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Abstract

In the framework of scalar-tensor gravity, we consider non—flat interacting quintessence
cosmology where a scalar field is interacting with dark matter. Such a scalar field
can be a standard or a phantom one. We use the Noether Symmetry Approach to
obtain general exact solutions for cosmological equations and to select scalar-field self-
interaction potentials. It turns out that the found solutions can reproduce the accelerated
expansion of the Universe, and are compatible with observational dataset, as the SNela
Pantheon data, gamma ray bursts Hubble diagram, and direct measurements of the
Hubble parameter.
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1. Introduction

The detection of the accelerated expansion of the Universe is one of the most chal-
lenging discoveries in cosmology over the last decades. To explain this unexpected
dynamics, two main proposals have been developed. According to the first approach,
the accelerated expansion is driven by some some unknown dark energy fluid; the
second approach, instead, is connected to non-homogeneous matter distributions or to
some modification or extension of General Relativity. According to these perspectives,
several cosmological models have been proposed in literature, including a non-zero
cosmological constant, standard or phantom scalar fields, and extended/alternative the-
ories of gravity [7-15].

Recently interacting dark matter - dark energy models, dubbed as interacting dark
energy or coupled-dark energy, have been proposed in different contexts in view to ad-
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dress several cosmological problems, such as the cosmic coincidence problem - i.e. the
circumstance that dark energy and dark matter amounts are today of the same order of
magnitude, even if they evolve independently- and cosmological tensions ( [9, 16-31].)
However, these interacting dark energy models are characterized by some phenomeno-
logical choices for the interaction form, and there is a certain freedom in choosing
specific interaction models. In [31] we investigated, in a flat model, whether this cou-
pling can be selected by the existence of a Noether symmetry. It turned out that this
method allows us to select both the analytical form of the interaction and the self-
interacting potential of the scalar field: we actually found out that the interaction term
can be factorized as F'(a, ) = F1(a)F»(¢). Moreover, we were able to obtain exact
solutions of the Friedman equations, which are quite well compatible with this SNela
data set. In this paper, we extend the Noether Symmetry Approach (see [32] for details)
to a cosmological model with non—flat spatial geometry, and to phantom scalar fields.

In Section 2, we investigate the existence of Noether symmetries for the point-like
Lagrangian describing a single standard or phantom scalar field coupled to dark mat-
ter. We show that the existence of this symmetry allows a coupled dark energy field
and selects the self-interaction potential leading the dark matter-dark energy interac-
tion: we actually obtain more general expressions, and not always factorizable, for the
interaction term.

Section 3 is devoted to obtain general exact solutions for the Friedman equations,
which naturally supply accelerated expansions.

In Section 4 we finally compare the theoretical solutions with different datasets in
order to achieve a reliable cosmic history at different redshifts. In Section 5 we draw
conclusions.

2. Interacting scalar-tensor cosmology

The Noether Symmetry Approach [32] provides a geometric selection rule to find
out the unknown parameters or functions in the gravitational action, and to solve the
cosmological equations [12, 14, 33—40]. Moreover, the existence of a Noether symme-
try allows to reduce the dynamical system that, in most cases, results integrable. In the
present case, let us consider the following action functional

1 ) i
A= / V=g {—2R+ S910:65 + V(6) + £lgij,0)| 'z o

describing a theory of gravity with a minimally coupled scalar field interacting with the
dark matter component. V' (¢) denotes the self-interaction potential of the scalar field
¢, whereas

L(gijs ¢) = Lan(gi) + L (gij, D) 2

is the sum of standard matter Lagrangian function £, (g;;) with interaction term £ (g;;, ¢).
In order to study cosmological models deriving from the action (1), let us take into ac-
count a Friedman—Robertson—Walker spacetime, whose line element is expressed as

dr?

1—Ekr?

ds* = —dt* + a(t)? + r2d0? + r*sin® 0dp? | 3)



with k£ = —1, 0, 1. Inserting the content of Eq. (3) into Eq. (1), we get the correspond-
ing point—like Lagrangian

L(a,d,a,¢) = 3aa® —a (“;52 - V(¢)> —3ka+Ma=207Y (1+ F(a,)) , (4

where 7 € [1, 2], and the term
Ln(9i5) = Ma™2071 (5)

indicates the standard matter Lagrangian function with the constant M related to the
present matter density, and

