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Introduction

The work of my past three years is focused on the Analysis on two classes of non
Euclidean spaces: the symmetric spaces of the noncompact type and the homogeneous
trees. The two families of spaces are more linked than their structure might suggest.

In continuity with my master thesis, my work starts from the Radon transform.
Given a space X and a family of subsets Ξ, the Radon transform of a function f on X
is a function on Ξ defined by the integral of f restricted to every subset in Ξ. In [1]
some of my collaborators have solved the unitarization problem for a class of Radon
transforms. That is, they prove the existence of a pseudo-differential operator that,
precomposed with the Radon transform, extends to a unitary operator Q on L2pXq.
The problem has been inspired by Helgason who addressed and solved it in the case of
the polar Radon transform. The spaces X and Ξ analyzed in [1] are transitive G-spaces
of a lcsc group G such that pX,Ξq is a dual pair in the sense of Helgason. The Radon
transform for dual pairs is classically defined by Helgason [39]. Under some technical
assumptions they prove the existence of the unitarization of the Radon transform.
Furthermore they show that Q intertwines the two quasi regular representations π
and π̂ of G on L2pXq and L2pΞq, respectively. The latter result, under the additional
hypothesis of square integrability of π, provides a new inversion formula for the Radon
transform.

The hyperbolic disk, and, more in general, the family of symmetric spaces of the
noncompact type, together with the family of its horocycles form a classical example
of dual pair in the sense of Helgason. Since this setup does not satisfy the technical
assumptions of [1], it is natural to investigate the unitarization problem in this context.
Such problem is not directly addressed by Helgason who however shows that the com-
position of the Radon transform with an operator extends to an injective operator [37].
We cannot find a surjectivity result in his wide literature. Another natural context
in which it is worthwhile to study the unitarization problem for the Radon transform
is the homogeneous tree. Homogeneous trees have some common properties with the
hyperbolic disk and also here it is possible to define the horocyclic Radon transform.
The question was instead totally open on homogeneous trees.

The two settings are, in a certain way, similar and the problem is the same. Our
contribution is the completion of the unitarization result for the symmetric spaces by
using techniques designed to fit well in the case of the homogeneous trees. Indeed some
intermediate results coincide in the statements and the spaces involved are clearly in
relation (see Figure 1), though the techniques used in the proofs are fairly different. Just
to give an idea, on symmetric spaces we can count on the Iwasawa decomposition of the
associated semisimple Lie group, while in the other case, since there is no decomposition
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Figure 1: The two diagrams represent the main relations between the spaces and the
operators involved in the unitarization of the horocyclic Radon transform on symmetric
spaces and homogeneous trees, respectively.

for the group of isometries of the homogeneous tree (still denoted G), we use the easier
geometry of the tree.

In both settings, the range of the unitarization of the Radon transform results to
be a subspace L2

5
pΞq Ď L2pΞq which keeps track of the symmetries that the Radon

transform inherits from the geometry of the spaces. Furthermore we prove that the
unitarization Q intertwines the two quasi regular representations π and π̂ of G on
L2pXq and L2

5
pΞq, respectively. Unlike the cases studied in [1], in these setups the

representation π is not square integrable and then we are not able to provide new
inversion formulae for the Radon transform.

I essentially completed the solution of the unitarization problems of the two Radon
transforms by using a mix of techniques of [6] and classical results on symmetric spaces
and on homogeneous trees. Hence I discussed the results with F. Bartolucci and F. De
Mari, which helped me to put the results in the correct perspective. With their expe-
rience and expertise, we wrote the paper in a more complete and satisfying way.

This problem motivates the second part of my work. We decided to study the class
of square integrable representations on symmetric spaces and homogeneous trees. In
the first case, it is well known that square integrable representations have a realization
on the holomorphic Bergman spaces. We observed that it is not possible to obtain a
unitarization result for the Radon transform on the hyperbolic disk which intertwines
a square integrable representation on the Bergman space with a representation on the
functions defined on Ξ.

We moved our attention to the case of the homogeneous tree X. Ol’shanskii clas-
sifies the square integrable representations of the group G of isometries on X in [45]
without exhibiting any realization on spaces of functions on X. In view of the analogy
between symmetric spaces and homogeneous trees, it is natural to ask whether a square
integrable representation of G can be realized on a space related to the holomorphic



INTRODUCTION 5

Bergman space. The notion of holomorphic function on X is not clearly stated in
literature, but the notion of harmonic function there is well known. In [17], the har-
monic Bergman spaces are introduced for functions defined on homogeneous trees. For
every finite measure σ on X which is radial w.r.t. a fixed origin o P X and decreasing
w.r.t. the distance from o, and for every 1 ď p ď 8 the (harmonic) Bergman space is
defined as the space of the harmonic functions in Lppσq. We show that, as in the case of
the holomorphic Bergman spaces on the disk, when p “ 2 they are reproducing kernel
Hilbert spaces. We provide a formula for the kernel and we study the boundedness
properties of the extension of the projector to Lppσq. For simplicity we focus only on
the family of measures which decrease radially exponentially. We show that for every
measure of that family the extension of the projector to Lppσq is bounded if and only
if p ą 1.

The problem has been posed to me by F. De Mari and M. Vallarino. I provided
the formula of the kernel and essentially solved the problem of the boundedness of
the projector. I drew inspiration from the approach of [25], [49], and [54], but the
techniques used in the proofs are fairly different, since the holomorphic kernel on the
disk has an easy Taylor decomposition that we do not have. With the help of the
expertise of F. De Mari and M. Vallarino, I was able to rewrite in a clearer formulation
the results obtained by me in a preliminary form.

The Radon transform

The Radon transform is introduced by J. Radon in the context of inverse problems.
In particular he addresses the problem of reconstructing a function starting from its
integrals on a family of subsets, typically lines or hyperplanes when the signal is defined
on Rd. Radon proves a first reconstruction formula in 1917 in the case of integration
on hyperplanes of R3.

A generalization of the problem then is to reconstruct a function defined on a
manifold through the values of its integrals on a family of submanifolds. Helgason,
motivated by the example of the polar Radon transform, is the first to link the inversion
problem with the theory of homogeneous spaces, by introducing the Radon transform
in the context of dual pairs [39].

Given a function f defined on R2 , the polar Radon transform of f on a line of the
plane is defined as the integral of f restricted to the line. The polar structure comes
from the parametrization of the family of lines by polar coordinates via r0, 2πq ˆ R.
Namely,

Rpolfpθ, tq :“

ż

R
fpt cos θ ´ y sin θ, t sin θ ` y cos θqdy, pθ, tq P r0, 2πq ˆ R.

This means that Rpol associates to a function on R2 a function on r0, 2πq ˆ R. The
idea of Helgason is to reduce this problem to the relation between the space X “ R2

where the function is defined and the space of parameters Ξ “ r0, 2πqˆR. In this case
it is possible to see X and Ξ as homogeneous spaces of the group of rigid motions of
the plane: G “ R2 ˆK, where K “ tRφ : φ P r0, 2πqu with

Rφ “

„

cosφ ´ sinφ
sinφ cosφ



, φ P r0, 2πq.
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The group law of G is

pb, φqpb1, φ1q “ pb`Rφb
1, φ` φ1 mod 2πq

and gives to G structure of semidirect product of R2 and K, namely G “ R2 ¸K. It
is easy to see that G acts on X “ R2 via the canonical action pb, φqrxs “ b ` Rφx.
Furthermore the isotropy of G at o P R2 is K and then G{K » X. Observe that the
action of pb, φq on R2 is affine and maps lines into lines. Hence G acts on Ξ, too, via

pb, φq.pθ, tq “ pθ ` φ mod 2π, t` npθq ¨R´1
φ bq,

where tnpθq “ pcos θ, sin θq. The isotropy of G at the y-axis p0, 0q P r0, 2πq ˆ R is

H “ tpp0, b2q, φq : φ P t0, πu, b2 P Ru

and then Ξ » G{H. The fact that a point x P R2 belongs to a line ξ P Ξ to the
fact that the cosets x “ g1K and ξ “ g2H intersect. Helgason extends this notion of
intersection to any pair of homogeneous spaces of the same group G.

We generalize this context. Let G be a lcsc group. We consider two G-transitive
spaces X and Ξ. We fix x0 P X and ξ0 P Ξ and we denote by K and H their stabilizers
at G, respectively, so that X “ G{K and Ξ “ G{H. Two elements x “ g1K P X and
ξ “ g2H P Ξ are said to be incident if as cosets in G they intersect. Then it is possible
to define

x̌ “ tξ P Ξ: x and ξ intersectu Ď Ξ;

pξ “ tx P X : x and ξ intersectu Ď X,

which are closed subsets by Lemma 1.1 in [39]. Looking back at the example of the
polar Radon transform, it is easy to see that pξ consists of the set of points lying on
the line ξ, basically the realization in X of the line parametrized by ξ P Ξ. On the
other hand, x̌ is the “sheaf” of (the parameters of) lines in Ξ passing through x. It is
immediate to see that if x “ g1rx0s and ξ “ g2.ξ0 then

x̌ “ g1.x̌0, pξ “ g2rpξ0s

Suppose that pξ0 carries an H-invariant measure dm0. We push-forward the measure
m0 to every pξ “ gpξ0 by the map pξ0 Q x ÞÑ grxs P pξ. Hence we can define the Radon
transform by

Rfpξq “
ż

pξ
fpxqdmξpxq :“

ż

pξ0

fpgrxsqdm0pxq.

An important result on Radon transforms is the unitarization theorem. It replaces
the unitary extension of the Radon transform which, in general, is not possible to
achieve. Helgason states in [39] the existence of a pseudo-differential operator Λ such
that ΛRpol extends to a unitary operator Q : L2pXq Ñ L2pΞq.

In [6], F. Bartolucci, F. De Mari, E. De Vito and F. Odone obtain both an unita-
rization and an intertwining result for a different Radon transform, the affine Radon
transform. The techniques used in [6] mimic the approach followed by Helgason to
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unitarize the polar Radon transform. In [1], the same authors together with G. S. Al-
berti present a new version of the unitarization theorem for a large class of Radon
transforms. They consider the case in which the spaces X and Ξ forms a dual pair of
lcsc transitive G-spaces of a lcsc group G. They follow a different approach, based on
representation theory. Indeed, they prove that, under some technical assumptions, the
unitary extension Q exists and it intertwines the quasi regular representations π and
π̂ of G on L2pXq and L2pΞq, respectively. The main result is based on a generalization
of Schur’s lemma due to Duflo and Moore [21] and requires the irriducibility of π. Fur-
thermore they show that, if π is square integrable, then an inversion formula for the
Radon transform follows from the unitarization result.

In the first part of my work, presented in Chapter 2 and 3, we investigated which
results of [1] extends to new cases. The first setup we decided to investigate has been
the hyperbolic disk and, more in general, the noncompact symmetric spaces. The
motivation is fairly easy: the space of horocycles defined there, together with the
symmetric space, forms a prototypical example of dual pair in the sense of Helgason.
Another family of spaces on which we focused are the homogeneous trees, due to
their deeply studied relation with symmetric spaces of rank one [16]. Among other
correspondences, horocycles are defined on homogeneous trees as well and they form a
dual pair with the tree in the sense of Helgason.

The techniques used in [1] cannot be transferred directly to the cases of symmetric
spaces and homogeneous trees primarily because the quasi regular representations are
not irreducible, much less square integrable. Hence, we adopted in both setups a combi-
nation of the classical results of the theory of symmetric spaces and homogeneous trees
(presented in [37] and [22], respectively) and the techniques that have been exploited
in [6].

Helgason essentially solves the unitarization problem in the case of symmetric
spaces. Indeed he proves that there exists an operator Λ which, precomposed with
the horocyclic Radon transform, extends to a injective operator on L2pXq. We are not
able to find a unitarization result in the wide literature of Helgason’s. In our work
then we characterize the closed subspace of L2pΞq that, by keeping track of all the
symmetries of the Radon transform, is the range of the extension.

The horocyclic Radon transform on homogeneous trees was first introduced by
P. Cartier [14] and studied by A. Figà-Talamanca and M.A. Picardello [23], W. Betori,
J. Faraut and M. Pagliacci [12], M. Cowling, S. Meda and A.G. Setti [18], J. Cohen,
F. Colonna and E. Tarabusi [15], and A. Veca [52], to name a few.

Although the two setups have many common properties and the problem we solve
is essentially the same, some steps are fairly different. As we said before, the approach
is based on [6]. The crucial point is the relation between the Helgason-Fourier and the
horocyclic Radon transforms (that is, the Fourier slice theorem) and the correspondence
between the range of the former with the closed subspace L2

5
pΞq Ď L2pΞq which is the

range of the unitarization. Horocycles are defined in both setups. We are interested
in their parametrization. We recall that the semisimple Lie group G associated to the
symmetric space has an Iwasawa decomposition G “ KAN . Observe that the role
played by A on symmetric spaces is, in a certain sense, played by Z on homogeneous
trees. Indeed, on symmetric spaces, horocycles are parametrized by a boundary point
and an element of A, while on homogeneous trees by a boundary point and an integer.
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ω

ω

Figure 2: On the left the hyperbolic disk, that is the open unit disk in C. Geodesics
are diameters and portions of Euclidean circles orthogonal to the boundary. On the
right a part of a 2-homogeneous tree. Here geodesics are (double) infinite chains. In
both sides we highlight in red some geodesics lying in the bundle of parallel geodesics
ending at the boundary point ω and in green some of the horocylces (on the tree, only
portions of them) which are orthogonal to such bundle.

We show that in both cases, the operator Λ, involved in the unitarization, can be
expressed as the conjugation of a Fourier multiplier J on A or on Z by a diffeomorphism
Φ˚o . The mapping Φ˚o “transforms” a function on Ξ in a function on the parameters.
Furthermore we prove that ΛR extends to Q : L2pXq Ñ L2

5
pΞq in such a way that

π̂pgqQ “ Qπpgq, g P G, (1)

where π̂ and π are the quasi regular representations of G on L2pXq and L2
5
pΞq, respec-

tively.

The Bergman spaces on homogeneous trees

In view of [1], where the authors use the square integrability of π and (1) to invert
the Radon transform, it is natural to ask whether it is possible to replace π with a
square integrable representation of the group in (1). Let us consider the hyperbolic
disk. In this setting, it is well known that each square integrable representation of
SUp1, 1q has a realization on a Bergman space. For every α ą 1, we consider the
measure dναpx` iyq “ p1´ x

2 ´ y2qα´2dxdy on the disk. We call Bergman space the
closed subspace ApαpDq of LppD, ναq consisting of holomorphic functions. The square
integrable representations of SUp1, 1q are of the following form. Let m P N, m ą 1.
The representation πm of SUp1, 1q on A2

αpDq is defined by

πmpgqfpxq :“ pbx` aq´mfpg´1rxsq, g´1 “

„

a b

b a



P SUp1, 1q, f P A2
mpDq.

To the best of our knowledge, it is not possible to obtain (1) by replacing π with πm.
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It is well known that A2
αpDq is a reproducing kernel Hilbert space for every α ą 1

with kernel
Kαpz, wq “

1

p1´ xz, wyqα
, z, w P D. (2)

Since ApαpDq is a closed subspace of LppD, ναq, there exists an orthogonal projection
Pα : L2pD, ναq Ñ A2

αpDq and it is immediate to see that

Pαfpzq “

ż

D
fpwqKαpz, wqdναpwq, f P A2

αpDq.

The boundedness properties of the extension of Pα to LppD, ναq are known. Indeed,
Theorem 4.24 in [54] states that, for every α ą 1, the extension of Pα is bounded on
LppD, ναq if and only if p ą 1. The two fundamental works on this topic are [25] and [49]
which, among other results, solve the problem for the extension to the non-weighted
Bergman spaces, that is when α “ 2. Zhu in [54] rewrites this result extending to the
case of any α.

It is natural to ask whether this setup is replied on homogeneous trees. The square
integrable representations have been classified by G. I. Ol’shanskii in [45], but no ex-
plicit realization on Hilbert spaces of functions is given. Further, to the best of our
knowledge, a definition of holomorphic function on homogeneous trees is not available.
Hence it is not obvious how to define the analogous of holomorphic Bergman spaces.

By borrowing from the mean value property of harmonic functions, on homogeneous
trees we say that a function is harmonic if its value at a vertex is equal to the average
of the values in the neighbors. In [17], authors introduce Bergman spaces by replacing
the requirement for the functions to be harmonic rather than holomorphic. Although
it appears to be hard to define a unitary representation on these spaces, we decided
to investigate them. In particular we want to determine which properties they have in
common with their “continuous” and holomorphic counterpart defined above.

Consider a finite measure σ on the q-homogeneous tree X whose Radon-Nikodym
derivative w.r.t. the counting measure is a function, still denoted by σ, which is radial
(w.r.t. a fixed origin o) and decreasing. We call it reference measure. For every 1 ď
p ă 8, the Bergman space AppX,σq is the (closed) subspace of LppX,σq consisting of
harmonic functions. They are Banach spaces and, for p “ 2, Hilbert spaces. In the
work presented in Chapter 4 we show that A2pX,σq is a reproducing kernel Hilbert
space for every reference measure σ. The discrete structure of the tree, together with
the fact that we are considering harmonic functions and not holomorphic functions,
makes the formula for the kernel more troublesome than (2). Theorem 4.9 shows that
there exists a function Γ (independent of σ), a constant Bσ ą 0, and a positive sequence
tbnunPN such that

Kσpz, xq “
1

Bσ
`

q2

pq ´ 1q2

ÿ

vPX

1

b|v|
Γpv, z, xqp1´ q|v|´|z|qp1´ q|v|´|x|q,

where |x| “ dpo, xq, with the canonical distance on X.
In what follows, we use this formula to obtain boundedness results for the Bergman

projectors. As in the continuous case, there exists an orthogonal projector Pσ : L2pX,σq Ñ
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A2pX,σq and it can be expressed via the kernel by

Pσfpzq “
ÿ

xPX

Kσpz, xqfpxqσpxq, f P L2pX,σq.

We focus on a family of reference measures which appears to be the natural coun-
terpart of the measures considered on the disk. For every α ą 1, we denote by

µαpxq “ q´α|x|, x P X.

The boundedness result for Pµα “ Pα is obtained as byproduct of a boundedness result
for the more general operators:

Sa,b,cfpzq “ q´a|z|
ÿ

xPX

|Kcpz, xq|fpxqq
´b|x|;

Ta,b,cfpzq “ q´a|z|
ÿ

xPX

Kcpz, xqfpxqq
´b|x|,

for a, b P R and c ą 1. Our main results are Theorems 4.10 and 4.11, where we show
under which condition on a, b, c, α, p the operators Sa,b,c and Ta,b,c are bounded on
LppX,µαq. As a consequence of the fact that Pα “ T0,α,α we have Theorem 4.15 in
which we show that Pα is bounded on LppX,µαq if and only if p ą 1.

A general question that arises form the previous results is: what do we know for
the other reference measures? The problem appears to be nontrivial. For the case
p “ 1, we are able to find a counterexample to the boundedness for a large family of
reference measures, called optimal, introduced in [17]. On the other hand, we are aware
that for a subfamily of optimal measures it is possible to prove that Pσ is bounded on
LppX,σq for every p ą 1. The characterization of the class of measures σ for which the
boundedness of Pσ on LppX,σq is equivalent to p ą 1 is part of the work I am carrying
on with F. De Mari and M. Vallarino.

The work of this thesis is contained in the following list of papers:

1. Francesca Bartolucci and Matteo Monti. Unitarization and inversion formula
for the Radon transform for hyperbolic motions. In 2019 13th International
conference on Sampling Theory and Applications (SampTA), pages 1–5, 2019.

2. Francesca Bartolucci, Filippo De Mari, and Matteo Monti. Unitarization of the Horo-
cyclic Radon Transform on Symmetric Spaces, pages 1–54. Springer International
Publishing, Cham, 2021.

3. Francesca Bartolucci, Filippo De Mari, and Matteo Monti. Unitarization of the
horocyclic Radon transform on homogeneous trees. Journal of Fourier Analysis
and Applications, 27(5):84, 2021.

4. Filippo De Mari, Matteo Monti, and Maria Vallarino. Boundedness of harmonic
Bergman projectors on homogeneous trees, in preparation.



Chapter 1

Preliminaries

This chapter collects several notions from different branches which have the common
property of being useful in the following chapters.

The chapter is organized as follows. In Section 1.1 we first recall the basic definitions
and results used in Analysis on groups, as the Haar measure, representation theory and
the Fourier transform on Abelian groups, and then we present homogeneous spaces.
Section 1.2 contains a list of important classes of Lie algebras and the corresponding
list of Lie groups. In particular the notion of semisimple Lie group is presented, which
will play a crucial role in Chapter 2, together with the Iwasawa decomposition. Finally,
in Section 1.3 we present the classical definition of Radon transform and a short version
of [1] in which an extension of the classical Radon transform is used to obtain a result
which has been the inspiration for Chapter 2 and 3.

1.1 Analysis on Lie groups and homogeneous spaces

The purpose of this section is to recall the basic facts of Analysis on groups and to
establish the notation used throughout. In Section 1.1.1 we present measure theory
on locally compact groups, which is then used in the particular case of Lie groups.
The general reference is [24]. Section 1.1.2 is devoted to a brief summary of group
representation theory, with focus on square integrable representations. We refer the
reader to [20] and [24] where this material is developed at some length. Then in
Section 1.1.3 we resume the theory which leads to define the Fourier transform on
Abelian groups. In addition to R, it will be used on Z, T, and on the Abelian component
of semisimple Lie groups. In the last section we present homogeneous spaces, on which
the analysis is carried out in what follows. General reference for the last two sections
is again [24].

1.1.1 Haar measures and modular functions

A Borel measure µ on the topological space X, that is, a meausure on the σ-algebra
BpXq of the Borel sets of X, is called a Radon measure if:

(i) µ is finite on compact sets;

11
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(ii) µ is outer regular on the Borel sets, that is for every Borel set E

µpEq “ inftµpUq : U Ą E, U openu;

(iii) µ is inner regular on the open sets, that is for every open set U

µpUq “ suptµpKq : K Ă E, K compactu.

Definition 1.1. A left Haar measure on the topological group G is a non zero Radon
measure µ such that µpxEq “ µpEq for every Borel set E Ă G and every x P G.
Similarly for right Haar measures.

Of course, the prototype of Haar measure is the Lebesgue measure on the additive
group Rd, which is invariant under left (and right) translations. Compactly supported
continuous functions on a topological space Y are denoted CcpY q. An equivalent defi-
nition for the left Haar measure µ is to require that for every f P CcpGq and h P G,

ż

G
fphgqdµpgq “

ż

G
fpgqdµpgq. (1.1)

A fundamental result on Haar measures is the following theorem due to A. Weil.

Theorem 1.2 (Theorem 2.10, [24]). Every locally compact group G has a left Haar
measure λ, which is essentially unique in the sense that if µ is any other left Haar
measure, then there exists a positive constant C such that µ “ Cλ.

If we fix a left Haar measure µ on G, then for any g P G the measure µg defined by

µgpEq “ µpEgq

is still a left Haar measure. Therefore by Theorem 1.2 there exists a positive real
number, denoted ∆pgq such that

µg “ ∆pgqµ.

The function ∆ : GÑ R` is called the modular function of G.

Proposition 1.3 (Proposition 2.24, [24]). Let G be a locally compact group with left
Haar measure µ. The modular function ∆ : G Ñ R` is a continuous homomorphism
into the multiplicative group R`. Furthermore, for every f P L1pG,µq we have

ż

G
fpghqdµpgq “ ∆phq´1

ż

G
fpgqdµpgq.

A group for which every left Haar measure is also a right Haar measure, hence for
which ∆ ” 1, is called unimodular. Large classes of groups are unimodular, such as the
Abelian, compact, nilpotent, semisimple and reductive groups. Many solvable groups,
however, are not. Prototypical examples of non unimodular groups are the Iwasawa
NA groups, such as the affine “ax ` b” group that we illustrate in Example 1.1. A
practical recipe for the computation of modular functions is given by the following
proposition.
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Proposition 1.4 (Proposition 2.30, [24]). If G is a connected Lie group and Ad denotes
the adjoint action of G on its Lie algebra, then ∆pgq “ detpAdpg´1qq.

We present the notion of semidirect product of Lie groups. Suppose that G and H
are two Lie groups and that we are given a group homomorphism

τ : H Ñ AutpGq, h ÞÑ τh

such that the map pg, hq ÞÑ τhpgq is a smooth map of G ˆ H into H. Hence, for
every h P H the map τh is an invertible Lie group homomorphism of G onto itself, and
τhk “ τh ˝ τk for every h, k P H. It is then possible to define the semidirect product of
G and H. It is the group denoted G¸H whose elements are those of GˆH and where
the product is defined by

pg1, h1qpg2, h2q “ pg1τh1pg2q, h1h2q.

It is immediate to check that this is a group law, and indeed smooth, so that G¸H is
a Lie group. The neutral element is peG, eHq and inverses are given by

pg, hq´1 “ pτh´1pg´1q, h´1q. (1.2)

If we identify G and H with the subsets of G ¸ H given by tpg, eHq : g P Gu and
tpeG, hq : h P Hu, respectively, then both G and H are closed subgroups and G is a
normal subgroup in G¸H.

Example 1.1. The most obvious examples of semidirect product are the two versions
of the “ax` b” group. We start from the connected version. Namely, it consists in the
set G “ R`ˆR; the multiplication is obtained by thinking of the pair pa, bq P G as the
affine transformation on R given by x ÞÑ ax` b, that is

x ÞÑ ax` b ÞÑ a1pax` bq ` b1 “ pa1aqx` pa1b` b1q.

Therefore, the multiplication law is

pa1, b1qpa, bq “ pa1a, a1b` b1q. (1.3)

The neutral element of the group is clearly e “ p1, 0q and the inverse of an element has
the form

pa, bq´1 “ pa´1,´a´1bq. (1.4)

Evidently, both components in (1.3) are smooth in the global coordinates on G, which
is then a (connected) Lie group. By using (1.1), it is easy to show that a´2dadb is a
left Haar measure for G, indeed if f P CcpGq and pa1, b1q P G, then

ż

R`ˆR
fppa1, b1qpa, bqq

dadb

a2
“

ż

R`ˆR
fpa1a, a1b` b1q

dadb

a2

“

ż

R`ˆR
fpα, βqa´2

1

dαdβ

a´2
1 α2

“

ż

R`ˆR
fpα, βq

dadb

α2
.
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It is possible to realize the “ax ` b” group as a matrix group by considering matrices
of the form

„

a b
0 1



Ø pa, bq, a ą 0, b P R.

Hence we have an isomorphism of “ax ` b” with a closed Lie subgroup of GLpd,Rq.
The Lie algebra of such subgroup consist of matrices

„

A B
0 0



, A,B P R.

It follows that

Adpa, bq

„

A B
0 0



“

„

a b
0 1

 „

A B
0 0

 „

a´1 ´ba´1

0 1



“

„

A ´bA` aB
0 0



“

„

1 0
´b a

 „

A
B



.

By Proposition 1.4, we have that ∆Gpa, bq “ detpAdppa, bq´1qq “ a´1.
A different version of the affine group is usually presented as full or non-connected.

Let Gfull “ R˚ ˆ R. We endow Gfull with the same multiplicative law in (1.3). The
group is clearly non-connected since Gfull “ pR` ˆ Rq \ pR´ ˆ Rq, a´2dadb is still a
Haar measure and the modular function is ∆Gfull

pa, bq “ |a|´1.
Other examples of semidirect products are the IwasawaAN groups (see Section 1.2.2.3)

which, in the present notation, should be written N ¸A.

From now on, the choice of a left Haar measure µ is considered as implicitly made,
and hence we write

dg :“ dµpgq.

1.1.2 Group representation theory

Below we present the fundamental notions and results concerning the theory of group
representations which are used in what follows. We use Chapter 2 of [20] and [24] as
general references.

1.1.2.1 Irreducible representations and Schur’s Lemma

Let us start by introducing some very basic notation. IfH is an Hilbert space, we denote
its scalar product and the associated norm by x¨, ¨yH and } ¨ }H, respectively. Let H1

and H2 be two separable Hilbert spaces. We write BpH1,H2q for the space of bounded
linear operators of H1 into H2. In the case in which H1 “ H2 “ H we use BpHq for
BpH,Hq. We recall that T P BpH1,H2q is an isometry if it satisfies }Tu}H2

“ }u}H1
for

every u P H1. Thus, every isometry is injective (since kerT “ 0), but not necessarily
surjective. A surjective isometry is called a unitary operator. Observe that, since
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}Tu}H2
“ xTu, TuyH2

“ xu, T ˚TuyH1
for every u P H1, the polarization identity

implies that T is an isometry if and only if T ˚T “ idH1
. This means that if T is a

unitary operator, then its inverse coincides with its adjoint. Finally, if H1 “ H2 “ H,
the set

UpHq “ tT P BpHq : T is unitaryu

is a group with respect to the composition.
We have now all the necessary elements to present the representation theory. Let

G be a locally compact second countable Hausdorff topological group and let H be a
separable Hilbert space.

Definition 1.5. A unitary representation of G on the Hilbert space H is a group
homomorphism π : GÑ UpHq continuous in the strong operator topology. The Hilbert
space H is called the representation space of π and its dimension is called the dimension
or the degree of π.

Observe that form the previous definition it immediately follows that if π is a
unitary representation of G on H, then for every g, h P G:

(i) πpghq “ πpgqπphq and πpg´1q “ πpgq´1 “ πpgq˚;

(ii) g ÞÑ πpgqu is continuous for every u P H.

From the fact that πpgq P UpHq and (i), we have that }πpgqu´πphqu}H “ }πph´1gqu´
u}H. Therefore, it is sufficient to check the continuity of the maps g ÞÑ πpgqu at the
identity e P G. Furthermore, πpgq P UpHq implies

}πpgqu´ u}2H “ 2}u}2H ´ 2Repxπpgqu, uyHq.

Hence if g ÞÑ xπpgqu, uyH are continuous for every u P H then the strong continuity of
π is guaranteed. This is because the weak and strong operator topologies coincide on
UpHq.

Let π be a unitary representation of G on the Hilbert space H.

Definition 1.6. A subspaceM Ď H is said to be π-invariant if πpgqu PM for every
u PM and g P G, namely if πpgqpMq ĎM for every g P G.

Definition 1.7. We say that the representation π is irreducible if the only closed
π-invariant subspaces in H are t0u and H.

We present a classical test for the irriducibility of a representation which is useful
in the following.

Lemma 1.8 (Proposition 2.47 in [20]). Let π be a unitary representation of the group
G on the Hilbert space H. The following two conditions are equivalent:

(i) the representation π is irreducible;

(ii) the coefficient g ÞÑ xu, πpgqvy is not the zero function whenever u, v P Hzt0u.
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Example 1.1 (continued). Let G be the affine group “ax ` b” considered in the first
part of Example 1.1. Let us consider the Hilbert space L2pRq; define for every f P L2pRq
and pa, bq P G

πpa, bqfpxq “
1
?
a
f

ˆ

x´ b

a

˙

, x P R.

We have that πpa, bq P UpL2pRqq since

}πpa, bqf}22 “

ż

R

1

a

ˇ

ˇ

ˇ

ˇ

f

ˆ

x´ b

a

˙ˇ

ˇ

ˇ

ˇ

2

dx “

ż

R
|fpyq|2 dy “ }f}22.

Furthermore, π : G Ñ UpL2pRqq is a group homomorphism by the fact that x ÞÑ x´b
a

is the affine transformation associated to pa, bq´1, as observed in (1.4), and that the
factor

?
a is multiplicative.

We show that π is not irreducible. We need the Fourier transform on L1pRqXL2pRq
defined by

Ffpξq “
ż

R
fpxqe´2πixξdx, ξ P R.

In the next section we introduce the Fourier transform on Abelian groups which gen-
eralizes the notion above. Furthermore, Theorem 1.19 and Theorem 1.20 have to be
intended as a general version of the classical Fourier inverse theorem and the Plan-
charel theorem, respectively. Let F : L2pRq Ñ L2pRq be the unitary extension of F .
A straightforward computation shows that for every f P L2pRq

F pπpa, bqfqpξq “
?
ae´2πibξFfpaξq.

Take two non zero f, g P L2pRq. Then, by Plancherel theorem
ż

R`ˆR
|xπpa, bqf, gy|2

dadb

a2
“

ż

R`ˆR
|xF pπpa, bqfq,Fgy|2

dadb

a2

“

ż

R`ˆR
a

ˇ

ˇ

ˇ

ˇ

ż

pR
e´2πibξFfpaξqFgpξq

ˇ

ˇ

ˇ

ˇ

2 dadb

a2

“

ż

R`ˆR

ˇ

ˇpF´1ωaqp´bq
ˇ

ˇ

2
db

da

a
,

where ωapξq “ FfpaξqFgpξq. Then we can apply again Plancherel theorem obtaining
ż

R`ˆR
|xπpa, bqf, gy|2

dadb

a2
“

ż

R`

ż

R
|ωapξq|

2 dξ
da

a

“

ż

R

˜

ż

R`
|Ffpaξq|2

da

a

¸

|Fgpξq|2 dξ. (1.5)

Define now the following (Hardy) spaces

H`pRq “ tf P L2pRq : Ffpξq “ 0 if ξ ă 0u,

H´pRq “ tf P L2pRq : Ffpξq “ 0 if ξ ą 0u.
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Observe that if we choose f P H`pRq and g P H´pRq, then, since a ą 0, it follows
from (1.5) that }xπp¨qf, gy}L2pGq “ 0, that is xπp¨qf, gy “ 0 for a.e. g P G. From
Lemma 1.8 we have that π is not irreducible. Furthermore, it is possible to show that
the Hardy spaces are (the only) π-invariant closed subspaces of L2pRq and that the
restrictions of π to H`pRq and to H´pRq are irreducible.

Let us consider the non-connected version of the affine group. We define the unitary
representation πfull : Gfull Ñ UpL2pRqq by

πfullpa, bqfpxq “
1

a

|a|
f

ˆ

x´ b

a

˙

, f P L2pRq, pa, bq P Gfull.

By the same approach used in the connected case, we have that
ż

R˚ˆR
|xπpa, bqf, gy|2

dadb

a2
“

ż

R

ˆ
ż

R˚
|Ffpaξq|2

da

|a|

˙

|Fgpξq|2 dξ

“

ż

R˚
|Ffpaq|2

da

|a|

ż

R
|Fgpξq|2 dξ, (1.6)

because the measure |a|´1da is invariant under the transformation a ÞÑ a{ξ for any
ξ ‰ 0. Hence if f and g are not the zero function, then (1.6) cannot be zero. This
proves that πfull is irreducible.

The following is a classical result for the case of Abelian groups which is important
for the theory presented in the next section.

Proposition 1.9 (Corollary 3.6 in [24]). If the group G is Abelian, then every irre-
ducible representation π of G is one dimensional, that is Hπ » C.

Let π1 and π2 be two unitary representations of G on the separable Hilbert spaces
H1 and H2, respectively.

Definition 1.10. We say that T P BpH1,H2q is an intertwining operator for π1 and
π2 if it satisfies

T ˝ π1pgq “ π2pgq ˝ T, g P G.

We denote by Cpπ1, π2q the space of intertwining operators of π1 and π2. If π1 “ π2

we write Cpπ, πq “ Cpπq.

Definition 1.11. The representations π1 and π2 are called unitarily equivalent if there
exists a unitary operator Cpπ1, π2q ‰ H and we write π1 „ π2.

The next result is one of the fundamental theorems in representation theory. It
gives a necessary and sufficient conditions for a representation to be irreducible and it
describes the set Cpπ1, π2q if both representations are irreducible.

Theorem 1.12 (Schur’s Lemma, Lemma 3.5 in [24]). Let π1 and π2 be two unitary
representations of G on the separable Hilbert spaces H1 and H2, respectively and let
T P Cpπ1, π2q.

(i) Suppose that π1 “ π2 “ π. Then, π is irreducible if and only if Cpπq contains
only scalar multiples of the identity.
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(ii) Suppose that π1 is irreducible. Then T “ λS for some λ ě 0 and some isometry
S. If in addition π2 is irreducible, then

dimCpπ1, π2q “

#

1, if π1 „ π2,
0, if π1  π2.

1.1.2.2 Square integrable representations

Square integrable representations are a class of representations very useful in applica-
tions. Indeed it is possible to reconstruct a vector u P H of the Hilbert space associated
to the square integrable representation π by knowing all its projections xu, πpgqψyH,
g P G, where ψ P H is a fixed vector.

Let G be a locally compact second countable group and let π be a unitary repre-
sentation of G on the separable Hilbert space H. Given a vector ψ P H, we define
the voice transform of π with respect to ψ as the operator Vψ : H Ñ L8pGq X CpGq
defined for any u P H by

Vψupgq :“ xu, πpgqψyH, g P G.

The continuity of Vψu as a function on G is guaranteed by the continuity of π and the
remark after Definition 1.5, its boundedness by the Cauchy-Schwarz inequality on H.

