arbitrary tensor T4 by by

[VC, Vd] Tal'”a”bl...bm :Ralecdr]rema”bl...bm + = Reblchalma”e...bm R

e a --.a
— T4V . T" "By by
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(1.42)
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(1.44)
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(1.48)
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Equations (1.42), (1.47), and (1.48) are called Ricci identities.

From a geometric point of view, curvature measures the rotations of a vector when
parallel transported along a closed curve. For example, if we consider a parallelogram
built by two vectors r* and s?, and we perform the parallel transport of a vector v* along
it, we obtain that the difference of v” after and before the loop is

60" = R%q0rcs”. (1.49)

Furthermore, we can demonstrate that the relative acceleration of two infinitely near
curves is deeply related to Riemann and torsion tensors. Let ys(A) be a family of curves,
with s € R the parameter that identifies a curve of the family, u” = dx?/dA the vector
field tangent to the family of curves, and w” = dx?/9s the vector field which gives the in-
finitesimal displacement at a fixed value of A from a curve to another. Since the following
relation for the torsion tensor holds

1V, — w'Vaub = —T,lutws, (1.50)
the relative acceleration of two curves in the family is equal to

a’ =u"v, (ucvcwb> =u"V, (wcvcub> —u'V, (Tcdbucwd) =

(uV ") Vel + u*w' Vv,V —u'v, (Tcdbucwd) =

(U"V,w°) Vel + 1wV Vaul + uw Ry cu+

— W T,V gub — u®V, (Tcdbucwd> = (1.51)
= (0"V,0°) Veu® — T uwV ou® + uwV Vaul + uw' R gpu +

— T,V gu — u®V, (Tcdbucwd> =

=w°V, (u“Vaub> + R ututwt — u'v, (Tcdbucwd> .

Specifically, there is a direct proportionality between the relative acceleration and the
Riemann tensor when the curves of the family are autoparallel and the torsion is null.
Riemann tensor has three independent contractions:

¢ Ricci tensor,
Rpg = Rpag; (1.52)

¢ the contraction of the second and third index,

Rua = Ra%wa; (1.53)

¢ homothetic curvature,

Rcd = Raacd/ Rcd = _Rdc- (1'54)

The contraction of Egs. (1.52) and (1.53) with the metric gives the Ricci scalar,

R = ¢"R,, = —¢"R,,. (1.55)

13
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Using Eq. (1.24), we have the decomposition of Riemann tensor,
R%ped = R%eg + VeNgp" — VaNap® + Nep®Nay? — Nap* Ny, (1.56)

where R%,.; and V are the curvature and the covariant derivative of the Levi-Civita con-
nection T';;¢, respectively. Notice that R, is antisymmetric in the first two indices,
therefore we can derive a simple relation between the homothetic curvature and non-
metricity tensor,

Reg = VeLay" = VgLed® = =V (g = —9|ca, (1.57)

emphasizing the purely nonmetric nature of R.;. From the decomposition of the Ricci
scalar,

.1 1 1 1 1
R =R+ ZQcachab - EQcaanbC - anqa + EQaQa + Z

+ QubcTﬂbC - LIaTa + Q. T" + Va (qa —Q"+2T") =
:R + Q + T+ QabcTabC o ana + QuTa + ﬁa (qa o Qa +2Ta) ,

1
_TcabTabC _ TaTLl+

T Tﬁbc _
abc 7

(1.58)
with T, = T,,?, we define both the nonmetricity scalar,
1 1 1 1
Q = 7 QuQ™ — 5 Qe Q™ — 744" + 590", (1.59)
and the torsion scalar,
1 1
T = L—LTabCT“bC — ETcabT“bC — T, T" (1.60)

Decomposition (1.58) will assist us in understanding the equivalence between GR and
STEGR (see Ch. 3).

1.3.1 Irreducible decomposition of Riemann tensor: the Weyl tensor

Let us split the Riemann tensor into its antisymmetric and symmetric parts in the first
two indices [85, 86],

Rabcd = R[ab]cd + R(ab)cd = Wabcd + Zabcdr (1~61)

where
Wabcd = Rpgpjear  and  Zgpea = Rigp)ca- (1.62)

The antisymmetric part can be decomposed as follows,

Waped = Z abcd’ (1.63)
W) = Wapea — Z ) (1.64)
1 P m n
Wa(lfgd = § (Wabcd - chab) - <R[mn] - R[mn]> 5[agb] c 50”, (1.65)
thl:jc)d - W[abcd] = R[abcd}r (1.66)

14
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R m n 1
Wil = — (R(mn) - R(mn)) Oa8bc0d) — 58ca8blaR, (1.67)
5 _
chbzd - <R[mn] - R[mn]) 5F;gb] [C(sg], (1.68)
1
Wﬁ?ﬁd = ggc[agb]dR- (1.69)

On the other hand, the symmetric part is decomposed as

> ()
Zaped = ) Zopear (1.70)
n=1
1) > ()
Zped = Zaved = Y Zopew (1.71)
n=2
2 1
Zo(zbZd =5 (Zabcd — Ze(ab)d T Zd(ab)c) + w7
1 _ 8 .
1 (R[mn] + Ripun) = Rmn) (Zéfﬁgmﬁf}] - gabé’fjé:;]) ,
70 (g g o1k (45’” s — 5’”5“) (1.73)
abed — g [mn] [mn] = 5 fmn (a8b)[c%4) — 8ab0[c%q) | + .
@4 1 _
Lobed = 5 (R(mn) + R(mn)> 6(a80)(c04)/ (1.74)
1
Zioy = 18avRed (1.75)
We call Weyl tensor the following expression,
Cabea = Wﬁﬁd + Zﬁidf (1.76)

which is the trace-free component of the Riemann tensor, and it has the same symmetries.
In a pure metric theory, the Weyl tensor is defined by the Ricci decomposition:

R ($ac8bd — Saagve) - (1.77)

N =

. 3 1 3 3 5 5
Cabed = Rapea + 5 (8adRpec — SacRod + SveRad — gpaRac) +

The Weyl tensor (1.77) is also called conformal tensor since, if we raise the first index,
C%cd, it is invariant under conformal transformations of the metric, that is, transforma-
tions that preserve the metric up to a scale factor [82],

g — ¥ (1.78)

In the case of C .4 equal to zero, the metric is said to be conformally flat. An example is
the Friedmann-Lemaitre-Robertson-Walker metric given in Sec. 4.1.
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1.4 Geodesics

A geodesic is the generalization of the Euclidean concept of a straight line as the shortest
path between two fixed points. Given a curve (A ), with endpoints A and B, and tangent
vector u? = dx?/dA, the geodesic is the extremal of the length functional

B
lAB:/A \/ £ uldA. (1.79)

Considering, for example, a timelike curve g,,u’u’ < 0, we have

B dx? dx?
0 =5l4p — 5/A Vg oA =
1
B1 dxddxe) * (. .. dx?dx? d dx?
T /A 2 (‘gd@ﬁﬁ> (‘Sx Ocab gy qn T gy () gy | A=
1

B dg.e\ 2 a 2.b c A4b
-/ 1<_ did_X> [(;xca datdxl ) s ey XA

A2\ T8 g an c8ab" 3N dA a2 c8ab 33 dA
(o damda\7' d dwrdaty dxt ]
S ax ) dx \ U SPrga an ) S an B
_1
_/B o dafdx) dsz+a decdy? 1. 0 dx¢dx’ dx”
=4 | T8 gy da Sab"qxz T 9e8ab gy gy~ 2798 gy aa

[ dxmdxmy L g dxP dxd\  dat S
gy ar ) ax \ 8P an an ) S an

where we imposed 6x7(A) = 6x’(B) = 0. Multiplying the integrand by the g%, we
obtain the desired geodesic equation,

d2x? 1 dx¢ dx?
I + nga (9pgca + 9c&pa — Jagpe) d_)xﬁJr

(1.80)

p (1.81)
4 (- dx™ dx™\ - | dxP dxf) dx* 0
Smrgn dr ) aa \"Sdada ) da T
Of course, the same result can be obtained using the Euler-Lagrange equations,
d oL dL

with L = / —g,uub.
If the tangent vector u” has constant length, as in absence of nonmetricity, the geodesic
equation (1.81) is equal to
d>x? 1, dx¢dxt %4  _ ;dxCda?
d 9cgba — O = Tyl ==
aaz T 28" (0e8ea +9e8h = ugre) gy = qaz Tl g
that is,

=0, (1.83)

u'Vau' = 0. (1.84)
Therefore, when we have zero torsion and nonmetricity, autoparallel curves (1.14) are
geodesics.
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1.5 Lie derivative and Killing vectors

Let X = X"0, be a vector field, the Lie derivative with respect to X is an operator, £y, that
maps tensor to tensor of the same manifold as follows

’Q‘X']Fal.”anbl”'bm :XcaCTal.”anbl"'bm - TC.”anbl"'bmaCXal + o +

1.85
+ Tulman(:n-bmablxc + - ( )

and it satisfies the properties [82]:

* letY be a vector field, the Lie derivative is linear, thatis Va, 8 € R
Lx (T A+ BTy ) = a0y + BTy, Ly, (1.86)
Laxpy Ty, = LTy Ly 4+ BEYTV 0y Ly (1.87)
e [eibniz rule,

—did —did
£x <Ta1 u”bl...me 1 n€1"'€m> = (i}xTﬁl a"b1~-~bm) T, e,

) (1.88)
e let Y be a vector field,
XY = [X, Y] = X(Y) — Y(X); (1.89)
* let f be an arbitrary function,
Exf = X(f) = X0, f. (1.90)

Lie derivative is closely related to the one-parameter transformation groups: if a tensor
is invariant under the action of a one-parameter transformation group, the Lie deriva-
tive with respect to the infinitesimal generator is zero. A simple example is given by
isometries, transformations such as y : x* — y?(x?) that preserve the metric:

oy° ayd
Sap(x) = @@gcd(y)- (1.91)

Considering the infinitesimal transformation
Y =x"+eX’, (1.92)

with € — 0 and X the vector field that generates the transformation, the metric becomes,

G oX1
Sab(X) = ((52 + Gaxa) (52 + 6@) 8cd(y)

~Qab (%) + €X0cgap(x) + €9, X gep (x) + €95 X Guc(x),

(1.93)

where we stopped at the first order in €. Therefore, for the metric to be invariant under
the transformation (1.92), it must be

Xcanab(x) + aaXCgcb (x) + abXCgac(x) =0, (1.94)
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which is exactly the definition of the Lie derivative, £xg,;, = 0. Equation (1.94) is called
Killing equation and the infinitesimal generator of the isometry X is called Killing vector
field. If we write X¢ = ngXd, we have

V@ Xp) = 0. (1.95)

This equation allows us to completely determine the Killing vectors from given values
of X, and VX, at some point P of the manifold [78, 87]. Indeed, the Ricci identity (1.47)
and the first Bianchi identity for the Levi-Civita Riemann tensor,

Rpeq + Ry + R apea = 0, (1.96)
together with Eq. (1.95) yield the following relation
VVeX; = R4 X,. (1.97)

Therefore, given X, and V.Xpata given point P, we can determine the second derivative
of the Killing vector at P, and its successive derivatives by Eq. (1.97). Hence, all the
derivatives of X, in P are a linear combination of X,(P) and V,X,(P). So, we can write
a generic Killing vector as

Xa(x) = A" (%) Xp(P) + Ba" () VX (P), (1.98)

where A,” and B, are functions independent of the initial values X,(P) and V,X;(P).
Because of that, they are the same for all Killing vectors. In this way, we proved that the
Killing vectors are well established by Eq. (1.95).

Killing vectors form a vector space since the Killing equations (1.94) are linear in X.
Moreover, they also form a Lie algebra, that is, a vector space closed to commutation. To
prove this we need to use the Jacobi identity?

X Y],Z])+[[Z,X], Y]+ [[Y.Z] ,X] =0, (1.99)
and to demonstrate the well-known property of the Lie derivative,
Lixy] = £xLy — LyLx. (1.100)
First, we apply Eq. (1.100) to a generic function f,
(SxEv — LX) f = X(Y(f)) = YX(f) = X, Y] (f) = Exx . (1.101)

and to a vector field Z,
(Spon — SxOx + &8x) Z= (X Y], Z) - X [V, 2] + [Y, (X Z] =0, (1102)

which is zero because of the Jacobi identity. Now, let us show that the r.h.s. of Eq. (1.100)
satisfies the Leibniz rule,

(ExLy — Ly£Lx) (Tal"'“”bl...meFdl"'d"el...em) =
= S [ (ST, ) T D, + Ty, (ST, )]+

= 2y (ST ) T, Ty (o, )] = (1103)
= [(ExCy — Ly L&x) Ty, 4y 1 TH I, L +

T, | (SXEy — Sy Ex) TP, |

2To prove Eq. (1.99), it is sufficient to apply the Lh.s. to an arbitrary function f.
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The last thing we have left to prove is that Eq. (1.100) is true when it acts on a dual field
w,. In order to do this we consider the contraction of w, with a vector field v?, which
forms a scalar,

0= <£[le} — ExLy + £y£x> w0" = o (Q[X,Y} — SxLy + £y£x> w,. (1.104)

Thus, Eq. (1.100) is true for any arbitrary tensor. Hence, we can show that the commuta-
tor of two Killing fields is a Killing field,

Lixy8ap = (ExLy — LyLx) gap = 0. (1.105)

The fact that the Killing fields form a Lie algebra will be an important aspect in the anal-
ysis of homogeneous spaces (see Ch. 4).

Finally, Eq. (1.85) can be recast using both the definition of covariant derivative (1.8)
and the connection decomposition (1.24),

SXTulwu”bl...bm :Xcchalmanbl-.-bm _ Tc...gnblmbmvcxul _|_ L. + Tﬂlmanc...bmvblxc-'_
+ . + Tcdal’]l"cn-unbl.“bmxd + . + chldXCTalandbm + e,
(1.106)

providing a new geometric interpretation of the Lie derivative. Let Y = Y?d, a vector
parallel transported along X, and vice versa, the Lie derivative with respect to X is equal
to

SxY? = XV Y — YV X + TV X4 = T,,Y° XY, (1.107)

ie, it measures the failure of the closure of the parallelogram given by the
vector T.;*Y X",
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General Relativity and metric-affine
formulation

Making use of the geometric framework described above, in this chapter, we discuss how
gravity is described in the context of General Relativity (GR), the first geometric theory
of gravitation. Thereafter, we focus on theories that are modifications or extensions of
GRitself.

2.1 General Relativity

General Relativity was formulated by Einstein in the early twentieth century, and it is
based on what we refer to as Einstein’s Equivalence Principle (EEP). It states that [2]:

* Weak Equivalence Principle (WEP) holds, that is “if an uncharged test body is placed
at an initial event' in spacetime and given an initial velocity there, then its subsequent
trajectory will be independent of its internal structure and composition”;

* the outcome of any local nongravitational test experiment is independent of the velocity of
the freely falling apparatus (Local Lorentz Invariance);

* the outcome of any local nongravitational test experiment is independent of where and when
in the universe it is performed (Local Position Invariance).

WEP means that in a local system of reference, it is impossible to distinguish the effects
of a gravitational field from those due to uniformly accelerated frames just by using
the observation of free-falling particles. On the other hand, by local nongravitational
test experiment, we refer to an experiment performed in a free-falling laboratory small
enough to avoid inhomogeneities and in which self-gravitational effects are negligible.

It is possible to demonstrate that if a gravitation theory satisfies the EEP, then the
following postulates are valid (more details are given in [2]):

* the spacetime is endowed with a metric tensor g,p;

1We refer to “event” as an arbitrary point of spacetime.
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e the world lines of test bodies are geodesics of the metric tensor;

* there always exists a local free-falling frame, called local inertial frame, where the nongrav-
itational laws of physics are those of special relativity.

The last postulate implies that in a local inertial frame

8ab = Nabs  9c8ab =0, (2.1)

where 717, = (—1,1,1,1) is the Minkowski metric.

Another cornerstone of GR is that equations preserve their form under an arbitrary
coordinate transformation. This statement is called the Principle of General Covariance.
The significance of this principle lies in the fact that, because of its general covariance,
a physical equation will be true in the presence of a gravitational field if it is true in the
absence of it. Thus, it relates to the postulate of the existence of the local inertial frame.

Now, let us show that the free-fall motion of a test particle is given by the geodesic
equation [78]. In a local inertial frame, the equation of motion is that of a straight line,

d?y”
dgz —0, 2.2)
where
ds® = fpdy"dy” 2.3)

is the line element of spacetime. Supposing the free-falling coordinates y* are a function
of an arbitrary coordinate system x?, i.e, y* = y* (xb ), we have

_dyd (opdd) apd | oty it o
~ds?2  ds\oxtds | 9xb ds?  9xboxc ds ds’ '
Multiplying by 9x?/dy*, Eq. (2.4) becomes
d?x? ox? %y '\ dxb dxe
a2 " <8y“ dxboxc | ds ds =0 25)

It is simple to derive that the term in parentheses represents exactly the Levi-Civita con-
nection (1.25). Recalling how the metric transforms under a change of coordinate system,

ay° oy’
8ab = 5750 e (2.6)

and differentiating with respect to x”, we obtain

9gar _ O*y° 9! oyt Ayt
ox  9xhoxt 9xb 1 T G gahgxb 16 T

LRy o\ oyt ayayl [y o)
~ \axtoxs e ) 0x7 9x0 19 T 9xa gxp | 9xhaxt oy’ Teq =

Py o Pyt o
— \9x"9x? oy 8pb + 8xh8xba_yd Sap-
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From subsequent permutations of the indices,

9gbh 9%y¢ oxF o%y? ox?
oxt <8x“8xb oy° 8pn dx?9xh 9yl 8bp: (28)
ogn 0%y° oxP o%yd oxP
axba - (axhaxb dy° 8pa + dxbox 9y Shpr @9)

subtracting Eq. (2.7) from the sum of Eq. (2.8) and Eq. (2.9), and multiplying by gEh,
finally we find

9%y° oxe 1
<—axngb a_yc) = Egeh (0agvh + 9v&ah — On&an) » (2.10)
that is ,
o°y° ox°
b’ = Sxaxt Iy (2.11)
Therefore, Eq. (2.5) is equal to the geodesic equation (1.83),
d?x®  _ ydxb dxC
a7 T g s T 2.12)

The connection T represents the gravitational force applied on the test particle, or in
the absence of a gravitational field the apparent force that appears when performing a
transformation from an inertial to an arbitrary frame.

According to this result, in GR the connection of the spacetime is assumed to be the
Levi-Civita one, without torsion and nonmetricity. Therefore, the metric is preserved by
the covariant derivative,

Vegar =0, (2.13)

and the Riemann tensor has the following expression
R%eq = 0clap” — 04l p” + Lo Tp® — T Tr’, (2.14)
with the properties:
* antisymmetry in the last two indices,

Rabcd = _Rabdc; (2.15)

* antisymmetry in the first two indices,

Rabcd = _Rbacd; (2.16)

e symmetry by exchanging the pair of the first two indices with the pair of the last

two ones, 5 .
Raped = Redabs (2.17)
e First Bianchi identity,
R pea) = 0; (2.18)
¢ Second Bianchi identity,
V[E|Rab|cd] - 0 (219)
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In addition, R, = R,;, and R,, = 0. Through the contractions of the Riemann tensor we
can construct the so-called Einstein tensor,

1 -
Gab = Rab - EgabR/ (2'20)

which satisfies the contracted Bianchi identity,
V.G =0. (2.21)

From Eq. (1.51), we have for two infinitely close geodesics the proportionality between
the relative acceleration and the Riemann tensor,

b

a® = R qubutuw?, (2.22)

which manifests the fact that in GR gravity is mediated by the curvature of spacetime.

2.1.1 Field Equations

One of the starting points followed by Einstein in describing GR through field equations
was the comparison with the Poisson equation of Newtonian gravity,

9,99 = 4GNp, (2.23)

where ¢ is the gravitational potential, Gy is the Newtonian gravitational constant, and p
is the mass density of matter (we set c=1) [78, 80]. In analogy with the Poisson equation,
we are looking for a tensor that is linear in second-order derivatives of the metric, which
is the gravitational field. However, the only tensors that satisfy this requirement are the
Riemann tensor and its contraction. In addition, in Newtonian gravity, the acceleration
of two near particles is proportional to wd.0°p, with w* the separation vector of the
particles, while we showed in Eq. (2.22) that in GR it is proportional to R%j. u’utw®, with
u“ the tangent vector of the geodesics, which correspond to the 4-velocity of the particles.

Therefore, a correspondence between these two quantities can be proposed,
R“bcdubuc — ad8“<p. (2.24)

Moreover, in GR the properties of matter distribution are described by the
energy-momentum tensor ¥, and the conservation equations2

V. ¥ = 0. (2.25)

A correspondence with p can be given by

b

Y putu’ < p. (2.26)

Having in mind Eq. (2.23), Einstein was originally driven to postulate the following field
equations

Rab = 47TGN‘Pab- (2.27)

ZNotice that the introduction of an energy-momentum tensor and Eq. (2.25) cannot be justified with the
postulates of GR alone, but it results from the choice of having equations that express the conservation of
the total energy [1].
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However, due to Eq. (2.25), we obtain
V.R? = 0. (2.28)

This equation represents a severe constraint since the identity (2.21) implies V,R = 0.
Hence, the scalar R would be constant everywhere. The most natural choice was to use
the Einstein tensor to replace the Ricci tensor, in order to have the well-known Einstein
equations,

Gab = SNGNTab. (2.29)
The same equations can be derived by the Einstein-Hilbert action,
1 N
AE—H = AG + AM = 167‘[GN /R\/ —gd4x + /»Cm(gab/ llj)\/ —gd4x, (230)

where Ag and A, are the gravitational and matter actions, respectively, \/—gd*x is the
invariant volume, and £, the matter Lagrangian density, with i representing the field
that describe the ordinary matter. The variation with respect to the metric tensor yields

= 1 _ ) _ ab — ab ¢ D 4 .
4q " 167Gy / [‘5\/ &R+ /=808 Rap +1/—88 (FRab] d*x =
— 1 _ ab [ D _1 5
~167GN / [V 808 (Rab 2gabR) +
v/ =8V (810 4 — gPoTy") | d'x = 2.31)
1 — (s 1
~ 167Gy / [V 8%8 (Rab zgabR) +
+3c (/=880 h — /=83 0Ta") | d'x,

where we used the relation
ORay = Ve (670" — 05Ta") (2.32)

and that from Eq. (1.12), considering the Levi-Civita covariant derivative of a vector
density, we have

Ve (v/=80°) = 0c (v/—80) + Tea® (v/—80°) — T’ (V—57°) = 0c (/—gv°). (2.33)
In the last line of Eq. (2.31), the second term is a total derivative, and, by the divergence
theorem, it results in a boundary term. Usually, this boundary term is nonzero since it
depends on dg?% and its first derivative d.6¢"’, which in general does not vanish on the
boundary [88, 89]. To avoid this problem, it is necessary to add to the Einstein-Hilbert
action an additional term that cancels the boundary one out®. However, we assume that

the boundary term is null, and thus we obtain the Einstein equations4,

- 1 -
Rop — EgabR = 8nGNYap, (2.34)

with the energy-momentum tensor

2 0(/—8L
¥, = — (V=8Lm) (2.35)
/ _g 58-1117
3 An explicit evaluation is given in Appendix A.

4 According to Lovelock’s theorem [16, 90], the only field equations of second order that can be derived
by an action involving the metric tensor and its first and second derivatives are represented by Eq. (2.34).
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2.2 Alternative and extended theories of gravity

Despite the great successes of Einstein’s theory, some shortcomings of GR have emerged
over the years. For example, in cosmology, no known matter source can generate the ac-
celerated expansion phase that we measure. The currently most widely accepted model
for cosmology, the ACDM model, assumes that the accelerated expansion is due to the
cosmological constant A. However, the observed value of A disagrees with the theoreti-
cal prediction. This result led the community to consider more general fluids, generally
known as dark energy, with the same key property as A, that is, negative pressure. At the
quantum level, the main conceptual problem is that in GR the metric is the field describ-
ing both the dynamics of gravity and the spacetime background, while quantum theories
are formulated on a fixed background.

Alternative and extended theories of gravity have been developed [16-18] to unify
gravity with the other three fundamental forces and/or to overcome the open questions
left by GR. They can be characterized by extra tensor fields that mediate the gravity be-
sides metric tensor (e.g., scalar-tensor theories [21, 22], bimetric theories [26-29], Einstein-
Aether theory [91, 92] and so on), as well as extra spatial /temporal dimensions of space-
time (e.g, Kaluza-Klein theory [39, 40], Einstein-Gauss-Bonnet gravity [93], DGP gravity
[43] and so on) or higher-order derivative field equations (e.g., f(R) theories [34, 35],
Horava-Lifschitz gravity [33, 94] and so on). Theories and approaches involving torsion
and nonmetricity may also be considered, as we will see below. In this section, we will
analyze f(R) theories, which will be a guideline to introduce the f(Q) gravity, the lead-
ing theory of this thesis.

2.2.1 f(R) theories

The f(R) theories [34, 35] are based on the generalization of the Einstein-Hilbert action
considering a generic function of the Ricci scalar R,

A= 167§GN [ Ry y=sdtx+ [ Lulgay)v/=gd*s (2.36)

The variation with respect to the metric tensor of the matter Lagrangian is given by Eq.
(2.35), whereas from the variation of the gravitational one we obtain

6 [ £y/=gdtx = [ [5(v/=g) f+ v=gof] d'x =

1 o -
:/ {—Egabég“bf—kf’l{abég”b +f’g“b§Rab} \/—gd4x

(2.37)

where f/ = df/dR, that is, it denotes the first derivative of f(R) with respect to the
argument. Let us focus on the variation of the Ricci tensor. Using the relation (2.32) and

- 1 -
o = 58 [29 (0814 — Vadga] (238)

1 -
5raba — Egacvbéguc, (2.39)
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we find
/f’g“béﬁab \/—_gd4x = /f’g”bvc <5fbac — 5§fdbd> \/—_gd4x =
=— / %gﬂbgpcvc f! (2%5;;;,,, — V08 — gapgdqvb(sgdq) V—gd*x = (240)
= [ (~Vuuf +gu Ve VS) 3g™/—gdtx.
Therefore, the field equations due to the variation with respect to the metric are equal to
F'Ras = 380f = Va¥uf + gV Vf = 87Gn¥a, @41)

which are fourth-order partial differential equations reducing to Einstein equations for
f(R) = R. As in the case of the Einstein-Hilbert action, we have neglected the boundary
term in the variation (2.37). More details on boundary terms in f(R) theories can be
found, for example, in [95].

From the trace of Eq. (2.41),

f'R—2f+3V,V*f =8nG\Y, (2.42)

with ¥ = ¢"¥,;,, we notice that in f(R) theories the Ricci scalar and the trace of the
energy-momentum tensor are related by a differential equation and not an algebraic one,
which is a remarkable difference with respect to GR.

The energy-momentum conservation,

V%, =0, (2.43)
can be proven by using the identity
W;ﬁ(ﬁc — WCWCWZ,} Q= —RabW“qo, (2.44)

with ¢ an arbitrary function, and verifying that the contraction of the covariant deriva-
tive with the Lh.s. of Eq. (2.41) is zero, i.e.,

~ 1 ~ = ~ =~
Ve f/Rab - Egabf - Vavbf/ + gabvcvcf/ =0. (2-45)

Finally, we show that f(R) gravity is mathematically equivalent to a scalar-tensor
theory, in which, besides the metric tensor, we have a scalar field describing the gravity.
In particular, it is equivalent to the Brans-Dicke theory, one of the prototypes of the ex-
tended theories of gravity. We prove this equivalence for completeness in our description
of f(R) theories, but it is not our interest to give an exhaustive description of scalar-tensor
theories, a detailed discussion of which can be found in [19-25]. By introducing a scalar
field x, we can rewrite Eq. (2.36) in the following equivalent form,

A= oo [ 00+ 700 R=x0] V=gdix+ [ Luy/=gd'x. (40

Variation with respect to x gives

f"(x) (R—x) =0, (2.47)
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which yields R = yx for f”(R) # 0. Now, defining a new field ¢ = f’(x) and the potential

V(p) =x(@)p— f(x(¢)), (2.48)
Eq. (2.46) is recast as follows
1 _ —— 14 — 14
A= 167Cn / [pR — V(p)] /—gd x+/£m\/ gdx, (2.49)
which corresponds to the Brans-Dicke action, i.e.,

1
A= 167tGy /

with parameter w = 0. In this representation, it is evident that f(R) theories have just
one extra scalar degree of freedom with respect to GR.

PR — %gﬂbmwbcp - V(cp)} v/ —gd*x + / Lyy/—gd*x,  (2.50)

2.3 Metric-affine formalism

In this section, we introduce the metric-affine formalism, where metric and connection
are two independent dynamical variables. The consequence is that the connection is
characterized by torsion and nonmetricity as well. Furthermore, the matter Lagrangian
density can be connection dependent, L, (g5, T, ). Consequently, we have to define
the variation of £, with respect to the connection,

at, = — 2 0V=gLn) (2.51)
vV—E Ol gp°
which is called hypermomentum tensor [47]. Henceforth, the metric-affine approach will

be used throughout this thesis. As an introductory example, we will review the case of
metric-affine f(R) theories.

2.3.1 f(R) theories in metric-affine formalism

In the metric-affine formalism, the Riemann tensor is expressed as a function of the full
connection by Eq. (1.43) and it is independent of the metric tensor. Hence, f(R) is a
generic function of the full connection Ricci scalar [47] and the action is equal to

1
A= Toncn / F(R)y/=gdhx + / Lon(8ap Tar ) /—gd*x. (2.52)
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The total variation of the gravitational action yields

1
(5/f\/—gd4x :/ (f’Rab — —fgab> (5gab\/—gd4x—|—
+/ ab V (Srrba — Vb(SrI"m ) +g”bTde(5era ] }\/ —gd4x =
:/ (f/Rub - _fgab) 5gab V _gd4x+
+/ vd \/_f/ bd) VC <\/_f/ ab>
4 \/— < abp, d _ prdpd5? +gdecda>] ST cd i+
+ /ac AV4 —gf’g“bérl"bac — 4/ —gf/gbcérl“ab”> d4x.
(2.53)
We used the relation
OrRap = VebrTpe” — ViorTea® + Tep"0rTas”. (2.54)

It is worth noticing that there is no variation of the Ricci tensor with respect to the metric.
The last line in Eq. (2.53) is a boundary term that we can neglect without further assump-
tions since in the metric-affine approach, it depends only on linear terms of 6I';;,¢, which
is a completely different scenario from those studied above. Then we obtain

f'R(ap) f Sab = 8GN Y oy, (2.55)

and
\/_ [Vd (\/_f/ bd) — v, <\/_f/ ab)]

(2.56)
f1V/=8 (8" — 8Ty 08 + g T" ) = BHGNA™.