LM (gij,¢) = Ma >0~V F(a,¢), (6)

m

denotes the interaction term. The value of the constant € discriminates between stan-
dard and phantom quintessence field: actually, in the former case, it is ¢ = 1 while, in

the latter, it is ¢ = —1. The variation with respect to the two dynamical fields a and ¢
gives the Euler-Lagrange equations
i 2 1 OF
29+H2+ +i—V(¢) oy = 1) Ma~* (14 F)= g Ma 7D 2% =0, (7a)
a a
“ 4 oF
€p+3eHp+ — + Ma™>— =0, (7b)
o¢ o
where H = < is the Hubble parameter. Moreover, the Jacobi first integral provides the
relation .
3k
3H27%+—27V(¢)7Ma*37(1+F):0, ()
a
corresponding to the (0, 0) Einstein field equation.
In the case of v = 1, we can write Eq.(8) in the form:
BH? = po+ p + 93 ©)

where the effective energy density of the ¢-field is given by
g7 = ps+ Ma=*F(a, ), (10)

and py, is the scalar field energy density

1 .
po = 5€0" +V(9). (11)
Analogously, it is possible to define an effective pressure of the scalar field as:

o 1 M 9F(a,
pil = Sed” - Vi(g) + @# .
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With these two expressions, it turns out that Eq.(7a) takes the form

a

6<a) :_<peff+3peff) ) (13)

and it is possible to define an effective equation of state

; OF (a
wlf = Po _ 360? — V(9) + g e

2 , (14)
Py €02+ V(p) + Ma=3F(a, )

which drives the dynamics of the model.

3. Noether symmetries and exact solutions

The system of differential Eqs. (7a),(7b), (8) is non-linear and many choices are
possible for the interaction term F'(a, ¢) and the self interaction potential V' (¢). In
order to solve the system, we search for Noether symmetries for the Lagrangian in Eq.
(4), by which it is possible to simplify the study of the dynamics. Furthermore, the
existence of these symmetries allows us to fix the forms of F'(a, ¢) and V (¢).

3.1. The case of a standard scalar field

The configuration space of the model is given by the local coordinates. It is Q =
{a, ¢}. The associated tangent bundle is then given by the fibered coordinates, i.e.
TQ = {a, ¢,a, (b} The resulting point-like Lagrangian is a function on 7°Q having
the local expression

. 2
L(a,¢,a,d) = 3aa® —a (“; - V(qb)) —3ka+Ma=307Y (14 F(a,¢)) . (15)
We look for Noether symmetries of the Lagrangian (15) of the form
X=a ﬂ + ﬂ oy + ﬂ (16)
8(;5 o

where o = a(a,¢), B = B(a,¢), & = a2 + (b and 3 = aaa + (baB The
vector fields (16) are defined on the tangent bundle T Q and are the canonlcal lift of
corresponding vector fields

B B
Y—aa—+ﬂ—¢ (17)

defined on Q. A Noether symmetry (16) is achieved if the condition

oL aﬂ - 0L
XL=a— —_— p— — =0 18
ag +ﬁ ¢ +68¢5 , (18)

holds.



Condition (18) gives rise to the following system of first—order partial differential
equations

a+ 2aa—a =0 (19a)
Oa
3o+ 2ag—§ =0 (19b)
Jda ,0B8
60¢_a8a_0 (19¢)
2 3dV —3y+2
3aa”V(¢) + Ba @(@*3(7* Ma™"" a(1+ F(a,))
+Ma*3<7*1>a—Fa + Ma*SW*l)a—Fﬂ —3ka=0 (19d)
da o

Egs. (19a), (19b) and (19¢) can be solved by separating variables. Solutions are
AezV3/26 4 Be=3V/3/26

a= o1z (20a)
—AV6e2V3/2% L B\/Ge—2V3/29
p= YD (20b)

where A and B are intergration constants. After, we can split Eqs. (19d) into two
separate equations for V' (¢) and F'(a, ¢) respectively:

3aa®V(¢) + BaV'(¢) = 0 (21a)

and

oF oF
—3(y=1)Ma"*"" 2 (1 + F(a, <Z)))+Ma_3(7_1)%a—l—Ma_?’('y_l)a—,é’—?)ka =0.

(21b)
Therefore, making use of Egs. (20), we find the potential

V(o) = VI (B - acVE) (22)

Some comments are in order here. These kind of potential is physically relevant be-
cause it gives accelerated expansion also for the inflationary paradigm [41]. Further-
more, it is possible to show that exponential forms for the potential result in invertible
conformal transformations and can be related to f(R) gravity in the Einstein frame
[42]. In the following we set A = 0, so that the potential takes the form:

V(¢) = Voe V3/2¢ (23a)
The function F(a, ¢) is
F(a,¢) = a®0"VG(—V61na + ¢) + %a37_2 -1, (23b)



where G(x) is an arbitrary function of one real variable. Inserting Egs. (23a) and (23b)
into Eq. (15), Lagrangian (15) assumes the expression

L=ad <V0e—\/§¢ - f) + MG (¢ - Jélog(a)) +3ad’a. (24)

It is worth noticing that the above symmetries give rise to an interaction term which
actually cancels the contributions due to the spatial curvature and reduces the dynamic
effect of the cosmological fluid to that of a dust. The effects of the curvature remain
indeed in the evolution of the scalar field, as it can be inferred from the definition of
the effective density and pressure of the scalar field (see Eqgs. (10) and (12)).