Definition 1.13. A vector ψ P H is called admissible for the representation π if the
voice transform associated to ψ is an isometry from H into L2pGq, where G is endowed
with the Haar measure.

In the literature a vector is sometimes said to be admissible even when the voice
transform is a scalar multiple of an isometry. The two definitions are different but
clearly related by the multiplication by a constant.

Definition 1.14. If π is irreducible and admits an admissible vector, then we say that
π is square integrable.

In order to state the fundamental result on square integrable representations, we
need to recall the definition of weak-integral.

Definition 1.15. If Ψ: GÑ H is a map such that

u ÞÑ

ż

G
xu,ΨpgqyHdg

is a continuous linear functional on H, then we define as weak integral of Ψ, and we
denote it by

ż

G
Ψpgqdg P H,

the unique element in H satisfying for every u P H

xu,

ż

G
ΨpgqdgyH “

ż

G
xu,ΨpgqyHdg.
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The existence and uniqueness of such element is guaranteed by the Riesz repre-
sentation theorem, see Theorem II.4 in [47]. We are now in a position to state the
fundamental result on square integrable representations; thanks to which it is possi-
ble to reconstruct an element in the representation space by its coefficients under an
admissible vector.

Theorem 1.16 (Theorem 2.25 in [26]). Suppose that π has an admissible vector ψ P H.
Then, for any u P H we have the reproducing formula

u “

ż

G
Vψupgqπpgqψdg, (1.7)

where the right-hand side is interpreted as weak-integral, and

}u}2H “

ż

G
|Vψupgq|2dg.

Example 1.1 (continued). We present an important example of square integrable
representation: the representation πfull introduced in Section 1.1.2. We say that ψ P
L2pRq satisfies the Calderón equation if

ż

R
|Fψpaq|2

da

|a|
“ 1. (1.8)

From (1.6) it follows that the voice transform Wψfpa, bq “ xf, πpa, bqψyL2pRq is an
isometry from L2pRq into L2pGfullq if and only if ψ satisfies the Calderón condition.
Thus the Calderón equation selects the admissible vectors, which, in this particular
example, are called 1D-wavelets. The voice transform associated to the affine group is
called wavelet and this is also the reason for the different notation. The reproducing
formula (1.7) reads

fpxq “

ż

R˚ˆR
Wψfpa, bqπfullpa, bqψpxq

dadb

a2
.

We refer to [19], [29], [44] for further reading on this topic.

1.1.3 The Fourier transform on Abelian groups

In this section we focus on the analysis on Abelian groups, with particular attention
to the definition of Fourier transform. The general reference is [24].

Let G be a locally compact Abelian group. Proposition 1.9 states that every ir-
reducible representation of G is one-dimensional. This means that the Hilbert space
associated to an irreducible representation π is Hπ “ C and πpgqu “ ξpgqu for every
u P C, where ξ is a continuous homomorphism of G into T “ teiθ : θ P r0, 2πqu endowed
with the complex product. The homomorphism ξ : GÑ T is called character of G and
the set of characters is denoted by pG. For reasons of duality which will be clearer in
the following, the notation

xg, ξy “ ξpgq, g P G, ξ P pG,



20 CHAPTER 1. PRELIMINARIES

is preferred.
It is straightforward to see that pG is an Abelian group under pointwise multipli-

cation. Hence, pG is usually called the dual group of G. Furthermore it is possible to
see that in general if G is discrete, than pG is compact and vice versa. The next result
collects some classical examples.

Proposition 1.17 (Theorem 4.6 and Corollary 4.8 in [24]). The following groups are
isomorphic:

(i) xRd » Rd through the paring xx, ξy “ e2πixξ,xy;

(ii) pT » Z through the paring xα, ny “ αn;

(iii) pZ » T through the paring xn, αy “ αn.

Definition 1.18. The Fourier transform on L1pGq is the map F : L1pGq Ñ Cp pGq
defined by

Ffpξq :“

ż

G
xg, ξyfpgqdg.

Example 1.2. We show how classical groups give rise to classical transforms.

(i) If G “ Rd, then the Fourier transform obtained is the classical Euclidean Fourier
transform defined on f P L1pRdq as

Ffpξq “
ż

Rd
fpxqe´2iπxx,ξydx, ξ P Rd;

(ii) If G “ T, endowed with the normalized measure such that |T| “ 1, then the
Fourier transform obtained is the classical Fourier series defined on a T -periodic
function, T ą 0. Namely, if we consider a function f on T “ te2iπt{T : t P r0, T su
(endowed with the normalized Haar measure dt{T ) as a T -periodic function, then
its Fourier series is determined by

f̂pnq “

ż T

0
fptqe´i

2π
T
ntdθ

T
, n P Z; (1.9)

(iii) If G “ Z, endowed with the counting measure, then for every T ą 0 the Fourier
transform can be expressed as the T -periodic function defined on L1pZq by

Ffptq “
ÿ

nPZ
fpnqei

2π
T
nt, t P r0, T s. (1.10)

Observe that, differently from the canonical choice made in the previous example,
we choose to parametrize T with r0, T s through t ÞÑ e´2iπt{T . In fact, there is no
substantial difference from the canonical parametrization obtained by conjugating
the previous one. The reason for this choice will be clearer after Theorem 1.19.

The following two results consist in generalizations of fundamental facts in the
theory of classical Euclidean Fourier transform.
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Theorem 1.19 (Theorem 4.22 in [24]). Let f P L1pGq such that Ff P L1p pGq. The
following inversion formula holds:

fpgq “

ż

pG
Ffpξqxg, ξydg, g P G.

As a consequence, we have that the choice made in the parametrization of T in (1.10)
allows us to consider the Fourier transform on Z as a kind of inverse of the Fourier
series in (1.9). Namely if f P L1pTq and f̂ P L1pZq then

F f̂ptq “
ÿ

nPZ
f̂pnqei

2π
T
nt “ fptq.

By duality, it is possible to consider the Fourier series in (1.9) as the inverse of the
Fourier transform in (1.10), as well.

Theorem 1.20 (Theorem 4.26 in [24]). The Fourier transform on L1pGq X L2pGq
extends to a unitary isomorphism F : L2pGq Ñ L2p pGq, that is

}Ff}
L2p pGq

“ }f}L2pGq, f P L2pGq. (1.11)

1.1.4 Homogeneous spaces

Homogeneous spaces represent the setting on which we operate from now on. Here
we collect some basic facts about them. From now on, every group G considered is
assumed to be topological.

Definition 1.21. A group G acts on a set X if there exists a map, called action,
GˆX Q pg, xq ÞÑ grxs P X such that:

(i) the neutral element e P G satisfies erxs “ x for every x P X;

(ii) hrgrxss “ hgrxs for every h, g P G and x P X.

Fix x P X, two important definitions associated to an action follows:

(i) the orbit of x P X is the set Ox “ tgrxs : g P Gu Ď X;

(ii) the isotropy of x P X is the set Hx “ tg P G : grxs “ xu Ď G.

When a group G acts on a set X, we say that X is a G-space. We say that X is a
transitive G-space, or equivalently that the action is transitive, if for every x, y P X
there exists g P G such that grxs “ y.

The quotient spaces G{H represent a classical example of transitive G-spaces, since
G acts by left multiplication on G{H. If X is a transitive G-space, x0 P X is fixed
and H “ Hx0 Ď G is the isotropy of G at x0. Define the map Φ: G{H Ñ X by
ΦpgHq “ grx0s; it is easy to see that Φ is a bijection. In particular, if G is a locally
compact and second countable group (from now on abbreviated by lcsc), then G{H is
a lcsc topological space. If in addition, X is a lcsc transitive G-space and the action
of G on X is continuous with respect to the product topology of G ˆ X, then Φ is
an homeomorphism by Proposition 2.46 in [24], so that X is homeomorphic to the
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quotient space G{H. In such a case, we say that X is a homogenous space. Let us
observe that if we choose a different reference point x10 “ g0x0 for some g0 P G (which
exists because we are assuming the action to be transitive), it is sufficient to replace
H with H 1 “ g0Hg

´1
0 . The map g ÞÑ g0gg

´1
0 induces a G-equivariant homeomorphism

between G{H and G{H 1. Since the topology on G{H is the quotient topology then the
identification map is actually a homeomorphism.

In the following, the Radon transform is studied in different settings. The basic
spaces X and Ξ which are involved in the theory of Radon transform are homogeneous
spaces of the same group G. From the point of view of Analysis, the natural question
arises whether the homogeneous space G{H admits a G-invariant Radon measure or
not. The answer to this question is contained in Theorem 1.22 below, which relates
integration on G to an iterated integral, first on H and then on G{H. These formulae
are achieved by means of the natural projection operator P : CcpGq Ñ CcpG{Hq, also
known as Weil’s mean opearator, defined by

PfpgHq “

ż

H
fpghqdh,

which is well defined by the left invariance of dh, the Haar measure on H. Furthermore,
it is possible to see that P is continuous and surjective.

We are now in a position to state the classical result also known as the Weil’s
decomposition theorem. Here ∆G and ∆H are the modular functions of G and H,
respectively.

Theorem 1.22 (Theorem 2.51, [24]). Let G be a locally compact group and H a closed
subgroup. There is a G-invariant Radon measure µ on G{H if and only if ∆G|H “ ∆H .
In this case, µ is unique up to a constant factor, and if the factor is suitably chosen
then

ż

G
fpgqdg “

ż

G{H
PfpgHqdµpgHq “

ż

G{H

ż

H
fpghqdhdµpgHq ,

for every f P CcpGq.

Hence, there always exists a G-invariant Radon measure on G{H whenever H is
compact, since ∆G|H “ ∆H ” 1. Indeed, the image of H under both modular functions
is a compact subgroup of the multiplicative group of positive reals, namely t1u.

Although many homogeneous spaces do not admit invariant measures (for example
R as a homogeneous space of the “ax ` b” group), all of them admit strongly quasi
invariant measures. If µ is a measure on X “ G{H and we write µgpEq “ µpgEq for
E P BpXq, we say that µ is a quasi invariant measure if all the µg are equivalent, that
is, mutually absolutely continuous. We say that µ is strongly quasi invariant if there
exists a continuous function λ : GˆX Ñ p0,`8q such that

dµgpxq “ λpg, xqdµpxq, x P X, g P G.

In other words, the requirement is that the Radon-Nikodym derivative pdµg{dµqpxq is
jointly continuous in g and x. As mentioned, all homogeneous spaces admit strongly
quasi invariant measures (see Proposition 2.56 and Theorem 2.58 in [24]).

Finally, we recall the following important notion.
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Definition 1.23. Let G be a lcsc group and let X » G{H be a homogeneous space,
where H is a closed subgroup of G. Fix x0 P X. A Borel section is a measurable map
s : X Ñ G satisfying spxqrx0s “ x for every x P X and spx0q “ e.

Theorem 5.11 in [51] states that if G is second countable then there exists a Borel
section.

1.2 The structure of semisimple Lie algebras and Lie groups

In this section we present some classes of Lie algebras and Lie groups, with focus on
semisimple Lie groups. In the last part we present the example of the (semisimple) Lie
group SLpn,Rq which plays an important role in Chapter 2. Classical references with
a wider scope are [35], [36], [43] and [50].

1.2.1 Classes of Lie algebras and Lie groups

1.2.1.1 Classes of Lie algebras

We fix a Lie algebra g and define recursively

g0 “ g, g1 “ rg, gs “ g1, gj`1 “ rgj , gjs.

Each gj is an ideal in g. The decreasing sequence

g “ g0 Ě g1 Ě g2 Ě . . .

is called the derived series or the commutator series of g. A Lie algebra is solvable if
gj “ 0 for some positive integer j.

Now we consider another recursive definition in g:

g0 “ g, g1 “ rg, gs “ g1, gj`1 “ rg, gjs.

Again, each gj is an ideal in g. The decreasing sequence

g “ g0 Ě g1 Ě g2 Ě . . .

is called the lower central series of g. A Lie algebra is nilpotent if gj “ 0 for some
positive integer j.

Evidently, an Abelian Lie algebra is nilpotent and a nilpotent Lie algebra is solvable.
Both inclusions of these classes are proper.

Now we present the class of Lie algebras we are most interested in: semisimple
ones. Roughly speaking, a simple Lie algebra is a Lie algebra that is as far from being
Abelian as possible. This is formalized by saying that a Lie algebra is simple if it is
not Abelian and contains no proper Abelian ideals. A semisimple Lie algebra g is then
the Lie algebra direct sum of (all its) simple ideals (Corollary 6.3, Ch.II in [35]). This
turns out to be equivalent to the nondegeneracy of the Killing form B of g, thanks to
a theorem of Elie Cartan. The latter property is perhaps more efficient when it comes
to calculations, and we shall adopt it as definition.
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Definition 1.24. A real Lie algebra is called semisimple if its Killing form is nonde-
generate, i.e.

gK :“ tX P g : BpX,Y q “ 0 for all Y P gu “ t0u

It is simple if it is semisimple and has no nontrivial ideals.

A Lie algebra g is said reductive if for every ideal a of g there is an ideal b such that
g “ a‘ b.

A real Lie algebra g of square matrices with entries in either R, C or H which is
closed under X ÞÑ X˚ “ t X is reductive (Proposition 1.56 in [43]). Evidently, a
semisemple Lie algebra is reductive. The converse is of course not true. For example,
glpn,Rq is reductive but not semisimple.

Take a Lie subalgebra k of the Lie algebra g and let K˚ denote the connected Lie
subgroup of Intpgq (which is the connected Lie subgroup of GLpgq having adpgq as Lie
algebra) whose Lie algebra is adpkq Ă adpgq. We say that k is compactly contained in
g if K˚ is compact, and that g is compact if it is compactly contained in itself, that
is, if Intpgq is compact. Notice that, as a consequence, the Lie algebra of a compact
Lie group G is compact because Intpgq is the continuous image of G under Ad, hence
compact.

1.2.1.2 Classes of Lie Groups

For all the classes of Lie algebras that we have introduced in the previous section, the
corresponding classes of Lie groups are defined by requiring the Lie algebras to satisfy
the corresponding property.

Definition 1.25. A Lie group is called either solvable, nilpotent, semisimple or reduc-
tive if such is its Lie algebra.

The structure of solvable Lie groups is investigated in the recent monography [5],
while that of nilpotent Lie groups is the subject of many books, among which we
mention the classical [28]. We content ourselves with some very basic facts described
in the next result.

Proposition 1.26 (Corollary 1.103 and Theorem 1.104 in [43]). (i) If g is solvable,
then there exists a simply connected Lie group G diffeomorphic to Rn whose Lie
algebra is g.

(ii) If N is a nilpotent, simply connected Lie group with Lie algebra n, then exp: nÑ
N is a diffeomorphism.

1.2.2 Decompositions

Classically, three decompositions play a crucial role in the theory of symmetric spaces:
the Cartan, Iwasawa and Bruhat decompositions. The latter, however, will not be
relevant for our purposes and we therefore shall not recall it.
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1.2.2.1 Cartan decomposition

It is fair to say that large parts of the structure theory of semisimple Lie algebras and
Lie groups rests on the notion of Cartan involution. For matrix Lie algebras, we have
already seen a very effective way of testing reductivity, hence semisimplicity, based on
the map X Ñ tX “ X˚. Better properties are enjoyed by the variant

θpXq “ ´ tX, (1.12)

which is an involution, that is, an automorphism of the Lie algebra whose square is
the identity. Let B denote the Killing form of a matrix Lie algebra. The involution θ
has the property that BθpX,Y q “ ´BpX, θY q is symmetric and positive definite. This
turns out to be a particular case of the following definition.

Definition 1.27. An involution θ of a real semisimple Lie algebra g such that the
symmetric bilinear form

BθpX,Y q “ ´BpX, θY q

is positive definite is called a Cartan involution.

From Theorem 6.16 in [43], we know that every real semisimple Lie algebra g has
a Cartan involution and any two such are conjugate via Intpgq.

Let g be a real semisimple Lie algebra and let θ be a Cartan involution. The
involution gives rise to the vector space direct sum

g “ k` p (1.13)

where k and p are the `1 and ´1 eigenspaces of g relative to θ, respectively. Thus

rk, ks Ă k, rk, ps Ă p, rp, ps Ă k. (1.14)

From (1.13) and (1.14) it follows that k and p are orthogonal with respect to both B
and Bθ. Furthermore, since Bθ is positive definite, it follows that

B|kˆk ă 0, B|pˆp ą 0. (1.15)

Definition 1.28. A decomposition g in a vector space direct sum g “ k ` p which
satisfies (1.14) and (1.15) is called a Cartan decomposition of g.

The most important consequence of the Cartan decomposition at the Lie algebra
level is the following version at the Lie group level, a general polar decomposition. IfK is
the connected Lie subgroup of G with Lie algebra k, then there exists an automorphism
Θ of G such that dΘ “ θ and Θ2 “ id. Furthermore, K is the subgroup of G consisting
of the fixed points of Θ and the map K ˆ p Ñ G given by pk,Xq ÞÑ k expX is a
diffeomorphism. See Theorem 6.31 in [43].
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1.2.2.2 The Iwasawa Decomposition of a Semisimple Lie Algebra

Let g be a semisimple Lie algebra with Cartan involution θ and associated Cartan
decomposition g “ k` p. Fix a maximal Abelian subspace a of p. Thus, a is a vector
subspace of p such that ra, as “ t0u and is maximal with this property. It is easy to
check that

padXq˚ “ ´adpθXq

where the adjoint p¨q˚ is taken w.r.t the inner product Bθ, so that the elements of
adppq are self-adjoint. This entails that the set tadH : H P au is a commuting family
of self-adjoint linear maps. Therefore, g is the Bθ-orthogonal direct sum of their joint
eigenspaces, all the eigenvalues of which are real and depend linearly on H. For any
fixed α P a˚, we write

gα “ tH P g : padHqX “ αpHqX, for all H P au

and we say that α ‰ 0 is a restricted root, or simply a root of the pair pg, aq, whenever
gα ‰ t0u. The set of restricted roots is Σ and the spaces gα with α P Σ are called
(restricted) root spaces.

An element H P a is called regular if αpHq ‰ 0 for all α P Σ, otherwise it is singular.
The set a1 of regular elements is the complement in a of finitely many hyperplanes and
its connected components are called the Weyl chambers. We fix a Weyl chamber a` Ă a
and we declare a root α to be positive if it has positive values on a`. A root is simple if
it cannot be written as sum of positive roots. The set ∆ of simple roots turns out to be
a basis of a˚. Thus, there are exactly ` “ dim a simple roots. This number is of utmost
importance and is called the real rank of g. We order the elments in a˚, hence the roots
in Σ, lexicographically with respect to an ordering δ1, . . . , δ` of the simple roots. This
means that λ “

ř

ajδj is positive (written λ ą 0) if the first non-zero coefficient ak
is positive. Together with g, θ and a we assume that an ordering “ą” has been fixed
on a˚ by choosing a labeling of the simple roots relative to a fixed Weyl chamber a`.
We consequently denote by Σ` and Σ´ the positive and negative roots, respectively.
Clearly, Σ “ Σ` Y Σ´, a disjoint union.

Theorem 1.29 (Proposition 6.43 in [43]). Let g “ k` p be a Cartan decomposition of
the semisimple Lie algebra g, and fix a maximal Abelian subspace a of p and an ordering
on a˚. The vector space direct sum

n “
ÿ

αPΣ`

gα (1.16)

is a nilpotent Lie algebra and g decomposes as the vector space direct sum

g “ k` a` n. (1.17)

Furthermore, a` n is solvable and ra` n, a` ns “ n.

The vector space direct sum (1.17) is called the Iwasawa decomposition of g relative
to the choice of pθ, a, a`q. The fact that ra, ns Ă n is clear from the very definition of
root space, because ra, gαs Ă gα. This exhibits a` n as a semidirect product.
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1.2.2.3 The Iwasawa decomposition of a semisimple Lie group

We are finally in a position to state the Iwasawa decomposition at the group level.

Theorem 1.30 (Theorem 6.46 in [43]). Let G be a connceted semisimple Lie group
and let g “ k ` a ` n be an Iwasawa decomposition of its Lie algebra. Let K, A and
N be the connected subgroups of G whose Lie algebras are k, a and n, respectively. The
multiplication map KˆAˆN Ñ G given by pk, a, nq ÞÑ kan is a diffeomorphism. The
groups A and N are simply connected and AN is solvable.

Observe that AN is in fact a semidirect product. Indeed, A acts on N by conju-
gation, as is most rapidly seen by observing that AdapXq P gα if X P gα for any root
α P Σ and for all a P A. Indeed, for any H P a, since a is Abelian, one has

rH,AdapXqs “ Ada
`

rAda´1pHq, Xs
˘

“ Ada prH,Xsq “ αpHqAdapXq.

Therefore Ada preserves root spaces and in particular it preserves n. Thus A acts on
n via the adjoint action and, passing to exponentials, it acts on N by conjugation.
This is tantamount to saying that A normalizes N inside G. Hence NA “ AN is the
semidirect product N ¸A.

The interpretation of the above theorem is that any element in G can be written
uniquely as a product g “ kan with k P K, a P A and n P N . These groups are called
Iwasawa subgroups of G, as any of their conjugates. The decomposition is normally
expressed in the short form G “ KAN . Actually, the result entails three similar
decompositions, that is G “ KNA, G “ ANK and G “ NAK, where it is to be
understood that each element may be written in a unique way as a product of factors
in the three Iwasawa subgroups in any of the indicated orders. The groups K, A and
N are always the same but the factors of each element are not. This means that if
one changes the decomposition, that is, the order, then the single factors of the same
element may (and do) change, see formulæ (1.23) in Section 1.2.3. The letters K, A
and N stand for compact, Abelian and nilpotent, respectively.

In the theory of symmetric spaces, two decompositions are more used than the
others, and for these an ad hoc notation is introduced. It is common to write

g “ k expHpgqn (1.18)

and
g “ n expApgqk, (1.19)

whereby the N and K components appearing in (1.18) and (1.19) are different. Evi-
dently, Hpgq, Apgq P a but in general Hpgq ‰ Apgq (unless g P A).

Let M and M 1 denote the centralizer and normalizer of a in K, respectively. This
means that

M “

!

m P K : AdmpHq “ H for all H P a
)

,

M 1 “

!

w P K : AdwpHq P a for all H P a
)

.

Passing to exponentials, it follows that if m P M , then mam´1 “ a for all a P A and
if w PM 1, then waw´1 P A for all a P A.
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Definition 1.31. The quotient group W “M 1{M is called the Weyl group of pG,Kq.

The compact Lie groups M and M 1 have the same Lie algebra, namely m, so that
W is in fact a finite group. We observe en passant that the Weyl group W acts on Σ
by

pw ¨ αqpHq “ αpAdw´1Hq, H P a, (1.20)

because for any root vector X P gα and any w PM 1

rH,AdwpXqs “ Adw
`

rAdw´1pHq, Xs
˘

“ pw ¨ αqpHqAdwpXq.

Hence AdwpXq P gw¨a so that the corresponding root space is not zero. Notice that
the right hand side of (1.20) does not change if w is replaced with wm with m PM , so
it is really a definition on W and not just on M 1.

Assume now that the data g, θ, a, a` have been fixed. It is important to recall that
the exponential mapping exp: aÑ A is a diffeomorphism. This justifies the notation

log a, a P A,

to mean the only element in a such that expplog aq “ a.
For any α P Σ, the vector space dimension of gα is called the multiplicity of α and

is usually denoted mα. Multiplicities may well vary, depending on the group. The
following element of a˚ plays a crucial role in the theory:

ρ “
1

2

ÿ

αPΣ`

mαα. (1.21)

Though it might appear somewhat exotic, this linear functional on a naturally appears
in relation with the semidirect product structure of the Iwasawa group AN , which
arises from the fact that A acts on n via the adjoint action and hence by conjugation
on N , this fact is presented in Section 2.2.

1.2.3 An example of semisimple Lie group: SLpd,Rq

In this last part we show a canonical example of semisimple Lie group: SLpd,Rq. In
Chapter 2 we focus on the case d “ 2 together with the group SUp1, 1q, highlighting
their relations with the symmetric spaces of upper half plane and hyperbolic disk,
respectively. We start by analyzing its Lie algebra.

Let d ě 2. We denote by glpd,Rq the Lie algebra MdpRq and we put

slpd,Rq “ tX P glpd,Rq : trX “ 0u.

The Lie algebra slpd,Rq represents a classical example of semisimple Lie algebra, and
then SLpd,Rq of semisimple Lie group.

The Cartan decomposition associated to the standard involution (1.12) reads

slpd,Rq “ sopd,Rq ` Sym0pdq,

where
sopd,Rq “ tX P glpd,Rq : X `X˚ “ 0u
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is a compact Lie algebra and p “ Sym0pdq is the space of dˆd symmetric and traceless
real matrices. The Cartan involution Θ for SLpd,Rq is then

Θg “ tg´1

as for all matrix groups with real entries. Hence K “ SOpdq. The diffeomorphism
pk,Xq ÞÑ k expX of SOpdq ˆ Sym0pdq Ñ SLpd,Rq is just the classical polar decompo-
sition.

Let slpd,Rq “ sopd,Rq`Sym0pdq be the Cartan decomposition of slpd,Rq described
above, with Cartan involution θX “ ´ tX. The natural maximal Abelian subspace of
Sym0pdq is the pd ´ 1q-dimensional vector space consisting of the diagonal matrices
diagpa1, . . . , adq with a1 ` ¨ ¨ ¨ ` ad “ 0. Thus, the real rank of slpd,Rq is d ´ 1.
Let Eij denote the matrix whose only non-zero entry is 1 at position ij. Then, for
H “ diagpa1, . . . , adq and i ‰ j

rH,Eijs “ pai ´ ajqEij

and in fact Eij spans a root space provided that i ‰ j. It is customary to introduce
the linear functionals ekp¨q on a, with 1 ď k ď d, via ekpdiagpa1, . . . , adqq “ ak. Thus,
for i ‰ j the (restricted) root αij “ ei ´ ej acts on H “ diagpa1, . . . , adq by

αijpHq “ ai ´ aj ,

and we write in simplified form gij in place of gαij for the root space

gij “ spantEiju, i ‰ j.

For i ă j the matrix Eij is upper triangular, and for i ą j it is lower triangular. A
natural choice of Weyl chamber is

a` “
!

diagpa1, . . . , adq : a1 ą a2 ą ¨ ¨ ¨ ą ad

)

.

It is immediate to check that for j “ 1, . . . , d´1 the roots δj “ ej´ej`1 are the simple
ones and that the set of positive roots is

Σ` “ tαij : i ă ju. (1.22)

It follows that the nilpotent Iwasawa Lie algebra n defined in (1.16) is just the Lie
algebra of strictly upper triangular matrices. Notice that g0 “ a, that is, m “ t0u and
that dim gα “ 1 for every restricted root α P Σ.

At the group level, A is the group of diagonal matrices with positive entries and
determinant 1, namely

diagpea1 , . . . , eadq, a1 ` ¨ ¨ ¨ ` ad “ 0,

and N is the group of unipotent upper triangular matrices, namely those of the form
»

—

—

—

—

—

—

—

–

1 a12 . . . . . . a1,d

0 1
. . .

...
...

. . . . . . . . .
...

...
. . . 1 ad´1,d

0 . . . . . . 0 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.
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In the special case of SLp2,Rq, the following explicit formulæ may be checked directly
for the Iwasawa KAN - and NAK-decompositions respectively:

„

a b
c d



“

«

a?
a2`c2

´ c?
a2`c2

c?
a2`c2

a?
a2`c2

ff«?
a2 ` c2 0

0 1?
a2`c2

ff

„

1 ab`cd
a2`c2

0 1



“

„

1 bd`ac
c2`d2

0 1



«

1?
c2`d2 0

0
?
c2 ` d2

ff«

d?
c2`d2 ´ c?

c2`d2

c?
c2`d2

d?
c2`d2

ff

.

(1.23)

Thus, if g is parametrized as above, then the functions in (1.18) and (1.19) take the
form

Hpgq “
1

2
logpa2 ` c2q, Apgq “

1

2
logpc2 ` d2q.

It is very easy to see that any orthogonal matrix w P SOpdq with the property
that each row and each column has exactly one non-zero entry conjugates any diagonal
matrix into another such. All such matrices are therefore in M 1 provided that they are
orthogonal, and this forces each non-zero entry to be ˘1. Further, the only matrices
with determinant 1 that commute with all diagonal matrices with determinant 1 are
precisely the diagonal matrices and these are in SOpdq if and only if they are of the
form diagpε1, . . . , εdq with εj “ ˘1 and

ś

j εj “ 1. This leads to the identification of
W “ M 1{M with the set of permutation matrices, that is, with the symmetric group
Σd.

As we have seen in (1.22), Σ` consists of all the linear operators αij having j ą i.
Since every gαij is one dimensional, we have that mα “ 1 for every α P Σ`. Hence for
H “ diagpa1, . . . , adq, we have

ρpHq “
1

2

ÿ

1ďiăjďd

αijpHq “
1

2

d
ÿ

k“1

pd` 1´ 2kqak “ ´
d
ÿ

k“1

kak,

where we used a1 ` ¨ ¨ ¨ ` ad “ 0.

Another interesting example is that of SUp1, 1q, that is the group

SUp1, 1q “
!

„

a b
b̄ ā



: a, b P R, |a|2 ´ |b|2 “ 1
)

,

whose Lie algebra sup1, 1q is

sup1, 1q “
!

„

iθ t` is
t´ is ´iθ



: θ, t, s P R
)

.

The Cartan involution is the usual one and yields

k “
!

„

iθ 0
0 ´iθ



: θ P R
)

, p “
!

„

0 t` is
t´ is 0



: θ, t, s P R
)

.

There is an elementary, yet fundamental, isomorphism SUp1, 1q » SLp2,Rq, hence
sup1, 1q » slp2,Rq, which we now describe. Consider the matrix

Λ “
1
?

2

„

1 i
i 1



,
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which is in GLp2,Cq but not in SUp1, 1q, of course. The maps

Ψ: SUp1, 1q Ñ SLp2,Rq, Ψpgq “ ΛgΛ´1, (1.24)

ψ : sup1, 1q Ñ slp2,Rq, ψpXq “ ΛXΛ´1

are a Lie group and Lie algebra isomorphisms, respectively. It is easy to check that

ψ

ˆ„

iθ 0
0 ´iθ

˙

“

„

0 θ
´θ 0



, ψ

ˆ„

0 t` is
t´ is 0

˙

“

„

s t
t ´s



.

This proves that under ψ the Cartan decomposition of sup1, 1q is mapped onto the
Cartan decomposition of slp2,Rq. Furthermore, Iwasawa decomposition of SUp1, 1q
can be found from SLp2,Rq’s by inverting Ψ.

1.3 The Radon transform

In this section we present the result of which we provide different versions in Chapters 2
and 3: Theorem 1.35. Such result is classically called unitarization theorem for the
Radon transform and has been proved first by Helgason in the setup of the polar
Radon transform.

The first part of this section is devoted to the introduction of the polar Radon
transform, while in the second part a generalization of the Radon transform due to
Helgason [39] is followed by a result due to G. Alberti, F. Bartolucci, F. De Mari,
E. De Vito [1] which represents a first extension of the unitarization theorem. Other
general references are [6] and [2].

1.3.1 The classical Radon transform

Given a function on a space X and a family of subsets of X, the Radon transform
is a function which associates to every subset of the family the integral of the func-
tion restricted to the subset. The Radon transform has been originally introduced by
J. Radon [46] for integrals on lines and planes in the case of functions defined on R2

and R3, respectively. It was later generalized on subspaces of every dimension in Rd.
In the following we are interested in the case of integration on hyperplanes in Rd and
then for simplicity we focus our attention on the case of lines in R2. Since the Radon
transform is a function defined on the family of hyperplanes, it is necessary to fix a
parametrization for hyperplanes; there are several choices which give rise to different
definitions of Radon transforms. The most general choice for the parametrization is to
associate to every pn, tq P pRdzt0uq ˆ R the hyperplane

rn; ts “ tx P Rd : x ¨ n “ tu.

Under this parametrization, the Radon transform of f P L1pRdq is defined by

Rfpn, tq :“
1

|n|

ż

tx¨n“tu
fpxqdmpxq a.e. pn, tq P pRdzt0uq ˆ R,
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where m is the Euclidean measure on the hyperplane rn; ts. Observe that Rf is well
defined for every f P L1pRdq. In fact, if n P Rdzt0u then Rfpn, tq ă `8 for a.e. t P R,
since by Fubini’s theorem

ż

Rd
|fpxq|dx “

ż

R

˜

ż

tx¨n“tu
|fpxq|dmpxq

¸

dt ă `8.

We state a crucial result for the Radon transform which highlights its relation with the
Euclidean Fourier transform.

Proposition 1.32 (Fourier slice theorem, [39]). For any f P L1pRdq we have

pI b FqpRfqpn, τq “ Ffpτnq, n P Rdzt0u, τ P R.

Here the Fourier transform on the right hand side is on L1pRdq, whereas the one
on the left hand side is one-dimensional and acts on the variabile t.

The parametrization we have chosen is clearly not injective, indeed rn; ts “ rλn;λts,
for every λ P Rzt0u. From the non-injectivity of the parametrization it follows that

Rfpλn, λtq “ |λ|´1Rfpn, tq.

Clearly Rf is completely defined by choosing a unique representative for each hyper-
plane.

We focus our attention on a different version of the Radon transform obtained by
choosing a suitable parametrization of the family of hyperplanes of Rd. Observe that

thyperplanes of Rdu » Pd´1 ˆ R.

The canonical choice is given by parametrizing Pd´1 by the two-fold covering of the
unitary sphere Sd´1 Ď Rd. Define Θd´1 “ r0, πsd´2ˆr0, 2πq. For all θ P Θd´1 we write
inductively

tθ “ pθ1,
tθ̂q, θ1 P r0, πs, θ̂ P Θd´2,

and then we put
npθq “ pcos θ1, sin θ1

tnpθ̂qq,

where npθ̂q P Sd´2 corresponds to the previous inductive step. We shall use the
parametrization induced by n : Θd´1 Ñ Sd´1. The Radon transform that we obtain
by adopting this parametrization is the most common realization and is called polar
Radon transform.

Definition 1.33. The polar Radon transform of f P L1pRdq is Rpolf : Θd´1 ˆ RÑ C
defined by

Rpolfpθ, tq :“ Rfpnpθq, tq “
ż

tnpθq¨x“tu
fpxqdmpxq, pθ, tq P Θd´1 ˆ R.

For our purposes, it is sufficient to focus our attention on the case d “ 2 in which
the polar Radon transform of f P L1pR2q can be written as

Rpolfpθ, tq “

ż

R
fpt cos θ ´ y sin θ, t sin θ ` y cos θqdy, (1.25)
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where, as above, the equality holds for a.e. pθ, tq P S1 ˆ R. As observed in the d-
dimensional case, S1 is a two-fold covering of P2 and thus the parametrization is still
non-injective, indeed

Rpolfpθ, tq “ Rpolfpθ ` π,´tq. (1.26)

This new realization of the Radon transform yields a new version of Proposition 1.32.

Proposition 1.34 (Fourier slice theorem 2, Proposition 6 in [6]). Define ψ : r0, 2πq ˆ
RÑ R2 by ψpθ, τq “ τnpθq. For every f P L1pR2qXL2pR2q there exists a negligible set
E Ď r0, 2πq such that for all θ R E the function Rpolfpθ, ¨q is in L2pRq and satisfies

Rpolfpθ, ¨q “ F´1rFf ˝ ψpθ, ¨qs.

It is not possible to extend directly the Radon transform to an isometry on L2pR2q.
A classical result in the theory of Radon transform shows that there exists a pseudo-
differential operator whose precomposition with Rpol extends to a unitary operator
onto the closed subspace of functions

L2
epr0, 2πq ˆ Rq “ tF P L2pr0, 2πq ˆ Rq : F pθ, tq “ F pθ ` π,´tqu

of L2pr0, 2πq ˆ Rq endowed with the measure dθdt{2. Consider the subspace

D “ tF P L2pr0, 2πq ˆ Rq :
ż

r0,2πqˆR
|τ ||pI b FqF pθ, τq|2dθdτ ă `8u

of L2pr0, 2πq ˆ Rq and define the operator Ipol : D Ñ L2pr0, 2πq ˆ Rq by

pI b FqpIpolF qpθ, tq “ |τ |
1
2 pI b FqF pθ, tq,

that is a Fourier multiplier with respect to the second coordinate. Since τ ÞÑ |τ |
1
2 is

a strictly positive (almost everywhere) Borel function on R, the spectral theorem for
unbounded operators, see Theorem VIII.6 in [47], shows that D is dense and that Ipol

is a positive self-adjoint injective operator. It is possible to see that the operator Ipol

acts on the second coordinate as the inverse of the Riesz potential with exponent 1{2
on L2pRq. We show that if f P L1pR2q XL2pR2q, then Rpolf P L2pr0, 2πq ˆRq, indeed

1

2

ż

r0,2πqˆR
|Rpolfpθ, tq|2dθdt “

1

2

ż 2π

0

ż

R
|pI b FqRpolfpθ, τq|2dτdθ

“
1

2

ż

r0,2πqˆR
|Ffpτnpθqq|2dθdτ

ď
1

2

ż 2π

0

ż

|τ |ď1
|Ffpτnpθqq|2dτdθ `

1

2

ż 2π

0

ż

|τ |ą1
|τ ||Ffpτnpθqq|2dτdθ

ď π}f}21 `
1

2

ż

R2

|Ffpξq|2dξ “ π2}f}21 ` }f}
2
2 ă `8,

where we used Plancherel theorem (1.11) and Proposition 1.34. Furthermore it is easy
to see that Rpolf P D for every f P L1pR2q X L2pR2q since

ż

r0,2πqˆR
|τ ||pI b FqRpolfpθ, τq|2dθdτ “

ż

r0,2πqˆR
|τ ||Ffpτnpθqq|2dθdτ

“ 2}f}22 ă `8.
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Hence we can consider the composite operator

IpolRpol : L1pR2q X L2pR2q Ñ L2pr0, 2πq ˆ Rq.