Contracting the indices b and ¢, we have
A, =0, (2.57)

that is, the hypermomentum associated with the matter Lagrangian density is traceless.
However, Eq. (2.57) is too stringent as a constraint to be a property of any form of matter,
so we have an inconsistency in the field equations.

The reason for this inconsistency is found in projective invariance, which is a symme-
try related to connection transformations that preserve the autoparallelism of a curve up
to a reparametrization, thus leaving the paths followed by the test particles unchanged.
Moreover, the Ricci scalar is also preserved under such transformations [34, 96, 97]. Let
us consider the projective transformation

rabc — rabc + 515@11 (258)

with ¢, an arbitrary vector field. Under this transformation, the Ricci tensor transforms
as
Ry — Ry + 28[,1@,}. (2.59)
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Therefore, the Ricci scalar is invariant under projective transformations since the metric
is a symmetric tensor °. On the other hand, the matter Lagrangian is in general not invari-
ant under projective transformations, so we have inconsistency in the action. Hence, we
must break the invariance to have the correct field equations. There are several possibil-
ities to achieve our purpose, such as choosing a non-symmetric metric or modifying the
action by adding extra terms. The path we follow includes constraints on the connection
that fix the four extra degrees of freedom due to the projective invariance. A first choice
was made in [98], in which the vector component g,, see Eq. (1.17), of the nonmetricity,
was fixed by adding to the action the term

/ Aqqy/—gdx, (2.60)

where A? is a Lagrange multiplier. However, this proposal has no other solution than
a linear function f(R). The same result is obtained by choosing Q, instead of g, [99].
On the other hand, a consistent system of field equations is obtained by fixing the vec-
tor component T, of the torsion [47]. The variations with respect to the metric and the
connection are

) / AT, /—gdtx = / [/\aTb — %gubACTC} 6g"\/—gd*x, (2.61)

and
5 / AT, /—gdx = / (A6 — A%67) 6T y/=gdx, (2.62)

respectively, whereas the field equations are

1 1
f'R(ab) = 58ab = 87GN (‘I’ab — ATy + §gabACTc) , (2.63)
L — o bd\ sa — ¢/ _ab
NET: {Vd (\/ 8f'8 )5c Vc(\/ 8f8 )} + 60
+f/ /_g <gadecd o ngpod5? +gdecda> — 87TGN (Aabc . /\aécb + Ab5?> ,
T, = 0. (2.65)

The contraction of indices b and ¢ in Eq. (2.64) gives the value of the Lagrange multipliers
so that the field equations are consistent,

1
AT = 307, (2.66)
Furthermore, from the antisymmetric part in the upper indices of Eq. (2.64), we derive
T = 0if Al®l, = 0. Similarly, the symmetric part provides Q. = 0 assuming A(*?). =
0. Both results imply that torsion and nonmetricity are connected to the antisymmetric
and symmetric parts of the hypermomentum, respectively.

SProjective invariance implies that the metric-affine approach is subject to additional gauge freedom,
due to considering the connection as an independent variable, which is not present in the metric one.
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Symmetric Teleparallel Gravity and
extensions

The first appearance of nonmetricity in theories of gravitation is due to Weyl in his at-
tempt to unify gravity and electromagnetism [49]. However, nonmetric theories came
into the limelight only in 1999 when the so-called Symmetric Teleparallel Gravity (STG)
[64-66, 100] was proposed. In this theory, gravitation is strictly connected to the non-
metricity tensor and the related nonmetricity scalar O, while both curvature and torsion
are set to zero. Among them, a theory that recently has gained great attention is the f(Q)
gravity [69], where the action of the gravitational field is described by a generic func-
tion of the nonmetricity scalar. In this chapter, we will focus on the description of the
Symmetric Teleparallel Equivalent of General Relativity (STEGR), a STG theory whose
metric field equations are equivalent to Einstein’s, and its extensions, which are the main
theories of this thesis.

3.1 Symmetric Teleparallel Equivalent of General Relativ-
ity

As mentioned above, in STEGR both curvature and torsion are zero, thus the nonmetric-

ity satisfies the identity

VaQqap = 0. (3.1)
The action is equal to

1
A= / {_E‘ /=8Q + A"R ey + A T + /=L (gap, TS, 1) | dx, (3.2)
where Q is the nonmetricity scalar (1.59),
1 1 1 1
Q= ZQcachab - EQcaanbc - Z‘hqa + EﬂaQaz (3-3)

while 1,/ and A are Lagrange multipliers introduced to impose the vanishing of
curvature and torsion. Henceforth, we set c = 871Gy = 1.
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Writing the Ricci scalar as in Eq. (1.58), that is,
R=-Q-V.(q"-Q", (34)

allows us to highlight that the Lagrangian of STEGR and GR one are equivalent except
for a total divergence term. Thereafter, we will prove that the metric field equations of
the STEGR can be recast as Einstein equations as well.

The variation with respect to the Lagrangian multipliers gives the constraints

Rabcd =0 and Tabc =0, (3.5)

while the one with respect to the metric g% yields

1 1
0A :/ [_E\/__gég + Z_Lgub\/__ggégab +9 ( \% _gﬁm) d4x' (36)

Let us focus on the variation of the nonmetricity scalar. Foremost, we evaluate the varia-
tion of the nonmetricity tensor with respect to the metric,

0Qcar = Vedgap = — V¢ <8aigbj58ij> = —Qi86i08" — Qebj&aid8" — 8ai&4i V08", (3.7)

then we rewrite the nonmetricity scalar as follows
Q= ch jai  bj 1 1 1 . . 1 . ; 3.8
=8 88 Zthchab - §thjQ(ab)c - ZQhachb] + EQhaszc] . (3.8)
Therefore, we have

1 c 1 C 1 1 c 1 c 1 c a
00 = {ZQachb d_ EchaQ db - anQb - 5‘1 Qear + EQcabq - chabQ } 58 b+

1 1 1 1
+ {—EQ%;’ + Qu” + 50°8ab — 5Q°Gab — 57405 | Vedg" =

1 1 1 1 1 1
= {ZQachde - EchaQCdb + Echancb + EQcaqu - 1%% - EQCQcab:| 5g”b+

+ 2P, V6™,
(3.9)
where we used the relation
5gcd = _gacgbdégab- (3.10)
In the last line of Eq. (3.9), we have defined the nonmetricity conjugate tensor
1 1 1 1 1
Plop = =7 Q%+ 5Q(n)" + 17°8ab = Q" 8ab — ;9(ap) (3.11)
which is symmetric in the last two indices,
Py = Py, (3.12)
and its contraction with Q.,; gives the opposite of nonmetricity scalar,
Q - _mepcab' (3.13)
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Moreover, the terms in brackets can be recast as follows

1 1 1
ZQachde - EchaQCdb + Echancb"i‘

. . ) d d (3.14)
+§Qcach - anqa - EQCQcab = 2Q“ Peap — PacaQp™.
Returning to Eq. (3.6), we find
1 Ci a C a
0A =/ [—5\/ -8 (ZPCachfsgab +2Q Pegy03™ — PacaQp™6g b) +
1 a
+8ay/—8208" +6 (/ —gﬁm)} dix =
1 2 - 61)
= / {5\/ -3 |:\/—_—ng (V=8P ) — 2Q%aPeap + PacaQ™ + 5 8ab Q} 68"+
~ Ve (V=8Pwdg™) +0 (V=8Lw) }d4x.
The term
Ve (V=gPuds™) (3.16)

is a covariant derivative of a tensor density due to the presence of \/—g and for this
reason it is a boundary term linear in 6g?,

Vi (\/__gpcabégab> :vc (\/__gpcabégab> +
+ Lo /=8P 08" — Leg /=g Peudg™ = (317)
=¥, (\/—_chabagub> _a, <\/—_gpcab5gab> ,

thus we neglect it. We finally find the first set of field equations

2 1 c c
7= Ve (V8P ) + 5809 + PacaQ™ = 2Q%uPeay = Yat, (3.18)
with 2 5 L)
Yo = — Ner . (5gagb L (3.19)

Now, let us vary the action with respect to the connection I';;¢,

1
SrA = / [_E‘ /=801 Q + A" U6rR% g + AOr Ty + 0 (/=8 Lm) | d*x (3.20)
The variation of the nonmetricity scalar gives

§FQ = — zpcabéFchb = _2wa5r (acgﬂb o rcapgpb - erpgap> -

=2P“Pg 1 0rTca? + 2P gapdrT ey = 4P 01T 1y G20
8pborlca” + 8apOrl cp cOrlap -
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On the other hand, the variations of the Riemann and torsion tensors are equal to,

AP R g = (VedrTgp® — VaorT ™) A" =

:Vc (Aabcd(srrdba) . vc <Aabcd> 5rrdbtl . vd ()\ade(Sl—'rcba) +
+ Va (Ae4) orTy" =

=Ve (A0rTay ) + NopAa0rTay" = Vg (AT )+ (322)
— Ny Ad"POrT " — Nep“AaP0rTap® + Nap Aa"PorT "+
. VC (Aabcd) 5l"rdba + vd (/\ade> 5Frcba —

=V, (Aab6d5rrdb”> — V4 (Aade(5chb“> +2V, (Athp) orled",

and
AT = Ae™0r (T’ — Tpa®) = 24016, (3.23)

respectively. We used the fact that the Lagrangian multipliers are density tensors and
antisymmetric in the last two indices. In the first line of Eq. (3.22), we omitted the torsion
because of the constraints (3.5), whereas in the last line, the first two terms are boundary
ones. Hence, the field equations derived by varying with respect to the connection are

Vd/\cbad +)\cab . \/__gpabc _ Aabc; (324)
where 15 )
ab _ - —8~m

At = e (3.25)

is the hypermomentum tensor. Due to the flatness and torsionless conditions, from Eq.
(3.24) we can also derive the relation

VA <\/—_gP“bc + A“bc> —0. (3.26)

Let us take a more detailed look at the consequences of the constraints (3.5). The
flatness condition implies that the connection can be parameterized by general elements
A% of GL(4,R),

Tap® = (A7) 40a A", (3.27)

In addition, from the vanishing of torsion, we have
(A1) a9 Ay =0, (3.28)
and arbitrary coordinates ¢* = ¢(x*) can be introduced, such that

I ox°¢

b = a_gdaaabcd- (3.29)

Comparison with Eq. (1.7) makes manifest that the connection in Eq. (3.29) is purely
inertial since it differs from the trivial one by a generic coordinate change. Therefore,
in STEGR the connection vanishes using an appropriate diffeomorphism. The gauge in
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which the connection is null is called coincident gauge. In this gauge, the nonmetricity
tensor is just the partial derivative of the metric,

Qcab = 9cgabs (3.30)

being the covariant derivative equal to the partial one, and the Levi-Civita connection is
the opposite of the disformation tensor,

T = —Ly. (3.31)

The possibility to eliminate inertial effects by canceling the connection and the resulting
great computational simplifications are some properties that make the theory fascinat-
ing. However, we will see that the coincident gauge is not the most viable choice in any
situation (see Ch. 8).

It is worth noticing that from Eq. (3.26) we can fix the four degrees of freedom given
by the four functions ¢ that determine the connection I' via Eq. (3.29). Once the connec-
tion is chosen, via choice of a gauge or Eq. (3.29), the only use of the equations (3.24) is to
derive the Lagrange multipliers. However, the metric field equations (3.18) are indepen-
dent of the multipliers, so their determination is irrelevant in the STEGR!, which would
not be in the case of TEGR [102, 103].

Now, we derive the energy-momentum conservation in STEGR. We start by raising
an index in Eq. (3.18),

2 1
T Ve (V8PM) 5000+ PlQy = ¥, (332)
and considering its Levi-Civita divergence,

2

- 1 - - ~
=V (V=8P") + 500V4Q + Va (P10 Q) = V¥, (3.33)

Since the following relations hold,
VaVe (V=8P“) = VaVe (V=8P“) — L'V (/—8P“), (3.34)
VC (\/ _gpcad) =\ 8 (chwd — chppcad> , (335)

Vo (P Q) = Vi (P Q) = Lo Plea Qe + L "PcaQ™,  (3:36)
by using the equations (3.26), we obtain

and

- 2 le
a ac —_— ¢ cd a o
VQ‘P b + /—g vdch b vaQ + va (P Cde ) + 2Lub VCP d+ (337)

— 2L Lep? Py — Lag"P1eqQp + Ly P (g Qg

Let us prove that the right-hand side of the above equation is zero. The sum of the first
three terms is equal to

1~ 1
L ARY (P”chde) + 2LV Py = 2Ly Qegg P — VP Queq — > Vi Q (3.38)

!Because of the symmetries of the Lagrange multiplier, not all their independent components are com-
pletely determined by the field equations. However, as we pointed out in the text, their determination
does not affect the metric equations, so having indeterminate components is not a problem [101].
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where we used Eq. (3.1). From the explicit evaluation of
_vbPaCancd = - vb <ga’mgc'ngd'lpacd> Qacd =
1 1
=- ZQbaCQadecdl + Q™ Q" Qe — EQb“CQdalechr

1 1 1

+ EQbaCQdalQlcd + anQachde - Zq“QcadeCdJr
1 a cd 1 amce 1 a.c

- ZQ Qachb - 56] Q Qbac+ Zq q Qbac+

1 1 1 1 1
+ QY Quet = 5Q"ViQata + 14" VeQa = 14" Vida + 7QVide,
(3.39)

and
1 1 d ~ace 1 d ~ace 1 c aed
_EvbQ :ZdeeQac Q" — Zdecha Q" — ZcheQ ad Q™"+
1 1 1
+ ngaeQachECd + ZQquQbac - gqanQbac‘l' (3'40)
1 1 1 1 1
— 2 Q"Viga — 7Q"VQued + 50V Qead + ~4°Vida — 70°V4Qe,

4 4 2 4 4

we find
acd 1 1 ac de ac de ac d
—~VP* " Quea — EvbQ = 8Qb Q0" Qede + Qb Q" Quce — Qb Q% Qucet+
1
1" Q e Qeca + L0, Qe — —q "0y Qeaat (341)
4
- —Q“Qbfancd - —q "Q"Qtac + gq“qCQbac.
On the other hand, we have
2Ly Qe P — 2Ly Lep? Py — Lag"P1cqQp™ + Ly P04 Qq™ =
1 1 1
=—Qb“Qud€che - —Qb“CQadeQdce - —Qb“Q%eQdce+
Qb "Q" 20Qecd — —q " Qv Quea + 4q " Qv Qeait

+ ZQaQdeQucd + EanCQbac - gqanQbaw

(3.42)

which is exactly the right-hand side of Eq. (3.41) but with opposite sign. Hence, we
obtain the following energy-momentum conservation equations,

~ 2

V. 9% + \/—__gVaVCA”Cb =0. (3.43)
They reduce to the usual ones, V. ¥, = 0, for A(“C)b = 0. We can, of course, use Egs.
(3.43) and (3.33) to derive Eq. (3.26). Hence, for any solution of the metric field equa-

tions (3.18), if the energy-momentum conservation (3.43) holds, the equations (3.26) are
necessarily satisfied.
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Finally, we prove the equivalence between the Einstein field equations and Eq. (3.18).
Due to the condition R”j.; = 0, the Levi-Civita Ricci tensor is equal to

Rab = _chabC + vacaC - Lcchabd + Lbchcad~ (3~44)

Moreover, because of the identities
2 -
\/—_—gvc (v/—8P%w) =2V Py — 2Lea" P gy — 2L Py, (3.45)

and
LipaLea” — Leg®Lap® = —2Lea" Peap — 2Ly P gy + PocaQp™ — 2Q° Py, (3.46)

Eq. (3.18) can be recast as

- 1 - - -
Zvcpcah + EgabQ + Rab + chabC - vacaC - ‘Pab- (3-47)

Now, if we substitute Eq. (3.4) and we use the relation

- - = 1 = 1
ZVCPCab + VcLabC - VchaC - Egabvc (qc - Qc) = —ERab =0, (3.48)

we obtain the Einstein equations,
~ 1 -
Rap — EgabR = Yo (3.49)

This result allows us to highlight the main difference between a generic STG theory
and STEGR. STG uses the most general quadratic scalar we can build with the nonmetric-
ity tensor, i.e.,

Q = 1Qup Q™ + c2Quap Q™ + 349" + c4QaQ" + c57.Q°%, (3.50)

with ¢; (i = 1,...,5) arbitrary coefficient, and not the scalar Q given in Eq. (3.3), which is

recovered for
1 1
c1=—C=,, Cp=—C5=—5, cg = 0.

Therefore, in a generic STG, the metric field equations are not equivalent to GR ones.

3.2 Extensions of STEGR

In the previous section, we showed that STEGR and GR have equivalent metric field
equations, so the two theories have both equal metric solutions and corresponding short-
comings. For this reason, generalizations and modifications of STEGR have been pro-
posed as well.

Along the same line as the f(R) theories, the most straightforward modification is
the generalization of the STEGR action to an arbitrary function f(Q) of the nonmetricity
scalar [69, 70, 73],

1 a a C c
A= / [_5\/ —2f(Q) + ARy + AT + /=L (8ap, T, w) | d*x. (3.51)
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By varying with respect to the Lagrange multipliers, we again obtain the constraints
Rabcd =0 and Tabc =0, (352)

whereas variations with respect to the metric and the connection produce field equations
of the form

2 o cd cd —
Ve (VT ) gguf S (PuaQ 20 = Y (659

and

Vd/\cbad A ab f Pabc — Aﬂbc; (354)
respectively, with f/ = df/dQ. The energy-momentum conservation is derived by a
procedure similar to that used for the STEGR and the expression is the same,

V.Y + \/L__gvach”Cb = 0. (3.55)
The most significant difference is just the use in the derivation of (3.55) of the following
relation,
2Vof'P*aL e + Vef P Qaag = Vi f P (2Lacq + Quea) = 0, (3.56)
Although f(R) theories are a guideline for f(Q) gravity, they are completely different
theories, and in particular the last one has no issues related to projective invariance.
Another extension of STEGR is represented by theories in which nonmetricity is non-
minimally coupled to the matter Lagrangian. As an example, in [104], the following
action is considered

A:/ [%ﬁ(@)+AadeR”bcd+AcabTabC+fz( ) Lon(8abs TapSs } V—gd*x, (357)

where f; and f; are generic functions of Q. The field equations are equal to

2 1
\/—__ch (v/—8FPy) + 58abfi+ F <Pachde - ZQCdaPcdb> = —fo¥i, (3.58)

and
\VAA (\/— QFPl, — sz“bc) —0, (3.59)
where
F = £1(Q) +2f3(Q) Lo, (3.60)
has been introduced. The non-minimal coupling leads to the non-conservation of the
energy-momentum tensor,

2
Vo VAT, = — = [(sﬂcbvavc fo+ 2V .2V 6% | +
— (Y% — 0yLw) Valog fo.

In addition, it is worth highlighting the f(Q, 7") theory, which was first used in [105]
and has been quite popular over time. Here, the nonmetricity is non-minimally cou-
pled with the trace 7 of the matter energy-momentum tensor, and the gravitational La-
grangian density is given by a general function of both Q and 7 2,

1
A= / [5 V _gf(Q/ T) + )\adeRabcd + )\cabTabC + \/ _gﬁm(gabr FabC, l/)) d4x_ (362)

_ 2
VP, 4
A (3.61)

2To adopt the convention used in the literature, we used 7 instead of ¥ to refer to the energy-
momentum tensor.
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The variation of the action yields the following field equations

2 c 1 cd cd _
_\/—_—gvc (\/ _ngP ab) - Egabf +fT (Tab + ®ab) - fQ (pachb —20%, cdb) = Lab,
(3.63)
\AA ( /=¢foP™. + A“bc) —0, (3.64)
with fo = 3f/9Q, fr = af/aT, and
O = g2 1ct (3.65)

5gub :

Also in this theory, the energy-momentum tensor is not preserved.
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Homogeneous cosmology

The cosmological principle states that at large scales the universe is homogeneous and
isotropic, that is, all points of the universe and all spatial directions of observation are
equivalent. It stems from philosophical arguments based on a generalization of the
Copernican idea that the Earth does not occupy a privileged position in the universe.
This idea was generalized to the fact that no point in the universe occupies a privileged
position but that they are all perfectly equivalent to each other. These assumptions were
later supported (e.g., CMB [106]) showing that the structures are more and more homo-
geneous and isotropic as the scale increases.

In this chapter, we will initially examine the geometric description of homogeneity
and isotropy. Next, we will introduce Friedmann-Lemaitre-Robertson-Walker (FLRW)
universes and see why introducing the concepts of cosmological constant and dark en-
ergy becomes necessary in GR [10, 11].

Although the present universe is believed to be essentially isotropic, it is possible
that it may not have been so at its beginning and may not necessarily be so in the fu-
ture. Moreover, homogeneity and isotropy are witnessed only at large scales. There-
fore, the suitability of the FLRW metric in describing the universe at every epoch and
scale is not certain. We will relax the isotropy assumption, and consider homogeneous
but anisotropic cosmological models, introducing the Bianchi classification! for homoge-
neous spacetimes [108].

4.1 Homogeneity and isotropy

We say that a spacetime is homogeneous [78, 80] if there exists a one-parameter family of
spacelike hypersurfaces ¥y foliating the spacetime® such that for each t and for any points P, Q
€ X, there exists an isometry of the metric tensor g, which takes P into Q.

On the other hand, a spacetime is isotropic at each point if there exists a congruence

Homogeneous and anisotropic models also include Kantowski-Sachs universes [107] which are not
included in the Bianchi classification.

2This means that spacetime is decomposed into hypersurfaces of dimension n = 3.

3 A congruence of curves is a set of curves that do not intersect and thus for each event there is only and
only one curve of the congruence.
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of timelike curves, which represent the observers, with 4-velocity u® and satisfying the following
property: given any point P and any two unit vectors s1* and sy, which are orthogonal to u®,
there exists an isometry of the metric tensor g, that leaves P and u” at P fixed but rotates s1”
into sp”.

We should stress that at each event of spacetime there may be only one isotropic
observer. To show this, let us represent the isotropic observer by a timelike curve, which
we refer to as world line, with 4-velocity u?and such that it is a rest frame for the matter
filling the universe. If we consider another observer characterized by a 4-velocity v,
which is in motion with respect to u”, this observer will perceive matter flows in some
direction, and thus the two observers see the universe in two different ways.

For the spacetime to be both homogeneous and isotropic, the congruence of timelike
curves must be orthogonal to the spatial hypersurfaces®. If the 4-velocity of an observer
were not perpendicular to the spatial hypersurfaces, we would have a projection of u*
onto X that selects preferred a direction, which is in contrast to the isotropy principle.

Let us now focus on a single hypersurface and introduce the metric h,;, induced by
Sqp ON it, whose signature is (+,4,+). The corresponding Levi-Civita curvature tensor
on ¥ is denoted by 3R%,.;, where we emphasize that the hypersurface has dimension 3.
On the other hand, we denote with D, the Levi-Civita covariant derivative on X; with
Dchy, = 0. Homogeneity and isotropy conditions must be satisfied even for isometries
of the induced metric.

Considering the Killing vectors ¢” of the isometries of 1, they satisfy the correspond-
ing 3-dimensional equation of Eq. (1.97),

DyDely = *Rcala. (4.1)
However, from the Ricci identity (1.48), we have
DeDyDagy — DgDeDaly = — R geaDely — *RpeaDale, (4.2)

which, using Eq. (4.1), can be recast as

<_ 3Redabhf + 3Recabhf1J + 3Reucdhg - 3Rebcdhg) nge = <Dc 3Redab - Dd 3Recab> Ce;
(4.3)
where with hZ we refer to the 3-dimensional Kronecker delta, 7 = 3. From the concept
of isotropy with respect to a given point P, we know that isotropy corresponds to an in-
finitesimal isometry that leaves the point P fixed, which implies, according to Eq. (1.92),
that ¢,(P) = 0. Moreover, the first derivative Dpée assumes all possible values with
the only constraint to be antisymmetric given by the Killing equation [78]. Hence, the
bracketed term in the L.h.s. of Eq. (4.3) must be symmetric in the contravariant indices,

- 3Redabhf + 3Recabhs+3ﬁeacdhg - 3R€bcdh/§J -

= —RP yuphl + SRP uph + RP yeqhty — 3RP yoght. (4
Contracting p with c,
—3°RCap + *Reap + *Rapa — *Rpag = = *Regap + *Roahfy — *Ryaht (4.5)
and by using the Bianchi identity (2.18), we obtain
2°Regab = >Rpghea — *Raghep- (4.6)

4The requirements for u” to be orthogonal to the spatial hypersurfaces are given in Appendix B.
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However, 3R, is antisymmetric in the first two indices, so
*Rpghea — *Raghey = = *Roehga — *Rachap, (4.7)

and the contraction of e with b yields

- 1.~
SRug = 3 3Rhgy. (4.8)
Thus,
- 1,~
"Redab = ¢ "R (valtea — Hagtep) (49)

From the contracted Bianchi identity (2.21), we have
B 3pa 1 a3p 1 3P
0=D, | R — Ehb R) = —gab R, (4.10)

that is, the 3-dimensional Ricci scalar is independent of the spatial coordinates. It is
useful to introduce the function K(t) that depends only on the parameter f that identifies
the hypersurfaces, such that

3R = 6K(t). (4.11)

In this way we find )
*Rabed = K (hachay = Magher) (412)

A space endowed with a curvature given by Eq. (4.12) is called space of constant curva-
ture.

It can be shown that for every real value of K, there exists one and only one 3-
geometry with constant curvature. This means that if we have two metric tensors with
the same signature, for which the values of K are equal, then it is always possible to find
a diffeomorphism that carries one metric into the other [78]. It is then sufficient to con-
struct a 3-dimensional metric for each value of K to classify all possible 3-dimensional
geometries.

The simplest geometry is clearly the one represented by K = 0, that is, an Euclidean
geometry with null curvature,

3ds? = da? + dy? + dz% (4.13)

For positive values of K, we have the geometry of a 3-sphere. To highlight this aspect, let
us consider a 4-dimensional Euclidean space with metric

ds? = dx? + dy? + dz? + dw?. (4.14)
A 3-sphere is represented by the equation
Py 2wt =a (4.15)

with a the radius, and it is obviously a homogeneous and isotropic 3-geometry. To evalu-
ate the induced metric on this 3-sphere, we start by introducing a polar coordinate system
such that
w=acosy
x—as?nlpslmec.osqo (4.16)
y = asinysinfsin ¢

z =asinycos0
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By differentiating Eq. (4.16), we derive the 3-dimensional metric
(®)gs? = 42 dy? + sin? ¢ <d92 + sin? qu)z)] , (4.17)
and from the evaluation of 3R, we obtain

1
K= (4.18)

Therefore, as the radius of the 3-sphere varies, K assumes all the positive values.
In the case of negative values of K, we consider a 4-dimensional metric with
Lorentzian signatures
ds? = dx? 4 dy? + dz* — dw?, (4.19)

and a hyperboloid represented by the equation
w? — x> — y2 — 2% =42, (4.20)
We can once again introduce polar coordinates,

w = acosh ¢
x = asinhysin 0 cos ¢

. o (4.21)
y = asinh ¢ sin 0 sin ¢
z = asinhcos 0
leading to the following 3-dimensional metric
(®)ds? = a? [dl[)z + sinh? ¢ (d92 + sin? Gdgoz)} . (4.22)
From the 3-dimensional Ricci scalar we have
1
K= 7 (4.23)

This result proves that hyperboloids in the Lorentzian space (4.19) are spaces with con-
stant negative curvature.

Egs. (4.13), (4.17), and (4.22) are the only three constant curvature geometries possible
unless diffeomorphism.

Given a congruence of timelike curves, the metric of spacetime has the following form

Qab = —UglUy + habr (424)

where the 4-velocity u? is normalized, and ¢ = 1. We must now choose an appropriate
coordinate system to write the 4-dimensional metric g,;. In considering a spatial hyper-
surface, we know that the world lines are orthogonal to it. Therefore, we can consider
spatial coordinates on the hypersurfaces that are carried along the world lines that rep-
resent the observers. In this way, by definition, isotropic observers have constant spatial
coordinates that uniquely identify each of them. Moreover, we can take the proper time
t measured by the observers as the time coordinate, which label each hypersurface. We
know that this time has the same value for each observer, since if it did not, we would
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have a criterion to distinguish points on spatial hypersurfaces, going against the princi-
ple of homogeneity. The fixed spatial coordinates we have defined are called comoving
coordinates®, whereas the proper time is the cosmic time.

In this coordinate system, the 4-dimensional metric is given by

dx? + dy? + dz?
ds* = —dt* 4+ a*(t) § dg? +sin? ¢ (d6? +sin®0dg?) (4.25)
dy? + sinh? ¢ (d6? + sin® 0d¢?)
where t is the proper time, {x,y,z} and {¢, 6, ¢} are the comoving coordinates, and a(t)
is called cosmic scale factor, which depends on the cosmic time due to Egs. (4.18) and

(4.23). Equation (4.25) can be written in a more compact form if we consider the following
variable changes: for K(t) > 0, we can define

r =sini, (4.26)
such that )
dr
(3)qc2 — 2 2 (302 & «in2ad.m2) | -
ds® = a“(t) [1 0 +r (d@ + sin“ 6d¢ )} ; (4.27)
on the other hand, for K(¢) < 0, if we define
r = sinh, (4.28)
we have )
dr
(3) 32 _ 2 2 (302 1 i A o2
ds a(0{1+ﬂ4q»Qw +mn9d¢>} (4.29)

So, in general, we can write

4 =~ (1) [ ¥+ (a6 + sineag?) |, (4.30)

1 — kr2
which is the Friedmann-Lemaitre-Robertson-Walker metric, and it is conformally flat,
that is, its Weyl tensor C%,; is null. The coordinate r is dimensionless, and k is a constant
parameter that assumes the following values

1 for K>0
k=<0 for K=0. (4.31)
-1 for K<0

Once the geometry is fixed, the only aspect that cannot be derived from the cosmolog-
ical principle is the evolution of the scale factor, which is obtained by solving the field
equations. However, before that, we need to understand the consequences of homogene-
ity and isotropy on the energy-momentum tensor Y ,;, describing ordinary matter. We
consider energy-momentum tensors symmetric for exchanging of indices®.