_hx .
For instance, by choosing G(x) = Qe v6 with () and h appropriate constants, we
have the function

F(a,¢) = Qa?’('y_l)"’he_% + %a37_2 —1. (25)

In this case, the Lagrangian (15) assumes the physically relevant expression
12

L =3aa® —a® (‘g — Voe—v3/2¢> + MQahe‘hT% . (26)

It is possible to choose new coordinates, u and v, associated with the Noether symmetry
X, in such a way that they satisfy the relations

X(u)=0 and X(v)=1. 27

oL
Thus the variable v is cyclic for the transformed Lagrangian (i.e. 5 = 0). It turns out
v
that

a=(uw)"?, (282)
b=—/2/3n ", (28b)
v
In terms of the new coordinates, the Lagrangian (26) can be expressed as
4 .. 2 2h
£:§uv+Vou + MQu's 29)
where v is a cyclic coordinate. The associated conserved momentum is given by
oL 4
—=-u=X 30
o0 3" G0
where X is a constant of motion. By integrating Eq.(30), we get
3
u(t) = ZEt—Fuo. (€28)
Using the Jacobi first integral of (29), we obtain the evolution equation for v
Vo (3 2 MQ (3 F
. 0
== (-2 — | =X 2
0 2<4 t—i—lm) + > <4 t+uo> (32)



which is directly integrated, giving rise to

2h

4Vy (3 3 AMQ 3 ERE

v(t) = 9?3 <4Zt+uo> + m <4Zt+U0) +C. (33)
3

Therefore, Eqs. (28a) and (28b) provide the analytical form for the scale factor, a(t),
and the scalar field, ¢(¢) in terms of u(t) and v(t).
Another possible choice in Eq. (23b) is G(z) = Q™. The point-like Lagrangian
(15) becomes
P2

L =3ai® — d® (q; - voex/372¢) + MQ(—V6Ina+ ¢)". (34)

By performing again the coordinate trasformation (28), the Lagrangian (34) assumes
the form

L= %fw + Vou? +6"2MQ <—§ In u> (35)

oL 4
Again, the variable v is cyclic, the quantity — = —u is conserved and the solution

(31) holds. By inserting solution (31) into the Jacobi first integral, we get the evolution
equation for the variable v

. _ Vo (3 P aMQ (2. (3 "

which is solved as

4V (3 3 MQ 2 3 "
-0 (2xn nf22< ([ _Z1h(2n
v(®) 932 (4 t uo) /6 b)) ( 3 n<4 t u0>> dt 7

Similar solutions are obtained by choosing G(z) = Qe®, G(z) = Qin(x) or G(x) =
Q+/x in Eq. (23b). For G(x) = Qe*, the corresponding point-like Lagrangian is given
by

12
L = 3aa* —a® (i — Voev3/2¢> + MQeVolnate, (38)
and the transformed Lagrangian (38) becomes
4
L= b+ Vou® + MQu~V8/3, (39)

oL 4
Also in this case the variable v is cyclic and the quantity — = — is conserved. The

solution (31) is still valid and we can use it into the Jacobi first integral. The evolution
equation for the variable v is

. ‘/0 3 2 MQ 3 —1/8/3



and it admits the solution

3 —4/8/3+1
v(t) = Vo §Zt+uo + AMQ §Et+uo +C (41)
o2 \ 4 4
352 (—,/8/3 + 1)

In the case G(x) = Qln(x), the corresponding point-like Lagrangian is

12

L = 3ad® — a® (q; — Voe_\/?’/ﬁ‘p) + Man(—\/élna +é), (42)

and the transformed Lagrangian (42) assumes the form:

4
L= gm'; + Vou? + +MQIn(—+/8/3nu) (43)
. . . . . .0 4. .
Since v is again a cyclic variable, the quantity — = - is conserved and we get

0
solution (31) again. Inserting (31) into the Jacobi first integral, we get the evolution
equation for the variable v

2
M
o= Y0 By i) + MYy, —/8/31n 35+ ug (44)
¥ \4 b)) 4
which has solution
4V, (3 3 MQ 3
Finally, for G(z) = Q+/x the point-like Lagrangian is

12

L =3aa® —a® (“; - (]e_\/3/2¢> + MQ\/(—V61na + ¢) (46)
the transformed Lagrangian (46) can be written as
4
L= §ﬂ®+%u2++MQ —+/8/3Inu. 47

oL 4
Due to the conservation of momentum 5 = gu, the solution (31) holds again, while
v
the Jacobi first integral yields the evolution equation for v

Vo (3 P M 3
@:£<4Et+uo> +EQ\/—\/%1H <4Et+“0) (48)



