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1. Introduction

In the early twentieth century, Einstein formulated the first geometric theory of
gravitation, the “General Relativity” (GR) [1, 2]. In GR the gravitational field is
described in terms of the metric tensor gij and the spacetime presents a curvature
connected to the matter distribution. Curvature and metric are related to each other
by the Levi-Civita connection. Right after the formulation of GR, alternative ways
to geometrize gravity were explored, for instance leading Weyl to develop a theory
with a symmetrical and nonmetric connection, which aimed to unify gravity and
electromagnetism [3]. The adjective nonmetric indicates that the metric tensor gij
is not preserved under parallel transport, implying that the inner product between
vectors changes when they are transported along a given curve. From the geometric
point of view, all this is expressed by the nonmetricity tensor Qhij . Another interesting
geometric approach was considered by Cartan, who developed a theory where the
connection is not symmetric but metric compatible [4], thus introducing torsional
degrees of freedom.

Both nonmetricity and torsion embody aspects of the connection different from
the curvature, which, instead, is the only cornerstone of GR.

Over the years, major developments have been made in extensions and
generalizations of GR (see e.g. [5]), involving also torsion [6, 7]. However, the
nonmetric theories came into the limelight only in 1999 when the so-called “Symmetric
Teleparallel Gravity” (STG) [8, 9, 10, 11] was proposed. In this theory, gravitation
is strictly connected to the nonmetricity tensor and the related nonmetricity scalar
Q, while both curvature and torsion are set to zero. A generalization of STG, which
recently has gained great attention, is f(Q) gravity [12], where the action of the
gravitational field is described by a generic function of the nonmetricity scalar.

f(Q) gravity has recently attracted great interest. In particular, its cosmology
has been studied in detail [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31], some spherically symmetric models in [32, 33, 34, 35, 36], and wormhole
solutions in [37, 38, 39].

In the following, we focus on the Bianchi type-I universes in the context of
f(Q) theory. Bianchi type-I metrics are the simplest anisotropic generalization of
the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) cosmologies. We
specifically aim to understand how nonmetricity could contribute to driving the actual
Universe to be essentially isotropic.

For our study, we endow the spacetime with a congruence of time-like curves,
whose tangent vector field u determines, at each point, the local direction of the time
flow. The existence of this vector field implies the existence of preferred rest frames
at each point. Thus, the field u can be thought as the 4-velocity field of a family
of observers whose world lines coincide with the congruence. This assumption is the
basis of the so-called 1 + 3 covariant approach [40, 41, 42]. The reason behind the
use of this formalism is that it gives us a direct insight into the physical relevance of
nonmetricity in both geometric and dynamical aspects of the spacetime. Specifically,
we will see how nonmetricity affects the expansion and anisotropy in Bianchi type-I
cosmologies. Other 1 + 3 approaches to f(Q) cosmology are given in [43, 44].

Since the resulting cosmological equations are in general difficult to solve, we
attempt to obtain a global picture of the cosmic evolution by means of the so-called
Dynamical Systems Approach (DSA), see e.g. [45, 46]. This technique allows us to
study a cosmological model by analyzing the behavior of the orbits in a phase space
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connected with the geometrical features and matter sources of space-time. Making use
of DSA, it is possible to achieve a semi-quantitative analysis of the solutions of the
dynamical equations and their stability. DSA has been widely used in gravitational
theories [47, 48, 49, 50, 51], including the f(Q) theory [18, 19, 20]. The 1+3 approach
provides an ideal framework to employ the DSA, as it makes available convenient
variables for the description of the phase space of the dynamical system. As we will
see, in the context of the Bianchi type-I metric, the application of the 1 + 3 approach
leads to a remarkable simplification of the involved equations. For example, we will be
able to deal with complex matter sources as well as non-trivial forms of the function
f(Q).

The paper is organized as follows. Sec. 2 is devoted to some geometrical
preliminaries. Sec. 3 introduces the framework of the 1 + 3 approach, defining all the
necessary kinematic quantities and providing the time and space decomposition with
respect to the given congruence of all the relevant geometrical quantities. A review
of f(Q) gravity and its cosmological equations is given in Sec. 4, whereas Bianchi
type-I universes are discussed in Sec. 5. In Sec. 6, DSA is applied to investigate four
different cosmological scenarios. Eventually, the obtained results are discussed in Sec.
7.

Throughout the paper natural units (c = 8πG = 1) and metric signature
(−,+,+,+) are used.