We are now in a position to state one of the fundamental results in Radon transform
theory, which will be of inspiration for the results in the next section and then in the
following chapters.

Theorem 1.35 (Unitarization of the polar Radon transform, Theorem 4.1 [39]). The
composite operator IpolRpol from L1pR2q X L2pR2q into L2pr0, 2πq ˆ Rq extends to a
unique unitary operator

Q : L2pR2q Ñ L2
epr0, 2πq ˆ Rq.

Since the evenness condition (1.26) is a closed condition, the image of the operator
Q can not be the whole L2-space but just the subspace L2

epr0, 2πq ˆ Rq.

1.3.2 Unitarization of the Radon transform between dual pairs

This section is devoted to the generalization of the notion of Radon transform due to
Helgason [39] and to the extension of Theorem 1.35 to this new class of transforms.
This different unitarization of Radon transform is presented in [1] in which, under some
hypothesis on the spaces involved, the authors derive new inversion formulae for the
Radon transform from it. The notion of Radon transform that we present has been
introduced by Helgason in [39] for a large class of pairs of homogeneous spaces of the
same locally compact group. Below we consider the adaptation of this notion to the
cases presented in [1].

Helgason considers two transitive G-spaces of a lcsc group G, X and Ξ, which
represent the space on which our functions are defined and the parameters of the
family of submanifolds on which we want to integrate, respectively. We denote the two
actions of g P G on X and Ξ by:

x ÞÑ grxs, ξ ÞÑ g.ξ, x P X, ξ P Ξ.

In view of the desired intertwining result, we need to introduce the two quasi regular
representations of G which are involved. We suppose that X and Ξ carry relatively
G-invariant measures dx and dξ with characters α and β, respectively. The group G
acts unitarly on L2pX,dxq via the quasi regular representation defined by

πpgqfpxq “ αpgq´
1
2 fpg´1rxsq, g P G, f P L2pX,dxq,

and on L2pΞ,dξq via the representation π̂ defined by

π̂pgqF pξq “ βpgq´
1
2F pg´1.ξq, g P G, F P L2pΞ,dξq.

Now we define the Radon transform. Fix two origins x0 P X and ξ0 P Ξ. We denote
byK and H the isotropy subgroups of G at x0 and ξ0, respectively, so that

X » G{K, Ξ » G{H.
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We put
x̌0 “ K.ξ0 Ď Ξ, ξ̂0 “ Hrx0s Ď X.

In order to define the Radon transform we assume that there exists an H-invariant
measure m0 on ξ̂0 and a Borel section σ : Ξ Ñ G. In such way, we can “transport” the
definition of ξ̂0 and x̌0 to every ξ P Ξ and x P X, respectively, by defining

ξ̂ “ σpξqrξ̂0s Ď X, x̌ “ spxq.x̌0 Ď Ξ,

which are closed subsets by Lemma 1.1 in [39].
We assume the transversality condition, that is we ask for the maps ξ ÞÑ ξ̂ and x ÞÑ x̌

to be injective, so that pX,Ξq is a dual pair in the sense of Helgason. In addition to the
cases considered in the following, we refer to [39] for numerous examples of dual pairs
pX,Ξq. Example 1.3 shows that the polar Radon transform (together with its dual
transform) can be obtained in this weakened framework starting from the similitude
group of the plane. The last part of this chapter is devoted to a different example in
which another dual pair is presented.

We are now ready to define the Radon transform for a dual pair according to
Helgason [39]. The idea is to use the Borel section σ to push-forward the measure m0

from ξ̂0 to the manifolds ξ̂.

Definition 1.36. The Radon transform of f is the map Rf : Ξ Ñ C defined by

Rfpξq “
ż

ξ̂
fpxqdmξpxq :“

ż

ξ̂0

fpσpξqrxsqdm0pxq,

whenever the integral converges.

It is possible to define the dual Radon transform, or back-projection, of a function
defined on Ξ by considering the integration of the restriction to x̌, for every x P X. In
the following dual Radon transform does not enter into play, so we refer to [1] and [39]
for a more in-depth analysis on it.

The main result of [1] holds under some assumptions. Before presenting it, we show
as the polar Radon transform satisfies the hypothesis we assumed throughout. First
of all, we recall the main assumptions that we have made until now on the transitive
G-spaces X and Ξ:

(A1) the spacesX and Ξ carry relativelyG-invariant measures dX and dξ, respectively;

(A2) the H-transitive space ξ̂0 “ Hrx0s Ď X carries a relatively H-invariant measure
m0, with character γ;

(A3) the pair pX,Ξq is a dual pair in the sense of Helgason, that is the transversality
condition holds.

We present now an example in which assumptions (A1)-(A3) are satisfied and the
Radon transform from Definition 1.36 is the polar Radon transform.
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Example 1.3. We consider the (connected component of the identity of the) similitude
group SIMp2q of the plane. That is, SIMp2q “ R2¸K withK “ tRφa P GLp2,Rq : φ P
r0, 2πq, a P R`u where

Rφ “

„

cosφ ´ sinφ
sinφ cosφ



.

By the identification K » r0, 2πq ˆ R`, we write pb, φ, aq for the elements in SIMp2q
and the group law becomes

pb, φ, aqpb1, φ1, a1q “ pb`Rφab
1, φ` φ1 mod 2π, aa1q.

Let db, dφ and da be the left Haar measure on R2, r0, 2πq and R`, respectively. It is
easy to see that the left Haar measure on SIMp2q is

dµpb, φ, aq “ a´3dbdφda.

We put X “ R2 and x0 “ o P R2. The group acts transitively on R2 by

pb, φ, aqrxs “ Rφax` b

and R2 “ X » G{K. Furthermore, since for every Borelian set E of R2 we have

|pb, φ, aqrEs| “ |b`RφaE| “ |detRφa||E| “ a2|E|,

a relativelyG-invariant measure onX is the Lebesgue measure with character αpb, φ, aq “
a´2.

We need to choose the space Ξ and the corresponding subgroup H Ď SIMp2q. We
choose Ξ “ r0, πq ˆR on which SIMp2q acts transitively through the affine action 1.3
on the lines of the plane parametrized by Ξ via (1.25), that is:

pb, φ, aq.pθ, tq “ pθ ` φ mod 2π, apt` wpθq ¨ a´1R´1
φ bqq,

where wpθq “ tpcos θ, sin θq, or equivalently by (1.2)

pb, φ, aq´1.pθ, tq “ p´a´1R´1
φ b,´φ mod π, a´1q.pθ, tq

“ pθ ´ φ mod π,
t` wpθq ¨ b

a
q.

The isotropy at the point ξ0 “ p0, 0q P Ξ is

H “ tpp0, b2q, φ, aq P SIMp2q : b2 P R, φ P t0, πu, a P R`u.

Thus, r0, πq ˆ R » SIMp2q{H and
ż

Ξ
F ppb, φ, aq´1.pθ, tqqdθdt “ a

ż

Ξ
F pθ, tqdθdt, F P L1pΞ,dθdtq.

The relatively SIMp2q-invariant measure on Ξ is then the Lebesgue measure dθdt with
βpb, φ, aq “ a. This means that (A1) is satisfied.
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It is easy to verify by direct computation that

ξ̂0 “ Hrx0s “ tp0, b2q P R2 : b2 P Ru » R;

x̌0 “ K.ξ0 “ tpθ, 0q P Ξ: θ P r0, πqu » r0, πq,

and that the Lebesgue measure db2 on ξ̂0 is relatively H-invariant with character
γpp0, b2q, φ, aqq “ a, so that (A2) is satisfied.

We define and σ : Ξ Ñ SIMp2q by

σpθ, tq “ ptwpθq, θ, 1q,

it is immediate to see that σ is a Borel section. Then we can define

zpθ, tq “ σpθ, tqrξ̂0s “ tx P R2 : x ¨ wpθq “ tu,

which is the set of all points laying on the line of equation x ¨wpθq “ t, namely the line
that is uniquely parametrized by pθ, tq P Ξ under the parametrization used in (1.25).
In a similar way we find

x̌ “ spxq.x̌0 “ tpθ, tq P Ξ: t´ wpθq ¨ x “ 0u,

which parametrizes the set of all lines of the plane passing through the point x.
The transversality condition is satisfied since x ÞÑ x̌ maps a point in the set of all

lines passing through that point and pθ, tq ÞÑ zpθ, tq maps a line to the set of points
lying on that line, so that they are both clearly injective. Hence pR2, r0, πq ˆ Rq is a
dual pair in the sense of Helgason, as asked in (A3).

Finally we observe that the Radon transform defined as in Definition 1.36 coincides
with the polar Radon transform. Let f : R2 Ñ C. The Radon transform of f is the
map Rf : Ξ Ñ C defined by

Rfpθ, tq : “

ż

ξ̂0

fpσpξqrxsqdm0pxq

“

ż

R
fpt cos θ ´ y sin θ, t sin θ ` y cos θqdy “ Rpolfpθ, tq.

Hence we have shown that the polar Radon transform can be defined by following
the general theory of the Radon transform for dual pairs and belongs to the family of
transforms that are considered in [1]. Observe that, unlike the classical polar Radon
transform presented in Section 1.3.1, the angle θ belongs to the smaller interval r0, πq.
This may be assumed in order to make the map pθ, tq ÞÑ zpθ, tq injective. It is clear
that Theorem 1.35 is still valid without the evenness condition (1.26) and removing
the constant 1{2 from the density of the measure. Hence the operator Q maps L2pR2q

onto L2pr0, πq ˆ Rq “ L2pΞq.

From now on, we suppose that assumptions (A1)-(A3) are satisfied. We write here
all the other hypothesis we need for the main results:

(A4) there exists a Borel section σ : Ξ Ñ G such that

pg, ξq Ñ γpσpξq´1gσpg´1.ξqq

extends to a positive character of G independent of ξ;
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(A5) the quasi regular representation π of G acting on L2pX,dxq is irreducible and
square integrable;

(A6) the quasi regular representation π̂ of G acting on L2pΞ,dξq is irreducible;

(A7) there exists a non-trivial π-invariant subspace A Ď L2pX,dxq such that

fpσpξqr¨sq P L1pξ̂0,m0q for almost all ξ P Ξ; (1.27)

Rf :“

ż

ξ̂0

fpσp¨qrxsqdm0pxq P L
2pΞ,dξq, for all f P A, (1.28)

and the map f ÞÑ Rf is a closable operator from A to L2pΞ,dξq.

The next results hold under the hypotheses (A1)-(A7).

Lemma 1.37 (Lemma 3.1 and Lemma 3.5 in [1]). We define the character χ by

χpgq “ βpgq´
1
2αpgq

1
2γpgσpg´1.ξ0qq

´1, g P G. (1.29)

The following statements hold true:

(i) the restriction of R to A is a densely defined operator from A into L2pΞ,dξq
satisfying

Rπpgq “ χpgq´1π̂pgqR, g P G;

(ii) the closure R of R is a densely defined operator satisfying

Rπpgq “ χpgq´1π̂pgqR, g P G.

By observing that the previous lemma shows that R is a semi-invariant operator1

with weight given by (1.29), we are in a position to state and prove the main result in
[1]. We stress that its proof does not use the transversality condition on pX,Ξq, that
is (A3), and the square integrability of π; the irreducibility of π̂ is only needed in the
last claim of the theorem.

Theorem 1.38 (Theorem 3.9, [1]). There exists a unique positive self-adjoint operator

I : dompIq Ě ImRÑ L2pΞ,dξq,

semi-invariant with weight ζ “ χ´1 with the property that the composite operator IR
extends to an isometry Q : L2pX,dxq Ñ L2pΞ,dξq intertwining π and π̂, namely

π̂pgqQπpgq´1 “ Q, g P G.

Furthermore, if π̂ is irreducible, then Q is a unitary operator and π and π̂ are equivalent
representations.

1According to the classical work presented by Duflo and Moore in [21], a densely defined closed
operator T from a Hilbert space H1 to another Hilbert space H2 is called semi-invariant with weight
ζ if it satisfies

π2pgqTπ1pgq
´1
“ ζpgqT, g P G,

where ζ is a character of G and π1 and π2 are unitary representations of G acting on H1 and H2,
respectively.
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The above result represents a generalizations of Theorem 1.35. In the next chapters
we focus on different versions, in the context of spaces in which assumptions (A1)-(A7)
are not satisfied. In particular in Chapters 2-3 we present new versions of Theorem 1.38
in settings in which the representation π is not irreducible.

In [1], the authors provide an inversion formula for the Radon transform as direct
consequence of Theorem 1.38 under the assumption that π is square integrable.

Theorem 1.39 (Theorem 6, [1]). Let ψ P L2pX,dxq be an admissible vector for π such
that Qψ P dompIq and set Ψ “ IQψ. Then, for any f P dompRq,

f “

ż

G
χpgqxRf, π̂pgqΨyπpgqψdµpgq, (1.30)

where the integral is weakly convergent, and

}f}2 “

ż

G
χpgq2|xRf, π̂pgqΨy|2dµpgq.

If, in addition, ψ P dompRq, then ψ “ I2Rψ.

Example 1.3 (continued). We continue Example 1.3. We have already proved that the
setting of the polar Radon transform satisfies (A1)-(A3). We next show that (A4)-(A7)
are satisfied.

By a simple calculation, we can see that

γpσpθ, tqpb, φ, aqσppb, φ, aq´1.pθ, tqqq “ a, pθ, tq P Ξ, pb, φ, aq P SIMp2q,

and this means that γ can be extended to a positive character of G which does not
depend on pθ, tq, as required in (A4).

The group SIMp2q acts on L2pR2q by means of the representation π defined by

πpb, φ, aqfpxq “ a´
1
2 fpa´1R´1

φ px´ bqq. (1.31)

The representation π is unitary and irreducible, as it can be seen by passing through
the equivalent definition in frequency domain

F rπpb, φ, aqf spωq “ ae´2πib¨ωFfpaR´1
φ ωq, ω P R2, (1.32)

together with Lemma 1.8 and Plancherel formula (1.11), as we do for the (full) “ax`b”-
representation in Section 1.1.2. It is also known [3] that π is square integrable and thus
satisfies (A5).

Furthermore, SIMp2q acts on L2pr0, πq ˆ Rq via the unitary quasi regular repre-
sentation π̂ defined by

π̂pb, φ, aqF pθ, tq “ a´
1
2F

ˆ

θ ´ φ mod π,
t´ wpθq ¨ b

a

˙

, (1.33)

which is irreducible, as we want in (A6).
It remains to prove that (A7) is satisfied, that is the existence of a non-trivial π-

invariant subspace A Ď L2pR2q such that (1.27) and (1.28) holds and f ÞÑ Rf is a
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closable operator from A to L2pΞ, dξq. Observe that for f P L1pR2q by Theorem 1.34
we have

ż

r0,πqˆR
|Rpolfpθ, tq|2dθdt “

ż

r0,πqˆR
|pI b FqpRpolfqpθ, τq|2dθdτ

“

ż

r0,πqˆR
|Ffpτwpθqq|2dθdτ

“

ż

R2

|Ffpξ1, ξ2q|
2

a

ξ2
1 ` ξ

2
2

dξ1dξ2.

We are thus led to consider

Apol “ tf P L1pR2q X L2pR2q :

ż

R2

|Ffpξ1, ξ2q|
2

a

ξ2
1 ` ξ

2
2

dξ1dξ2 ă `8u,

which is π-invariant by (1.32) and by definition Rpolf P L2pr0, πq ˆ Rq for every f P
Apol. Furthermore, we refer to Example 1 in [1] to show that Rpol restricted to Apol

is closable.
Hence, we have that the pair pR2, r0, πq ˆ Rq satisfies assumpitons (A1)-(A7). By

applying Lemma 1.37 to Rpol we have that Rpol is a semi-invariant operator from Apol

to L2pr0, πq ˆ Rq with weight χpb, φ, aq “ a´1{2. From Theorem 1.38 there exists a
positive self-adjoint operator I : dompIq Ě ImpRpolq Ñ L2pr0, πq ˆ Rq, semi-invariant
with weight χpgq´1 “ a1{2, such that IRpol extends to a unitary operatorQ : L2pR2q Ñ

L2pr0, πq ˆ Rq intertwining the representations π and π̂ defined in (1.31) and (1.33),
respectively. Hence

IRpolf “ Qf, f P Apol,

Q˚Qf “ f, f P L2pR2q,

QQ˚F “ F, F P L2pr0, πq ˆ Rq,
πpgqQπpgq´1 “ Q, g P SIMp2q.

It follows from Theorem 1.35 that the operator I we are looking for is strictly
related to Ipol. In fact, the only variation is that in the domain D we substitute
the evenness condition (1.26) for functions defined on r0, 2πq ˆ R by considering only
functions defined on r0, πq ˆ R. As a consequence of such choice, we have that the
extension Q is such that ImpQq “ L2pr0, πq ˆ Rq.

It is known that π is square integrable and the corresponding voice transform gives
rise to 2D-directional wavelets [4]. An admissible vector is a function ψ P L2pR2q

satisfying the following admissibility condition
ż

R2

|Fψpξ1, ξ2q|
2

ξ2
1 ` ξ

2
2

dξ1dξ2 “ 1.

Fix an admissible vector ψ P L2pR2q and put Ψ “ IQψ. Given f P Apol, define
Gpb, φ, aq “ a

1
2 xRpolf, π̂pb, φ, aqΦy, then (1.30) reads

fpxq “

ż

R2¸pr0,2πqˆR`q
Gpb, φ, aqψ

ˆ

R´1
φ

x´ b

a

˙

dbdφ
da

a5
.
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1.3.2.1 Radon Transform for Hyperbolic Motions

In the following we present another example. In fact we show that the general previous
results may be applied to the Radon transform associated to the group of hyperbolic
motions of the plane. The results we present are collected in [9].

We consider the semidirect product G “ R2 ¸K, with

K “ taAsΩε P GLp2,Rq : a P R˚, s P R, ε P t´1, 1uu

where

As “

„

cosh s sinh s
sinh s cosh s



, Ω´1 “

„

0 1
1 0



,

and Ω1 is the identity matrix. We denote by C2 the multiplicative group t´1, 1u. Under
the identification K » Rˆ R˚ ˆ C2, we write pb, s, a, εq for elements in G, so that the
group law becomes

pb, s, a, εqpb1, s1, a1, ε1q “ pb` aAsΩεb
1, s` s1, aa1, ε ε1q.

A left Haar measure of G is dµpb, s, a, εq “ |a|´3dbdsdadε, where db, ds and da are the
Lebesgue measures on R2, R and R˚, respectively and dε is the counting measure on
C2.

The group G acts transitively on X “ R2 by the canonical action

pb, s, a, εqrxs “ b` aAsΩεx, pb, s, a, εq P G, x P X.

The isotropy at the origin x0 “ 0 is the closed subgroup tp0, kq : k P Ku » K, so
that X » G{K and the Lebesgue measure dx on X is relatively G-invariant with
positive character αpb, s, a, εq “ |a|2. It is possible to parametrize lines in the plane,
except those with slope -1 or 1, by the space of parameters Ξ “ C2 ˆ R ˆ R. In
fact, considering a triple pη, u, tq P Ξ, the vector u parametrizes the slope, whereas the
choice η “ 1 (η “ ´1) corresponds to slope ą 1 (ă 1) and fixes the x´axis (y-axis) as
reference line; finally, t parametrizes the intersection of the line with the reference axis.
We refer to Figure 1.1 for a graphic realization of the parametrization. The group G
is a subgroup of affine transformations of the plane and thus maps lines into lines. Its
action on this set of lines is given by

pb, s, a, εq´1.pη, u, tq“

ˆ

ε η, u` s,
t´ Ωηwpuq ¨ b

a

˙

,

where wpuq “ tpcoshu, sinhuq, and is easily seen to be transitive. The isotropy at
ξ0 “ p1, 0, 0q is

H “ tpp0, b2q, 0, a, 1q : b2 P R, a P R˚u.

Thus, Ξ » G{H. An immediate calculation gives that the measure dξ “ dηdudt, where
du and dt are the Lebesgue measures on R and dη is the counting measure on C2, is a
G-relatively invariant measure on Ξ with positive character βpb, s, a, εq “ |a|.

Consider now the Borel section σ : Ξ Ñ G defined by

σpη, u, tq “ ptΩηwp´uq,´u, 1, ηq.
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x

y

`

t
coshu

, 0
˘

`

0, t
coshu

˘

Ω1wpuq

Ω´1wpuq

x ¨ Ω1puq “ t

x ¨ Ω´1puq “ t

Figure 1.1: The parametrization of all the lines in R2 having slope different from 1
or -1 under Ξ. In particular, the two lines which are represented are parameteized by
p1, u, tq and p´1, u, tq for u, t ą 0.

By direct computation

ξ̂0 “ Hrx0s “ tp0, b2q : b2 P Ru » R.

It is immediate to see that the Lebesgue measure db2 on ξ̂0 is relatively H-invariant
with character γpp0, b2q, 0, a, 1q “ |a| and that γpσpη, u, tqq “ 1 for all pη, u, tq P Ξ, so
that pg, ξq ÞÑ γ

`

σpξq´1gσpg´1. ξq
˘

extends to a positive character of G independent of
ξ, as required in (A4). Further, we have that

{pη, u, tq “ σpη, u, tqrξ̂0s “ tx P R2 : x ¨ Ωηwpuq “ tu,

which is the set of all points laying on the line of equation x ¨ Ωηwpuq “ t. Therefore,
the submanifolds over which we integrate functions are lines in R2, except those with
slope -1 or 1, and are parametrized by Ξ through the injective map pη, u, tq ÞÑ {pη, u, tq.

The group G acts on L2pXq by means of the unitary representation π defined by

πpb, s, a, εqfpxq “ |a|´1fpa´1Ω´1
ε A´1

s px´ bqq.

The dual action R2 ˆ K Q pη, kq ÞÑ tkη has a single open orbit O “ tpx, yq P R2 :
|x| ‰ |y|u for tp1, 0q P R2 of full measure and the stabilizer Kp1,0q “ tp0, 1, 1qu is
compact. Then, by a result due to Führ in [26], the representation π is square integrable.
Furthermore, G acts on L2pΞ, dξq by means of the quasi regular representation π̂ defined
by

π̂pb, s, a, εqF pη, u, tq “ |a|´
1
2F

ˆ

ε η, u` s,
t´ Ωηwpuq ¨ b

a

˙

, F P L2pΞ,dξq.
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By Mackey imprimitivity theorem [24], one can show that also π̂ is irreducible. The
proof, although not trivial, is based on classical arguments and we omit it. Hence
assumptions (A1)-(A6) are satisfied.

By Definition 1.36 we compute the Radon transform between the homogeneous
spaces X and Ξ and we obtain

Rhypfpη, u, tq “

ż

R
fpΩηA´u

tpt, yqqdy, (1.34)

which maps any pη, u, tq P Ξ in the integral of f over the line parametrized by pη, u, tq
through the map pη, u, tq ÞÑ {pη, u, tq, i.e. the line of equation x ¨ Ωηwpuq “ t. Observe
that, by Fubini’s theorem, the integral (1.34) converges for any f P L1pR2q. Then, we
define

Ahyp “ tf P L1pR2q X L2pR2q :

ż

R2

|Ffpξ1, ξ2q|
2

a

|ξ2
1 ´ ξ

2
2 |

dξ1dξ2ă`8u,

which is π-invariant and is such that Rhypf P L2pΞ,dξq for all f P Ahyp. Furthermore,
it is possible to show that Rhyp, regarded as operator from Ahyp to L2pΞ, dξq, is
closable. In order to determine the subspace Ahyp and to prove that Rhyp : Ahyp Ñ

L2pΞ,dξq is closable, we adapt Theorem 1.32 to our context, precisely

pI b FqRhypfpη, u, τq “ Ffpτ Ωηwpuqq,

for every f P L1pR2q and pη, u, τq P Ξ, where I is the identity operator on L2pC2 ˆ

R,dηduq.
It is worth observing that when we fix η “ 1 (η “ ´1) in (1.34) we are restricting

the integration of f over all lines with slope ą 1 (ă 1). Then, for η “ 1 and η “ ´1 we
have the limited angle horizontal and vertical Radon transforms, respectively. We will
see in the following how these two different contributions enter in the inversion formula
(1.30) when we reconstruct an unknown function from its Radon transform.

Applying Lemma 1.37, Rhyp : Ahyp Ñ L2pΞ, dξq is a densely defined operator which
intertwines the representations π and π̂ up to the positive character χpb, s, a, εq “
|a|´1{2, namely

π̂pb, s, a, εqRhypπpb, s, a, εq´1 “ |a|´1{2Rhyp,

for all pb, s, a, εq P G.
The composition of Rhyp with a positive selfadjoint operator Ihyp satisfying

π̂pb, s, a, εqIhypπ̂pb, s, a, εq´1 “ |a|1{2Ihyp

can be extended to a unitary operator Q : L2pR2q Ñ L2pΞ, dξq intertwining the irre-
ducible representations π and π̂.

We can provide an explicit formula for Ihyp. We consider the subspace D of
L2pΞ,dξq of the functions F such that

ż

RˆR
|τ ||pI b FqF pη, u, τq|2 dudτă`8, η “ ´1, 1,
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and we define the operator J on D by

pI b FqJ F pη, u, τq “ |τ | 12 pI b FqF pη, u, τq,

a Fourier multiplier with respect to the last variable. A direct calculation shows that
J is a densely defined positive selfadjoint operator with the property

π̂pb, s, a, εqJ π̂pb, s, a, εq´1 “ |a|1{2J .

By [21, Theorem 1], there exists c ą 0 such that Ihyp “ cJ and we show that c “ 1.
It is possible to prove that the admissible vectors for π are the functions ψ P L2pR2q

satisfying
ż

R2

|Fψpξ1, ξ2q|
2

|ξ2
1 ´ ξ

2
2 |

dξ1dξ2 “ 1. (1.35)

The voice transform is then pVψfqpgq “ xfπpgqψy, and is a multiple of an isometry
from L2pR2q into L2pG, dµq provided that ψ satisfies the admissible condition (1.35).
If Qψ P dom Ihyp, by equation (1.30), we have that

pVψfqpb, s, a, εq “
ż

RˆR
Rhypfp1, u, tqΨpε, u` s,

t´ wpuq ¨ b

a
q
dudt

|a|

`

ż

RˆR
Rhypfp´1, u, tqΨp´ε, u` s,

t´ Ω´1wpuq ¨ b

a
q
dudt

|a|
,

(1.36)

for any f P A, where Ψ “ IhypQψ. Note that the coefficients depend on f only
through its Radon transform and do not involve the operator Ihyp as applied to the
function. Hence, the inversion formula for the voice transform in Theorem 1.39 allows
to reconstruct an unknown function f P Ahyp from its Radon transform by computing
the coefficients pVψfqpb, s, a, εq by means of (1.36). It is worth observing that the
different contributions in (1.36) with η “ 1 and η “ ´1 reconstruct the frequency
projections of f onto the horizontal cone tpξ1, ξ2q P R2 : |ξ2{ξ1| ă 1u and onto the
vertical cone tpξ1, ξ2q P R2 : |ξ1{ξ2| ă 1u, respectively. Moreover, we choose Ψpη, u, tq “
Ψ2,ηpuqΨ1ptq such that Ψ1, Ψ2,1, and Ψ2,´1 are 1D-wavelets, that is admissible vectors
for the square integrable representation of the affine group. We recall that the previous
condition is equivalent to satisfy the Calederón condition (1.8). Then we obtain a
formula for the voice transform which involves only integral transforms applied to
the Radon transform of the function, precisely a 1D-wavelet transform introduced in
Example 1.1, followed by a convolution and it reads

pVψfqpb, s, a, εq “
1

a

|a|

ÿ

η“´1,1

WΨ2,ηε

”

u ÞÑWΨ1pRhypfpη, u, ‚qqpa,wpuq¨bq
ı

p1, sq.

By substituting the value of the voice transform in (1.30), we obtain an the desired
inversion formula.



Chapter 2

Radon transform on symmetric
spaces

In this chapter we present the first extension to a different setting of Theorem 1.38: the
hyperbolic disk and, more in general, every (noncompact) symmetric space. The idea to
study these cases comes from the fact that a symmetric space, together with the family
of horocycles, represents a canonical example of dual pair in the sense of Helgason.
Roughly speaking, a symmetric space of the noncompact type is a homogeneous spaces
G{K where G is a connected semisimple Lie group G with finite center, and K is a
maximal compact subgroup of G. Horocycles Ξ are a family of subsets of X which play
the role of hyperplanes in the Euclidean space. It is possible to see that Ξ » G{H is a
homogeneous space for some H Ď G.

Figure 2.1: The hyperbolic disk is the complex open unit disk endowed with a Rie-
mannian structure for which geodesics are diameters and portions of Euclidean circles
orthogonal to the boundary. The red curves in the figure are part of the same bundle
of parallel geodesics. The green circles are in the family of horocycles orthogonal to
the given bundle.

The horocyclic Radon transform on symmetric spaces is considered by Helgason in
several papers [33], [34], [36], [37]. His setting, however, does not fit all the assumptions

45
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(A1)-(A7) of the previous chapter. Indeed the quasi regular representation π of G on
L2pXq is not irreducible. For this reason, it is not possible to repeat the proof of
Theorem 1.38 that makes use of the generalization of Schur’s lemma due to Duflo and
Moore, which requires the irriducibility of π, see [1] and [21]. We adopt a combination
of the approach followed by Helgason in the context of symmetric spaces [37] and the
techniques that have been developed in [6], in which the unitarization of the affine and
polar Radon tranforms is proved without making use of the irriducibility of π.

We are well aware that the unitarization problem was already considered and essen-
tially solved by Helgason in [37]. Precisely, he constructs a pseudo-differential operator
Λ and he proves that the pre-composition with the horocyclic Radon transform yields
an isometric operator, see Theorem 3.9 in Chap. II in [37]. Here, we prove that the com-
position ΛR can actually be extended to a unitary operator Q : L2pX,dxq Ñ L2

5
pΞ, dξq,

where dx and dξ are the G-invariant measures and where L2
5
pΞ, dξq is a closed subspace

of L2pΞ,dξq which accounts for the Weyl symmetries. Furthermore, we show that Q
intertwines the quasi regular representations π and π̂.

Classically, a horocycle is parametrized by an element of the boundaryK{M and an
element of the Abelian subgroup A. Such parametrization is actually made w.r.t. the
origin of the symmetric space. Part of our contribution is to introduce a different
parametrization w.r.t. each reference point x P X, namely

Ψx : K{M ˆAÑ Ξ: pkM, aq ÞÑ κxpkqaN rxs,

see (2.10) for details. The first consequences are a different expression of the range of the
Helgason-Fourier transform (Theorem 2.17), the definition of L2

5
pΞq and the inclusion

in it of the range of the horocyclic Radon transform (Corollary 2.25). We introduce a
Fourier multiplier Jo on the functions defined on K{MˆA. The operator Λ is obtained
by “transporting” Jo on the functions defined on Ξ via Ψo. Namely, Λ “ Ψ˚o

´1JoΨ˚o ,
where Ψ˚o is the pull-back of Ψo. The key which permits us to prove the surjectivity of
Q is Proposition 2.24 which gives us a relation between the symmetries satisfied by the
Radon transform and by the Helgason-Fourier transform of a function. In this way, we
can use an adaptation of Helgason-Fourier unitary extension theorem (Theorem 2.17)
to prove the surjectivity ofQ. The symmetries that play a crucial role in the description
of the two ranges are expressed w.r.t. every reference point. For this reason, we need
to stress the dependence of every notion from the reference point and to keep track of
it. Although Figure 2.5 contains a complete map of the operators that come into play,
Figures 2.3 and 2.4 may be more understandable at first glance.

This chapter solves the problem in the context of the horocyclic Radon transform on
symmetric spaces. Two naturally related problems are the horocyclic Radon transform
on homogeneous trees, addressed and solved in Chapter 3, and the geodesic Radon
transform. The latter is commonly called X-ray transform and has been introduced
and inverted by Helgason on the hyperbolic space Hd, see Theorem 3.12 in Chap.I
in [37], and on symmetric spaces of the noncompact type by Rouvière [48]. Although
it is not in general true that a horocycle has codimension one in the symmetric space,
the horocyclic Radon transform can be seen as the analog of the Euclidean Radon
transform on hyperplanes in Rd, whereas the X-ray transform is the analog of the
Radon on lines in Rd.
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The chapter is divided as follows. In the first section, we recall basic notions on
symmetric spaces and we focus on these of the noncompact type. For these, the notion
of boundary and horocycle is presented. In Section 2.2, we endow the manifolds we
are interested in with measures and we introduce the Helgason-Fourier transform. The
Radon transform is presented in the last section together with its unitarization.

2.1 Symmetric spaces

In this section we introduce the notion of symmetric space and, focusing on a specific
class of symmetric spaces, we analyze the boundary and the family of horocycles, which
can be though of as the analog of hyperplanes. A general reference for the whole section
is [8] of which this represents a synthesis.

The first part of the section makes use of terminology of Sections 1.1 and 1.2. After a
formal definition, we analyze the classification of symmetric spaces which divides them
in three categories: of the Euclidean, compact and noncompact type. We are interested
in the last type. The classical setup for a symmetric space is a G-transitive space where
K is the isotropy subgroup of G at a fixed reference point o P X. In this sense, fixing
a maximal compact subgroup K corresponds to fixing a reference point in X. The
natural reference for the material in this section is the celebrated monography [35] by
Helgason, of which this is a synthesis. Other sources are for example [41], [53].

A prototypical example of noncompact symmetric space is the hyperbolic disk, it
will be a reference for the whole chapter and, when it is possible, we use it to give
a concrete idea of our theoretical approach. In Section 2.1.2 we present the notion of
boundary of a noncompact symmetric space. In Section 2.1.3 we illustrate a very useful
fact: the independence of every notion from the reference point we choose by fixing K.
In fact, by considering a different reference point x P X and then a different maximal
compact subgroup Kx we have a new Iwasawa decomposition of G which conserves the
factors A and N , namely G factorizes in Kx, A, and N as in Theorem 1.30. This fact
leads to express every notion w.r.t. each reference point. In the following this helps
keep track of all the symmetries of the Helgason-Fourier and Radon transforms.

Finally, last part of the section is devoted to the family of horocycles. Horocycles
are the natural counterpart of Euclidean hyperplanes in symmetric spaces, since they
are sets of points orthogonal to a bundle of parallel geodesics. We see that, classically,
a horocycle is parametrized by an element of the boundary and an element of A. By
changing the reference point, it is possible to find several parametrizations through the
same sets of parameters. The freedom to pass from a parametrization to an other plays
a crucial role in the following.

In the whole chapter, we often consider different homogeneous spaces of the same
group G. For clarity, we shall thus adopt notational variations to distinguish among
different actions, such as grxs or g.x or g ¨ x or gxxy and so forth.

2.1.1 Types of symmetric spaces

We start by recalling very basic facts and notions on symmetric spaces. We introduce
the definition of (Riemannian globally) symmetric space, followed by a list of examples.
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We focus on the classical (noncompact) example of the hyperbolic disk, for which we
describe the details. Other examples are presented in a more complete version in [8].

We present a classification of symmetric spaces which is based on properties of (the
Lie algebra of) its group of isometries and reflects the curvature of the space. It consists
in: Euclidean, compact and noncompact. In the rest of the chapter we focus only on
those of the noncompact case.

Definition 2.1. The Riemannian manifold M is a Riemannian globally symmetric
space if each p PM is an isolated fixed point of an isometry σp ofM that is involutive
(σ2
p “ id).

Symmetric spaces are homogeneous spaces. LetM be a Riemannian globally sym-
metric space. We denote IpMq the group of isometries ofM; IpMq endowed with the
compact-open topology1 is a Lie group. Furthermore, if G “ I0pMq is the connected
component of the identity of IpMq and p0 PM, then the isotropy subgroup K of G
at p0 is compact andM » G{K.

Example 2.1 (The unit disk). The unit disk is a canonical example which deserves
a deeper analysis. It could be useful to keep in mind this example in order to have a
concrete counterpart of all the theoretical structure we develop.