The latter can be integrated as

3
u(t) = % <22t—|—u0> +/]WEQ\/—\/8/3IH (iEt—i—uo) dt =

4V, (3 3
— [ =2 4
5 <4 t+u0) + (49)
(Et+uo)]—'< log(%(tEJruo)))
23/4, [ —log (2 (Bt +u - +3t+u
\/ g (1 0)) V9og( (St+uo) ) 0
V3%
Here F is a Dawson integral, defined as:
F(x) = e / eyzdy. (50)
0

It is worth stressing that the Dawson integral can be represented in terms of the imagi-
nary error function:

F(z) = 5\/%67962%@. 51)

3.2. The case of a phantom field

Almost all data sets from cosmological probes are compatible with dark energy
equations of state parameter where w < —1 (see for instance [52]): dark energy with
this kind of equations of state is often called phantom dark energy. Phantom fluids
were first introduced by Caldwell, who suggested the name due to the circumstance
that phantoms or ghosts possess negative energy, which leads to instabilities on both
classical and quantum level [53-55], and violate the energy conditions. From the theo-
retical point of view, however, contexts with phantom-like equations of state, which do
not lead to energy conditions violation, have been explored. Actually, phantom type of
matter was investigated in several cosmological scenarios [56—-60]. Here we consider
phantom interacting dark energy, and look for general analytical form of the interac-
tion and the self-interacting potential of the phantom field. The point-like Lagrangian
is now of the form

L(a,d,a,¢) = 3aa® + a® (“;2 + V(¢)> —3ka+ Ma=307Y (14 F(a,¢)) (52)
In this case, the conditions for the existence of a Noether symmetry (18) are

o+ 2“% =0, (53a)

3o+ 2ag—§ =0 (53b)

62—3 + aQ% =0, (53¢)



3002V(6) + B> (8) — 3(y — )Ma~"*2a (1 1 F(a,¢)) (53d)

do
. F . F
+ Ma*5<7*1>‘2—aa + Ma*3<7*1>g—¢5 —3ka=0.

Once again by separating variables, Egs. (53a), (53b) and (53c) have solutions of the

form
—Acos (@(ﬁ) + Bsin (%(ﬁ)
a= RYE , (54a)
Av/6sin (@d)) + BV/6 cos (@d))
B = ~7 : (54b)

where A and B are appropriate integration constants. By splitting again Eq. (53d) into

3aa®V (¢) + Ba*V'(¢) =0, (55a)
and
—3(y=1)Ma"*""?a (1 + F(a, ¢))+Ma_3(7_1)%—Za—l—Ma_?’(“’_l)g—Fﬁ—Sk‘a =0,

(55b)
and, using Egs. (54) , it turns out that

2
1 /3 (1 /3
V(o) =Wy (B cos (2\/;¢> — Asin <2\/§¢>> . (56)
Also in this case we can set A = 0 for simplicity, and we obtain solutions for V (¢)
and F'(a, ¢) of the form

V(¢) = Vp cos? ({fcb) , (57a)
F(a,¢) =a*0"1aG <cos (\fgb) a3> + %&H -1, (57b)

where G(x) denotes an arbitrary function of one real variable. Moreover, also in the
case of a phantom scalar field, it turns out that the interaction term effectively cancels
the contributions due to the spatial curvature and reduces the dynamic effect of the
cosmological fluid to that of dust.

For instance, by choosing G(z) = x and inserting expressions (57) into Eq. (52),
the point-like Lagrangian assumes the form

P2
L =3ad® + a® (2 + V cos? <\f¢>> + M cos <\{f¢> a? (58)

Therefore, also in the case of phantom scalar field, we can look for new coordinates
and v, solutions of Eqs.:

N

X(u)=0 and X(v)=1. (59)

10



Again, under the hypothesis A = 0, they are given by

w5,
v(a, ¢) = % sin (‘fgﬁ) a+g <cos (‘f¢> a3> , (60b)

where f and g are arbitrary real functions of one variable. By setting B = %, flx)==

and g(z) = 0, we have
u(a, ) = cos ({fd)) az ,

jw
~
[@)}
—
o
~

6 .
v(a, ¢) = sin <\4[¢> at . (61b)
Inverting functions (61), we get the relations
1
a= (u2 + v2) 5 (62a)
¢ = i arctan (E) (62b)
V6 u/

Eqgs. (62) allow us to express the Lagrangian (58) in the new coordinates as

Llu,v, i1, 0) = g (i + ) + Vou® + Mu. (63)

The Lagrange equations generated by the Lagrangian (63) are given by

8
gu—2VOu—M:O, (64a)
8
gii =0. (64b)
Eqgs. (64) admit solutions of the form
t 3Vt M
u(t) = C’le\/32TU + 0267@ - —, (65a)
2Vo
v(t) =vit +vg. (65b)

Similar solutions are obtained by choosing G(z) = 2 in Eq. (57b). In this case, the
point—like Lagrangian is expressed as

