
R E S E A R CH A R T I C L E

The annual rate of independent events – A key interpretation
for traditional extreme value distributions of wind velocity

Alessio Torrielli1 | Maria Pia Repetto2 | Giovanni Solari2

1R&D A/S Engineering Solutions and

Consulting, Hinnerup, Denmark

2Department of Civil, Chemical and

Environmental Engineering, University of

Genoa, Genoa, Italy

Correspondence

Maria Pia Repetto, Department of Civil,

Chemical and Environmental Engineering,

University of Genoa, Via Montallegro,

1, 16145, Genoa, Italy.

Email: repetto@dicca.unige.it

Funding information

Horizon 2020 European Research Council

(ERC), Grant/Award Number: 741273

Abstract

The extreme value theory has been object of engineering studies for more than a

century. The analysis of extreme winds plays a key role for complex civil structures

and a driving role in different stages of wind turbines lifetime. Most of extremes

probability models depend on the annual rate of independent events (ARIE) which

has been traditionally considered a constant value. The authors have embraced a

recent belief considering the ARIE as a function of the wind velocity. Even though a

certain agreement has been achieved across the researches, some issues are still

pending. In this regard, the paper shows that the annual, seasonal and daily fluctua-

tions embedded in time series of the mean wind speeds, constrain its probability dis-

tribution and time correlation to be physically consistent. Besides, a new physical

interpretation of the ARIE is presented, expressing how the independence across

wind observations increases with the wind speed, up to the point that all yearly

observations are independent if larger than a suitable speed value. Such a tendency

is not revealed if the annual, seasonal and daily fluctuations are excluded by the anal-

ysis, leading to a deceitful shape of the ARIE. Finally, the paper shows how the

velocity-dependent ARIE model is consistent with the conventional asymptotic

extreme value theory, if a sufficiently large left-censorship applies to the dataset. The

study of the ARIE presented in this paper is based on long-term Monte Carlo simula-

tion of the mean wind speed.
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1 | INTRODUCTION

The analysis of extreme winds is not only the foundation of the ultimate limit states design of any new civil structure, infrastructure or industrial

machinery sensitive to the wind action, but also the base of the reappraisal of the original design anytime the question of a lifetime extension

comes. In the wind energy field, accurate predictions of extreme winds and resulting loads are fundamental for turbine design (e.g.1–4), operation

under extreme events, and in turn for the resilience of the entire power infrastructure. Furthermore, the wind energy industry is called to address

the lifetime extension of an extensive number of wind turbines.5 Accurate estimates of extreme winds, often supported by several years of
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SCADA data, favor the lifetime extension. Finally, extreme weather is considered one of the main causes of wide-area electrical disturbances

worldwide.6

It is noted that extreme winds not necessarily result in the largest loads on a wind turbine.3 It is designer's responsibility to identify suitable

extreme loading scenarios, e.g. under normal operation, rated wind speed or idle, by combining operating loads and wind loads. The frequency of

occurrence of given wind states and the resulting wind loading is given by the statistics of extreme winds. This paper focuses only the statistics of

extreme wind conditions, while the structural response of the turbine is not considered, bearing in mind that designer is normally a jealous owner

of the mechanical, dynamic and aerodynamic properties of the turbine.

Extreme loads induced by the wind action on flexible, tall and slender structures like wind turbines result by the combination of the actions

induced by long-period harmonics of the wind speed (period longer than 10–60 mins), typically named mean wind speed, and by the short-period

harmonics of the wind speed (period shorter than 10–60 mins), i.e. the wind turbulence. The mean wind speed is driven by mesoscale weather

systems, like extra-tropical cyclones at temperate latitudes, strongly dependent on geography, orography and site conditions. The mean wind

speed is typically modelled as a stationary stochastic non-Gaussian process, whose statistics as well as the power density function are defined by

analyzing site-specific wind observations. The wind turbulence also deepens on site conditions, e.g. onshore/offshore site and terrain

roughness or wave height, but several models exist in literature able to provide sufficiently accurate estimates. Standards and recommended

practices, e.g.,7–9 lead the designer in the choice of a suitable onshore or offshore model of turbulence which is often an analytical function of the

mean wind speed. It follows that the statistical analysis of the local mean wind speed observations is an unavoidable step in pursing an

accurate and a site-specific assessment of the extreme loads on wind turbines. Statistics of mean wind speed observations are the main focus of

this paper.

Short length wind observations, typically 10 years but even less in case of offshore sites, is one of the major obstacles in the prediction of

extreme winds with a return period in the range of 25–50 years. Different methods and techniques have been developed to circumvent such an

issue over the past 50 years.10 Among others, the process or level-crossing analysis11 modelling the distribution of extremes through the analyzes

of the population, the peak over threshold (POT,12) which analyses all values above a predefined threshold, the r-LOS method13 selecting the r

largest observations per epoch, the method of independent storms (MIS,14) modelling the distribution of extreme values by analyzing the storm

maxima. All these methods are thoroughly described in Refs.10,15 A more recent approach consists in the re-analysis of numerical weather predic-

tions (e.g.16,17). Excluding the process analysis, all other techniques fit the expanded set of extreme values (EV) to a probability distribution with

roots in the traditional asymptotic analysis.18 The choice of the EV distribution is typically done a-priori because the expanded EV is still too small

to cope with the sampling error which veils the actual shape and peculiarities of the true EV distribution. Asymptotic EV distributions are rec-

ommended by international standards for the design of wind turbines along with the POT or MIS approaches.1 For instance, the International

