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ABSTRACT 10 

The present paper introduces new concepts related to the modeling of vertical Borehole Heat Exchangers 11 

for Ground Coupled Heat Pump applications. A sensitivity analysis on how specific parameters affect the 12 

ground thermal conductivity kgr estimation when the Infinite Line Source model is used to interpret a 13 

Thermal Response Test has been performed. The study has been conducted considering shallow and deep 14 

BHEs, with and without geothermal gradient, and for homogeneous and stratified ground thermal 15 

conductivities. The qratio parameter scales the external heat rate to a natural heat rate associated with the 16 

geothermal gradient. The effect of qratio on the TRT analysis has been related to a specific dimensionless 17 

g-transfer function called g0, which incorporates the geothermal gradient. Three in-house built Fortran90 18 

codes implementing the finite-difference models related to coaxial, single and double U-BHE geometries 19 

are exploited to evaluate the dimensionless g-transfer functions related to each fluid volume. A spectral 20 

method aimed to reconstruct the fluid temperature profiles by superposing two separated convolutions in 21 

the time domain exploiting the Fast Fourier Transform leads to considering qratio as the dominant 22 

parameter when the ILS model is used to estimate kgr. In the case of a single-layered subsurface, qratio >>1 23 

guarantees the correct ILS-based kgr estimation for any BHE geometry. In the coaxial center-pipe inlet 24 

case with a single-layered subsurface and qratio<1, the ILS-based kgr estimation when the g0-function is 25 

taken into account can differ by -14 % from the correct ILS-based kgr estimation without taking into 26 

account the g0-function. In the case of a multilayered subsurface, the qratio parameter indicates when the 27 



 

 

effective kgr estimated by the ILS model departs from the weighted-thickness average. A departure of 10% 28 

occurs for qratio between 2 and 2.5 for the coaxial center-pipe inlet cases considered and the departure 29 

increases with decreasing qratio. 30 

Key Words: thermal response test, spectral method, short-term g-function, deep borehole heat 31 

exchanger, ground thermal conductivity, geothermal gradient 32 
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NOMENCLATURE 34 

 35 

b  constant [K] 36 

c  specific heat [J/kg K] 37 

E1  exponential integral in ILS model [-] 38 

Fo  Fourier number [-] 39 

FFT  Fast Fourier Transform 40 

f  external excitation function [°C] 41 

g  dimensionless temperature transfer function [-] 42 

H  active depth of the BHE [m] 43 

k  thermal conductivity [W/(m‧K)] 44 

m  slope [K/cycles] 45 

��   mass flow rate [kg/s] 46 

nt  number of elements of the solution related to the temporal discretization 47 

��  net transfer unit corresponding to short-circuit heat transfer (coaxial) [-] 48 

��  net transfer unit corresponding to heat transfer between fluid and ground (coaxial) [-] 49 

���  dimensionless conductance of ground [-] 50 

��   heat transfer rate [W] 51 

�′�   heat transfer rate per unit length [W/m] 52 

�′′�   heat flux rate [W/m2] 53 

qratio ratio of external heat input rate per unit length to an idealized (natural) heat rate [-] 54 

R  thermal resistance [m‧K/W] 55 

r  radial coordinate [m] 56 

S  temperature profiles from numerical solution (or experimental measurements) [°C] 57 

T  temperature [K] 58 

w  velocity [m/s] 59 

z  vertical coordinate [m] 60 

 61 

Greek letters 62 

 63 

α  thermal diffusivity [m2/s]  64 

β  dimensionalization constant of the spectral method [°C] 65 

γ  Euler constant [-] 66 

ρ  density [kg/m3] 67 

∆  finite increment in a variable [-] 68 

π  pi constant [-] 69 



 

 

τ  time [s] 70 

 71 

Subscripts 72 

 73 

ave  average 74 

b  borehole 75 

f  heat carrier fluid  76 

geo  geothermal 77 

gr  ground 78 

in  inner dimension/inlet 79 

j  index, spatial discretization (vertical) 80 

out  outlet dimension/outlet 81 

p  index, ground layer 82 

∞  far field and initial condition 83 

0  initial condition 84 

 85 

Superscripts 86 

 87 

n   index, temporal discretization 88 

*  effective 89 

 90 

1. Introduction  91 

 As reported by the International Energy Agency (IEA) [1], Ground-Coupled Heat Pumps 92 

(GCHP) are indicated as the most effective system (in terms of energy savings and reductions in CO2 and 93 

greenhouse gas emissions) for efficient heating, ventilation, and air conditioning of buildings for civil and 94 

industrial use. In most European countries, heating, and air conditioning of buildings accounts for nearly 95 

50% of total primary energy consumption [2]. The high energy efficiency guaranteed by the GCHP makes 96 

these systems increasingly attractive for the suitable air conditioning of buildings. GCHP systems are 97 

constituted by a heat pump coupled with the ground through multiple vertical or horizontal ground heat 98 

exchangers. Vertical borehole heat exchangers (BHEs) represent the most frequent solution adopted. The 99 

borehole depth related to conventional BHEs is frequently 200 m or less. 100 

 As highlighted by several studies, such as the one by Holmberg et al. [3], when the BHEs 101 

overcome the depth of 350 m (the typical limit for air drilling) these are referred to as Deep Borehole Heat 102 

Exchangers (DBHEs). Drilling at such a large depth (even more than 800–1000 m) has the great advantage 103 

of exploiting higher temperature levels, especially if the ground has a significant geothermal gradient. In 104 

such a way, the surface extension for drilling is reduced together with the total pipe length, making the 105 

DBHEs economically the better choice for supplying heat to an entire urban district. Larger depths are 106 

attractive, especially for buildings requiring high heat loads in densely populated and cold urban areas, as 107 

highlighted by Morchio and Fossa [4]. Several authors, such as Deng et al. [5], highlight how the coaxial 108 

(pipe-in-pipe) is the usual geometry employed for DBHEs. Hellström [6] and Acuña [7] report that the 109 

coaxial arrangement makes the thermal and hydrodynamic performance of the BHEs better than those 110 



 

 

obtainable with U-tubes. In addition, the coaxial geometry represents the most suitable solution for its 111 

intrinsically easier installation procedure at the typical depths of DBHEs, as described by Acuña [7]. As 112 

in the previous study by Morchio et al. [8], the thermal transient behavior of coaxial DBHEs is numerically 113 

simulated and compared with the one related to single and double U DBHEs. The circulation profiles 114 

resulting from the simulations reported in the present paper confirm once more and portend the thermal 115 

benefits guaranteed by the coaxial geometry for DBHE applications in both the heat injection and 116 

extraction operation mode in comparison with those provided by U-pipes.  117 

 The sizing of GCHP systems requires the most accurate knowledge of the ground thermal 118 

properties. In particular, the ground thermal conductivity kgr and its variation along with depth are of 119 

primary importance for the correct sizing and selecting the most cost-effective depth for a borehole field. 120 

Thermal response tests (TRT) constitute the usual experimental procedure to be performed by exploiting 121 

a pilot BHE already installed in order to estimate the ground thermal conductivity and borehole thermal 122 

resistance. The TRT experimental technique and the related equipment were introduced by the pioneering 123 

work of Mogensen [9]. Different typologies of setup and measurement techniques (first of all the 124 

Distributed Thermal Response Test, DTRT) have been proposed throughout the years by different Authors 125 

[10,11,12,13,14,15,16,17,18]. The study by Galgaro et al. [19] demonstrates how the most relevant 126 

lithological thermal parameters as the equivalent kgr of the entire stratigraphy and also the kgr related to 127 

each layer with a spatial resolution of 1 m can be obtained thanks to the temperature measurements 128 

collected from the optical fiber cable actively heated by a constant heating power injected through copper 129 

wires contained within the cable structure.  130 

 In the present paper three Fortran90 programs implementing the finite-difference (FD) models 131 

related to coaxial, single and double U BHEs presented in previous investigations by the present research 132 

group [4,20,21] have been exploited for evaluating the influence of specific TRT parameters on the ground 133 

thermal conductivity estimation when the First Order Approximation (FOA) of the Infinite Line Source 134 

(ILS) model by Carslaw and Jaeger [22] is applied in TRT analysis. The simulated cases reported in the 135 

present study are addressed to evaluate the influence of these parameters for shallow and Deep BHEs 136 

penetrating a single or multiple ground layers with different geothermal gradients imposed along the 137 

depth.  138 

 A previous study by Liu et al. [23] highlights how the layered subsurface and geothermal gradient 139 

have a great impact on the heat extraction performance of a medium-deep borehole heat exchanger. The 140 

weighting factors on individual-layer properties proper of the layer-factor method developed by Beier et 141 

al. [24] reveal how conventional 1D models determine the effective ground thermal conductivity in 142 

simulated DTRTs in deep boreholes. The weighting factors change with heat injection versus heat 143 

extraction, placement of the fluid inlet, and the direction of increasing ground thermal conductivity. The 144 

studies by [25,26,27,28] found that the ILS-based kgr estimated value is near the weighted-thickness 145 

average. It has to be taken into account that these last studies together with those numerical and 146 

experimental by [29,30,31,32,33,34] on TRT and DTRT analyses were focused on shallower boreholes 147 

(depth < 150 m).  148 

 Beier [35] developed a 2D heat transfer model of coaxial DBHEs (depth > 350 m) able to 149 

highlight how the geothermal gradient affects TRT estimates of ground thermal conductivity. The study 150 



 

 

by Beier et al. [36] was focused on performing DTRT analyses through numerical models for coaxial 151 

DBHEs to study the effect of upward and downward increasing trends of thermal conductivity among 152 

ground layers on the estimate of the mean kgr and the kgr estimates for individual layer.  153 