12
L = 3ad® +a® (i + V cos? ({f(ﬁ)) + M cos? (i%) a®.  (66)

11



Performing the change of coordinates (62), Lagrangian (66) assumes the form

4
L(u,v,i,8) = 3 (@ + %) + (Vo + M) u?. (67)
Lagrangian (67) yields the Euler— Lagrange equations
4
gil—(Vo—&—M)u:O, (68a)
8
gi} =0. (68b)
Egs. (68) give solutions of the form
V/3( )t \/3( )t
u(t) = Cre 5 L Cpe (69a)
v(t) = vit + vg . (69b)
In particular, for Vj = —M, we have
u(t) = uit + ug - (70)

More in general, we can chose G(z) = 2" in Eq. (57b). The corresponding point-like
Lagrangian is given by

12
L = 3ad® + a® <¢2 + V cos? (f(ﬁ)) + M cos” ({fqﬁ) a’® . (71)

In the new coordinates (62), Lagrangian (71) is expressed as

4
L(u,v,i,0) = 3 (@ +9%) + Vou® + Mu™. (72)
The latter gives rise to Euler—Lagrange equations of the form
8
S — 2Vou — nMu"1 =0, (73a)
8
—-0=0. 73b
50 (73b)
Egs. (73) admit the following solutions
2du
+ =t+0Cy, T4a
/ V3Vou? + 3nMu™ + C; 2 (742)
v(t) = vt +vg. (74b)

Similar solutions can be obtained by setting G(z) = e*, G(x) = In(z) or G(z) = /x
in Eq. (57b). For G(x) = €%, the corresponding point-like Lagrangian is given by

< [ $? VAW
L = 3ad® + a® <¢2 + Vp cos? <\f¢>> +Mec"s( £9) . (75)

12



In the new coordinates (62), Lagrangian (75) is expressed as

4
L(u,v,0,0) = 3 (u® + 0%) + Vou® + Me*. (76)

From Egs. (76), we derive Lagrange equations of the form

8
gil —2Vou— Me* =0, (77a)
8
gi) =0. (770)
Eqgs. (77) admit the following solutions
2du
+ =t+Csq, 78a
/\/3VOu2+3Me“+Cl 2 (78a)
v(t) = vit + vg . (78b)

For G(x) = In(x), the point-like Lagrangian is

L =3ad® + a® (Q;Q + V cos? (f(b)) + Mlin <cos ({fgf)) ag) . (719

In the coordinates (62), Lagrangian (79) is expressed as

4
L(u,v,1,0) = 3 (@ +9%) + Vou® + Min(u). (80)
The induced Lagrange equations are of the form
8 M
- —2Vu— — =0, (81a)
3 U
8
Solutions of (81) are
2d
+ / Y —t 4Oy, (82a)
V3Vou2 + 3Min(u) + C4
v(t) = vit + vg . (82b)

Finally, for G(z) = \/z, the point-like Lagrangian is given by

L =3ad* +a® (Q;Q + V cos? ({fq&)) + M (cos ({fqﬁ) (ﬁ) . (83)

In the coordinates (62), Lagrangian (83) is expressed as

4
L(u,v,1,0) = 3 (@ +9%) + Vou® + M/u (84)

13



and the corresponding Euler—Lagrange equations are

8 M
8o M
3u Vou SN 0, (85a)
8
gi)' =0. (85b)
Egs. (85) admit the following solutions
2d
+ / - — i+ Cy, (862)
V3Vou? + 3M/u + C4
v(t) = vit + vg . (86b)

As final remark, we observe that, in order to solve Eq. (53d)- or, analogously, Eq.
(19d) -, it is possible to redefine F'(a, ¢) to absorb all terms, including the potential
V(#), into a single function:

F(a,¢) = F(a,¢) = a®V(¢) + Ma™ 0" (1 + F(a, ¢)). (87)
It turns out that, using Eqs. (54) with A = 0,

a3 (Mc1 [\/g (2 log (SGC (%\/%5)) - 3log(a))D

F(a,¢) = i
V() ~3aM %k

M )

(88)

where ¢; [2] is an arbitrary function of one real variable. For instance, by choosing

o) ) o
(- o (o (343)) 500 )

we have the function F'(a, ¢) in the form:

a®=3 (Mam sec™ 5" (% s ) —a’V(g) — 3ak:)

F = —-1. 90
(a. 9) Y (90)
Inserting Eq. (90) into Eq. (52), Lagrangian (52) assumes the expression
om [ 1 32
L=a""sec” 3 (2\/§¢> + a2¢ + 3aa®. ()]

It turns out that this choice in Eq. (87) has no effect in the search for Noether symme-
tries and the results are the same with only a single function being involved. However,
the form used in the action (52) offers the advantage to highlight contributions from
different terms (scalar field potential, matter etc.).