Electrotechnical Commission recommends the use of the Gumbel analysis for the prediction of extreme wind speeds.9 In a previous study, the

authors observed a large dispersion in the estimate of design wind speeds when the abovementioned EV distributions are applied to the same

dataset.15 For instance, Figure 1 plots the 90% confidence interval of the 50-year return period mean wind speed (V50) estimated by analyzing

synthetic datasets consisting of N years of 10-minute mean wind speeds. The horizontal solid line marks the true value of V50. It is worthy to note

that the well-known and typically applied Gumbel (of FT1 ultimate) distribution tends to overestimate V50 with large uncertainty, especially for

the smallest of the analyzed datasets.

This outcome has encouraged the authors to scrutinize the foundation of the asymptotic analysis, bearing in mind that an error in the wind

speed estimate is risen at the power of 2 when the relative force is calculated. Conventional asymptotic analysis considers the annual rate of inde-

pendent events (ARIE) a constant parameter. In the past few years the variability of the ARIE with the velocity has been observed by Harris.19

The ARIE appearance and features have been investigated through long terms simulations of correlated mean wind speeds, in line with the

approach initially proposed by the authors15 and found to be a useful tool for EV analysis by Harris19 and Cook.20 Indeed, long term simulations

combine the possibility of generating EV samples extracted from a population having an exactly known parent distribution, with a huge EV

datasets; differently from short length observations, the analysis of large datasets is slightly affected by the sampling error. In line with Harris'

observation,19 the authors have previously investigated the dependency of the ARIE on the velocity for a correlated process from a numerical and

analytical standpoint.21 A simple analytical model for the ARIE has been proposed for modeling the distribution of the annual maximum speeds.

The effectiveness and the robustness of this approach has been proved in realistic situations, where only few decades of wind observations are

available. Even though the researchers agree on the variability of the ARIE with the velocity and the asymptotic tendency of the ARIE for large

velocity (19–24), two main issues remain to be addressed on the way to a common view: 1) the role of narrowband components of the macro-

meteorological wind velocity power spectrum, i.e. the annual, seasonal and daily periodic fluctuations, in long-term simulations of the mean wind

speed for extreme value analysis; 2) the value of the asymptote that the ARIE tends to for large velocities.

The paper addresses these two issues. It also shows how the variability of the ARIE with the velocity is consistent with the conventional EV

analysis, when the ARIE modelling is based on real or realistic wind speed observations. With these aims, three synthetic wind speed observations

related to the same climate are generated in Section 2, where (i) one simulation includes the narrowband components of the macro-

meteorological spectrum of the wind speed with locked phases, (ii) another simulation includes the narrowband components with random phases

and (iii) the third simulation disregards the narrowband components. The Monte Carlo simulation technique proposed in Ref. [25] is used, based

TORRIELLI ET AL. 1189
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on the generation of spectrally colored non-Gaussian processes26 with the possibility to lock the phases of the narrowband components. The

resulting ARIEs are obtained and discussed in Section 3. Applying the analytical model of the ARIE proposed in Ref. [21], Section 4 discusses the

probability distributions typically used in EV analyses, pointing out the strict conditions for a proper application. Section 5 summarizes the main

conclusions.

2 | MEAN WIND SPEED SIMULATION

2.1 | Wind climate

A wind climate relative to an area of approximately 200 km in diameter in the central part of Italy is used for the investigation of the ARIE.

The Hybrid Weibull (HW) distribution27 is used to model the population of wind speed data which considers also the wind calms that are

neglected by the 2-parameter Weibull model. The HW cumulative distribution function (CDF) follows:

FV vð Þ¼ F0þ 1�F0ð Þ 1�exp � v
c

� �k
� �� �

ð1Þ

where F0 is the rate of wind calms, while c and k are the Weibull parameters in Table 1,28 besides the analytical mean (μV) and variance (σV2) of

the mean wind speeds. It is worth noting that the model in Equation 1 is a tail-equivalent Weibull distribution, i.e. an exponential type

distribution.

The macro-meteorological spectrum of the wind velocity in Figure 2 is derived by a suitable combination of power spectrum density functions

(PSDF) of multiple registrations as described in Refs.25,28

The PSDF in Figure 2A shows a broadband component with a series of major narrowband spikes relative to the annual cycle, the daily cycle

and the relative subharmonics. Annual cycle refers to a set of harmonics defined over the frequency band centered around 1/year frequency

(Figure 2B), while the daily cycle refers to a set of harmonics defined over the frequency band centered around 1/day (Figure 2D), the same for

the other main cycles. Table 2 lists the frequency bands associated to the main spikes of the PSDF in Figure 2A. The corresponding subplots in

Figure 2B-G show secondary lobes on the side of the main spikes. The side lobes generate a modulation in time of the amplitude of the cycle,

according to the “beating” phenomenon in acoustic as explained by Oort and Taylor.29 The reader is addressed to Ref. [25] for a detailed explana-

tion of such a concept.