Let us consider the contraction of the energy-momentum tensor ¥,, with the

4-velocity u* and call v? the corresponding vector,
y P g

we,ul = o (4.32)

5The term comoving refer to the fact that the isotropic observers are at rest with respect to the matter.
®The reasoning below is not valid in the case of a non-symmetric tensor.
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So that v” does not identify a preferred direction, it must be parallel to u?. This means
that the contraction of v* with the hypersurface space vectors s* is zero,

Vs, =0 — T%ubs, =0, (4.33)

so the energy-momentum tensor cannot have mixed spacetime components. On the
other hand, the spatial components of ¥, define a linear operator on the tangent spatial
vector s* of the hypersurfaces,

L: Lsé=%s ex ij=1,23. (4.34)
Since Y, is symmetric, this operator is hermitian with respect to the scalar product in-
duced by the metric h,;,, and therefore [ have a complete set of eigenvectors. Isotropy
tells us that the associated eigenvalues must all be equal to each other, otherwise, differ-
ent eigenvalues would identify specific directions of the space. Hence, L. is a multiple of
the identity . ‘

T = A(t)d), (4.35)

where A is the eigenvalue which is constant on X;. We obtained that the
energy-momentum tensor is diagonal, then it corresponds to the Cauchy tensor of a per-
fect fluid,

Yap = p(t)tatty + p(t)hap, (4.36)

with p(f) the matter density, and p(f) the pressure.

The cosmological principle has the consequence that the energy-momentum tensor
describing matter on a cosmological scale must have the form of the perfect fluid one
which is at rest with respect to an isotropic observer.

4.2 FLRW metric in General Relativity

Now, we derive the dynamics of the scale factor a(t) of the metric (4.30) in GR. From the
definition (1.25), it follows that the only non-zero components of the Levi-Civita connec-
tion are

' =175 2,0 = aar®, T33° = aar*sin?9,
i ~ ~ p
To! =Tp? =T’ = pr
- k - -
' = 1——1;cr2’ Tpl=—r (1 — kr‘2> , Tpl=—r (1 — kr2> sin?§, (4.37)
o - 1
[p? =T13° = P
['332 = —cosOsin®, To3° = cotb,

where the dot indicates the derivative with respect to time, 4 = da/dt. Hence, the 00-
component and the 11-component of Einstein field equations (2.34) yield”

LN\ 2
H? = (5> 1k (4.38)

a 3 a?’

"The 22-component and 33-component give the same field equation as the 11-one due to the isotropy of
the FLRW metric.
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where we have defined the Hubble parameter H = 4/a, and

| .
H+H2:g:—6(p+3p), (4.39)

respectively (we used the natural units ¢ = 87Gy = 1). Eq. (4.39) is usually called Ray-
chaudhuri equation, and together Eq. (4.38) form the so-called Friedmann equations. On
the other hand, the contracted Bianchi identity gives the energy-momentum conserva-
tion equation,

p+3H (p+p)=0. (4.40)

Henceforth, we will use the equation of state
p = wp, (4.41)
with w a suitable constant. The range of validity of w for ordinary matter is imposed by

the definition of the speed of sound cg,

dp
s = c2d_p, (4.42)
Since the speed of sound cs must be less than the speed of light ¢, then 0 < w < 1.

Two characteristic values of w are w = 0, which represents dust, and w = 1/3, which
corresponds to radiation. From Egs. (4.40) and (4.41), we derive that for w = 0

1
o~ s (4.43)

whereas forw =1/3 .
~ pre (4.44)

To analytically solve the Friedmann equations, we introduce the conformal time 7
[109],

d7 = %. (4.45)
It is called conformal time since the metric (4.30) assumes the form
ds® = a?(t) | —dT? + dr +r? (d92 + sin? Gdg()Z) (4.46)
1—kr? ’ '

which is a conformal transformation (1.78) with scale factor 4. Defining the quantity

a/
a

H="—, (4.47)

with @’ = da/dT, and considering the matter to be dust, the Friedmann equations are
recast as follows,

H? = %paz —k, (4.48)
and .
H = —gpaz, (4.49)
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from which we derive the equation
2H +H?+k =0. (4.50)

The solutions are given by

sin? (%) k=1
a(T)=a1{ T? k=0 |, (4.51)
sinh? (%) k=-1

where a; is a constant of integration. These solutions can be used to obtain the relation
between the conformal time 7 and the cosmic one ¢,

T —sinT k=1
- %1 279 k=0 . (4.52)
sinh7T —T k=-1

A plot of Egs. (4.51) is given in Figure 4.18. It is worth noticing that all solutions have
a Big Bang singularity, that is, the scale factor vanishes at the origin of time, a(0) = 0.
In addition, for k = 0 and kK = —1, the universe always expands, while for k = 1 the
universe begins to collapse after an expansion phase until the scale factor returns to zero.
This phenomenon is called the Big Crunch.

As it is evident from Eq. (4.39) and Figure 4.1, for positive p and p, the universe
must experience a decelerated expansion phase under our assumptions. However, in the
late 1990s it was discovered through observation of distant Type Ia supernovae that the
universe undergoes an accelerated expansion instead [110, 111]. The implication is that
GR must be modified to include a new form of energy that compensates the ordinary
matter. The currently most widely accepted model for cosmology that is in accordance
with the accelerated expansion is the ACDM model, which assumes that the accelerated
expansion is due to a positive cosmological constant A [10, 11, 112-115]. In the model,
the cosmological equations are given by

.\ 2
a 1 k A
(a) R Ry (4:53)
and . , A
i

From an analogy with the quantum field theory, we can identify the cosmological con-
stant with the energy of the vacuum with energy-momentum tensor

¥ih = —PASabs (4.55)

that can be considered as the energy-momentum of a perfect fluid with the following

equation of state

A

PA = —PA = 3 (4.56)

8Egs. (4.52) were solved numerically for 7 using the bisection method.
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0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 4.1: Evolution of the scale factor a in function of the cosmic time t with a; = 1.

For this reason, we can refer to A as cosmological constant or vacuum energy.
If the universe is dominated by the cosmological constant, from Eq. (4.53) we ob-
tain that the Hubble parameter is a constant and then the scale factor is an exponential

function of cosmic time,
A
a(t) = ajexp (\/Et) ) (4.57)

Solution (4.57) is called de Sitter universe. This solution represents the late time evolu-
tion of the universe when both matter and radiation are considered. In fact, because of
Egs. (4.43) and (4.44), we have that with the expansion of the scale factor, the contribu-
tions in Eq. (4.53) of matter, radiation, and curvature k are negligible with respect to the
cosmological constant. Thus, at a late epoch, the cosmological constant is the only quan-
tity contributing to the dynamics of a to persist. What has just been described is known
as the cosmological non-hair theorem.

Due to the principles of quantum field theory and the standard model, the theoretical
value of the cosmological constant can be derived. However, this value differs from
the observed value by 120 orders of magnitude [11, 116], leading to what is known as
the cosmological constant problem. As a result, there is a question of whether p, truly
represents a cosmological constant or a more general fluid known as dark energy, which
is characterized by negative pressure and an equation of state that evolves over time.

Dark energy, where the word “dark” is used because of the lack of clarity regarding its
true nature, accounts for approximately 68% of the total energy in the universe [106]. The
remaining 32% is attributed to matter, with 5% being baryonic matter and the remaining
27% belonging to another "dark sector" of our understanding of the universe, known as
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cold dark matter [15, 117, 118]. The term "cold" means that it is non-relativistic matter,
while "dark" indicates its lack of interaction with the electromagnetic field. Therefore,
the ACDM model is so called because it considers both the cosmological constant A and
cold dark matter.

Among the open issues of standard cosmology, we can highlight the flatness and the
horizon problem. The first is a consequence of observations showing that the universe
is approximately flat. It represents a fine-tuning problem since any small amount of cur-
vature present in the primordial universe should grow over time. The reason is that the
curvature term in Eq. (4.38) scales as 1/a%, while both matter and radiation are washed
out faster due to Egs. (4.43) and (4.44), respectively. Hence, the value of curvature must
be very small in the primordial universe to still be approximately zero in the present.
The second derives from CMB observations that show homogeneity on scales involving
regions that are not causally connected. One solution to both problems is an accelerated
expansion phase at the beginning of the universe, called inflation. The flatness problem
is solved by the fact that, intuitively, if we expand a curved region it will appear locally
flat. On the other hand, the horizon problem is solved since the universe is assumed to be
totally causally connected at the beginning of its life. Causality is lost as the light cones
of the various points that make up the universe move apart further and furthe0,r until
they are no longer connected to each other at the end of the inflation phase [119-123].

There are extended and alternative theories of gravity that incorporate the inflation
phase of the universe and solutions to the “dark sector” [16-18]. Among the simplest
extensions are certainly the theories that consider the addition of a scalar field as a medi-
ator of gravity in addition to the metric, the aforementioned scalar-tensor theories (see.
Sec. 2.2). Examples are the quintessence, a scalar field used as a substitute for the cosmo-
logical constant, or the inflaton, which instead is a scalar field that guides inflation as it
unfolds [122-127]. We will see in Ch. 5 that nonmetricity can play both of these roles in

f(Q) gravity.

4.3 The Bianchi classification

In this section, we describe the Bianchi classification of 3-dimensional Lie algebras. Al-
though the way of deriving the classification was introduced by Bianchi [128], we will
follow the method invented by Schiicking [129, 130] and later used in [131, 132].

Let us assume we have only homogeneity and consider a spatial hypersurface X
[108, 133-135]. The homogeneity is represented by an isometry of the metric generated by
infinitesimal translations of three independent Killing vector fields ¢,, with « = 1,2, 37,
We showed in Sec. 1.5 that the Killing vectors form a Lie algebra. The commutator of the
basis of the Lie algebra is given by

urCp) = CVapl, (4.58)

where C7,g are called structure constants and are antisymmetric in the two lower indices,
C7p = —C7g,. Moreover, the Jacobi identity (1.99) implies the following constraint on
the structure constants,

%In this section, the Greek letters are used as indices that range from 1 to 3.
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With Egs. (4.58) and (4.59), from the knowledge of structure constants, we can completely
define the Lie algebra and therefore perform a classification.

It is useful to introduce the two indices quantities C* obtained by the dual transfor-
mation

CP = %e“wcﬁw = CVyp = €upCM, (4.60)
where €*f7 and ¢, py are the Levi-Civita symbols. In this way, Eq. (4.59) can be recast as
C*¥PCM e 5 = 0. (4.61)
The choice of the basis of generators is not unique; in fact, if ¢, is a basis, so will be
& = AdPCp, (4.62)

with AP a non-singular matrix of constant elements. Under such a change of basis, the
structure constants transform as follows

C"P = A" A PCT, (4.63)

which means we have equivalent sets of structure constants related by the transforma-
tion (4.63). Hence, the classification of 3-dimensional Lie algebras, and thus homoge-
neous spaces, is related to the determination of all sets of structure constants that are not
equivalent to each other.

We decompose C* in its symmetric and antisymmetric parts

CP = P — e"‘ma% (4.64)

where n*f is the symmetric part, whereas the antisymmetric one is expressed in terms of
the vector a,. If we substitute the decomposition in Eq. (4.61), we obtain the relation

n*Pag = 0. (4.65)
Under the transformations (4.62), n*? transforms as a contravariant tensor density
AT = (det A) ' (A7) T(AT) g, (4.66)

and a pasa covariant vector
i, = A,Pag. (4.67)

With Eq. (4.66), being n*? symmetric, we can diagonalize n®#,

n 0 0
nP=10 n 0]. (4.68)
0 0 ns

In addition, without loss of generality, we can set a g = (a,0,0). Therefore, if we assume
that the basis we choose is precisely the one in which n*F is diagonal, from Eq. (4.65) we
find

na =0, (4.69)
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Table 4.1: Bianchi classification of homogeneous spaces.

Class Bianchi type a ny 12 n3
A I 0 0 0 0
II 0 1 0 0
VII 0 1 0
VI 0 1 -1 0
IX 0 1 1 1
VIII 0 1 1 -1
B \Y% 1 0 0
v 1 0 0 1
VII, a 0 1 1
VI, a 0 1 -1
III 1 0 1 -1

and the commutators (4.58) become

81, 82] =adz +n3ds,
[82,G3] =n181, (4.70)
83,C81) =n2r — ags.

Now, the last viable operation is a rescaling of the basis ¢, without changing its direction
(the direction has been fixed by the choice of a basis that diagonalizes n*F),

o = K&y, 4.71)

with a consequent change in the commutation relations,

_ _ a - K3 _
181,82 :K—léz + K1K2n363’

82, 3] :K12<11<3 nié1, (4.72)

_ _ K2 _ a -
01 = 1262 — —¢C3.
[&3,81] KK 262 @ 33
With this rescaling, we can normalize each structure constant to £1. Finally, we can
classify the possible types of homogeneous spaces according to which of a, 111, 115, and n3
is zero. In particular, we distinguish two classes depending on whether a is zero or not,
which are called class A and class B, respectively. The complete classification is given in
Table 4.1

Throughout the thesis, we will consider only the Bianchi Type-I spacetimes, whose
metric can be given in the form [136, 137]

ds? = —df? 4 a?(t)dx? + b2(£)dy?® + c3(t)d=?, (4.73)
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where a(t), b(t) and c(t) are the scale factors associated to each space direction. It is
manifest that is a generalization of the spatially flat FLRW metric, sinceif weseta = b = ¢
we recover Eq. (4.30) with k = 0.

It can be easily verified that the metric (4.73) belongs to the BI case if we consider the

Killing vectors
¢1=1(0,1,0,0), ¢5=1(0,0,1,0), ¢3=(0,0,0,1), (4.74)

which commute between them, and we use Eq. (1.85) to verify that the Lie derivative of
the metric with respect to these vectors is zero.

4.4 Bianchi type-I in General Relativity

For the Bl metric the non-zero components of the Levi-Civita connection are

¢

¢’ (4.75)
o

so from the Einstein field equations, with the energy-momentum tensor of a perfect fluid,
we obtain

ab  be  ac
S T 4.76
ab + bc + ac P (4.76)
b ¢ be
_____ R 4.77
b ¢ be P &.77)
a ¢ ac
_____ g 4.78
i ¢ ac P (4.78)
i b ab
_____ =y 4.79
a b ab P ( )
On the other hand, the conservation of the energy-momentum tensor gives
SN (AL W (4.80)
Y PR prp)=~u .
We can introduce the average scale factor for BI cosmologies,
T = abc, (4.81)

and the average Hubble parameter H = 7/7.

As a first step, we analyze the vacuum case, p = p = 0 [133, 136, 138]. Due to Eq.
(2.34), we know that in the vacuum scenario, the equations to solve are given by R, = 0,
which components return the following equations,

Roo=—H—H2—H} — H> =0, (4.82)
Ry =H,+HH, =0, (4.83)
Ry =Hy + HH, =0, (4.84)
R33 =H.+ HH, =0, (4.85)
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where we introduced the directional Hubble parameters

a b ¢
Hu - El Hb - E/ Hc - E (486)

From Eq. (4.76) we have that

Hqu + HbHC + HQHC = O, (4.87)
thereby

H? = (H, + Hy 4+ H.)* = H2 + H? 4+ H?, (4.88)

and Eq. (4.82) becomes a closed equation for H,
H+H*=0, (4.89)

which solution is 1
H=—, 4.90
r— (4.90)

with tp a constant of integration that we set to zero, t) = 0. Equations (4.83), (4.84), and
(4.85) are used to derive the directional Hubble parameters and the scale factors,

P
H, = T“ —  a=at’e (4.91)
P
H, = Tb — b= byt (4.92)
_ I _ P
H =— — c=cot ¢, (4.93)

where P,, P, P, ag, by, and ¢y are constants of integration. Finally, we can write the
so-called Kasner metric

ds? = —df? 4 ?Pedx? + 2P dy? 4 2Ped2?, (4.94)

where we set a9 = by = ¢9 = 1. The definition of H, Eq. (4.88), and Eq. (4.90) imply the
following constraints on the exponents,

P, + P, + P, = P2 +1P; + P2 =1, (4.95)

which guarantees that p,, p, and p. cannot have all the same value and that if one of
them is negative, the other two must be positive.

These kinds of metrics were initially studied to understand how anisotropy affected
the cosmology. A clear example is how the point-like initial singularity typical of FLRW
models changes. In Kasner metric, for ¢ tending to zero, if two of the scale factors tend
to zero, the other expands infinitely creating what is called a “cigar” singularity or to
a finite value obtaining a “barrel” singularity. On the other hand, if it is only one of the
scale factors that tends to zero, we will have the other two tend to a finite value obtaining
a “pancake” singularity [133, 136, 139].

We now turn to consider the case with matter. From the sum of Eqgs. (4.76), (4.77),
(4.78), and (4.79), we obtain an equation for the average scale factor T,

T 3
=3 (p—p) (4.96)
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from which we can derive its evolution. On the other hand, subtracting Eq. (4.78) and
Eq. (4.79) from Eq. (4.77), we find, respectively,

d a b\l a b kg
and d . . T . . k
%) = 2_C_ K
dt {T (a c)_ =0 = a ¢ T’ (4.98)
with k,;, and kg constants of integration. A further integration yield
a=d, VT exp %(kub + kac) / % dt} , (4.99)
b =d, VT exp %(—Zkab + kac) / % dt} , (4.100)
¢ =d. VT exp %(kub — 2kac) / % dt] , (4.101)

where d,, d;, and d, are constants of integration as well, which satisfy the constraint
dadbdc — 1. (4.102)

Equations (4.99), (4.100), and (4.101) are the general solutions for the scale factors of the
system of equations (4.77), (4.78), and (4.79) with matter.

4.5 4-velocity with nonmetricity

So far we have introduced the FLRW spacetime and the Bianchi classification, but we
never mention the nonmetricity tensor since the Killing equations are strictly related to
the Levi-Civita connection, see Eq. (1.95). In defining the comoving coordinates we
stated that the timelike 4-velocity of the isotropic and homogeneous observer is normal-
ized and that the proper time is the curve parameter that we refer to as cosmic time.
However, these are not conditions directly fulfilled by the full connection I';; since we
know that nonmetricity represents the failure to covariantly preserve the norm of a par-
allel transported vector, whose consequence is also the non-coincidence of proper time ¢
with the curve parameter A. Indeed, from the definition of proper time, we know that

dx® dx?
8ab 3 dF -1, (4.103)
while for the 4-velocity u” = dx”/dA we have
dx® d® dx? da [ dt\? dr
P =gl =g =g, (S0} = (2 4104
Sapt W= 8ab" g "qa — 8% qr @ (d/\) (dA) ’ (4.104)

where [ is a generic function which represent the norm of u?. Therefore, the proper time
and A coincide if the 4-velocity is normalized. For this to happen, the following condition
must be satisfied if we want the norm to be preserved along the curve with tangent vector
u:

UV, (gabu”ub) = Qaptu®u’ + 2uuveub = 0. (4.105)
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If the curve is autoparallel, then Qeapttu®u? = 0. In the f(Q) gravity, since torsion is
zero, by making the Levi-Civita covariant derivative explicit in Eq. (4.105), we have

UV, (gabu”ub> = Quapuuu? + 2uyu~V u® + 2upufLo P u? = 2uputV b =0, (4.106)
which is identically zero if the curve is autoparallel with respect to the Levi-Civita con-
nection.

In the following chapters, we will consider different combinations of the above con-
straints that guarantee the 4-velocity normalization.
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Reconstructing homogeneous f( Q)
cosmologies

As we mentioned in the previous chapters, alternative theories of gravity have been de-
veloped to overcome the shortcomings of GR in describing the desired behavior of the
universe. Among the developed alternative theories there is f(Q) gravity, the general-
ization of the STEGR introduced in Ch. 3. A first approach in this direction is given
by the works [69, 70], in which it is shown that in a spatially flat FLRW metric using a
function of the type

f(Q)=Q9+aQ", (5.1)

and the coincident gauge, we can obtain solutions in which the universe goes from a
matter-dominated epoch to an asymptotically de Sitter universe without the introduction
of any cosmological constant. However, perturbation analysis shows that these solutions
present strong coupling problems due to the disappearance of the two scalar degrees of
freedom that propagate when de Sitter backgrounds are considered. The results of these
models were also tested by a comparison with experimental data showing good compat-
ibility with the theoretical results [140-143]. Other models of spatially flat FLRW cosmol-
ogy can be found in [144] and [145]; specifically, in the latter, it is shown that f(Q) gravity
can satisfy the constraints imposed by the Big Bang Nucleosynthesis. On the other hand,
studies of non-flat FLRW metrics were conducted not using the coincident gauge but the
symmetries of the metric, which impose constraints on the nonmetricity via Lie deriva-
tive [146, 147]. FLRW metric has been studied from a quantum point of view as well. For
example, in [148], the form of the function f(Q) that conducts cosmological bouncing
solutions has been selected by order reduction; moreover, the Hamiltonian formalism is
used to find the Wheeler-DeWitt equation and the wave function of the universe. On
the other hand, in [149], by introducing Dirac brackets, it results that the cosmological
quantum theory of f(Q) gravity is highly dependent on the nature of matter.

There is no shortage of studies of BI metrics, although they are far fewer than FLRW
metrics. In [150] a local rotationally symmetric BI metric is studied, where in Eq. (4.73)
the assumption b = c is set. It turns out that by choosing a second-order polynomial
function for f(Q), i.e,, n=2 in Eq. (5.1), the universe approaches a phase of isotropy at
late times. The same kind of BI metric is also considered in [151] and [152] but with
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f(Q) = aQ + B, where « and B are free parameter. Here, the solutions were compared
with experimental data by obtaining constraints on the parameters of the theory.

In all previous works, the study procedure is to choose the form of f(Q) a priori
and then determine the dynamics of the cosmology. We decided to follow a different
approach that is known as reconstruction method. Reconstruction methods were used
for the first time by G. F. R. Ellis and M. S. Madsen [153] to find the potential functions
needed in models of inflationary universes. The general idea consists of reversing the
usual procedure of resolution: a given form for the spatial scale factor is assumed and,
once substituted into the cosmological equations, further information is derived on the
remaining unknown functions of the theory, for instance, the inflaton potential func-
tion in [153]. Subsequently, reconstruction was used in various frameworks, like in the
cosmology of f(R) gravity [154], where the generic function of the Ricci scalar is recon-
structed starting from given scale factors, in scalar-tensor cosmologies [155] and in the
study of static and spherically symmetric spacetimes [156-159].

In the following, we will consider such a method to study both BI and spatially flat
FLRW universes in f(Q) gravity.

The study performed in this chapter is based on the paper “Reconstructing isotropic
and anisotropic f(Q) cosmologies” [74].

51 f(Q) cosmology

Let us now specialize the field equations (3.53) and (3.54) to the study of BI and FLRW
universes. These equations will constitute the core of the reconstruction method we in-
tend to apply.

In this chapter, we will consider an observer represented by an autoparallel curve
with normalized 4-velocity u* = (1,0,0,0) and the coincident gauge, so the condition
(4.105) will reduce to dggoo = 0, which is always satisfied by both the FLRW metric (4.30)
and the BI one (4.73).

5.1.1 Bianchi Type-I metric

As we showed in Sec. 4.3, the BI metric represents spatially flat, homogeneous but not
isotropic spacetimes,

ds? = —d#® + a®(t)dx?® + b?(t)dy?* + c2(t)dz>. (5.2)

Because we adopt the coincident gauge!, the nonmetricity scalar is

ab ac  be
=2(—=+—+— .
Q (ab+ac+bc)' (5.3)
where the dot represents the derivative with respect to time.

To derive the cosmological equations, we assume that, at cosmological level, the hy-

permomentum tensor A, is zero, and the matter is described by the energy-momentum
tensor of a perfect fluid,

Yo = (0 +p) tatiy + PSab, (5.4)

IWith this choice, we assert that the comoving coordinates and cosmic time used to write Eq. (5.2) are
the same ones that ensure the vanishing of the total connection I,
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where pressure p and the energy density p are related by the equation of state p = wp,
with w the barotropic factor, and p satisfies the continuity equation derived from Eq.
(3.55),

p+=(1+w)p=0, (5.5)
whose solution in terms of the volume of the universe t(t) = a(t)b(t)c(t) is
p=pot 1T, (5.6)

where pg is the density at a given initial time. We derive the cosmological equations from
the temporal and spatial part of Eq. (3.53),

%f 2 (”b ZE+@) ~ (57)
Fd) s et varer o

We can recast the above equations in a more useful form by performing some simple
operations.

Let us consider the combination of Eqgs. (5.7)-(5.10) given by Eq. (5.7) multiplied
by —1/7 and added to Egs. (5.8), (5.9), and (5.10) multiplied by 34/a, 3b/b, and 3¢/c,
respectively. The resulting expression is an equivalent of the Raychaudhuri equation
(4.39),

f——f ( Q+29— )—3f"QQ:£(p+3p), (5.11)
where we used that . ‘
Q) =f"(Q)Q, (5.12)
and
. ac‘ ab @%b ab®*  aé  a%¢ ac®  be  bé b ¢ be?
Q= ab R T o R e e vyl v N GRS

However, we can also obtain Eq. (5.11) using only Egs. (5.5) and (5.7) taking the time
derivative of Eq. (5.7) multiplied by 3, adding Eq. (5.7) multiplied by 27/t and sub-
stituting (5.5). Thus, if the Egs. (5.5) and (5.7) are satisfied, so is Eq. (5.11). This step
will be crucial for developing the reconstruction algorithm as it allows us to remove one
equation.

Instead, subtracting Eq. (5.9) and Eq. (5.10) from Eq. (5.8), we obtain, respectively:

fl b o kllb a dl ab

. Iz — =e exp/f dt (5.14)
and . -

a ¢ a d

E_E:Ta; — _e2exp/£dt (5.15)
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where kg, kqc, d1, and d, are constants of integration.
Therefore, we can consider the equivalent set of independent cosmological equations
given by

1 ab  be  ac
= f( b >_—@ 5.16)
o+ = (1 +w)p (5.17)
a b k ab
a ¢ kg

One of the last two equations can be replaced, depending on the situation we are ana-
lyzing, by the relation that we derive with simple algebraic steps from Egs. (5.18) and
(5.19), ‘
a b ¢
(kab - kuc)a + kucE - kabz = 0. (5.20)

Notice that the number of cosmological equations has decreased. This is possible because
one of the Egs. (5.8)-(5.10) can be replaced by Eq. (5.11), which is always satisfied given
the solutions of the Egs. (5.5) and (5.7).

5.1.2 FLRW metric

If we require isotropy in the BI metric, i.e., a(t) = b(t) = c(t) in (5.2), we obtain the
spatially flat FLRW metric. The nonmetricity scalar is related to the Hubble parameter
H =a/aby

Q = 6H?, (5.21)

and the Raychaudhuri equation (5.11) is equal to
1 ' 2 "2 1
f—f <H—|—2H>—12fHH:6(p+3p). (5.22)
The cosmological equations (5.16)-(5.19) reduce to the following
1
Ef — 6H%f' = —p, (5.23)

p+3H(1+w)p =0. (5.24)

To facilitate the study of the examples that will be considered, it is useful to define the
deceleration parameter,

da
1= (5.25)
and rewrite Egs. (5.22) and (5.23) in a more expressive form,
il 1,. R 1, N
o= ¢ (Pm+3pm) — ¢ (07 +3p¢), (5.26)
1. N
H? =2 (pm+py). (5.27)
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where
==L  and  pu= j@, (5.28)

represent the standard energy density and pressure, with an effective gravitational con-
stant regulated by f'(Q), while

1!
and =2 _Yf  fho (5.29)

4 4f/ f/
represent the energy density and pressure of an effective fluid associated with the pres-
ence of nonmetricity.

A

1f
szzj?,/

5.2 Reconstruction method: Bianchi Type-I

In this section, we will apply the reconstruction algorithm to investigate some exact so-
lutions in BI models. Given suitable scale factors, we will find the function f(Q), which
admits such scale factors as solutions of the corresponding cosmological equations.

5.2.1 Example 1: Power law scale factors

Let us start by assuming each scale factor as a power law as in the classical Kasner solu-
tion, but without the restrictions on the exponents (4.95),

a(t) =aot",  b(t)=bot",  c(t) =cot, (5.30)
T = abc = agbycot™N (5.31)

where N = n+m + 1 and ay, by and ¢ are dimensional constants. In such a circumstance,
the nonmetricity scalar takes the form

Q=2 (nm+nl+ml) $72 — (",‘FZ, (5.32)

with § = 2(nm + nl 4+ ml). Making use of Eq. (5.32), from the definition of the spatial
volume and the continuity equation we obtain the expressions of T and p as functions of

Ql

(Q) =1 (g) ° (5.33)
) f(1+@)N
0(Q) = por~ 1@ = pgz; 1+ (%) , (5.34)

where 1) = agpbgcp. In the above expression and the following, we will use @ instead of w
to emphasize the fact that @ is just a parameter for the theory we will reconstruct, and it
is not related to any matter source the final reconstructed theory might be coupled with.
Inserting Eq. (5.34) into Eq. (5.16), we obtain the differential equation

%f —Qf = _EQ%(Hw)N (5.35)

with I
€ = pOT(;(1+w)C_7(1+ZU)N- (536)
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Equation (5.35) admits the solution,

3(14+@)N
f(Q)=fovVQ+ 2eNQ ’ (5.37)

(14+@) -1’

where fj is a constant of integration and will be so throughout the chapter?.
Using Egs. (5.30), (5.31) and (5.37), Egs. (5.18), and (5.19) generate the following
constraints on the integration constants:

1

fOZO/ Tl—|—m—|—l:5, (538)
(14 w)pety ©(n—m)

kap = Z[m—{—n —w(m2+mn_|_n2)]’ (5.39)

k. — A @)poty *(@m +20n — 1) 540

2[m+n—@(m?>+mn+n?)|

Notice that relation (5.38) implies that we are forced to exclude the case @ = 0. If we set
@ = 0 from the beginning, then we would obtain:
1
m:n:l:§, (5.41)

i.e., an isotropic solution.

5.2.2 Example 2: More complex scale factors.

In this second example, we choose the scale factors as follows:

a(t) = aa(t)y/T(t), b(t) = Bo(t){/T(t),
c(t) = ye(t)y/T(t),

(5.42)

which is an interesting template for Bl solutions (see, e.g. [136]). The quantities «, 8, and
<y are generic constants.
The first step is to derive b(t) from Eq. (5.20),

kac—kgp  Kgp

b = boa kac  ckac (543)

where by is a constant of integration. Then, using the definition of T and Q, we obtain

the scale factor
kﬂb +kac

a = agcra—ac, (5.44)

and the relation

— = 2— -3
c2 18012 T2 <

ka2 (2 sg) ois

2One might think that the result in Eq. (5.37) is only valid for the fluid chosen in the reconstruction
process, however, such a conclusion would be incorrect. In fact, if we use Eq. (5.37) and fluids with w # @
in Egs. (5.7)-(5.10), then we obtain a different evolution for the scale factors from the one used for the
reconstruction method. For the sake of simplicity, we will show this explicitly in Section 5.3 for the FRLW
case.
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with ;
ag = (boafry)fav~2Hac (5.46)

and

O = \ /K2, — Kapkac + K3, (5.47)

If we now extrapolate f/'(Q) from Eq. (5.16),

f/ _ f+2pOT*(1+ﬂ_))
209 ’

(5.48)

and replace all in Eq. (5.18), then we find that particular cosmological solutions can be
found imposing the conditions,

f=Kr 177, (5.49)
1 2 2@
5=79(KB o™ +s), (5.50)
KT(Kf + 2p0) —40 =0. (5.51)
Equations (5.49) and (5.50) can be resolved if we make explicit the dependence of Q on
7. A convenient choice is )
Qo ) g
T=4(=) , 5.52
(% 5:52)
with Qp > 0 a dimensional constant. Relation (5.52), together with Eq. (5.49), allows us
to write
Q 17 —1-o
f(Q) =Ky |+ (é) ] , (5.53)
which, when substituted into Eq. (5.16), provides the value of the constant K,
2npo
Kf=— 5.54
f=m+2—n' (5-54)
and from Eq. (5.51), also the value of K,
po(1+ o)

To proceed further, we will analyze separately three subcases: @ = 0, n = 2w, and n = .