14



4. Exact solutions as dark energy: comparison between theoretical prediction and
observations

Let us show now that some of the above solutions can reproduce, both for the
standard (¢ = 1) and the phantom scalar field (¢ = —1), the accelerated expansion of
the Universe. In particular, they are compatible with different observational datasets,
as the SNela Pantheon, the gamma ray bursts Hubble diagram, and measurements of
the Hubble parameter.

4.1. The case of the standard scalar field
For our purposes, we consider the case described by the Eqs. (31) and (33) with

3
h = 5 It turns out that

u(t) = 22 o ©92)

3 tug (MQ +uoVo) 3
oft) = 512 (MQ + 2ueVo) + o ( QZ L °)+E2t3vo.

The scale factor and the scalar field can be expressed as functions of wu(t) and v(t).
Actually a(t) = (uv)l/ 3 and ¢(t) = —/2/31n . Moreover we impose the condition
a(0) = 0, and we set the age of the Universe, ¢¢, as time-scale (tg = 1). Therefore the
expansion rate H(t) is dimensionless, and its actual value Hy = H({y) is clearly of
order 1. This means that it is numerically different from the Hubble constant usually
measured in kms~'Mpc~!. Actually, Hy depends on the integration constants. We
then set ap = a(1) = 1, and Hy = H(1). These conditions induce some constraints
among the integration constants. By means of these choices the scale factor and the
scalar field are parametrized by Hy, ug and 3:

3%2t% (27 (Ho — 1) ¥% 4 36 (3Ho — 2) Sug + 32 (3Ho — 1) ud) N
(2 + 4ug) (3% + 4up) 3

4t3 (21 (4 — 3Ho) ©* + 72 (3Hp — 2) X%ud + 80 (3H — 1) Tuj)
(3 + 4ug) (3% + 4ug) 3

4t%ug (27 (4 — 3Hy) X% — 216 (Hy — 1) Z%ug + 64 (3Ho — 1) ud)
(2 4 4ug) (3% + 4up) 3

32tud (3 (4 — 3Hp) X% — 30 (Ho — 1) Suo + 8 (2 — 3Hp) ud)

(3 + 4ug) (3% + 4ugp) 3

adt) =

+

o 93)
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-1
V3o = 28 - (3? +u0> x (94)
453 (27 (Ho — 1) 2 + 36 (3Ho — 2) Sug + 32 (3Ho — 1) ud)
{ (2 + 4ug) (3% + 4up)® "
412 (9(4 — 3Ho) X* — 36 (Ho — 1) X2ug + 48 (3Ho — 2) Xud + 64 (3Ho — 1) uf)
(2 + 4ug) (3% + 4ug)®
32tug (3 (4 — 3Ho) X2 — 30 (Ho — 1) Sug + 8 (2 — 3Ho) ud)
(2 + 4ug) (38 + 4ug)? } '

(95)

This exact solution provides an accelerated expansion as shown in Fig. 1.

0.10}

0.05¢}

0.00}

0.0 0.2 0.4 0.6 0.8 1.0
4

Figure 1: The redshift dependence of the acceleration for fixed value of Hyp = 1, up = 5.12 and ¥ = 1.2.
The model provides an accelerated expansion and the transition to the decelerated regime occurs at a redshift
compatible with observations.

Moreover, using the analytical expressions for a(t) and ¢(t), we can construct the
standard quantities py,ps,Vs, we, and the effective quantities p;f ! pz)f . and wzf !
defined by Egs. (11),(10),(12),(14) with e = 1. In Fig. 2, we compare the redshift

behaviour of wg and wg for some values of the parameters.

4.2. Supernovae and GRB Hubble diagram

The SNIa Hubble diagram provided the first strong evidence of the present accel-
erating expansion of the Universe. Here we consider the Pantheon compilation, con-
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Figure 2: The redshift dependence of the equation of state parameter w:;f f (grey line) and wy, (red line) for
fixed value of Hy = 1, up = 5.12 and X = 1.2. The values of the parameters are chosen to highlight the
different behavior between the two function: it is evident the super-quintessential nature of the equation of

state (w;f f< 1) due to the interaction term.

sisting of 1048 SNIa in the range 0.01 < z < 2.26. This sample combines 365 spec-
troscopically confirmed SNIa, discovered by the Pan-STARRS1 PS1 Medium Deep
Survey, the subset of 279 PS1 SNIa in the range (0.03 < z < 0.68), distance estimates
from SDSS, SNLS, and various low redshift and HST samples [4]. The SNIa obser-
vations provide the apparent magnitude m(z), related to the Hubble free luminosity
distance through the relation:

mn(2) = M + 5logy(Dr(2)) - (96)

Here M is the zero point offset and depends on the absolute magnitude M and on the
Hubble parameter. The theoretical distance modulus is therefore defined as

pen(zi, {0p}) = 5logyo(Dr(zi, {0p})) + 10, 97
where Dy is the luminosity distance:

c 1
Dy = 100h(1+z)/0 o (98)

The parameter v in Eq. (97) encodes the Hubble constant. The absolute magnitude
M and{6, } are the parameters of the model. Actually, it is well known that, using only
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SNela, one cannot constrain the Hubble constant, without including measurements of
its local value, since this is degenerate with M.