By hyperbolic disk, or unit disk, we mean the manifold D “ tz P C : |z| ă 1u
endowed with the Riemannian metric given by the inner product

xu, vyz “
pu, vq

p1´ |z|2q2

where u, v P TzpMq are tangent vectors at z PM.
The group G “ SUp1, 1q acts onM by means of the Möbius action, namely

grzs “

„

a b
c d



rzs “
az ` b

cz ` d
, g P G, z P D.

The Iwasawa subgroups obtained from the Iwasawa decomposition of SLp2,Rq under
the Lie group isomorphism introduced in (1.24) are explicitly given by

K “

!

kθ “

„

eiθ 0
0 e´iθ



: θ P r0, 2πq
)

, A “
!

at “

„

cosh t sinh t
sinh t cosh t



: t P R
)

,(2.1)

N “

!

ns “

„

1` is ´is
is 1´ is



: s P R
)

.

The action of G on D is transitive since for every z P D it is sufficient to consider the
matrix

gz “
1

a

1´ |z|2

„

1 z
z 1



P SUp1, 1q

which maps o in z via the Möbius action. Of course the isotropy of G at o P M is
K and M » G{K. The group SUp1, 1q actually is the connected component of the

1The compact-open topology on IpMq is the smallest topology in which all the sets
tg P IpMq : gpCq Ă Uu are open, where C varies in the compacta of M and U in the open sets.
Its structure is not important for us.
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identity of IpDq. There are other isometries which do not arise from SUp1, 1q, as for
example gφg´1 where g P SUp1, 1q and φpzq “ z.

As for the isometric involutions, consider first the Möbius action induced by

J “

„

i 0
0 ´i



,

which is the map z ÞÑ ´z. This fixes only o and is thus a global involution of which o
is an isolated fixed point. A global involution fixing only the point z0 P D is given by
the Möbius action of the SUp1, 1q element gz0Jg´1

z0 , where gz0 is defined by (??). The
isometric property of such maps follows from the fact that Möbius actions of elements
of G are conformal maps and z ÞÑ z is an isometry, too.

Example 2.2. Below is a list of classical examples (see [8] for further examples):

• the Euclidean space Rn;

• the Euclidean sphere Sn´1 Ď Rn;

• the upper half plane in C, that is H` “ tx ` iy : y ą 0u. This manifold has
a structure similar to the hyperbolic disk. It is in fact another model of the
2-dimensional hyperbolic space. The relation is given by the fact that H` »
SLp2,Rq{SOp2q and by the Lie group isomorphism (1.24) between SLp2,Rq and
SUp1, 1q.

• the space of positive definite symmetric d-dimensional matrices SPpd,Rq, which
is a generalization of the upper half plane in higher dimension. Indeed, it is a
homogeneous space of SLpd,Rq. It is important to observe that for a general d ą 2
there are no isometries between Hd “ SOpd, 1q{SOpdq and SPpd,Rq, because the
former has constant curvature while the latter has not. Thus, this cannot be
interpreted as a generalization of the hyperbolic disk.

A crucial point in the theory of symmetric spaces is the following. Let M be a
symmetric space, g be the Lie algebra of IpMq0 and s “ dσe, then by Theorem 3.3,
Chap. IV [35]:

(i) g is a real Lie algebra;

(ii) s is an involutive automorphism of g;

(iii) the fixed points k of s form a Lie algebra compactly contained in g,

where (iii) holds because K is compact (see Section 1.2.1.1 for the definition of compact
containment of a Lie algebra). A pair pg, sq satisfying (i), (ii), and (iii) above is called
an orthogonal symmetric Lie algebra. Denote z by the center of g, if in addition pg, sq
is such that

(iv) kX z “ t0u,

then pg, sq is called effective. Fix such a pair and consider the decomposition g “ u` e
into the `1 and ´1 eigenspaces with respect to s. Motivated by the important decom-
position result stated below in Theorem 2.2, one introduces the following terminology:
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(a) if g is compact and semisimple, then pg, sq is said to be of the compact type;

(b) if g is noncompact and semisimple and if g “ u ` e is a Cartan decomposition,
then pg, sq is said to be of the noncompact type;

(c) if e is an Abelian ideal in g, then pg, sq is said to be of the Euclidean type.

Theorem 2.2 (Theorem 1.1, Chap. V, [35]). Suppose that pg, sq is an effective orthog-
onal symmetric Lie algebra. Then there exist ideals g0, g´ and g` such that

(i) g “ g0 ` g´ ` g`, a Lie algebra direct sum;

(ii) g0, g´ and g` are invariant under s and orthogonal with respect to the Killing
form;

(iii) the pairs pg0, s0q, pg`, s`q and pg´, s´q are effective orthogonal symmetric Lie
algebras of the Euclidean, compact and noncompact type, respectively.

The involutions s0, s` and s´ are those that arise by restricting s to the corre-
sponding ideals. The above result is of course of central importance because it allows
to study separately the various cases. Clearly, the decomposition yields a corresponding
decomposition of a symmetric space based on topological properties of (the connected
component of) its isometries Lie group and on algebraic properties of the respective
Lie algebra. The previous decomposition induces the notions of symmetric space of
Euclidean, compact and noncompact types. The Euclidean space, the sphere and the
unit disk are the prototypical examples of such spaces. There is a remarkable duality
between compact and noncompact types in which we are not interested. We content
ourselves with mentioning that the compact types have positive sectional curvature
and the noncompact ones have negative sectional curvature.

Since we are only interested in noncompact globlally symmetric spaces, we focus on
the corresponding structural assumptions. To this end, we need yet another piece of
terminology and we also slightly change the current notation to tune into the noncom-
pact case. Any pair pG,Kq where G is a connected Lie group with Lie algebra g and
where K is a Lie subgroup of G with Lie algebra k is said to be associated to the (ef-
fective) orthogonal symmetric Lie algebra pg, θq, and will be called of the noncompact
type if such is pg, θq. Thus, from now on we fix an effective orthogonal symmetric Lie
algebra pg, θq of the noncompact type, so that the eigenspace decomposition relative
to θ, namely g “ k` p, is a Cartan decomposition. The next result is a cornerstone in
the theory.

Theorem 2.3 (Theorem 1.1, Chap. VI, [35]). With the notation above, suppose that
pG,Kq is any pair associated with the effective orthogonal symmetric Lie algebra of the
noncompact type pg, θq. Then:

(i) K is connected, closed and contains the center Z of G. Moreover, K is compact
if and only if Z is finite. In this case, K is a maximal compact subgroup of G;
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(ii) there exists an involutive analytic automorphism Θ of G whose fixed point set is K
and whose differential at the identity e P G is θ; the pair pG,Kq is a Riemannian
symmetric pair2 and thus G{K is a globally symmetric space;

(iii) the mapping ϕ : pX, kq ÞÑ pexpXqk is a diffeomorphism of pˆK onto G and the
mapping Exp is a diffeomorphism3 of p onto the globally symmetric space G{K.

Assumption. From now on, let G be a connected semisimple Lie group with
finite center and X “ G{K the associated symmetric space of the noncompact type,
where K is a maximal compact subgroup of G. We also fix an Iwasawa decomposition
G “ KAN and we denote by M the centralizer of A in K.

Such Assumption is satisfied by the hyperbolic disk D we have seen in Example 2.1
because SUp1, 1q is semisimple and noncompact.

2.1.2 Boundary of a symmetric space

We recall again that our basic example of noncompact symmetric space is the unit
disk D, which has a rather obvious (topological) boundary, namely the unit circle
S1 “ tz P C : |z| “ 1u. The notion of boundary of a symmetric space is highly non-
trivial. For a deep study on the matter, we refer to the classical paper of Furstenberg
[27] in which a detailed motivation of Definition 2.4 below may be found. For our
purposes, some heuristics and some basic observations will suffice.

Notice first that D and S1 are orbits of the Möbius action of G “ SUp1, 1q on C.
We already know that D is an orbit. Further, AN fixes 1 (easy to check) and K moves
it along the unit circle, via

kθ{2 ¨ 1 “

„

eiθ{2 0

0 e´iθ{2



¨ 1 “ eiθ, (2.2)

so that the G-orbit of 1 is S1. The formula (2.2) shows also that the elements kθ{2 when
θ is any multiple of 2π fix 1. These are ˘I, namely the elements of M , the centralizer
of A in K. Therefore, the stabilizer of 1 is the group P “ MAN and S1 » G{P . By
means of the Iwasawa decomposition we may write

S1 » KAN{MAN

and the natural question arises whether this is the same as K{M or not. In the case at
hand this is quite clearly so because K acts transitively with isotropyM . This actually
holds more generally in the sense that

G{P “ KAN{MAN » K{M.

2The pair pG,Hq, with H closed subgroup of the connected Lie group G, is called a symmetric pair
if there exists an involutive analytic automorphism σ of G such that pFixpσqq0 Ď H Ď Fixpσq, where
Fixpσq is the set of elements fixed by σ. If in addition the group AdGpHq is compact, then pG,Hq is
called a Riemannian symmetric pair, see [35]. Proposition 3.4, Chap. IV in [35] states that then G{K
is a globally symmetric space.

3The exponential mapping Exp, quoted for completeness, is just the Riemannian exponential map-
ping (see for instance [35]) and will play no explicit role in what follows.
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Indeed, K acts on the coset space G{P in the natural fashion k ¨ gP “ pkgqP and by
the Iwasawa decomposition k P P “ MAN if and only if k P M . Hence the isotropy
at the coset tP u is M . Further, again by the Iwasawa decomposition, the action is
transitive, and we conclude that G{P » K{M . The reverse point of view (that of G
acting on K{M with isotropy P ) will be illustrated below in (2.7), where the explicit
action of G on K{M is given.

Definition 2.4. The boundary of X is the coset space B :“ K{M .

We remark here en passant that M , which will play an important role below, nor-
malizes N , that is

mNm´1 “ N, m PM. (2.3)

To see this, look at the Lie algebra level. If α is a positive root and X P gα, then for
every H P a it is

rH,AdmXs “ AdmrAdm´1H,Xs “ AdmrH,Xs “ αpHqAdmX,

so that Admpgαq Ă gα.
An other normalization property that involves N is that for any α P A and any

ν P N it holds
ανaN “ aNαν. (2.4)

This, in turn, follows from choosing ν 1 P N such that ν 1α “ αν, which gives

ανaN “ αaa´1νaN “ αaNα´1α “ aαNα´1α “ aNα “ aNν 1α “ aNαν.

2.1.3 Changing the reference point

In what follows, it will be useful to change the reference point of both the symmetric
space X and its boundary. Although conceptually very well known and somehow
trivial, the actual explicit determination of what happens when doing so is not to be
found in the literature, to the best of our knowledge. In order to see how the various
decompositions are affected by changing the origin of our spaces, it is convenient to
introduce Borel sections and occasionaly adopt a slightly different notation for the
(various) G-actions.

The action of G on X “ G{K will be written grxs, namely

grxs “ grhKs “ ghK.

For any fixed x0 P X “ G{K, we denote by sx0 : X Ñ G the Borel section relative to
x0. Such Borel section always exists since G is second countable, see Section 1.1.4.

We next show how, in the present context, a Borel section associated to o “ eK P

G{K can be determined quite explicitly. SinceK is the isotropy subgroup of G at o, the
map β : gK ÞÑ gros is a diffeomorphism of G{K onto X. Furthermore, by the Iwasawa
decomposition ofG (Theorem 1.30), each element of g P G can be written as the product
g “ nak for exactly one triple pn, a, kq P NˆAˆK, and the correspondence pn, a, kq Ø
nak is a diffeomorphism with G. Hence each class in G{K has a representative of the
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form naK with unique a P A and n P N , so that the mapping ψ : G{K Ñ NA given by
naK ÞÑ na is a diffeomorphism. It follows that the measurable, actually smooth, map

ψ ˝ β´1 : X ÝÑ NA

is a Borel section. Indeed, ψ ˝ β´1poq “ ψpKq “ e and, by construction, for every
x P X, it holds ψ˝β´1pxqros “ x . From now on, we will denote by so the Borel section
ψ ˝ β´1 with image NA Ď G.

Fix now x P X and let Kx be the isotropy of G at x P X. Evidently,

Kx “ sopxqKsopxq
´1.

It is then possible to write an Iwasawa decomposition w.r.t. the subgroup Kx. In fact,

G “ sopxqGsopxq
´1 “ sopxqKANsopxq

´1 “ sopxqKsopxq
´1AN “ KxAN,

because, as observed earlier, sopxq P AN . By using the same approach, one obtains the
various versions of the Iwasawa decomposition where the factors appear in a different
order. It is worth observing that the subgroups A and N are independent of the maxi-
mal compact subgroupKx, but the individual factors appearing in the decomposition of
a fixed element g P G are not. Given g P G, we extend the notation introduced in (1.18)
and (1.19) by denoting with Hxpgq, Axpgq the elements of a uniquely determined by

g P Kx expHxpgqN, g P N expAxpgqKx, (2.5)

and furthermore we denote by κxpgq the unique element in Kx such that g P κxpgqAN .
Clearly,

Axpg
´1q “ ´Hxpgq. (2.6)

Once the point x P X has been fixed, a Borel section sx : X Ñ G can also be fixed,
so that for every y P X, sxpyqrxs “ y and sxpxq “ e. As before, it may be arranged
that sxpyq P NA “ AN . Also, we denote by Mx the centralizer of A in Kx, so that
Mx “ sopxqMsopxq

´1. The following technical observation will be useful below.

Lemma 2.5. For any x, y P X we have

κy ˝ κx
ˇ

ˇ

Ky
“ idKy .

In particular, if kx “ κxpkyq for some ky P Ky, then ky “ κypkxq.

Proof. Let ky P Ky. Then according to the Iwasawa decomposition KxAN it is ky “
κxpkyqan, that is κxpkyq “ kypanq

´1 P KyAN . So that κypκxpkyqq is precisely ky, as
desired.

The action of G on the boundary B “ K{M is induced by the decomposition
G{P “ KAN{MAN in the sense that if g P G and kM P B then

g xkMy :“ κopgkqM. (2.7)
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Consider now the action of Kx. From the definition (2.7) and by Lemma 2.5, with
y “ o, for any k P K it is

κxpkqxMy “ κopκxpkqqM “ kM.

Thus the action of Kx on the boundary is transitive. Next, observe that an element
kx “ sopxqksopxq

´1 stabilizes M P K{M if and only if κopsopxqksopxq´1q P M , which
means sopxqk P MAN . This, together with the fact that M normalizes AN , implies
that k P M , hence kx P Mx. Therefore the isotropy group of Kx at M is Mx. This
shows that the map induced by κo on Kx{Mx, which we denote κx,o, namely

κx,o : Kx{Mx Ñ K{M, kxMx ÞÑ κx,opkxMxq :“ κopkxqM, (2.8)

is a diffeomorphism. Furthermore, kM and κxpkqMx determine the same boundary
point, because by (2.8) κopκxpkqqM “ kM . By Lemma 2.5 the inverse of κx,o is the
map

κo,x : K{M Ñ Kx{Mx, kM ÞÑ κo,xpkMq :“ κxpkqMx.

2.1.4 Horocycles

A hyperplane in Rn is orthogonal to a family of parallel lines. What is a reasonable
analog of this in, say, Riemannian geometry? Since geodesics are very natural general-
izations of lines, a possible answer is given by a manifold that is orthogonal to families
of parallel geodesics. In the context of symmetric spaces, such manifolds are called
horocycles, sometimes also horospheres.

Let us see what this idea leads to in the context of the unit disk, our basic example
of noncompact symmetric space. The origin in D will be denoted o. If γ : ra, bs Ñ D is
a smooth curve with γpaq “ o and γpbq “ x P p´1, 1q is a point on the real axis, then
the simple inequality

9xptq2

p1´ xptq2q2
ď

9xptq2 ` 9yptq2

p1´ xptq2 ´ yptq2q2

shows that straight real lines through the origin are geodesics. We observe en passant
that since γ0ptq “ ptx, 0q with t P r0, 1s is such a straight line, then4

dpo, xq “ Lpγ0q “

ż 1

0

b

Gγ0ptqp 9γ0ptq, 9γ0ptqqdt “

ż 1

0

d

4p|x|, |x|q

p1´ |γ0ptq|2q2
dt

“

ż 1

0

2|x|

1´ t2|x|
dt “ log

1` |x|

1´ |x|
.

4The definition of the length of a geodesic γ is defined by

Lpγq “

ż 1

0

b

Gγptqp 9γptq, 9γptqqdt,

where G is the metric tensor. In the case of the disk, the metric tensor has the form

Gz “
4

p1´ |z|2q2
, z P D.
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As we know, G “ SUp1, 1q acts by isometries via the Möbius action on D. Such maps
are conformal and map circles and lines into circles and lines. Hence the geodesics in D
are circular arcs perpendicular to the boundary |z| “ 1. All circular arcs perpendicular
to the same point at the boundary may be seen as parallel lines and thus a natural
notion of horocycle in this context is that of Euclidean circle tangent to the boundary
(except the point on S1) because such a circle is of course perpendicular to all the
above parallel geodesics.

The circle through the origin and tangent to the boundary at 1 P C is therefore the
prototype of horocycle. Observe that for ns P N as in (2.1)

nsros “

„

1` is ´is
is 1´ is



ros “
´is

1´ is
“

s

s` i
“

s2

s2 ` 1
´ i

s

s2 ` 1

and an easy calculation shows that these are precisely the points on the circle of radius
1{4 centered at 1{2 P C that are contained in D. Furthermore, as s Ñ ˘8 one gets
the boundary point b0 “ 1 P C. We have obtained the basic horocycle, which will be
denoted ξo, as the N -orbit N ros.

t

ξ “ Natros

o

ξo

M

Figure 2.2: The basic horocycle ξo in the unit disk and the horocycle ξ tangent to the
boundary at 1 and with distance ´t from the origin o. In gray, the sheaf of parallel
geodesics perpendicular to ξo and ξ.
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Other horocycles tangent to b0 are the orbits Natros “ atN ros where of course

at “

„

cosh t sinh t
sinh t cosh t



is any member of A (recall that A normalizes N). This is because

atros “ tanh t P p´1, 1q

parametrizes any other point on the geodesic line p´1, 1q Ă C and an easy calculation
shows that its N -orbit is just the circle through that point and tangent to b0 (see Fig.
2.2). It is clear that by acting with the rotation group one gets all other horocycles, that
is, all the Euclidean circles in D tangent to the boundary. Thus, any other horocycle ξ
can be written in the form ka ¨ ξ0 with k P K and a P A. But this means

ξ “ pkaqNpkaq´1pkarosq,

which exhibits ξ as an orbit of a group conjugate to N , namely pkaqNpkaq´1. This
motivates the Definition 2.6 below.

Definition 2.6 (§1, Chap.II in [37]). A horocycle in X is any orbit of any subgroup of
G conjugate to N , that is an orbit Ngrxs where x P X, g P G and Ng “ gNg´1. We
shall denote by Ξ the set of all horocycles in X.

By Theorem 1.1 in Chap.II in [37], horocycles are closed submanifolds of X. We
need a more manageable parametrization of horocycles. Observe that horocycles form
a homogeneous space of the group G. Indeed, the G-action on X maps horocycles to
horocycles and in fact the group G acts transitively on Ξ by

pg,Nhrxsq ÞÑ g.pNhrxsq :“ gNhrxs “ Nghrgrxss P Ξ.

We fix x P X and we consider the horocycle ξ “ N rxs. By Theorem 1.1 in Chap.II in
[37], the isotropy at ξ is MxN and therefore

Ξ » G{MxN

under the diffeomorphism gMxN ÞÑ gN rxs. Furthermore, by Proposition 1.4 in Chap.II
in [37], pKx{Mxq ˆA is diffeomorphic to G{MxN under the mapping

pkxMx, aq ÞÑ kxaMxN.

Therefore, for each horocycle ξ P Ξ there exist unique kxMx P Kx{Mx and a P A such
that

ξ “ kxaN rxs. (2.9)

Observe that (2.9) gives us a different parametrization of Ξ for every point x P X.
This is a crucial point for us because it lets us easily change the reference point as we
have seen above. We need an extra step, since until now every parametrization is made
by different parameters: in fact we are still using a parametrization of the boundary,
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Kx{Mx, which depends on the reference point x. Then, since K{M is diffeomorphic
to Kx{Mx under the mapping κo,xpkMq “ κxpkqMx, we define the diffeomorphism

Ψx : K{M ˆA ÝÑ Ξ, pkM, aq ÞÑ κxpkqaN rxs. (2.10)

The mappings Ψx play a crucial role in our work, actually they are our way to express
every horocycle by choosing a point on the boundary and an element in A w.r.t. a
given reference vertex x P X. There is a geometric meaning for this parametrization.
Looking at Figure 2.2, it is straightforward to note that a boundary element b fixes
a family of horocycles; namely, all those that are tangent to the boundary at b. This
family is what in differential geometry is called a foliation of the manifold X. The
parameter a P A allows us to move in the foliation and to select a horocycle. The
meaning of a is a slightly more complicated than that of b. In the case of the disk, it
can be thought of as a “signed” distance from the origin, that is t P R such that a “ at
is null when the horocycle passes through the reference point x (in the figure x “ o),
positive when x is “external” to the circle, and negative when x is internal. Clearly, this
intuition cannot be extended to higher rank; that is, to the case in which A » Rd with
d ą 1; in such cases the best interpretation is to consider the foliation determined by
a boundary point as a space isomorphic to Rd.

From the previous considerations, it is clear that the element in A must depend
on the choice of the reference vertex, while the boundary element should not. And,
in a certain sense, this holds true. Indeed the boundary point kM P K{M which
identifies the horocycle ξ “ κxpkqaN rxs through (2.10) is independent of the choice of
the reference point x P X. Namely, for every x, y P X

ΨxpkM, aq “ ΨypkM, a1q

for some a1 P A. Indeed, if ξ “ kxaN rxs and if we pick y P X, hence kyMy P Ky{My

and a1 P A such that ξ “ kya
1N rys, then kyMy “ κypkxqMy and this identifies the

boundary point κopkxqM . Indeed, by the KyAN - and KAN -Iwasawa decompositions
of kx, we have that

κypkxq P kxAN “ κopkxqAN,

so that
κy,opκypkxqMyq “ κopκypkxqqM “ κopkxqM.

We shall say that ΨxpkM, aq represents the horocycle with normal kM and com-
posite distance log a from x (see below, Definition 2.8). We stress that the normal of a
horocycle is independent of the choice of x P X. The composite distance, however, is
different for different reference points.

This parametrization generalizes the geometric picture in D, where a horocycle
ξ “ katN ros is identified by the boundary point kM P K{M to which it is tangent and
the “signed distance” t from the reference point, see Fig. 2.2.

Now we present a result which relates the definition of horocycle with the parametriza-
tion we prefer to use.

Proposition 2.7. Fix a reference point x P X. The horocycle through y P X with
normal kM is Nκxpkqrys.
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Proof. An equivalent statement is that, writing k “ κopkxq with kx P Kx, the horocycle
through y with normal κopkxqM is kxNk´1

x rys because kx “ κxpkq by Lemma 2.5.
Since k “ κopkxq, then kM and kxMx identify the same boundary point and a horocycle
with normal kM has the form ξ “ kxaMxN as in (2.9). If this represents a horocycle
through y, then there exists g P G such that

ξ “ gNg´1rys “ κxpgqNκxpgq
´1rys.

Now observe that there exist α P A and ν P N such that κxpgq´1rys “ ναrxs, then
ξ “ κxpgqαN rxs. Thus, since ξ “ kxaN rxs, we have that

κxpgqαN rxs “ kxaN rxs,

which by (2.9) implies κxpgqMx “ kxMx. Hence κxpgq “ kxmx for some mx P Mx.
However, (2.3) implies at once that mxNm

´1
x “ N , and hence Nκxpgq “ Nkx .

The previous result allows to outline a horocycle starting from a boundary point
and an element of the symmetric space. The next determines a notation we use in the
following. We prefer to use b for a boundary element whenever it is not important the
boundary parametrization we adopt.

Definition 2.8. Fix a reference point x P X and choose y P X and b P K{M , so that
by Proposition 2.7 the horocycle ξ “ ξpy, bq passing through y with normal b “ kM is
uniquely determined, and hence there exists a unique a P A such that

ξpy, kMq “ κxpkqaN rxs.

We denote by Axpy, bq P a the composite distance of the horocycle ξpy, bq from x P X,
namely

Axpy, bq “ log a,

The function Ax introduced above is central in our work; it is a generalization of
the function A : X ˆK{M Ñ A considered by Helgason in §3, Chap. II [37]. Actually,
the two functions coincide when x “ o and Ax is a generalization which keeps track
of the reference vertex. The reader is warned not to confuse the composite distance
Axpy, bq, which depends on py, bq P X ˆB, with the Abelian component Axpgq of g in
the NAKx-Iwasawa decomposition, which is a function on G (see (2.5)). A relation
between the two does exist, as pointed out in the next lemma, where we collect several
properties of the composite distance which will play a crucial role in our work.

Lemma 2.9. Fix a reference point x P X. Then:

(i) for any kx P Kx and g P G we have

Axpgrxs , κopkxqMq “ Axpk
´1
x gq, (2.11)

where the right-hand side is defined by (2.5);

(ii) for any y P X, kM P K{M and g P G we have

Axpy, kMq “ Agrxspgrys , gxkMyq; (2.12)
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(iii) for any y, z P X and kM P K{M we have

Axpy, kMq “ Axpz, kMq `Azpy, kMq. (2.13)

Proof. We start by proving (i). Let kx P Kx and g P G. By Proposition 2.7 and (ii) of
Lemma 2.5, the horocycle passing through grxs with normal κopkxqM is kxNk´1

x grxs.
By Definition 2.8, we have that

kxNk
´1
x grxs “ kx exppAxpgrxs, κopkxqMqqN rxs,

and so k´1
x g P N exppAxpgrxs, κopkxqMqqKx. This proves (i).

Now we want to show (2.12). For simplicity, we first prove the statement in the
case x “ o. Let y P X, kM P K{M and g P G. By Proposition 2.7, and the fact that
A normalizes N , the horocycle passing through grys with normal gxkMy “ κopgkqM
(see (2.7)) is

Nκopgkqgrys “ κopgkqNκopgkq
´1grys “ gkNpgkq´1grys.

By the diffeomorphism given in (2.9), there exist h P Kgros and a P A such that

gkNk´1rys “ haNgros, (2.14)

and thus, by definition
a “ exppAgrospgrys , gxkMyqq.

We need to show that a “ exppAopy, kMqq. Since Kgros “ gKg´1, we have h “ gk1g
´1

for some k1 P K and we claim that

k1κopg
´1qM “ kM. (2.15)

By (2.14) we have that

k1g
´1aNsopgrosqros “ k1g

´1aNgros “ kNk´1rys “ kNsopk
´1rysqros.

Since so takes values in AN and writing the NAK decomposition of g´1, there exist
a1, a2 P A such that

k1κopg
´1qa1N ros “ ka2N ros.

Hence, by (2.9) we have that k1κopg
´1qM “ kM , that is the claim (2.15). Therefore,

for some m PM the right-hand side of (2.14) is

haNgros “ gkmκopg
´1q´1g´1aNgros

“ gkmaN
`

κopg
´1q´1g´1

˘

gros

“ gkmaNκopg
´1q´1ros

“ gkmaN ros “ gkaN ros

where in the second line we have used that κopg´1q´1g´1 P AN and then (2.4). Sum-
marizing, we have shown that

gkNk´1sopyqros “ gkaN ros.
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By taking e P N on the left, there must be n P N such that sopyqros “ kanros, so that
pkanq´1sopyq P K, whence k´1sopyq P Kan. This shows that

a “ exppAopk
´1sopyqqq “ exppAopy, kMqq,

where the second equality follows by item (i). This concludes (ii) in the case x “ o.
The general case follows by the latter. Indeed, by applying it with sopxq and gsopxq,
respectively in the first and the second equality, we obtain

Axpy, kMq “ Aopsopxq
´1rys, sopxq

´1xkMyq “ Agrxspgrys, gxkMyq .

This proves (ii).
It remains to prove (iii). For simplicity we start by proving it for x “ o, the

general case follows. Let y, z P X and kM P K{M . By the definition of sz, we have
that szpoq´1 “ sopzq and K “ szpoqKzszpoq

´1. Observe that, by the KzAN Iwasawa
decomposition of k

szpoqk P szpoqκzpkqAN “ szpoqκzpkqszpoq
´1AN,

and then
κopszpoqkq “ szpoqκzpkqszpoq

´1.

Furthermore, sypoqk P K exppHopsypoqkqqN , so that

szpoqkk
´1sypoq

´1 P szpoqκzpkqszpoq
´1N exppHopszpoqkq ´HopsypoqkqqK. (2.16)

Now, observe that by (2.6) and (i) it is possible to rewrite

Hopszpoqkq ´Hopsypoqkq “ Aopk
´1sypoq

´1q ´Aopk
´1szpoq

´1q

“ Aopsypoq
´1ros, kMq ´Aopszpoq

´1ros, kMq

“ Aopy, kMq ´Aopz, kMq.

Hence, (2.16) becomes

szpoqsypoq
´1 P szpoqκzpkqszpoq

´1N exppAopy, kMq ´Aopz, kMqqK ,

and by conjugating by szpoq´1 P AN

sypoq
´1szpoq Pκzpkqszpoq

´1N exppAopy, kMq ´Aopz, kMqqKszpoq

“κzpkqN exppAopy, kMq ´Aopz, kMqqszpoq
´1Kszpoq

“κzpkqN exppAopy, kMq ´Aopz, kMqqKz,

where in the first equality we use (2.4). Finally, we observe that sypoq´1szpoq “
sopyqszpoq “ szpyq and then

κzpkq
´1szpyq P N exppAopy, kMq ´Aopz, kMqqKz.

Therefore, by item (i) of Lemma 2.5 and item (i) above

Aopy, kMq ´Aopz, kMq “ Azpκzpkq
´1szpyqq “ Azpy, kMq .
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This proves the case x “ o. The general case trivially follows:

Axpz, kMq `Azpy, kMq “ Aopz, kMq ´Aopx, kMq `Aopy, kMq ´Aopz, kMq

“ Axpy, kMq.

Hence this conclude the proof of the lemma.

We recall that, under the analytic point of view, mappings Ψx play a very important
role for us. We show how the previous lemma reflects on them. In particular we show
how the action of g P G on a horocycle reflects on its parametrization and how two
parametrizations from different reference points are related.

Corollary 2.10. Let x P X. Then:

(i) for every g P G, the action on horocycles reads

g.ΨxpkM, aq “ Ψgrxspg xkMy, aq, pkM, aq P K{M ˆA; (2.17)

(ii) if y P X is an other reference point, then the following “change of variables” holds
true for every pkM, aq P K{M ˆA

pΨ´1
y ˝ΨxqpkM, aq “ pkM, a exppAypx, kMqqq. (2.18)

Proof. Let x P X. By Definition 2.8, for every pkM, aq P K{M ˆA and z P X

z P ΨxpkM, aq ðñ Axpz, kMq “ log a. (2.19)

Then, by (2.19) together with (2.12) it follows that

z P g.ΨxpkM, aq ðñ g´1rzs P ΨxpkM, aq

ðñ log a “ Axpg
´1rzs, kMq

ðñ log a “ Agrxspz, g xkMyq

ðñ z P Ψgrxspg xkMy, aq.

Hence (2.17) follows.
It remains to prove (ii). If y P X, then by (2.19) and (2.13) we have that

z P ΨxpkM, aq ðñ log a “ Axpz, kMq

ðñ log a “ Axpy, kMq `Aypz, kMq

ðñ logpa expp´Axpy, kMqqq “ Aypz, kMq

ðñ z P ΨypkM, a exppAypx, kMqqq,

where in the last equivalence we use the equality Aypx, kMq “ ´Axpy, kMq, which
follows immediately by (2.13). Hence, we have (2.18).
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2.2 Analysis on symmetric spaces

We collect in this section the analytic ingredients that come into play. Apart from the
basic measures and function spaces, we introduce the Helgason-Fourier transform and
recall the results that we use throughout. The main references are, beyond [8], [36],
[37].

In particular, in the first part of the section we introduce all the measures and
function spaces we need in the following. We present the classical fact of how, through
Theorem 1.30, the Haar measure of a semisimple Lie group G decomposes w.r.t. to the
Haar measures of its Iwasawa components. The G-invariant measure on the symmet-
ric space X » G{K is immediate. Our main contribution here is the stressing of the
fact that the (compact) boundary is endowed with different K-invariant (probability)
measures, each relating to a different reference point. Furthermore, we clarify in for-
mulae their G-invariance and the relation between them, namely their Radon-Nikodym
derivative. These facts are crucial for us, since they allow to express symmetry proper-
ties in the definition of the functions spaces involved with the range of Helgason-Fourier
and Radon transforms. Finally, in Section 2.2.1.4 we present the G-invariant measure
on Ξ. In this case the matter of the reference point is different: indeed, it is still true
that from every reference point, that is, from every possible parametrization of Ξ under
K{M ˆ A, a different G-invariant measure can be defined, but in this case all these
measures coincide as measures on Ξ. Furthermore, the (L2pΞq, L2

xpK{M ˆ Aq)-pull-
back Ψ˚xF of F by Ψx is introduced: its main role in the following is to “transport” a
function on Ξ in a more manageable function on K{M ˆA under the parametrization
we need, keeping track of the density of the measure on Ξ.

Section 2.2.2 is a concise recall of the Fourier transform H introduced by Helgason
on symmetric spaces, which we call Helgason-Fourier transform in order to distinguish
it from the Euclidean Fourier transform. Furthermore, we state a different formulation
of Theorem 1.5 in [37], that is the classical unitary extension of H on L2pXq. The new
formulation makes use of a symmetry property we denote 7 which is used to define the
function space L2

o,cpK{M ˆ a˚q7, that is the range of the unitary extension of H.

2.2.1 Measures

This section is devoted to the measures that will be involved in what follows, which
are the measures on the spaces X, B and Ξ. These are used to define the function
spaces that we are interested in, among which the L2-spaces that carry the regular
representations.

2.2.1.1 Measures on semisimple Lie groups of the noncompact type

Let G a semisimple Lie group. By Theorem 1.2, there exists a (left) Haar measure on
G, unique up to multiplication by a positive constant. We recall that by Theorem 1.30
there exist subgroups K, A, and N of G such that G “ KAN “ NAK. Since each
subgroup carries a Haar measure, the natural question arises whether it is possible to
write the Haar measure of G using the Haar measures of the three subgroups involved,
which are all, individually, unimodular.
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Since K is compact, we normalize its Haar measure in such a way that the total
measure is 1. The Haar measure on A is obtained by starting from the (positive)
measure that any Riemannian manifold inherits from its metric, see e.g. Chap. I
in [36]. The invariant metric is obtained by taking the restriction to aˆa of the Killing
form, which is positive definite on pˆp Ą aˆa, whereby a is identified with the tangent
space to A at the identity. The standard normalization is to multiply the Riemannian
measure by p2πq´`{2, where ` “ dimA. As for N , we normalize its Haar measure dn
so that

ż

N
e´2ρpHpnqqdn “ 1,

where N “ ΘpNq and dn is the pushforward of dn under Θ (the involution Θ is the
one whose existence is guaranteed by Theorem 2.3 (ii)). The convergence of the above
integral is no trivial matter, and is discussed in detail in [36].

Proposition 2.11 (Proposition 5.1, Chap. I, [36]). Let dk, da and dn be left-invariant
Haar measures on K, A and N , respectively. Then the left Haar measure dg on G can
be normalized so that

ż

G
fpgqdg “

ż

KˆAˆN
fpkanqe2ρ log adkdadn

“

ż

NˆAˆK
fpnakqe´2ρplog aqdndadk

“

ż

AˆNˆK
fpankqdadndk

for every f P CcpGq.

The case of the group AN deserves a separate comment. We recall that AN is in
fact a semidirect product since A acts on N by conjugation from the observation after
Theorem 1.30. Furthermore, for any H P a and any root vector Xα P gα it holds

AdpexpHqpXαq “ eadHpXαq “

8
ÿ

0

padHqk

k!
Xα “ eαpHqXα.

It follows that upon choosing a basis of mα root vectors for each positive root α it is

det AdpexpHq|n “
ź

αą0

emααpHq

or, using (1.21),
det Ada|n “ e2ρplog aq.

Proposition 1.4 now entails that the modular function of the AN Iwasawa group is

∆pnaq “ e´2ρplog aq. (2.20)

Indeed, in the computation of det Adpnaq on n` a, all is relevant is the action of Ada
on n because the action of Ada is unimodular on a since A is Abelian, the action of Adn
is unimodular on n because N is nilpotent and that of Adn on a is again unimodular
because its projection on a is the identity (see also Corollary 5.2 in Chap. I in [36]).
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2.2.1.2 Measures on X

A classical notation in analysis on manifolds is to put DpXq instead of CcpXq. It is
not just about symbols, the canonical use of DpXq is due to the topology with which
it is endowed (see Chap.II in [42]). In what follows we do not make use of the topology
but we have decided to use DpXq anyway as a matter of consistency with the results
that are cited.