2. Geometrical preliminaries

We consider a spacetime endowed with a metric tensor gij and a torsion free affine
connection Γij

k. The latter can be decomposed as:

Γij
k = Γ̃ij

k +Nij
k, (1)

where Γ̃ij
k is the Levi-Civita connection induced by the metric tensor gij ,

Γ̃ij
k =

1

2
gkh (∂igjh + ∂jgih − ∂hgij) , (2)

and Nij
k is the disformation tensor,

Nij
k =

1

2

(
Qk

ij −Qi
k
j −Qj

k
i

)
, (3)

defined in terms of the nonmetricity tensor,

Qkij = ∇kgij , (4)

being ∇ the covariant derivative associated with the full connection (1). Throughout
the paper, we will denote by a tilde all quantities related to the Levi-Civita connection.
For instance, we will indicate by ∇̃ the covariant derivative associated with the Levi-
Civita connection (2).

The curvature tensor of the full connection (1) is defined as

Rh
kij = ∂iΓjk

h − ∂jΓik
h + Γip

hΓjk
p − Γjp

hΓik
p =

= R̃h
kij + ∇̃iNjk

h − ∇̃jNik
h +Nip

hNjk
p −Njp

hNik
p

(5)

according to the Ricci identity,

Rh
kijw

k = (∇i∇j −∇j∇i)w
h, (6)

where wh is a generic vector field. In the presence of nonmetricity, we recall that the
Riemann tensor (5) satisfies the properties:
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• Antisymmetry in the last two indices,
Rh

kij = −Rh
kji; (7)

• First Bianchi identity,
Rh

[kij] = 0; (8)
• Second Bianchi identity,

∇[a|R
h
k|ij] = 0; (9)

By contracting first and third index of the Riemann tensor, we obtain the Ricci tensor,
Rkj = Rh

khj . (10)
The contraction between second and third index gives rise to,

R̄hj = Rh
i
ij . (11)

Also, the contraction of first and second index yields the homothetic curvature,
R̂ij = Rh

hij = −∇̃[iQj]h
h = −∂[iQj]h

h. (12)
Eqs. (10) and (11) contracted with the metric give the Ricci scalar,

R = gijRij = −gijR̄ij . (13)

3. 1 + 3 framework

In this section, we apply the 1+3 formalism to the spacetime described in Sec. 2. The
approach is based on the introduction of a congruence of time-like curves, or world
lines, representing preferred observers. The aim is to analyze how nonmetricity affects
them.

3.1. 4− velocity

Given the congruence xi = xi(λ), expressed in terms of an affine parameter λ, we
define the 4-velocity as the time-like vector:

ui =
dxi

dλ
, ui = giju

j . (14)

However, due to nonmetricity, in general the proper time τ is not an affine parameter.
In this regard, it is easily seen that the condition

Qkiju
kuiuj = 0, (15)

together with the requirement to be an autoparallel curve, ensure that the proper time
is actually an affine parameter [43]. Assuming systematically conditions (15), we can
arrange things in order to parameterize the curves using the proper time and define
the 4-velocity as,

ui =
dxi

dτ
, uiu

i = −1. (16)

As we will deal exclusively with cosmological models of Bianchi type-I, we will assume
in Sec. 5 that conditions (15) are satisfied. Indeed, in Appendix B we will show that,
because of the gauge choice, such conditions are not restrictive for our purposes.

Once the 4-velocity has been defined, we may introduce the projection operator
along ui, defined by means of the tensor,

U i
j = −uiuj , (17)

satisfying the properties,
U i

ju
j = ui, U i

kU
k
j = U i

j , U i
i = 1. (18)
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3.1.1. Orthogonal projection The choice of a preferred time direction allows us to
single out a three-dimensional subspace of the tangent bundle at any point, orthogonal
to the 4-velocity ui. The restriction of the metric to this spatial subspace is the so-
called transverse metric,

hij = gij + uiuj . (19)

Associated with the transverse metric (19) there is the spatial projection operator,

hi
j = δij + uiuj , (20)

satisfying the properties

hi
kh

k
j = hi

j , hi
i = 3, hi

ju
j = 0. (21)

In the following discussion, we will also use the projected symmetric trace free (PSTF)
part of a tensor. In particular, for any 1-form Vi and covariant 2-tensor Tij , the PSTF
is expressed as,

V⟨i⟩ = hi
jVj , T⟨ij⟩ =

[
h(i

mhj)
n − 1

3
hijh

mn

]
Tmn. (22)

3.2. Time and spatial derivative

The time derivative of a generic tensor T i···
j··· is defined as,

Ṫ i···
j··· = uh∇hT

i···
j··· =

= uh∇̃hT
i···

j··· + uhNhk
iT k···

j··· + · · · − uhNhj
kT i···

k··· − · · · =
= T̊ i···

j··· + uhNhk
iT k···

j··· + · · · − uhNhj
kT i···

k··· − · · ·,

(23)

where

T̊ i···
j··· = uh∇̃hT

i···
j··· (24)

is the time derivative with respect to the Levi-Civita connection.
The spatial derivative is the spatial projection of the covariant derivative,