Gamma-ray bursts (GRBs) are the brightest cosmological sources in the Universe,
thanks to the enormous amount of energy released in tens or hundreds of seconds: Ac-
tually the isotropic radiated energy, Fj,, can reach 10°* erg. Moreover their redshift
distribution extends up to z ~ 9.4: therefore they are good candidates for cosmo-
logical investigation. Unfortunately GRBs are not standard candles, since their peak
luminosity spans a wide range. However it is possible to consider them as distance
indicators calibrating some empirical correlations of distance-dependent quantities and
rest-frame observables. Here we consider the GRB Hubble diagram built up from the
the E, ;- Fiigo correlation. Actually, it is well known that GRBs have non-thermal spec-
tra modeled by a smoothly broken power law with two indices (a low index «, and a
high index (), named the band function, N (E). Their spectra show a peak correspond-
ing the photon energy E|, = E(2 + «). Moreover, for GRBs with measured spectrum
and redshift, it is possible to evaluate the intrinsic peak energy, E},; = E,(1 + z) and
the isotropic equivalent radiated energy, defined as:

10%/(142)

Bio = 47D (2,0) (1 +2)"" / EN(E),dE, (99)
1/(142)

A(%)ae){p (_E%) (a=B)Ey > E

N(E): a—F
A((ﬁ)&fg\f) exp (0= 8) (rey)” (=B E < B .

The existence of a correlation between Ej, ;and Eig.for long GRBs was discovered in
2002 [61], and was confirmed by later measurements by several different GRB detec-
tors. It can be modeled as a linear relation between the logarithms of the two quantities:

E i Eiso
log [kgf} =b+alog [105Qerg] , (100)
The E, i—Fjs, correlation is characterized by an intrinsic additional extra-Poissonian
scatter, 0;,:, around the best-fit line that has to be taken into account and determined
together with (a, b) by the fitting procedure. After that values (a, b) are estimated, it is
possible to obtain the energy Ejg, of each burst at high redshift through Eq. 100, and
the luminosity distance, Dy, (z) from Eq. (99), building up the GRB Hubble diagram.
Here we use the GRB Hubble diagram presented in [43], [62], and in [63]. In Fig. 3,
we show the SNIa and GRB Hubble diagram.

4.3. Direct H(z) measurements

The accurate and direct determination of the expansion rate of the Universe, H(z),
has become one of the main drivers in precision cosmology, since it can provide fun-
damental information about the possible physical mechanisms underlying the late time

acceleration. The Hubble parameter, defined as H(z) = 9, depends on the differential
a
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Figure 3: The Hubble diagram of SNIa (upper panel) and GRBs (lower panel), with their respective 1o
uncertainties.

age of the Universe as a function of redshift and can be measured using the cosmic
chronometers. The quantity dz is obtained from spectroscopic surveys with high reso-
lution, and the differential evolution of the age of the Universe dt in the redshift interval
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dz can be measured provided that appropriate probes of the aging of the Universe, that
is, just the cosmic chronometers, are identified. The most reliable cosmic chronome-
ters, observable at high redshift, are old early-type galaxies evolving passively on a
timescale much longer than their age difference. These galaxies formed the majority of
their stars rapidly and early and they have not experienced subsequent major star forma-
tion or merging episodes. Moreover, the Hubble parameter can also be obtained from
BAO measurements, observing the typical acoustic scale in the light-of-sight direction.
Here we used a list of direct H(z) measurements in the redshift range z ~ 0.07 — 2.3,
compiled in [64], and [65], as shown in Fig.4

200t

R

100} : .i {;{ ‘

0.0 0.5 1.0 15 2.0
y4

Figure 4: The direct H (z) measurements used in our analysis.

4.4. Statistical analysis

To test the cosmological model described above, we use a Bayesian approach based
on the Markov Chain Monte Carlo (MCMC) method [66]. We set the starting points
for our chains performing a preliminary fit to maximize the likelihood function £(p):

€xp (_X%NIa/GRB/Q)

L(p) o I
NIa/GRB
(2m) =5 | Csnra/ara|/?

exp (—x3/2)

(ZW)NH/Q‘CHP/Q b) (101)
where
N
X*(p) = (wi—a{"(p)) C;' (z; — 23 (p)) - (102)
i,j=1
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Standard scalar field

Id (z) &  68%CL  95% CL

SNIa /GRBs/H(z)

Hy 101 1.02 (093,108 (0.90,1.1)
uy 5.7 42 (1.78,83) (1.07,12.3)
Y15 11 (03929 (0.14,4.6)

h 07 0.69 (0.63,0.77) (0.61,0.79)

Table 1: Constraints on the standard scalar field parameters from different data: combined SNIa and GRB
Hubble diagrams, and H (z) data sets. Columns show the mean (z) and median Z values and the 68% and
95% confidence limits.