 The present study extends the analyses of simulated TRT and DTRT involving single and 154 

multiple layers with a constant (or variable with depth) and positive geothermal gradient considering 155 

coaxial, single and double U DBHEs. Among the different parameters investigated, the present study 156 

highlights the effect of the qratio parameter introduced by Morchio et al. [8] on the ground thermal 157 

conductivity estimation when the conventional-1D ILS model is applied to interpret the TRT data. The 158 

qratio parameter is defined as the ratio between the absolute value of the external heat transfer rate �� 
 (per 159 

unit length) and what we call the natural heat rate �� 

��� that corresponds to the vertical geothermal flux 160 

multiplied by the BHE length. As it is easy to deduce, the heat available in the ground can be favorably 161 

exploited by DBHEs. In DBHEs, the influence of the heat injected/extracted rate on the estimated value 162 

of the ground thermal conductivity from a TRT can occur through the interaction between the 163 

injected/extracted heat rate and the natural geothermal gradient. As the borehole depth increases, more 164 

importance is assumed by the qratio parameter. This implies that during the planning and the execution of 165 

a TRT, especially when DBHEs are involved, it should be highly recommended to have performed and 166 

made available the undisturbed ground temperature profile measurements, like those provided by 167 

Holmberg et al. [37] to have an estimate of �� 

���. In this manner, the engineer can choose the more 168 

suitable heat transfer rate �� 
 to apply to the carrier fluid during the TRT, thus controlling and in case 169 

modifying qratio. The simulations’ results reported in the present paper verify that qratio is the dominant 170 

parameter that indicates when the ILS-based kgr estimated value departs from the weighted-thickness 171 

average.  172 

 In addition, the present study is aimed to highlight how the effect of the qratio parameter on the 173 

TRT analyses is also related to a specific dimensionless g-transfer function called g0 that is obtained by 174 

performing a complete circulation test of the same duration of the TRT. The dimensionless temperature 175 

transfer functions (Temperature Response Factor) and the related approach of the g-functions are credited 176 

to Eskilson [38]. Further developments for their convolutions performed in the spectral domain are due to 177 

Pasquier and Marcotte [39,40,41]. The g0 function incorporates the geothermal gradient and in general, 178 

the disturbance effect (particularly prominent for DBHEs) related to the undisturbed ground temperature 179 

profile during the TRT. One of the aims of the present study is to demonstrate that when qratio is lower 180 

than 1 the g0,j(τ) function is able to modify the slope of the general solution Tf,j(τ) for each fluid node. 181 

 182 

2. Theory and insights on qratio parameter and the g-transfer functions in TRT analysis 183 

The TRT is the experimental technique aimed at obtaining an estimate of the ground thermal 184 

conductivity kgr and the effective borehole thermal resistance R*
b. The accurate knowledge of kgr is crucial 185 

for the correct sizing of the BHE field. Usually, the test is performed by measuring the heat carrier fluid 186 

temperatures in a pilot BHE, according to the method introduced and described by Mogensen [9]. The 187 

TRT setup consists of an electric heater equipped with temperature sensors at the inlet and the outlet 188 

sections (temperature measurements of the carrier fluid), a circulation pump, a flow meter and the closed-189 

loop piping in the borehole. The prior circulation phase of the test, without injecting or extracting any 190 



 

 

heat, is aimed to reach the thermal equilibrium between the fluid and the surrounding ground. The 191 

circulation phase is followed by the heat injection (or heat extraction) phase during which the carrier fluid 192 

flow is constantly heated (or cooled) by the TRT machine. In this manner, the heat transfer rate exchanged 193 

by the fluid flowing in the BHE closed-loop causes a thermal interaction with the surrounding ground. 194 

Analyzing the thermal response measurements consequent to this interaction allows for estimating the 195 

ground thermal conductivity kgr. Among the different models that can be applied, the ILS model [22,42] 196 

is the first and the simplest for estimating kgr. More details on the ILS-based analysis of the TRT data are 197 

provided in Appendix A.  198 

The kgr estimated value by applying the ILS model in the TRT analysis in cases of single and 199 

multiple layers is an effective value of the ground thermal conductivity. This value is near the weighted-200 

thickness average, as confirmed by previous studies focused on shallower boreholes (depth < 150 m) by 201 

[25,26,27,28]. For layered ground, the average is the effective ground thermal conductivity for parallel 202 

heat conduction through layers with boundary conditions of uniform temperature at each end. Thus, the 203 

weighted average is a useful reference value. In the case of layers with equal thickness, the average is the 204 

simple arithmetic mean. 205 

Except for the first 20 m of the substrate that is subjected to seasonal temperature oscillations, the 206 

ground temperature approximately increases linearly with depth, according to a geothermal gradient 207 

generally in the 0.02-0.03 K/m range. The ground temperature behavior can be well described by the 208 

Lunardini [45] analytical solution. Quite rare "geothermal anomalies" (due to surface magma chambers) 209 

and the presence of deep water-saturated soils are the exceptions to the above rule. In TRT and GCHP 210 

applications, the importance assumed by the qratio parameter increases, according to its definition, as the 211 

borehole active depth H increases:  212 

 213 
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 215 

where �� /H is the external heat rate per unit length while the denominator represents the natural heat rate 216 

�� 

��� corresponding to a constant geothermal gradient, dTgr,∞/dz, and defined as: 217 
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 220 

Under the assumption of a constant geothermal heat flux through the ground layers, Fourier’s law 221 

of heat conduction allows to express the density of natural heat flux �

�
��� as the product between the 222 

layer ground thermal conductivity, ���,# and the temperature gradient, (
  !��,�

 "
)#, of each layer proper of 223 

the undisturbed ground:  224 
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 227 

As observed by Raymond [46], Eq. (2.2) does not always apply especially for depths less than 228 

50 m. It has to be taken into account, as noticed by Kohl [47,48] and Huang et al. [49], that palaeoclimatic 229 

temperature signals in the subsurface and the impacts of urbanization can produce significant deviations 230 



 

 

from steady-state undisturbed ground temperature profiles given by Eq. (2.2). Even though the above 231 

mechanisms can move profiles from the steady-state profile corresponding to a constant geothermal heat 232 

flux, Eq. (2.2) confers a good approximation of the real profile for identifying the overall thermal condition 233 

of the ground (especially when high depths proper of Deep BHEs are reached) and is still useful to 234 

represent overall trends.  235 

The ILS model assumes the heat transfer rate per unit length injected (or extracted) by the carrier fluid 236 

to (from) the surrounding ground (across the borehole wall) uniform with depth. In the present study, the 237 

effect due to a linear undisturbed ground temperature profile that increases with depth since characterized 238 

by a constant geothermal gradient has been numerically investigated. This linear temperature profile has 239 

been assumed for simplicity (and also because this represents a good approximation of the realistic profile 240 

proper of Deep BHEs). It can be expected that the uniform-flux assumption proper to the ILS model 241 

eventually breaks down with increasing geothermal gradient and/or increasing borehole depth. In this case, 242 

as stated by Morchio et al. [8], the natural heat rate corresponding to the geothermal gradient can change 243 

the heat flux normally imposed by the external heat rate during a TRT causing competition between the 244 

two heat rates of different origins (the external heat injection/extraction rate and the natural heat rate). The 245 

typical depth H reached by the DBHEs allows the exploitation of the natural heat �� 

��� made available at 246 

such depths. In particular, the thermal performance and the heat transfer rate that can be extracted by the 247 

DBHEs for GCHP applications are enhanced as the �
�
��� is higher, as shown by previous studies by [3,8]. 248 

On the other hand, as highlighted by Morchio et al. [8], the kgr estimated value from an ILS-based TRT 249 

analysis can be highly influenced by the qratio parameter. This is because as the borehole active depth H 250 

increases, the thermal interaction between the external injected/extracted �� /H and the natural �� 

��� 251 

increases. The numerical results related to the simulations reported in the present paper for a single and a 252 

multilayered subsurface of different kgr values lead to understanding and verifying that qratio is the 253 

dominant parameter that indicates when the ILS-based kgr estimated value departs from the weighted-254 

thickness average. One of the main assumptions of the ILS model is that a constant heat transfer rate in 255 

time and space is irradiated (or absorbed) from a linear source embedded into a medium of infinite extent. 256 

According to Pasquier and Marcotte [40], if the heat flux signal is of step function type varying with time, 257 

the temporal superposition principle can be used to express the temperature variation at any time τ=&'( , 258 

where nt is the number of previous time steps: 259 

 260 
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which can be rewritten, for each jth node of the fluid domain, as: 263 

 264 
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 274 

Therefore, according to Pasquier and Marcotte [40], the ILS model can be decomposed into an 275 

incremental heat flux function f and a model-specific integral gj evaluated for a constant and unit heat 276 

pulse [39] for each jth node, see Eqs. (4), (5), (6). Computing Eq. (4) in the time domain for a long heat 277 

flux signal �� ′ is computationally intensive. Marcotte and Pasquier [39] noticed that the right-hand side of 278 

equation (4) corresponds to a convolution product, noted (f*gj)(τ), and suggested solving it by using a 279 

spectral approach. This means that being the convolution in the time domain corresponding to 280 

multiplication in the frequency domain, (f*gj)(τ) is connected to discrete Fourier transforms. Denoting 281 

with the letter F the Fast Fourier Transform (FFT) and F-1 the Inverse Fast Fourier Transform (the symbols 282 

“*” and “·” in Eq. (7) are the symbols related to the convolution product and the Hadamard product 283 

respectively) any convolution (f*g)(τ) in the time domain can be computed exploiting the frequency 284 

domain according to the following general expression: 285 

 286 

FD ∗ ECH(τ) = I0�(I(D) · I(EC))           (7) 287 

 288 

According to Pasquier and Marcotte [40], the spectral approach to solve a convolution product by FFT 289 

can be exploited under the following main assumptions:  290 

 291 

- The heat flux signal is represented by a step function. 292 

- All the heat pulses are of equal duration (Δτ=τj-τj-1).  293 

- f and gj (f0 and g0,j) are both periodic functions.  294 

 295 

In case one or both f and gj (f0 and g0,j) are not periodic functions, the zero-padding technique can be 296 

adopted, as reported by Pasquier and Marcotte [40]. The zero-padding technique consists in adding nt - 1 297 

zeros at the end of vectors f and gj, to evaluate I0�(I(D) · I(E)) with these zero-padded vectors, and then 298 

to keep only the first nt elements of the solution. 299 

The solution provided by Eq. (7) gives the temperature change with respect to zero, as the ground 300 

(and the carrier fluid) is uniformly at 0°C as the initial condition. According to Pasquier and Marcotte 301 

[40], to reconcile the real ground temperature with Eq. (7), the temperature at any node is simply given by 302 