TABLE 1 Parameters and first order moments of the HW distribution

F0 k c [m�s�1] μV [m�s�1] σV 2 [m2�s�2]

0.118 1.155 3.091 2.592 6.637

F IGURE 1 Prediction of the 1:50 yr design wind speed from dataset with different size (N)15

1190 TORRIELLI ET AL.
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2.2 | Monte Carlo simulations

Synthetic wind speed observations are generated by applying the Monte Carlo simulation technique in Ref. [25], i.e. a frequency-domain

method based on the generation of spectrally colored non-Gaussian processes. This algorithm provides sample functions with a marginal

distribution that matches perfectly the target one, while the simulated PSDF approximates the target spectrum with high accuracy. The

original simulation algorithm proposed by Nichols et al26 has been modified by the authors to permit the user to lock the phases of the

annual, diurnal and other narrowband cycles of the mean wind speed listed in Table 2. Ref. [25] fully describes similarities and differences

F IGURE 2 Macro-meteorological power spectrum of the mean wind speed

TORRIELLI ET AL. 1191
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between the 2 algorithms. Figure 3A plots the marginal distribution of a synthetic velocity series on a Weibull plot to point out the

perfect matching with the target FV. Besides, Figure 3B plots the probability density function (PDF) of the associated wind ramps, defined

as follows:

δV tð Þ¼V tþ τð Þ�V tð Þ ð2Þ

where V(t) is the mean wind velocity time series and τ = 10 minute in the current analysis. Wind ramps may deeply affect the performances of

wind turbines causing deficiencies and surpluses in the power production. Analyses of several wind observations in different onshore and off-

shore locations30,31 pointed out that the tails of the PDF of wind ramps significantly deviate from the Gaussian distribution as it is shown in

Figure 3B. This finding confirms the capability of the simulation algorithm to reproduce the physics embedded in the distribution as well as time

correlation of V(t), also reflected in its first time derivative.

Three simulations consisting of more than 12,000 years of 10-min mean wind speeds, separately by 10-min intervals have been carried out

to investigate i) the nature of the narrowband components of the mean wind speed spectrum, ii) how they affect the ARIE and iii) their roles in

EV analysis. Among the active researchers on this topic, an agreement on the time-modulation of the amplitude of these harmonics is achieved,

while the discussion is still ongoing about the locked or random nature of the phases and on the need to include or not these components in

the wind speed simulations for EV analyses. Bearing this in mind, the annual, diurnal and other main cycles in Table 2 are included with locked

phases in the velocity series of the first simulation (SIM1); the narrowband components in Table 2 are included with random phases in the

velocity series of the second simulation (SIM2); a third set of velocity series (SIM3) is generated by applying the same simulation algorithm used

for SIM1 and SIM2 but without including the narrowband components. Each set consists of 1,240 time series of the mean wind speed, each

one 10-year long.

The largest value over moving not-overlapped 1-year time windows is extracted from the synthetic wind series, thus a dataset consisting of

M = 12,400 annual maxima of the 10-min mean wind speeds is derived for each one of the three simulations and below analyzed.

TABLE 2 Periodic component of the mean wind speed

Spike Frequency/period band

1 yr 331.7–406.3 d

4 mo 114.3–129.2 d

24 h 23.85–24.15 h

12 h 11.96–12.04 h

8 h 7.98–8.02 h

6 h 5.96–6.04 h

F IGURE 3 Weibull plot of the marginal CDF of a single SIM1 velocity series (A) and PDF of the corresponding wind ramps normalized to the
standard deviation σδV(B)

1192 TORRIELLI ET AL.
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3 | THE ANNUAL RATE OF INDEPENDENT EVENTS

Given the random variable V with parent distribution FV, for the Law of Compound Probability32 the distribution of the maximum value bVT of

N independent observations collected in the epoch T is:

Pr bVT < v
n o

¼ FV vð Þ½ �N ð3Þ

where Pr bVT < v
n o

is the CDF of bVT , while FV is the CDF of V.

Galambos33 showed that Equation 2 also holds in the case of serially correlated data, provided that the total number of observations N is rep-

laced by the number of independent observations; it follows that:

Pr bVT < v
n o

¼ FV vð Þ½ �rT ð4Þ

where r is the rate of independent events per epoch; since T is usually measured in years, r is the ARIE. In the frame of the conventional analysis

of extreme winds, the ARIE is a constant parameter with a statistical meaning, giving the number of independent observations of the mean wind

speed per year, but without any clear physical meaning.

3.1 | ARIE and the narrowband components of the mean wind speed

Being V the mean wind speed, Harris19 demonstrated that the distribution of the maximum values bVT formulated by Galambos in Equation 3

works also if r becomes a function of the velocity:

Pr bVT < v
n o

¼ FV vð Þ½ �r vð ÞT ð5Þ

where r(v) is the ARIE as a function of the velocity.