Casew =0
If we set @ = 0 and :
Qo) "
T=— (=), 5.56
(% (550
with n an odd integer, then the solution of Eq. (5.50) is
(1) = agbrey | 25— (6= 02| (5.57)
=moic | g 0 : :
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The quantities a1, by and ¢; are constants depending on «, B, v, bo, kzp, kac, po and Qg and
the parameter tj is the instant of time in which the initial data are assigned. This notation
will also be used in the subsequent examples. The scale factors assume the form,

1
s ] Ly [3n(t— k)
= —(t— — -— 5.58
a(t) = a 2 (t—tg) | exp{ mq tanh ok | [ (5.58)
1
41 ] 4 [3n(t— k)
_ (4 _ 5.59
b(t) =b, o2 (t—to) | exp{ m, tanh e it (5.59)
1
[4K3 AN 1 [3n(t—to)]
_ _(+ _ = 5.60
c(t) = o2 (t —to) | exp { m3 tanh Tk | [ (5.60)
where
_z(kab + kac)
2(kae — 2kgp)
= .62
nyp 310 s (5 6 )
~ 2(kgp — 2kqc)
ms = o) . (5.63)
Notice that the sum of mq, my, and ms3 is zero,
mi+my+mz =0, (5.64)

and it will be the same in the other cases of Bl metrics discussed in this section.

In Fig. 5.1 we show an example of the evolution of scale factors: at the beginning,
the universe is spatially one dimensional (and therefore singular) and becomes spatially
one dimensional again after a process of expansion and contraction, as described by the
behavior of T. Hence, the relative differences between the scale factors are greatest at the
beginning and the end of cosmic history, with a time interval in which the values of the
scale factors are close to each other.

On the other hand, if

T = (%) " (5.65)

with #n still an odd integer or a rational number with an odd denominator, the solution
of Eq. (5.50) is

= (5.66)

Given Eq. (5.66), and choosing two scale factors proportional to each other, e.g. a = b,
we have

1
277
T(t) = a1b1c1 |:(t — t())2 — 4KT:| ,

1
273 _ _ 1 mq
a(t) — (t . to)z B 4KT 3n (t to) 2KT (567)

on2 | |3n(t—to) +2K|

and

c(t) =c1 |[(t—tg)? —

4KZ7 3 [3n (t — tg) — 2K ™ (5.68)
2| |3n(t—to) +2K¢|
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(b) Nonmetricity scalar and 7.

Figure 5.1: Evolution of (5.57)-(5.60) with values n = 1, K; = 2v/3, Qp = 1,81 = by = ¢; = 2,
m| = %,THZ =0,m3 = —\%,al’ldto = %

where
my = 1 (5.69)
1 — 37’1’ .
2
= ——. 5.70
my 31 ( )

A representation of the cosmological evolution is given in Fig. 5.2. After an initial sin-
gular phase, in which the universe is spatially one dimensional, the scale factors grow
showing a similar behavior for large values of t. This trend can be immediately verified
by taking the limit for t — oo of Eq. (5.67) and of Eq. (5.68).
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my =2,and tg = — %
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Figure 5.2: Evolution of (5.66)-(5.68) with values n = %, K; = %, Qo=1,a1=0c1 =

20
3 -

Case n = 2w

We now set n = 2w, @ # 0, and

(&)

In this case, the solution of Eq. (5.50) is

=

T(i’) =a1bicq (t+ 1)@

Therefore, the scale factors are equal to

1
a(t) = ay (t4tg)3 ™,
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b(t) = by (£ + tg)3@ ™2,

c(t) =c1 (t+ fo)s%+m3,

where

KT\/gO(kab + kllC)

my = ’
' 300/ QK2 + 6
o Krv QO(kuC - 2kab)

my = ,
27 300/ OK2 1 6

o KT\/gO(kab - 2kac)

msz = .
> 300/ QK2 1 6

With ty = 0, we recover the results of Sec. 5.2.1,

a(t) = altﬁﬂnl, b(t) = bltﬁﬂm, c(t) = Clt%ﬂm.

(5.74)
(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

We give a representation of the evolution of the system in Fig. 5.3. The scale factors are
always growing, but their growth rate is different. We notice a particular instant of time

where the scale factors coincide.

Casen = o

Ifn=uw @ +#0,and

then the solution of Eq. (5.50) is

T(t) = alblcl{ sinh EKTQow(t + to)l } :

The scale factors are

a(t) :al{sinh %Krgow(tqtto) }

. [1 i} ]
b(t) = bl{ sinh ZKTQow(t + to)

. [1 _ ]
c(t) = cl{ sinh ZKTQOw(t + to)

with
:KTQO(kab + kac)
1 a0 ,

m :KTQO(kac - Zkub)

6()

_ KT QO (kab - 2ktZC)

m3

6()
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(b) Double logarithm plot of nonmetricity scalar and .

Figure 5.3: Evolution of (5.72)-(5.75) with values w = 0.16, K; = 1.25, Qg = 1,41 = 0.25, b; =
9.14-1073,¢c; =3.42-1072,my = 1.74, my = —1.52, m3 = —0.22, and ty = 0.

Let us consider the example shown in Fig. 5.4 where two scale factors grow up to in-
finity while the third one, which in the figure is represented by the scale factor b, once
it has reached a maximum, tends to zero. Therefore, during its evolution, the universe
undergoes a first phase where the scale factors are all growing and a second one where
the spacetime tends to become spatially two-dimensional and therefore singular.

5.3 Reconstruction method: FLRW

In this section, we will consider spatially flat FLRW cosmologies. As it will be evident,
the higher symmetry of the FLRW spacetime, compared to BI, will make it easier to apply
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Figure 5.4: Evolution of (5.81)-(5.84) with values @ = 0.16, K; = 0.55, Qg = 1,41 = by = ¢; = 515,
my = 0.17, my = —0.14, m3 = 3.45-1072, and ¢, = 0.

the reconstruction method.

5.3.1 Example 1: reconstruction from a time-dependent scale factor

To start with, we consider two scale factors a = a(t): a power law and an exponential

function of time.

Scale factor as a power law

Setting

a(t) = apt",
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with a9 a dimensional constant, the nonmetricity scalar assumes the form
Q = 6H? = 6n’t~2. (5.89)

By inverting the relation (5.89), we may express the scale factor and density p as function

of O:

a(Q) = ag (g) 2 (5.90)
and -
) B . n(l+w

0= poa—3(1+w) = P01y 3(14w) (%) , (591)

with &« = 6n2. Replacing Eq. (5.91) in Eq. (5.23) and solving the resulting differential
equation, we obtain the function

£(Q) = v/ @+ Q31O (5.92)

with

_ 200 ~3(1+@)  —3(1+@)n
f1—3n(1+w)_1a0 g 2(1+@)n (5.93)
The function (5.92) is similar to the ones that have been mostly used in literature so far
[69, 160]°.
Now we will show that, as anticipated in Sec. 5.2.1, the solution (5.92) is valid even
if we choose to resolve the cosmological equations in the case of fluids with w # @. For
example, considering @ = 0, then

NG

_ 200 5 ( 2\
f(Q)—fox/@+3n_1a0 (“ , (5.94)
and a fluid with w = %, i.e. radiation, for which
p1 = p10a " (5.95)

Substituting Egs. (5.94) and (5.95) into Eq. (5.23), we obtain the following expression for

a(t), . 3
(29 Lfadoro (tHb\
a(t) = <—3 ) o\ ) (5.96)

which, for the same value of n, is clearly different from (5.88).

Scale factor as an exponential function

We set now -
n
a(t) = age™ )™ (5.97)
where m > 0, ap and t( are generic constants, and 7 is a natural number. The scale
factor (5.97) describes a cosmic scenario in which all of the three main phases of the

2
31+a)’
mannian cosmological solutions, then the (5.92) would give f(Q) o« Q. This result implies that f(Q)
gravity can have, at most, one cosmological solution in common with GR.

3Notice that if we were to start with n = the solution that encompasses all the classical Fried-
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cosmological evolution (inflation, Friedmann phase, and dark phase) are represented
(see Fig. 5.5a). The duration of the Friedmann phase is related to the value of the odd
exponent 271 + 1, which therefore plays a crucial role. The nonmetricity scalar associated
with the scale factor (5.97) has the form

Q = 6(2n + 1)?m>(t — to)*". (5.98)

With the help of Eq. (5.98), we derive the expressions of the scale factor a2 and the density
p as function of Q:

2n+1
a(Q) = apexp [m (%) " ] (5.99)
and _"
_ _3(1+w) L (Q) *
0 = Poa, exp [—Bm(l + ) (;) ] , (5.100)

with & = 6(2n + 1)%m?.
Inserting Eq. (5.100) into Eq. (5.23) and solving it, we obtain the function

2n+1
1 2n _ Q 4n
f(Q) = fovQ— QT [—2n+1,3m(1+w) (E) ] (5.101)
where I is the incomplete gamma function, and
4n — 7 _2n
fi= a2t Bt @) (5:102)

As it can be seen in Fig. 5.5b, here the effective gravitational constant 1/ f'(Q) is pos-
itive, whereas the nonmetricity correction py is always negative. However, p; grows
slower than the matter term ps, so the scale factor will always tend to increase, and the
cosmology expands.

5.3.2 Example 2: reconstruction from the time derivative of the scale
factor

The previous examples relied explicitly on the inversion of the expression of the non-
metricity scalar, i.e., we always needed to obtain a relation of the form t = t(Q). Such
inversion is not always possible analytically. Another option is to give an implicit ex-
pression for the scale factor. In particular, we can consider the scale factor a(t) as defined
by a suitable differential equation,

a=h(a), (5.103)

with h(a) a generic function of the scale factor. Then, we can express the nonmetricity
scalar in the form

2
Q=6 {@1 . (5.104)
As an example, let us consider the relation
a= 20 a— Aa?, (5.105)

VA
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30

25 1

20 1

154

10 1

(a) Scale factor and deceleration parameter

60 1 — Pm

40 - - Pr

20 A

—20 A

—40 -

—60

0.0 0.5 1.0 15 2.0 2.5 3.0

(b) Pr and p

Figure 5.5: Evolution of (5.97) with valuesn =2, m =1,p0 = 1,a9 = 10, fo =0, tgp = %, and
w = 0.

where () and A are generic constants. From Eq. (5.105) we derive the evolution of a().

1
a(t) = Ksinz(ot). (5.106)
Equation (5.104) allows us to obtain the scale factor and density p as a function of Q,
1 AQ
- =A+— 5.107
a T 0 ( )

and

3(1+)
AQ ) . (5.108)

PZ*”O(“@
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Replacing Eq. (5.108) in Eq. (5.23) and solving, we find the solution,

7 3 5

5 _ -
f(Q) :fO\/@JF b {Ef —3W; 5 24()2] le3 + b {E’ —3w;2, 24()2]

1 . 3 1 .1 Q
+ 2F1 |:§/ _Swl E/ 24QZ:| f3Q 21:1 |:_§I _3w/ E/_m} f4l
(5.109)

where > F; denotes the hypergeometric function, and f; (i = 1, ..., 4) are constants depend-
ing on A, (), pg, and @.

As we can see in Fig. 5.6a, the scale factor (5.106) represents a cyclic universe in which
every cycle is separated by a singularity. As in the previous example, the term py, is al-
ways positive. However, §; changes sign. When pr < 0, the expansion slows up to the
point in which the cosmology reaches an equilibrium and then starts contracting. When
p s becomes positive, the contraction is slowed down up to the point in which the space-
time reaches the singularity with zero contraction rate but with positive acceleration.
This fact suggests that the singularity might not be “stable” and, therefore, that one can
use this solution for the analysis of pre-Big Bang scenarios in f(Q) gravity.

fQ%+

5.3.3 [Example 3: reconstruction from the deceleration parameter

Another way to avoid performing the inversion of the scale factor function is to express it
indirectly in terms of a differential equation for the deceleration parameter. More specif-
ically, we set

g ="h(q), (5.110)
with h1(q) a generic function of the deceleration parameter. Equation (5.110) implies the
following expression for the Hubble parameter and scale factor:

1 1+g
= (5.111)

H(q) h(q)

H(q) }
a(q) = ex ——dq| . 5.112
q) = exp [ / n(g) ™ (5.112)
As an example, let us consider the equation

q=q0(1+9)v1, (5.113)

where g is a generic constant. Using the above equations and remembering that H> =
Q/6, we can write g and a as functions of Q:

3 2
q(Q) = Eq—QO, (5.114)
_ 3% 5.115

Replacing them in the Friedmann equation (5.23), we find

11 3 2
f0\/—+ oF |5, 5(= 3'—1);—;——Q 2o+
2'2 2" 33| 4
Q (5.116)
11, . 1 20
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Figure 5.6: Evolution of (5.106) with values A =1, =1,p9 =1, fy =0, and @w = 0.

The definition of Q, combined with the definition of g, gives a differential equation for
a(t) from which we derive

a(t) = agsin [qz_o (t — to)] + a1 cos [% (t— to)} , (5.117)

with the condition a3 + a3 = 1.

As the above solution can be negative, we will limit ourselves to studying only the
first half-period (Fig. 5.7). It is clear that this solution represents again a universe en-
closed between two singularities as it happens in Sec. 5.3.2. The difference is that
departure and approach to the initial and final singularities happen with an expan-
sion/contraction velocity different from zero. The behavior of nonmetricity terms is
similar to that in the previous subsection.

74



CHAPTER 5. RECONSTRUCTING HOMOGENEOUS f(Q) COSMOLOGIES

3.0

— a

2.5 — q

2.01

1.51

1.0 A

0.5 1

0.0

0 1 2 3 4 5 6
t

(a) Scale factor and deceleration parameter

2.0 T
— Pm

1.5 1 - Pr

1.0 A

0.5 A

0.0 1

-0.5

0 1 2 3 4 5 6
t
(b) pu and py
Figure 5.7: Evolution of (5.117) with values ap = a; = %, qgo=1,00=1, fo =0,tp = 7, and

w=0.

5.3.4 Example 4: reconstruction from the time derivative of nonmetric-
ity scalar

In this last example, we reconstruct the scale factor and the function f(Q) by imposing a
differential constraint on the nonmetricity scalar,

Qt) = —aQ"(t), (5.118)
with « a dimensional constant. From Eq. (5.118), we obtain the solution
1
Q(t) = [(n — 1) (t — to)] 77 . (5.119)
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Using the relation Q = 6H?, we first derive the scale factor as

a(Q) = apexp [\/2%] (5.120)

and then, from Eq. (5.119), we have

a(t) = apexp { %[zx(n _“(12)1(;__;;))]2% } (5.121)

The scale factor (5.121) has an increasing trend for n > % and & > 0 (see Fig. 5.8a).

Equation (5.23) gives, for w = 0,1/3,1

f(Q) =fovVOo+ AVOT [2n1 “HDNEan]. (5.122)

-3 (2n—-3)a

where f; (i = 1, ..., 3) are constants depending on ay, «, po, and n.

Looking at Fig. 5.8a, it is evident that the scale factor changes concavity. Therefore, af-
ter a decelerated phase, cosmology undergoes an accelerated expansion. The term py is
always positive; thus, the effective gravitational constant 1/ f/(Q) remains positive. The
fact that the contribution of g is also positive and that we are considering only standard
fluids suggests that nonmetric pressure term pr in Eq. (5.26) must be responsible for the
accelerated expansion.

5.4 Discussions

In this chapter, we derived and analyzed some exact cosmological solutions in the context
of f(Q) theory, with the aim of understanding the role the nonmetricity might play in
the evolution of the universe.

The primary tools to perform this investigation were reconstruction techniques, in
which the form of the scale factor(s) is assumed and the form of the function f is re-
covered a posteriori. An essential step for developing the reconstruction algorithm is to
reduce the cosmological equation to the simplest set of independent equations. In this re-
spect, the relation between the different components of the Einstein equations is pivotal.
We were able to show that, as it is well known in the case of FLRW metrics, also in the
case of Bl metrics one of the Einstein equations is dependent on the other when the con-
servation laws are taken into account. This feature has allowed us to reduce the number
of equations to be solved. In their original form, reconstruction techniques require some
inversion of the scale factor or other related quantities. We have been able to go around
this difficulty by assigning a differential relation rather than an exact expression for the
scale factors. This approach led to the derivation of several nontrivial solutions.

We started by studying the case of an anisotropic universe endowed with a Bl metric.
In this context, we found several solutions, such as universes where initial and final
states are singular configurations with only one or two spatial dimensions (Secs. 5.2.2
and 5.2.2), and more classical solutions where the scale factors are suitable power law
functions (Secs. 5.2.1 and 5.2.2). In Sec. 5.2.2 we also obtained a universe that becomes
more and more isotropic in the future.
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Figure 5.8: Evolution of (5.121) with valuesn =2, &« = 2,00 = 1,a0 = 1, fo = 0, tp = 0, and
W = 0. The scale factor 4 has an inflection point at = 3.

In almost all of these solutions, we found that the nonmetricity scalar presents some
special features when the difference between the behavior of the scale factors (and hence
anisotropy) has a maximum or minimum. For example, in Fig. 5.1 we see that when the
scale factors are all equal, the nonmetricity scalar has a maximum, whereas at the Big
Bang/Big Crunch when we have the maximum anisotropy, the nonmetricity scalar has
a(n infinite) minimum. Similar behaviors might be found in the other figures.

We then moved on to the study of spatially flat FLRW universes. In such a framework,
we found different solutions: some of them represent Big Crunch models (Sec. 5.3.3) or
oscillating models (Sec. 5.3.2) [161, 162], where the nonmetricity leads the universe to
contract. The solution discussed in Sec. 5.3.1 shows that in the presence of nonmetricity,
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the scale factor can present all the principal phases of the universe history (inflation,
decelerated expansion, and dark era). In this case, it turns out that the nonmetricity
terms drive all three phases.
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1 + 3 covariant formalism

In this chapter, we elaborate on the concept of spacetime foliation already introduced in
Sec. 4.1. We endow the spacetime with a congruence of timelike curves, whose tangent
vector field u determines, at each point, the local direction of the time flow. The existence
of this vector field implies the existence of preferred rest frames at each point. Thus, the
field u can be thought of as the 4-velocity field of a family of observers whose world
lines coincide with the congruence. This assumption is the basis of the so-called 1 + 3
formalism [89, 163, 164]. The reason behind the use of this formalism is that we do not
need to introduce any kind of coordinates system, so we have a total covariant approach.
Moreover, it gives us a direct insight into the physical relevance of nonmetricity in both
geometric and dynamical aspects of spacetime. The approach was used in nonmetric
theories of gravity for the first time in [165, 166], where both the Raychaudhuri equation
was derived.

First, we will apply the formalism to nonmetric spacetimes and then to BI cosmologies
in f(Q) gravity to study how nonmetricity affects expansion and anisotropy.

The study performed in this chapter is based on the paper “Bianchi type-I cosmolog-
ical dynamics in f(Q) gravity: a covariant approach” [75].

6.1 14 3 formalism with nonmetricity

In this section, we apply the 1 4 3 formalism to a spacetime endowed with a connection
with nonmetricity but torsion-free, T,; = 0. The aim is to analyze how nonmetricity
affects the congruence of timelike curves, or world lines, which represent our preferred
observers.

6.1.1 4-velocity

Given the congruence x* = x%(A), expressed in terms of a parameter A, we define the
4-velocity as the timelike vector

dx?
ut = PR Uy = gubub. (6.1)

79



CHAPTER 6. 1+ 3 COVARIANT FORMALISM

As mentioned in Sec. 4.5, due to nonmetricity, in general, the proper time f is not an
affine parameter. Therefore, we impose the condition

Qabcuaubuc =0, (6.2)

together with the requirement that curves of the congruence are autoparallel, which en-
sures that proper time is the curve parameter. Assuming systematically the condition
(6.2), we can arrange things to parameterize the curves using the proper time and define

the 4-velocity as,

a .
ut = di, wu' = —1. (6.3)
dt :

As we will deal exclusively with cosmological models of BI, we will assume in Sec. 6.3
that the condition (6.2) is satisfied. Indeed, we will show that, because of the gauge
choice, such a condition is not restrictive for our purposes.

Once the 4-velocity has been defined, we may introduce the projection operator along
u' defined by means of the tensor

U“b = —u”ub, (64)
which satisfies the properties,

usu’ =u®, UuUG=U% U, =1. (6.5)

Orthogonal projection

The choice of a preferred time direction allows us to single out a 3-dimensional subspace
of the tangent bundle, at any point, orthogonal to the 4-velocity u”. The restriction of the
metric to this spatial subspace is the so-called transverse metric,

hap = Qap + Ualty. (6.6)
Associated with the transverse metric (6.6) there is the spatial projection operator,
h'y, = o5 + u'uy, (6.7)
satisfying the properties
Wohty =hY,  h.=3,  hyu’=0. (6.8)

In the following discussion, we will also use the projected symmetric trace-free (PSTF)
part of a tensor. In particular, for any 1-form V,, and covariant 2-tensor T, the PSTF is
expressed as

1
Vi =ha"Ve, Ty = | 1" )" = Zhaph™ | T (6.9)

6.1.2 Time and spatial derivative
The time derivative of a generic tensor T ... is defined as,
T . = uV Iy =
= UV Ty + ULy T o+ — ULy T g — -
=Ty + UL T o+ — ULy T g — -,

(6.10)
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where _
T . = uV Ty (6.11)

is the time derivative with respect to the Levi-Civita connection.
On the other hand, the spatial derivative is defined as the spatial projection of the
covariant derivative,

DTy =hePhy -y VT =
:hcpham AR hbn c e (vprﬂ.—‘mn + quman + A '+

LT — ) = 6.12)
:DCTW'b... + hoh, - -hbn cee qumTqmn...—l—
4. _hcpham .. 'hbn e Lpanmq -,
with 3
DcTab — hcpham st hbn c VPTmn (6.13)

the spatial derivative with respect to the Levi-Civita connection. It is worth noticing that
the spatial derivative of the metric g;; is equal to the spatial derivative of h;;:

Dcgap = hcphamhbnvpgmn = hcphamhbnvp (Myn — umttn) = Dchgp. (6.14)

4-acceleration

Because of nonmetricity, scalar product, and covariant derivative do not commute in gen-
eral. For this reason, we use the convention that the contravariant, or covariant, counter-
parts of objects related to the covariant derivative are obtained raising, or lowering, the
indices by the metric. Accordingly, we define the 4-acceleration as

1
i, = Vi, = 11y — Ly Sucu® = 1, + EQabcubuC, (6.15)

where 1i; = u'V nl; is the 4-acceleration with respect to the Levi-Civita connection. After
that, the contravariant counterpart of (6.15) is obtained as

1
i1 = ¢y, = ¢ uVouy, = 4" + Eg”becduCud. (6.16)
If Eq. (6.2) holds, u' and 1; are orthogonal to each other,

uauu — uaua — 0. (6.17)

6.1.3 Kinematic quantities

The covariant derivative of the 4-velocity can be decomposed in its temporal and spatial
projections,

Vaup = —ugily + Dauy — ubhacudVCud =
‘ 1 1 . . (6.18)
= —uglly + ghab(@ + O+ Wyp — Eubha Qemnu™u”,
with 1
Dauy = ghab@) + Oab + Wap, (6.19)
and where:
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* O is related to the rate of volume expansion,
@ - gabDaub — gabhaphbqv;guq - habDaub - habLabCuc — @ - habLabCuc, (6.20)

with
© = D,u?% (6.21)

* 0, is the trace-free symmetric tensor called “shear tensor”, describing the volume
preserving distortion of the fluid flow,

1 ~
Oup = D<aub> = h(amhb)n — ghabhmn (Dmun — hmphnquqCuc) =

(6.22)
= Ogp — L(ab>cucf
o’ =0, 0" =0, (6.23)
with

Oap = Dy, O’ =0,  5,"=0; (6.24)
* wyy is the skew-symmetric tensor called “vorticity tensor” describing rotation of

the fluid flow,
Wyp = D[aub} = D[al/lb] — h[amhb]annCl/lc = D[aub} = d)ab/ (6.25)

~ ~ b ~ b
Wap = D1y, wpptt” = @ypu’ = 0. (6.26)
So, the vorticity is not influenced by the nonmetricity tensor.

It is useful to introduce the magnitudes of shear and vorticity tensors,

1 1
o? = Eaaba”b, w? = Ewabwab, (6.27)
o 1 21
0t =5 w0, @ = 5 @ap@", (6.28)

which will be used in the cosmological equations. By substituting Egs. (6.20), (6.22) and
(6.25) in Eq. (6.18) and considering Eq. (6.2), we get the expression,

~ 1 1
Vuub = Vaub - EugthQcmnumun - humhanmnpup - EubhaCQcmnumun ==

1 (6.29)
= —uglly + §®hab + Opp + Wap — u(uhb)CQcmnumu” — hamhb”LmnPuP.

6.1.4 Intrinsic and extrinsic curvature: the Gauss Relation
Given a spatial vector field v?, we define the spatial Riemann tensor through the relation,
3R g0’ = (DeDg — DgD¢) v — 2w equuP gV o'l (6.30)

Besides the Riemann tensor, we can also define an extrinsic curvature tensor K,, that
measures the rate of change of the vector normal to a hypersurface. Therefore, in our
framework, the extrinsic curvature is defined as the spatial derivative of the 4-velocity,

Kab = Dal/lb = hamhbnvmun = Kub — hamhanmnhuh, (6.31)
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being
Kab = Daub (632)

the extrinsic curvature induced by the Levi-Civita connection. Raising the second index,

we obtain
K" = gKy =Rc" — gh 'y Lijfuy = (6.33)
=K.+ hcihk“Lijk”j + ”khcihanijk' |

which will be useful in the following.

The relation between the spatial Riemann tensor and the extrinsic curvature can be
obtained by recasting Eq. (6.30). From the explicit evaluation of one of the terms in the
bracket of Eq. (6.30), we have

DDy =hih /v, (Djvk) = bl n v, (h]-fhgkvevg) -
=heha "V (Vi Vo8 4 hifug Vo8 + hithV V08 ) =
e g g U 4V 08 — gl g (08 eutg) + (634)
+ h M b htht ViV 08 =
=Koghg "1V 08 — K Kggv® + 15 h Qi Kagv® + he'hyhy"V;V 08,
where we used that u” and v” are orthogonal, so
u, Vo' = —v"Vyu,, (6.35)
and the relation
Vil =V, (nghbd> = — Q0 + UV 0 (g + tpitg) = UV qup + upVau.  (6.36)
Hence,

(DeDy — DgD.) v = (K4"Keg — K"K o) 08 + he'hyhy® (ViVe — Vo V) 08+

. . (6.37)
+ Zukh[cle]bh“] Qi]-kvb.
Finally, using the Ricci identity (1.42), we obtain the so-called “Gauss relation”,
R%peq = h"h" 1 sy R® pun + K" Kep — K"Ky + 201" Kph®" Quunsit®, (6.38)

which proves that the 3-dimensional curvature is the projection of the 4-dimensional one
corrected by terms of the extrinsic curvature.

Since the Riemann tensor is not antisymmetric in the first two indices, we have two
“contracted Gauss relations.” The first relation is obtained by contracting the first and
third index of the Gauss relation,

SRoa = *Ripig = h"hyg"hy R i + Ky’ Ky — Ki' K + 20" Kph ™" bunst®, (6.39)
and the second one by contracting the second and third indices,

3Rbd = SRbiid = hrmhdnhbsRsrmn + deKii — KibKdi + Zh[imKd}ihb”bmnsus. (640)
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The trace of both Egs. (6.39) and Eq. (6.40) leads to the “scalar Gauss relation”,

3R:gbd3Rbd:_gbd3Rbd: (641)
= h"W"R® . + KdiKZ'd — Kiind + 2h[imKd]dhmbmnsus, .

which generalizes the “Theorema Egregium” in the presence of nonmetricity.
It is also useful to rewrite Eq. (6.38) in a form in which the contributions due to Levi-
Civita and nonmetricity terms are made evident:

SR%peq =he'hyhg"hy" RS i + (Kd” + hy' " Lydu* + hy'h% Qijk”k> Keg+
— (KC“ + ' Ly u + h ' Qz’jkuk> Kap + Zukh[cin}bhaj Qijk =
:hcihdehgahmegmie + <Kda + hdih]‘ﬂLikjuk> (ch — hcmhanﬁmup) + (6.42)
— <Kca + hcihjaLikjuk> (Kap = hd" " Lypn"up) =
=he'hg®hg 1" RS yie — 2K ("R + 2K By " By Ly pri p+
-+ Zh[dinbh]‘aLikjl/lk -+ Zh[cihd]mhj“hb”Likijnpukup.
Now, considering the decomposition of the Riemann tensor (1.56),
hehg®hg Ty R ie =he Mg hg iy R iie + M hy* Mg 1y i Lem® — he'hg®hg®hy™ Ve Ly € +
+ hcihdehgahmeingemj - hcihdehgahmeengimjr

(6.43)
and that
201 hgy™ " Lid Ly w1y +he'hyhghy™ Lig Lem/ +
—he' eIty hy" Loy Lin! = 201" hay™ iy "By L L, .
we find the desired relation
SR%eid = R%ca + 2D Lay" + 2K "hy) " 1" L e+
+ 2R e o)™ n L "1 + 2k gy 1y 1 L L (64)
with
SR ped = he"hg" hs"hy RSy + K4"Ropy — K"K (6.46)

6.1.5 Energy-momentum tensor

The energy-momentum tensor of the matter fluid can be decomposed in its irreducible
parts as,
Yoy = pualy + Gatly + Uaqp + phop + Tap, (6.47)

where
p= Y utul (6.48)

is the relativistic energy density,
G = —haYepu” (6.49)
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the relativistic energy flux,

1
p=3h"Ya (6.50)
the isotropic pressure, and
T = ¥ (ap) (6.51)
the trace-free anisotropic pressure. The trace of tensor (6.47) is equal to,
Y=Y,"=—p+3p. (6.52)

6.1.6 Nonmetricity decomposition

Similarly to what we have done for the energy-momentum tensor (6.47), we can decom-
pose the nonmetricity tensor using u, and h,;, as follows:

Qcab = - QOucuaub 3Q1”C ab — QZ”(ahb)c + Q(O)Cuaub + ZQ(I)(uub)uc+

1 > (6.53)
+ gQ(z ab + 3Q Q( )abuc - ZQ ub + Qcab/
where
QO - Qcabucuaubr Ql - Qcahuchabz QZ — Qcabhcaub (6-54)
are scalar quantities,
QO = Quuph?euu?, QW = QuuPu’h’., (6.55)
Q@. = Quaph?ch™, Q¥ = Q" ch? (6.56)
are covectors,
1
Qe = QW = {hwhbﬂ - ghabhm] Qepgti’, (6.57)
1
Q(l)ab = (haphbq - ghubhpq) Qpcquc (6.58)

are trace-free tensors and
1 1 1
3me = hcphaqherqu - ghubhqrhchpqr - ghcahpqherpqr - ghcbhprhanpqr (6-59)

is a fully spatial tensor, whose traces are given by

1 1 2
Q" = ~3Q%, - 3087 and 3Qu" = -5Q0. (6.60)

It is worth noting that, unlike the energy-momentum tensor, Eq. (6.53) is not an irre-
ducible decomposition. Moreover, because of Eq. (6.2), Qp = 0.