DkT
i···

j··· = hk
phi

m · · · hj
n · · · ∇pT

m···
n··· =

= hk
phi

m · · · hj
n · · ·

(
∇̃pT

m···
n··· +Npq

mT q···
n··· + · · ·+

−Npn
qTm···

q··· − · · ·) =
= D̃kT

i···
j··· + hk

phi
m · · · hj

n · · ·Npq
mT q···

n··· +

+ · · · − hk
phi

m · · · hj
n · · ·Npn

qTm···
q··· − · · ·, (25)

with

D̃kT
i···

j··· = hk
phi

m · · · hj
n · · · ∇̃pT

m···
n··· (26)

the spatial derivative with respect to the Levi-Civita connection. It is worth noticing
that the spatial derivative of the metric gij is equal to the spatial derivative of hij :

Dkgij = hk
phi

mhj
n∇pgmn = hk

phi
mhj

n∇p (hmn − umun) = Dkhij . (27)
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3.2.1. 4 − acceleration Because of nonmetricity, scalar product and covariant
derivative do not commute in general. For this reason, we use the convention that the
contravariant, or covariant, counterparts of objects related to the covariant derivative
are obtained raising, or lowering, the indices by the metric. This convention will be
used throughout the paper. Accordingly, we define the 4-acceleration as

u̇i = uh∇hui = ůi −Nhi
kuku

h = ůi +
1

2
Qihku

huk. (28)

where ůi := uh∇̃hui is the 4-acceleration with respect to the Levi-Civita connection.
After that, the contravariant counterpart of (28) is obtained as

u̇i := gij u̇j = gijuh∇huj = ůi +
1

2
gijQjhku

huk. (29)

If Eq. (15) holds, ui and u̇i are orthogonal to each other,

u̇iu
i = u̇iui = 0. (30)

3.2.2. Extrinsic curvature The extrinsic curvature is defined as the spatial derivative
of 4-velocity,

Kij = Diuj = hi
mhj

n∇mun = K̃ij − hi
mhj

nNmn
huh, (31)

being

K̃ij = D̃iuj (32)

the extrinsic curvature induced by the Levi-Civita connection. Raising the second
index, we obtain

Ki
j = gjpKip = K̃i

j − gjphi
mhp

nNmn
kuk (33)

3.3. Kinematic quantities

The covariant derivative of the 4-velocity can be decomposed in its temporal and
spatial projections,

∇iuj = −uiu̇j +Diuj − ujhi
kul∇kul =

= −uiu̇j +
1

3
hijΘ+ σij + ωij −

1

2
ujhi

kQkmnu
mun,

(34)

with

Diuj :=
1

3
hijΘ+ σij + ωij , (35)

and where:

• Θ is related to the rate of volume expansion,

Θ = gijDiuj = gijhi
phj

q∇puq = hijD̃iuj − hijNij
kuk = Θ̃− hijNij

kuk, (36)

with

Θ̃ = D̃iu
i; (37)
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• σij is the trace-free symmetric tensor called “shear tensor”, describing the volume
preserving distortion of the fluid flow,

σij = D⟨iuj⟩ =

[
h(i

mhj)
n − 1

3
hijh

mn

](
D̃mun − hm

phn
qNpq

kuk

)
=

= N⟨mn⟩
kuk,

(38)

σiju
j = 0, σi

i = 0, (39)

with

σ̃ij = D̃⟨iuj⟩, σ̃iju
j = 0, σ̃i

i = 0; (40)

• ωij is the skew-symmetric tensor called “vorticity tensor” describing rotation of
the fluid flow,

ωij = D[iuj] = D̃[iuj] − h[i
mhj]

nNmn
kuk = D̃[iuj] = ω̃ij , (41)

ω̃ij = D̃[iuj], ωiju
j = ω̃iju

j = 0. (42)

It is useful to introduce the magnitudes of shear and vorticity tensors:

σ2 =
1

2
σijσ

ij , ω2 =
1

2
ωijω

ij , (43)

σ̃2 =
1

2
σ̃ij σ̃

ij , ω̃2 =
1

2
ω̃ijω̃

ij . (44)

Substituting Eqs. (36), (38) and (41) in Eq. (34) and considering Eq. (15), we get
the expression,

∇iuj = ∇̃iuj −
1

2
uihj

kQkmnu
mun − hi

mhj
nNmn

pup −
1

2
ujhi

kQkmnu
mun =

= −uiůj +
1

3
Θ̃hij + σ̃ij + ω̃ij − u(ihj)

kQkmnu
mun − hi

mhj
nNmn

pup.