When an EV sample is available and the parent distribution FV is known, r(v) can be estimated by reversing Equation 4 as it follows:

r vð Þ¼ exp �yð Þ
�ln FV vð Þ½ � ð6Þ

where y = �ln[�ln[Pr{bVT<v}]] is the standard reduced variate (SRV) of bVT , estimated through the dataset of extreme values, while T in Equation 4

is equal to 1 year. It is stressed that the simulation algorithm used in Section 2.2 replicates exactly the desired parent distribution, therefore FV

associated to SIM1 and SIM2 is fully known in shape and parameters as per Section 2.1. Besides, Figure 4 plots the marginal distribution of the

SIM3 velocity series on a Weibull plot to point out the deviation from FV resulting by removing the narrowband components of the macro-

meteorological velocity spectrum from the SIM1 velocity series. It is evident that the SIM 3 marginal distribution is no longer HW-distributed

(Figure 4A). Therefore, the CDF of SIM3 velocity series is modelled by the well-established plotting positions attribute to Weibull34 in place of FV:

⟨Pm:M⟩¼ m
Mþ1

ð7Þ

where ⟨Pm:M⟩ is the best unbiased estimate of the mean probability of the m-th smallest value in a ranked sample of size M. To increase the accu-

racy the SIM3 empirical CDF is estimated by the sample collecting all annual maxima larger than 13 m/ (Figure 4B).

Figure 5A-C show the variation of the ARIE with the velocity associated to the three EV datasets under consideration and calculated by

Equation 5, specifically: Figure 5A refers to the annual maxima extracted by the SIM1 mean wind speed time series with phase-locked narrow-

band components; Figure 5B refers to the annual maxima extracted by the SIM2 mean wind speed time series with phase-random narrowband

components; Figure 5C refers to the annual maxima extracted by the SIM 3 mean wind speed time series deprived of the narrowband compo-

nents. As regards Figure 5C, besides the expected ARIE curve (red) derived by the SIM3 annual maxima and the empirical marginal CDF in

Figure 4, an alternative ARIE curve (purple) derived from the SIM3 annual maxima in combination the FV parent distribution, is also plotted. The

meaning of this additional ARIE curve is commented below. The dash-dotted vertical line is for the total number of observations per year Nym,

TORRIELLI ET AL. 1193
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that, in the current analysis of 10-mean wind speed, is equal to 52,596. Harris22 and Cook20 favor the plotting of the ARIE against the SRV in

place of the velocity, in order to remove the effect of the lack of convergence of the distribution of the extremes to one of the three asymptotic

forms.18 In this analysis, the shape of the Weibull-type parent distribution is quite close to 1 making the error due to lack of convergence negligi-

ble.35 For such a reason the authors prefer plotting the ARIE against the velocity to favor the physical meaning of the wind speed over the statisti-

cal meaning of the SRV.

Figure 5D-F plot the three EV datasets on Gumbel plots together with the distribution of the annual maxima under the assumption of Inde-

pendent Observations (IO), obtained by replacing r(v)T = Nym in Equation 4. It is noted that the CDF of the annual maxima is replaced by the SRV

in the Gumbel plots.

F IGURE 4 Weibull plot of the marginal CDF of a single SIM3 velocity series (A) and the marginal CDF associated to all simulated SIM3
velocity series (B)

F IGURE 5 Variability of r from the annual maximum velocities and relative Gumbel plot for SIM1 (A, D), SIM2 (B, E) and SIM3 (C, F) EV
datasets

1194 TORRIELLI ET AL.
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The comparison of Figure 5A (SIM1) and B (SIM2) shows that the ARIE has the same shape and overall the same tendency to Nym = 52,596

for large velocity. Fluctuations around Nym occur for high wind speeds, which are likely a numerical artefact due to the finite size of the simulation.

This is also supported by the fluctuations of the empirical distributions of the annual maxima (Figure 5D,E) for SRV larger than about 5.6, in line

whit Harris19 who ascribed such fluctuations to the sampling error due to the simulation. The tendency of the ARIE to Nym is confirmed by the dis-

tribution of the annual maxima on the Gumbel plots, where the data (empirical) well fits the IO distribution curve for large wind speeds. In line

with Ref. [21], this finding suggests that the locked or random nature of the phases of the annual and daily harmonics has a negligible influence

on the shape of the ARIE and in its turn on the EV analysis. Such a statement is also consistent with Harris,22 where it is stated that the annual

and daily components have a small influence on the design wind speeds.

The SIM3 ARIE curve in Figure 5C (red) has the same shape and overall the same tendency to Nym = 52,596 of the SIM1 and SIM2 ARIE cur-

ves for large velocity, with the only difference that the junction between the initial ramp and the following plateau of r(v) is smoother. The steep

upward trend of r(v) for large velocity is a numerical artefact due to the finite size of the simulation. The purple ARIE curve resembles the others

in shape but it is shifted to the left and tends to a constant value of around 8,000 for large velocities. It is stressed an internal inconsistency affect-

ing the purple ARIE curve, which is calculated combining the SIM3 maxima, extracted from the time series deprived of the narrowband compo-

nents, with Weibull-parent FV that includes the narrowband components. The comparison of Figure 3A-C suggests that neither the nature of the

phases of the narrowband components, nor their presence in the simulated time series affects significantly the modelling of r(v), as long as the dis-

tribution of the annual maxima is consistent with the distribution of the population from which the maxima are extracted. As additional comment,

the authors see a clear resemblance between the purple ARIE curve in Figure 5C and the ARIE curves in Figure 9 of Harris19 or Figure 3C of