We can now rewrite Egs. (6.15), (6.20), and (6.22) in terms of different contributions
of nonmetricity:

Uy = ﬁa + %Q(O)a/ (6-61)
~ 1
©=0-701+Q, (6.62)
N 1
Oab = Oap — EQ(O)ab + QW ). (6.63)

Egs. (6.61), (6.62) and (6.63) show how nonmetricity affects the kinematic quantities as-
sociated with the given congruence.
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6.2 Covariant cosmological equations in f(Q) gravity

Before writing the cosmological equation in the 1 + 3 formalism, we need to recast the
field equations (3.53) in a form more suitable for the present formalism. The process is
very similar to the one used in Sec. 3.1 to show that in STEGR the field equations are
equivalent to those in GR.

Let us consider the field equation

2
v—E
From the condition R%,,; = 0, we know that the following relation holds for the Levi-
Civita Riemann tensor

1
Ve (vV—8fPw) + 58abf + f (Pachde —2Q%, cdb) = Yap- (6.64)

Rab = _chabC + vchzzC - LchLabd + Lbchcad' (6'65)

Moreover, by inserting the identities

2 -
=V (\/=8f Pup) =2f'V Py — 2 Lea® Py — 2f Ly Py + 29 QP 1y, (6.66)
V=8
and

LoiLea® — LogLap® = —2Lea" P gy — 2Ly Py + PocaQu® — 2Q° Py, (6.67)

into Eq. (6.64), we obtain

3 1 3 3 3
2f'V Py + 58abf + f'Rap +2f"0: QP + ' (VeLap® — VL) = Fap- (6.68)

From the trace of Eq. (6.68), we derive the Ricci scalar,

1
R = %‘I’ — 2}% — 2V Py — 2V L™ — Z%PcabacQ. (6.69)
and subtracting % gi]-R from (6.68), we find
N 1 < 1 1 1 - - -
Rop — EgabR :JT, <1Pab - EgabT) + Egab% - gabchCdd — VL + VpLe+
f 1 ) i 1 . (6.70)
- 27 (Pcab - EgabPC d) 0cQ — 2V Py + Egabvc (qc - Qc) :
Using again the relation (3.48)
~ ~ ~ 1 ~ 9
2VCPCab + VCLabC - vacaC - igava (qC - QC) — _§Rab - O, (6.71)
and the Ricci scalar decomposition
R=-Q-V.(q"-Q", (6.72)

we obtain the final equation,

1

Rab:jT,

1 1 " 1
(Tab - EgabT) + Egab (]é, - Q) - 2]% (Pcab - Egaprdd> acQ; (6-73)
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or in the Einstein-like form

. 1 . 1 ,
Rap = 58mR = 7 (Tab + ‘I’a{f> , (6.74)

with .
¥l = —Sgw (f — £1Q) — 2f"P e Q (6.75)

the effective energy-momentum tensor due to nonmetricity. By replacing f(Q) = Q into
Eq. (6.74), we recover the Einstein field equations,

1 ~
Rap = 580R = ¥, (6.76)

It is possible to prove that, on shell, the conditions 0.Q = 0 and f”(Q) = 0 always
yield the GR regime.

For Q,, = const. we have that the function f(Q,) and its derivatives are constant,
and Eq. (6.74) can be written as

- 1 1
Rap — EgubR + QapNeff = m‘yubr (6.77)
with 1T £(Qu)
Aeff = = sol /. _ 7

an effective cosmological constant. Therefore, we obtain the GR field equations with a
cosmological constant. On the other hand, by a reductio ad absurdum, we can prove that
for f""(Qs1) = 0 and Qg # const., the function is necessarily linear, f(Q) = aQ + b,
with a and b arbitrary real constant. If we assume that f(Q) is a generic function, its
second derivative equal to zero imposes that Q,,; is constant. Hence, we return to the
previous case of d.Q = 0 which we have already shown to produce Einstein equations.
Therefore, the function must be linear. However, a linear f(Q) yields Eq. (6.74). We have
thus demonstrated that both conditions 9.Q = 0 and f”(Q) = 0 lead back to GR with a
cosmological constant.

6.2.1 Cosmological equations

To write the cosmological equations we first need to derive the contraction of R with u”
and u” from the Ricci identity for the Levi-Civita Ricci tensor,

—_6- %@2 2 (&2 - caz) + Dyt + iy, ©7)
where we used that
Vail® = g, "Vttt = 1"V it? — uyu®V i = D + 644, (6.80)
In addition, we need the Levi-Civita contracted Gauss relation
Rpg =hy"hg"hs™ R® pyu + K"Ky — K"Ky = 6.81)

:I’Lbrhdnﬁm + hd”hbrumusfi’mns + KdaKab — Kaakdb,
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which because of the following relation

can be written as
3Rpd = hpPhg"Rpg — Ko Ky — hyThyPu™ N Koy + Dyt + 1ly1lg. (6.83)
Therefore, the 1 + 3 cosmological equations for a generic f(Q) theory are given by:

* Raychaudhuri equation, obtained from Eq. (6.79),

2 1 - : 1
O+ §®2+2 <5’2 — CTJZ> — Dil/oll — 1/711/011' + Z_f/ (p + 3}7) +
Ly o (6.84)
-3 (7, - Q) — 27 (Phijulu] + Ephkk) ,Q = 0;

* Spatial equations, derived from Egs. (6.83) and (6.84), given by the 3-dimensional
Ricci scalar, i.e. the Friedmann equation,

.2 2. " o .
R=pp+ S 9 26242 (2 - @) + 2L 5,0 (PH; = WPt — Pt ),

f 3 f!
(6.85)
and the projected traceless 3-dimensional Ricci tensor,
Phd — L 1) 3R 1 " Phd — L) ph
ha hb — ghubh qu :F TTap —2f 8hQ ]’la hb — ghabh P Pg +
(6.86)

— G)a'ab + C:)a“)ab + D(aﬁw — D[aﬁb] + ﬁ<aﬁb>—|—

- 5{11) + ‘Dab-

As we will see in the following sections, Eqs. (6.84)-(6.86), together with the energy-
momentum conservation law 3
V¥ =0. (6.87)

and Eq. (6.53), form a closed system able to describe the evolution of BI universes.

If we impose f(Q) = Q, and the conditions that characterize FLRW universes, i.e.,
absence of acceleration, distortion, and vorticity of the fluid flow, #i* = 7,, = @, = 0,
and if we consider that the expansion rate ® can be defined as a function of the scale
factor a as © = 3d/a, we obtain that Eqs. (6.84) and (6.85) are equal to Egs. (4.39) and
(4.38), respectively.

6.3 Bianchi type-I model in 1 + 3 approach

Bianchi type-I models describe anisotropic and homogeneous universes characterized
by a timelike congruence that is orthogonal to the spatial hypersurfaces foliating the
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spacetime. Because of Frobenius’ theorem, the orthogonality condition is guaranteed
by w,, = 0 (see Appendix B). Furthermore, in BI models the spatial hypersurfaces are
assumed flat, i.e., 3R%,.; = 0.

The Bl models” symmetries also impact the form of the nonmetricity tensor. Remem-
bering that we have chosen Qp = 0, we can assume without loss of generality that the
only non-zero projections of the nonmetricity tensor are Q; and Q) ,, so the nonmetric-
ity tensor results to be of the particular form

1
Qeab = 3 Quitcha — QVapite. (6.88)

In local coordinates, expression (6.88), and in particular the condition Qp = 0, can be
justified by adopting the coincidence gauge I';;,° = 0. Since the projections of the non-
metricity tensor are tensor quantities, once the identity (6.88) has been proved in the
coincidence gauge, it remains valid in any other gauge. A straightforward calculation
shows that in the coincident gauge, using the metric (5.2), the only non-zero projections
of the nonmetricity tensor Q,, are,

t
Q1 = 2;, (6.89)
QW4 = (244 — %ﬂz L (6.90)
3" 1t)’
0 — (opp— 22 T
Q%W <2bb 3b T), (6.91)
Qs = (2c6 — 221 (6.92)
3" 1)’

thus Eq. (6.88) is proved. With these assumptions, and separating the Levi-Civita contri-
butions from the nonmetricity ones, we can write:

~ 1
O=0-— EQl’ (6.93)
= 150
Oap = Ogp — EQ abs (6'94)
and )
u' b = uV,ub + L utul (6.95)

However, in the formulation of f(Q) gravity that we are considering, the curvature ten-
sor is identically zero, which corresponds to flat spacetime. Therefore, from Eq. (6.38),
for R = 0, 3R%,.; = 0, and u*V,u? = 0, we can set ® = 0 and 0, = 0, in such a way
that

~ 1
O=-01 (6.96)
Tap = %Q(O)abr (6.97)
L 0 A0, 142 2 29
Q = _ZQ abQ + 8Q1 = 20"+ §® , (6.98)
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and, by inserting Eq. (6.88) into (6.95) we have
i’ =0. (6.99)

In addition, Eq. (6.45) leads to
3R%,.4 = 0. (6.100)

In the subsequent discussion, we consider a matter source described by the energy-
momentum tensor
Yap = puatiy + phap + Tap, (6.101)

where p and p satisfy the barotropic linear equation of state,
p = wp, w = const. (6.102)

Using all the above results in Egs. (6.84), (6.85) and (6.86), we can write the 1 4 3 cosmo-
logical equations for Bianchi type-I universes:

e Raychaudhuri equation,

g 1 ~2 1 1(f " _ 0
@—|—§® + 20 —I—z—f,(p-l-3p) E(f’ Q>-|—f,®Q—O, (6.103)
¢ Spatial equations,
252—%®2+5p+1—Q=0 (6.104)
s f ’ '
. . " 1 ﬂub&ub
¢ Energy-momentum conservation,
6+0(o+p)+ 1, =0. (6.106)

Equation (6.105) is obtained by multiplying Eq. (6.86) by &/ / (2¢), whereas Eq. (6.106) is
derived by the temporal projection of Eq. (6.87)!.

!We should remark here that the derivatives are with respect to the proper time.
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Dynamics of Bianchi type-I cosmology
in f(Q) gravity

In general, cosmological equations can be difficult to solve because they form a system of
non-linear (partial) differential equations, so we attempt to obtain a global picture of cos-
mic evolution by means of the so-called Dynamical Systems Approach (DSA), see e.g.,
[167, 168]. This technique allows us to study a cosmological model by analyzing the be-
havior of the orbits in a phase space connected with the geometrical features and matter
sources of spacetime. Making use of DSA, it is possible to achieve a semi-quantitative
analysis of the solutions of the dynamical equations and their stability. DSA has been
widely used in gravitational theories [63, 169-174], including the f(Q) theory [175-179],
where it is shown that in FLRW cosmologies, using different functions for f(Q), the evo-
lution of the background is the same as in the ACDM model; however, this behavior is
due only to the nonmetric structure of spacetime, without the need to introduce any form
of exotic energy. The 1 + 3 approach introduced above provides an ideal framework to
employ the DSA, as it makes available convenient variables for the description of the
phase space of the dynamical system. As we will see, in the context of the BI metric, the
application of the 1 4 3 approach leads to a remarkable simplification of the involved
equations. For example, we will be able to deal with complex matter sources as well as
non-trivial forms of the function f(Q).

The study performed in this chapter is based on the paper “Bianchi type-I cosmolog-
ical dynamics in f(Q) gravity: a covariant approach” [75].

7.1 Dynamical Systems Approach

Let us consider a phase space, that is, the space where each point x = (x1,x2, ..., X,)
corresponds to a possible state of our system. The dynamical system is defined as the
system of equation

x = f(x), (7.1)

where the function f is a vector field such that
f(x) = (f1(x), - fu(x)), (7.2)
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and the dot represents a derivative with respect to a generic time parameter. In cosmol-
ogy, we are used to dealing with finite and continuous dynamical systems, so we will
restrict ourselves to dealing only with these cases. We define critical points as points
x = X in the phase space for which f(xp) = 0. These points can be stable or asymptoti-
cally stable:

e Stable critical point. Let xg be a critical point of the system (7.1). It is called stable if for
every € > 0 we can fund a 6 such that if ¢(t) is any solution of (7.1) satisfying || (ty) —
Xo|| < 9, then the solution (t) exists for all t > to and it will satisfy ||P(to) — xo|| < €
forall t > to;

* Asymptotically stable critical point. Let x¢ be a critical point of the system (7.1). It is
called asymptotically stable if there exists a number & such that if P (t) is any solution of
(7.1) satisfy || (to) — xo|| < 9, then lim;_~ () = Xo.

Thus, for asymptotically stable points, the trajectories that represent a solution of the
system, also called orbit, will sooner or later reach the critical point; while for stable
points, it is not certain that trajectories will reach the critical point, however they will
remain in a region close to it. On the other hand, a point is said to be unstable if the
trajectories move away from the critical point.

There are various techniques for studying the stability of these points; we will use the
so-called linear stability theory, based on the idea of linearizing the system near a fixed
point. Since we consider smooth functions, we can use the Taylor expansion near xg up

to the first order,
n

fi(x) = fi(xo) Z — Xo;)- (7.3)

The study of the eigenvalues of the ]ac0b1an at the critical point is what gives us infor-
mation about the stability of the point. A critical point is said hyperbolic if none of the
eigenvalues have zero real part. Otherwise, it is called non-hyperbolic. If the critical
point is not a point but is represented by a submanifold of dimension greater than or
equal to 1, we will have that hyperbolic submanifold has a number of zero eigenvalues
equal to the dimension of the submanifold.

Now, from the Hartman-Grobman theorem we know that near a hyperbolic critical
point, the nonlinear system (7.1) has the same qualitative structure as the linear system
given by the combination of Egs. (7.1) and (7.3) [167]. Therefore, the study of the stability
of the linearized system gives the stability of the nonlinear one. In case the points are non-
hyperbolic we have to refer to other analysis techniques such as the Lyapunov’s method
or the center manifold theorem [167, 168]. A critical point is called an attractor (sink) if
all the eigenvalues of the Jacobian have a negative real part; it is called a repeller (source)
if all the eigenvalues of the Jacobian have a positive real part, and it is called a saddle if
at least two eigenvalues of the Jacobian have real parts with opposite signs. Due to the
definition given above, attractors are stable points, whereas repellers are unstable ones.
The saddle points instead attract trajectories in some directions but repel them along
others.
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7.1.1 Dynamical systems in the ACDM model

Before studying the Bl model in f( Q) gravity, we give an example of how to use the DSA
by analyzing spatially flat ACDM model'.

Let us consider Eqs. (4.53), (4.54), and (4.40) with k = 0 and with both matter and
radiation not interacting with each other,

3H? = oy + pr + A, (7.4)

: 1 A
H+ H® = =2 (om +201) + 3, (7.5)
o, +4Hp, =0, (7.7)

where p,, and p, are the energy density of matter and radiation, respectively. Now, we
introduce the dimensionless variables

_ Pm _ Pr A

Qm = ﬁ' Qr — 3?, QA - 3?, (7-8)

where we assume that H > 0, so we have an expanding universe. This dimensionless

representation minimizes the number of parameters needed to describe the system and

can provide additional insight into the influence of parameters on the dynamic response.

Also, we normalized with respect to the rate of expansion to have comoving quantities.
The Friedmann equation (7.4) can be rewritten as

1=Qp+ O+ Q. (7.9)

We can use this equation as a constraint to derive (2, so the dynamical system reduces
to a system of only two dimensions. Since we consider positive energy densities and
positive cosmological constant, we also have the constraint (0, + ), < 1, which bounds
the physically significant region of the phase space. To obtain the final dynamical system,
we have to introduce a dimensionless time variable,

T =Ina, (7.10)
and perform the derivative with respect to it of the dynamical variables,

dQy _ 1dQyw _ pm 2 H

dT ~—H &t 3m  3E™ (1)
aT ~H at 3 3" 712

Finally, using Eqgs. (7.4), (7.5), (7.6), and (7.7) we find
C(li—(,;f =0y (3Q, +4Q), — 4) (7.15)

!In this example we do not use the 1 + 3 formalism, because given the simplicity of the field equations
the only difference would be the use of © instead of H.

93



CHAPTER 7. DYNAMICS OF BIANCHI TYPE-I COSMOLOGY IN f(Q) GRAVITY

1.0
P
\\
AR\
0.81 | \\\\\\\
BERNN
L\ 0y
an RR\N
0.6 *‘ a LA
5 f;;’ [ l\\\\\\\.
c NN RN
H%/% /H\\\.\"-
o4y || /// RN
[/ / / )\
|| | /] // / / } \\ -\,\
YAV B BRI
|/ /// / /) / / ) \\\\
Wirs, /7 /7 /J Y\
0.2 |/ / / S / )\
L), - )\
/ // // e - / \.
// / e - _— // _~ N
T - P
0.0 N I
0.0 0.2 0.4 0.6 0.8 1.0
Qm

Figure 7.1: Phase space portrait of the system (7.52)-(7.53) for w = 0 and n = 3.

The system has three critical points

Py ={Qn=10,=0,Q5 =0}, P,={0,=0,Q,=1,Q, =0}, 716

Py ={0n=00Q,=00Q, =1}, (7.16)
with eigenvalues of the Jacobian equal to {—1,3}, {1,4}, and {—4, —3}, respectively.
Therefore, the point P, is a saddle, P; is a repeller, whereas the point P, is an attractor.
Hence, in its evolution, the universe starts from a situation of radiation dominance, and
then reaches a situation of dark energy dominance, with an intermediate phase domi-
nated by matter. This description is in agreement with what was said in Sec. 4.2 where
it was shown that the universe tends to be de Sitter type at a late epoch. A graphic
representation of the phase space is given in Figure 7.1.

In Egs. (7.14) and (7.15), the conditions 2, = 0 and (), = 0 identify what are called in-
variant submanifold. The name is due to the fact that they correspond to a null variation
of the dynamical variables with respect to the dimensionless time. So, an orbit belong-
ing to an invariant submanifold at a certain instant will always belong to that invariant
submanifold. Invariant submanifolds split the phase space into separate regions that are
not connected by orbits, because if they were, the solutions would have a discontinuity
in their first derivative at the invariant submanifold, but we assumed smooth functions.
A consequence is that the only global critical points are given by the intersections of the
invariant submanifolds. In FLRW cosmology the point P, is a global attractor since it is
the intersection between (),,, = 0 and (O, = 0.

7.2 Dynamical Systems in f(Q) gravity

In this section, we will apply the DSA to analyze the dynamics of BI universes in the
framework of f(Q) gravity. We will deal with some specific models associated with
particular functions f(Q), all widely used in the literature. In one of the examples, we
will also consider the presence of anisotropic pressure.
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In our analysis, we will always consider an expanding universe. This means that if
we define the “average length scale” I by using the expansion rate © as follows
I

l o, (7.17)

Q| =

then we have to impose © > 0.

7.21 f(Q) as a power law without anisotropic pressure
As a first example, we consider the function?
f(Q) =aQ”, (7.18)

with « a dimensional constant, and a null anisotropic pressure 77;; = 0. In this case, Egs.
(6.103)-(6.106) assume the form,

2 ]_~2 ~2 7’1—1 ~Q° 1 1-—n —
®+§® + 20 +7Q+(n 1)®@+M(1+3w)g p=0, (7.19)
2 2x0 1—m 2 n
20 3® + - Q—l—mQ p=0, (7.20)
s 9
T+0O5+ (n—1) g9 = 0, (7.21)
f+0(1+w)p=0. (7.22)

In order to recast these equations in a form more suitable for dynamical system analysis,
we define the following dimensionless variables °,

¥ = ‘7—2 =3
@2 o @271

0. (7.23)

Notice that the dynamical variables related to the shear and the matter sources have been
chosen non-negative, offering the advantage of a partial compactification of the phase
space. The choice of the matter variable should also be discussed. In general, one chooses
as the variable associated with p, simply 3p?/©? or 3p?/(f'®?), which directly relates to
the cosmic matter parameters, and therefore, it is easier to compare with observational
results. These parameters appear via Eq. (6.104) in many observable quantities, such
as the luminosity distance relation of the look back time, etc. However, here and in the
following examples, except for Sec. 7.2.4, we choose a different form for (). The reason
is that such a form allows us to introduce fewer dynamical variables. In addition, our
choice allows us to obtain a variable that involves only the expansion rate and energy
density, which can be measured independently, leading to an equally good variable in
terms of comparison with observations.
Introducing the dimensionless time variable,

T =Inl, (7.24)

%In this example, the case n = 1 and a = 1 correspond to GR solutions.
3In the natural units we are using (i.e., ¢ = 87Gy = 1), the quantities ®?, 02, p, and Q have the
dimension of a length to the power of —2.
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Table 7.1: The stability of the fixed points and evolution of /, &, and p for f(Q) = « Q" and 71;; = 0.
The parameters ¢y, Iy, 09, 01, po, and p; are constants of integration.

w=20 O<w<l1
Point Attractor Repeller Saddle Attractor ~ Repeller Saddle
P, n>1 l<n< by Lo
Average length Shear Energy density
P I=h(t-t)TT r=q=0  p=pot Ly

making use of the above variables and recalling the identity (6.98), we can rewrite the
system of cosmological equations in the new form,

(1—2n) (1 - 22> n (g)n_l 02 (1 — 22>1_" —0, (7.25)
j—,zr - Sinz (z:2 - 1) {3(;1 +1)—3"Gw+1) (2 - 222) - Qz] . (7.26)

From Eq. (7.25) we derive Q) as a function of Z,

QO=v2n-1 (g) N (1 — 22) E (7.27)

which makes Eq. (7.26) a differential equation for %,

% = %2 (1 - 22) (21— 1)w —1]. (7.28)

A first consideration about the above equations is that ¥ = 1 is not an acceptable value,

since we derive Eq. (7.27) from Eq. (7.25), assuming that > # 1. The same problem will
occur in Sec. 7.2.2, in which the function f(Q) is again (7.18).

Furthermore, being () and X real, Eq. (7.27) is only meaningful if n > 1/2 and 0 <

Y. < 1, and for some values of n in the intervals n > 1/2 and X > 1, orn < 1/2

and X > 1. However, we consider only the condition 0 < X < 1. This choice has two

motivations. The first is that, from a physical point of view, we are interested in the states

of phase space describing an isotropic universe, i.e. £ = 0. This state cannot be reached

by any orbit starting at 2 > 1. A second motivation is that in Eq. (7.27) there is the term
(1-x2) %, the value of which depends strictly on the choice of n (e.g. even, odd, or a
rational number) when £ > 1. Thecase n > 1/2and 0 < X < 1, on the other hand,
being a continuous interval for 7, offers a wider setting for a parameter analysis aimed at
comparison with observations. Similar constraints will be necessary also in the models
we will consider in the following sections.

The system (7.27) and (7.28) presents only one critical point,

P = {2:0, Q=v2n—1 @)2 } (7.29)
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Figure 7.2: Evolution of %(I) and Q(/) with: (@) w = 0, n = 3, and X1 = —1/3; (b) w = 1/3,
n=3and % =2/3;(c)w =1/3,n =3/2,and X1 = —1/4. The empty (half-)circles represent
the conditions X # 1 and Q) # 0.

which represents a universe where the shear is negligible with respect to the matter.

The derivative of Eq. (7.28) with respect to X allows us to discuss the stability of the
solutions near the critical point, which depends on the values of w and n. The results are
shown in Table 7.1.

We can obtain an “approximation” for the time dependence of /, &, and p near a critical
point by substituting Eq. (7.23) into Egs. (7.19), (7.21), and (7.22). The results are again
reported in Table 7.1.

Equation (7.28) can be solved analytically, so we can also obtain exact solutions for X
and () as a function of average length scale /,

1
=(1) = ’
V14 empPine
g\ [ g 12 (7.30)
Q(l):m e e n ] ,
2 oy rw—2n0)
1+4e22] ™

where X1 is a constant of integration. Using Eq. (7.30), we can compare the evolution of X
and () with the results coming from the stability analysis in Table 7.1. As it can be seen in
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Figure 7.3: (a) Evolution of the scale factor 4, b, and c in function of the proper time t, with w = 0,
n=3K; = %, a1 =c = ﬁ, and ty = —23—0. (b) Evolution of ¥, and () in function of the average
length scale I, withw = 0, n = 3, K; = %, anda; = ¢; = 21—4. The empty (half-)circles represent

the conditions X # 1 and Q) # 0.

Figure 7.2, once the appropriate parameters have been chosen, the results are consistent
with Table 7.1. In Figure 7.2a, where w = 0 and n > 1/2, we have that P; is an attractor,
whereas in Figure 7.2b, and Figure 7.2c, with 0 < w < 1, Pj is a repeller or an attractor,
respectively, depending on the value of n.

In Sec. 5.2.2, the reconstruction method was used to find exact Bianchi type-I cos-
mologies in f(Q) gravity. It is interesting to compare these results with the more general
description we have obtained from the above phase space analysis.

For example, we found, for f(Q) = BQ", w = 0 and » an odd integer, the following
solution for the scale factors?,

" am2k2]% [ ok
a(t) =ay | (t —tg)2 — L7 n o
9 (t—to)
I I3 4ok, 731
_ o —2n :
' 4n?K21% [3lEh) ok ]
() =1 |(t—to)? = =5~ | | |
9 3t 4ok
L J L n T_

represented by Figure 7.3a. As has been pointed out previously, it is clear that the scale
factors tend to have the same expansion rate as the time increases, thus describing a
universe that tends to isotropize. To perform the comparison we need the dynamical
variables ¥ and () calculated for the (7.31). Since we can impose without loss of generally
T = I3, from Eq. (5.66) we derive the proper time t as a function of I. Therefore, from Egs.

4In Sec. 5.2.2 we have f(Q) = ,BQ%, thus here we perform the transformation % — .
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(6.89), (6.90), (6.91), (6.92), (6.96), and (6.97), we obtain
41<2

2 (oke) ot

n? aq bl C1

1

1 31+2n 1 4n 9 3 n
2 _ - 7 2
Q 06 4g bz ( ) po n2 (Lll b1C1 > + 4KT

The isotropization is evident in Figure 7.3b, which shows the behavior of ¥ and (). As
expected, this behavior matches exactly the one of Figure 7.2a once the parameters are
chosen consistently.

»? =

(7.32)

—n

13

7.2.2 f(Q) as a power law with anisotropic pressure

We consider again the function f(Q) = «Q", but now we add an anisotropic pressure of
the form (see e.g. [163, 180, 181]),
71'1']' = —]/1(7'1']', (733)

being p a suitable dimensional constant.
Under these assumptions, the dynamical equations are:

g . leo  yp 1 e, 1 1-n
- - 1=+ (1 - 7.34
®+3® +25° + o Q+ (n )®Q+2an( +3w)Q "p =0, (7.34)
2 - 1—-mn 2
=2 2 1-n
_z = = 7.
207 =307+ ——Q+ Q" =0, (7.35)
G+ 05+ (n—1) oL gl (7.36)
Q an ’
p+0O(1+w)p—2u0* =0. (7.37)
In this case, we have an additional variable related to the anisotropic pressure,
M= Lo, (7.38)
together with
¥2 =32 o o? 31 ! 7.39
- @2/ - Z®2np ( . )

By following a similar procedure as in the previous example, we obtain the final system
of dynamical equations:

—n

2 —1 < ) o (1—22>g (7.40)

3_72‘ —_ % (g)n 5 (1 . 22)1_" [4/\/1 43l (2 - 222)” 1+w—2nw)|, (7.41)
dM 3

g :%M{s (n—1) M2? (2 - 237) i

— 37120 — 1) [22 (2nw —w — 1) —w—l} } (7.42)
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Table 7.2: The stability of the fixed points and evolution of I, &, and p for f(Q) = «Q" and

m;j = —uojj. The parameters to, l, 09, po, and p; are constants of integration.
w=20 O<w<l1
Point Attractor Repeller Saddle Attractor Repeller Saddle
P n>3 n>vtl 1<y cutl
Average length Shear Energy density
PL I=l(t—t) T F=0y=0 p=pot L1

(t—to)™

As anticipated in Sec. 7.2.1, in the above system of equations, & = 1 is not an acceptable
value. In addition, the conditions to have () and X realaren > 1/2and 0 < X < 1.

The invariant submanifolds of the system include ¥ = 0 and M = 0. Notice that
the invariant submanifold > = 0 represents isotropic universes, whereas M = 0 implies
that either we are in a situation in which the terms associated with the coupling p are
negligible (and therefore the universe described in Sec. 7.2.1) or that the expansion is
going to infinity. However, it is not immediate in this framework to distinguish these two
cases. Only a more detailed analysis of the equations or a different choice of variables
might shed clarity on this point. We will not attempt such an analysis here.

In the parameter range we consider, there is one critical point,

1-n
P1:{2=0,M:O,Q:\/2n—1(§> i } (7.43)

where matter dominates over the shear and the anisotropic pressure. The analysis of the
stability and the approximate evolution of /, & and p are summarized in Table 7.2.

The phase space is described in Figures 7.4a, 7.4b and 7.4c, for different values of w
and n. To proceed in the analysis, we define

P = {2:1, M =0, Q:O}, (7.44)

which is not a critical point, but it will be useful to describe the orbits of the phase space.

The phase space we obtained shows several types of cosmic evolutions. For exam-
ple in Figure 7.4a, close to P,, with M positive, we are in a universe where matter is
negligible compared to shear. As the time progresses, the universe isotropizes with a
decreasing expansion rate. In contrast, in the negative half-plane for M, after a phase
of isotropization and approach to P;, the orbits return to their starting point, i.e. to an
anisotropic state. A similar behavior is found in Figure 7.4c. On the other hand, in Fig-
ure 7.4b we have that orbits move away from an isotropic universe, represented by the
points of the phase space near P;. In the positive half-plane, the region near P, is a transi-
tion phase for the system leading to a decelerated isotropization, whereas in the negative
half-plane, there are decelerated and accelerated expansion phases that lead the universe
to anisotropy.