Eq. (8): 303 

 304 

)B,C(&) = FD ∗ ECH(τ) + )L          (8) 305 

 306 

where T0 is the mean initial undisturbed ground temperature. Eq. (8) assumes a uniform ground 307 

temperature profile over the domain’s height. It is important to highlight that Eq. (8) assumes a uniform 308 

ground temperature profile T0 over the domain’s height (a zero geothermal gradient). The present study 309 

considers that a real vertical thermal profile data set is available and the geothermal gradient is taken into 310 

account. This generalization is provided by Eq. (9). According to Pasquier and Marcotte [40,41] the 311 



 

 

numerical (or experimental) temperature profiles Sj(τ) resulting from a series of heat pulses can be 312 

reconstructed by the general solution Tf,j(τ) for each fluid node given by Eq. (9): 313 

 314 

)B,C(&) = FD ∗ ECH(&) + )L,C(&) = FD ∗ ECH(&) + FDL ∗ EL,CH(&)     (9) 315 

 316 

where T0,j(τ)=(f0*g0,j)(τ), contrary to T0 in Eq. (8), is not necessarily constant in-depth and can vary in 317 

time. The present study highlights also that the effect on the TRT analyses due to the qratio parameter is 318 

directly correlated to the dimensionless g0-transfer function evaluated from the numerical solution Sj(τ) by 319 

performing a complete circulation test of the same duration of the TRT without conferring any heat input 320 

rate. Eq.(9) denotes that the general solution Tf,j(τ) for each fluid node is given by superposing in time two 321 

different solutions (two different/separated convolutions). The kgr that has to be estimated in the TRT is 322 

hidden inside both the gj(τ) and g0,j(τ) transfer functions. The external heat input rate is incorporated into 323 

the external excitation function f(τ) and expressed in terms of the fluid temperature difference imposed by 324 

the TRT machine at the BHE inlet and outlet sections. The excitation f0(τ) is needed only in presence of 325 

non-zero dTgr,∞/dz. Both f(τ) and f0(τ) have to be convolved with each gj(τ) and g0,j(τ) dimensionless 326 

functions respectively (for each jth node, for any time τ). The gj(τ) and g0,j(τ) functions related to each jth 327 

node of fluid volume are evaluated from the simulated (or experimental) temperature profiles Sj(τ) 328 

resulting from the complete numerical model (the three FD Models considered in the present study). The 329 

g0,j(τ) functions take into account the effect related to the undisturbed ground temperature profile which is 330 

particularly important in the case of a non-zero geothermal gradient in the TRT analysis. The g0,j(τ) 331 

functions are derived by simulating the TRT (or performing the real test) with no thermal inputs. This 332 

incorporates the effect on TRT of any specific non-uniform temperature distribution. When qratio is lower 333 

than 1, the effect of the geothermal gradient incorporated into the g0,j(τ) function, is able to modify the 334 

slope of the general solution Tf,j(τ) for each fluid node, as graphically shown by Figure 1 (expressed in 335 

terms of Tf,ave(τ), see Appendix A). The Tf,ave(τ) profiles computed by the FD Model and reconstructed by 336 

the Tf,j(τ) profiles from Eq. (9) are reported as an example in Figure 1. The simulated case has been 337 

performed according to the input data related to the 800 m cases reported in [8] and collected in Table 1; 338 

in particular, the one denoted with “Case 800/40” related to the center inlet configuration of the coaxial 339 

BHE. For the sake of completeness, it has to be reminded that when referring to 800/40, 800/-40, 340 

800/213.33, 800/-213.33 for identifying each case, according to the nomenclature adopted by [8], the first 341 

number is the depth in meters and the second number is the related heat transfer rate per unit length, in 342 

W/m.   343 

 344 

Table 1 345 

Parameters used in simulations with the numerical model related to the 800 m coaxial, single and double 346 

U pipe DBHE (base case). 347 

Parameter Coaxial 800 m U pipe 800 m 

Borehole length 800 m 800 m 

Borehole diameter 0.14 m 0.14 m 

Pipe inner radius 0.045 m 0.0163 m 



 

 

Pipe wall thickness 0.008 m 0.0037 m 

Annular pipe inner radius 0.0695 m - 
Annular pipe wall thickness 0.0004 m - 

Shank spacing - 0.06 m 

Mass flow rate 2.55 kg/s 2.55 kg/s 
Fluid thermal conductivity 0.60 W/(m‧K) 0.60 W/(m‧K) 
Fluid density 1000 kg/m3 1000 kg/m3 
Fluid specific heat capacity 4186 J/(kg‧K) 4186 J/(kg‧K) 
Fluid dynamic viscosity 1.0 x 10-3 kg/(m‧s) 1.0 x 10-3 kg/(m‧s) 
Pipe thermal conductivity 0.42 W/(m‧K) 0.42 W/(m‧K) 

Grout thermal conductivity - 1.2 W/(m·K) 

Grout volumetric heat capacity - 1.35 MJ/(m3·K) 
Local borehole thermal resistance (coaxial) 0.00378 (m‧K)/W - 
Ground surface temperature (z = 0) 281.15 K 281.15 K 
Heat injection/extraction rate 32 kW (Case 800/±40); 

170 kW (Case 800/±213.33) 
Duration of fluid circulation prior to heat 

injection/extraction 
4 h 4 h 

Duration of heat injection/extraction 90 h 90 h 

 348 

As illustrated in Figure 1, the ILS-based kgr estimation when the g0,j(τ) function is taken into account 349 

differs by -14.3 % from the ILS-based kgr estimation without taking into account the effect related to the 350 

geothermal gradient incorporated into the g0,j(τ) function (the reference value for kgr used in the FD model 351 

is 3 W/mK). The correct estimated kgr value from the ILS-based TRT analysis can be obtained only by 352 

removing the g0,j(τ) function from the real (in this case simulated) TRT data.     353 

 354 

 355 

Figure 1: Fluid temperature profiles computed by FD Model as reconstructed by the Tf,j(τ) profiles 356 

from Eq. (9) (in terms of Tf,ave(τ) on top surface, geothermal gradient set to 0.02 K/m, qratio <1) 357 

related to the Center inlet case of Case 800/40. 358 



 

 

 359 

Figure 1 shows how the evaluation and removal of the g0 function from any TRT data would be of great 360 

importance to remove the geothermal gradient influence (highlighted by qratio <1) and obtain the correct 361 

kgr estimations from any TRT analysis based on the ILS model (for single and, as it will be shown in 362 

section 4, also for multiple ground layers). 363 

 The T0,j(τ)=(f0*g0,j)(τ) functions related to the single and double U-pipes have been compared with 364 

those related to the coaxial BHEs (center-inlet and annular-inlet hydraulic configurations) in the case of 365 

the geothermal gradient is 0.02 K/m, as reported in Figure 2. These simulated cases reported as an example 366 

have been performed according to the input data of the 800 m cases reported in [8] and collected in Table 1. 367 

Since 94 hours of circulation without any heat input rate are needed to compute the T0,j(τ)=(f0*g0,j)(τ) 368 

functions, the profiles reported in Figure 2 for the inlet and outlet nodes necessarily overlap for each same 369 

BHE-configuration type. 370 

 371 

  372 

Figure 2: The comparison between the T0,j(τ) =(f0*g0,j)(τ) functions related to the 800 m coaxial, single 373 

and double U-pipes (geothermal gradient set to 0.02 K/m). 374 

 375 

The results reported in Figure 2 clearly show that the T0,j(τ) profile related to the center inlet 376 

configuration of the coaxial case changes much more at late times than the T0,j(τ) profiles related to the 377 

annular inlet, single and double U pipe (for the same borehole length of 800 m). While the T0,j(τ) functions 378 

related to the inlet and outlet nodes assume a value close to being a constant for the single and double U 379 

pipes for almost the entire duration of a TRT, it can be noticed how the T0,j(τ) functions related to the inlet 380 

and outlet nodes assume a slight slope in the case of the coaxial center inlet case. According to [8] and 381 

contrary to what the ILS model assumes, for a DBHE in presence of a non-zero geothermal gradient, the 382 

thermal equilibrium temperature Tgr,∞ between the fluid and the surrounding ground reached at the end of 383 

the circulation period does not correspond to the mean value along the BHE active depth H of the 384 
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undisturbed ground temperature, especially for the coaxial center-inlet case. This is symptomatic of the 385 

almost nil contribution of additional heat input rate related to the available geothermal heat flux within 386 

the BHE length H in the case of the single and double U pipes, while a positive natural extra heat 387 

contribution in the case of the center inlet case. This confirms also that the T0,j(τ) functions incorporate the 388 

contribution of an additional heat input rate related to the available geothermal heat flux within the BHE 389 

length H, then influencing the slope of the resulting Tf,j(τ) fluid profiles if not corrected through the proper 390 

choice of the best external heat transfer rate ��  during the TRT. The g0,j(τ) functions have an effect during 391 

the entire TRT duration (also during the heat input phase). In the case of qratio lower than 1 the g0,j(τ) 392 

functions can modify the slope of the fluid temperature profiles, especially for the coaxial BHE. Also the 393 

Annular inlet case in Figure 2 shows a slight slope having a lower magnitude than the one of the center 394 

inlet case for the overall duration of the TRT. This represents another perspective that allows 395 

understanding why in the case of qratio <1, the annular inlet configuration confers better ILS-based kgr 396 

estimation than the center inlet one (for both heat injection and heat extraction scenarios) as reported in 397 

[8].  398 

The smaller changes of T0,j(τ) with time in Fig. 2 for the U-pipe configuration can be explained as 399 

follows. Picture a stationary elemental fluid volume of thickness dz in one of the U-pipes. If the flow is 400 

downward through the pipe, the geothermal gradient tends to cause cooler fluid from above to enter the 401 

elemental volume. On the other hand, for upward flow in the other side of the U-pipe, the geothermal 402 

gradient tends to make warmer fluid enter the elemental volume from below. The effects on the fluid in 403 

each pipe are likely to have similar magnitudes but oppose each other (source/sink). They are more likely 404 

to cancel each other. In the coaxial BHE, the fluid in the annulus has a more direct pathway to heat 405 

exchange with the ground than the fluid in the center pipe. In order for the fluid in the center pipe to gain 406 

or lose heat with the ground, the heat must travel through the annular fluid. Thus, the heat transfer is 407 

indirect between the ground and the center-pipe fluid. Without the symmetry of the U-pipe arrangement, 408 

the effects are unbalanced on the two flow streams. Thus, the opposing effects (source/sink) are more 409 

likely to have different magnitudes and do not cancel. This unbalance makes the net effect larger in the 410 

coaxial borehole. 411 

According to Pasquier and Marcotte [39,40] the convolution products (f*gj)(τ) and (f0*g0,j)(τ) in 412 