Cook.20 Harris and Cook simulated respectively 20,000 years of hourly mean wind speed and 1,000,000 years of 10-minute mean wind speed

associated to a wind climate characterized by an a-priori chosen Rayleigh parent and a power spectrum that does not include the narrowband

components. A simulation algorithm neglecting the velocity narrowband components, can mathematically assign the desired parent distribution

and time correlation to a generated sample series, but such a sample cannot be considered a velocity series from a physical standpoint, because

affected by an internal inconsistency, similarly to the case of the purple ARIE curve in Figure 5C. Indeed, the narrowband component can be reg-

arded as a constrain that forces the marginal distribution and the time correlation to be physically consistent. The importance of this constrain can

be guessed for instance keeping in mind that simulated time series without narrowband components can take negative values, but no one argues

that a mean wind speed series must be not negative (Figure 6A). Furthermore, the parent distribution is typically estimated by analyzing the data

population which includes also the narrowband components. In summary, the authors agree with Harris19 in seeing the asymptotic tendency of r

(v) to a constant value for very large V, whose existence was actually proved by Galambos.33 However, they believe that such a value is the total

number of observations per year Nym and not a lower value as speculated by Harris22 and confirmed by Cook.20 The authors are also convinced

that the missing asymptotic tendency of their ARIE curves to Nym is a consequence of using an algorithm that excludes the narrowband compo-

nents from the simulation of the macro-meteorological part of the wind speed.

SIM3 annual maxima are shifted to the left of the IO distribution in Figure 5F, which is based on the target parent FV. This outcome is reason-

able, since SIM3 annual maxima are extracted from mean wind speeds deprived of the narrowband components having a different marginal distri-

bution as shown in Figure 4. One more time the authors see the resemblance between Figure 5F and Figure 6 of Harris (,22 20-hour time scale) or

Figure 2 of Cook (,20 22.15-hour time scale). It is stressed that the correlation time scale of the wind climate described in Section 2.1 and deprived

of the narrowband components is equal to 21.97 hours. The time scale is calculated as integration of the autocorrelation function as described by

Harris36 with the only difference that the integration time-lag domain is extended from 450 hours to 1,008 hours, to include small but not

F IGURE 6 SIM 1 time series of the mean wind speed (A) and autocorrelation function deprived of the narrowband components (B)

TORRIELLI ET AL. 1195
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negligible values of the autocorrelation functions (see Figure 6B). The resemblance of the Gumbel plots under discussion, bearing in mind the gen-

esis of the corresponding annual maxima, strengthens the authors' conclusion that the shift of the annual maxima from the IO distribution is due

to the lack of the narrowband components, that are not included nor in Harris' neither in Cook's simulations.

Considering the previous remarks, the SIM2 and SIM3 wind speed dataset are no longer analyzed in this paper. Any following reference to

the simulated wind speeds in Section 2.2 refers to SIM1, where the narrowband components in Table 2 have locked phases.

3.2 | Analytical model of ARIE

Consistently with Torrielli et al21 the ARIE can be modelled by means of the following bilinear model:

r vð Þ¼ qþm �v for v < ur
r vð Þ¼Nym for v ≥ ur

�
ð8Þ

where q and m parameters describe the monotonically increasing ramp of r(v) for low/mid velocities, Nym is the total number of wind observations

per year, while ur is the speed value beyond which the approximation r(v) � Nym is acceptable. It is worthy to note that the theoretical asymptotic

tendency of the ARIE for large velocities is here modelled by means of a threshold value ur above which r(v) can be considered constant for engi-

neering applications.

The simple procedure described in Ref. [21] can be used to estimate the parameters of the ARIE model applied to the synthetic wind speed

observations presented Section 2.2. Results are listed in Table 3.

Figure 7A plots the bilinear model along with the empirical ARIE estimated by Equation 5, where FV is the HW-parent in Equation 1 and

Table 1, while the bootstrap procedure described by Cook37 is applied to derive numerically the mean plotting positions of y associated to the

annual maxima. The vertical dash-dotted line is for Nym = 52,596.

The bilinear model of the ARIE is applied in Equation 4 for modelling the distribution of the annual maxima plotted in Figure 7B with a solid

blue line. Since the parent distribution is fully known, the perfect matching with the data over the entire range of velocities proves the accuracy

of the bilinear model of the ARIE. The effectiveness and the robustness of this approach has been proved in realistic situations, where only few

decades of wind observations are usually available.21 It is stressed that design wind speeds with small return periods (5–10 years), relevant for

instance during installation, may fall in the ramp section of ARIE, i.e. r(v) < Nym as in the case shown in Figure 7.

TABLE 3 Parameters of the analytical model of r(v)

q [�] m [s m�1] ur [m�s�1]

�47742.2 3434.2 29.2

F IGURE 7 Variability of r from the annual maximum velocities (A) and Gumbel plot (B) of the annual maxima dataset
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4 | EXTREME VALUE ANALYSIS

4.1 | The Cauchy formula in the conventional EV analysis

According to the conventional EV analysis, an alternative form of the distribution of the maximum value bVT in Equation 3 is derived by the Cauchy

formula,38 which transforms the power function into an exponential function:

FV vð Þ½ �rT ¼ 1�QV vð Þ½ �rT ! exp � QV vð Þ
QV UTð Þ

� �
; QV UTð Þ¼ 1

rT
ð9Þ

where QV = 1-FV is the risk of exceedance, while UT is the characteristic largest value for an epoch T, which identifies with the mode of the distri-

bution.35 As stated by Cook and Harris,35 the Cauchy approximation can be used as long as two conditions are met: 1) the EV sample has to be

left-censored by V > UT , which ensures that the term QV vð Þ
QV UTð Þ< 1; 2) rT is large enough. An additional condition for the applicability of Equation 8 is

that rT is constant, which was trivial at the time Cook and Harris wrote their paper in 2004. It is worth noting that most of the probability distribu-

tions commonly applied in the EV analysis, like the FT1 ultimate,39 GEV,40 FT1 penultimate,35 XIMIS,41 POT,42 rely on the Cauchy formula in

Equation 8 with constant rT.