As expected, the invariant submanifold M = 0 mirrors exactly the phase space of the
case of Section 7.2.1.
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Table 7.3: The stability of the fixed points and evolution of I, &, and p for f(Q) = & (v/Q + Q")
and 77;; = 0. The parameters f, lo, 09, 01, and pg are constants of integration.

0<w<l1
Point Attractor Repeller Saddle
P n> %
b, n> %
Average length Shear Energy density
P l:lo(t—to)ﬁiﬁw) dg=0p=0 p=po=0

__2n
P, I =y (t—tp)30+2+0) g =0y + oy (t — tO)_l p=po=0

where « and p are dimensional constants, and set the anisotropic pressure 7;; equal to
zero. The resulting cosmological equations are,

° 1~ nty
&1l o2y & TP
3 2 142pnQ" 2

. N (7.46)
_101-4p(n—1nQ 2o Vo (143w)p = 0
2Q  142pnQ" 2 w (1+2pnQ" 1)
n—&—%
2&2—%®2—Q+2 QrpQ -+ ) —p =0, (7.47)
3 1+2nQ0" 2 g (14_2’5”an7>
1 0r_ LLL-4pn—nQm2. (7.48)

2Q  1428nQ"z
f+O(1+w)p=0. (7.49)

By defining the dynamical variables,

2 = 3(7—2 B = pe*"1 0? = 311p (7.50)
@2/ ’ lX@ ’ .
the reduced system of dynamical equations is
3\ ' 7
(2 _ _y2)?2
0= (2) (2n—1)B (1 2 ) , (7.51)

2 _ n_1
ax _ 3z (1) : {3”\/§+2”\/§B(1+w—2nw) (1-2) 2],
d7T 314/2 4+ 2n+1,/3nB (1_22)”—2

(7.52)

a5 _ 3(1-2n)58 —{3"V2nz2+
d7T n [371\/5 + 2n+1\/§nB (1 _ 22)”*2}
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Figure 7.5: Phase space portrait of the system (7.52)-(7.53) for w = 0 and n = 3.
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Weassume B> 0,n>1/2,and 0 < X <1, so that () is real.
The invariant submanifold ~ = 0 represents isotropic universes, whereas ¥ = 1
anisotropic ones, and B = 0, similarly to the previous section, a surface where the La-

grangian function is f(Q) = ay/Q, when B is negligible, or the expansion rate © is zero.
The critical points are

P = {£=0,5=0Q=0} (7.54)

P, = {£=1,8=0 Q=0 (7.55)

Both critical points have B and () equal to zero, and they are distinguished by the pres-
ence or absence of the shear X. The stability of the system and the approximate solutions

are summarized in Table 7.3.
A representation of the stability is given in Figure 7.5. We notice that all the orbits

converge in P;, which is a global attractor. Hence, in this theory the universe always

becomes isotropic.

7.24 f(Q) as Lambert function

For this last example, we consider the function,
f(Q) = Qe*?, (7.56)

where « is a dimensional constant, and the anisotropic pressure 7;; is zero.
The cosmological equations are,

g 1ao 50 3% a2+ aQ) 4= e "9 _
®+3® + 20 +2(1+0¢Q) 1720 Q®+2(1+zxg) (143w)p =0, (7.57)

103



CHAPTER 7. DYNAMICS OF BIANCHI TYPE-I COSMOLOGY IN f(Q) GRAVITY

2 Q 2070€
<2 L2 _
207~ 36 Q+1+aQ+1+an 0, (7.58)
o a(24aQ) s
0+ OF + mQU’ = 0, (759)
f+0(1+w)p=0. (7.60)
The introduction of the following dynamical variables,
o " 1
ﬁzzé? A=a0? O?= 52" (7.61)
leads to the equation for (2,
(ﬁ:Jﬂ—z%[L+§4u—z%}éA@£5 (7.62)
and the system of two differential equations,
dz = 3 (1-2){3-w[B3+4A(1-2?)]} 763
aT — 2[3+2A(1—x2)] ' 63)
dA » 9 252
2[3+4A4(1—x2
+ S+ ) . (7.64)
9+2A4(1—-%2)[15+4A4(1 —X2)]

To guarantee that p > 0, we need to impose that () is real, which in turn implies the
conditions,

3 1 /3+4A
< —— —
A< 1 and 5

<r<1 (7.65)

or
A>—2am_0§231 (7.66)

We identify the invariant submanifolds £ = 0, ¥ = 1, and A = 0. The first two outline
isotropic and anisotropic universes, respectively; A = 0 is the surface where the theory
reduces to f(Q) = Q, or to a cosmology where @ = 0.

In the range given by Egs. (7.65) and (7.66), the critical points are,

P, = {£=0,4=0Q=1}, (7.67)
P, = {=1,A4=0Q=0}, (7.68)
&::{Z:QA:—%Q:%. (7.69)

Moreover, for w = 1 and A = 0, the system of Egs. (7.63) and (7.64) admits the solution,
m:{ZZZ%Azaaz 1—@ﬂ%, (7.70)

where X" is an arbitrary constant.

104



CHAPTER 7. DYNAMICS OF BIANCHI TYPE-I COSMOLOGY IN f(Q) GRAVITY

Table 7.4: The stability of the fixed points and evolution of I, &, and p for f(Q) = Qe*< and
;i = 0. The parameters to, ly, 0o, o and p; are constants of integration.

Point Attractor Repeller Saddle
P, 0<w<1
) 0<w<l1
P 0<w<1
Py w=1

Average length Shear Energy density

2
Py I(t) = Io (t — tg)>7) oc=00=0 P(t)=Po+(tp2 7
—to

) I(t) =1o3/3(t—ty) 0(t) =09+ ﬁ(:—to) p(t) =po=0
P 1(£) = e’ & =0 = p(t) ==

P4 Z(t) = lo \3/3 (t — tO) 5’(1’) =0y + ﬂéito) P(t) = pPo + 31(;_21;;;2

The results of the stability analysis near the critical points and the approximate solu-
tions are outlined in Table 7.4.

The phase space of the Egs. (7.63), and (7.64) is represented in Figure 7.6. In Figure
7.6a, P; and P; are attractors, and P, is a saddle point. In Figure 7.6b, in addition to the
point P3, all the space identified by .4 = 0, i.e. the central heavy line in the figure, is an
attractor. In both figures, the phase space is divided into three regions by two curves.
The dash-dotted line indicates the curve

3+44 (1 - 22) — 0, (7.71)

determining the lower boundary for which, by Eq. (7.65), () is real. Therefore, the phase
space is not physical below this line, and in the figures, this area corresponds to the
shaded one. Instead, the dashed curve represents one of the denominators of Eq. (7.64),

9+ 24 (1 - z2> [15 +44 (1 - 22)} —0, (7.72)

the other denominator of Eq. (7.64) is irrelevant as it lies below the dash-dotted curve.

The presence of the sectors delimited by the dashed and dash-dotted curves is an
essential difference from the other examples discussed above. In Sec. 7.2.2 we have an-
alyzed different behaviors of the orbits according to the positivity or negativity of the
constants related to the dynamical parameter. Here, however, for &« < 0, there are dif-
ferent attractors, depending on whether an orbit is above or below the divergence line.
Therefore, the final state of cosmology depends crucially on the initial conditions. For
example, in the case w = 1, the orbits below the divergence line describe universes that
tend toward isotropy, whereas orbits above it tend to a finite value of %, i.e. the universe
approaches an anisotropic state.
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Figure 7.6: Phase space portrait of the system (7.63)-(7.64) for (a) w = 0, and (b) w = 1. Shaded
areas are non-physical regions for the phase space.

7.3 Discussions

We investigated the dynamics of Bianchi type-I cosmologies within the framework of
f(Q) gravity using a combination of the 1 4 3 covariant formalism and the dynamical
systems approach.

The 1 + 3 formalism allowed us to obtain a very clear and detailed description of the
geometric and dynamic properties of f(Q) cosmologies. In particular, we were able to
characterize the effect of nonmetricity on the autoparallel motion of the observers and to
obtain cosmological equations that are independent of any specific coordinate system. In
addition, the 1 + 3 decomposition made it possible to single out the different contribu-
tions of the nonmetricity tensor Q,,., making more explicit the effect of nonmetricity on
the kinematic quantities. We proved that in Bianchi type-I metric the decomposition of
the tensor Q. involves only the scalar and traceless symmetric tensors which affect the
expansion rate ® and shear ¢.

One of the main difficulties of applying the 1 4 3 formalism to nonmetric theories of
gravity is that in general one cannot assume proper time to be an affine parameter along
the timelike congruence. However, in the case of Bianchi type-I cosmologies, this prob-
lem can be overcome, thus obtaining complete equivalence between the affine parameter
of the world lines and the proper time of the observers associated with the congruence.
This aspect is crucial, allowing the introduction of an unambiguous cosmic time and then
the definition of a cosmic history.

After writing the cosmological equations in the 1 + 3 framework, we separated the
contributions due to Levi-Civita from the nonmetricity terms, to better understand the
differences between GR and f(Q) gravity. As it happens in many other extensions of
GR, we were able to describe in a complete way the additional terms that nonmetricity
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induces in the gravitational field equations as contributions due to an effective energy-
momentum tensor. This formulation allowed an immediate application of the DSA. We
considered here four applications, involving different functions f(Q) and thermodynam-
ical properties of the sources.

In the first application, the function f(Q) was a power law (Sec. 7.2.1), which was
chosen because of its simplicity and because it is commonly used in literature. We ob-
tained a one-dimensional dynamical system that was solvable analytically. We compared
the results with those of Sec. 5.2.2, exhibiting a perfect match when the universe, filled
with dust, is initially anisotropic and then isotropizes. This is not surprising as the phase
space contains all cosmological solutions, and thus it must include the one reconstructed
in Sec. 5.2.2.

We also analyzed a cosmology with the same power law action but in the presence of
an anisotropic pressure which we assumed proportional to the shear (Sec. 7.2.2). In this
scenario, an isotropic universe is seen to have a transition phase associated with a saddle
point, from which the orbits either diverge completely from it or return to the anisotropic
state from which they started. This behavior suggests a universe with a “cyclic” evolu-
tion, in which after a phase of isotropy, anisotropies start to grow again.

In Sec. 5.2.2 it was found that the reconstructed forms of f(Q) always have a /Q term
which plays a role similar to an integration constant. As another application (Sec. 7.2.3),
we investigated the effect of this term when it is added in the functions f(Q) used in
the previous two examples. Our analysis showed that the main effect of this additional
term is, as expected, constraining the sign of the nonmetricity scalar Q, which in turn
excludes some possible cosmic histories (the ones for £ > 1). In the cases we considered,
the additional term forces all cosmologies to become isotropic in the future.

As a final example, we attempted the evaluation of the effects due to a gravitational
action consisting of an infinite series of power-law terms. Such effects can be evaluated
considering a function f(Q) as the Lambert function (Sec. 7.2.4). In this case, the phase
space differs considerably from the ones in the previous examples. The most important
difference turned out to be the appearance of separate regions of the phase space. The
presence of these regions shows that the cosmology will have different behaviors and
different final attractors depending on the initial conditions.

In all the examples we considered, some areas of the phase space needed to be ex-
cluded. We saw that these forbidden regions can appear for different reasons. For in-
stance, in Secs 7.2.1 and 7.2.2, the chosen dynamical variables and the request to have a
matter with physical thermodynamical quantities implied the exclusion of the line ¥ = 1.
In other cases, like the ones given in Sec. 7.2.3 and 7.2.4, the limitations were related to
the nature of the function f(Q). For example, the condition ¥ # 1 is connected to the
fact that the function f( Q) might take, along an orbit, values that change dramatically the
structure of the gravitational field equations, giving rise to singularities or degeneracies.
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In this chapter, we aim to provide a new framework to study static and spherically sym-
metric solutions in f(Q) gravity. The usual “coincident gauge”, which is characterized
by a null connection, fails to describe spherically symmetric spacetimes in vacuum un-
less the function f( Q) is linear. Because of this limitation, various approaches have been
proposed. For example, the total connection is made to coincide with the Levi-Civita
one in the gravity-free case [182-184], or alternatively, via the imposition of connection
invariance under SO(3) group transformations, restrictions are found on the connection
itself [185-189].

We will analyze the class of spacetimes which are static and Locally Rotationally Sym-
metric (LRS) which contain, as a particular case, static and spherically symmetric space-
times. Our analysis will be performed using the 1 4- 1 + 2 covariant formalism, a natural
extension of 1 4 3 formalism [190-194] that we have used in Ch. 6. In this approach, in
addition to splitting spacetime in a preferred time direction and spatial hypersurfaces,
the space itself is split into a preferred spatial direction and surfaces orthogonal to it.
Therefore, it is well adapted to describe LRS spacetimes, which have a local preferred
spatial direction corresponding to the local axis of symmetry. We will see that the com-
bination of the formalism and the symmetries of LRS spacetimes will allow us to build
a complete set of scalar quantities able to describe the structure of static and spherically
symmetric spacetimes and to deduce the physical consequences of nonmetricity in this
framework.

The study performed in this chapter is based on the paper “Static and LRS spacetimes
of type Il in f(Q) gravity” [76].

8.1 Static and Locally Rotationally Symmetric spacetime

Considering the splitting 1 + 3 introduced in Ch. 6, a spacetime is said to be locally ro-
tationally symmetric in a neighborhood N(P*) of a point P*, if at each point P in N(P*)
there exists a non-discrete subgroup G of the Lorentz group in the tangent space Tp which leaves
invariant u”, the curvature tensor and their derivatives up to third order [195]. If G is one-
dimensional, there is a single preferred spatial direction that constitutes a local axis of
symmetry. Therefore, the LRS definition implies that all the spacelike projections of ten-
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sors in spatial directions different from the axis of symmetry must be zero. Three differ-
ent classes of LRS spacetime can be distinguished:

* LRS spacetime of class I, the preferred spatial direction is hypersurface orthogonal;

* LRS spacetime of class II, both the preferred spatial direction and timelike congru-
ence are hypersurface orthogonal;

* LRS spacetime of class III, the timelike congruence is hypersurface orthogonal.

The spacetime is said stationary if it admits a timelike Killing vector field X such that

Lx8ab = 0. (8.1)
In our geometrical setting in which torsion is zero, we also require the further condition
LxQape =0, (8.2)

i.e., both metric and nonmetricity tensors are invariant under the action of the
1-parameter group of local diffeomorphisms generated by X.

If the congruence associated with X is hypersurface orthogonal, the spacetime is said
static.

Before moving on to the description of the 1 + 1 + 2 formalism and LRS spacetimes in
f(Q) gravity, we will derive the simplest static and LRS solution in GR, the
Schwarzschild metric.

8.1.1 Schwarzschild solution in General Relativity

In deriving the Schwarzschild metric we will also prove Birkhoff’s theorem, which states
that all spherically symmetric solutions of the Einstein field equations in vacuum must
be static and asymptotically flat.
A metric is spherically symmetric if the metric tensor g,, preserves its form under
coordinate change of kind
{ﬂ:t
, (8.3)

X't — Aabxb

with A%, € SO(3). Therefore, to construct the most general metric such that the above
condition is satisfied, we must find all the possible invariants under rotation. First, surely

there are the time t and the radius r = /x? 4+ y? 4 z2 of the 2-sphere. The only other two
are given by the quantities x - dx = xdx + ydy + zdz and dx* = dx? + dy? + dz>. Hence,
the most general metric constructed with the rotational invariants is equal to (c = 1)

ds? = —C(t,r)df? + 2A(t,r) (x - dx) dt + B(t,r) (x-dx)* + H(t,r)dx%,  (8.4)
where A, B, C, H are arbitrary functions. Introducing the polar coordinate system,

x = rsin® cos ¢

y=rsin®cos¢g , (8.5)
z=rcos®
we have
x -dx = rdr, (8.6)
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and
dx® = dr? + 2 (d@2 +sin ®2dq02) , 8.7)

thus the metric takes the form
ds* = —C(t,r)dt* + 2E(t,r)dtdr 4+ D(t,r)dr* + H(t,r)r? (d@2 + sin? @d(pz) ,  (8.8)

with
E(t,r) =rA(t,r), and D(t,r) =r*B(tr) + H(t,1), (8.9)

Because H(t,r) must be positive to preserve the signature, we can redefine the radial
coordinate as follows,

v =\/H(t,r)r, (8.10)

thereby we obtain
ds?> = —C(t,7')dt* 4+ 2E(t,")dtdr’ + D(t,r")dr"? + 12 (d@2 + sin? @d(p2> . (8.11)

Now, we can rewrite the first two terms in such a way as to complete the square, namely,

2
E%(t,1")
2 / ! ’ 2
—C(t,r")dt* + 2E(t, 7' )dtdr’ = (w/ (t,r d ) + (e dr, (8.12)

then the line element is equal to

2
/ B / 2 2 2 i 02 2
<\/ (t, ") \/Td ) + D(t,r)dr'” +r (d@ + sin“ @d¢ ), (8.13)
where
E2(t,7")
C(t,r")"

We want to redefine the terms in parentheses so that

\/C(t,7)dt — d '=dt, (8.15)

with t' = t/(t,7"). The redefinition is possible if the r.h.s. of Eq. (8.15) is an exact differ-
ential form. However, in the plane identified by t and 1/, the differential forms are exact
minus an integrating factor «,

D(t,7) = D(t,7") + (8.14)

C(t,r")d dr' = wa(t,r')dt, (8.16)

«/ tr’

and since the domain we are considering is simply connected, we just need to prove that
the differential form is closed. The condition that guarantees that a form is closed gives
the following

d 1 ; d E(t, ") B
o' (w(t,f’) clbr )> o <oc(t,r’) C(t,ﬂ)) v o
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which is a first-order partial differential equation whose solution always exists given the
initial conditions. Thus, a can always be derived and defined in such a way that Eq.
(8.16) holds.

So, the metric can be recast as follows

ds? = —B(t,r)dt* + A(t,r)dr* + 12 (d®2 + sin’ @dq)z) , (8.18)

where we dropped the ' from t and r and renamed the arbitrary functions.
Now, we have to apply the Einstein equations R,, = 0. The components of the Ricci
tensors that are not identically null are given by

B” 1A'B B 1B?

Ro =58 ~1A? T7A 1AB’ (8.19)
Ry = —%nLjI]]BB—er}IAZgJF%, (8.20)
Roy = % , (8.21)
Rzzzl—%Jr%%—%%, (8.22)
Rs3 = Ry sin’ @ , (8.23)

where "and ’ represent the derivative with respect to the time and radius, respectively.
From the component Ry; we obtain that the function A is independent of ¢, whereas from
the sum

1. 1. B A 1 (A B d
CReot Ry =2+ B L (AP o 2 (AB) = 24
B0t AN T ATt A rA(A+lB> 0 5 M (AB) =0, (8.24)

we have that the product AB depends on time only. This implies
A(B(,7) = ki (1), (.25)

with ky an arbitrary constant. Redefining the time as

dt —  \/f(H)dt, (8.26)

the metric assumes the form

k1

2 _
B="A0

d? + A(r)dr? + 12 (ol@2 + sin? @dq[)z) . (8.27)

This metric is static since it is stationary and the scalar products of the vectors tangent
to the hypersurfaces with the vectors tangent to the timelike congruence are zero, being
the metric diagonal. Therefore, the congruence is hypersurface orthogonal, and we have
proved our previous statement that all spherically symmetric solutions of the Einstein
field equations in vacuum must be static. If we substitute

(8.28)
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in Ry, and Ry, we have
_ B B
Rp=1-— —7r—, 8.29
22 kr Vkl ( )
_ 1B” 1Bk
Ri==2F 78~ 2B ™ (8.30)

Therefore, we just need to solve Ry = 0. From this it follows

% (rB)=ki — B=k (1 + %%) . (8.31)
Imposing that the metric is asymptotically flat,
lim A = lim B =1, (8.32)
and that we must recover the Newtonian limit, we set
k1 =1 and ky = —2GnM, (8.33)

where M is the mass that generates the gravitational field. Finally, we can write the
so-called Schwarzschild metric

2 (1 _Ts\ 42 Crs\TLis o 2 | w2 2
ds _(1 r)dt +(1 r) dr? +r (d@ +sin @dq)), (8.34)
where r¢ = 2GnM is the Schwarzschild radius.
In the case the cosmological constant A is considered, the metric becomes
1 1 !
ds? = (1 - 775 . §Ar2) dr + <1 - 775 . §Ar2) dr® + (d®2 + sin? @d(p2> , (8.35)

which is called Schwarzschild-de Sitter metric. It is worth noticing that Eq. (8.35) is no
longer asymptotically flat.

82 1-+1+ 2 decomposition

As for the 1 + 3 formalism, here we consider a spacetime endowed with a torsion-free
connection.

Let us introduce a congruence of timelike curves x? = x?(\), expressed in terms of an
affine parameter A and filling all spacetime. The vector field tangent to the congruence is

dx*
ut = I Uy = gubub. (8.36)

At any point, we can identify a 3-dimensional subspace of the tangent bundle orthogonal
to u?. The projector onto the spatial subspace is defined as

hap = &ab + Ualty, (8.37)
and satisfies the properties
Whty = h,  hgu’ =0. (8.38)
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The 1 + 1 + 2 decomposition is implemented by introducing a congruence of spacelike
curves with tangent vector field e everywhere orthogonal to u: g,u”’ = 0. This allows
us to split the spatial subspace into a preferred direction parallel to e and a 2-dimensional
subspace, called “sheet”, orthogonal to e. The projection tensor onto the sheet is given by

Nab = hab — €4€p, (839)

with
NN =N%,  Nyu’ = Nye’ =0. (8.40)
Norm conservation of vectors u and e along both the congruences, and with respect to

the covariant derivative induced by the full connection I';;¢, as well as the preservation
of their orthogonality impose restrictions on the nonmetricity tensor Q..:

u‘v, <gabu“ub> = Qeaptuu® + 2upuVoub =0

(8.41)
— Qapttuu® = 2uPuV uy,
eV, (gabe”eb> = Qapee’el + 2e,efVeel = 0 (8.42)
—  Quapete’e’ =26V ey,
Ve (gabu“ub> = Qeapeu"u’ + gape° Ve (u”ub> =0 (8.43)
— Quapeuu® = 2ubeV oy,
uVe (gabeueb> = Qeapti“e’e” + gupuV, <€“€b> =0 (8.44)
—  Qepuce®e? = 2e'ucV ey,
TRAVAS (gabu”eb> = Qapu’el + gtV (u”eb> =0 (8.45)
— Quupuue® = uPuVee, + P uV ouy,
e“V, (gabu”eb> = Qeapeue® + gupe V. (u“eb> =0 (8.46)
—  Qapetue’ = uletV ey + €'tV oup.
The normalization of u” (gabu“ub = —1) and €* (gabe“eb = 1) implies the following prop-
erties for the projector tensors:
h =3, and N, =2. (8.47)

Making use of h,;, and N, we can define the projected symmetric trace-free (PSTF) part
of a tensor with respect to u” and ¢*, respectively: given a second rank covariant tensor
T,, we have,

1
T(ab) - [h(achb)d - ghabhcﬂ Tea, (8.48)

and .
Ty = [N(;Nb)d — 5z\fabN“l] T, (8.49)

It is also useful to introduce the volume elements derived from the Levi-Civita tensor

Eabeds p
c
€abe = EgbcdUt €ab = Eabcl (8-50)

113



CHAPTER 8. 1+ 1+ 2 COVARIANT FORMALISM

which are characterized by the following properties:

Eabe = g[abc]/ Eab = S[ab]/ (851)
Eapctt =0, € o €76¢ = 2h[adhb]e, €apc€™ = 211 (8.52)
sabeb = eubub =0, €€ = Ny, (853)

€abe = €a€pc — Cp€ac + €c€pp-

Given a generic tensor T% ..., there are several kinds of covariant derivative we can
define in the 1 + 1 + 2 formalism. In particular:

* the time derivative, the covariant derivative along u“,

Ty = uV Ty (8.54)

e the spatial derivative, the covariant derivative projected onto the 3-dimensional
subspace orthogonal to 17,

DTy = hehe -y - VT (8.55)

e the hat derivative, the covariant spatial derivative along ¢*,
Ty = DA (8.56)
e the J-derivative, the covariant spatial derivative projected onto the sheet orthogo-

nal to ¢4,
5cTal..b... = chNue e Nbf e DdTem (857)
f

As we have done in Ch. 6, we now decompose the covariant derivative of the 4-velocity,

1
Vauy =Daup — uy, (.Ab + €bA(u)> + —uauchdeucudue—k

. ) 2 (8.58)
- Eubeandeecudue - EuhNachdeudue-
where
AW = b7, and Ay = N uVeu,. (8.59)
Moreover, the spatial derivative of 1, can be expressed as
1
Dauy = ghab@ + Oap + Wap, (8.60)
where
® = h™D,u, (8.61)

represents the expansion of the time congruence,
cy, d 1 cd 1
Oab = | hy)" = Fhaph™ | Detta = Zap + 2Xqep) + X { eaeh — 5 Nap (8.62)

is the shear tensor, with

b =0y, Za=Noeloy, T =e"oy = N0y, (8.63)
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the tensor, vector, and scalar parts of the shear, respectively. Finally, the quantity
Wap = D[uub] = ep Q) + €45 Y (8.64)
is the vorticity tensor with

1 1
Oc = 5Nege"' Doy, Q= 5" No"Np'Dety. (8.65)

In an analogous way, the covariant derivative of e, can be expressed as,

1
Vaey =Daey, — ttaty — A uguy + <§® + Z) ety + Loty — €515+

, (8.66)
— Euaechdfu’:edef — Nacuchdfudef — eauchdfeCudef.
The spatial derivative of e, is given by
1 Ny, L eer + 1 codof 8.67
Dgey = ZNab¢ + Cap + €apG + €aap — Na“epLe je ef + 2eaechdf€ ee (8.67)
where 1
¢ =N"5e, Loy =0pepy E= Es“béaeb (8.68)

are the analogous of expansion, shear, and vorticity for the spatial vector e,. The scalar
A = 00 e, (8.69)
is the projection of the temporal acceleration of e* along u“, the vector
ap = UN, Ve, (8.70)
is the projection of the temporal acceleration of e’ onto the sheet, and
ap = NV ey (8.71)

is the projection of the spatial acceleration onto the sheet.
In addition to this, making use of the Weyl tensor (1.76), we introduce six new tensors

1w
Heg = e u’Capge,

2
_ 1 1
Hyp = EgaCduecbecd = Hy + Ee”CduEZ(l)becd/ (8.72)
Hab = EgaCdueCebcd = _Hab + EeaCdueZ(l)ebcdr
Eae = Capegui’u® Epe = Copegtt®u® E.; = Chpoqut™ui® (8.73)
ac abcdU U7, be abcdU U, cd abcdU U, .

which are the “magnetic” and “electric” parts of the Weyl tensor, respectively. These
tensors satisfy the following properties:
The magnetic and electric parts can be decomposed as well:

1
Hupy = Hap + Haep +eaHp + <eaeb - ENab) H, (8.74)
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_ 4 > 1 _
H,, =Hp + Haep + eaHy — Houp + € H — equpyH + <eaeb — §N”b) H,

. y . . 5 1 .
Hyp =Hap + Haep + eaHy — Hatty + €pH — €139 + (eaeb - ENab> H,

4 )4 1
Eqpp =& + Eaep 4 eaBy — uaEp + €5 E — uge, & + <€a€b - ENab g,

— — _ M _ M 1
Egp =&y + Eaep + eaBp — uaEp + €pE — uge & + (eaeb ) ab

Eab =&+ ZQE[aeb] - 2é[aub}'

Egs. (8.74)-(8.79) involve the following tensor, vector, and scalar quantities:

1
Hp = (Nachd — ENabz\fcd) H.4,
H, = No¢“Hy,  H =e""Hy = —N"Hy,
7 c d 1 cd & 7 c.d17 c d 17
Hab - <N(a Nb) o E ﬂbN ) HCd, Hu = Na e Hcd/ Hb =e Nb HCd’

~ _ _ 1 _ 4 _ _ _
H, = N, uH,;, H= Ee’”’Hab, H =eu’H,, H=e""H,y =—-NYH,,
) c d 1 cd )\ 15 ™/ ¢, d71] ™ cAT. AT
Hap = (N(a Np)" = 5NN ) Heg, Ha= Nae"Heq, Hp =e"Np"Hey,

. V. 1 ™ A v v .
9. = N,SuHy, H= Es“"Ha,,, 9 =e"u’H,, H=e"e"H,; =—N"H,,
1
Eab = (N(aCNb)d ) abNCd> E.4,
5,1 = NgcedEcd, Eb = echdEcd, (c/“b = uchdECd,

1 y
E = Ee“bEab, E=u"eEy, & =e"e’Ey = —NEy,

gab

1
(N(ach)d ) ubNCd> Ecq,

Eo=NSEy,  By=eNSEg, & = uNyEg,

_ 1 - x _ 5 _ _
E= e"Ey, E=ueLy=E  E=c"e'Ey=—N"Ey,

Gﬂb — NgCNbd, Gg = Nacedécd, ég = Nacudécd.

(8.75)

(8.76)

(8.77)

(8.78)

(8.79)

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

(8.85)

(8.86)
(8.87)
(8.88)
(8.89)

(8.90)
(8.91)

(8.92)

Finally, we perform the decomposition of the (symmetric) energy-momentum tensor ¥

with respect to u”, e and Ny:

2
+ (p + 7T) eqep + Zq(aub) + 27-[(aeb) + Tlap,

1
Yap =puauy + 2qe 1y + (P - —7T> Nop+
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with
1 1
o =uu¥,y, q=—uY, p= gh”b‘lfab, =3 (ZE“eb - N”b) Yo,
1

(8.94)
go = — N uc¥y,, s = NPt ¥y, Tty = (NaCNbd — EI\ngch) Y.,

The quantities p; = <p - %n) and pr = (p+ 7r) represent the transverse and radial

pressure of the fluid, respectively.