Eq. (9) are computed in the frequency domain using the spectrum of f and gj (f0 and g0,j); this is much 413 

faster than the standard convolution in the time domain. According to Eq. (7), the expressions (f*gj)(τ) 414 

and (f0*g0,j)(τ) in Eq. (9) are computed through Eqs. (10) and (11): 415 

 416 

FD ∗ ECH(τ) = I0�(I(D) · I(EC))           (10) 417 

 418 

FDL ∗ EL,CH(τ) = I0�(I(DL) · I(EL,C))        (11) 419 

 420 

For more details on the FFT method, the Reader is addressed to read [40,41]. The present approach 421 

exploiting the specific strengths of the FFT method in handling different types of boundary conditions 422 

(i.e. variable heat input rate above the ground and an undisturbed ground temperature profile which can 423 

be uniform or variable along the depth) saves a lot of the computation CPU time to run each simulation 424 

(provided that f, f0, gj and g0,j have been obtained). This is because any change of the external heat input 425 

rate involves only the external excitation function f(τ) that is convolved with each evaluated and invariant 426 

dimensionless g,j(τ) function and superposed with the (f0*g0,j)(τ) convolution product (for each node, for 427 



 

 

any time). On the other hand, the g0,j(τ) functions are derived by simulating the model (or performing the 428 

real test) with no thermal inputs to properly take into account the effect related to the undisturbed ground 429 

temperature profile which is particularly important in the case of a non-zero geothermal gradient. The FFT 430 

method adopted in this work for computing the convolution products incorporates concepts based on the 431 

studies by [39,40,41,50].   432 

 433 

2.1 Methodology 434 

 435 

Three Fortran90 programs implementing the FD Models related to coaxial, single and double U-436 

BHE geometries presented in [4,20,21] are exploited to evaluate the gj(τ) and g0,j(τ) functions related to 437 

each jth node of fluid volume. These models have been proved and validated against available literature 438 

TRT measurements, showing very accurate thermal profiles which overlap those related to the 439 

experimental data as reported in [4,20,21]. The Reader is directed to those papers for a complete model 440 

description. A dedicated Fortran90 program, whose results have been successfully cross-checked with 441 

those provided by an independent Matlab solver, implements the routine for performing the FFT 442 

computation used to reconstruct the Tf,j(τ) temperature profiles from the FD Models. The dedicated 443 

Fortran90 code allows the choice of subgroups of nodes for the reconstruction of the Tf,j(τ) for each jth-444 

node. The g0,j-function in the term (f0*g0,j)(τ) is the only term on the right-hand side of Eq. (9) with 445 

information about the geothermal gradient. The gj-function in the term (f*gj)(τ) is evaluated by ignoring 446 

the geothermal gradient. The evaluation of the gj-function in the term (f*gj)(τ) uses a uniform undisturbed 447 

ground temperature (constant with depth) profile whose value is imposed everywhere equal to 448 

0 °C= 273.15 K (assumption proper of the method to evaluate the gj for each node). To evaluate the values 449 

related to gj for each fluid node, it is needed to run an entire numerical simulation with one of the three 450 

complete FD Models considered in the present study, with a 0 °C assigned to all the nodes. This is obtained 451 

by imposing a zero-geothermal gradient in the fluid and ground domain as the initial condition and 452 

applying the desired value of the external heat input rate (it is possible to adopt whatever value of external 453 

heat input rate to evaluate the gj function for each node because the boundary condition related to the 454 

external heat transfer rate is in any case handled by the f(τ) function). According to what is described in 455 

Pasquier and Marcotte [40,41] the dimensionless gj functions are derived using the Eq.(12) reported 456 

hereafter: 457 

 458 

EC(τ) =
MN(O)

8
                (12) 459 

 460 

The Sj(τ) term in the numerator is the solution computed by the complete FD numerical Model related to 461 

each node in the time domain (Sj(τ) in general can also represent the experimental temperature profile in 462 

a real test; in this last case, the Sj(τ) would already incorporate also the geothermal gradient effect, thus 463 

the g0,j(τ) function) suitably converted in °C, according to the method described by Pasquier and Marcotte 464 

[41], while β is the constant for which gj(τ= τstart heat input rate)=1, then: 465 

 466 

: =
.� P(Q�( RSQ( T/UV( �Q(S

W� XY
   [°\]          (13) 467 

 468 



 

 

The value related to the constant β depends on the choice of the ��^���� _��� �'#`� ���� value; therefore the 469 

choice of the value of external heat transfer to evaluate the gj-functions can be arbitrary since the solution 470 

Sj(τ) is in any case affected by this choice and made dimensionless by dividing by the constant β. 471 

The f(τ) excitation function incorporates the effect related to the external heat input rate in terms of the 472 

temperature difference between the BHE inlet and outlet sections, in particular: 473 

 474 

D(τ) = .� (a)0.� (aT12)

W� XY
               [°\]         (14) 475 

 476 

In a standard TRT, since the external load ��  should be typically kept constant (around 90-100 hours of 477 

heat injection at constant power) the f(τ) assumes the values (for each time step included in the defined τ 478 

window): 479 

 480 

D(τ) = [
.� P(Q�( RSQ( T/UV( �Q(S

W� XY
, 0, 0, 0, 0, … ,0]    ∀  &^���� _��� �'#`� ���� ≤ & ≤ &�'  �e#���W�'�  (15) 481 

 482 

To evaluate the values related to g0,j for each fluid node, in the present study the entire 94-h TRT simulated 483 

with the complete FD Model for coaxial BHE has been run taking into account the geothermal gradient 484 

thus the actual values of the undisturbed ground temperature profile imposed in the whole domain as the 485 

initial condition without considering any external heat input rate for all the entire duration of the 486 

experiment. 487 

According to what is described in Nguyen et al. [50] the dimensionless g0,j functions are derived using the 488 

Eq.(16) reported hereafter: 489 

 490 

EL,C(τ) =
Mf,N(O)

85�°g                (16) 491 

 492 

S0,j(τ) is the solution in the time domain computed by the complete FD Model without taking into account 493 

any external heat input rate for the entire duration of the experiment. S0,j(τ) is related to each node (S0,j(τ) 494 

can also represent the experimental temperature profiles in a real test of complete circulation) suitably 495 

converted in °C, while β is the constant that makes g0,j(τ) dimensionless but numerically equivalent to the 496 

S0,j(τ) solution, then β = 1 °C. 497 

The f0(τ) excitation function assumes the values reported in Eq.(17) so that the convolution product 498 

T0,j(τ) =(f0*g0,j)(τ) coincides with the numerical solution S0,j(τ) conferred by the FD Model (for each time 499 

step included in the defined τ window):  500 

 501 

DL(τ) = [1, 0, 0, 0, 0, …]    ∀  0 ≤ τ ≤ &�'  �e#���W�'�      (17) 502 

 503 

2.2 Validation of the method  504 

 505 

As the validation of the FFT spectral method implemented in the dedicated Fortran90 program, it has 506 

been verified that the Tf,j(τ) solution provided by Eq. (9) coincides with the complete solution given by the 507 

FD Model run for the entire 94h simulated TRT related to the “Case 800/40” (non-zero geothermal 508 



 

 

gradient characterizing the undisturbed ground temperature profile imposed in the whole domain as the 509 

initial condition and conferring the proper external heat input rate starting from the 4th hour of the 510 

experiment). The fluid temperature profiles related to the coaxial center-inlet case simulated by the FD 511 

Model and reconstructed by the FFT method have been reported in Figure 3. During the pre-circulation 512 

phase of 4 hours without any external heat input rate (and the geothermal effect during circulation) only 513 

the (f0*g0,j)(τ) term in Eq. (9) provides a numerical contribution (the contribution related to the convolution 514 

product (f*gj)(τ) is zero when the external heat input rate is 0 W). When the external heat input rate starts 515 

both the terms in Eq. (9) provide a numerical contribution. Under these assumptions, Eq. (9) produces the 516 

temperature profile reported in Figure 3 related to the inlet node of the 800 m coaxial center-inlet case 517 

whose input data are reported in [8] and collected in Table 1. In this case, qratio is lower than 1 and the 518 

geothermal gradient is 0.02 K/m. 519 

 520 

 521 

Figure 3: Fluid temperature computed by the FD Model as reconstructed by the superposition of the 522 

(f*gj)(τ) and the (f0*g0,j)(τ) profiles (for the inlet node, geothermal gradient set to 0.02 K/m, 523 

qratio <1) related to the Center inlet Coaxial DBHE of Case 800/40. 524 

 525 

From Figure 3 inspection, it is straightforward to notice that the profile related to the inlet node 526 

computed by the FD Model overlaps with the one obtained from Eq. (9) during the whole test of 94h. 527 

 528 

3. Application of the method for TRT analysis in the case of single-layer subsurface for coaxial, 529 

single and double U BHEs 530 

 531 

The numerical results plotted in the Figures of the present section are aimed to explain how the 532 

present method related to the FFT technique is applied to reconstruct the fluid temperature profiles 533 

computed by the complete FD Models. For the sake of clarity, only the temperatures resulting from the 534 

application of the FFT method have been reported in the Figures of the present section since are the same 535 

as the FD model. Furthermore, the profiles related to the convolution product (f*gj)(τ) have been reported 536 
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in the Figures of the present section (while the T0,j(τ) profiles are those reported in Figure 2 of the present 537 

paper). The results reported in the present section also graphically explain how the g0,j(τ) function can 538 

influence the ground thermal conductivity estimation when the ILS model is employed in the TRT 539 

analysis. This is shown through simulations related to coaxial deep BHE of 800 m in presence of a single-540 

layer subsurface with a non-zero geothermal gradient compared to the same case with an undisturbed 541 

ground temperature profile perfectly uniform along the depth. 542 

According to Eq. (9), adding the convolution product (f*gj)(τ) to the T0,j(τ) profiles (those related 543 

to the Case 800/40 reported in Figure 2 of the present paper) produces the fluid temperature profiles shown 544 

in Figure 4. These temperature profiles are related to the inlet node of the 800 m coaxial (annular inlet and 545 

center inlet) and U-pipes (single and double U) BHEs in the case qratio is lower than 1, the geothermal 546 

gradient is 0.02 K/m, and a single layer subsurface having ground thermal conductivity value of 3 W/mK. 547 