The authors are aware that Harris19 applies the Cauchy formula under the condition r(v) and redefines the characteristic largest value UT as it

follows:

QV UTð Þ¼ 1
r UTð ÞT ð10Þ

However, the authors of this paper intend to investigate how the variability of the ARIE with the velocity affects the “conventional” EV analysis,

therefore any following comment about the Cauchy formula refers to the case of constant rT as in Equation 8.

4.2 | The Cauchy formula and the velocity dependent ARIE

As a preliminary remark, the discussion presented in this section is based on two assumptions: 1) the ARIE depends on the velocity (Refs.19,21); 2)

the ARIE asymptotes to a constant value for very large velocities.19 It is worthy to note that the following comments do not loose generality if the

model of the ARIE in Section 3.2 is applied, where the asymptotic tendency of the ARIE for large velocities is modelled by means of a threshold

value ur above which r(v) can be considered constant for engineering applications.

It is reasonable to believe that the Cauchy formula in Equation 8 does not generally apply when the variability of the ARIE with the velocity is

considered, but it depends on the values of UT and ur, respectively the mode of bVT and the wind speed above which the plateau of r(v) in

Equation 7 starts. If UT> ur, the conditions for the application of the Cauchy formula in Equation 8 are fully re-established as long as the traditional

left-censorship V>UT is applied, because r(v)=Nym for V> ur. On the contrary, if UT< ur the condition of constant rT does not hold any longer

because the Cauchy approximation is applied in a range where the ARIE varies with the velocity as shown in Figure 7. Bearing in mind the defini-

tion of r(v) in Equation 5, it is reasonable to believe that the deviation from the case of constant rT depends on the extreme values as well as the

parent distribution. This makes extremely complex an extensive analysis of the error, which is postponed to further research, while an idea of such

an error is given by the EV analysis of the synthetic wind speed observations in Section 2.2. Figure 8 compares two distributions of the annual

maxima on Gumbel plots: a) the distribution of the annual maxima based on the Cauchy formula in Equation 8 with the left-censorship

V>UT=23.2 m/s, where UT is calculated by means of Equation 9, the ARIE model in Equation 5, the HW-parent in Equation 1 and Table 1; b) the

distribution of the annual maxima based on the Cauchy formula in Equation 8 with the left-censorship V> ur=29.2 m/s.

A visual inspection of Figure 8 reveals that the Cauchy-based distribution with the V > UT censorship fails in the data fitting over the entire

range of velocity except for the neighborhood of UT. This outcome confirms the presumed limitation of the Cauchy formula when UT < ur. The

deviation of the Cauchy-based distribution from the data trend gives an idea of the error resulting by using the conventional EV analysis without

considering the variability of the ARIE with the velocity. On the other hand, the Cauchy-based distribution with the V > ur censorship provides an

excellent data fitting on the upper tail of the distribution on the range V > ur, while it gradually deviates from the data as the velocity reduces.

The outcome of this study shows that the variability of the ARIE with the velocity requires a modification of the conditions under which the

Cauchy approximation is applied in the conventional EV analyses. Specifically, the Cauchy formula is accurate as long as the left-censorship V > ur

is applied, where ur is the value of velocity above which r(v) can be considered constant for engineering applications. Therefore, ur should be reg-

arded as the characteristic largest value in place of the mode UT. Two important consequences derive: 1) the Cauchy formula should not be used

if the largest value of the EV sample is lower than ur; 2) any conventional EV distribution based on the Cauchy formula, like the FT1 ultimate,

TORRIELLI ET AL. 1197
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GEV, FT1 penultimate, XIMIS, POT distributions, can be successfully used only if ur is chosen as characteristic largest value. The second point is

further elaborated in Section 4.3 through a numerical example.

4.3 | Conventional EV analysis and the velocity dependent ARIE

The sample of 12,400 annual maxima extracted from the simulated time series of the mean wind speed in Section 2.2 is fit to the FT1 ultimate,

GEV, and FT1 Penultimate distributions assuming constant r. The 2- and 3-parameter fitting of the FT1 penultimate are disregarded because the

parent distribution is fully known, therefore u1 is the only parameter to be estimated from the extremes.35 Table 4 recalls the CDFs and the rela-

tive parameters of the EV distribution, for a detailed description of each EV model the reader is addressed for instance to Ref. [15].