Now, our purpose is to determine an explicit G-invariant measure on the symmetric
space X “ G{K, whose existence is guaranteed by the fact that K is compact (see the
comment after Theorem 1.22). Recall that, by Proposition 2.11, if g “ nak, then the
Haar measure of G can be normalized so that

dg “ e´2ρplog aqdndadk,

where dk, da, and dn are the Haar measures on K, A and N that have been fixed in
the previous paragraph.

Observe that by the fact that X » G{K, functions on X are in a bijective cor-
respondence with right-K-invariant functions on G. Indeed, if f is a function on X,
then F pgq “ fpgrosq is a right-K-invariant function on G, and vice versa. Then the
G-invariant measure dx on X is the pushforward of dg under the canonical projection
GÑ G{K. Thus, for any f P DpXq

ż

X
fpxqdx “

ż

G
fpgrosqdg “

ż

NA
fpnarosqe´2ρplog aqdnda.

We henceforth denote by L2pXq the Lebsegue space of square integrable (equiva-
lence classes of) functions with respect to this measure. The quasi regular representa-
tion π of G on L2pXq is then defined in the usual way, namely

πpgqfpxq :“ fpg´1rxsq, f P L2pXq, g P G.

It is a unitary non-irreducible representation. Actually, it is possible to construct
a family of Hilbert spaces in which L2pXq can be decomposed as a direct integral,
whereby the restriction of π to each of them is irreducible. These are the spherical
principal series representations, discussed in Chap. VI in [37]. It is also well known
that π is not square integrable.

2.2.1.3 Measures on the boundary

We shall now define positive measures on the boundary B by using its various possible
parametrizations. Since K and M are compact subgroups of G, there exists a K-
invariant probability measure µo on B “ K{M , see the comment below Theorem 1.22.
The choice of this measure is such that Weil’s decomposition holds, assuming that we
normalize the Haar measure of M in such a way that the total measure is 1.

We stress the fact that the measure above is just one of the possible choice. Indeed
for every other reference point x P X the analogous objects Kx, Mx and µx can be
introduced. The relation between µo and µx can be determined explicitly. We consider
the diffeomorphism Tx : K Ñ Kx defined by k ÞÑ sopxqksopxq

´1. Its restriction to
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M is a diffeomorphism between M and Mx. Hence, Tx induces the diffeomorphism
T̃x : K{M Ñ Kx{Mx defined by

T̃xpkMq “ TxpkqMx “ sopxqksopxq
´1Mx “ sopxqkMsopxq

´1 .

Let pT̃xq˚pµoq be the pushfoward of the measure µo under T̃x. Clearly, pT̃xq˚pµoq is a
Kx-invariant probability measure on Kx{Mx and therefore µx “ pT̃xq˚pµoq. As we saw
in (2.8), Kx{Mx is diffeomorphic to the boundary K{M through the map induced by
κo. Therefore, we can consider the following Kx-invariant probability measure on the
boundary B “ K{M

νx :“ pκoq˚pµ
xq.

It is worth observing that νo “ µo and the following relation follows

νx “ pκo ˝ T̃xq˚pν
oq .

Lemma 2.12. The measure νo is G-quasi invariant. Let F P CpK{Mq and g P G,

ż

K{M
F pg´1xkMyqdνopkMq “

ż

K{M
F pkMqe´2ρpHopgkqqdνopkMq. (2.21)

Proof. By Lemma 5.19 in Chap.I in [37], for every H P CpKq and g P G,

ż

K
Hpκopg

´1kqqdk “

ż

K
Hpkqe´2ρpHopgkqqdk. (2.22)

A function F P CpK{Mq will now be regarded as an M -right invariant continuous
function on K. By our choice of νo, Theorem 1.22 holds and hence

ż

K
F pkqdk “

ż

K{M

ż

M
F pkM mqdmdνopkMq

“

ż

K{M
F pkMq

ż

M
dmdνopkMq

“

ż

K{M
F pkMqdνopkMq,

where we have used the normalization of the Haar measure of M . The function k ÞÑ
F pg´1xkyq “ F pκopg

´1kqq is M -invariant by κopg´1kmq “ κopg
´1kqm. Since m P M

commutes with A and N ,

gkm P κopgkqm exppHopgkqqN

and so k ÞÑ Hopgkq is M -invariant. It follows that k ÞÑ F pkqe´2ρpHopgkqq is also M -
invariant. The assertion follows by applying (2.22) to F in place ofH and then rewriting
the integrals over K of the M -invariant functions as integrals over K{M w.r.t. νo as
before.
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Now we investigate the relation between the different boundary measures introduced
above. If F P CpK{Mq and x P X, then

ż

K{M
F pkMqdνxpkMq “

ż

K{M
F pκopT̃xpkMqqqdν

opkMq

“

ż

K{M
F pκopsopxqkqMqdν

opkMq

“

ż

K{M
F pkMqe´2ρpHopsopxq´1kqqdνopkMq

“

ż

K{M
F pkMqe2ρpAopx,kMqqdνopkMq

by Lemma 2.12 and then applying item (i) of Lemma 2.9 together with (2.6) , since

´Hopsopxq
´1kq “ Aopk

´1sopxqq “ Aopsopxqros, kMq “ Aopx, kMq.

By expressing the integral of a function on K{M with respect to either νx or νy as
above and then using (2.13) in the form

Aopx, kMq “ Aopy, kMq `Aypx, kMq,

the Radon-Nikodym derivative between the measures νx and νy is

dνx

dνy
pkMq “ e2ρpAypx,kMqq. (2.23)

Let x P X, g P G and F P CpK{Mq. Using first (2.23) with y “ o and then (2.21)

ż

K{M
F pg´1xkMyqdνxpkMq “

ż

K{M
F pg´1xkMyqe2ρpAopx,kMqqdνopkMq

“

ż

K{M
F pkMqe2ρpAopx,gxkMyqqe´2ρpHopgkqqdνopkMq.

Now observe that, by (2.11) and (2.12),

Aopx, gxkMyq ´Hopgkq “ Ag´1rospg
´1rxs, kMq `Aopk

´1g´1q

“ Ag´1rospg
´1rxs, kMq `Aopg

´1ros, kMq

“ Aopg
´1rxs, kMq,

the latter equality being just (2.13) from Lemma 2.9. Hence, we obtain a sort of dual
relation between the G-action on the boundary and that on the reference points of the
boundary measures, namely

ż

K{M
F pg´1xkMyqdνxpkMq “

ż

K{M
F pkMqdνg

´1rxspkMq. (2.24)
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2.2.1.4 Measures on Ξ

Finally, in order to develop the theory in which we are interested, we need to introduce
a G-invariant measure on Ξ. We denote by σ the measure on A with density e2ρplog aq

with respect to the Haar measure da. For every x P X, we can endow Ξ with the
measure dξ obtained as the pushforward of the measure νxbσ on K{M ˆA by means
of the map Ψx, i.e.

dξ “ Ψx˚pν
x b σq.

It turns out that dξ is independent of the choice of x P X. We denote by L1pΞq and
L2pΞq the spaces of absolutely integrable functions and square integrable functions with
respect to the measure dξ, respectively. By definition, for every F P L1pΞq

ż

Ξ
F pξqdξ “

ż

K{MˆA
pF ˝ΨxqpkM, aqdpνx b σqpkM, aq

“

ż

K{MˆA
pF ˝ΨxqpkM, aqe2ρplog aqdνxpkMqda .

It is easy to verify that dξ is G-invariant. We point out that Helgason introduced this
measure w.r.t. o P X, see Lemma 3.1 in Chap. II in [37]. Since in our treatment it is
important to change the reference point the expression above suits our needs.

The group G acts on L2pΞq via the quasi regular representation π̂ : GÑ UpL2pΞqq
defined by

π̂pgqF pξq :“ F pg´1.ξq, F P L2pΞq, g P G.

Equivalently, given x P X, by (2.17)

pπ̂pgqF q ˝ΨxpkM, aq “ F ˝Ψg´1rxspg
´1xkMy, aq, (2.25)

for every pkM, aq P K{M ˆ A and g P G. We see in the following that π̂ is not
irreducible.

We need to introduce some more notation. We denote by ∆´ 1
2 the map onK{MˆA

defined by

∆´ 1
2 pkM, aq “ e ρplog aq.

The reason for such notation resides in the fact that this function has the same ex-
pression of the inverse of the square root of the modular function of the AN Iwasawa
group, see (2.20).

Finally, for every x P X, we introduce the space L2
xpK{M ˆAq of square integrable

functions on K{M ˆ A w.r.t. the measure νx b da. For every F P L2pΞq, we denote
by Ψ˚xF the pL2pΞq, L2

xpK{M ˆ Aqq-pull-back of F by Ψx, that is, we introduce the
unitary operator Ψ˚x : L2pΞq Ñ L2

xpK{M ˆAq given by

Ψ˚xF pkM, aq “ p∆´ 1
2 ¨ pF ˝ΨxqqpkM, aq

for almost every pkM, aq P K{M ˆA. In order to see that Ψ˚x is unitary, observe that
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for every F P L2pΞq we have that
ż

K{MˆA
|Ψ˚xF pkM, aq|2dνxpkMqda

“

ż

K{MˆA
|p∆´ 1

2 ¨ pF ˝ΨxqqpkM, aq|2dνxpkMqda

“

ż

K{MˆA
|pF ˝ΨxqpkM, aq|2e2ρplog aqdνxpkMqda

“

ż

Ξ
|F pξq|2dξ “ }F }2L2pΞq,

so that Ψ˚x is an isometry from L2pΞq into L2
xpK{M ˆAq. Surjectivity is also clear.

2.2.2 The Helgason-Fourier transform

The Helgason-Fourier transform was defined by Helgason in analogy with the Fourier
transform on Euclidean spaces in polar coordinates. We briefly recall its definition and
its main features.

Definition 2.13 (§1, Chap. III, [37]). The Helgason-Fourier transform of f P DpXq
is the function Hf : K{M ˆ a˚ ÝÑ C defined by

HfpkM, λq “

ż

X
fpxqep´iλ`ρqpAopx,kMqqdx.

As the Euclidean Fourier transform, the Helgason-Fourier transform extends to a
unitary operator on L2pXq. The Plancherel measure involves the Harish-Chandra c
function, a cornerstone in the analysis on symmetric spaces [31], [32]. It is a meromor-
phic function c : a˚C Ñ C defined on the complexified dual space a˚C for which various
formulae are available (see e.g. [38]). It may thus be restricted to the real space a˚. As
an example, in the case of the unit disk, if Repiλq ą 0, then

cpλq “ π´1{2 Γp1
2 iλq

Γp1
2piλ` 1qq

,

so that

|cpλq|´2 “
πλ

2
tanh

ˆ

πλ

2

˙

.

We denote by L2
o,cpK{M ˆ a˚q the space of the functions on K{M ˆ a˚ that are

square integrable w.r.t. the measure w´1 |cpλq|´2 dνodλ, where w stands for the car-
dinality of the Weyl group W .

Proposition 2.14 (§1, Chap. III, [37]). For every f1, f2 P DpXq
ż

x
f1pxqf2pxqdx “

ż

a˚ˆK{M
Hf1pkM, λqHf2pkM, λqdνopkMq

dλ

w|cpλq|2
. (2.26)
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The rest of the paragraph is devoted to state the Plancherel theorem for the
Helgason-Fourier transform.

Property 7. We say that a function F P L2
o,cpK{M ˆ a˚q satisfies Property 7 if for

every x P X the function

a˚ Q λ ÞÝÑ

ż

K{M
epρ`iλqpAopx,kMqqF pkM, λqdνopkMq (2.27)

is W -invariant almost everywhere (see the comments after (1.20) for the W -action on
a˚).

We denote by L2
o,cpK{Mˆa

˚q7 the space of functions F in L2
o,cpK{Mˆa

˚q satisfying
Property 7. We observe that the integral in (2.27) is absolutely convergent for almost
every λ P a˚. By Fubini theorem, for every F P L2

o,cpK{M ˆ a˚q we have that

}F }2L2
o,cpK{Mˆa

˚q “

ż

a˚

ż

K{M
|F pkM, λq|2dνopkMq

dλ

w|cpλq|2
ă `8.

Thus, the function F p¨, λq is in L2pK{M,νoq Ď L1pK{M,νoq for almost every λ P
a˚ and, since ρpAopx, ¨qq is bounded on K{M , the integrability properties of F p¨, λq
continue to hold for the function epρ`iλqpAopx,¨qqF p¨, λq.

Remark 2.15. We observe en passant that the Helgason-Fourier definition depends
on the choice of o P X. Actually, it is possible to define it w.r.t. to every reference
point x P X on f P DpXq by

HxfpkM, λq “

ż

X
fpyqep´iλ`ρqpAxpy,kMqqdy, pkM, λq P K{M ˆ a˚.

An easy application of Lemma 2.9 (iii) clearly reveals a relation between H and Hx,
namely

HxfpkM, λq “ ep´ρ`iλqAopx,kMqHfpkM, λq.

Hence, by using the Radon-Nikodym derivative (2.23) of νx w.r.t. νo, Property 7 for
H consists in the a.e. W -invariance of

a˚ Q λ ÞÝÑ

ż

K{M
HxpkM, λqdνxpkMq,

for every x P X. This remark is not used in the following but however it represents an
explanation of the symmetries required in Property 7.

Every function F P L2
o,cpK{M ˆ a˚q7 is uniquely determined by its restriction on

K{M ˆ a˚`. Here a˚` denotes the positive Weyl chamber

a˚` “ tλ P a
˚ : Aλ P a

`u,

where Aλ represents λ via the Killing form, in the sense that λpHq “ BpAλ, Hq. If we
suppose that F, G P L2

o,cpK{M ˆ a˚q7 are such that F1|K{Mˆa˚`
“ F2|K{Mˆa˚`

, then
ż

K{M
epρ`isλqpAopx,kMqqpF1 ´ F2qpkM, sλqdνopkMq

“

ż

K{M
epρ`iλqpAopx,kMqqpF1 ´ F2qpkM, λqdνopkMq “ 0
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for a. e. λ P a˚` and for every s PW . Therefore, by Lemma 5.3 in Chap. II in [37], we
can conclude that F1 ´ F2 “ 0 in L2

o,c pK{M ˆ a˚q.
By the Paley-Wiener theorem for the Helgason Fourier transform (Theorem 5.1

in Chap. III in [37]), Hf P L2
o,cpK{M ˆ a˚q7 for every f P DpXq, so that Hf is

uniquely determined by its restriction on K{M ˆ a˚`. We denote by L2
o,c

`

K{M ˆ a˚`
˘

the space of the functions on K{M ˆ a˚` that are square integrable w.r.t. the measure
|cpλq|´2 dνodλ and the Plancherel theorem for the Helgason-Fourier transform reads:

Theorem 2.16 (Theorem 1.5, Chap. III, [37]). The restricted Helgason-Fourier trans-
form f ÞÑ Hf |K{Mˆa˚` extends to a unitary operator H from L2pXq onto L2

o,c
`

K{M ˆ a˚`
˘

.

For our purpose we sometimes use a different terminology from Helgason. In par-
ticular, we need a different version of Theorem 2.16, that better suits our needs.

By the Plancherel formula (2.26),H is an isometry fromDpXq into L2
o,c pK{M ˆ a˚q.

Furthermore, we show that, by Theorem 2.16,HpDpXqq embeds densely in L2
o,cpK{Mˆ

a˚q7. Let F P L2
o,c pK{M ˆ a˚q7 be such that xF,HfyL2

o,cpK{Mˆa
˚q “ 0 for every

f P DpXq. Then, by Fubini theorem we have that

0 “
1

w

ż

a˚

ż

K{M
F pkM, λq

ż

X
fpxqep´iλ`ρqpAopx,kMqqdxdνopkMq

dλ

|cpλq|2

“
1

w

ż

a˚

ż

X

ż

K{M
F pkM, λqepiλ`ρqpAopx,kMqqdνopkMqfpxqdx

dλ

|cpλq|2

“

ż

a˚`

ż

X

ż

K{M
F pkM, λqepiλ`ρqpAopx,kMqqdνopkMqfpxqdx

dλ

|cpλq|2

“

ż

a˚`

ż

K{M
F pkM, λqHfpkM, λqdνopkMq

dλ

|cpλq|2
, (2.28)

where we use that F satisfies Property 7 and |c|2 is W -invariant. Hence, (2.28) yields

xF |K{Mˆa˚` ,Hf |K{Mˆa˚`yL2
o,cpK{Mˆa

˚
`q
“ xF |K{Mˆa˚` ,H fyL2

o,cpK{Mˆa
˚
`q
“ 0,

for every f P DpXq, and Theorem 2.16 implies that F ” 0 a.e. onK{Mˆa˚`. Therefore,
F “ 0 in L2

o,c pK{M ˆ a˚q and HpDpXqq embeds densely in L2
o,cpK{M ˆ a˚q7.

This leads us to state the following formulation of Theorem 2.16.

Theorem 2.17. The Helgason-Fourier transform H extends to a unitary operator H
from L2pXq onto L2

o,c pK{M ˆ a˚q7.

In what follows, we always consider H taking values in L2
o,c pK{M ˆ a˚q7.

2.3 Unitarization of Radon transform

In this section we introduce the horocyclic Radon transform, we study its range, and
we investigate its intertwining properties with the quasi regular representations π and
π̂ of G. In the last part we present our main result: the so called unitarization theorem
for the horocyclic Radon transform.
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The horocyclic Radon transform of a signal is defined as a function on Ξ. The
machinery we developed in the previous sections leads us to consider it as a function
on K{M ˆA in many ways, that is, w.r.t. every reference point. Section 2.3.1 contains
two important results: a classical one that is the Fourier slice theorem (§5, Chap. III
in [37]) and Proposition 2.24. The latter is the result on which Section 2.3.2 is based,
indeed it links Property 7 of the previous section with Property 5 introduced below,
providing a characterization of L2

5
pΞq, that is the range of the unitarization of the

horocyclic Radon transform.
Section 2.3.2 contains our main result, that is Theorem 2.28. In order to define the

operator Λ involved in the unitarization ofR, we need some technicalities. The operator
Λ is the same introduced by Helgason in [37] on a dense domain of L2pΞq. In addition,
we show that Λ maintains Property 5. Roughly speaking, Λ is the conjugation of a
densely defined Fourier multiplier Jo by ∆´1{2. The last sentence must be interpreted:
indeed the conjugation cannot be expressed directly but we need to use the pull-back
Ψ˚o (and its inverse), see Figure 2.4. We stress that if we replace o with x P X, the so
obtained operator Λ is the same.

RQ

L2pXq DpXq

Λ ˝R

L2
5
pΞq E X L2

5
pΞq

Λ

Figure 2.3: The operator Λ is defined
on the dense subset E Ď L2pΞq and
maintains Property 5. Its precomposi-
tion with R extends to a unitary opera-
tor Q on L2pXq.

L2pΞqE

Do

Ψ˚o

L2
opK{M ˆAq

Λ

Jo

Ψ˚o

Figure 2.4: The Fourier multiplier Jo
is defined on the dense subset Do Ď
L2
opK{M ˆ Aq and is “transported” on

functions defined on Ξ by the conjuga-
tion with Ψ˚o .

The presence of the factor ∆´1{2 represents a difference from the setup of the
previous chapter, indeed in the classical unitarization examples presented in [1], the
operator Λ is always a pure Fourier multiplier.

Finally, we show that the unitary extension Q of ΛR intertwines the two quasi
regular representations of G on L2pXq and L2pΞq, respectively.

We refer the reader to compare the two diagrams in Figures 2.3 and 2.4 with the
final on in Figure 2.5, which is completed with results proved below.

2.3.1 The horocyclic Radon transform

With horocyclic Radon transform we mean the integration of a signal on each horocy-
cle of Ξ. Because horocycles admit (several) explicit parametrizations, we define the
horocyclic Radon transform appealing directly to the basic parametrization, as clarified
in the definition that follows.
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Definition 2.18. The horocyclic Radon transform Rf of a function f P DpXq is the
map Rf : Ξ Ñ C defined by

pRf ˝ΨoqpkM, aq “

ż

N
fpkanrosqdn,

for every pkM, aq P K{M ˆA.

If we change parametrization, and use equality (2.18), for any x P X we obtain the
equivalent definition

pRf ˝ΨxqpkM, aq “ pRf ˝ΨoqpkM, a exppAopx, kMqqq

“

ż

N
fpka exppAopx, kMqqnrosqdn. (2.29)

Definition 2.19. Let f P DpXq. We denote by Af the map Af : K{M ˆ A Ñ C
defined by

AfpkM, aq :“ Ψ˚opRfqpkM, aq “ p∆´ 1
2 ¨ pRf ˝ΨoqqpkM, aq.

It is worth observing that if the function f is K-left-invariant, then Af coincides
with the Abel transform of f introduced by Helgason in Chap. IV in [37].

We need to introduce the Fourier transform on the Abelian group A. It is possible
to see that, in the terminology of Section 1.1.3, pA » a˚ and xa, λy “ eiλplog aq for every
a P A and λ P a˚. Hence Definition 1.18 reads as follows.

Definition 2.20. Let s P L1pAq. The Fourier transform Fs of s is defined on a˚ by

Fspλq “
ż

A
spaqe´iλplog aqda .

We denote by R the regular representation of A on L2pAq, which is defined for every
s P L2pAq and for every α P A by

Rαspaq “ spα´1aq, a P A.

Furthermore, we denote by M the representation of A on L2pa˚q defined for every
r P L2pa˚q and for every α P A by

Mαrpλq “ e´iλplogαqrpλq, λ P a˚.

Proposition 2.21 (§7.2, Chap. 5, [40]). The Fourier transform F : L2pAq Ñ L2pa˚q
intertwines the regular representation R with the representation M , i.e.

FRα “MαF ,

for every α P A.

We are now ready to recall the result which relates the Helgason-Fourier transform
with the horocyclic Radon transform. We refer to Proposition 2.22 as the Fourier Slice
Theorem for the horocyclic Radon transform in analogy with Theorem 1.34 for the
polar Radon transform.
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Proposition 2.22 (§5, Chap. III, [37]). For every f P DpXq and kM P K{M , the
function a ÞÑ AfpkM, aq is in L1pAq and

pI b FqAfpkM, λq “ HfpkM, λq, (2.30)

for almost every λ P a˚.

Let f P DpXq. By the Paley-Wiener theorem for the Helgason Fourier transform
(Theorem 5.1 in Chap. III in [37]), Hf is rapidly decreasing in the variable λ P a˚

uniformly over K{M , that is for every n P N

|||Hf |||n :“ sup
kMPK{M, λPa˚

p1` |λ|qn|HfpkM, λq| ă `8.

By Theorem 1.20 and Proposition 2.22, we have that
ż

Ξ
|Rfpξq|2dξ “

ż

K{MˆA
|Ψ˚opRfqpkM, aq|2dνopkMqda

“

ż

K{Mˆa˚
|pI b FqpΨ˚opRfqqpkM, λq|2dνopkMqdλ

“

ż

K{Mˆa˚
|HfpkM, λq|2dνopkMqdλ

“

ż

K{Mˆa˚

p1` |λ|q2n|HfpkM, λq|2

p1` |λ|q2n
dνopkMqdλ

ď |||Hf |||2n
ż

a˚

1

p1` |λ|q2n
dλ ă `8,

for every n ą dimA{2. Therefore, Rf P L2pΞq for every f P DpXq.
The horocyclic Radon transform intertwines the regular representations π and π̂ of

G.

Proposition 2.23. For every g P G and f P DpXq

Rpπpgqfq “ π̂pgqpRfq .

Proof. Let g P G and f P DpXq. It is sufficient to show that Rpπpgqfq ˝ Ψo “

π̂pgqpRfq ˝Ψo on K{M ˆA. Let pkM, aq P K{M ˆA. Then

Rpπpgqfq ˝ΨopkM, aq “

ż

N
πpgqfpkanrosqdn

“

ż

N
fpg´1kanrosqdn

“

ż

N
fpκopg

´1kq exppHopg
´1kqqanrosqdn,

where we used the decomposition g´1k P κopg
´1kq exppHopg

´1kqqN and the fact that
A normalizes N . Now, by (2.6), (2.11) and (2.13), we have

Hopg
´1kq “ ´Aopk

´1gq “ ´Aopgros, kMq “ Agrospo, kMq .
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Finally, by g´1pkMq “ κopg
´1kqM and (2.29) we have that

Rpπpgqfq ˝ΨopkM, aq “

ż

N
fpκopg

´1kq exppAgrospo, kMqqanrosqdn

“

ż

N
fpκopg

´1kq exppAopg
´1ros, g´1xkMyqqanrosqdn

“ Rf ˝Ψg´1rospg
´1xkMy, aq

“ pπ̂pgqRfq ˝ΨopkM, aq,

where we used the action of G on Ξ given in (2.25).

We now introduce a closed subspace of L2pΞq which will be crucial because it is the
range of the unitarization of the horocyclic Radon transform. To do it, we introduce a
property which will play a role similar to Property 7. Roughly speaking, we can think
of Property 5 above as the time analog of the Property 7 in frequency, under pIbFqΨx,
for every x P X, as it is better clarified in Proposition 2.24 and in Figure 2.5.

By definition, for every x P X and every F P L2pΞq

}F }2L2pΞq “

ż

K{M

ż

A
|Ψ˚xF pkM, aq|2dadνxpkMq ă `8.

So that, the function Ψ˚xF pkM, ¨q is in L2pAq for almost every kM P K{M . Then, by
Plancherel formula 1.11 and Fubini theorem

}F }2L2pΞq “

ż

K{MˆA
|Ψ˚xF pkM, aq|2dνxpkMqda

“

ż

K{Mˆa˚
|pI b FqΨ˚xF pkM, λq|2dνxpkMqdλ

“

ż

a˚

ż

K{M
|pI b FqΨ˚xF pkM, λq|2dνxpkMqdλ ă `8.

So that, for almost every λ P a˚ the function pI b FqΨ˚xF p¨, λq is in L2pK{M,νxq Ď
L1pK{M,νxq and

ˇ

ˇ

ˇ

ˇ

ˇ

ż

K{M
pI b FqΨ˚xF pkM, λqdνxpkMq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż

K{M
|pI b FqΨ˚xF pkM, λq|dνxpkMq,

which is finite.

Property 5. We say that a function F P L2pΞq satisfies Property 5 if for every
x P X the function

a˚ Q λ ÞÝÑ

ż

K{M
pI b FqΨ˚xF pkM, λqdνxpkMq

is W -invariant almost everywhere.

We denote by L2
5
pΞq the space of functions F P L2pΞq satisfying Property 5. Notice

that by the considerations above, the integral appearing in Property 5 is finite for almost
every λ P a˚. Our main results in Section 2.3.2 are based on the characterization of
L2
5
pΞq given in Proposition 2.24 below. We denote by L2

opK{M ˆ a˚q the space of
square integrable functions on K{M ˆ a˚ w.r.t. the measure νo b dλ.
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Proposition 2.24. The operator Φo defined on F P L2pΞq by

ΦoF pkM, λq “ pI b FqΨ˚oF pkM, λq, a.e. pkM, λq P K{M ˆ a˚,

is an isometry from L2pΞq into L2
o pK{M ˆ a˚q. Furthermore, a function F belongs to

L2
5
pΞq if and only if ΦoF satisfies Property 7.

Proof. By Parseval identity, for every F P L2pΞq we have that
ż

K{Mˆa˚
|ΦoF pkM, λq|2 dνopkMqdλ

“

ż

K{M

ż

a˚
|pI b FqΨ˚oF pkM, λq|2 dλdνopkMq

“

ż

K{MˆA
|Ψ˚oF pkM, aq|2 dνopkMqda “ }F }2L2pΞq,

so that Φo is an isometry from L2pΞq into L2
o pK{M ˆ a˚q. Now, let F P L2pΞq. By

equation (2.18) and by the definition of the regular representation R of A, for almost
every kM P K{M and λ P a˚ we have that

ΦoF pkM, λq “ pI b FqΨ˚oF pkM, λq “ pI b Fqp∆´ 1
2 ¨ pF ˝ΨoqqpkM, λq

“ eρpAopx,kMqqpI b FqpI bRexppAxpo,kMqq´1qp∆´ 1
2 ¨ pF ˝ΨxqqpkM, λq.

Therefore, by Proposition 2.21 we obtain

ΦoF pkM, λq “ eρpAopx,kMqqpI bMexppAxpo,kMqq´1qpI b Fqp∆´ 1
2 ¨ pF ˝ΨxqqpkM, λq

“ epρ´iλqpAopx,kMqqpI b Fqp∆´ 1
2 ¨ pF ˝ΨxqqpkM, λq

“ epρ´iλqpAopx,kMqqpI b FqΨ˚xF pkM, λq. (2.31)

Now, for every x P X and for almost every λ P a˚, (2.31) yields
ż

K{M
epρ`iλqpAopx,kMqqΦoF pkM, λqdνopkMq

“

ż

K{M
epρ`iλqpAopx,kMqqepρ´iλqpAopx,kMqqpI b FqΨ˚xF pkM, λqdνopkMq

“

ż

K{M
pI b FqΨ˚xF pkM, λqe2ρpAopx,kMqqdνopkMq

“

ż

K{M
pI b FqΨ˚xF pkM, λqdνxpkMq. (2.32)

Equality (2.32) allows us to conclude that F satisfies Property 5 if and only if ΦoF
satisfies Property 7 and this concludes our proof.

Corollary 2.25. For every f P DpXq,

ΦopRfq “ Hf

in L2
opK{M ˆ a˚q and Rf P L2

5
pΞq.
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Proof. The proof follows immediately by Proposition 2.22 and the fact that the Helgason-
Fourier transform satisfies Property 7.

Some comments are in order. Proposition 2.24 with Corollary 2.25 shows the link
between the range of the Radon transform with the range of the Helgason-Fourier
transform, which will play a crucial role in our main result. The range RpDpXqq has
already been completely characterized in Chap. IV in [37]. As it will be made clear in
the following, Property 5 better suits our needs.

2.3.2 Unitarization and intertwining

In order to obtain the unitarization for the horocyclic Radon transform that we are
after, we need some technicalities.

We put

Do “ tϕ P L2
opK{M ˆAq : pI b Fqϕ P L2

o,cpK{M ˆ a˚qu

and we define the operator Jo : Do Ď L2
opK{M ˆ Aq Ñ L2

opK{M ˆ Aq as the Fourier
multiplier

pI b FqpJoϕqpkM, λq “
1

?
w |cpλq|

pI b FqϕpkM, λq, a.e. pkM, λq P K{M ˆ a˚.

We define the set of functions

E “ tF P L2pΞq : ΦoF P L
2
o,cpK{M ˆ a˚qu

and we consider the operator Λ: E Ď L2pΞq Ñ L2pΞq given by

ΛF “ Ψ˚o
´1JoΨ˚oF.

As a direct consequence of the definition of Λ and Jo, for every F P E and for
almost every pkM, λq P K{M ˆ a˚ we have (see the rightmost block in Fig. 2.5)

ΦopΛF qpkM, λq “ pI b FqpJoΨ˚oF qpkM, λq

“
1

?
w |cpλq|

pI b FqpΨ˚oF qpkM, λq

“
1

?
w |cpλq|

ΦoF pkM, λq. (2.33)

The operator Λ intertwines the regular representation π̂ as shown by the next
proposition.

Proposition 2.26. The subspace E is π̂-invariant and for all F P E and g P G

π̂pgqΛF “ Λπ̂pgqF. (2.34)

Proof. We consider F P E , g P G and we prove that π̂pgqF P E . By (2.25)

π̂pgqF ˝ΨopkM, aq “ F ˝Ψg´1rospg
´1xkMy, aq
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for almost every pkM, aq P K{M ˆA. Therefore, we have

Ψ˚opπ̂pgqF qpkM, aq “ Ψ˚g´1rosF pg
´1xkMy, aq

and consequently by equation (2.31)

Φopπ̂pgqF qpkM, λq “ pI b FAqpΨ˚g´1rosF qpg
´1xkMy, λq

“ epρ´iλqpAg´1rospo,g
´1xkMyqqΦopF qpg

´1xkMy, λq (2.35)

for almost every pkM, λq P K{M ˆ a˚. By equations (2.35), (2.24) and (2.23)
ż

K{Mˆa˚
|Φopπ̂pgqF qpkM, λq|2

dνopkMqdλ

w|cpλq|2

“

ż

a˚

ż

K{M
|ΦopF qpg

´1xkMy, λq|2e2ρpAg´1rospo,g
´1xkMyqqdν

opkMqdλ

w|cpλq|2

“

ż

K{Mˆa˚
|ΦoF pkM, λq|2e2ρpAg´1rospo,kMqq

dνg
´1rospkMqdλ

w|cpλq|2

“

ż

K{Mˆa˚
|ΦoF pkM, λq|2

dνopkMqdλ

w|cpλq|2
ă `8

and we conclude that π̂pgqF P E . We next prove the intertwining property (2.34). We
have already observed that, by Proposition 2.24, it is enough to prove that

Φopπ̂pgqΛF q “ ΦopΛπ̂pgqF q

for every g P G and F P E . By equations (2.35) and (2.33), for almost every pkM, λq P
K{M ˆ a˚, we have the chain of equalities

Φopπ̂pgqΛF qpkM, λq “ epρ´iλqpAg´1rospo,g
´1xkMyqqΦopΛF qpg

´1xkMy, λq

“
1

?
w |cpλq|

epρ´iλqpAg´1rospo,g
´1xkMyqqΦopF qpg

´1xkMy, λq

“
1

?
w |cpλq|

Φopπ̂pgqF qpkM, λq “ ΦopΛπ̂pgqF qpkM, λq,

which proves the intertwining relation.

The next result follows directly by Proposition 2.24 and equation (2.33).

Corollary 2.27. For every F P E , ΛF P L2
5
pΞq if and only if F P L2

5
pΞq.

Proof. By Proposition 2.24, ΛF P L2
5
pΞq if and only if ΦopΛF q satisfies Property 7. By

(2.33) and since λ ÞÑ |cpλq| is W -invariant, ΦopΛF q satisfies Property 7 if and only
if ΦopF q satisfies Property 7, which is equivalent to F P L2

5
pΞq. This concludes the

proof.

We are now in a position to prove our main result.
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L2pΞqE

Do

L2
o,cpK{M ˆ a˚q

Ψ˚o

I b F

L2
opK{M ˆAq Φo

L2
opK{M ˆ a˚q

Λ

Jo

w´1{2
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Λ ˝R
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H
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time
frequency

Figure 2.5: Spaces and operators that come into play in our construction.

Theorem 2.28. The composite operator ΛR extends to a unitary operator

Q : L2pXq ÝÑ L2
5 pΞq

which intertwines the representations π and π̂, i.e.

π̂pgqQ “ Qπpgq, g P G. (2.36)

Theorem 2.28 implies that π and the restriction π̂|L2
5
pΞq of π̂ to L2

5
pΞq are unitarily

equivalent representations. Moreover, π̂|L2
5
pΞq (and then π̂) is not irreducible, too.

Proof. We first show that ΛR extends to a unitary operator Q from L2pXq onto L2pΞq.
It might be useful to keep in mind see the leftmost block in Fig. 2.5. Let f P DpXq,
by the Fourier Slice Theorem (2.30), the Plancherel formula(1.11) and the definition of
Jo and Λ, we have that

}f}2L2pXq “ }Hf}
2
L2
o,cpK{Mˆa

˚q7

“ }pI b FqpΨ˚opRfqq}2L2
o,cpK{Mˆa

˚q7

“

ż

K{Mˆa˚
|pI b FqpJoΨ˚opRfqqpkM, λq|2dνopkMqdλ

“

ż

K{Mˆa˚
|pI b FqpΨ˚opΛRfqqpkM, λq|2dνopkMqdλ

“

ż

K{MˆA
|Ψ˚opΛRfqpkM, aq|2dνopkMqda

“ }ΛRf}2L2pΞq.

Hence, ΛR is an isometric operator from DpXq into L2pΞq. Since DpXq is dense in
L2pXq, ΛR extends to a unique isometry from L2pXq onto the closure of RanpΛRq in
L2pΞq. We must show that ΛR has dense image in L2

5
pΞq. The inclusion RanpΛRq Ď
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L2
5
pΞq follows immediately from Corollary 2.25 and Corollary 2.27. Let F P L2

5
pΞq be

such that xF,ΛRfyL2pΞq “ 0 for every DpXq. By the Plancherel formula (1.11) and
the Fourier Slice Theorem (2.30) we have that

0 “ xF,ΛRfyL2pΞq

“

ż

K{MˆA
pF ˝ΨoqpkM, aqpΛRf ˝ΨoqpkM, aqe2ρplog aqdνopkMqda

“

ż

K{MˆA
pΨ˚oF qpkM, aqpJoΨ˚opRfqqpkM, aqdνopkMqda

“

ż

K{Mˆa˚
ΦopF qpkM, λqpI b FqpJoΨ˚opRfqqpkM, λqdνopkMqdλ

“

ż

K{Mˆa˚
ΦopF qpkM, λqpI b FqpΨ˚opRfqqpkM, λq

dνopkMqdλ
?
w|cpλq|

“

ż

K{Mˆa˚

?
w|cpλq|ΦopF qpkM, λqHfpkM, λq

dνopkMqdλ

w|cpλq|2
.