The input data details related to these simulated cases are reported in Table 1, those denoted with “Case 548 

800/40”. For these cases, the external heat input rate per unit length is 40 W/m competing against the 549 

available natural geothermal heat rate of 48 W/m along the BHE depth (qratio lower than 1). 550 

 551 

  552 

Figure 4: Fluid temperature from the superposition of the (f*gj)(τ) and the (f0*g0,j)(τ) profiles (for the 553 

inlet node, geothermal gradient set to 0.02 K/m, qratio <1) related to the coaxial and U - pipes of 554 

“Case 800/40”. 555 

 556 
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 557 

Figure 5: (f*gj)(τ) profiles (for the inlet node) related to the coaxial and U - pipes of “Case 800/40”. 558 

 559 

The (f*gj)(τ) profiles related to the Case 800/40 have been reported in Figure 5. As it is easy to 560 

notice, the (f*gj)(τ) profiles reported in Figure 5 are almost overlapped for all the BHE types and hydraulic 561 

configurations. This is because the gj-function in the term (f*gj)(τ) is evaluated by ignoring the geothermal 562 

gradient and a value equal to 0 °C= 273.15 K (constant with depth) is imposed in the fluid and ground 563 

domain as the initial condition. Figure 4 together with Figure 5 are aimed to show the effect due to the 564 

g0,j(τ) functions (that is the geothermal gradient effect) embedded into the T0,j(τ) functions related to each 565 

BHE type and hydraulic configuration. In particular, Figure 4 confirms what is highlighted by Figure 2 on 566 

how the T0,j(τ) functions and the Tgr,∞ value reached at the end of the pre-circulation phase of 4 hours, prior 567 

to the start of heat injection (or extraction) of a TRT, do not coincide among the coaxial and U-pipes cases 568 

when the geothermal gradient is 0.02 K/m. If the geothermal gradient would have been perfectly 0.0 K/m 569 

all the fluid temperature profiles shown in Figure 4 would almost coincide as they would differ from those 570 

shown in Figure 5 for a constant equal to T0 that is the uniform ground temperature profile over the 571 

domain’s height (zero geothermal gradient). The present investigation at qratio <1 (whose resulting profiles 572 

are shown in Figure 4) graphically confirms that, as opposed to both coaxial cases, the U-pipes are less 573 

influenced by the absolute value of qratio when the ILS model is used for the ground thermal conductivity 574 

estimation from TRT data. This is graphically shown by the almost equal slopes characterizing the late 575 

time of the test for the U-pipes and the different slopes assumed by the coaxial arrangements in Figure 4. 576 

As well as the Tgr,∞ value reached at the end of the pre-circulation phase of 4 hours is almost equal for the 577 

U-pipes while differs between the coaxial configurations (as confirmed by [8]). The T0,j(τ) functions and 578 

in particular the g0,j(τ) functions incorporate the main numerical reason for which the coaxial cases are 579 

more sensitive to the qratio parameter (to the geothermal gradient effect) than the U-pipes when the ILS 580 

model is used to estimate the ground thermal conductivity, as confirmed by the ILS-based kgr estimation 581 

results reported in [8] and collected in Table 2. The FOA-ILS-based analysis has been made for different 582 

Forb intervals in the range 10≤Forb≤66.12 by varying the starting Forb from 10 to 55 in increments of 5. 583 

For the sake of brevity, the kgr FOA-ILS-based estimated values from Eq. (A.9) in the range 584 

10≤Forb≤66.12 have been reported in Table 2. The definition of Forb is given in Eq. (A.4). The reader is 585 
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addressed to [8] for a complete and detailed description of the ILS-based analysis and related results 586 

briefly reported in the present section. 587 

 588 

Table 2 589 

Ground thermal conductivity estimated values considering the 10≤Forb≤66.12 interval compared to the kgr 590 

value (3.0 W/(mK)) imposed in the single layer subsurface, geothermal gradient set to 0.02 K/m. 591 

Case kgr (ILS-estimated value) |% Error| 
800/40 Center inlet 2.593 [W/mK] 13.55 % 

800/40 Annular inlet 3.177 [W/mK] 5.90 % 

800/40 single U 2.905 [W/mK] 3.16 % 

800/40 double U 2.917 [W/mK] 2.77 % 

800/213.33 Center inlet 2.937 [W/mK] 2.10 % 

800/213.33 Annular inlet 3.058 [W/mK] 1.94 % 

800/213.33 single U 2.904 [W/mK] 3.20 % 

800/213.33 double U 2.941 [W/mK] 1.96 % 

 592 

The same numerical simulations have been performed in the case of a geothermal gradient of 593 

0.0 K/m. For the sake of brevity, only the fluid temperature profiles related to coaxial cases have been 594 

presented and reported in Figure 6. In these cases, the Tgr,∞ value reached at the end of the circulation 595 

phase corresponding to the previous simulations reported in Figure 4 for each coaxial case (annular inlet 596 

and center inlet) is directly imposed uniformly along the ground depth from the beginning of the test. As 597 

previously, these temperature profiles are related to the inlet node of the 800 m coaxial (annular inlet and 598 

center inlet). The profiles related to the convolution product (f*gj)(τ) are the same reported in Figure 5 (in 599 

this case the T0,j(τ) profiles are not plotted since they are related to a geothermal gradient of 0.0 K/m, thus 600 

invariant in time and equal to the Tgr,∞ constant value corresponding to the uniform in-depth initial 601 

condition). 602 

 603 

 604 



 

 

 605 

Figure 6: Fluid temperature from the superposition of the (f*gj)(τ) and the (f0*g0,j)(τ) profiles (for the 606 

inlet node, geothermal gradient set to 0.0 K/m) related to the coaxial DBHE of “Case 800/40”. 607 

 608 

Since the geothermal gradient is 0.0 K/m all the fluid temperature profiles shown in Figure 6 differ 609 

from those shown in Figure 5 for a constant equal to T0 which is the uniform ground temperature profile 610 

over the domain’s height (zero geothermal gradient), a different constant between the coaxial cases. In 611 

this case, the g0,j(τ) functions related to the inlet and outlet nodes do not influence the slope of the resulting 612 

Tf,j(τ) fluid profiles (nil contribution of additional heat input rate related to the available geothermal heat 613 

flux within the BHE length H since the geothermal gradient of 0.0 K/m). Therefore the corresponding 614 

ground thermal conductivity estimation from the ILS model will result very close to each other (regardless 615 

of the choice of the hydraulic configuration). This is also observed by similar fluid temperature profiles 616 

obtained from simulated TRTs with a zero geothermal gradient reported in [20] and the related kgr ILS-617 

based estimations.  618 

According to the “800/213.33” coaxial case reported in [8] and presented in Table 1, Figure 7 619 

graphically shows how in presence of the geothermal gradient of 0.02 K/m and qratio >>1, the fluid 620 

temperature profiles can assume the slope (in the semi-logarithmic time scale) compatible with the ground 621 

thermal conductivity value of 3 W/mK imposed in the program input file also in case the center inlet 622 

configuration is adopted (see Table 2). This case for which qratio is greater than 1 has been reconstructed 623 

by the FFT according to the present method synthetically represented by Eqs. (9), (10) and (11). The fluid 624 

temperature profiles related to qratio >>1 for the inlet node have been reported and compared with those 625 

related to qratio < 1 in Figure 7. 626 
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  628 

Figure 7: Fluid temperature from the superposition of the (f*gj)(τ) and the (f0*g0,j)(τ) profiles (for the 629 

inlet node, geothermal gradient set to 0.02 K/m, qratio >>1) compared with those obtained for 630 

qratio <1 related to the Center inlet case of Case 800/213.33. 631 

 632 

From Figure 7 inspection, it is straightforward to notice how in the case of qratio >>1 the contribution of 633 

heat input rate related to the T0,j(τ) function is too lower compared to the one provided by the external heat 634 

input rate imposed (external heat input rate per unit length of 213.33 W/m against the available natural 635 

geothermal heat rate of 48 W/m along the BHE depth). In this case, the effect of the external heat input 636 

rate on the fluid temperature profiles greatly overrides the relatively small contribution related to the 637 

natural geothermal one. For the single-layer subsurface case, the condition related to qratio >>1 guarantees 638 

the correct ground thermal conductivity estimation for both the hydraulic configurations when the ILS 639 

model is used in TRT analysis, as confirmed by the ILS-based kgr estimation results reported in Table 2. 640 

 641 

4. Application of the method for TRT analysis in the case of multiple ground layers of equal 642 

thickness with geothermal gradient  643 

 644 

A series of simulations has been carried out to investigate if the qratio is the dominant parameter 645 

when the ILS model is used to estimate the ground thermal conductivity, also in presence of different 646 

ground layers of equal thickness with different thermal conductivity values imposed along the depth. In 647 

particular, the numerical simulations reported in the present section aimed to demonstrate the influence of 648 

qratio along with the impact of other dimensionless parameters specific to TRTs. The results for ground 649 

with multiple layers are of particular interest because no previous research systematically studies these 650 

effects. The investigation reported in the present section is mainly focused on the coaxial case, which is 651 

the most likely configuration for deep boreholes and, as shown in the previous sections, the most affected 652 

by the effects due to qratio. Any changes in the rb/H and �� /H ratios are not able to mitigate the influence 653 

related to the qratio parameter on the ground thermal conductivity estimation when the ILS model is 654 

employed. The results reported in the present section have been graphically explained and clarified also 655 

in terms of g0,j(τ) functions. The analysis considers different ground layers of equal thickness with different 656 
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thermal conductivity values imposed along the depth and corresponding geothermal gradients. The 657 

condition related to qratio >>1 has to be satisfied in an ILS-based TRT analysis in order to override the 658 

additional heat input rate (particularly prominent for coaxial DBHEs) provided and incorporated into the 659 

g0,j(τ) functions. The qratio >>1 condition guarantees the ILS-based kgr estimation moving closer to the 660 

mean kgr value among the layers.  661 

 The main input parameters are reported in Table 1 according to those reported in Beier et al. [24] 662 

while the grid properties characterizing the numerical simulations related to the 800 m coaxial DBHE case 663 

are reported in Table 3. The kgr values and geothermal gradients for each layer follow the list in Table 4, 664 

also reported in [24]. According to Eq. (2.2), the ground thermal conductivity kgr increases with depth as 665 

listed in Table 4 while the geothermal gradient dTgr,∞/dz decreases as their product remains constant in 666 

each layer and equal to 0.04 W/m2. For layered ground, the (0.04 W/m2) value of the density of natural 667 

heat flux has been adopted in each layer according to [24]. The kgr values of the ground surrounding the 668 

simulated borehole are not specific to the geology related to any location but generically represent a range 669 

of possible physical values. In the DTRT simulations reported in the present study, the ground is made of 670 

four layers, each having a different kgr value. The heat extraction rate per meter from the ground is kept at 671 