In Eq.(102), p indicates the parameters of the cosmological model, N is the number of
data points, x; is the ¢ — th measurement, and xﬁh(p) indicate the theoretical predic-
tions. Cj; is the covariance matrix for the SNIa/GRB/H data. Moreover we used flat
priors on the parameters, and we apply the Gelman—Rubin test for the convergence of
the five running chains. We make thin the chains discarding the first 30% of iterations
at the beginning of any run, and we finally extract the best fit values and the regions of
confidence on the parameters by co-adding the thinned chains. In Table 1, we present
the results of our analysis. In Figs. (5) and (6), we plot data vs theoretical predictions.

4.5. The case of the phantom scalar field

Also the phantom scalar field, selected by the Noether symmetry, can provide a late
accelerated expansion. Let us consider the case described by the Eqgs. (69a) and (69b).

Itis a(t) = (u(t)’ + v(t)*) """, and (1) = 2 arctan (U(t) )

NG u(t)
Also in this case we impose the condition a(0) = 0, and we set the the age of
the Universe, tp, as a time-scale (tp = 1). Indeed, we set ag = a(l) = 1, and

Hy = H(1). These conditions induce constraints among the integration constants:
The scale factor and the scalar field are therefore parametrized by Hy, and o (where
a=+/3Vo+ M)).

By the analytical expressions for a(t) and ¢(t), we can construct the standard quan-
tities pg,pg. Ve, we, and the effective quantities pzf ! pzf . and wzf f_ defined by Egs.
(11),(10),(12),(14) with ¢ = —1. It is worth noticing that in order to evaluate the
interaction contribution to the effective quantities, we parametrize the present matter
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Figure 5: Comparison between GRB and Pantheon data vs theoretical distance modulus, corresponding to
the best fit values of the parameters.

200t

150t
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z

Figure 6: Comparison between the H(z) data vs the theoretical predictions, corresponding to the best fit
values of the parameters.
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density, M, in terms of the associated 2y, = In Fig. 7, we compare the red-

M
37H§'
shift behaviour of wy and w;f 7 for some values of the parameters. In order to test
this model, we use the same data-samples, and we apply the same statistical analysis

described above. In Table 2, we present the results of our analysis.

1.0

0.5

0.0

We

-0.5

-1.0L__ . . . .
0.0 0.5 1.0 1.5 2.0 2.5

Y 4

Figure 7: The redshift dependence of the equation of state parameter w;f f (red line) and wy, (gray line) for
fixed value of Hy = 0.98, o = 3.2 and 2,,, = 0.27.

5. Discussion and Conclusions

We analyzed non-flat cosmological models with an interacting quintessence com-
ponent, where, in turn, a standard or a phantom scalar field interacts with the dark
matter term. These models are usually characterized by a phenomenological choice of
the form of the interaction. Instead, we used the Noether symmetry approach to select
the analytical form of both the scalar-field self-interaction potential and the interaction
term. It turns out that this latter cancels out the contributions due to the spatial curva-
ture and reduces the dynamic effect of cosmological fluid to that of dust. Of course,
there are still effects of curvature in the evolution of the scalar field, as it can be inferred
from the definition of the scalar field effective density and pressure.

Furthermore, we were able to obtain exact solutions of the cosmological equations,
some of which can reproduce the accelerated expansion of the Universe, both in the
case of a standard and a phantom scalar field. Moreover, some solutions make evident
the so called super-quintessential behaviour of the equation of state (i.e: w;f F < —1)

23



Phantom scalar field

Id (z) &  68%CL  95% CL

SNIa /GRBs/H(z)

Hy 095 096 (0.93,1.2) (0.90,1.3)
o 78 79  (58,93)  (4.2,10.3)

h 072 0.72 (0.65,0.78) (0.63, 0.80)

Table 2: Constraints on the phantom scalar field parameters from different data samples (combined SNIa and
GRB Hubble diagrams, and H (z) data sets. Columns show the mean (x) and median & values and the 68%
and 95% confidence limits.

due to the coupling term. Finally, we showed that some of the exact solutions are
compatible with different observational dataset related to the background expansion,
as the SNela Pantheon data, a GRBs Hubble diagram, and direct measurements of the
Hubble parameter. In a forthcoming paper, we are going to perform a detailed analysis
of the interacting dark energy on the large scale structures. This approach can allow us
to achieve a reliable cosmic history at different redshifts.
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