8.3 Static and LRS spacetime in 1 + 1 + 2 formalism

In the 1 + 1 + 2 formalism, the natural choice for the local axis of symmetry is the above-
defined spatial vector e”. The non-zero kinematic and thermodynamic quantities are the
scalars

{0,5,0,¢,& AW, A© 4 pa n,HHHHEEEEEE) (8.95)

As we said above, in our framework the torsion is zero. On the other hand, torsion is
strictly related to vorticity (see [164] for details) and therefore we assume the condition

O=7¢=0. (8.96)
Under this assumption, because of Frobenius’s theorem (see Appendix B), both timelike
and spacelike congruences are hypersurface orthogonal, i.e., we are working within an
LRS spacetime of class II.
8.3.1 Decomposition of nonmetricity tensor

In an LRS spacetime, the decomposition of the nonmetricity tensor involves only scalar
quantities, according to'

Qabe = — Qotatiptic + Qreaepec — Qouaepec — 2Q3eq1 (pe0)+
1
+ Queattpic +2Qsuae ptte) — 5 QettalNpe — Q71(pNeyat+ (8.97)
1
+ 5QseaNpe + Qoe(pNeys — Quotaptte) + Quigale)s
with
QO = Qubcuaubucr Ql = Qabceaebecx QZ = Qabcuaebecf Q3 = Qabceaebucl
Qs = Quce™u’u’, Qs = Quctt"u’e’, Qo = Quoct"N", Q7 = QuueN"uf,  (8.98)
Qg = QabceaNbC/ Qo = Qachabecz Q10 = Qabcgabucr Qu = Qabceabec-

As a consequence, the nonmetricity scalar Q is seen to assume the form
1 1 1
Q =§Q0 (Q3+Q7) + §Q1 (—Qs5+ Qo) + EQz (Q3+ Qs — Q7) +
1 1 1
- 5@4 (Q5 — Qs + Qo) + §Q6 (—4Q3 + Q¢) — ng (405 + Qg) + (8.99)

10, 1.5
2Q10 +2Q11-

'In LRS spacetime, both the vector and tensor components are zero.
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In view of Eq. (8.97), Egs. (8.58) and (8.66) are now written as

1 1 1 1
Vauy :ghub® + <€a€b — ENub) T — ugep AW + e + EuaubQO — EeaubQ4’ (8.100)

and
1 1 © 1 1
Ve =§Nab¢ + g@ + 2 ) equp — ugup A + g8 + Eeaele — EuaebQ2 — e,upQ3.
(8.101)

For later use, it is useful to distinguish the contributions due to the Levi-Civita connection
from the ones due to nonmetricity in the following scalars,

~ 1 1 ~ 1 2 1 1
O=0--0+Q0—-70+Q7, L=X—-7Q+Q+-Q—3Q7
2 2 372736 3 (8.102)
| ~ 1 ~ 1 '
9=¢—5Q+Q, AYV=A+ 0, AY=A+50-Qs
8.3.2 Static spacetime
With nonmetricity, the Killing equations (8.1) assume the form
0 = Lxgap =2V (4Xp) +2X Loy =
X&ab (a4vb) abc (8.103)

=2V (, Xp)-

In the following analysis, the form involving the total covariant derivative will be used.
We choose the Killing vector expressed as

X = C(x)u, (8.104)

where C(x) is a generic smooth function of the coordinates. Contracting Eq. (8.103) twice
with u?, we obtain

¢=0, (8.105)

that is, the function C is independent of time. On the other hand, the contraction with 1"
and e’ gives the hat derivative of the function C,

C = AC. (8.106)

Finally, from the contraction with h."h,;" we find

CP%<§®—Z+%Q«wb>+%%(é3+ﬂHwb—2QO}=a (8.107)

from which we derive 1 1
0= —§Q2 + Q3 — §Q6 +Qy7,

1 2 1 1
Y= -yt ZQs+ Q6 — =0y
3Q2+3Q3+6Q6 3Q7

The condition (8.2) and Eq. (8.108) ensure that the time derivative of the scalar com-
ponents of nonmetricity tensor is zero. Hence, because of the LRS symmetries and the

(8.108)
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stationary conditions, the covariant derivatives of the scalars (8.95) are zero except those
along the radial direction e“.

Because of condition (8.96), we have that X is hypersurface orthogonal since it is pro-
portional to the 4-velocity. Thus, our spacetime is static.

By a direct comparison of Eq. (8.102) with Eq. (8.108), we obtain the identities

O =0, and 2 =0. (8.109)

This is not a surprising result, since ® and % are respectively the expansion and shear
we would have in GR, where both quantities are known to be null in a stationary LRS
spacetime of class II. Moreover, it is a direct consequence of the Killing equations (8.103)
when using the form with the Levi-Civita covariant derivative.

Equation (8.108) means that in the presence of a nonmetric connection, expansion,
and shear can manifest exclusively due to the nonmetricity tensor.

8.4 f(Q) gravity

Here, we use the same metric field equations derived for the 1 + 3 formalism in Sec. 6.2

< 1 1 1 " 1
Rap = 7 <‘Pab - E&zﬂ’) + 58ab (%, - Q) - 2]% (Pcab - EgabPCdd) 9:Q, (8.110)
We will perform projections along both the timelike and spacelike curves as well as onto
the sheets.

8.4.1 141+ 2field equations in LRS spacetimes of class II

To make explicit the field equations in the 1 + 1 + 2 formalism, we need the Ricci identity
for the Levi-Civita Riemann tensor, written for both 1, and ¢,,

[vcvd - vdvc} ub — _Rabcdua, [v(jvd - Vdv(j} eb — _Rabcdea. (8.111)
From Egs. (6.73) and (8.111), we obtain the following relations:
o Ryguu? = gheyd [VeVia— VaVe] uy,

jl—i—flz—i-f(gﬁ—1—(,0—1—3}9)—1-%]%—%Q—%7(Q4—2Q5)QZO; (8.112)

s 1, 2 o 11 1f 1., 1f" .
Pt +A+A +EJT,(P—P+27T)+§/T,—§ _57(Q4_Q8)Q—0,
(8.113)
e R du”ed = gbced [Wcﬁd — ﬁdﬁc} Uy,
" (Qo+Q— Q) Q=g¢; (8.114)

2We report only contractions that do not return trivial results.
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o —R%geauluce? = ubyced [7 Vi—VaVep,

A

s ~ 11 1 1
L (8.115)
T (404 — 405 — Qs —2Q9) Q =
o —R%geqube™ = eyl V.V, — ViV ey,
=0 (8.116)

In vacuum, for Eq. (8.114) to be satisfied, there are three possible solutions: f” = 0,
and O = 0, from which only Schwarzschild-de Sitter spacetime can be obtained (in Sec.
6.2 we showed that these two conditions always give the GR field equations), or Qg +
Q2 — Qs = 0, which instead imposes a restriction on the connection. The latter condition
results in being automatically satisfied under the assumptions we will use to solve the
field equations.

8.4.2 Weyl tensor: magnetic and electric parts

Keeping in mind that the Weyl tensor is zero because the Riemann tensor is null, R?.; =
0, we can make explicit the contributions due to Levi-Civita connection and nonmetricity
in the magnetic and electric parts of the Weyl tensor to derive constraints on nonmetricity.

Equations & = £ = 0are automatically satisfied, so they do not provide any constraint.
On the other hand, from the scalar part of (8. 74) we have

H=0=H- —<PQ10 + AQ10 + = Q10 + 16 (Qs —2Q9) Q10— 5 (Q6 —2Q7) Q11,
(8.117)

from which, considering Eq. (8.116), we derive

Q10 = Q11 =0. (8.118)
The condition (8.118) ensures H = H=H =H =H = $ = E = E = 0 as well. Now,
we just have to write the scalars £ and £, which are derived by Egs. (8.88) and (8.91):

£ =0=F— - A(6Q: +2Q1 +10Q5 ~2Qs — Q) +
+ 2 (601 — 404 +10Q5 ~ 505 — Qo) +
~ 5 Q0(6Q2 203 405 + Q1) +
+ 2501 (—6Q4 +1005 —3Qs +5Q0) +
— %Qz (—2Q3 — 2Q¢ — 5Q7 + 6Q7) + 41—8Q3Q6+
+ lQ4 (10Qs +2Qs + Q9 — 6Q4) +

(8.119)

20505t 5 %@+%—3%@+
+%+ ~Q4 — 2Q5+EQA8—ﬂQA9,
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and

E=0=—E— 21—4,41(6Q1+10Q4+2Q5+2Q8—5Q9)+
+ %43 (6Q1 +4Q4 +2Q5 — Qs —5Q9) +
~ 15 Q0 (602 100 — 405 +5Q7) +
+ 45 Q1 (~6Q4 +2Q5 305+ Qo) +
) (8.120)
~ 182 (71005 +2Q2Q6 + Q7 +6Q2) +
+ 5 @506 + 5504 (5Qs — 205 + 505 — 6Q4) +
- %QSQS - 33—2Q6Q7 + % + %Q8Q9 + 9—5 - %Qaﬁ
05— 05— 20
8.4.3 Riemann tensor contractions

Besides the Weyl tensor, we can deduce constraints from the Riemann tensor itself by
considering all its possible contractions with u“, e*, N9, ¢ and imposing R%,.; = 0.
Making use of the Ricci identity for the full connection,

[chd - Vdvc] Uy = —Rabcdua, [chd - Vdvc] ey = —Rabcdeu/ (8.121)
we deduce the following relations:

. R”bcduaubuced =0,

A 1
Qo + 3% (A(e) — A(”)> — -0 (0Q4+205) —X(Qs4 — Qs) +
= . (8.122)
+A (Qo +2Qs3) — 5Q0Q4 — 7Q2Q4 +QsQs =0;
* R%cqeaepiice’ =0,
Qr+2 (Z + %@) (A@) — AW %Ql) -
. . (8.123)
+AM (Q2+2Q3) + 5 Q1Q2 + Q1Qs — 5QQ: =0;
o R N,tuced =0,
Q6 +AQs = 0; (8.124)

o R guzeluce? =0,

A 1 1 \* 1 1
AW 4 AW2 EAW)Ql -~ (z + 5@) ~5 (z + 5@) (Qo +2Q2 —2Q3) = 0;
(8.125)
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o R qequbuced =0,

2
A@ 4 A M) — %A (Q1+2Q4) — (Z + %@) + % (Z + %G) (Qo+4Qs3) +

1 . u 1
3¢ (A9 =AM + Q5) — QF ~ SQ0Qs = 0

(8.126)

° Rabchacubud =0,
7 2
<2 — 5@) + (z — —@) (Qo +2Qy) + 8.127)
20 AM 42905 + 24 Qo + QQ7 + QF = 0;
o R% N febe? =0,
2
-0t L4 QB8 - 207 SOn+ 9 (Q1 —209) +
: ) (8.128)
13007 +2Q7 — 5Q1Q =0;
i R“bchaCubed =0,
" 2. . 3 1 1
Y- O+ Q7+ X — X (Q4+3Q9) — (¢ — Qo) (Q3 — —Q7) +
3 2 i : 2 (8.129)
+§@Q4 — §Q4Q7 =0;
e R* bchllc b d O/
%ng - %@gb - (z - %@) <Q5 + %Qg + A<e>) +
X (8.130)
—5 (¢ — Qo) (Q2 — Q7) — AMQ; =0;
o RN uu® =0,
2 \? 2
<z - 5@) op Al — (z - g@) (Qo+ Qs — Q7) =0 (8.131)

o R NPeue? =0,

L¢P 2 1 2 1
¢+ 5+ 2 — §®2 — 305 Qs+ ;00— 5¢ (Q1 — Qs+ Q) =0; (8132)

o R Nue? =0,

520+ 59+ (z_ —@) (Qu+Qs— Qo) = (8.133)
i R“bchbCeaud =0,
Al (40 — 6%) + ¢ (=20 + 3Q, — 3Q¢ +3Q7 4 3%) = 0; (8.134)

All the remaining contractions, which are not explicitly expressed above, are identically
null.
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8.4.4 The final system of covariant equations

Before proceeding to write the final system of equations to be solved, some preliminary
considerations are in order.

First of all, we are looking for a vacuum solution, so p = p = g = 7 = 0. Moreover,
from the static nature of spacetime, we have already deduced the relations @ = ¥ = 0.
In addition to this, we decide to impose the conditions ® = X = 0 too. Both the total rate
of expansion ® and shear X are set to zero to simplify the mathematics and because we
want a distortion-free spacetime as well. Hence, from Eq. (8.108) we get the identities

Q2 = 2Q3, and Q6 = 2Q7. (8.135)

Furthermore, we require that the curves of the timelike congruence are autoparallel, i.e.,
u°V.u” = 0, which implies

Q=0 A® =0 and A® =Qs. (8.136)
Equations (8.135), (8.136), together with Eqs. (8.122)-(8.134), give rise to the identities
Q=Q0=Q0% =0 =0, (8.137)

which are in agreement with Qp + Q2 — Qg = 0 derived from the off diagonal equation
(8.114) in vacuum.

By collecting all the obtained results, we end up with the final system of field equa-
tions:

ft+/lZ+A43+%j£,—% —%f}—/,/(Q4—2Q5)Q:0, (8.138)

5+AJ>+%%— %Q—%]}—HQ Q+§];—/,/Q Q- 112]}/,/Q Q- éf’ QO =0, (8.139)

$+%<ﬁ2—44~> ]}l,/Q Q+2f,Q s0 =0, (8.140)

Qs + Qs” + §Q1Q5 — 0, (8.141)

$— Qo+ % % —¢ ( - %) - %Qng —0, (8.142)

Qs¢ =0, (8.143)

¢+ %4)2 - % (Q1— Qs+ Qo) 9 =0, (8.144)

_&- lA (6Q1 4204 + 1005 — 205 — Qo) + l43 (601 — 4Q4 + 1005 — 505 — Qo) +
L0101+ 20105~ 010 010+ Qi+ Qs+ Qi — Dt

500 20 2 e 1o, S oi Lo 2o,
(8.145)
0 =301 (~Q5+ Q) — 5Qs(Qs ~ Qs+ Q) ~ g Qs (405 + Q). (8146)

Eq. (8.120) is not included in the final system of equations since one can prove that
the combination (8.119)+(8.120) can always be obtained by suitable combinations of Egs.
(8.141)-(8.144).
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8.5 Spherically symmetric solutions
In this section, we specialize the system of covariant equations (8.138)-(8.146) to a spher-

ically symmetric scenario. For this purpose, we introduce the following expression of a
static spherically symmetric metric,

ds? = —A(r)df + B(r)dr? + 17 (d6? + sin 0dg?) (8.147)

where A(r) and B(r) are generic positive functions of the radial coordinate r. In this
coordinate system, the 4-velocity u” and the spatial 4-vector e are expressed as

1 1
"=!-—,0,0,0p, and =30, —=,0,05. 8.148
(oo DAL L

Using Eq. (8.148) and the definitions of ¢ and A, we obtain the relations,

_ Al 8.149
Al 90) (5199)
4 1
B() = 2 507 (8.150)
e"Vap = "V = "9, = %J)rarlp, (8.151)

where ¥ is an arbitrary scalar function. From Eq. (8.143) two conditions arise:
¢$=0 or Q5=0. (8.152)

To test the viability of both solutions (8.152), we consider the function f(Q) = Q and
verify that, in this case, the equations yield the Schwarzschild spacetime as a solution.
The condition ¢ = 0 leads to an unacceptable result for f(Q) = Q: all kinetic scalars
are null. For this reason, we discard this branch of solutions, and we will narrow down
our investigation to the branch Qs = 0. In such a circumstance, we easily obtain the
following relations for ¢ and A when f(Q) = Q,

.2 7s ~ 1 Ts
_2h-l - _ig=_— T (8.153)
P73 r 2 2r\/1? —rrg

which substituted into Egs. (8.149) and (8.150) give the Schwarzschild metric as solution,

A=B1l=1- rf (8.154)

being rs the Schwarzschild radius, as expected.

Coincident gauge

Before the resolution of the covariant equations, let us show that if we use the coincident
gauge and the metric given in Eq. (8.147), either the function f(Q) must be linear or the
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nonmetricity scalar must be a constant. In the coincident gauge, the nonzero components
of the nonmetricity tensor are

Qi1 = —A, Qin=F, Q133 = 2r,

8.155
Q44 = 2rsin?6, Qoas = 2r*sin 6 cos 6. ( )

Now, using the field equations

2 1
Eip = <= Ve (V=8f'P'w) + 580 + f (PacaQe® —2Q%Pais) =0, (8.156)

it is straightforward to derive the off-diagonal equation,

1
Ei2 = —5f"9:Qcot6 =0, (8.157)

which proves the above statement. This is the reason why we chose to use the 1 + 1 +
2 formalism in studying spherically symmetric metrics: it allows us a totally different
covariant approach than the coincident gauge.

8.5.1 Schwarzschild-de Sitter solutions

For Egs. (8.149) and (8.150) admit solutions of Schwarzschild-de Sitter type, from the
well-known results of GR, we must have that

s 1. <~
¢+ Ecpz ~Ap =0. (8.158)
Consequently, Eq. (8.140) and the condition Q5 = 0 imply

f’QsQ = 0. (8.159)

As we already know, Eq. (8.159) tells us that to have a Schwarzschild-de Sitter metric
either the function f(Q) must be linear or Q must be constant. But there is also a third
possibility given by the requirement Qg = 0.

The condition Qg = 0 perfectly matches the gauge choice made in other works (e.g.
[182, 183]) in which static spherically symmetric spacetimes are studied and the full con-
nection is assumed to coincide with the Levi-Civita one of a Minkowski spacetime in
spherical coordinates.

Now, we can solve the final system of equations with the constraint Qg = 0. From
Egs. (8.140), (8.142) and (8.144) we derive the relation

Q1 =0Q4, (8.160)
which substituted into Eq. (8.146) gives Q = 0. The vanishing of nonmetricity scalar

implies
f(@lo=0=fo.  f(Qle=0= fo,
f(Qle=0= fo,

i.e., the function f and its derivatives are constant on shell. The remaining equations
admit the solutions

(8.161)

_2 rs 1f | 3frs — for®
r r o 6f 2 . (8.162)
' 6r2\/f52 (1-%-447)
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6f0rs +for ~ Ts
2 T °- ¥ (8169
3r \/ - 2= 6f/r )
2
A—plo1_"_Lhr (8.164)
ro 6 f,

which represent the Schwarzschild-de Sitter spacetime.

8.5.2 O-Gravastars

Among the exotic objects that have been proposed as alternatives for black holes, there
are the so-called gravitational vacuum condensate stars or Gravastars [196, 197]. A
gravastar is essentially a compact object made of a dark energy condensate that repre-
sents an alternative to black holes as the final state of gravitational collapse. As the non-
metricity terms in equations (6.73) can be considered as an effective fluid which can have
negative pressure, one might ask if f(Q) gravity can admit gravastar solutions with-
out invoking explicitly the presence of a cosmological constant. We dub these solutions
“Q-gravastars” and give their simplest realization in the following.

From the Einstein-like form of the metric field equations (8.110),

~ 1 = 1 1 "
R 38R = 7T = 350 (- ©) ~ 2P0 (8.165)

we have that, in the case Q = Q. = const., the effective energy-momentum tensor,

e 1 Q*
T = —58w Q% - Q*) = —gab s, (8.166)

can be thought of as a fluid characterized by a negative pressure,

3 ﬁz{fh”b Pesr = —Pepr = T uul, (8.167)

! 1/ f(Qs)
Ay =5 - Q. ] >0, 8.168
2(NQQ Q) (8.168)

which corresponds to a function f, which grows slower than linear. It is now clear that,
with our assumptions, considering a Schwarzschild radius equals zero, the solution of
the field equations will be just the de Sitter solution,

1
A=Bl1=1- §A*r2. (8.169)
Therefore, in this scenario, the nonmetricity tensor is the geometric object whose role is
to give rise to the dark energy that fills compact objects when a gravitational collapse
occurs.
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8.6 Discussions

In this chapter, we have developed the 1 + 1 + 2 covariant formalism for static LRS space-
times of class Il in the presence of nonmetricity. The resulting geometrical setting has
been applied for studying the features of vacuum solutions arising in f(Q) gravity, in-
cluding the Birkhoff theorem and the presence of Gravastar solutions.

Our analysis shows that nonmetricity gives rise to significant kinematic and dynam-
ical differences with the purely metric case. For example, the timelike and spacelike
congruences can be associated with two different types of acceleration, provided by Egs.
(8.59) and (8.69), respectively. The difference between the accelerations is related to the
geometric properties of the congruences themselves, like, e.g., autoparallelism.

As a first application of the general formalism, we have analyzed the case of static and
spherically symmetric spacetimes. In particular, using some simplifying assumptions
on the nonmetricity tensor connected with the requirement of autoparallelism for the
timelike congruence, we have deduced a self-consistent system of algebraic/differential
equations for the investigation of vacuum solutions. These equations allow the identi-
fication of the conditions under which the theory produces the same Einstein-like field
equations as GR. In addition, we have derived sufficient conditions that ensure the exis-
tence of a Schwarzschild-de Sitter solution in vacuum, extending the ones presented so
far in the literature. We also obtain a Q-Gravastar solution in which nonmetricity gen-
erates the dark energy filling the compact object. A similar role for nonmetricity as dark
energy is not new in literature, as it has been well explored in cosmology to justify the
expansion of the universe (see Ch. 5).

127






111

Spinors and nonmetricity
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Spinor fields in f(Q) gravity

In the present chapter, we study f(Q) gravity coupled to a spin-1/2 spinor field. A first
step in this direction was given in [66], in the context of the STG.

As f(Q) gravity is a metric-affine theory of gravitation where the dynamical connec-
tion is not metric compatible (but torsion-free and flat), the introduction of spinor fields
in f(Q) theory requires the definition of spinor covariant derivatives induced by a gen-
eral affine connection, not necessarily metric compatible. The spinor covariant derivative
can be obtained by using the Fock-Ivanenko coefficients with antisymmetric Lorentz in-
dices [198]. As a result, the covariant derivatives of Dirac matrices are no longer zero,
and this is reflected in the particular form of the spin conservation law.

Another peculiar aspect of the proposed approach to f(Q) gravity coupled to spinors
is the choice of the dynamical variables we used. Theories of gravity that deal with
spinor fields employ tetrad fields to represent the metric tensor. In tetrad-affine theo-
ries, the additional gravitational degrees of freedom are usually incorporated by the spin
connection: for instance, in Einstein-Cartan-like theories, the variational derivative of
the action with respect to the spin connection induces the well-known coupling between
spin and torsion. Instead, in this chapter, we make a somewhat different choice in which
the dynamical variables are a tetrad field and an affine connection expressed in coordi-
nate basis. With this choice, the Lagrange multipliers present in the action do not enter
the Einstein-like equations, and thus we obtain more manageable field equations.

For this reason, in the following, emphasis has been given to the deduction and dis-
cussion of the gravitational field equations. Using our new formulation, we will see
that the energy-momentum tensor acquires additional terms with respect to the standard
Dirac tensor form. These additional terms directly involve covariant derivatives of the
spin density related to its conservation law. The latter has been obtained by making use
of the Dirac equations derived by variations. We found that even if the final expression of
the spin conservation law is formally different from that holding in Einstein-Cartan-like
theories, it still ensures that the antisymmetrized part of the Einstein-like field equations
is identically zero, just as it happens in the theories with torsion and metricity [199]. This
was an expected result that restores equivalence between metric-affine and tetrad-affine
formulations of the theory.

In cosmology, spinor fields have been mostly considered since the 1990s. They can
drive the universe into accelerated expansion at early and late times, thus offering theo-
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retical frameworks for both inflation and dark energy. Cosmologies sourced by fermions
are even known to be able to avoid the initial cosmological singularity [200-205]. More-
over, when dealing with spinor fields, anisotropic models of spacetime seem more ap-
propriate (for example, think of the anisotropy induced by the spin four-vector). In con-
nection with this we will study spinor fields in a BI spacetime arising from f(Q) gravity.

Throughout the chapter, spacetime indices are indicated by Latin letters, while
Lorentz! indices by Greek letters; both sets of indices run from 0 to 3. The metric sig-
nature is (+, —, —, —).

The study performed in this chapter is based on the paper “Spinor fields in f(Q)-
gravity” [77].

9.1 Spinor fields

Considering an arbitrary spacetime, we can define what is called tetrad field ef’ at each
point [84]. Tetrad fields possess Lorentz indices as well as spacetime indices; they are
defined by the relation

et = ely dx’, (9.1)
and, together with their dual fields
.
ey = elyﬁ, (9.2)
they satisfy the relations
e;eiv = v, e]yef’ = (5{, and e]ye]v = 5;, (9.3)

with 77,,, denoting the Minkowski metric with signature (1,—1,—1,—1). The metric ten-
sor g;; can be described in terms of the tetrad field such that

8ij = e?e}'jﬂyv- (9.4)

The same can be done for any generic tensor, that is, it can be represented by its compo-
nents with respect to spacetime indices or Lorentz indices, as in the following

ineed i in V1 VinH1
T = ey ",y .ej’: T (9-5)
251 Hn 1 jm iy .
TH ﬂnvlmvm =l e e e{/m [ i (9.6)

Greek indices are raised and lowered by the Minkowski metric 77, whereas Latin indices
by the metric tensor g;;.
If we perform a tetrad change via the linear transformation

&, =AY e, 9.7)

where A, is the matrix that define the transformation, from Eq. (9.4) we obtain the
relation

A(XHA'B]/H‘X‘B — ’7]/“/. (9-8)

1The name will be clarified in the next section.
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Assuming that the transformation (9.7) preserves the orthonormality between tetrads,
we have that the matrices A", are elements of the Lorentz group [82, 84].

The adoption of a tetrad field may be seen as a change of local trivialization of the
frame bundle over the spacetime [206]. As a consequence, the linear connection Fijh
gives rise to the corresponding spin connection

wily = —ekdel + eﬁl"ikje;.l. (9.9)

Thanks to Eq. (9.9), we can define the full covariant derivative of an arbitrary tensor with
respect to both Latin and Greek indices,

VT e =0, TH e wi T e+ T TP e

(9.10)
— wilvathak..‘ — Fik”T?‘h"'w....

From Egs. (9.10) and (9.9), we have that the full covariant derivative of a tetrad is null,
Viel' = djel' + wit el —Tjikel =0, (9.11)

which means that the conversion between spacetime and Lorentz indices commutes with
the full covariant derivative.

To be consistent with the literature related to spinors, we once again give the decom-
position of the affine connection but with some changed signs. Any given connection
may be expressed as

where 1
Iy = §3hk (9igjk +9j&ix — 9%8ij) » (9.13)
is the Levi-Civita connection induced by the metric g;;, while
1 1
Kif" = 5 <_Tijh + T — Thz'j) , and L' = > <Qijh +Q;i" - thj) , (9.14)

are the contortion and the disformation tensors, respectively. As far as spin connection is
concerned, the analogous decomposition of (9.12) assumes the form

wil'y = oif'y — Kty — Lify, (9.15)
where
@ity = —eldel + eﬁfikje]”, (9.16)
K, = K;'el'el, (9.17)
Li*, = Lifelle]. (9.18)

9.1.1 Dirac matrices and spinors

We define the Dirac matrices as the 4x4 matrices that satisfy the identities

YoV + Ayt =24, (9.19)
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and, o o )

Yy + 9y =241, (9.20)
with I; the unit matrix and 7' = 7*¢j,. From the anticommutation relation (9.19), we
derive the following identities

Yyu =41, (9.21)
'y =—29", (9.22)
YAy v =2n" 1y, (9.23)
Y Y P = = 29P9", (9.24)
{7 Al 90} =yl (9.25)

The Dirac matrices transform under a tetrad change according to the relation
T = Ayt (9.26)
Let L be a matrix and L™ ! its inverse such that
= AF,LyY'L ™ = LyrL Y, (9.27)
then we define as spinor ¢ the quantity that transforms under (9.7) as
¥ =Ly, (9.28)

while as adjoint spinor ¢ the quantity that transforms as

X

p=gL" (9.29)

The product between adjoint spinor and spinor is a scalar since it is invariant under
transformation, that is

g = . (9.30)
On the other hand, the product ¥ transforms as a Dirac matrix,

fip = LypL ", (9.31)

For an infinitesimal Lorentz transformation A#, = & + e#,, with €/, an infinitesimal
quantity, from Eq (9.27) we find that L assumes the form

1
L=1I;+ gew (YY" — 4"y (9.32)

A special solution of Eq. (9.19) is given by the Dirac representation

0 __ 12 0 A 0 (TA
T = (0 _12 ’ T = _U.A 0 ’ (933)

A

where I is the 2x2 unit matrix and A = 1,2, 3. The quantities ¢ are the Pauli matrices

S <<1> (1)> 2 (c: Bi)' N ((1) _01>, 9.34)
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which are traceless and Hermitian, that is,
tr(c?) =0 and o =0 (9.35)

From these properties, we have that the Dirac matrices are traceless too, and that they
satisfy the relations

VAEE S S G e (9.36)
thereby, 7 is Hermitian, 7°" = 0, whereas the 74 anti-Hermitian, 94" = —94. Let us
consider the Hermitian conjugate of Eq. (9.32),

1
LY = I+ gew (77 =9, 9:37)
and multiply it by 7?,
t,0 01 v, ut ut vty .0 01 0 (A M~V VAU 0r—1
L'y =9 +§€W(7 7=y )’r =7 —gewy (V=) =L
(9.38)
where we used Eq. (9.36), thus the quantity ¥ transforms as an adjoint spinor,
Y — YL =Tl (9.39)
and we can give the following new definition
§ =9 (9.40)
Because of Eq. (9.19) we have that
v =20, (941)
so we can define the matrix
i
Y’ = —ogemepr" P =i, (9-42)
which in the Dirac representation is equal to
0 I
and that has the properties
2
() =0, =2 {aft=0 () =m0

With the introduction of the gamma matrix 7 we also have the following identity

,)/‘u,)/ _ 1,]}11/,)/06 + 1,] ,),]4 _ Uﬂaryv _ ig’“’“ﬁf)/ﬁf)/5' (945)
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9.1.2 Spinor connection

Because the ordinary derivative of a spinor is not a spinor,
9; = ;L + Lo;p, (9.46)
we have to introduce a spinor connection ();, which transforms in the following way
O =LO, L7 —9,LL7Y, (9.47)
so that we can define the covariant derivative of a spinor
Vip = 9; + Q. (9.48)
From the derivative of the scalar ¢y,
Vi () = 9 (¢¢), (9:49)
we derive the covariant derivative of the adjoint spinor too,
Vi = i — Q. (9.50)
We decide to use as spinor connection (); the Fock-Ivanenko coefficients

1
O; = gwiyv [r)’y/ ')’v} . (9.51)

The covariant derivate of the product ¢¢ is equal to

Vi) = (Vi) ¢ + Vi = 9; (¢9) + Qipp — O = 9; () + [, vl (9.52)
Therefore, since the Dirac matrices transform as ¢, the covariant derivative of y# is

given by
Vit = 0iv" + wit' v y" + [Qi, ] = wit'vy” + [, v™]. (9.53)

Making use of Eq. (9.51) as well as of the algebraic identities

Y [ Tl =4 (vt =TT, (9.54)

from Eq. (9.53) we get the relation
Vit = w "y = ~LiWy, (9.55)
with vy, = 9#1,,,. Considering the identity (9.11), we also have

. . 1 .
Vi) = —Li"y = =50, (9.56)

where ), = 7F Sxin- Therefore, in the case of nonmetricity, Dirac matrices have in general
non-zero covariant derivatives.
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9.2 f(Q) gravity coupled to a spinor field

In this section, we shall consider f(Q) gravity coupled with a spinor field . In order to
deal with spinor fields, we shall assume as gravitational fields a tetrad ¢! and an affine

connection l"i]-h, defined on the spacetime.
The action functional of the theory is

A(e,”; rz’jh/ 4)) = / [\/ —gf(Q) + )Lhkinhkij + )\hijTijh + ﬁp} d4x, (9.57)

where Lp is the Dirac Lagrangian
i/ - .
Lp =+/~8 [5 <1P71Vz'lli - Vz"/’?“P) - mll"/f} : (9.58)

Equation (9.58) is the simplest Lagrangian density we can construct for a spinor field that
contains the first derivatives of spinors and it is real. This is because the term

i(F7'Vip — Vigr'y) (9.59)
is the simplest real linear combination of derivative that is not a total divergence,
whereas Py is the simplest quadratic scalar we can use to construct the mass term.