For simplicity, we denote by ΘF the function on K{M ˆ a˚ defined as

ΘF pkM, λq “
?
w|cpλq|ΦopF qpkM, λq, a.e. pkM, λq P K{M ˆ a˚.

Hence we have proved that xΘF,Hfy “ 0 for every f P DpXq. The next two facts
follow immediately by Proposition 2.24. Since Φo is an isometry from L2pΞq into
L2
o pK{M ˆ a˚q, the function ΘF belongs to L2

o,cpK{Mˆa˚q. Further, since F P L2
5
pΞq

and since λ ÞÑ |cpλq| is W -invariant, then ΘF P L2
o,cpK{M ˆ a˚q7. By Theorem 2.16,

HpDpXqq is dense in L2
o,cpK{M ˆ a˚q7. Hence, ΘF “ 0 in L2

o,cpK{M ˆ a˚q7 and then
ΦopF q “ 0 in L2

o pK{M ˆ a˚q. Since Φo is an isometry from L2pΞq into L2
o pK{M ˆ a˚q,

then F “ 0 in L2pΞq. Therefore, RanpΛRq “ L2
5
pΞq and ΛR extends uniquely to a

surjective isometry
Q : L2pXq ÝÑ L2

5 pΞq.

Observe that Qf “ ΛRf for every f P DpXq. The intertwining property (2.36) follows
immediately from Proposition 2.23 and Proposition 2.26.
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Chapter 3

Radon transform on homogeneous
trees

This chapter contains the results published in [7]. The purpose of the work is to write
a unitarization result, that is a version of Theorem 1.35 and 1.38, in the setup of the
horocyclic Radon transform on homogeneous trees.

The idea of considering homogeneous trees is motivated by the fact that they are
a family of discrete spaces having a lot of similarities with the symmetric spaces of
the noncompact type of rank 1 analyzed in the previous chapter. Among others, the
definitions of boundary and horocycle are developed on the homogeneous trees. Conse-
quently, the Radon transform is defined on horocycles. After the results of Chapter 2,
a natural question is if the similarity of the two setting leads us to an analog result for
the horocyclic Radon transform on homogeneous trees. Indeed, this setting, as the one
in the previous chapter, does not satisfy the assumptions of [1].

The horocyclic Radon transformR on homogeneous trees was introduced by P. Cartier [14]
and studied by A. Figà-Talamanca and M.A. Picardello [23], W. Betori, J. Faraut and
M. Pagliacci [12], M. Cowling, S. Meda and A.G. Setti [18], J. Cohen, F. Colonna and
E. Tarabusi [15], and A. Veca [52], to name a few. Some of the typical issues considered
are inversion formulæ and range problems.

We consider the group G of the isometries of the homogeneous tree X and we
show that the counting measure on X is G-invariant and horocycles Ξ are endowed
with a G-invariant measure, too. The main result of our work is to provide a formula
for the pseudo-differential operator Λ such that ΛR extends to a unitary operator
Q : L2pXq : L2

5
pΞq, where even in this case L2

5
pΞq keeps track of symmetries naturally

satisfied by the structure of the Radon transform. Furthermore we show that Q in-
tertwines the two quasi regular representation π and π̂ of G on L2pXq and L2

5
pΞq,

respectively.
Our approach is similar to the previous chapter, but the techniques and the ideas

behind the results are sometimes very different. Also in this setup, horocycles can be
parametrized by an element of the boundary Ω and an integer number (instead of an
element of the Abelian subgroup A) w.r.t. every reference vertex x P X. We keep track
of these parametrizations with the family of functions

Ψv : Ωˆ ZÑ Ξ

81
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defined in (3.3). Again, the key of our work lies in the freedom of changing the reference
point, which permits us to relate the range of the Helgason-Fourier transform and
L2
5
pΞq, the image of the unitarization Q. This relation is highlighted in Proposition 3.9

which shows how these spaces are related by the Fourier transform of Ψ˚o , the pull-back
of Ψo. Given a Fourier multiplier Jo on functions defined on ΩˆZ, the main operator
is Λ “ Ψ˚o

´1JoΨ˚o . Also on the homogeneous trees, the definition of Λ can be seen to
be independent of the choice of the reference vertex o P X.

The chapter is organized in three sections. In Section 3.1, we present the main
notions and the relevant results in the theory of homogeneous trees, presenting notions
as boundary and horocycle. In Section 3.2, we introduce measures involved in our
analysis, we present the group of automorphisms on the tree and its quasi regular rep-
resentations, and then, we give a brief overview of the Helgason-Fourier transform. In
Section 3.3, we recall the horocyclic Radon transform on homogeneous trees, we present
its link with the Helgason-Fourier transform and we show its intertwining properties
with quasi regular representations. Finally, we prove the unitarization theorem for the
horocyclic Radon transform.

3.1 Homogeneous trees

In this section we recall the basic definitions and facts on homogeneous trees that will
be used throughout, focusing on the space of horocycles. We refer again to [12], [18]
and [22].

Section 3.1.1 contains the very basic definitions on homogeneous trees and fixes
terminology used throughout. It has to be considered as a concise introduction for
Chapter 4, too. Then we present the boundary Ω of a homogeneous tree in Section 3.1.2.
It is one of the clearest point of contact with symmetric spaces of rank one, and in
particular with the hyperbolic disk. Finally, we introduce the family of horocycles and
their different parametrization through Ω ˆ Z w.r.t. every possible reference vertex.
We stress the similitude with the hyperbolic disk where horocycles are parametrized
by the product of the boundary with the subgroup A » R.

3.1.1 Preliminaries

A graph is a pair pX,Eq, where X is the discrete set of vertices and E is the family
of edges, where an edge is a two-element subset of X. We often think of an edge as
a segment joining two vertices. If two vertices are joint by a segment, that is they
belong to the same edge, they are called adjacent. A tree is an undirected1, connected,
loop-free graph. In this chapter and in the following we are interested in homogeneous
trees. A q-homogeneous tree is a tree in which each vertex has exactly q ` 1 adjacent
vertices. If q ě 1, a q-homogeneous tree is infinite. From now on, we suppose q ě 2 in
order to exclude trivial cases, that is, segments and lines. Furthermore, with a slight
abuse of notation, we shall often call the set of vertices a tree, implying the structure
of edges which is totally clear on homogeneous trees.

1A graph is undirected if edges are unordered pairs.
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Given u, v P X with u ‰ v, we denote by ru, vs the unique ordered t-uple px0 “

u, x1, . . . , xt´1 “ vq P Xt, where txi, xi`1u P E and all the xi are distinct. We call
ru, vs a (finite) t-chain and we think of it as a path starting at u and ending at v or,
equivalently, as the finite sequence of consecutive 2-chains ru, x1s, rx1, x2s, . . . , rxt´2, vs.
With slight abuse of notation, if ru, vs “ px0, . . . , xt´1q we write u, v, xi P ru, vs and
ru, vs “ ru, xis Y rxi, vs, i P t1, . . . , t ´ 2u. In particular, if u and v are adjacent, both
ru, vs, rv, us P X2 are oriented, unlike the edge tu, vu P E which is not. A homogeneous
tree X carries a natural distance d : X ˆX Ñ N, where for every u, v P X the distance
dpu, vq is the number of 2-chains in the path ru, vs. Thus, paths minimize distance and
are geodesics of the tree.

Figure 3.1: A portion of a 2-homogeneous tree

3.1.2 The boundary of a homogeneous tree

An infinite chain is an infinite sequence pxiqiPN of vertices of X such that, for every
i P N, dpxi, xi`1q “ 1 and xi ‰ xi`2. We denote by cpXq the set of infinite chains on X.
We say that two chains pxiqiPN and pyiqiPN are equivalent if there existm P Z and N P N
such that xi “ yi`m for every i ě N and, in such case, we write pxiqiPN „ pyiqiPN. The
boundary of X is the space Ω of equivalence classes cpXq{ „. Observe that an infinite
chain identifies uniquely a point of the boundary, which may be thought of as a point
at infinity. In fact, it is well known [16] that a homogeneous tree of even order q ` 1
can be isometrically embedded in the unit disk, the latter endowed with its hyperbolic
metric, in such a way that the limit points of infinite chains correspond a.e. to the
points of the unit circle, the topological boundary of the unit disk.

We denote by p the canonical projection of cpXq onto Ω. For v P X and ω P Ω we
write rv, ωq for the unique chain pxiqiPN starting at v, i.e. x0 “ v, and “pointing at” the
boundary point ω, i.e. pppxiqiPNq “ ω. Furthermore, given ω1, ω2 P Ω with ω1 ‰ ω2, we
denote by pω1, ω2q the unique infinite sequence of (distinct) vertices pxiqiPZ such that
px´iqiPN P ω1 and pxiqiPN P ω2, and we call it a doubly infinite chain. The boundary Ω
is endowed with the topology (independent of the reference point v) generated by the
open sets

Ωvpuq “ tω P Ω : u P rv, ωqu, u P X.
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With this topology, Ω is a compact topological space. For later use, we remark that in
every class ω P Ω, there is a unique infinite chain rv, ωq starting at v, and we denote
by

Γv “ trv, ωq : ω P Ωu.

the set of all infinite chains starting at v. Clearly Γv and Ω may be identified.

3.1.3 Horocycles

A 2-chain rv, us is said to be positively oriented with respect to ω P Ω if u P rv, ωq,
otherwise we say that rv, us is negatively oriented.

For ω P Ω and v, u P X, we denote by κωpv, uq P Z the so-called horocyclic index
of v and u w.r.t. ω, namely the number of positively oriented (w.r.t. ω) 2-chains in
rv, us minus the number of negatively oriented (w.r.t. ω) 2-chains in rv, us. Horocyclic
index κωpv, ¨q on the tree is the analog of the function Aop¨, kMq on symmetric spaces
introduced in Definition 2.8, indeed,as we will see below, in both the cases horocycles
can be outlined as counterimages of an integer or an element of the abelian subgroup
A through κωpv, ¨q and Aop¨, kMq, respectively. An easy idea of the geometric meaning
of the horocyclic index is given by Figure 2.2 in which the tree is subdivided in layers
from the value of the horocyclic index w.r.t. a point at infinity which lies above.

Clearly, |κωpv, uq| ď dpv, uq. It is easy to verify that, for every v, u, x P X and for
every ω P Ω,

κωpv, xq “ κωpv, uq ` κωpu, xq. (3.1)

Furthermore, we have the following result, which relates the definition of horocyclic
index that we adopt with the one presented in [18], which will be useful in the following.

Proposition 3.1. Let v P X and ω P Ω. If rv, ωq “ pxiqiPN, then for every x P X

κωpv, xq “ lim
iÑ8

pi´ dpx, xiqq.

Proof. We fix x P X and we observe that

lim
iÑ8

pi´ dpx, xiqq “ lim
iÑ8

pdpv, xiq ´ dpx, xiqq.

Since rv, ωq „ rx, ωq, then there exists N P N such that xN P rx, ωq and xN´1 R rx, ωq,
with the understanding that if v P rx, ωq then N “ 0. Thus, for all i ě N

dpv, xiq ´ dpx, xiq “ dpv, xN q ´ dpx, xN q

and then
lim
iÑ8

pdpv, xiq ´ dpx, xiqq “ dpv, xN q ´ dpx, xN q.

Furthermore, rv, xs “ rv, xN sYrxN , xs, where rv, xN s is the union of positively oriented
2-chains and rxN , xs is the union of negatively oriented 2-chains. Hence,

κωpv, xq “ dpv, xN q ´ dpx, xN q “ lim
iÑ8

pdpv, xiq ´ dpx, xiqq “ lim
iÑ8

pi´ dpx, xiqq

and this concludes the proof.
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We are now in a position to introduce the horocycles.

Definition 3.2. For ω P Ω, v P X and n P Z, the horocycle tangent to ω of index n
with respect to the vertex v is the subset of X defined as

hvω,n “ tx P X : κωpv, xq “ nu.

We denote by Ξ the set of horocycles.

hvω,0

hvω,´1

hvω,´2

hvω,´3

hvω,1
v

ω

Figure 3.2: A part of a 2-homogeneous tree. It is possible to see a relation with
Figure 2.1. The bundle of (red) parallel geodesics here is the family of all the geodesics
“ending” in ω P Ω; we represent only two of them. The tree is covered by the family
of horocycles “tangent” to ω which here are represented as unions of vertices lying
on horizontal layers (dashed green lines). Actually, every layer is just a portion of a
(infinite) horocycle.

It follows immediately from (3.1) that for every v, u P X, n P Z and ω P Ω

hvω,n “ huω,n`κωpu,vq. (3.2)

Hence the mapping pv, ω, nq ÞÑ hvω,n is not injective and so Ξ is not well parametrized
by X ˆ Ω ˆ Z. However, for fixed v P X, the map pω, nq ÞÑ hvω,n is actually bijective,
so that Ξ may be identified with Ωˆ Z. Formally, for every v P X, there is a bijection

Ψv : Ωˆ ZÑ Ξ, Ψvpω, nq “ hvω,n (3.3)

and, for every fixed ω P Ω, X can be covered disjointly as

X “
ď

nPZ
hvω,n.

This is clear also through Figure 3.2, where we fix the point at infinity and the integer
element outlines the “height” of the horocylce w.r.t. a reference vertex, v P X.

By equality (3.2), for each pair of vertices u, v P X

Ψ´1
u ˝Ψvpω, nq “ pω, n` κωpu, vqq.

The topology that Ξ inherits as product of Ω and Z is proved to be independent of the
choice of v P X.
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At this point, the analogy with symmetric spaces can be highlighted. Horocycles
are parametrized by Ω ˆ Z in different way, namely for every v P X the function Ψv

corresponds to a different parametrization. The notation for the parametrization is the
same of Chapter 2, the parameters of course are not. Although the correspondence
of the boundary of, say, the disk with Ω is clear, the role of the subgroup A » R of
SUp1, 1q is played by Z. This is one of the reason for which homogeneous trees can be
seen as the discrete counterpart of hyperbolic disk and, in general, symmetric spaces
of rank one.

3.2 Analysis on homogeneous trees

The aim of this section is to describe the analysis on homogeneous trees, from the
measures involved to the Fourier transform defined on X. Standard references for
these are [12], [18] and [22].

We start by showing that the machinery of dual pairs devised by Helgason (see
Section 1.3.1) is applicable to homogeneous trees and horocycles. In particular both
the homogeneous tree X and the family of horocycles Ξ are homogeneous spaces of the
group G of isometries on X and carry G-invariant measure. For every x P X, we endow
the (compact) boundary Ω with a Kx-invariant (probability) measure, where Kx is the
isotropy subgroup of G at x. As on the boundary of symmetric spaces, we analyze the
relation between them. Even in this case, the possibility of changing reference point
is crucial; in particular it helps in the expression of the ranges of Helgason-Fourier
and Radon transforms. Section 3.2.3 is devoted to a brief overview of the Helgason-
Fourier transform. Finally, in Section 3.2.4 we give the definitions of the quasi regular
representations π and π̂ on L2pXq and L2pΞq, respectively, highlighting the fact that
π is not irreducible.

3.2.1 Group actions

From now on, we fix a vertex o P X. As in the previous chapter, this is not a privileged
point because every vertex has the same properties in a homogeneous tree. Fixing o
will avoid confusion when in the following we would like to stress the changing of the
reference point. Furthermore, we denote |x| “ dpo, xq for every x P X.

Let G be the group of isometries on X, that is the group of bijections g : X Ñ X
which preserve the distance d. The group G is unimodular and locally compact, and
acts transitively on X by the action

pg, xq ÞÝÑ grxs :“ gpxq, g P G.

We denote by K the stability subgroup at o. It turns out that K is a maximal compact
subgroup of G and under the canonical bijection gK ÞÑ gros we have the identification
X » G{K .

The group G acts on the boundary as well. Indeed, it is easy to see that if g P G and
pxiqiPN „ pyiqiPN, then pgrxisqiPN „ pgryisqiPN, so that the transitive action of G on X
induces a transitive action of G on Ω. Indeed, if pxiqiPN P cpXq, then pgrxisqiPN P cpXq
as well, because

dpgrxis, grxi`1sq “ dpxi, xi`1q “ 1
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and grxis ‰ grxi`2s since g is an isometry. Furthermore, pxiqiPN „ pyiqiPN implies that
there exist m P Z and N P N such that dpgrxis, gryi`msq “ dpxi, yi`mq “ 0 for every
i ě N and then pgrxisqiPN „ pgryisqiPN. Precisely, the group G acts on Ω by the action

pg, ωq ÞÝÑ g xωy :“ pppgrxisqiPNq, ω “ pppxiqiPNq.

This, in turn, induces a transitive action of K on the set Γo of infinite chains starting
at o by means of

pk, ro, ωqq ÞÝÑ ro, k xωyq, ω P Ω.

We fix ω0 P Ω and we denote by Kω0 the stabilizer of ro, ω0q in K, so that Γo » K{Kω0 .
The group G of isometries of X acts transitively also on the space Ξ of horocycles

through the action on vertices because the G-action maps horocycles in themselves.
Indeed, if ξ P Ξ, ξ “ hvω,n, with v P X, ω P Ω, n P N and rv, ωq “ pxiqiPN, then for
every g P G

grξs “ tgrxs : x P X, κωpv, xq “ nu “ tgrxs : x P X, lim
iÑ8

pi´ dpx, xiqq “ nu

“ tx P X : lim
iÑ8

pi´ dpg´1rxs, xiqq “ nu

“ tx P X : lim
iÑ8

pi´ dpx, grxisqq “ nu

“ tx P X : κg xωypgrvs, xq “ nu

“ h
grvs
g xωy,n, (3.4)

by Proposition 3.1. Basically, we proved that

κωpv, xq “ κg xωypgrvs, grxsq. (3.5)

Therefore, from (3.4), G acts transitively on Ξ by

pg, hvω,nq ÞÝÑ g.hvω,n :“ h
grvs
g xωy,n.

Fix next ω0 P Ω and consider the horocycle

ξ0 “ hoω0,0 “ tx P X : κω0po, xq “ 0u.

If ro, ω0q “ pxiqiPN, then

g.ξ0 “ tx P X : lim
iÑ8

pi´ dpx, grxisqq “ 0u.

Hence, the isotropy subgroup at ξ0 is H “
Ť8
j“0Hj , where Hj is the subgroup of

isometries fixing the sub-path rxj , ω0q P cpXq. Therefore, Ξ » G{H. Observe that H
is the isotropy subgroup of G at hoω0,n for every n P Z. Thus, by (3.2), H is the isotropy
subgroup of G at every horocycle tangent to ω0, namely at hvω0,n for every n P Z and
v P X.

Let τ P G be a one-step translation along pω1, ω0q, with ω1 P Ωztω0u, where ω0 is
as in the definition of H (see [22] for further details on the one-step translations in G).
Let v P pω0, ω1q and assume τpvq P rv, ω0q. Furthermore, denote by A the subgroup
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of G generated by the powers of τ . It is easy to see that the group A acts on H by
conjugation. Indeed, for every m P Z and g P H, g stabilizes every hvω0,n and hence

τmgτ´m. ξ0 “ τmg. h
τ´mros
ω0,0

“ τm. h
τ´mros
ω0,0

“ h
τmτ´mros
ω0,0

“ ξ0,

where we use that τm ¨ω0 “ τ´m ¨ω0 “ ω0. It has been proved in [52] that the resulting
semidirect product H ¸A has modular function

∆ph, τmq “ q´m.

With slight abuse of notation, we write ∆´ 1
2 for the function ∆´ 1

2 : Z Ñ R` defined
by

∆´ 1
2 pnq :“ q

n
2 ,

and in what follows, the same notation is used for its trivial extension to Ωˆ Z. It is
straightforward to see that n ÞÑ q

n
2 plays the role of a ÞÑ eρplog aq in (2.20).

3.2.2 Measures

We endow X with the counting measure dx which is trivially G-invariant, and we
denote by L2pXq the Hilbert space of square integrable functions with respect to dx.

As far as Ω is concerned, recall that Ω is identified with Γo on which K acts
transitively. Therefore, Γo admits a unique K-invariant probability measure µo. We
denote by νo the measure on Ω obtained as the push-forward of µo by means of the
canonical projection p|Γo : Γo Ñ Ω. It has been shown in [22] that

νopΩopuqq “
q

pq ` 1qqdpo,uq
, u ‰ o.

The measure νo is G-quasi invariant and, by definition, the Poisson kernel popg, ωq
is the associated Radon-Nikodym derivative dνopg´1 xωyq{dνopωq, i.e. for every F in
L1pΩ, νoq

ż

Ω
F pg´1 xωyqdνopωq “

ż

Ω
F pωqpopg

´1, ωqdνopωq, g P G. (3.6)

It is possible to prove [22] that

popg, ωq “ qκωpo,grosq.

Since νo is K-invariant, we may write popgK, ωq instead of popg, ωq. For every other
choice of the reference vertex v P X the analog objects Kv (the isotropy subgroup of G
at v), Γv, µ

v, νv, pv can be introduced. It turns out that the measure νo is absolutely
continuous with respect to νv. Precisely

ż

Ω
F pωqdνopωq “

ż

Ω
F pωqqκωpv,oqdνvpωq,
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for every F P L1pΩ, νoq. Therefore, we can endow the boundary Ω with infinitely many
measures which are absolutely continuous with respect to each other.

In order to adequately describe the measure on Ξ relative to which we form the
Lebesgue spaces L1pΞq and L2pΞq, we need the parametrization (3.3). The idea is to
define compatible measures on Ωˆ Z and Ξ in the sense that the natural pull-back of
functions induced by the mapping Ψv : ΩˆZÑ Ξ induces a unitary operator Ψ˚v of the
corresponding L2 spaces. To this end, we consider the measure on Z with density qn

with respect to the counting measure dn. We fix v P X and endow Ξ with the measure
λ obtained as the push-forward of the measure νv b qndn on Ω ˆ Z by means of the
map Ψv, i.e.

λ “ Ψv˚pν
v b qndnq,

which is independent of the choice of the vertex v (see [12]). We denote by L1pΞq
and L2pΞq the spaces of absolutely integrable functions and square integrable functions
with respect to λ, respectively. Thus, by definition of λ, for every F P L1pΞq

ż

Ξ
F pξqdλpξq “

ż

ΩˆZ
pF ˝Ψvqpω, nqq

ndνvpωqdn.

It is easy to verify that λ is G-invariant.
For every v P X, let L2

v pΩˆ Zq be the space of square integrable functions w.r.t.
the measure νvbdn. For every F P L2pΞq, we denote by Ψ˚vF the pL2pΞq, L2

v pΩˆ Zqq-
pull-back of F by Ψv, which involves the function ∆´ 1

2 introduced in the previous
subsection, namely

Ψ˚vF pω, nq “ p∆
´ 1

2 ¨ pF ˝Ψvqqpω, nq,

for almost every pω, nq P Ω ˆ Z. Clearly, Ψ˚v is a unitary operator from L2pΞq into
L2
v pΩˆ Zq. Indeed, for every F P L2pΞq we have that

ż

ΩˆZ
|Ψ˚vF pω, nq|

2 dνvpωqdn “

ż

ΩˆZ

ˇ

ˇ

ˇ
p∆´ 1

2 ¨ pF ˝Ψvqqpω, nq
ˇ

ˇ

ˇ

2
dνvpωqdn

“

ż

ΩˆZ
|pF ˝Ψvqpω, nq|

2 qndνvpωqdn

“

ż

Ξ
|F pξq|2 dλpξq “ }F }2L2pΞq

and then Ψ˚v is an isometry from L2pΞq into L2
v pΩˆ Zq. Surjectivity is also clear.

3.2.3 The Helgason-Fourier transform on homogeneous trees

The Helgason-Fourier transform can be defined on homogeneous trees (see [18], [22],
[23]) in analogy with the setup of symmetric spaces, see Section 2.2.2 and [37]. We
briefly recall its definition and its main features. We put T “ 2π{ logpqq, T “ R{TZ »
r0, T q and we denote by dt the normalized Lebesgue measure on T.

Definition 3.3. The Helgason-Fourier transform of f P CcpXq is the function Hf :
Ωˆ T ÝÑ C defined by

Hfpω, tq “
ÿ

xPX

fpxqqp
1
2
`itqκωpo,xq, pω, tq P Ωˆ T. (3.7)
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As the Euclidean Fourier transform, the Helgason-Fourier transform extends to a
unitary operator on L2pXq (see [22], [23]). The Plancherel measure involves a version
of the Harish-Chandra c-function inspired by the symmetric space construction (see
Section 2.2.2 and for a concise exposition [30]), namely the meromorphic function

cpzq “
1

q
1
2 ` q´

1
2

q1´z ´ qz´1

q
1
2
´z ´ qz´

1
2

, z P C with q2z´1 ‰ 1.

We put
cq “

q

2pq ` 1q
(3.8)

and we denote by L2
cpΩˆTq7 the space of functions F in L2

cpΩˆTq, the space of square
integrable functions on ΩˆT w.r.t. the measure cq |cp1{2` itq|´2 dνodt, satisfying the
symmetry

ż

Ω
popx, ωq

1
2
´itF pω, tqdνopωq “

ż

Ω
popx, ωq

1
2
`itF pω,´tqdνopωq, (3.9)

for every x P X and for almost every t P T.
As in the Euclidean case and in Theorem 2.16, the Helgason-Fourier transform

extends to a unitary operator on L2pXq.

Theorem 3.4 ([22]). The Helgason-Fourier transform H extends to a unitary isomor-
phism H from L2pXq onto L2

c pΩˆ Tq7.

3.2.4 Representations

Here we present the two representations of G which we are interesting in: the one on
L2pXq and the one on L2pΞq which we denote by π and π̂, respectively. Furthermore,
we show that π is not irreducible. The representation π̂ is not irreducible, too, but we
do not show it since, as a consequence of our main result, Theorem 3.14, we have that
π is unitary equivalent to a subrepresentation of π̂.

3.2.4.1 Quasi regular representation on L2pXq

Recall that X is endowed with the counting measure dx which is trivially G-invariant.
Thus, the group G acts on L2pXq by the quasi regular representation π : G ÝÑ

UpL2pXqq defined by

πpgqfpxq :“ fpg´1rxsq, f P L2pXq, g P G,

where UpL2pXqq denotes the group of unitary operators of L2pXq.
The representation π is not directly treated in the analysis on G: the regular rep-

resentation on L2pGq is preferred. For this reason we have not found a clear statement
about the irriducibility of π. We present now a short proof that π is not irreducible.

We use the characterization of irreducibility given by Lemma 1.8, for which the
representation π is not irreducible if and only if there exist two functions h1, h2 P
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L2pXqzt0u such that xh1, πp ¨ qh2yL2pXq vanishes identically on G. We start by proving
that for f P L2pXq and g P G, the action of G on X in frequency reads

H pπpgqfqpω, tq “ qp
1
2
`itqκωpo,grosqH fpg´1 xωy, tq, pω, tq P Ωˆ T. (3.10)

By the density of CcpXq in L2pXq, it is sufficient to prove (3.10) for f P CcpXq. Indeed,

Hpπpgqfqpω, tq “
ÿ

xPX

fpg´1rxsqqp
1
2
`itqκωpo,xq

“
ÿ

xPX

fpxqqp
1
2
`itqκωpo,grxsq

“ qp
1
2
`itqκωpo,grosq

ÿ

xPX

fpxqqp
1
2
`itqκωpgros,grxsq

“ qp
1
2
`itqκωpo,grosq

ÿ

xPX

fpxqqp
1
2
`itqκg´1 xωypo,xq

“ qp
1
2
`itqκωpo,grosqHfpg´1 xωy, tq,

where we used (3.1) and (3.5).
Now we want to find two not vanishing functions of L2pXq whose corresponding

coefficient vanishes identically on G. We introduce the subset

A :“ Ωˆ

„

T

4
,
3T

4



Ď Ωˆ T “ Ωˆ r0, T q.

Take f P L2pXq. We know that H f P L2
cpΩ ˆ Tq7 and if we multiply H f by the

characteristic function of A or Ac it remains in L2
cpΩ ˆ Tq7 since (3.9) is true if the

function is restricted to a symmetric subset. We therefore choose

h1 “ H ´1pχAH fq, h2 “ H ´1pχAcH fq.

Observe that the coefficient associated to h1 and h2 is

xh1, πpgqh2yL2pXq “xχAH f,H pπpgqh2qyL2
cpΩˆTq7

“

ż

ΩˆT
χApω, tqχAcpg

´1 xωy, tqH fpω, tqH fpg´1 xωy, tq

ˆ qp
1
2
´itqκωpo,grosq cqdν

opωqdt

|cp1
2 ` itq|

2
“ 0.

Finally by Lemma 1.8, we conclude that π is not irreducible.

3.2.4.2 Quasi regular representation on L2pΞq

Similarly, since λ is G-invariant, the group G acts on L2pΞq by the quasi regular unitary
representation π̂ : G ÝÑ UpL2pΞqq defined by

π̂pgqF pξq :“ F pg´1.ξq, F P L2pΞq, g P G.
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3.3 Unitarization of Radon transform

In this last section, we present the horocyclic Radon transform and the main operators
which come into play in our main result: the extension of Theorem 1.35, presented in
Theorem 3.14.

Below we recall the definition of the horocyclic Radon transform on homogeneous
trees and its fundamental properties. As already mentioned, the horocyclic Radon
transform is precisely the Radon transform à la Helgason relative to the dual pair
pX,Ξq. As for symmetric spaces, the case of homogeneous trees is not covered by the
general setup considered in [1] since the quasi regular representation π of G on L2pXq is
not irreducible. For this reason, we can not apply the results presented in Section 1.3.2
in order to obtain a unitarization theorem and we therefore adopt an approach which
mimics the one used in [46] and [6] in the case of the polar and the affine Radon
transforms, respectively.

We recall a version of the Fourier slice theorem for homogeneous trees (Proposi-
tion 3.7). Its role is to relate the Helgason-Fourier transform with the horocyclic Radon
transform. As in Chapter 2, the key of the proof of the unitarization result can be out-
lined in Proposition 3.9 and then in the role of Φo. Roughly speaking, Proposition 3.9
highlights the relation between the range of the Helgason-Fourier tranform and the
range of the Radon transform; more precisely, the range of the unitarization of the
Radon transform, L2

5
pΞq. This space is not the full L2 space of Ξ but it keeps track of

the symmetries which are naturally satisfied by the Radon transform.
Section 3.3.2 contains our main result, Theorem 3.14. The operator Λ involved

in the unitarization of the Radon transform is the conjugation by Ψo of a Fourier
multiplier Jo on Z. The operator Jo, as Ψo, depends on the choice of the reference
vertex o. Anyway, it is important to stress that Λ is independent of the reference
vertex. The intertwining property of Q follows from the fact that the Radon transform
(Proposition 3.8) and operator Λ (Proposition 3.12) are invariant under the action of
G.

RQ

L2pXq DpXq

Λ ˝R

L2
5
pΞq E X L2

5
pΞq

Λ

Figure 3.3: The operator Λ is defined
on the dense subset E Ď L2pΞq and
maintains Property 5. Its precomposi-
tion with R extends to a unitary opera-
tor Q on L2pXq.

L2pΞqE

Do

Ψ˚o

L2
opΩˆ Zq

Λ

Jo

Ψ˚o

Figure 3.4: The Fourier multiplier Jv
is defined on the dense subset Dv Ď

L2
opΩ ˆ Zq and is “transported” on func-

tions defined on Ξ by the conjugation
with Ψ˚v .
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3.3.1 The horocyclic Radon transform

The definition of the horocyclic Radon transform is quite immediate. From the point
of view of Helgason, the crucial fact is that the counting measure restricted to the
horocycle ξ0 is H-invariant, where H is the isotropy subgroup of G at ξ0.

Definition 3.5. The horocyclic Radon transform Rf of a function f P CcpXq is the
map Rf : Ξ Ñ C defined by

Rfpξq “
ÿ

xPξ

fpxq.

We recall that for every v P X there exists a bijection Ψv : Ω ˆ Z Ñ Ξ given by
pω, nq ÞÑ hvω,n and we shall write Rvf “ Rf ˝Ψv.

Definition 3.6. The Abel transform Af of a function f P CcpXq is the map Af :
Ωˆ ZÑ C defined by

Afpω, nq “ Ψ˚opRfqpω, nq “ p∆´ 1
2 ¨Rofqpω, nq.

We need the Fourier transform on L2pZq. As we have seen in Section 1.1.3, the
definition of the Fourier transform on Z strongly depends on the choice we made on
the parametrization of T. In fact, such parametrization determines the period of the
Fourier transform. The choice which better suits our needs is

r0, T s Q t ÞÑ e´i
2π
T
t “ q´it P T.

We have already discussed the choice to consider the negative power in Section 1.1.3,
while the decision to express the parametrization as power of q is determined by the
expression of the Helgason-Fourier transform (3.7).

We denote by L2
T the space of T -periodic functions f on R such that

}f}2L2
T
“

ż T

0
|fptq|2dt ă `8.

Let s P L2pZq, the Fourier transform Fs of s is then defined as the T -periodic function
having Fourier coefficients pspnqqnPZ. Precisely,

Fs “
ÿ

nPZ
spnqqin¨,

where the series converges in L2
T . The Plancherel formula (1.11), also called Parseval

identity in this case, reads
}Fs}2L2

T
“

ÿ

nPZ
|spnq|2.

Furthermore, if s P L1pZq, for almost every t P T

Fsptq “
ÿ

nPZ
spnqqint.

We are now ready to state the result which relates the Helgason-Fourier transform
with the horocyclic Radon transform. For the reader’s convenience, we include the
proof.
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Proposition 3.7 (Fourier slice theorem, version I, [13, 18]). For every f P CcpXq and
ω P Ω, Afpω, ¨q P L1pZq and

pI b FqAfpω, tq “ Hfpω, tq, (3.11)

for almost every t P T.

We refer to Proposition 3.7 as the Fourier Slice Theorem for the horocyclic Radon
transform in analogy with the polar Radon transform, see Theorem 1.34, and with the
symmetric spaces case, see Theorem 2.22.

Let f P CcpXq and v P X. By Parseval identity and Proposition 3.7 we have that
ż

Ξ
|Rfpξq|2dλpξq “

ż

ΩˆZ
|Ψ˚opRfqpω, nq|2dνopωqdn

“

ż

ΩˆT
|pI b FqAfpω, tq|2dνopωqdt

“

ż

ΩˆT
|Hfpω, tq|2dνopωqdt.

Since f has finite support, then by the definition of the Helgason-Fourier transform,
the inequality |κωpo, xq| ď |x| and νopΩq “ 1 the above leads to

ż

Ξ
|Rfpξq|2dλpξq “

ż

ΩˆT
|

ÿ

xPsuppf

fpxqqp
1
2
`itqκωpo,xq|2dνopωqdt

ď

ż

Ω

¨

˝

ÿ

xPsuppf

|fpxq|q
κωpo,xq

2

˛

‚

2

dνopωq

ď

¨

˝

ÿ

xPsuppf

|fpxq|2

˛

‚

ÿ

xPsuppf

ż

Ω
qκωpo,xqdνopωq

ď

¨

˝

ÿ

xPsuppf

|fpxq|2

˛

‚

ÿ

xPsuppf

q|x| ă `8.

Therefore, Rf P L2pΞq for every f P CcpXq. The horocyclic Radon transform inter-
twines the regular representations of G on L2pXq and L2pΞq. This result is a direct
consequence of the fact that X and Ξ carry G-invariant measures dx and dλ.

Proposition 3.8. For every g P G and f P CcpXq

Rpπpgqfq “ π̂pgqpRfq.

Proof. For all g P G and f P CcpXq

Rpπpgqfqpξq “
ÿ

xPξ

fpg´1rxsq “
ÿ

yPg´1.ξ

fpyq “ π̂pgqpRfqpξq,

for every ξ P Ξ.
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We now introduce a closed subspace of L2pΞq which will play a crucial role because
it is the range of the unitarization of the horocyclic Radon transform.

For every F P L2pΞq

}F }2L2pΞq “

ż

Ω

ÿ

nPZ
|Ψ˚oF pω, nq|

2dνopωq ă `8.

Hence, the function Ψ˚oF pω, ¨q is in L2pZq for almost every ω P Ω. Moreover, by Parseval
identity and Fubini theorem

}F }2L2pΞq “

ż

ΩˆZ
|Ψ˚oF pω, nq|

2dνopωqdn

“

ż

T

ż

Ω
|pI b FqΨ˚oF pω, tq|2dνopωqdt ă `8.

Then, for almost every t P T the function pI b FqΨ˚oF p¨, tq is in L2pΩ, νoq and

|

ż

Ω
pI b FqΨ˚oF pω, tqdνopωq| ď

ż

Ω
|pI b FqΨ˚oF pω, tq|dνopωq ă `8.