In order to show how a velocity dependent ARIE affects the EV statistics, two analyses named EVA1 and EVA2 are performed. The same EV

sample is fit to the three distributions in Table 4, but applying different values of left-censorship, i.e. 22 m/s in EVA1 and 29.2 m/s in EVA2. This

means that only the wind speeds greater than 22 m/s or 29.2 m/s are considered in the data fitting. EVA1 is consistent with the conventional EV

analysis where a left-censorship equal to the mode of the sample applies, that is estimated to be UT = 23.2 m/s from Equation 9. Specifically, the

censorship of 22 m/s is chosen to permit the numerical estimate of the mode through the distributions data fitting. The 22 m/s left-censorship

reduces the original sample to a subset consisting of 10,107 items. Differently, EVA2 takes into account the variability of the ARIE with the veloc-

ity, indeed the left-censorship of 29.2 m/s ensures that the conditions for the application of the Cauchy formula in Equation 8 are fulfilled. The

29.2 m/s censorship reduces drastically the size of the original sample to 840 items. The unknown parameters of the EV distributions in Table 4

are estimated applying the minimum-variance bias-free procedure43 based on the weighted least squares (WLS) method. The bootstrap procedure

described by Cook42 is used to derive the mean plotting positions y for the empirical distribution and the weights for the WLS method. Results

are listed in Table 5, while Figure 9 plots the distributions of the annual maximum speeds of EVA1 (a) and EVA2 (b) on a Gumbel probability paper.

The black square are the wind speeds used as left-censorship.

It is noted that the FT1 ultimate distribution results in a straight line when plotted on a Gumbel probability paper. The empirical distribution

of the annual maxima in Figure 9 (red balls) shows an upward concavity for low velocity while it tends to a straight line for v > 29.2 m/s. This

explains why the FT1 ultimate distribution in EVA2 captures the data trend at high velocities while it fails in EVA1, where the too low 22 m/s

censorship is applied. In such a case, the FT1 ultimate distribution is called to model also the upward concavity of the data over the range

22–29.2 m/s by means of a straight line. This results in poor data fitting, except for the neighborhood of mode uT = 23.16 m/s (Table 5), that is in

perfect agreement with the estimated value of UT = 23.2 m/s from Equation 9. Table 5 also shows that the estimate of r = 55,518 from the FT1

ultimate distribution in EVA2 is close to the value of the ARIE assigned in Equation 7 for v > 29.2 m/s, i.e. Nym = 52,596 (about 5% deviation). Dif-

ferently, the estimate of r = 31,680 from the FT1 ultimate distribution in EVA1 is quite far from the expected value of 52,596. The findings of the

annual-maxima fitting to the FT1 ultimate distribution in the frame of the comparative analysis EVA1 and EVA2 are here summarized: 1) the FT1

ultimate distribution well models large velocities (annual maxima) laying in the region where the ARIE does not vary with the velocity any longer;

F IGURE 8 Gumbel plots of the annual maxima dataset
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TABLE 4 List of the EV probability models used to describe the distribution of annual maximum speeds

EV model Cumulative distribution function Parameters

1 FT1 ultimate Pr bVT < v
n o

¼ exp �exp �a v�uTð Þ½ �f g a (mode)

uT (scale)

2 FT1 penultimate (for a tail-equivalent Weibull parent) Pr bVT < v
n o

¼ exp �exp �ak vk �ukT
� 	
 ��  a = 1/c (mode)

uT (scale)

c, k (Weibull parent)

3 GEV Pr bVT < v
n o

¼ exp �Δ vð Þf g

Δ vð Þ ¼ 1�βa v�uTð Þ1=β β≠ 0

exp �a v�uTð Þ½ � β¼0

( a (mode)

uT (scale)

β (shape factor)

TABLE 5 Distribution of the annual maximum speeds from the annual maxima

EV analysis FT1 ultimate GEV FT1 penultimate

EVA1 β 0.087 ka 1.155

a [m�1�s] 0.422 a 0.395 aa 0.324

uT [m�s�1] 23.16 uT 23.16 uT 23.52

r ** [�] 31,680 r 31,680 r 38,080

L [m�s�1] 52.29

EVA2 β 0 ka 1.155

a [m�1�s] 0.537 a 0.537 aa 0.324

uT [m�s�1] 24.25 uT 24.25 uT 24.10

[�] 55,518 r 55,518 r 51,269

L [m�s�1] Inf

aValues in bold do not result from the regression but are assigned a-priori.
bEstimated through the definition of characteristic largest value in Equation 9.
cL is the upper limiting value which can never be exceeded; it assumes finite value if GEV results in the Type III asymptote44

F IGURE 9 Gumbel plot of the annual maximum wind speeds of EVA1 (A) and EVA2 (B)
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2) the upper tail of the distribution is well described by a straight line on the Gumbel plot; 3) confirmation that the ARIE asymptotes to a

constant value for large velocities, as stated by Harris19 and that such a constant value is the total number of observations Nym as stated by

Torrielli et al.21

As preliminary remark, the goodness-of-fitZ-test45 is used to verify that the estimate of the β parameter of the GEV distribution, which con-

trols the type of asymptote, is free of sampling errors. The GEV distribution in EVA1 provides a good data fitting for v < 35 m/s and the deviation

from data for larger velocities may be accepted because of the uncertainty that always concerns the upper tail of the distribution. However, the

GEV results in the FT3 asymptotic form that is incompatible with the upper tail of the HW-distributed parent, for which the FT1 asymptote is

expected; the same inconsistency was observed in Ref. [15]. This inconsistency occurs only in EVA1 (β = 0.087), indeed the GEV distribution

results in the expected FT1 asymptote (β = 0) in EVA2 and so GEV and FT1 ultimate distributions have identical form in EVA2. A sensitivity study

of the GEV type of asymptote on the level of censorship is carried out, for slight variations around v = 29.2 m/s. Table 6 lists the values of the

shape parameter β resulting by the regression of differently censored datasets, besides the corresponding threshold value βthr provided by the Z-

test. The GEV distribution results in the FT3 asymptote when β ≥ βthr, while the GEV distribution results in the FT1 asymptote when 0 ≤ β ≤ βthr.