40 W/m. The case 800/(-40) is named “CASE 3A” in the present section and, according to [24], can serve 672 

as a base case because the heat extraction rate (W/m) is in the typical range. 673 

 674 

Table 3   675 

Grid properties characterizing the numerical simulations related to the 800 m coaxial DBHE (base case). 676 

Input type Value 

Domain end radial r-coordinate 3.2 m 

Domain end axial z-coordinate 840 m 

Number of partitions along the r-direction 30 

Number of partitions along the z-direction 80 

Finite increment ∆z 10.5 m 

Time step ∆τ 10.51 s 

 677 

Table 4   678 

Thickness, ground thermal properties and geothermal gradient of ground layers. 679 

 680 

Layer Depth 

interval 

(m) 

kgr,p 

(W/(m‧K)) 

αgr,p 

(m2/s) 

(ρc)gr,p 

(J/m3K) 

Geothermal 

gradient 

(K/m) 

1 0 to 200 1 3.33 x 10-7 3.0 x 106 0.04 

2 201 to 400 1.7 5.66 x 10-7 3.0 x 106 0.0235 

3 401 to 600 2.4 8.0 x 10-7 3.0 x 106 0.0167 



 

 

4 601 to 800 3.1 1.03 x 10-6 3.0 x 106 0.0129 

 681 

 A series of simulations for the coaxial pipe adopting the same main input data related to the 800 m 682 

base case (named “CASE 3A”) has been performed by varying the borehole depth (100 m to 800 m, 683 

“CASE 3B” to “CASE 3A BIS”) while keeping the thickness of each layer equal to ¼ of the total depth. 684 

The TRT simulations for both the hydraulic configurations of the coaxial BHE have been performed for 685 

each case. The main input and pre-processing data which distinguish and identify each case are 686 

summarized in Table 5. Note as the depth decreases the magnitude of qratio increases since the heat 687 

extraction rate per meter is kept at 40 W/m. It has to be specified that the values related to the natural heat 688 

rate per unit length reported in Table 5 have been computed according to Eq. (2.1) where the ground 689 

thermal conductivity is the arithmetic average value among the layers, in this case, equal to 2.05 [W/mK]. 690 

The product between the ground thermal conductivity kgr and the geothermal gradient dTgr,∞/dz is constant 691 

for each layer (this product was chosen equal to 0.04 W/m2) and used in Eq. (2.1). For layered ground, the 692 

average is the effective ground thermal conductivity for parallel heat conduction through layers with 693 

boundary conditions of uniform temperature at each end. In the case of layers with equal thickness, the 694 

average is the simple mean. 695 

 696 

Table 5   697 

Main input and pre-processing data identifying the center inlet and annular inlet cases. 698 

 699 

Case  n�  [kg/s] n� /H 

[kg/ms] 

H [m] External 

heat 

extraction 

rate o�  [W] 

Natural heat 

rate per unit 

length [W/m] 

qratio [-] 

3B 0.32 0.0032 100 4,000 4 10 

3C 0.64 0.0032 200 8,000 8 5 

3D 0.95 0.0032 300 12,000 12 3.33 

3E 1.27 0.0032 400 16,000 16 2.5 

3F 1.59 0.0032 500 20,000 20 2 

3G 1.91 0.0032 600 24,000 24 1.66 

3H 2.23 0.0032 700 28,000 28 1.43 

3A 2.55 0.0032 800 32,000 32 1.25 



 

 

3A BIS 2.55 0.0032 800 170,667 32 6.66 

 700 

The mass flow rate varies among the cases in order to keep the fluid temperature difference (Tin-Tout) 701 

constant at the top of the BHE, while 
.�
� remains constant (except for the CASE 3A BIS). This case has 702 

been purposely simulated and reported to show the corrective effect provided by the qratio >>1 on the ILS-703 

based kgr estimation in comparison to CASE 3A. The simulations and analyses reported in the present 704 

section for multiple ground layers indicate that the ILS-based kgr estimation changes with qratio. Figure 8 705 

shows the results for cases as the borehole depth decreases (800 m to 100 m), which increases qratio.  706 

 707 

 708 

Figure 8: Effective ground thermal conductivity estimation from the FOA of the ILS model 709 

compared to the reference value (horizontal line). 710 

 711 

Figure 8 compares the FOA-ILS-based kgr estimation with the weighted-thickness average for the ground 712 

layers. In this case of layers with equal thickness, the average is the simple mean (the horizontal line is 713 

the reference value). The starting time of the time window for the ILS model is Forb=10. The results 714 

indicate that as qratio decreases the ILS-based kgr estimation departs from the arithmetic average. The same 715 

investigation has been carried out also considering different Forb dimensionless time windows, producing 716 

the graph reported in Figure 9 (for the center inlet) and Figure 10 (for the annular inlet) configurations. 717 

The Fourier number Forb corresponds to the starting time for the ILS model fit. 718 
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 720 

Figure 9: Effective ground thermal conductivity from the ILS model as estimated for different Forb 721 

windows for the center inlet configuration. 722 

 723 

 724 

Figure 10: Effective ground thermal conductivity from the ILS model as estimated for different Forb 725 

windows for the annular inlet configuration. 726 

 727 

The analysis has been made for different Forb intervals in the range 10≤Forb≤66.12 by varying the 728 

starting Forb from 10 to 55 in increments of 5. The Forb value of 66.12 at the end of the TRT remains 729 

fixed, which is related to the end of the 90-h period of heat extraction. The kgr estimated values have been 730 

obtained for each Forb window according to the FOA-ILS-based Eq. (A.9). From Figures 9 to 10 731 

inspection, it is interesting to notice that, as one can expect, as the starting Forb is varied becoming closer 732 

to the Forb value of 66.12 at the end of the TRT, the kgr estimations from the FOA-ILS-based Eq. (A.9) 733 

tend to move towards the mean kgr value among the layers, especially for the cases characterized by a qratio 734 
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close to 1. This is because the effect related to the thermal transient characterizing the first hours of the 735 

TRT tends to weigh less when Forb windows closer to the end of TRT are considered in the analysis. 736 

 As in the previous papers by the Authors [8,24], the ratio 
W�
� has been kept constant among the cases 737 

by adjusting �� . The simulations demonstrate that when a strong geothermal gradient exists the difference 738 

between the FOA-ILS-based kgr estimation and the mean kgr tends to decrease as the total depth decreases. 739 

The parameter qratio is an indicator of this difference because as the total depth decreases, the qratio increases 740 

since the heat extraction rate per meter is kept at 40 W/m. The simulations demonstrate that as the depth 741 

decreases the estimated effective kgr from the line-source model moves closer to the mean kgr. This is due 742 

to the qratio parameter, as clearly demonstrated by the additional simulation (CASE 3A BIS) for the 800 m 743 

case with the heat extraction rate per meter from the ground set to 213.33 W/m. The additional simulation 744 

(CASE 3A BIS) demonstrates that the estimated effective kgr from the ILS model moves closer to the 745 

mean kgr when qratio >>1. This demonstrates once more how qratio is the most relevant among the 746 

parameters characterizing the TRT analyses, also in presence of multiple ground layers of equal thickness 747 

with different thermal conductivity values imposed along the depth. For the coaxial BHEs, the estimated 748 

kgr from the ILS model moves closer to the mean kgr value among the layers only if qratio >>1 regardless 749 

of the kgr variations among the layers. The simulations demonstrate also that the movement in the line-750 

source estimates of the effective kgr from the mean is less for the annulus inlet configuration. The 751 

corresponding cases with the annulus as the inlet have significantly smaller deviations from the average 752 

kgr (compare Fig. 10 to Fig. 9). The movement in the line-source estimates from the mean kgr are expected 753 

to be in general less also for single and double U-tube configurations for ground with layers of equal 754 

thickness.  755 

Other parameters related to the coaxial geometry have been varied with the dimensionless groups 756 

reported in Morchio et al. [8] exploiting the cluster of simulations reported in the present paper. The list 757 

includes the parameter N1 related to the short-circuit thermal resistance, R1, between each node placed in 758 

the center and annular pipe: 759 

 760 

�� = �
W�  XY p2

                                                                                                                                               (18) 761 

 762 

The N2 and Ngr are the other dimensionless parameters in the list that include the 
W�
�  ratio:  763 

 764 

�� = �
W�  XY p;

                 (19) 765 

 766 

��� = �4����
W�  XY

                 (20) 767 

 768 

The parameter N2 is related to the thermal resistance, R2, between each node placed in the annular 769 

pipe and the borehole wall node. The parameter Ngr is the dimensionless conductance of ground, according 770 

to [8]. In the simulations whose results are reported in Figures 8, 9 and 10 of the present paper the 
W�
� ratio 771 

is constant. The parameters N1, N2 and Ngr remain almost constant among the cases since containing 
W�
� 772 

(slight variations are due to R1 and R2 variations among the cases because of the fluid velocity variation 773 



 