We denote by L2
5
pΞq the space of functions in L2pΞq satisfying the symmetry condition

ż

Ω
pI b FqΨ˚oF pω, tqdνopωq “

ż

Ω
pI b FqΨ˚oF pω,´tqdνopωq (3.12)

for every v P X and for almost every t P T.
Our main results in Section 3.3.2 are based on the following characterization of

L2
5
pΞq. We denote by L2pΩ ˆ Tq the space of square integrable functions on Ω ˆ T

w.r.t. the measure νo b dt.

Proposition 3.9. Let v P X. We define the operator Φv on F P L2pΞq by

ΦvF pω, tq “ pI b FqΨ˚vF pω, tq “ pI b Fqp∆´ 1
2 ¨ pF ˝Ψvqqpω, tq,

for a.e. pω, tq P Ωˆ T. Then Φo is an isometry from L2pΞq into L2 pΩˆ Tq. Further-
more,

ΦoF pω, tq “ popv, ωq
1
2
`itΦvF pω, tq, (3.13)

for a.e. pω, tq P Ω ˆ T. Finally, a function F belongs to L2
5
pΞq if and only if ΦoF

satisfies (3.9) for every x P X and almost every t P T.

The last statement can be generalized. Indeed, it can be proved that F P L2
5
pΞq if

and only if ΦvF satisfies (3.9) for every x P X and almost every t P T, for at least one
(and hence for every) v P X. We refer to [7].

Proof. By Parseval identity, for every F P L2pΞq we have that
ż

ΩˆT
|ΦoF pω, tq|

2 dνopωqdt “

ż

Ω

ż

T
|pI b FqΨ˚oF pω, tq|

2 dtdνopωq

“

ż

ΩˆZ
|Ψ˚oF pω, nq|

2 dνopωqdn “ }F }2L2pΞq,
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so that Φo is an isometry from L2pΞq into L2 pΩˆ Tq. Now, let v P X and F P L2pΞq.
For almost every ω P Ω we have that

0 “ lim
NÑ`8

ż T

0
|

N
ÿ

n“´N

F ˝Ψopω, nqq
n
2 qint ´ ΦoF pω, tq|

2dt

“ lim
NÑ`8

ż T

0
|

N
ÿ

n“´N

F ˝Ψvpω, n` κωpv, oqqq
n
2 qint ´ ΦoF pω, tq|

2dt

“ lim
NÑ`8

ż T

0
|

N`κωpv,oq
ÿ

m“´N`κωpv,oq

F ˝Ψvpω,mqq
p 1

2
`itqpm´κωpv,oqq ´ ΦoF pω, tq|

2dt

“ lim
NÑ`8

ż T

0
|qp

1
2
`itqκωpo,vq

N`κωpv,oq
ÿ

m“´N`κωpv,oq

F ˝Ψvpω,mqq
m
2 qimt ´ ΦoF pω, tq|

2dt

and, since

ΦvF pω, tq “ lim
NÑ`8

N`κωpv,oq
ÿ

m“´N`κωpv,oq

F ˝Ψvpω,mqq
m
2 qimt

in L2
T , we conclude that relation (3.13) holds true. Finally, let F P L2pΞq. For every

x P X and for almost every t P T, (3.13) yields
ż

Ω
popx, ωq

1
2
´itΦoF pω, tqdν

opωq “

ż

Ω
popx, ωq

1
2
´itpopx, ωq

1
2
`itΦxF pω, tqdν

opωq

“

ż

Ω
ΦxF pω, tqpopx, ωqdν

opωq

“

ż

Ω
ΦxF pω, tqdν

xpωq.

Then, for every x P X and almost every t P T
ż

Ω
popx, ωq

1
2
´itΦoF pω, tqdν

opωq “

ż

Ω
pI b FqΨ˚xF pω, tqdνxpωq.

This equality allows us to conclude that F P L2
5
pΞq if and only if ΦoF satisfies (3.9)

and this concludes our proof.

Corollary 3.10. For every f P CcpXq,

ΦopRfq “ Hf (3.14)

in L2pΩˆ Tq and Rf P L2
5
pΞq.

Proof. The proof follows immediately by Proposition 3.7 and the fact that the Helgason-
Fourier transform satisfies (3.9).

Some comments are in order. Proposition 3.9 with Corollary 3.10 shows that
RpCcpXqq Ď L2

5
pΞq and it highlights the link between the range of the Radon transform

with the range of the Helgason-Fourier transform, which will play a crucial role in our
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main result. The range RpCcpXqq has already been completely characterized in [15].
We recall the result in [15] for completeness and in order to understand the relation
with L2

5
pΞq.

Theorem 3.11 (Theorem 1, [15]). The range of the horocyclic Radon transform on
the space of functions with finite support on X is the space of continuous compactly
supported functions on Ξ satisfying the following two conditions

(i) for some v P X, hence for every v P X,
ř

nPZ
F ˝Ψvpω, nq is independent of ω P Ω;

(ii) for every v P X and n P Z
ż

Ω
Ψ˚vF pω, nqdν

vpωq “

ż

Ω
Ψ˚vF pω,´nqdν

vpωq. (3.15)

It is worth observing that condition (3.12) is the equivalent on the frequency side
of equation (3.15) for continuous compactly supported functions on Ξ. As it will be
made clear in the next section, condition (3.12) better suits our needs.

3.3.2 Unitarization and intertwining

In order to obtain the unitarization for the horocyclic Radon transform that we are
after, we need some technicalities. Figure 3.5 below might help the reader to keep track
of all the spaces and operators involved in our construction.

L2pΞqE

Do

L2
cpΩˆ Tq

Ψ˚o

I b F

L2
opΩˆ Zq Φo

L2pΩˆ Tq

Λ

Jo

?
cq

|cp 1
2
`itq|

I b F

Ψ˚oRQ

L2pXq CcpXq

Λ ˝R

L2
5
pΞq E X L2

5
pΞq

Λ

H

A

time
frequency

L2
5
pΞq

L2pXq

πpgq

π̂pgq

Q

Figure 3.5: Spaces and operators that come into play in our construction.

We set
Do “ tϕ P L2

opΩˆ Zq : pI b Fqϕ P L2
cpΩˆ Tqu

and we define the operator Jo : Do Ď L2
opΩˆZq Ñ L2

opΩˆZq as the Fourier multiplier

pI b FqpJoϕqpω, tq “
?
cq

ˇ

ˇcp1
2 ` itq

ˇ

ˇ

pI b Fqϕpω, tq, a.e. pω, tq P Ωˆ T,

where cq is given by (3.8). We define the set of functions

E “ tF P L2pΞq : ΦoF P L
2
cpΩˆ Tqu
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and we consider the operator Λ: E Ď L2pΞq Ñ L2pΞq given by

ΛF “ Ψ˚o
´1JoΨ˚oF.

It is possible to observe, see [7], that the construction of Λ, despite the definitions of
Ψo, Do and Jo, is independent of the reference point that we fixed as origin; namely,
if Jv is defined in the same way, for an other v P X, then Λ “ Ψ˚v

´1JvΨ˚v .
As a direct consequence of the definition of Λ and Jo, for every F P E and for

almost every pω, tq P Ωˆ T we have that

ΦopΛF qpω, tq “ pI b FqpJoΨ˚oF qpω, tq

“

?
cq

ˇ

ˇcp1
2 ` itq

ˇ

ˇ

pI b FqpΨ˚oF qpω, tq

“

?
cq

ˇ

ˇcp1
2 ` itq

ˇ

ˇ

ΦoF pω, tq. (3.16)

The operator Λ intertwines the regular representation π̂ as shown by the next
proposition.

Proposition 3.12. The subspace E is π̂-invariant and for all F P E and g P G

π̂pgqΛF “ Λπ̂pgqF. (3.17)

Proof. We consider F P E , g P G and we prove that π̂pgqF P E . We observe that

π̂pgqF ˝Ψopω, nq “ F ˝Ψg´1rospg
´1 xωy, nq

for almost every pω, nq P Ωˆ Z. Therefore, we have

Ψ˚opπ̂pgqF qpω, nq “ Ψ˚g´1rosF pg
´1 xωy, nq

and consequently
Φopπ̂pgqF qpω, tq “ Φg´1rosF pg

´1 xωy, tq (3.18)

for almost every pω, tq P Ωˆ T. By equations (3.6), (3.13) and (3.18)
ż

ΩˆT
|Φopπ̂pgqF qpω, tq|

2 cqdν
opωqdt

|cp1
2 ` itq|

2

“

ż

T

ż

Ω
|Φg´1rosF pg

´1 xωy, tq|2
cqdν

opωqdt

|cp1
2 ` itq|

2

“

ż

T

ż

Ω
|Φg´1rosF pω, tq|

2popg
´1ros, ωq

cqdν
opωqdt

|cp1
2 ` itq|

2

“

ż

ΩˆT
|ΦoF pω, tq|

2 cqdν
opωqdt

|cp1
2 ` itq|

2
ă `8

and we conclude that π̂pgqF P E . We next prove the intertwining property (3.17). We
have already observed that, by Proposition 3.9, it is enough to prove that

Φopπ̂pgqΛF q “ ΦopΛπ̂pgqF q
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for every g P G and F P E . By equations (3.16) and (3.18), for almost every pω, tq P
Ωˆ T, we have the chain of equalities

Φopπ̂pgqΛF qpω, tq “ Φg´1rospΛF qpg
´1 xωy, tq

“

?
cq

ˇ

ˇcp1
2 ` itq

ˇ

ˇ

Φg´1rosF pg
´1 xωy, tq

“

?
cq

ˇ

ˇcp1
2 ` itq

ˇ

ˇ

Φopπ̂pgqF qpω, tq “ ΦopΛπ̂pgqF qpω, tq,

which proves the intertwining relation.

The next result follows directly by Proposition 3.9 and equation (3.16).

Corollary 3.13. For every F P E , ΛF P L2
5
pΞq if and only if F P L2

5
pΞq.

Proof. By Proposition 3.9, ΛF P L2
5
pΞq if and only if ΦopΛF q satisfies (3.9). By

(3.16) and since t ÞÑ |cp1{2` itq| is even, ΦopΛF q satisfies (3.9) if and only if ΦoF
satisfies (3.9), which is equivalent to F P L2

5
pΞq. This concludes the proof.

We are now in a position to prove our main result.

Theorem 3.14. The composite operator ΛR extends to a unitary operator

Q : L2pXq ÝÑ L2
5 pΞq

which intertwines the representations π and π̂, i.e.

π̂pgqQ “ Qπpgq, g P G. (3.19)

Theorem 3.14 implies that π̂ is not irreducible, too. In particular, it is not irre-
ducible the subrepresentation of π̂ obtained by restricting it to the (closed) subspace
L2
5
pΞq.

Proof. We first show that ΛR extends to a unitary operator Q from L2pXq onto L2
5
pΞq.

Let f P CcpXq. By the Fourier Slice Theorem (3.11), the Parseval identity and the
definition of Λ, we have that

}f}2L2pXq “ }Hf}
2
L2

cpΩˆTq7

“ }pI b FqpΨ˚opRfqq}2L2
cpΩˆTq7

“

ż

ΩˆT
|pI b FqpJoΨ˚opRfqqpω, tq|2dνopωqdt

“

ż

ΩˆT
|pI b FqpΨ˚opΛRfqqpω, tq|2dνopωqdt

“

ż

ΩˆZ
|Ψ˚opΛRfqpω, nq|2dνopωqdn

“ }ΛRf}2L2pΞq.
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Hence, ΛR is an isometric operator from CcpXq into L2pΞq. Since CcpXq is dense in
L2pXq, ΛR extends to a unique isometry from L2pXq onto the closure of RanpΛRq in
L2pΞq. We must show that ΛR has dense image in L2

5
pΞq. The inclusion RanpΛRq Ď

L2
5
pΞq follows immediately from Corollary 3.10 and Corollary 3.13. Let F P L2

5
pΞq be

such that xF,ΛRfyL2pΞq “ 0 for every f P CcpXq. By the Parseval identity and the
Fourier Slice Theorem (3.11) we have that

0 “ xF,ΛRfyL2pΞq

“

ż

ΩˆZ
pF ˝Ψoqpω, nqpΛRf ˝Ψoqpω, nqq

ndνopωqdn

“

ż

ΩˆZ
pΨ˚oF qpω, nqpJvΨ˚opRfqqpω, nqdνopωqdn

“

ż

ΩˆT
ΦopF qpω, tqpI b FqpJvΨ˚opRfqqpω, tqdνopωqdt

“

ż

ΩˆT
ΦopF qpω, tqpI b FqpΨ˚opRfqqpω, tq

?
cqdν

opωqdt

|cp1
2 ` itq|

“

ż

ΩˆT

|cp1
2 ` itq|
?
cq

ΦopF qpω, tqHfpω, tq
cqdν

opωqdt

|cp1
2 ` itq|

2
.

For simplicity of notation, we denote by ΘF the function on Ωˆ T defined as

ΘF pω, tq “
|cp1

2 ` itq|
?
cq

ΦopF qpω, tq, a.e. pω, tq P Ωˆ T.

Hence we have proved that xΘF,Hfy “ 0 for every f P CcpXq. The following two
facts follow immediately from Proposition 3.9. Since Φo is an isometry from L2pΞq into
L2 pΩˆ Tq, then ΘF belongs to L2

cpΩ ˆ Tq. Furthermore, since F P L2
5
pΞq and since

t ÞÑ |cp1{2` itq| is even, then ΘF P L2
o,cpΩˆTq7. By Theorem 3.4, HpCcpXqq is dense

in L2
o,cpΩ ˆ Tq7. Thus, ΘF “ 0 in L2

o,cpΩ ˆ Tq7 and then ΦopF q “ 0 in L2 pΩˆ Tq.
Since Φo is an isometry from L2pΞq into L2 pΩˆ Tq, then F “ 0 in L2pΞq. Therefore,
RanpΛRq “ L2

5
pΞq and ΛR extends uniquely to a surjective isometry

Q : L2pXq ÝÑ L2
5 pΞq.

Observe that Qf “ ΛRf for every f P CcpXq. Then, the intertwining property (3.19)
follows immediately from Proposition 3.8 and Proposition 3.12.

As a byproduct, one obtains an extended Fourier Slice Theorem.

Proposition 3.15 (Fourier Slice Theorem, version II). For every f P L2pXq

pI b FqpΨ˚opQfqqpω, tq “
?
cq

|cp1
2 ` itq|

H fpω, tq

for almost every pω, tq P Ωˆ T.
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Proof. For every f P CcpXq, by (3.14) and (3.16) we have that

pI b FqpΨ˚opQfqqpω, tq “ ΦopQfqpω, tq
“ ΦopΛRfqpω, tq

“

?
cq

|cp1
2 ` itq|

ΦopRfqpω, tq

“

?
cq

|cp1
2 ` itq|

Hfpω, tq,

for almost every pω, tq P Ω ˆ T. Let f P L2pXq, since CcpXq is dense in L2pXq, then
there exists a sequence pfmqm Ď CcpXq such that fm Ñ f in L2pXq. Then, since
Q is a unitary operator from L2pXq onto L2

5
pΞq and Φo is an isometry from L2pΞq

into L2 pΩˆ Tq, then ΦopQfmq Ñ ΦopQfq in L2 pΩˆ Tq. Since fm P CcpXq for every
m P N,

pI b FqpΨ˚opQfmqqpω, tq “
?
cq

|cp1
2 ` itq|

Hfmpω, tq,

for almost every pω, tq P ΩˆT. Hence, passing to a subsequence if necessary, for almost
every pω, tq P Ωˆ T

lim
mÑ`8

?
cq

|cp1
2 ` itq|

Hfmpω, tq “ pI b FqpΨ˚opQfqqpω, tq.

Therefore, passing to a subsequence if necessary, for almost every pω, tq P Ωˆ T

pI b FqpΨ˚opQfqqpω, tq “ lim
mÑ`8

?
cq

|cp1
2 ` itq|

Hfmpω, tq “
?
cq

|cp1
2 ` itq|

H fpω, tq

and this concludes our proof.
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Chapter 4

Harmonic Bergman projectors on
homogeneous trees

This chapter contains an ongoing work with Filippo De Mari and Maria Vallarino,
which is in its final stage but still not submitted.

Our first purpose was to answer the question: given a q-homogeneous treeX (q ě 2)
and its group of isometries G, do we know how to realize a square integrable repre-
sentation of G? The square integrable representations of G have been classified in [22]
and [45] but there are no explicit formulae for them. On the other hand, it is well
known that, on the analog setting of the hyperbolic disk, square integrable representa-
tions of SUp1, 1q have a realization on Bergman spaces [42]. The definition of Bergman
space on the hyperbolic disk is given for holomorphic functions. To the best of our
knowledge, the definition of holomorphic function is not clearly stated for functions
defined on homogeneous trees.

The notion of harmonic function is stated for functions defined on homogeneous
trees by starting from the mean value property. That is, a function on X is said to be
harmonic if the mean of its values on the neighbors of a vertex coincides with the value
at the vertex, for every vertex. J. Cohen, F. Colonna, M. Picardello, and D. Singman
present the harmonic version of Bergman spaces on homogeneous trees in [17]. They
consider a family of reference measures which consist of finite measures absolutely
continuous w.r.t. the counting measure and whose Radon-Nikodym derivative σ is
a radial (w.r.t. a fixed origin o P X) positive decreasing function on X. Thus, they
define the Bergman space Appσq as the closed subspace of Lppσq consisting of harmonic
functions. The request for the measure σ to be finite is necessary in order to avoid the
case in which the Bergman space consists only of the null function.

In the context of hyperbolic disk, when p “ 2 Bergman spaces are RKHS, and the
holomorphic Bergman kernel is known as well as the properties of the associated pro-
jector. Indeed, the extension of the holomorphic Bergman projector to the (weighted)
Lp-spaces is bounded if and only if p ą 1, see [25], [49] and [54]. Furthermore, it is
weakly continuous on L1, see [10] and [11]. In our work, first of all, we show that
A2pσq is a reproducing kernel Hilbert space for every reference measure σ and we pro-
vide an explicit formula for the kernel Kσ in Theorem 4.14. Then, focusing on a class
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of reference measures, we prove that the extension of the projector

Pσfpzq “
ÿ

xPX

Kσpz, xqfpxqσpxq

to an operator from Lppσq to Appσq is bounded if and only if p ą 1.
The class of measures we focus on coincides with the request of σ to have an

exponential decreasing, namely we shall consider the measures defined by

µαpxq “ q´α|x|, α ą 1, x P X, (4.1)

where |x| P N denotes the distance of x P X from the origin o. This family of measures
appears to be the natural counterpart of the measures p1 ´ |x ` iy|2qα´2dxdy, α ą
1, considered on the hyperbolic disk in the definition of the weighted (holomorphic)
Bergman spaces. Furthermore, the relation between different measures of the type
in (4.1) allows us to obtain intermediate results on the operator

Ta,b,cfpzq “ q´a|z|
ÿ

xPX

Kcpz, xqfpxqq
´b|x|,

where Kc is the kernel of A2pµcq, c ą 1. The fact that the extension of Pµα “ Pα to
Lppµαq “ Lpα is bounded if and only if p ą 1 follows from the boundedness results for
Ta,b,c on L

p
α.

A first natural question is whether the same holds for a general reference measure σ.
In [17], the authors consider the optimal measures, a subset of the reference measures.
Roughly speaking, they are measures which decrease fast as the distance from the origin
increase. The measures introduced in (4.1) are optimal. We are aware that if σ is an
optimal measure, then Pσ is not bounded on L1pσq. Furthermore, we know that for
a large class of optimal measures Pσ is bounded on Lppσq for every p ą 1. Another
natural question we would like to investigate is whether, and for which σ, the operator
Pσ is weak type p1, 1q, that is when it is bounded as operator Pσ : L1pσq Ñ L1,8pσq,
where L1,8pσq denotes the Lorentz space.

4.1 Harmonic Bergman spaces on homogeneous trees

In what follows we consider a q-homogeneous tree X with q ě 2 and we fix o P X as
origin.

We start by integrating the preliminaries in Section 3.1.1 with some very basic
notation on the homogeneous tree which is not used in the previous chapter. If v P X,
then we denote by Spv, nq and Bpv, nq the sphere and then ball centered at y with
radius n P N, respectively, i.e.

Spv, nq :“ tx P X : dpv, xq “ nu and Bpv, nq :“ tx P X : dpv, xq ď nu.

It is straightforward to check that

|Spv, nq| “

#

1, n “ 0;
pq ` 1qqn´1, n ‰ 0,

and |Bpv, nq| “
qn`1 ` qn ´ 2

q ´ 1
.
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We denote by |v| “ dpo, vq the distance of v P X from o. If v ‰ o, then we define the
sector of v as the subset

Tv :“ tx P X : ro, vs Ď ro, xsu,

where ro, vs is the chain defined in Section 3.1.1, and we adopt the convention To “
X. Moreover, we call predecessor of v the unique neighbor ppvq P X of v such that
|ppvq| “ |v|´1 and sons of v the neighbors of v that are different from the predecessor;
in other words sons are those neighbors of v having distance from the origin equal to
|v| ` 1. We denote the set of all the sons of v as spvq Ď X. Observe that o has no
predecessor and spoq “ Spo, 1q, while |spvq| “ q for every v P Xztou. Furthermore, in
what follows, we consider the predecessor as a function p : Xztou Ñ X so that we can
denote by p` : XzBpo, `´ 1q Ñ X the `-th predecessor.

In Section 4.1.1 we present some introductory fact for harmonic functions on ho-
mogeneous trees. In particular we want to extend a function which is locally harmonic,
say on a ball, to a harmonic function on X. The discrete structure of the tree allows to
build the extension in several ways. We choose to extend a function which is harmonic
on the ball Bpo, nq to a harmonic function on X which is “radial” on sectors Ty gener-
ated by vertices y P Spo, n` 1q. The harmonic extension that we adopt coincides with
the function on Bpo, n`1q and is constant on the sets TyXSpo,mq, with y P Spo, n`1q
and m ą n. Clearly, we choose to consider functions which are harmonic in a ball cen-
tered in o because we will use it in what follows, but the center does not play a crucial
role. It is possible to obtain an extension for functions defined on every ball or even on
suitable, say connected, subsets of X.

Since there are no harmonic functions that are in Lp w.r.t. the counting measure,
we need to endow the tree with finite measures. In Section 4.1.2 we recall the family of
measures, called reference measures, considered in [17] in the definition of the harmonic
Bergman spaces. For every 1 ď p ă `8 we denote by Appσq the Bergman space
associated to the measure σ. They are Banach spaces and when p “ 2 they are Hilbert
spaces with the scalar product inherited from L2pσq. In Section 4.1.3 we provide an
orthonormal basis for every A2pσq.

4.1.1 Harmonic functions on homogeneous trees

Definition 4.1. A complex valued function f on X is harmonic if its value at a vertex
coincides with the average of its values on its neighbors, namely, for every v P X

fpvq “
1

q ` 1

ÿ

u„v

fpuq. (4.2)

Equivalently, f is harmonic if Lf “ 0, where L is the combinatorial Laplacian
defined by

Lfpvq :“
1

q ` 1

ÿ

u„v

fpuq ´ fpvq @v P X.

We say that a complex valued function f is harmonic on a subset Y Ă X of X if Lf “ 0
on Y .
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The harmonicity property (4.2) implies a certain rigidity for the function. In par-
ticular, the value of a harmonic function at a vertex y P X “propagates” to every layer
of the sector Ty, as showed in the following. The following proposition is a modified
version of Lemma 4.1 in [17]. In this lemma, the authors show that a function which
is harmonic and radial on a sector Ty, y P Xztou, is completely described by its values
at y and ppyq. We consider a harmonic function on the sector Ty without the radial
condition and we formulate the conclusion just for the average on Spo, nq, n ě |y|,
instead of for each vertex of the sector.

Proposition 4.2 (Lemma 4.1 in [17]). Let y P Xztou. If f : X Ñ C is harmonic on
Ty, then for every n P N, n ě |y|, we have

ÿ

|x|“n

xPTy

fpxq “

¨

˝

n´|y|
ÿ

j“0

qj

˛

‚fpyq ´

¨

˝

n´|y|´1
ÿ

j“0

qj

˛

‚fpppyqq. (4.3)

Furthermore, if a function f : X Ñ C is radial on Ty and satisfies (4.3) for every
n ě |y|, then f is harmonic on Ty.

From Proposition 4.2 we deduce a generalization of formula (4.2).

Corollary 4.3. Let f be a harmonic function on X. Then the following mean value
property holds true: for every n P Nzt0u

fpoq “
1

|Spo, nq|

ÿ

|x|“n

fpxq. (4.4)

We introduce a technique which permits to extend a function which is harmonic on
a ball (for simplicity centered in o) which will be useful in what follows. Let n P N,
n ě 1, and g be a function on X which is harmonic on Bpo, n`1q. It is easy to see that
there are infinite ways to extend g to a harmonic function on all X which coincides
with g on Bpo, nq. For our purposes, we choose the next (fairly standard) extension.
We define gHn on X such that gHn is radial restricted on Ty for every y P Spo, n`1q and
harmonic on X.

We suppose that such extension gHn exists and we provide an explicit formula for
it through Proposition 4.2. Let x P XzBpo, nq. There exists a unique y P Spo, n ` 1q
such that x P Ty, and y “ p|x|´n´1pxq. Since the function gHn is supposed to be radial
and harmonic on Ty, by Proposition 4.2 we have that
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gHn pxq “
1

|Spo, |x|q X Ty|

ÿ

|z|“|x|,
zPTy

gHpzq

“ q|y|´|x|

»

–

¨

˝

|x|´|y|
ÿ

j“0

qj

˛

‚gpyq ´

¨

˝

|x|´|y|´1
ÿ

j“0

qj

˛

‚gpppyqq

fi

fl

“ qn´1´|x|

»

–

¨

˝

|x|´n´1
ÿ

j“0

qj

˛

‚gpp|x|´n´1pxqq ´

¨

˝

|x|´n´2
ÿ

j“0

qj

˛

‚gpp|x|´npxqq

fi

fl

“

¨

˝

|x|´n´1
ÿ

j“0

q´j

˛

‚gpp|x|´n´1pxqq ´

¨

˝

|x|´n´1
ÿ

j“1

q´j

˛

‚gpp|x|´npxqq.

For simplicity we introduce the notation

an “
n
ÿ

j“0

q´j “
q ´ q´n

q ´ 1
, n P N,

and we put a´1 “ 0. Hence the extension is defined by

gHn pxq “

#

gpxq, |x| ď n;

a|x|´n´1gpp
|x|´n´1pxqq ´

`

a|x|´n´1 ´ 1
˘

gpp|x|´npxqq, |x| ą n.

The function gHn defined above is harmonic on X by Proposition 4.2 and by using the
fact that

X “ Bpo, nq Y
ď

yPSpo,n`1q

Ty.

Observe that we do not lose the fact that gHn is harmonic on Bpo, nq because, by the fact
that a0 “ 1 and a´1 “ 0, gHn “ g on Bpo, n`1q, and not only on Bpo, nq. Furthermore,
the extension gHn is radial on every sector “starting” from Spo, n` 1q by construction.

It is worth mentioning that, in Definition 7 in [17], the authors introduce an operator
RHv which “radialize” a function defined on X on the sector Tv and which maintains
harmonicity.

4.1.2 Harmonic Bergman spaces Ap
σ

Homogeneous trees are classically endowed with the counting measure. The main
advantage of such measure is the invariance under the group of isometries of the tree,
as we have seen in the previous chapter. Let p ě 1. The only harmonic function
that is p-summable w.r.t. the counting measure is the null function, as we show in the
following statement.

Proposition 4.4. If f is a harmonic function in LppXq, then f is the null function.



108 CHAPTER 4. PROJECTORS ON HOMOGENEOUS TREES

o

Bpo, 2q

Spo, 3q

Figure 4.1: The function g is harmonic on Bpo, 2q, that is the set of vertices in green
area. The function gH2 is obtained by “extending” the values of g in Spo, 3q (blue area)
along their sectors such that gH2 is harmonic and constant on vertices lying on the same
red arc, that is on the “layers” of the sectors.

Proof. Suppose that f is harmonic. We have that

ÿ

xPX

|fpxq|p “
`8
ÿ

n“0

ÿ

|x|“n

|fpxq|p

“
1

pq ` 1qp

`8
ÿ

n“0

ÿ

|x|“n

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

y„x

fpyq

ˇ

ˇ

ˇ

ˇ

ˇ

p

ď
pq ` 1qp´1

pq ` 1qp

`8
ÿ

n“0

ÿ

|x|“n

ÿ

y„x

|fpyq|p

“
1

q ` 1
pq ` 1q}f}p “ }f}pLppXq ă `8,

since every vertex is neighbor of exactly q`1 other vertices. Hence the unique inequality
in the computation above is an equality, so that

pq ` 1qp´1
ÿ

y„x

|fpyq|p “

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

y„x

fpyq

ˇ

ˇ

ˇ

ˇ

ˇ

p

“ pq ` 1qp|fpxq|p,

which means that |f |p is harmonic, too. If f is not the null function, then there exists
v P X such that fpvq ‰ 0. Hence by Corollary 4.3, we have

ÿ

xPX

|fpxq|p “
`8
ÿ

n“0

ÿ

dpv,xq“n

|fpxq|p “ |fpvq|p
`8
ÿ

n“0

|Spv, nq| “ `8,

which is a contradiction. Hence f “ 0.
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If we want to work with Hilbert spaces of harmonic functions, the previous propo-
sition leads to consider finite measures on X. Harmonic Bergman spaces have been
introduced [17] on a q-homogeneous tree X for the following class of measures.

Definition 4.5. A reference measure on X is a finite measure that is absolutely con-
tinuous w.r.t. the counting measure and whose Radon-Nikodym derivative σ is a radial
positive decreasing function on X. With a slight abuse of notation we denote by σ
the reference measure, too. Given a reference measure σ on X for every p P r1,8q the
Bergman space Appσq is the space of harmonic functions on X such that

}f}pAppσq :“
ÿ

xPX

|fpxq|pσpxq ă `8.

If σ is a reference measure on X, and if we denote by σn the value of σ on the
sphere Sp0, nq, then

σ0 `
q ` 1

q

`8
ÿ

n“1

σnq
n ă `8.

From now on, for a reference measure σ, we put Bσ :“ σpXq ă `8.

Example 4.1. Let α ą 1. An interesting example of reference measure is the function

µαpxq “ q´α|x|, x P X.

Indeed, σ is radial, positive and decreasing. Furthermore,

Bµα “ 1`
q ` 1

q

`8
ÿ

n“1

qp1´αqn “ 1`
q ` 1

q

q1´α

1´ q1´α
“

1` q´α

1´ q1´α
ă `8.

Given a reference measure σ, we introduce a decreasing sequence pbmqmPN which
collects some important information on σ, as we see in the following result. For every
n P N, we define

bn “
`8
ÿ

m“n`1

«

σm

˜

m´n´1
ÿ

k“0

qk

¸˜

m´n´1
ÿ

j“0

q´j

¸ff

. (4.5)

The sum are finite because σ is a finite measure on X.
The next lemma is a technical result that is very useful in what follows. Roughly

speaking, we can say that the harmonic extension gHn of a function g harmonic on
Bpo, nq and null on Spo, nq “localizes” the functions in A2pσq on Bpo, n ` 1q. Indeed
the scalar product of gHn with a function f P A2pσq is completely determined by the
values that the two functions assume in Bpo, n ` 1q. In particular, it involves only
values of gHn at vertices in which it coincides with g.

Lemma 4.6. Let n P N and g be a function on X which is harmonic on Bpo, nq and
vanishes on Spo, nq. Then there exists a constant b1n ą 0 such that for every f P A2pσq

xf, gHn yA2pσq “ xf |Bpo,nq, g|Bpo,nqyA2pσq `
ÿ

|y|“n`1

`

bnfpyq ´ b
1
nfpppyqq

˘

gpyq,

where bn is defined in (4.5).
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The constant b1m has a structure similar to bm, as can be seen in the proof below,
but we are not interested in it.

Proof. Let f P A2pσq. We have that

xf, gHn yA2pσq “
ÿ

xPBpo,nq

fpxqgpxqσpxq `
`8
ÿ

m“n`1

σm
ÿ

|x|“m

fpxqgHn pxq.

Observe that from the definition of gHn and Proposition 4.2
ÿ

|x|“m

fpxqgHn pxq “
ÿ

|y|“n`1

ÿ

|x|“m
xPTy

fpxqgHn pxq

“
ÿ

|y|“n`1

˜

m´n´1
ÿ

j“0

q´j

¸«˜

m´n´1
ÿ

k“0

qk

¸

fpyq ´

˜

m´n´2
ÿ

k“0

qk

¸

fpppyqq

ff

gpyq

“
ÿ

|y|“n`1

»

–fpyqqm´n´1

˜

m´n´1
ÿ

j“0

q´j

¸2

´ fpppyqq

˜

m´n´1
ÿ

j“0

q´j

¸˜

m´n´2
ÿ

k“0

qk

¸

fi

fl gpyq.

Then by summing for m, we have

`8
ÿ

m“n`1

σm
ÿ

|x|“m

fpxqgHn pxq “
ÿ

|y|“n`1

»

–fpyqgpyq
`8
ÿ

m“n`1

σmq
m´n´1

˜

m´n´1
ÿ

j“0

q´j

¸2
fi

fl

´
ÿ

|y|“n`1

«

fpppyqqgpyq
`8
ÿ

m“n`1

σm

˜

m´n´1
ÿ

j“0

q´j

¸˜

m´n´2
ÿ

k“0

qk

¸ff

“
ÿ

|y|“n`1

`

bnfpyq ´B
1
nfpppyqq

˘

gpyq.

4.1.3 Orthonormal basis of A2pσq

We now focus on the case p “ 2. The goal of this section is the construction of an
orthonormal basis for the space A2pσq.

Let us consider the linear spaces

Wv :“
 

ϕ : spvq Ñ C :
ÿ

zPspvq

ϕpzq “ 0
(

»

#

Cq, v “ o,

Cq´1, v P Xztou.

For convenience we introduce the following intervals of integer numbers: for every
v P X we set Iv “ t1, . . . , |spvq|u. We fix orthonormal basis tev,jujPIv of Wv w.r.t. to
the scalar product

xϕ,ψyWv “
ÿ

yPspvq

ϕpyqψpyq.
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Let v P X and j P Iv. We consider the function defined by Ev,jpxq “ ev,j1spvq.
It is easy to see that Ev,j is harmonic and null on Bpo, |v|q. We denote the harmonic
extension of Ev,j by fv,j “ pEv,jqH|v|, namely

fv,jpxq “

#

0, if x R Tvztvu,
a|x|´|v|´1ev,jpp

|x|´|v|´1pxqq, otherwise.

Hence fv,j is harmonic for every v P X and j P Iv. Furthermore fv,j is bounded, since
|fv,j | ď p1 ´ q´1q´1}ev,j}Wv ,8, and then fv,j P A2pσq for every reference measure σ.
Observe that fv,jpvq “ Ev,jpvq “ 0 for every v P X and j P Iv. More precisely, if v ‰ o,
then

suppfv,j Ď Tvztvu. (4.6)

Finally, we denote by f0 “ 1X . Of course, f0 P A2pσq, too.
Notice that the family

F “ tf0u Y tfv,j : v P X, j P Ivu Ď A2pσq (4.7)

is independent of the choice of the reference measure σ. In the following we prove
that F is an orthogonal system in every A2pσq. In the proofs we use that pev,jqjPIv
are orthonormal and that the harmonic extension that we have introduced is radial on
sectors.

Proposition 4.7. The family F is a complete orthogonal system in A2pσq for every
reference measure σ.

Proof. Fix a reference measure σ. The fact that f0 is orthogonal to every function of
the family follows from the harmonicity of fv,j , v P X and j P Iv, and Corollary 4.4
which imply that the average of fv,j on each sphere centered in o is a multiple of
fv,jpoq “ 0. Indeed

xfv,j , f0yA2pσq “
ÿ

xPX

fv,jpxqσpxq “
`8
ÿ

n“0

σn
ÿ

|x|“n

fv,jpxq “ 0.

Let us consider v, w P X with v ‰ w. Without loss of generality we can consider two
situations: either TvXTw “ H or Tv Ĺ Tw. In the first case fv,j K fw,k for every j P Iv
and k P Iw, because their supports are disjoint. If Tv Ĺ Tw, then we can suppose that
|w| ď |v|. By the fact that fv,j |Bpo,|w|`1q “ 0, from Lemma 4.6 we have

xfv,j , fw,kyA2pσq “
ÿ

|y|“|w|`1

pb|w|fv,jpyq ´B
1
|w|fv,jpppyqqqEw,kpyq “ 0

It remains to prove orthogonality in the case v “ w. Let j, k P Iv (“ Iw) be such that
j ‰ k. We know that fv,k|Bpo,|v|q “ 0, then by Lemma 4.6 we have

xfv,j , fv,kyA2pσq “ b|v|
ÿ

|y|“|v|`1

Ev,jpyqEv,kpyq “ b|v|
ÿ

yPspvq

ev,jpyqev,kpyq “ 0,
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where we used the fact that supppEv,kq, supppEv,jq Ď spvq and the orthogonality of ev,j
and ev,k in Wv.