Table 6 points out that the GEV approach is consistent with the HW-parent only if the dataset is correctly left-censored by the 29.2 m/s

value. The findings of the annual maxima fitting to the GEV distribution in the frame of the comparative analysis EVA1 and EVA2 are here summa-

rized. The GEV distribution well models the EV data, consistently with the parent distribution of the population which the EV values are extracted

from, only if the 29.2 m/s left-censorship is applied. Generally speaking, the 3-parameter GEV distribution is more flexible than the 2-parameter

FT1 ultimate distribution in accommodating the curvature of the EV sample in Figure 9, this theoretically gives higher chances of accurate data

fitting to the GEV distribution. However, an accurate data fitting cannot get along with the shape of the parent if the censoring velocity lays in

the region where the ARIE varies with the velocity, i.e. v < 29.2 m/s in this specific case. This is a further evidence that 29.2 m/s, or more gener-

ally the velocity threshold value above which r(v) can be considered constant, is the true characteristic largest value to be used. Finally, the GEV

distribution resulting in the FT1 asymptote type, indirectly supports all the previous findings related the FT1 ultimate distribution.

Figure 9A shows that the FT1 penultimate distribution in EVA1 does not provide an accurate data fitting, similarly to what was observed by

the authors,15 with the only exception of the neighborhood of the mode UT. The present use of the FT1 penultimate distribution where, 2 over

3 parameters are fixed because the parent is fully known, is too rigid to accommodate the curvature of the extreme data over the entire range of

velocity. This is confirmed by Figure 9B, where the FT1 penultimate distribution in EVA2 well models only the highest velocities larger than

29.2 m/s, with minimum deviations from the FT1 ultimate distribution. Such a “rigidity” of the FT1 ultimate/penultimate models is obviously asso-

ciated to the basic traditional assumption of a constant ARIE. Similarly to the outcome of the FT1 ultimate distribution study, Table 5 shows that

the estimate of r = 51,269 from the FT1 penultimate distribution in EVA2 is really close to Nym = 52,596 (less than 3% deviation), while the

corresponding EVA1 estimate strongly deviate from Nym. In summary, the main findings of fitting the annual maxima to the FT1 penultimate distri-

bution are in line with the ones of the FT1 ultimate distribution: 1) the FT1 penultimate distribution well models the large velocities laying in the

region where the ARIE does not vary with the velocity any longer; 2) it is confirmed that the ARIE asymptotes to a constant value for large veloci-

ties, as stated by Harris19 and that such a constant value is the total number of observations Nym in Equation 7 as stated by Torrielli et al.21

5 | CONCLUSIONS

The outcome of this study gives evidence that investigations about the ARIE based on long-term simulation of the mean wind speed needs to

include the narrowband components of the macro-meteorological spectrum. Otherwise, only a deceitful duplicate of the actual shape of the ARIE

is derived, which misses to replicate the true tendency of the ARIE to the yearly number of observations.

The findings presented in this paper transform the original statistical meaning of the ARIE, as the number of independent observations col-

lected over 1 year, into a more physical and perceivable meaning expressing how the independence across wind observations increases with the

wind speed, up to the limit case where all yearly observations are independent. This outcome gives a proof of the fact that intensive rare events

are independent, a concept which can be presumed by engineering common sense. The ARIE may be the common ground where to found con-

sensus in the wind engineering community on a reliable and effective EV distribution.

TABLE 6 Sensitivity study of the GEV type of asymptote on the level of censorship of the database

Censorship

[m/s] β βthr (Z-test) Type of asymptote

29.0 0.041 0.0405 FT3

29.1 0.042 0.0415 FT3

29.2 0.0420 0.0426 FT1

29.3 0.0430 0.0436 FT1

1200 TORRIELLI ET AL.
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Any conventional EV distribution based on the Cauchy formula, like the FT1 ultimate, GEV, FT1 penultimate, XIMIS, POT distributions, can

be successfully used only if the EV sample is left-censored by a velocity above the one the ARIE can be considered constantly equal to the yearly

number of observations. Therefore, none of these probability distributions should be used if the largest value in the EV sample is lower than such

left-censorship velocity.

A left censorship of 29 m/s severely limits the applicability of the common EV distributions to real wind observations where few decades of

data are usually available. In this sense the process or level-crossings analysis is more appealing, which establishes the statistics of the extreme

values on the entire population of data.

The authors are well aware that the simulated wind speed records used in this study have not the same value of real observations. However,

they are also confident that the applied simulation procedures25 provides sufficiently accurate time series to give a relevant contribution to the

discussion about the ARIEs and EV analysis.

All the analyses presented in this paper are referred to synoptic cyclonic events, excluding mesoscale extreme wind events as thunderstorms,

for which the EV distributions can be determined separately, and eventually combined by means of the rules of mixed statistics (e.g. Refs.11,46).
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