 

caused by different mass flow rate values). The study has been expanded by varying 
W�
� with respect to the 774 

previous cases while keeping the qratio values constant and equal to those corresponding to the cases 775 

reported in Table 5 of the present paper. Cases in Beier [35] for uniform kgr indicate changes of 
W�
�  has little 776 

influence on the estimate of kgr from a 1D radial model until 
W�
� becomes small. In the present paper, the 777 

effects of N1, N2 and Ngr have been studied by varying 
W�
�  for multi-layer ground. The other dimensionless 778 

parameters reported in [8] are area ratios and thermal property ratios, which would tend not to change for 779 

a given borehole under various TRT conditions. 780 

Additional simulations for the same cases reported in Table 5 of the present paper have been performed 781 

adopting the half value of the 
W�
� reported in Table 5 varying the mass flow rate among the cases in order 782 

to keep the (Tin-Tout) constant at the top of the BHE, while 
.�
� remains constant except for the CASE 3A 783 

BIS). For the sake of brevity, the graphs reporting the results of this simulations cluster have not been 784 

reported since the trends are not too dissimilar to those reported in Figures 8, 9, 10. 785 

Another cluster of simulations has been performed at a third flow rate for each case in order to verify 786 

and consolidate if qratio is always the dominant parameter in the ILS estimation of the kgr for more different 787 

W�
� values (for both the center and annular inlet configuration of the coaxial cases). In particular, the mass 788 

flow rate related to the 200 m CASE 3C has been imposed on the 100 m and 300 m cases (3B and 3D 789 

respectively) while the cases from 400 m to 800 m (3E to 3A BIS respectively) adopt the mass flow rate 790 

related to the 600 m CASE 3G, as reported in Table 6. In this manner, 7 of the 9 cases are characterized 791 

by a different 
W�
� value and the fluid temperature difference between the BHE inlet and outlet sections is 792 

kept included between 1.5°C and 4.5°C except for the CASE 3A BIS. The related results are reported in 793 

Figures 11, 12 and 13. 794 

 795 

Table 6   796 

Main input and pre-processing data related to the center inlet and annular inlet cases varying 
W�
� 797 

among the cases. 798 

 799 

Case  n�  [kg/s] n� /Hb 

[kg/ms] 

Hb [m] External 

heat 

extraction 

rate o�  [W] 

Natural heat 

rate per unit 

length [W/m] 

qratio [-] 

3B 0.64 0.0064 100 4,000 4 10 

3C 0.64 0.0032 200 8,000 8 5 

3D 0.64 0.0021 300 12,000 12 3.33 

3E 1.91 0.0048 400 16,000 16 2.5 



 

 

3F 1.91 0.0038 500 20,000 20 2 

3G 1.91 0.0032 600 24,000 24 1.66 

3H 1.91 0.0027 700 28,000 28 1.43 

3A 1.91 0.0024 800 32,000 32 1.25 

3A BIS 1.91 0.0024 800 170,667 32 6.66 

 800 

 801 

 802 

Figure 11: Effective ground thermal conductivity estimation from the FOA of the ILS model 803 

compared to the reference value (the results at a different 
W�
�  value for each case). 804 

 805 

 806 

2

2.1

2.2

2.3

2.4

2.5

2.6

0 1 2 3 4 5 6 7 8 9 10 11

k
g

r
e
s
ti
m

a
te

 [
W

/m
K

] 
fr

o
m

 I
L
S

 
m

o
d

e
l

qratio

Center pipe as inlet

Annular pipe as inlet

Reference value

2

2.1

2.2

2.3

2.4

2.5

2.6

0 10 20 30 40 50 60 70 80

k
g
r
e

s
ti
m

a
te

 [
W

/m
K

]

Forb start

CASE 3A

CASE 3B

CASE 3C

CASE 3D

CASE 3E

CASE 3F

CASE 3G

CASE 3H

CASE 3A BIS

Reference value



 

 

Figure 12: Effective ground thermal conductivity from the ILS model as estimated for different Forb 807 

windows for the center inlet configuration (the results at a different 
W�
� value for each case). 808 

 809 

 810 

Figure 13: Effective ground thermal conductivity from the ILS model as estimated for different Forb 811 

windows for the annular inlet configuration (the results at a different 
W�
� value for each case). 812 

 813 

Figures 8 and 11 show that the parameter qratio is an indicator of when the effective kgr departs from 814 

the thickness-weighted average of the layers' kgr values. For shallow boreholes and large qratio the ILS 815 

estimate is near the weighted average. As qratio decreases the departure increases as illustrated in Figures 816 

8 to 13. For simplicity, the value of qratio = 1 is a tempting value to choose as the dividing value for when 817 

kgr departs from the weighted-thickness average. Identifying an exact value of qratio for the transition may 818 

be difficult because the regions of transition change somewhat depending on the choice of the 
W�
�  and 

�q
�  819 

specific values. A departure of 10% is for qratio included between 2 and 2.5 for the coaxial center-pipe inlet 820 

cases considered and the departure increases with decreasing qratio. The original definition of qratio 821 

expressed by Eq. (1) proves that qratio is not sensitive of the 
�q
�  variation. Additional simulations verify that 822 

varying 
�q
�  has little influence on the kgr ILS estimation.  823 

A new cluster of simulations varying  
�q
�  demonstrates that the influence of the value assumed by qratio 824 

on the ILS-based kgr estimation has more weight than the one due to the specific value assumed by 
�q
� . In 825 

the new cluster of simulations, the 
�q
�  value has been varied from the value reported in Table 1 (rb has 826 

increased from 0.07 m to 0.14 m). For the sake of brevity, the graphs reporting the results of this 827 

simulations cluster have not been reported since their trends are very similar, especially for what concerns 828 

Figures 8 and 11. The simulation results highlight that the ILS-based kgr estimations are sensitive mainly 829 

to the value related to qratio regardless of the specific value assumed by the 
�q
�  ratio. The 

�q
�  is likely to have 830 

a minor influence on the ILS model estimate of the effective ground thermal conductivity. The 
�q
�  ratio 831 

enters the problem when the borehole is treated with a finite length and/or multiple boreholes interacting 832 
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with each other. The typical duration of TRTs is too short for axial heat conduction in the ground and the 833 

finite length to have significant effects. Therefore, any change of 
�q
�  has little effect on the estimate of kgr. 834 

The results reported in the present section related to the coaxial cases have been graphically 835 

explained and clarified also in terms of g0,j(τ) functions. The condition related to qratio >>1 has to be 836 

satisfied in an ILS-based TRT analysis in order to override the natural heat input rate related to the g0,j(τ) 837 

functions. This makes the ILS-based kgr estimation not sensitive to the effect related to the geothermal 838 

gradient incorporated into the g0,j(τ) functions, therefore closer to the mean kgr value regardless of the kgr 839 

variations among the layers. The gj - function approach of the present study has been applied in the case 840 

of a ground characterized by multiple layers of equal thickness with different thermal conductivity values 841 

imposed along the depth and corresponding geothermal gradients. Recall that the inlet and outlet 842 

temperature profiles in Figures 14 and 16 decrease with time because are related to TRTs in heat extraction 843 

mode. Figures 14, 15, 16 and 17 compare the g0,j curves related to two different cases of different H active 844 

depths (800 m and 100 m related to the center-inlet CASE 3A and 3B respectively), thus of extremely 845 

different qratio (respectively the lowest and the highest among the multilayered cases considered). In 846 

particular, the g0,j curves related to different nodes placed in the annulus at different depths have been 847 

compared while the ground thermal conductivity in the corresponding layer still follows the value reported 848 

in Table 4. This would make the approach related to the g0,j(τ) functions analysis feasible also for DTRT 849 

analysis. The node numbered 87 is placed in the annulus and is related to the depth of 94.50 m and 11.81 850 

m for CASE 3A and 3B respectively. The node numbered 107 is placed in the annulus and is related to 851 

the depth of 304.50 m and 38.06 m for CASE 3A and 3B respectively. The node numbered 127 is placed 852 

in the annulus and is related to the depth of 514.50 m and 64.31 m for CASE 3A and 3B respectively. The 853 

node numbered 147 is placed in the annulus and is related to the depth of 724.50 m and 90.56  m for CASE 854 

3A and 3B respectively.  855 
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Figure 14: Fluid temperature inlet-outlet from the superposition of the (f*gj)(τ) and the (f0*g0,j)(τ) 858 

convolution products and the T0,j(τ) profiles for the 4 nodes placed in the annulus at different depths 859 

related to the Center inlet Coaxial 800 m DBHE (CASE 3A). 860 

 861 

 862 

 863 

Figure 15: Focus on the T0,j(τ) related to the inlet and outlet nodes and the 4 nodes placed in the annulus 864 

at different depths related to the Center inlet Coaxial 800 m DBHE (CASE 3A). 865 
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 867 

Figure 16: Fluid temperature inlet-outlet from the superposition of the (f*gj)(τ) and the (f0*g0,j)(τ) 868 

convolution products and the T0,j(τ) profiles for the 4 nodes placed in the annulus at different depths 869 

related to the Center inlet Coaxial 100 m BHE (CASE 3B). 870 

 871 

 872 

Figure 17: Focus on the T0,j(τ) profiles related to the inlet and outlet nodes and the 4 nodes placed in the 873 

annulus at different depths related to the Center inlet Coaxial 100 m BHE (CASE 3B). 874 
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The graphs reported in Figures 14, 15, 16 and 17 compare the g0,j curves related to two different cases of 876 

different H active depths (extremely different qratio, 1.25 and 10 for the CASE 3A and CASE 3B 877 

respectively). The g0,j curves related to the inlet and outlet nodes for each same case are necessarily 878 

identical. Similarly to Figure 2 for the single-layer subsurface case, the results reported in Figures 14, 15, 879 

16 and 17 for the multilayer case clearly show that the T0,j(τ) profile related to the center inlet configuration 880 

of the coaxial 800 m (qratio = 1.25) center inlet CASE 3A changes much more at late times than the T0,j(τ) 881 

profiles related to the coaxial 100 m (qratio = 10) center inlet CASE 3B. Therefore, especially for the 882 

coaxial BHE, the g0,j functions can be used as an indicator similar to the one represented by qratio also in 883 

the case of multiple ground layers (g0,j functions and qratio are directly linked, being affected both by the 884 

geothermal gradient dTgr,∞/dz). In particular, the condition related to qratio >>1 has to be satisfied in an 885 