The field equations are derived by varying the action (9.57) with respect to tetrad,
affine connection, spinor field, and Lagrange multipliers. More specifically, variations
with respect to the Lagrange multipliers give rise to the two well known constraints

R'j=0 and T =0. (9.60)

In order to carry out variations with respect to the spinor field, it is convenient to make
use of the identity (9.15) to express the covariant spinor derivative in the form

- 1 N
Vip=Vip+ g L [yu, ]y and Vi =Vip— gv,bLi”" [Yur 1v] (9.61)

where the constraint T,-jh = 0 has been considered. For the variation with respect to 1,
we have to further elaborate the derivative term V;¢ into the Dirac Lagrangian (9.58),

—é\/—_gvﬂl}?ilﬁ == éJ—_vifw + %\/—_gq}Li”V (Y] v =
- ¥ (éw_gww) N e AA R
+ % —8PL My [y 1] ¢ — iﬁ@L“”yvvﬂau¢+
N
=-V (é\/—_g¢7i¢> + é¢—_g¢vivw + £¢—_8¢ (4" - Q") me,

(9.62)
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where the first term can be neglected being a boundary term, and we used the identity
(9.54). The same evaluation must be made in the variation with respect to ¢, this time
considering the derivative V;i. Therefore, the Dirac equations are equal to

. i i
"V + gany"p — Q" —myp =0, and

. . (9.63)
ivipy" + ithﬁvh - ithP’r” +mip = 0.
By varying with respect to the connection, we obtain the equations
2V MNP+ 2000 — 4y /=gf' Py = @Y, (9.64)
where f/ = a—é and @), = —ﬁrﬁ—ﬁ. As we already know from Sec. 3.1, it is not necessary

to elaborate further on this last equation.
In order to perform the variation with respect to the tetrad field, we exploit the results
already present above together with the identities

de 9], .j
@ = ee, and @ = —ele (9.65)
where e = \/—g¢. On one hand, we have
ov/=8f(Q) ij 2 — oI pk 1
T&g =\ —8 \/——_ng (\/ ng 1]> + Zgz]f(Q)-i— (966)
+f' (Pmej”b - 2QabiPabj>] 58",
Making use of Egs. (9.65), it is easily seen that
Soll o
% = —2gflet. (9.67)

Collecting the above results, the variation of the gravitational Lagrangian with respect to
the tetrad field may be expressed as

5v—8f(Q) _ 2 ! pk .. 1 .
et 2\/-8 \/—_—gvk <\/ —gf'P 1]) + Egz]f(Q)Jr
+f <Piaijab - zQabiPabj)} gllet.
For later use, saturating Eq. (9.68) by e; and lowering the index 1, we obtain the equiva-
lent identity

@eg(g)e;g;’s =—-2y/-g L/L—_gvk (\/—_gflpkq8> + %gqsf(QH

+f/ (anstub - 2Qabqpabs>] .

The variation of Dirac Lagrangian with respect to e/ deserves a little more attention.
First, we observe that Eq. (9.9) allows us to represent the full covariant derivative of the
variation de;, in the form

(9.68)

(9.69)

V; (def) = 9y (def) — 9y (ef

p) ef’,&ez —T,°0el + Fipqeref;éez. (9.70)

q
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With the identity (9.70) in mind, after performing the variation of the Dirac Lagrangian
with respect to the tetrad field, we get the expression

3Lp
oe,

def =elLpdel — —e [gbfy”e ex Vi — Vilp'y"eZei ] dey+
(9.71)
_ L . T\ .F i h
16€V1 (dep) ¥ {'Y , ['YTr’Y } } ¥,

where, on the r.h.s., the presence of the last term is due to the fact that we are using the
tetrad field and the affine connection to represent the spin connection (9.9), involved in
the spinor covariant derivative (9.48). Now, considering Egs. (9.12), (9.15), (9.16) and
(9.18) as well as the constraint Tijh = 0, we have the identity

V; (def)) =V (be}) + Ly’ 6el — LT ybe. (9.72)

In view of Eq. (9.72), after some calculations we end up with the further identity
—EeV (0§ {2 [ren"] by =
9, (8 1 1o ) + e (5 e )

- 11_6€Lishl/_J {,),i’ [ ,)/s]} Wefz + 11_6€Li0ﬂ/_} {,Yi’ [rym ’yh} } 1[1562.
(9.73)

Notice that the first addendum on the right-hand side of Eq. (9.73) is a divergence that
leads to a boundary term. Moreover, still using Eqgs. (9.12), (9.15), (9.16) and (9.18), it is
an easy matter to verify the relation

2o (3 {7 [re ] } ) — gl $ {7 bre v b 0+ el 5 {4 [re "] b =

—eVZ (#{+" [re"] }tp) + 11—6eL,-;1/3 (v [re"] e

(9.74)

Replacing the content of Egs. (9.73) and (9.74) into Eq. (9.71), we obtain the identity

oL i r- , _ :
2 =etLp — e [y ee Vi — Vi elely | +
“ . , (9.75)
oo (7 A h b i s h
36V ({0 e h ) + gt {0 [ o
which, saturated by ey, yields
oL
D =diLp — 2o [§7"Vap — Vo] +
h (9.76)

T (B [T} 0) ¢ et [ o

The expression (9.76) can be further elaborated and simplified, making use of the Dirac
equations (9.63). First, it is an easy matter to verify that the Dirac Lagrangian £p vanishes
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on shell. Thus, the first addendum to the r.h.s. of Eq. (9.76) may be omitted. Moreover,
once the index & is lowered, the antisymmetric part of the whole r.h.s. of Eq. (9.76)
vanishes as well. To see this point, we analyze in detail the divergence term

%evi (zﬁ{% ['rq,'rh]}l/f) = ie(V'IP) i[vq, }IH —epy’ [%ﬂh} (Vi) +
e ]P0+ 1] 0 (5 7, )

(9.77)
By adding and subtracting the terms
L n) i (o
e |17 (Vi) 9.78)
and
-+ ) A h
—e (Vi)' 797" | ¥ 9.79)

in Eq. (9.77), we obtain the following expression

16V (77 [T} o) = e {(9007) [ Tt 9 ] (i 90)  +

s {ms @ [ oo g [ [ G +
et (9 {7, [ ) 0.

By employing the Dirac equations (9.63) and the identity (9.54), from Eq. (9.80) we easily
get

(9.80)

%evi (@{7" [ }w) = ie (#7"Vq - tlmvhw = Vi "y + V')

e (@ Q) # T} o+ b (5o )

Except for inessential multiplying factors, Eq. (9.81) represents the conservation law of
the spin density in the current theory. Compared to that holding in Einstein-Cartan-like
theories (for example, see [199]), there are evident differences due to the explicit presence
of the nonmetricity tensor and to the fact that the covariant derivatives of Dirac matrices
are no longer zero.

To proceed further, we must elaborate the term

%elﬁ (Vi {71} [vwh] }) P. (9.82)
To this end, making use of relation (9.56), we have
b
O O | T e | PR
ﬁeQipqu_) (v ]} o= 5@ {0 v 2] | e
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At this point, given Egs. (9.81) and (9.83) as well as the identities L = %Qsii and Liip =
Q,'ip — %Qpii, we can express the sum of the last two terms on the r.h.s. of Eq. (9.76) in
the form

R R e (T P
= e ($7"V g — 1"y — Vi p + V)

e {1 ] o e
(9.84)

Inserting Eq. (9.84) into Eq. (9.76) and lowering the index /1, we obtain the final expres-
sion

5L Lol ;
Ffegg’” =—5e <1/ny(qu)1/] - V(q‘/’%)lp> + (9.85)
| .

- éeQipq1p {’Yir [’YS/ ,),P]} Y- 3_26Qipslp {,Yi’ h/q' r)/p} } ¥-

To conclude, by equating Eq. (9.69) with Eq. (9.85) and dividing by \/—¢ = e, we get the
explicit form of the energy-momentum tensor

Z'ij = i (Jﬂ’(qu)qj - v(q¢75)¢> + ;_.ZQip(qlp {’)’i/ [’)’s)/ ,),P] } ¥, (9.86)

and of the field equations deduced by varying with respect to the tetrad field, namely
2 — Ik 1 / b~ yab _
\/__ng <\/ gf p qs> + zquf(Q) +f (anst 2Q qpabs> -

- i (‘p’Y(qu)‘P - V(qlp%)lp) + éQi”(qlp {’Yi’ [%)’Wﬂ } v

where both sides of the equation (9.87) are symmetric in the indices g and s. Further
evaluation of the r.h.s. of (9.87) shows that, by explicating the Levi-Civita derivative of
the spinors, the terms due to nonmetricity cancel out. Indeed, using Egs. (9.61), from the
derivative terms we obtain

i i i Z. Z.
1PV = 191V + 559 (sz'w%ﬂ 7’ = Qipg1) 7"y ) y, (988)

(9.87)

and
i _ i~ i l. i
—1V@¥rs¥ =~V ra¥ + 559 (Qpi<q'r YY) = Qipg Y ’m) ¥, (9.89)

whereas the remaining terms give

1 il I 7 i i i i
35 Qipa¥ {7 / [%w”} } Y= 55Qip¥ (%n’”v =YY Y+ e — 7’”%))(15.90)
Therefore, Eq. (9.87) can be recast as
2 1
— Vi _8flpkqs + 5845 f(Q) + f! anstab - ZQaquabs =
L (V) fer@re R

: (IPV(SW)IP - v(qlp’)/s)lp> :

o~
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The same is true for the Dirac equations (9.63), which can be written as

iY"Vp —myp =0, and ©.92)
iV +mp =0, '

in which we used the identity (9.54). Thus, both the energy-momentum tensor and Dirac
equations are what we would have in GR, which means that spinors seem to be unaf-
tfected by nonmetricity. However, in the next section, we will use Egs. (9.87), and (9.63)
as they make the math easier in the case where coincident gauge is used.

For the sake of completeness, we also write the fully developed expression of Eq.
(9.64),

2Vl + 207 — 4\/=gf Py = —Wl—__g p {7 Y] } o (9.93)

9.3 Bianchi type-I cosmological models

In the coincidence gauge Fijh = 0, we assume a Bl metric of the form
ds? = dt* — a?(t)dx® — V?(t)dy? — c*(t)dz?, (9.94)

describing a homogeneous and anisotropic universe?. The components of the tetrad field
associated with the line element (9.94) are expressed as

eh =0, e =a(t)o], eb =0b(t)sh, e =c(t)d n=20,123 (9.95a)

with inverse relations given by

1 1
0_ 50 1 _ 12 2 3 _ 3 _
e, = (514, e, = "0 (5]1, ey, = 10 5y, e = 0 u=20,1,23 (9.95b)

Moreover, homogeneity and coincidence gauge assumptions together with Egs. (9.9),
(9.48), (9.51) and (9.95) yield the identities

Vo =19, Vap=0 A=1,23 (9.96)

After inserting the content of Eq. (9.96) into Egs. (9.63), Dirac equations assume the form
.0 it
iy doy + E%’y Pp—myp =0 (9.97a)
- iT - _
idopy" + E;lp’yo +mp = 0. (9.97Db)

Equations (9.97) can be easily integrated; adopting the Dirac representation (9.33) for the
matrices ¥, they possess solutions of the form

cie imt
1 che imt

l/] = ﬁ C3ezmt ’ (9-98)
C4eimt

%In this chapter, we use the same conditions on the 4-velocity of the observers given in Ch. 5
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where c;, i = 1,...,4, are suitable integration constants. Moreover, from Dirac equations
(9.97) or also from their solutions (9.98), it is easily seen the following relation necessarily

holds
K

= (9.99)

d , - _
STy =0 = fyp=

with K = [e1[* + [e2|* — |e3|* — |ea].
As for Egs. (9.87), due to Egs. (9.96) and (9.97), the only non-zero component of the
tensor ¥ is given by

200 = LZI (l[_J’)/QV()l/J — VolP’)’ol[J) = %Tm[_]l[) (9.100)

In view of this, a direct calculation shows that field equations (9.87) assume the explicit
form

1 ,(ab  be a1
Ef_|_2f (%—i_ﬁ—i_%) = Eml[)t/], (9.101a)
(8 B (b g ab ae be 1y
f( a+r)+f <b+c+ab+ac+2bc>+2f_0' (.101b)
v b T ,(d ¢ ab be  _ac\ 1,
f< L R i RN RLaE L 9.101¢)
f’(—§+§)+f’(§+g+2—ﬁ+b—ﬁ”z—b)+§f:0' (9.101d)
(ab— ab) Py 39 =0, (9.102a)
(be — be) Py 19 =0, (9.102¢)

where Eqgs. (9.101) and (9.102) derive from the diagonal and the off-diagonal part of
Egs. (9.87), respectively. It is interesting to note that the conditions (9.102) are identical
to those that arise also in f(R) theories with torsion [205]. However, in that case, these
conditions stem directly from the Dirac tensor, while in the present case, they originate
from the additional terms appearing in the r.h.s. of Eq. (9.87).

Egs. (9.102) are automatically satisfied in the case of an isotropic universe. Instead,
anisotropic spacetimes imply stringent constraints on the spinor field i.e.,

Py = v = P>’y =0. (9.103)

In this case, the orthogonality between the current four-vector y# and the spin four-
vector Py°y#p implies that the time component $°7°y has to be zero. In fact, if Py ¢
were allowed to vanish, then the whole spinor field would be zero, but the vanishing of
the entire spin four-vector implies the condition 1y = 0. It follows that, in the anisotropic
case, the spinor field does not enter the gravitational equations (9.101) which become
identical to the ones we would have in vacuum. Of course, there are also intermediate
situations where, in the face of partial isotropy, some constraints persist on the spin four-
vector: for instance, the case 2 = b and $°y'¢ = ¢°y*p = 0. Anyway, any constraints
imposed on the four-vector ¥y°y*1 translate into restrictions on the admissible values
of the integration constants c; appearing in Eq. (9.98). For example, the sets of constants
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(c1 = ey, cp = c3 = 0) or (¢ = e%c3,c1 = ¢4 = 0) make the requirement P y#¢ = 0

satisfied; the less restrictive choice (c; = c3 = 0) ensure the weaker condition >yl =
P77’y = 0.

To discuss and solve Egs. (9.101), we preliminarily observe that Eq. (9.101a) can be
rewritten as

1 y ~ mK

Q) - (QQ =, (9.104)
where y o

Q=-2 <% +o 4 %) , (9.105)

and Eq. (9.99) have been employed. Equation (9.104) highlights how the contribution of
the spinor field reduces to that of cosmological dust.

Now, given the function f(Q) and except for some pathological cases, in general from
Eq. (9.104) we may derive the expression of the nonmetricity scalar in terms of 7, i.e.
Q = Q (7). In view of this, by subtracting Eq. (9.101b) from Eq. (9.101c) and from Eq.
(9.101d) separately, we obtain the two equations®

d ., (a b\]_
a4 {f . (E _ E)} _0 (9.106a)
df, (& ¢\]_
’ [f . (E _ E)] _o, (9.106b)
which in turn implies the relations
i L 9.107
E = e exp fTL’ , ( . a)
and
? _ o2 ex 8L gy (9.107b)
c P flt”’ '

with dy, dy, g1 and g suitable integration constants and where f'(Q(7)) is a function of
T.

If we could now get an equation for the variable T alone, the systems of field equations
would be entirely worked out. This goal may be achieved through a suitable combination
of Egs. (9.101). Indeed, by summing Egs. (9.101b), (9.101c) and (9.101d) each to the other
and subtracting Eq. (9.101a) multiplied by 3, we get the final dynamical equation for the

unknown T 04 amK
4 o ro - _°oma
e (f T) +3f°Q o (9.108)

Once Eq. (9.108) was solved, from Eqgs. (9.107) together with the relation T = abc, we
would have the expressions for the scale factors:

a(t) = VTexp [(dl tathts) /tt f—i] (9.109)
b(t) = v/Texp [(_Zdl +813— 2dy + ¢2) /t: %} _ (9.109b)

3The following procedure is similar to that described in Sec. 4.4.
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_ _ t
C(t) — %exp (dl 2g1 +d2 282) / £:| ) (9109C)
3 to f/T
With the only exception f (Q) = a+/Q, the previous argument applies also to the case
P = 0 (K = 0) giving rise to the condition Q = const..

At this point, the last step would be to verify that the relation (9.105) is preserved
over time. This final requirement is seen to select suitable relationships between the
admissible integration constants appearing in the found solutions.

To show how the above outlined procedure works, we consider the model f(Q) =
a Q" (with n natural odd number for brevity) as an example. In this case, from Eq. (9.104)

we deduce the relation ) :
H 1\ 7
Q= lm] (;) ’ (9.110)

n—1 n—1

and thus

FOM) = ogre and F@@) =wn || T (2) T e

T

where we have set H := mK for simplicity. If we require expansion in all three spatial
directions, we must impose the condition

H

T oa < 0. (9.112)

Under the same hypothesis, if the exponent n had been even, we would have had to
define the quantity (9.110) with the opposite sign, demanding

H

T oz 0 (9.113)

as well.
Inserting Egs. (9.110) and (9.111) into Eq. (9.108) and after the first integration step,
we end up with the differential equation

rt'_

_i[a(l—Zn)T]n"l[_ 3H!

T i " Ho} , (9.114)

with Hy an integration constant. Eq. (9.114) admits exact solutions of the form

1 n
(t) = {— 2 (1 nf”)] - [HO 2n—1)H + gH%t} t+ H1} , (9.115)
where Hj is again an integration constant. As already mentioned, the integration con-
stants Hy, Hj, d;, and g; have to be chosen in such a way that the relation (9.105) is
preserved over time. For instance, in this specific case, it is easily seen that the conditions
Hy = 0 and H; = 0 are only compatible with the choice d; = ¢g; = 0, namely with a
totally isotropic universe; instead, the values

1-2n

2¢? H "
Hyp=0 and H; = 3242 (oc 5l —Zn)) (9.116)
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0 5 10 15 20
t

Figure 9.1: Plot of the scale factors (9.119) for H = 3,2« = 2,n = 3, g1 = 1, go = 0. The plot has
been translated in such a way that the scale factors are zero at t = 0.

are compatible with a partially isotropic universe a = b (d; = d, = 0).
As a last remark, it is worth noticing that the following identity holds

n—1
H 1
’ =an | ", 9.117
FQE)T=mn | qog] " 7 ©.117)
and therefore the scale factors (9.109) necessarily isotropize at late cosmological time.
Moreover, by suitably choosing the value of the exponent , still at late time we may
have accelerated expansion for all the scale factors. This result is confirmed by solving
for the scale factors. Indeed, setting
3 H n 2¢2 H S H =
A? = . B=25 , C=an| 0|
8n2 [a(2n—1)} 3n’u {a(Zn—l)} o Lc(l —2n)

(9.118)

from Egs. (9.109), (9.115) and (9.117) we have*

o {t— (B/A)} (6’2“), (9.119a)

alt) = b(t) = [2 — B o e

—23

o(t) = [Aztz —Bz]ge3 { (9.119b)

- (B/A)] (st )
i+ (B/A) '

9.4 Discussions

In this chapter, we have presented a tetrad-affine approach to f(Q) gravity coupled to
spinor fields of spin-1/2. The proposed formulation relies on the adoption of unusual

41t is the same solution we found in Sec. 5.2
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pairs of dynamical variables (el” , Tijh), consisting of a tetrad field and an affine connec-
tion. This choice has been motivated at first by the necessity to have more treatable field
equations, but then it has revealed some interesting features of f(Q) gravity.

The use of the affine connection Fijh, instead of the commonly used spin connection
wil'y, implies the appearance of additional terms in the energy-momentum tensor which
modify the standard Dirac tensor. These additional terms involve the covariant deriva-
tives of the spin density and can be elaborated by using the conservation law for the spin,
directly deduced by the Dirac equations.

Afterward, we have shown that in f(Q) gravity the energy-momentum tensor and
Dirac equations are unaffected by the nonmetricity tensor. Moreover, we have analyzed
BI cosmologies with the use of the coincident gauge. As in the case of f(R) theories with
torsion, we have that the off-diagonal part of the gravitational field equations imposes
restrictions on both the geometry and the spinor field.

In order for the constraints mentioned above to be satisfied, three different scenarios
are possible: i) an isotropic spacetime where no further restrictions are imposed on the
spinor field; ii) an anisotropic spacetime where both the spin four-vector and the scalar
P1p are zero, and thus a spacetime where the spinor field does not contribute to cosmolog-
ical dynamics; iii) a universe where two scale factors are identical, and only one spatial
component of the spin four-vector does not vanish.

Finally, we have proposed a general procedure to solve the resulting field equations,
reducing the dynamical problem to a single differential equation for the spatial volume 7.
To show how the given procedure works, we have considered gravitational Lagrangians
of the kind f(Q) = aQ". The corresponding dynamical problem has been analytically
solved, showing that such models can give rise to initially anisotropic universes that
isotropize with accelerated expansion.
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10

Conclusions

In this thesis, we investigated the role of nonmetricity in metric affine theories of gravity,
mainly focusing on the f(Q) theory.

After some preliminary chapters that serve as theoretical background (Chs. 1, 2, 3,
and 4), we considered spatially homogeneous cosmological models within f(Q) grav-
ity. In particular, our attention was focused on studying the spatially flat FLRW and BI
metrics.

In Ch. 5, we obtained exact solutions of the field equations using the reconstruction
technique. We proved that nonmetricity can drive an accelerated expansion phase and,
therefore, act as an effective cosmological content. The most evident example is the expo-
nential solution given in the section 5.3.2, where it is possible to observe all three different
phases of the evolution of the universe: inflation, matter-dominated era with decelerated
expansion, and an accelerated expansion phase. However, working with coordinates
does not always provide a clear understanding of how nonmetricity affects isotropy in
anisotropic metrics like BI. For this reason, in Ch. 6, we introduced the 1 + 3 covariant
formalism, where the anisotropy is represented via one of the kinematical quantities re-
lated to cosmological observables, namely the shear tensor. Here, it was shown that the
shear is affected by the tensor components of the nonmetricity that are symmetric and
traceless. In Ch. 7, we applied the DSA to the cosmological BI equations in the 1 4 3 for-
malism so that an analysis of the stability of the solutions has been performed. Among
the four different models we have considered, the ones of the Secs. 7.2.1,7.2.3, and 7.2.4
are important for finding solutions that isotropize. In these examples, by setting the right
parameters of the theory, we always found that the isotropic phase of the universe con-
stitutes an attractor to which the universe tends. Instead, in the model of Sec. 7.2.2, we
see that the isotropic phase constitutes a transient phase of the universe because of the
anisotropic pressure.

Instead, in Ch. 8, we focused on astrophysical aspects by considering static and LRS
metrics. Using the 1+ 1 + 2 formalism, we identified the components of the various
geometric quantities relevant for describing LRS spacetimes. As in the 1 4 3 case, we
applied the formalism to a spacetime with a torsion-free connection. The geometry of
nonmetric spacetimes presents several differences from GR. For example, we have two
different accelerations for the vectors u” and e?. Also, stationary metrics can still present
non-zero expansion 6 and shear ¥ due to the effects of the nonmetricity tensor. Therefore,
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in STG, it is crucial to clearly state the meaning of the commonly employed terms in GR.
In studying f(Q) gravity in vacuum, we found that Schwarzschild-de Sitter-type solu-
tions can only be obtained under specific conditions on the nonmetricity tensor. In this
context, the most significant result has been to provide a new perspective on spherically
symmetric solutions in f(Q) gravity through the 1 4+ 1 + 2 formalism. This perspective
might lead to new insights in studying compact objects in f(Q) theory.

Finally, in Ch. 9, we studied how to incorporate spinors within the f(Q) gravity via
the use of an affine tetrad approach. As might be expected, due to the lack of torsion, the
Dirac energy-momentum tensor and the Dirac equations result unaffected by nonmetric-
ity, retaining the same form as in GR.

The f(Q) gravity is still in its embryonic state as its theoretical development has come
to the scientific community’s attention only in recent years. Although interesting results
have already been obtained, f(Q) gravity is only one of the possible approaches to in-
corporate nonmetricity among the geometrical aspects that drive gravity. A limitation
in the early/current research on the f(Q) theory is the most used choice of the so-called
coincident gauge. This gauge seems to have less potential but is practical. In fact, the
vanishing of the connection coefficients that characterize this gauge shifts the focus to
Levi-Civita quantities, thus confining the nonmetricity tensor as an additional field me-
diating gravity.

Overall, the nonmetricity tensor is a promising geometric quantity for considering
alternative theories of gravity due to its versatility in describing phenomena not well
explained by GR (e.g., the natural introduction of dark energy). However, nonmetricity
introduces changes in parallel transport and conservation of norms that are cornerstones
of GR: in nonmetric theories, parallel transport does not preserve the norm of a vector.
In literature, for example, it was proposed to change the definition of parallel transport
to incorporate the length change [207], thereby deviating from the typical geometric def-
initions. In this thesis, we chose to use the usual definition of parallel transport, which so
far in the literature is the most widely used to study nonmetricity properties and to pre-
serve the normalization of the tangent vectors of the timelike and spacelike congruences
(see Chs. 5, 6, 8, and 9). However, this choice imposes constraints on the nonmetricity
tensor with a consequent reduction of the additional degrees of freedom that distinguish
nonmetric theories from GR [208].

A systematic characterization of transport rules in the presence of a nonmetric con-
nection would be crucial for a more complete understanding of the nonmetricity tensor,
as it could also be a promising way to assess nonmetric theories through observational
data.
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Boundary term in the Einstein-Hilbert
action

In Ch. 2, we said that in the variation of the Einstein-Hilbert action, the boundary term
is not zero and we need to add an additional term so that they cancel each other out.
Therefore, the correct Einstein-Hilbert action is given by

1 B o4 T 1 7 3
nGN/R’/ gd x+/£m\/ gd x+87tGNjgvsK\/ﬁd Y, (A1)

where 9V is the boundary surface of the integration domain V, with 6g,,|5y = 0, K is
the trace of the extrinsic curvature of dV, h is the determinant of the induced metric on
dV, and ¢ is equal to —1 or 1 depending on if dV is a timelike or spacelike hypersurface,
respectively. Both extrinsic curvature and induced metric are defined as in Ch. 6, with u*
substituted by the vector n” orthogonal to 0V, n"n, = e.

The boundary term obtained by the variations of the Ricci scalar R with respect to g’

is equal to
d¢ (w/—gg“béfbac — \/—gg‘:béfab”) : (A.2)

Using the Stokes” theorem we have

/ac <\/—gg“b51~“bac — \/—gng(Sf“ub“> d*x = jé)v € <g”b5fbac — ng(Sf"ab”> nevVhd®y. (A.3)

Then, considering the variation of the Levi-Civita connection,

Ae-H = 7

i 1
0T " = 58 (9a0gha + 0p08at — 0208ab) (A.4)
it follows

(gabéf‘bac - gdjéf‘aba> Nne :gab (aaégbc - acgab) nt =
= (en”nb + h”b> (020Qpc — 0c&ap) N° = (A5)
— b (0a0gpec — Oc&ap) N°.
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Since 6g, is null on 90V, its projected derivatives must vanish as well, i.e., h9,6 Spe = 0.
Hence, we find

—; ab o34 1 f ab_c 3
5AE_H_167TGN/G“b5g v/ —gd*x 167Cn aveh 98¢,V hd3y+

(A.6)
J/—g)d* 7{ RvVid?y.
+/(£m g) x+87TGN 8])8 \/_ y
From the definition (6.31), we know that
R = h¥ iy, = b (3,my, — Tp’nc), (A.7)
so its variation with respect to the metric tensor is
- N 1
oK = —h™6T ,°n, = Eh”bncacégab, (A.8)

where we used again that the projected derivatives of dg,, vanish on dV. Finally, we
obtain

_ 1 ab 4. 1 % ab_c 3
(5AE_H_167TGN/Gab§g Vst = e el acogu/hdy
1
+/£m\/—gd4x+ 167G jgv eh™n9.6¢,,Vhd3y = (A9)

1

167G /Gabég“bw/—gd‘Lx—i—/(S([,m\/—g) d*x,

which provides the Einstein field equations [1].
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Frobenius’ theorem

In deriving homogenous cosmologies (Ch. 4), and in applying both1+3 and 1+ 1 + 2
formalism (Chs. 6 and 8), we discussed congruence of timelike curves that are hyper-
surface orthogonal. Here, we will prove Frobenius’ theorem, which provides the con-
straint for congruence to be orthogonal to hypersurfaces [87, 89, 163]. Since our studies
mainly concern torsion-free connection, we prove the theorem by imposing the condition
T =0.

A congruence is hypersurface orthogonal if the tangent vectors u® of the curves are
proportional to the vector n* normal to the hypersurfaces. Hence, if the hypersurfaces
are described by equations ®(x?) = ¢, with c a constant that labels each hypersurface,
then

Uy = —1d, P, (B.1)

where y is a generic function. Let us consider the completely antisymmetric tensor
1
U Vpllg = A (ucViptg + upVale + g Vetly — ucVatly — upVelg — ug Vyiie) (B.2)
Using Eq. (B.1) and that (V,V, — V;,V,;) ® = 0, we have

u[cvbua] =0. (B.3)
The inverse proof that from Eq. (B.3) we obtain (B.1) is trivial since we have zero torsion.
In this way, we have proved Frobenius’ theorem which states that a congruence of
curves is hypersurface orthogonal if and only if u| V1, = 0, with u” the tangent vectors

of the curves.
Now, if we consider Eq. (6.18), the following relation holds,

1
u Vi = 3 (Ucwpy + Uplae + Ugtyp) - (B.4)

Therefore, from Frobenius’ theorem, we have that w,;, = 0 is a condition that ensures the
congruence to be hypersurface orthogonal if Eq. (B.3) is true.
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