We show now that F is complete. Take g P A2pσq such that xg, fyA2pσq “ 0 for
every f P F . We will show that g is the null function in A2pσq. In particular we prove
by induction that g “ 0 on every Bpo,mq, m P N.
We start by observing that xg, f0yA2pσq “ 0 implies gpoq “ 0. Indeed by (4.4)

0 “ xg, f0yA2pσq “

`8
ÿ

n“0

σn
ÿ

|x|“n

gpxq “

˜

1`
q ` 1

q

`8
ÿ

n“1

qnσn

¸

gpoq “ Bσgpoq. (4.8)

We assume now g “ 0 on Bpo,mq for some m P N. Let v P Spo,mq. Observe that by
the fact that g is harmonic and gpvq “ 0, we have g|spvq PWv. Hence for every j P Iv

0 “ xg, fv,jyA2pσq “ bm
ÿ

yPspvq

ev,jpyqgpyq (4.9)

and this implies that gpyq “ 0 for every y P spvq and so for every y P Spo,m` 1q, that
is g vanishes on Bpo,m` 1q. The thesis follows by induction.

We have proved that, for every reference measure σ, F Ď A2pσq is a complete
orthogonal system. We now fix a measure σ and compute the norm of the functions
of the family F in A2pσq. It is immediate to see that }f0}

2
A2pσq “ Bσ Let v P X and

j P Iv. By (4.9), we have

}fv,j}
2
A2pσq “ xfv,j , fv,jyA2pσq “ b|v|

ÿ

yPspvq

ev,jpyqev,jpyq “ b|v|. (4.10)

Hence the norm of fv,j does not depend on j and coincides with the constant in (4.5).
Hence

Fσ “ tB
´ 1

2
σ f0u Y tb

´ 1
2

|v| fv,j : v P X, j P Ivu (4.11)

is an orthonormal basis of A2pσq.

4.2 The reproducing kernel of A2pσq

In this section we analyze an important aspect of the Bergman spaces A2pσq: they
are reproducing kernel Hilbert spaces. In the following we present a recursive formula
for the kernel and we find its explicit formula. Observe that the main ingredient used
in the proofs of the formulae are the harmonic extension and the orthonormal basis
defined in the previous section together with the fact that Wv, v P X, are reproducing
kernel Hilbert spaces, too.

Let z P X. We consider the evaluation functional Φz : A2pσq Ñ C defined by
Φzg “ gpzq. Observe that Φz is a bounded operator, indeed by the Cauchy-Schwarz
inequality

|gpzq| “
1

q ` 1

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

x„z

gpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

q ` 1

ÿ

x„z

|gpxq| ď
1

q ` 1
}g}L2pσq

›

›

›

›

1Spz,1q

σ

›

›

›

›

L2pσq

,
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where 1Spz,1q is the characteristic function of the sphere Spz, 1q. Let x P Spz, 1q, observe
that σpxq ě σ|z|`1 since |x| ď |z| ` 1. Hence

›

›

›

›

1Spz,1q

σ

›

›

›

›

2

L2pσq

“
ÿ

dpz,xq“1

1

σpxq2
ď

ÿ

dpz,xq“1

1

σ2
|z|`1

“
q ` 1

σ2
|z|`1

.

Hence
|gpzq| ď pq ` 1q´

1
2σ´1
|z|`1}g}L2pσq.

Thus A2pσq is a reproducing kernel Hilbert space (RKHS), that is for every z P X
there exists Kz P A2pσq such that

xg,KzyA2pσq “ gpzq, g P A2pσq.

Since Fσ defined in (4.11) is an orthonormal basis of A2
σ, for every z P X we can

write

Kz “
ÿ

fPFσ
xKz, fyA2pσqf “

ÿ

fPFσ
fpzqf “

1

Bσ
`

ÿ

vPX

ÿ

jPIv

fv,jpzqfv,j
b|v|

. (4.12)

We recall that by (4.6), for every z P X

tv P X : fv,jpzq ‰ 0 for some j P Ivu Ď Bpo, |z| ´ 1q.

Hence for every z P X the sum in (4.12) is finite and the decomposition of Kz holds
true pointwisely.

Our goal is to compute Kz. We introduce an auxiliary function Γ: X3 Ñ R. For
every pv, z, xq P X3 we set

Γpv, z, xq “

$

’

’

’

’

’

&

’

’

’

’

’

%

0, if tz, xu Ę Tvztvu;

|spvq| ´ 1

|spvq|
, if tz, xu Ď Ty for some y P spvq;

´
1

|spvq|
, otherwise.

Observe that Γ is symmetric in the second and third component, that is Γpv, z, xq “
Γpv, x, zq. Furthermore, Γpv, z, ¨q is the null function if z R Tvztvu and whenever
z P Tvztvu we have supppΓpv, z, ¨qq “ Tvztvu. Finally, we have that the value of
Γpv, z, ¨q on Tvztvu is completely determined by the values on spvq, indeed the value of
Γpv, z, ¨q at x P Tvztvu is equal to the value at p|x|´|v|´1pxq P spvq.

Since Wv is a RKHS for every v P X, for z P spvq we have

ϕpzq “ xϕ,Γpv, z, ¨qyWv , ϕ PWv.

Indeed Γpv, z, ¨q PWv because

ÿ

yPspvq

Γpv, z, yq “ ´p|spvq| ´ 1q
1

|spvq|
`
|spvq| ´ 1

|spvq|
“ 0.
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z

v

Figure 4.2: Partial representations of the function Γpv, z, ¨q on Tv. The value of Γpv, z, ¨q

at vertices in the red area is |spvq|´1
|spvq| while in the blue area is ´ 1

|spvq| . Clearly, Γpv, z, vq “

0. Observe that the values of Γpv, z, ¨q do not change as z moves in the red area.

Furthermore,

xϕ,Γpv, z, ¨qyWv “
|spvq| ´ 1

|spvq|
ϕpzq ´

1

|spvq|

ÿ

yPspvq
y‰z

ϕpyq

“
|spvq| ´ 1

|spvq|
ϕpzq `

1

|spvq|
ϕpzq “ ϕpzq,

by the fact that ϕ PWv.
It is easy to see that Γpv, z, ¨q is harmonic on Bpo, |v|q and then we can consider the

harmonic extension pΓpv, z, ¨qqH
|v|, which is bounded by construction. Indeed it is easy

to observe that from the definition of harmonic extension we have for every x P Tvztvu

pΓpv, z, ¨qqH|v|pxq “

¨

˝

|x|´|v|´1
ÿ

j“0

q´j

˛

‚Γpv, z, p|x|´|v|´1pxqq “ a|x|´|v|´1Γpv, z, xq, (4.13)

and it vanishes elsewhere. We recall that if z R Tv, then Γpv, z, ¨q “ pΓpv, z, ¨qqH
|v|q is

the null function.

Proposition 4.8. Let z P X and ro, zs “ tvtu
|z|
t“0. The kernel Kz is

Kz “

$

’

’

’

’

’

&

’

’

’

’

’

%

1

Bσ
, if z “ o,

Ko `
1

b0
pΓpo, z, ¨qqH0 , if |z| “ 1,

´
1

q
Kvm´2 `

q ` 1

q
Kvm´1 `

1

bm´1
pΓpvm´1, z, ¨qq

H
m´1, if |z| “ m ą 1.

Proof. Since the measure σ is finite and the constant functions are harmonic, Ko “
1
Bσ
P A2pσq. The reproducing property follows from (4.8).

We prove the case |z| “ 1. The function Kz P A2pσq because it is sum of functions in
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A2pσq. We prove the reproducing property. For g P A2pσq, by the reproducing formula
of Ko and Lemma 4.6

xg,KzyA2pσq “ gpoq `
1

b1
xg, pΓpo, z, ¨qqH0 yA2pσq

“ gpoq `
ÿ

|y|“1

gpyqΓpo, z, yq

“ gpoq `
q

q ` 1
gpzq ´

1

q ` 1

ÿ

|y|“1
y‰z

gpyq “ gpzq,

where we used that g is harmonic at o. This proved the case |z| “ 1.
It remains to prove the case |z| “ m ą 1. We have Kz P A2pσq since it is sum of
bounded and harmonic functions. It remains to prove the reproducing formula, for
g P A2pσq by Lemma 4.6 we have

xg,KzyA2pσq “ ´
1

q
gpvm´2q `

q ` 1

q
gpvm´1q `

1

bm
xg, pΓpvm´1, z, ¨qq

H
m´1yA2pσq

“ ´
1

q
gpvm´2q `

q ` 1

q
gpvm´1q `

ÿ

yPspvm´1q

Γpvm´1, z, yqgpyq

“ ´
1

q
gpvm´2q `

1

q

ÿ

y„vm´1

gpyq `
q ´ 1

q
gpzq ´

1

q

ÿ

yPspvm´1q

y‰z

gpyq “ gpzq,

where we used the fact that g is harmonic at vm´1.

Hence we expressed the kernel Kz through a two-step recursive formula. We aim
to find an explicit formula for Kz.

Theorem 4.9. For every pz, xq P X ˆX

Kpz, xq “
1

Bσ
`

q2

pq ´ 1q2

ÿ

vPX

1

b|v|
Γpv, z, xqp1´ q|v|´|z|qp1´ q|v|´|x|q. (4.14)

Proof. Let z P X and ro, zs “ tvtu
|z|
t“0. We start by proving that

Kz “
1

Bσ
`

|z|´1
ÿ

t“0

¨

˝

|z|´t´1
ÿ

j“0

q´j

˛

‚

1

bt
pΓpvt, vt`1, ¨qq

H
t . (4.15)

The case z “ o trivially follows from Proposition 4.8. We prove (4.15) by induction on
m “ |z| ě 1. The case m “ 1 directly follows from Proposition 4.8, too. Let m P N,
m ą 1 and z P X, |z| “ m. Suppose that (4.15) holds for every vertex in Bpo,m´ 1q.
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Hence by (4.8) we have

Kz “´
1

q
Kvm´2 `

q ` 1

q
Kvm´1 `

1

Bm
pΓpvm´1, z, ¨qq

H
m´1

“´
1

q

«

1

Bσ
`

m´3
ÿ

t“0

˜

m´t´3
ÿ

j“0

q´j

¸

1

bt
pΓpvt, vt`1, ¨qq

H
t

ff

`
q ` 1

q

«

1

Bσ
`

m´2
ÿ

t“0

˜

m´t´2
ÿ

j“0

q´j

¸

1

bt
pΓpvt, vt`1, ¨qq

H
t

ff

`
1

bm
pΓpvm´1, z, ¨qq

H
m´1

“
1

Bσ
`

m´1
ÿ

t“0

˜

q ` 1

q

˜

m´t´2
ÿ

j“0

q´j

¸

´
1

q

˜

m´t´3
ÿ

j“0

q´j

¸¸

1

bt
pΓpvt, vt`1, ¨qq

H
t

“
1

Bσ
`

m´1
ÿ

t“0

˜

m´t´1
ÿ

j“0

q´j

¸

1

bt
pΓpvt, vt`1, ¨qq

H
t .

Hence we proved (4.15) by induction. Since suppppΓpvt, vt`1, ¨qq
H
t q “ Tvtztvtu, we have

that the t-th term of the sum in (4.15) does not vanish if and only if x P Tvtztvtu and
hence by (4.13), we have

Kpz, xq “ Kzpxq “
1

B
`

ÿ

vPX

1

b|v|

¨

˝

|z|´|v|´1
ÿ

j“0

q´j

˛

‚

¨

˝

|x|´|v|´1
ÿ

j“0

q´j

˛

‚Γpv, z, xq

“
1

B
`

q2

pq ´ 1q2

ÿ

vPX

1

bt
p1´ q|v|´|z|qp1´ q|v|´|x|qΓpv, z, xq.

We call the confluent of two vertices of the tree z, x P X the element z ^ x P X
defined by

z ^ x :“ argmax
tPro,ms

tvt : vt P ro, xsu, tvtu
|z|
t“0 “ ro, zs.

The confluent z ^ x is the common vertex of ro, xs and ro, zs farthest from o. It is
possible to see that the value of the kernel K at pz, xq P X ˆX depends only on the
values of |x|, |z| and |z ^ x|. Furthermore, from (4.14) it is clear that K is symmetric,
that is Kpz, xq “ Kpx, zq.

4.3 Boundedness of the Bergman projector

In this section we study the boundedness properties of the extension of the Bergman
projector to Lp spaces.

We restrict our attention to a family of reference measures for which we are able to
prove that the extension of the Bergman projector to LppXq is bounded if and only if
p ą 1, see Theorem 4.15.
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In [17], authors introduce the definition of optimal measure, that is a reference
measure σ for which

sup
nPN

1

σnqn

`8
ÿ

m“n

σmq
m ă `8.

It is easy to see that the measures that we study below are optimal. We know that the
boundedness of the operator on L1pσq is false for every optimal measure. On the other
hand, we are aware that for some optimal measures the boundedness of the projector
on Lppσq holds for every p ą 1. The characterization of the family of measure for which
the Bergman projector is bounded if and only if p ą 1 is part of the work that we are
completing.

We focus our attention on kernels associated to reference measures σ of the form

µαpxq “ q´α|x|, α ą 1.

This restriction allows us to prove two intermediate results: Theorems 4.10 and 4.11,
from which the results regarding the extension of Bergman projectors follows. Since
the proofs of Theorems 4.10 and 4.11 needs some technicalities, we present them in
Section 4.4. The last result is Theorem 4.15 which states that the extension of the
projector Pα associated to the measure µα to Lppµαq is bounded if and only if p ą 1.

We shall use the notation Lpα and Apα for the Lebesgue and Bergman spaces w.r.t.
µα, respectively. Furthermore, we denote by Kα : X ˆX Ñ R the reproducing kernel
of A2

α. It will be useful to keep track of the weight in the constants introduced in (4.5),
so we denote them by bα,n. In particular observe that in this case there is a relation
between the constants: if n P N

bα,n “
`8
ÿ

m“n`1

«

q´αm

˜

m´n´1
ÿ

k“0

qk

¸˜

m´n´1
ÿ

j“0

q´j

¸ff

“

`8
ÿ

`“1

«

q´αp``nq

˜

`´1
ÿ

k“0

qk

¸˜

`´1
ÿ

j“0

q´j

¸ff

“ q´αnbα,0.

(4.16)

Furthermore we put Bα “ µαpXq.
For any real parameters a, b and for c ą 1, we define the following integral operators

Sa,b,cfpzq “ q´a|z|
ÿ

xPX

|Kcpz, xq|fpxqq
´b|x|,

and
Ta,b,cfpzq “ q´a|z|

ÿ

xPX

Kcpz, xqfpxqq
´b|x|.

We are now in a position to state two results, which will imply as a corollary the
boundedness properties of the Bergman projectors. Theorem 4.10 is devoted to the
study of the boundedness of the operators Sa,b,c and Ta,b,c on weighted Lp-spaces for
p ą 1; the case p “ 1 needs different arguments and for this reason is treated apart in
Theorem 4.11. The proofs of both theorems are postponed to Section 4.4.

Theorem 4.10. Let α P R, c ą 1 and 1 ă p ă 8. The following conditions are
equivalent:
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(i) the operator S “ Sa,b,c is bounded on Lpα;

(ii) the operator T “ Ta,b,c is bounded on Lpα;

(iii) the parameters satisfy

c ď a` b, ´pa ă α´ 1 ă p pb´ 1q .

Theorem 4.11. Let α P R and c ą 1. The following conditions are equivalent:

(i) the operator S “ Sa,b,c is bounded on L1
α;

(ii) the operator T “ Ta,b,c is bounded on L1
α;

(iii) the parameters either satisfy

c “ a` b, ´a ă α´ 1 ă b´ 1,

or satisfy
c ă a` b, ´a ă α´ 1 ď b´ 1.

We state a corollary which is simply a reformulation of the previous theorems when
c “ a` b.

Corollary 4.12. Let 1 ď p ă 8 and α P R. If a, b P R are such that a ` b ą 1, then
the following conditions are equivalent:

(i) the operator S “ Sa,b,a`b is bounded on Lpα;

(ii) the operator T “ Ta,b,a`b is bounded on Lpα;

(iii) the parameters satisfy
´pa ă α´ 1 ă p pb´ 1q .

Let β ą 1. Since A2
β Ď L2

β is a closed subspace of a Hilbert space, there exists
an orthogonal projection Pβ : L2

β Ñ A2
β . Observe that by the reproducing property of

Kβ,z “ Kβpz, ¨q, z P X, we can write the projection Pβf of f P L2
β as follows

Pβfpzq “ xPβf,Kβ,zyA2
β
“ xf, PβKβ,zyL2

β
“ xf,Kβ,zyL2

β
,

where we used the orthogonality of Pβ . Hence we can rewrite Pβ as the integral operator
on L2

β induced by the reproducing kernel Kβ , that is

Pβfpzq “
ÿ

xPX

Kβpz, xqfpxqq
´β|x|, f P L2

β, z P X. (4.17)

Now we state a preliminary result which, as well as being useful in the proofs in
the next section, shows that there is a natural family tfnunPN Ď L1

α such that Pαfn
diverges in L1

α, and then that Pα is not bounded on L1
α.
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Lemma 4.13. Let α ą 1. Then:
ÿ

zPX

|Kαpx, zq|q
´α|z| Á |x|, x P X.

Proof. For every x P Xztou, we put tvtu
|x|
t“0 “ ro, xs, then by (4.14) and α ą 1

ÿ

zPX

|Kαpx, zq|q
´α|z| ě

|x|
ÿ

t“1

|Kαpvt, xq|q
´αt

“

|x|
ÿ

t“1

˜

1

Bα
`

q2

pq ` 1q2

ÿ

vPX

1

bα,|v|
Γpv, vt, xqp1´ q

|v|´tqp1´ q|v|´|x|q

¸

q´αt

Á b´1
α,o

|x|
ÿ

t“1

ÿ

vPX

qαp|v|´tqΓpv, vt, xqp1´ q
|v|´tqp1´ q|v|´|x|q

“

|x|
ÿ

t“1

t´1
ÿ

`“0

qαp`´tqΓpv`, vt, xqp1´ q
`´tqp1´ q`´|x|q

Á

|x|
ÿ

t“1

t´1
ÿ

`“0

qαp`´tq »

|x|
ÿ

t“1

q´αtqαt “ |x|,

where we used the fact that supppΓp¨, vt, xqq “ ro, vt´1s “ rv0, vt´1s and the function is
greater than or equal to q´1

q there.

Corollary 4.14. Let α ą 1. Then Pα is unbounded on L1
αpXq.

Proof. For every n P N, we fix a vertex vn P X, |vn| “ n, and define

fnpxq “ δvnpxqq
α|x|, x P X.

It is easy to show that }fn}L1
α
“ 1. On the other hand, we have Pαfnpzq “ Kαpz, vnq,

and then by Lemma 4.13

}Pαfn}L1
α
“

ÿ

zPX

|Kαpz, vnq|q
´α|z| Á |vn| “ n,

which tends to `8 as nÑ `8.

The case p “ 1 is actually the only value of 1 ď p ă 8 for which Pα is not bounded
on Lpα. This follows from Corollary 4.12.

Theorem 4.15. Let 1 ď p ă 8, α, β ą 1. The operator Pβ is bounded from Lpα to Apα
if and only if

p pβ ´ 1q ą α´ 1.

In particular, Pα is bounded from Lpα to Apα if and only if p ą 1.

Proof. It is sufficient to observe that from (4.17), Pβ “ T0,β,β . Hence, from Corol-
lary 4.12, the boundedness of Pβ on LpαpXq is equivalent to ppβ´ 1q ą α´ 1pą 0q.
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As a direct application of Theorem 4.15, we deduce the following result on the dual
of Bergman spaces.

Corollary 4.16. Let 1 ă p ă 8 and α ą 1. Then

pApαq˚ “ Ap
1

α ,

with equivalent norms under the pairing

xf, gyApαˆAp
1

α
“

ÿ

zPX

fpzqgpzqq´α|z| f P Apα, g P Ap
1

α . (4.18)

Proof. Let g P Ap
1

α . By Hölder inequality we have that

|xf, gyApαˆAp
1

α
| ď }g}Ap1α

}f}Apα ,

for every f P Apα and then g defines an operator in pApαq˚. Conversely, for Φ P pApαq˚,
then by Hahn-Banach extension theorem, there exists Φ̃ P pLpαq˚ such that Φ̃|Apα “ Φ

and }Φ}pApαq˚ ě }Φ̃}pLpαq˚ . Then by the duality on Lp spaces there exists h P Lp1 such
that

Φpfq “ Φ̃pfq “ xf, hy
LpαˆL

p1
α
,

for every f P Apα. By the orthogonality of Pα and Theorem 4.15,

Φpfq “ xPαf, PαhyApαˆAp
1

α
“ xf, PαhyApαˆAp

1

α
.

Hence Φ corresponds to Pαh P A2
α under the pairing (4.18).

4.4 Proof of Theorems 4.10 and 4.11

This section is devoted to the proofs of Theorems 4.10 and 4.11, splitting up the proofs
in various results. In both statements it is straightforward to see that (i) implies (ii).
For the rest of the section α, a, b, c are real parameters with c ą 1.

4.4.1 Proof of (ii) implies (iii)

In this subsection we suppose that the operator Ta,b,c is bounded on Lpα and we deduce
necessary conditions on the parameters a, b, c, α in various lemmas.

Lemma 4.17. Let 1 ď p ă 8. If Ta,b,cf P L
p
α for every f P Lpα, then ´pa ă α´ 1.

Proof. Consider fpxq “ q´N |x| with N P R such that

N ą max

"

1´ α

p
, 1´ b

*

.
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Since N ą 1´α
p we have that f P Lpα and

Ta,b,cfpzq “ q´a|z|
ÿ

xPX

Kcpz, xqq
´pb`Nq|x|

“ q´a|z|
`8
ÿ

n“0

q´pb`Nqn
ÿ

|x|“n

Kcpz, xq

“ q´a|z|
`8
ÿ

n“0

q´pb`Nqn|Spo, nq|Kcpz, oq

by Corollary 4.3 applied to the harmonic function Kcpz, ¨ q. Hence, since N ą 1´ b

Ta,b,cfpzq “ q´a|z|
1

Bc

«

1`
q ` 1

q

`8
ÿ

n“1

qp´b´N`1qn

ff

“
Bb`N
Bc

q´a|z|.

Now observe that Ta,b,cf P L
p
α implies

ÿ

zPX

q´pap`αq|z| “ 1`
q ` 1

q

`8
ÿ

n“1

qp1´ap´αqn ă `8,

which holds if and only if ´pa ă α´ 1, as required.

From now on we put

}ev,j}p “

¨

˝

ÿ

yPspvq

|ev,jpyq|
p

˛

‚

1{p

, v P X, j P Iv, 1 ď p ă 8.

Lemma 4.18. Let 1 ď p ă 8. If Ta,b,c is bounded on Lpα, then a` b ě c.

Proof. Fix a positive integer N such that

N ą max

"

1´ α

p
, c´ b

*

.

For every v P Xztou and j P Iv, we define gv,jpxq “ fv,jpxqq
´N |x|, where fv,j P F are

defined in (4.7). By the condition N ą 1´α
p , we have that gv,j P L

p
α; then

Ta,b,cgv,jpzq “ q´a|z|
ÿ

xPX

Kcpz, xqfv,jpxqq
´pb`Nq|x|

“ q´a|z|xfv,j ,Kc,zyL2
b`N

since N ą c ´ b implies Kc,z P L
2
c Ď L2

b`N . Now we use the decomposition (4.12) of
Kc,z on the basis of A2

c and obtain

xKc,z, fv,jyL2
b`N

“ x
1

Bc
`

ÿ

uPX

ÿ

kPIu

fu,kpzqfu,k
bc,|u|

, fv,jyL2
b`N

“
fv,jpzq

bc,|v|
xfv,j , fv,jyL2

b`N

“
bb`N,|v|

bc,|v|
fv,jpzq,
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where we use the orthogonality of F and (4.10). We calculate the norm of Ta,b,cgv,j in
Lpα

}Ta,b,cgv,j}
p
Lpα
“

ˆ

bb`N,|v|

bc,|v|

˙p
ÿ

zPX

|fv,jpzq|
pq´pap`αq|z|

“

ˆ

bb`N,|v|

bc,|v|

˙p `8
ÿ

n“0

q´pap`αqn
ÿ

|z|“n

|fv,jpzq|
p.

Since supppfv,jq Ď Tvztvu, the integral of |fv,j |p on the sphere Spo, nq vanishes for every
n ď |v|. If n ą |v|, then p|z|´npzq is the unique vertex in spvq in whose sector z lies.
Hence

ÿ

|z|“n

|fv,jpzq|
p “

ÿ

|z|“n
zPTv

|ev,jpp
|z|´npzqq|pap

n´|p|z|´npzq|

“ apn´|v|´1

ÿ

|z|“n
zPTv

|ev,jpp
|z|´npzqq|p

“ apn´|v|´1q
n´|v|´1

ÿ

yPspvq

|ev,jpyq|
p

“ apn´|v|´1q
n´|v|´1}ev,j}

p
p.

Hence we have

}Ta,b,cgv,j}
p
Lpα
“

ˆ

bb`N,|v|

bc,|v|

˙p `8
ÿ

n“|v|`1

q´pap`αqnapn´|v|´1q
n´|v|´1}ev,j}

p
p

“ }ev,j}
p
p

ˆ

bb`N,|v|

bc,|v|

˙p `8
ÿ

m“1

q´pap`αqpm`|v|qapm´1q
m´1

“ }ev,j}
p
p

ˆ

bb`N,|v|

bc,|v|

˙p

q´pap`αq|v|
`8
ÿ

m“1

qp1´2pap`αqqm´1apm´1

“ }ev,j}
p
pkpap` αq

ˆ

bb`N,|v|

bc,|v|

˙p

q´pap`αq|v|,

where the existence of the constant kpap`αq ą 0 is guaranteed by ap`α ą 1, through
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Lemma 4.17, and the fact that 1 ď am ă
q
q´1 , for every m P N. On the other hand,

}gv,j}
p
Lpα
“

ÿ

xPX

|fv,jpxq|
pq´pNp`αq|x|

“

`8
ÿ

n“0

q´pNp`αqn
ÿ

|x|“n

|fv,jpxq|
p

“

`8
ÿ

n“|v|`1

q´pNp`αqnapn´|v|´1q
n´|v|´1}ev,j}

p
p

“ }ev,j}
p
pq
´pNp`αq|v|

`8
ÿ

m“1

qp1´pNp`αqqm´1apm´1

“ }ev,j}
p
pkpNp` αqq

´pNp`αq|v|,

with kpNp ` αq Ñ 1 when N Ñ `8. From the boundedness of Ta,b,c we have that
there exists a positive constant C such that for every v P Xztou

C ě
}Ta,b,cgv,j}

p
Lpα

}gv,j}
p
Lpα

»

ˆ

bb`N,|v|

bc,|v|

˙p

q´pap`α´Np´αq|v| » q´ppN`b´cq|v|q´pap´Npq|v|,

from (4.16). Hence we have that c ď a` b.

Lemma 4.19. Let 1 ă p ă 8. If Ta,b,c is bounded on Lpα, then α´ 1 ă ppβ ´ 1q.

Proof. From Theorem 1.9 in [54], the boundedness of Ta,b,c on L
p
α is equivalent to the

boundedness of the adjoint operator T ˚a,b,c on L
p1
α . It is easy to see that

T ˚a,b,cgpxq “ q´pb´αq|x|
ÿ

zPX

Kcpx, zqgpzqq
´pa`αq|z| “ Tb´α,a`α,cgpxq g P Lp

1

α .

Hence, the fact that T ˚a,b,c is bounded on Lp
1

α implies, through Lemma 4.17, that ´p1pb´
αq ă α´ 1, that is α´ 1 ă ppβ ´ 1q.

Lemmas 4.17, 4.18, 4.19 show that condition (ii) implies condition (iii) in Theo-
rem 4.10. Now we focus on the same implication in the case p “ 1.

Lemma 4.20. If Ta,b,c is bounded on L1
α, then

α ă b, when c “ a` b;

α ď b, when c ă a` b.

Proof. From Lemma 4.18, if Ta,b,c is bounded on L1
α, then c ď a`b. From Theorem 1.9

in [54], the boundedness of Ta,b,c on L1
α implies the the boundedness of the adjoint

operator T ˚a,b,c on L
8
α defined by

T ˚gpxq “ q´pb´αq|x|
ÿ

zPX

Kcpx, zqgpzqq
´pa`αq|z|, g P L8α .
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In particular, for 1X P L8α , we have

T ˚a,b,c1Xpxq “ q´pb´αq|x|
ÿ

zPX

Kcpx, zqq
´pa`αq|z|

“ q´pb´αq|x|
1

bc,0

`8
ÿ

n“0

|Spo, nq|q´pa`αqn “ kpc, a` αqq´pb´αq|x|,

which belongs to L8α if and only if α ď b.
Suppose now that a` b “ c. We know that α ď b and we want to prove that α ă b.

Assume by contradiction that α “ b. Theorem 3.6 in [54] states that T ˚a,b,c is bounded
on L8b , where

T ˚gpxq “
ÿ

zPX

Kcpx, zqgpzqq
´c|z|, g P L8b .

The boundedness of T ˚a,b,c on L
8
b implies that

sup
xPX

ÿ

zPX

|Kcpx, zq|q
´c|z| ă `8.

Which is a contradiction by Lemma 4.13. Hence Ta,b,c is unbounded.

Lemmas 4.17, 4.18, 4.20 show that condition (ii) implies condition (iii) in Theo-
rem 4.11.

4.4.2 Proof of (iii) implies (i)

We start by stating a technical lemma, which will be useful in both Propositions 4.22
and 4.23, that are devoted to prove that (iii) implies (i) in the case p ą 1 and p “ 1,
respectively.

Lemma 4.21. Let β, γ ą 1. Then there exist C1, C2, C
1
2 ą 0 depending only on β and

γ such that

ÿ

xPX

|Kγpz, xq|q
´β|x| ď

#

C1 ` C2q
´pβ´γq|z|, if γ ‰ β,

C1 ` C
1
2|z|, if γ “ β.

Proof. We start by observing that orthogonal basis tev,jujPIv of Wv, v P X, involved
in the construction of functions in F are such that their 1-norms in Wv are bounded
from above, namely

}ev,j}1 ď
a

|spvq|}ev,j}2 “
a

|spvq| ď
a

q ` 1, v P X, j P Iv.
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Hence

ÿ

xPX

|Kγpz, xq|q
´β|x| “

ÿ

xPX

ˇ

ˇ

ˇ

ˇ

ˇ

1

Bγ
`

ÿ

vPX

ÿ

jPIv

fv,jpzqfv,jpxq

bγ,|v|

ˇ

ˇ

ˇ

ˇ

ˇ

q´β|x|

ď C1 `
ÿ

xPX

ÿ

vPX

ÿ

jPIv

ˇ

ˇ

ˇ

ˇ

fv,jpzqfv,jpxq

bγ,|v|

ˇ

ˇ

ˇ

ˇ

q´β|x|

“ C1 `
ÿ

vPX

1

bγ,|v|

ÿ

jPIv

|fv,jpzq|
ÿ

xPX

|fv,jpxq|q
´β|x|

ď C1 `
ÿ

vPX

1

bγ,|v|

ÿ

jPIv

|fv,jpzq|B
´ 1

2
β }fv,j}L2

β

“ C1 `B
´ 1

2
β

ÿ

vPX

bβ,|v|

bγ,|v|

ÿ

jPIv

|fv,jpzq|,

where we use the fact that the measure µβ is finite on X and thus }f}L1
βpXq

ď

B
´ 1

2
β }f}L2

βpXq
, by Cauchy-Schwarz inequality. Now observe that from (4.6), we have

that fv,jpzq “ 0 if z R Tvztvu. Hence, if we denote by tv`u
|z|
`“0 the path ro, zs, then

ÿ

jPIv

|fv,jpzq| “

$

’

&

’

%

a|z|´`´1

ÿ

jPIv

|ev,jpv``1q|, if v “ v`, 0 ď ` ă |z|;

0, otherwise.

Therefore,

ÿ

xPX

|Kγpz, xq|q
´β|x| ď C1 `B

´ 1
2

β

|z|´1
ÿ

`“0

bβ,`
bγ,`

ÿ

jPIv

|ev`,jpv``1q|

ď C1 `B
´ 1

2
β

bβ,0
bγ,0

|z|´1
ÿ

`“0

q´pβ´γq` sup
vPX
jPIv

}ev,j}1

ď

#

C1 ` C2q
´pβ´γq|z|, if γ ‰ β,

C1 ` C
1
2|z|, if γ “ β.

Proposition 4.22. Let 1 ă p ă 8. If a` b ě c ą 1 and ´pa ă α´ 1 ă ppb´ 1q, then
Sa,b,c is bounded on Lpα.

Proof. We set
Hpz, xq “ |Kcpz, xq|q

´a|z|q´pb´αq|x|,

then we write the operator Sa,b,c as

Sa,b,cfpzq “
ÿ

xPX

Hpz, xqfpxqq´α|x|.
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Our purpose is to apply Schur’s test (see Theorem 3.6 in [54]) to the integral operator
with positive kernel H : XˆX Ñ r0,`8q. To do so, we have to show that there exists
a positive function h on X such that

ÿ

zPX

Hpz, xqhpzqp
1

q´α|z| À hpxqp
1

,
ÿ

xPX

Hpz, xqhpxqpq´α|x| À hpzqp. (4.19)

Observe that the two inequalities assumed for α are equivalent to

´
a` α´ 1

p
ă
a

p1
, ´

b´ 1

p1
ă
b´ α

p
.

Hence, since a` b ą 1, it is possible to choose an element

γ P

ˆ

´
b´ 1

p1
,
a

p1

˙

X

ˆ

´
a` α´ 1

p
,
b´ α

p

˙

‰ H. (4.20)

We want to show that hpxq “ q´γ|x| satisfies conditions (4.19). Let z P X. We can
apply Lemma 4.21 since b` γp1 ą 1 by (4.20), obtaining

ÿ

xPX

Hpz, xqhpxqp
1

q´α|x| “ q´a|z|
ÿ

xPX

|Kcpz, xq|q
´pb`γp1q|x|

ď

#

q´a|z|pC1 ` C2q
´pb`γp1´cq|z|q, if γ ‰ c´b

p1 ,

q´a|z|pC1 ` C
1
2|z|q, if γ “ c´b

p1

À q´γp
1|z| “ hpzqp

1

,

where we used a` b´ c ě 0 and a ą γp1. Similarly, we have that, by a` γp` α ą 0
and by Lemma 4.21,

ÿ

zPX

Hpz, xqhpzqpq´α|z| “ q´pb´αq|x|
ÿ

zPX

|Kcpz, xq|q
´pa`γp`αq|z|

ď

#

q´pb´αq|x|pC1 ` C2q
´pa`γp`α´cq|z|q, if γ ‰ c´a´α

p ,

q´pb´αq|x|pC1 ` C
1
2|z|q, if γ “ c´a´α

p

À q´γp|z| “ hpzqp,

since a` b ě c and, by (4.20), b´ α ą γp.
In conclusion, (4.19) holds and by Schur’s test the operator Sa,b,c is bounded on

LpαpXq.

Notice that Proposition 4.22 shows that condition (iii) implies condition (i) in The-
orem 4.10.

Proposition 4.23. If a` b ě c and

´ a ă α´
1

2
ă b´ 1, when c “ a` b;

´ a ă α´
1

2
ď b´ 1, when c ă a` b,

then Sa,b,c is bounded on L1
α.



4.4. PROOF OF THEOREMS 4.10 AND 4.11 127

Proof. Let f P L1
α. We observe that, since a` α ą 1, by Lemma 4.21

}Sa,b,cf}L1
α
“

ÿ

zPX

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

xPX

|Kcpz, xq|fpxqq
´b|x|

ˇ

ˇ

ˇ

ˇ

ˇ

q´pa`αq|z|

ď
ÿ

xPX

|fpxq|q´b|x|
ÿ

zPX

|Kcpz, xq|q
´pa`αq|z|

ď

$

’

’

&

’

’

%

ÿ

xPX

|fpxq|q´b|x|pC1 ` C2q
´pa`α´cq|x|q, if c ‰ a` α,

ÿ

xPX

|fpxq|q´b|x|pC1 ` C
1
2|x|q, if c “ a` α

À
ÿ

xPX

|fpxq|q´α|x| “ }f}L1
α
,

where we used the fact that a` b´ c ě 0 and b ě α in the case c ‰ a` α, and b ą α
in the case c “ a` α. Hence, Sa,b,c is bounded on L1

α.

Proposition 4.23 shows that condition (iii) implies condition (i) in Theorem 4.11.
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