ILS-based TRT and DTRT analysis in order to override the additional available heat input rate related to 886 

the g0,j (τ) functions. This makes the ILS-based kgr estimation not sensitive to the effect related to the g0,j(τ) 887 

functions, therefore closer to the mean kgr value regardless of the kgr variations among the layers. 888 

 889 

5. Conclusions 890 

In the present study, the modeling of shallow and Deep BHEs with a geothermal gradient in cases 891 

of single and multiple layers of different ground thermal conductivities imposed along the depth has been 892 

conducted. In particular, a sensitivity analysis on how specific parameters affect the kgr estimation when 893 

the FOA of the ILS model is applied to interpret the TRT data. To this aim, three in-house built Fortran90 894 

codes implementing the FD Models related to coaxial, single and double U-BHE geometries have been 895 

exploited to evaluate the dimensionless g-transfer functions related to each fluid volume. A suitable 896 

spectral method based on the use of the FFT technique and implemented in another dedicated Fortran90 897 

program allows the reconstruction of the fluid temperature profiles computed by the FD Model. The 898 

reconstruction of the fluid temperature profiles is obtained by superposing two separated convolutions in 899 

the time domain for the entire simulated TRT and serves as the validation of the method. The present 900 

method verifies that qratio is the dominant parameter when the ILS model is used to estimate the effective 901 

kgr in TRT data analysis. The conclusions of this study are the following.  902 

1. When qratio is lower than 1, the g0,j(τ) function is able to modify the slope of the general 903 

solution Tf,j(τ) for each fluid node. The g0,j(τ) function incorporates the geothermal gradient 904 

and can influence the kgr estimation when the ILS model is employed in the TRT analysis. 905 

2. The investigation at qratio <1 graphically confirms that, as opposed to the coaxial cases, the 906 

U-pipes are less influenced by the absolute value of qratio when the ILS model is used for 907 

the ground thermal conductivity estimation from TRT data. 908 

3. In a single-layer subsurface when the geothermal gradient is 0.0 K/m, the nil contribution 909 

of additional heat input rate related to the available geothermal heat flux within the BHE 910 

length H assures that the kgr can be correctly estimated from the ILS model. For the coaxial 911 



 

 

case and geothermal gradient 0.0 K/m, the ILS-based kgr estimations are very close to each 912 

other (regardless of the choice of the hydraulic configuration). 913 

4. In the case of a single-layered subsurface, the condition related to qratio >>1 assures the 914 

correct ILS-based kgr estimation for any BHE geometry and hydraulic configuration.  915 

5. In the case of the coaxial center-pipe inlet case with a single-layered subsurface and 916 

qratio<1, the ILS-based kgr estimation when the g0-function is taken into account can differ 917 

by -14 % from the correct ILS-based kgr estimation without taking into account the g0-918 

function.   919 

6. The qratio is the dominant parameter when the ILS model is used to estimate the ground 920 

thermal conductivity, also in presence of different ground layers of equal thickness with 921 

different thermal conductivity values imposed along the depth. Any changes in the rb/H 922 

and �� /H ratios are not able to mitigate the influence related to the qratio parameter on the 923 

ground thermal conductivity estimation when the ILS model is employed.  924 

7. In the case of a multilayered subsurface, the results for the coaxial BHEs indicate that as 925 

qratio decreases the ILS-based kgr estimation departs from the arithmetic average. The 926 

simulations demonstrate that when a strong geothermal gradient exists the difference 927 

between the ILS-based kgr estimation and the mean kgr tends to decrease as the total depth 928 

decreases. The parameter qratio is an indicator of this difference. The qratio parameter 929 

indicates when the effective kgr estimated by the ILS model departs from the weighted-930 

thickness average. A departure of 10% is for qratio included between 2 and 2.5 for the 931 

coaxial center-pipe inlet cases considered and the departure increases with decreasing qratio.  932 

8. In presence of different ground layers of equal thickness with different thermal 933 

conductivity values imposed along the depth and corresponding geothermal gradients, the 934 

condition related to qratio >>1 has to be satisfied in an ILS-based TRT analysis in order to 935 

override the additional heat input rate (particularly prominent for coaxial DBHEs) provided 936 

and incorporated into the g0,j(τ) functions thus obtaining the ILS-based kgr estimation 937 

moving closer to the mean kgr value among the layers. For the coaxial BHEs, the estimated 938 

kgr from the ILS model moves closer to the mean kgr value among the layers only if 939 

qratio >>1 regardless of the kgr variations among the layers. The simulations demonstrate 940 

also that the cases with the annulus as the inlet have significantly smaller deviations from 941 

the average kgr. The errors in the line-source estimates of the mean kgr are expected to be 942 

in general less also for single and double U-tube configurations for ground with layers of 943 

equal thickness. 944 



 

 

9. The gj - function approach has been applied in the case of a ground characterized by 945 

multiple layers of equal thickness with different thermal conductivity values imposed along 946 

the depth and corresponding geothermal gradients. This would demonstrate how the 947 

approach related to the g0,j(τ) functions analysis can be feasible also for DTRT analysis.  948 

 949 

10. For the coaxial BHE, the g0,j functions can be used as an indicator similar to the one 950 

represented by qratio also in the case of multiple ground layers. In particular, the condition 951 

related to qratio >>1 has to be satisfied in an ILS-based TRT and DTRT analysis in order to 952 

override the additional available heat input rate related to the g0,j (τ) functions. This makes 953 

the ILS-based kgr estimation not sensitive to the effect related to the g0,j(τ) functions, 954 

therefore closer to the mean kgr value regardless of the kgr variations among the layers. 955 

 956 

 The present study is the first that highlights the generalization provided by Eq.(9), where the term 957 

T0,j(τ)=(f0*g0,j)(τ), contrary to T0 in Eq. (8), is not necessarily constant and the geothermal gradient is taken 958 

into account. The present paper could represent the basis for further studies on deconvolution techniques 959 

in the time domain aimed to evaluate the g0 function from any TRT recorded data in order to understand 960 

how the g0 function weights its influence on the ILS-based kgr estimations from a TRT analysis for single 961 

and multiple ground layers. The evaluation and removal of the g0 function from any TRT recorded data 962 

through deconvolution techniques (or simply by performing a real complete test of the same duration of 963 

the TRT with no heat input rate and only fluid circulation, recording the data, and then detracting these 964 

data from the heat injection/extraction TRT) will be of great importance in order to remove the geothermal 965 

gradient influence (that is particularly prominent when qratio <1) and obtain the correct kgr estimations from 966 

any TRT analysis based on the ILS model (for single and multiple ground layers). 967 

 968 
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 973 

Appendix A. The thermal response test data analysis with the Infinite line-source (ILS) model 974 

 975 

Among the different models that can be applied for achieving the kgr estimation from a TRT, the 976 

present study is focused on the ILS model [22,42] which is the first and the simplest for estimating kgr. 977 

The ILS model involves the following main assumptions: a constant heat transfer rate in time and space 978 

from a linear source, pure heat conduction in an infinite medium, and uniform ground thermal properties. 979 

The temperature variation at a point located at a distance r of an infinite linear source that injects (or 980 

absorbs) a constant heat transfer rate per unit length �� 
 into an infinite medium in which is embedded is 981 

given by: 982 

 983 

)(*, &) − )��,, = .� 

34��� 6 �17

8 9: = .� 

34���

r�(s),
e        (A.1) 984 

 985 



 

 

where: 986 

 987 

�� 
 = .�
�            (A.2) 988 

 989 

s = �
3t��

                       (A.3) 990 

 991 

The thermal equilibrium temperature Tgr,∞ between the fluid and the surrounding ground reached at the 992 

end of the circulation period prior to the start of heat injection (or extraction) of a TRT, according to the 993 

ILS model, is assumed to be the mean value along the BHE active depth H of the undisturbed ground 994 

temperature. 995 

The definition of the Fourier number based on the radial coordinate For is:  996 

 997 

Iu� = v��a
�;                          (A.4) 998 

 999 

In the TRT analysis, the medium is represented by the ground while kgr and αgr are the ground 1000 

thermal conductivity and diffusivity respectively, τ is the time coordinate. The exponential integral 1001 

expression E1(x) can be suitably evaluated by formulas or its convergent series expansion. The polynomial 1002 

expressions presented by Abramowitz and Stegun [43] represent an accurate approximation of E1(x) 1003 

within 1% for For higher than 0.145 according to Fossa [44]. Among the different series expansions to 1004 

approximate E1(x), the expression as truncated at the logarithmic term is the most common: 1005 

 1006 

r�(s) ≈ −x − ln(s)                     (A.5) 1007 

 1008 

where γ is the Euler constant, γ ≈ 0.5772. 1009 

 1010 

Assuming a 2-resistances model (ground and borehole thermal resistances in series) by introducing 1011 

the effective borehole resistance, R*
b, to the right-hand side of Eq. (A.1) and exploiting the approximation 1012 

in Eq. (A.5), it can be easily demonstrated that the time-varying average fluid temperature (as computed 1013 

at the inlet and outlet section of the TRT-machine), Tf,ave, is: 1014 

 1015 

)B,�{�(&) = )��,, + �� ′ |}~∗ + �
34���

r� � �
3t��q

�� = )��,, + �� ′ �}~∗ + �
34���

�−x − �� � �
3t��q

��� (A.6) 1016 

 1017 

where: 1018 

 1019 

)B,�{�(&) = [!Y,T/(a)�!Y,�V((a)]
�            (A.7) 1020 

 1021 

It can be easily demonstrated that Eq. (A.6) can be rearranged assuming the linear form in a 1022 

semilogarithmic time scale expressed by Eq. (A.8). In this form, Eq. (A.8) is referred to as the simplified 1023 

line-source model (FOA of the ILS model): 1024 

 1025 



 

 

)B,�{�(&) = ���(&) + �                                                                                                                  (A.8) 1026 

 1027 

where m is the logarithmic slope and the constant b contains R*
b. The kgr value is estimated from computing 1028 

the slope m inside an appropriate Forb window (Forb≥10, according to Eskilson [38]): 1029 

  1030 

��� = .��
34W            (A.9) 1031 

 1032 

For the sake of completeness, it has to be highlighted that in a TRT analysis with the ILS method, the 1033 

effective borehole thermal resistance R*
b (in turn related to kgr) is usually calculated after the kgr has been 1034 

estimated according to the following expression: 1035 

 1036 
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