(45)

3.4. Gauss Relation

Given a spatial vector field vp, we define the spatial Riemann tensor through the
relation,

3Rp
qijv

q := (DiDj −DjDi) v
p − 2ωiju

rhs
p∇rv

s. (46)

This relation can be recast as the so-called “Gauss relation”,
3Rp

qij = hi
mhj

nhp
shq

rRs
rmn +Kj

pKiq −Ki
pKjq + 2h[i

mKj]qh
pnQmnsu

s. (47)

Since Riemann tensor is not antisymmetric in the first two indices, we can obtain two
“contracted Gauss relations”. The first contracting the first and third index of the
Gauss relation,
3Rqj =

3Ri
qij = hs

mhj
nhq

rRs
rmn +Kj

iKiq −Ki
iKjq + 2h[i

mKj]qh
inQmnsu

s, (48)

and a second one contracting the second and third indices:
3R̄qj =

3Rq
i
ij = hr

mhj
nhq

sRs
r
mn +KjqKi

i −KiqKj
i + 2h[i

mKj]
ihq

nQmnsu
s. (49)

The trace of both Eqs. (48) and Eq. (49) leads to the “scalar Gauss relation”,
3R = gqj 3Rqj = −gqj 3R̄qj =

= hs
mhrnRs

rmn +KjiKij −Ki
iKj

j + 2h[i
mKj]

jhinQmnsu
s,

(50)
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which generalizes the “Theorema Egregium” in the presence of nonmetricity.
It is also useful to rewrite Eq. (47) in the form

3Rp
qij =

3R̃p
qij + 2D̃[iNj]q

p + 2K̃[i
ph|j]

mhq
nNmn

kuk+

+ 2K̃[i|qhj]
mhp

nNmk
nuk + 2h[i

rhj]
mhs

phq
nhl

kNrk
sNmn

l,
(51)

in which the contributions due to Levi-Civita and nonmetricity terms are made
evident.

3.5. Energy-momentum tensor

The energy-momentum tensor of the matter fluid can be decomposed in its irreducible
parts as,

Ψij = ρuiuj + qiuj + uiqj + phij + πij , (52)

where

ρ = Ψiju
iuj (53)

is the relativistic energy density,

qi = −hi
kΨkju

j (54)

the relativistic energy flux,

p =
1

3
hijΨij (55)

the isotropic pressure, and

πij = Ψ⟨ij⟩ (56)

the trace-free anisotropic pressure. The trace of tensor (52) is equal to,

Ψ = Ψi
i = −ρ+ 3p. (57)

3.6. Nonmetricity decomposition

Similarly to what we have done for the energy-momentum tensor (52), we can
decompose the nonmetricity tensor using ui and hij as:

Qkij =−Q0ukuiuj −
1

3
Q1ukhij −

2

3
Q2u(ihj)k +Q(0)

kuiuj + 2Q(1)
(iuj)uk+

+
1

3
Q(2)

khij +
2

3
Q(3)

(ihj)k −Q(0)
ijuk − 2Q(1)

k(iuj) +
3Qkij ,

(58)

where

Q0 = Qkiju
kuiuj , Q1 = Qkiju

khij , Q2 = Qkijh
kiuj (59)

are scalar quantities,

Q(0)
k = Qpijh

p
ku

iuj , Q(1)
k = Qpiju

pujhi
k, (60)

Q(2)
k = Qpijh

p
kh

ij , Q(3)
k = Qpijh

i
kh

pj (61)

are covectors,

Q(0)
ij = Q(0)

ji =

(
h(i

phj)
q − 1

3
hijh

pq

)
Qkpqu

k, (62)
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Q(1)
ij =

(
hi

phj
q − 1

3
hijh

pq

)
Qpkqu

k (63)

are trace-free tensors and
3Qkij = hk

phi
qhj

rQpqr −
1

3
hijh

qrhk
pQpqr −

1

3
hkih

pqhj
rQpqr −

1

3
hkjh

prhi
qQpqr (64)

is a fully spatial tensor, whose traces are given by

3Qji
j = −1

3
Q(2)

i −
1

3
Q

(3)
i and 3Qij

j = −2

3
Q(3)

i. (65)

However, unlike the energy-momentum tensor, Eq. (58) is not an irreducible
decomposition. Moreover, because of Eq. (15), Q0 = 0.

We can now rewrite Eqs. (28), (36), and (38) in terms of different contributions
of nonmetricity:

u̇i = ůi +
1

2
Q(0)

i, (66)

Θ = Θ̃− 1

2
Q1 +Q2, (67)

σij = σ̃ij −
1

2
Q(0)

ij +Q(1)
(ij). (68)

Eqs. (66), (67) and (68) show how nonmetricity affects the kinematic quantities
associated with the given congruence.

4. f(Q) theory

f(Q) gravity is a generalization of Symmetric Teleparallel Gravity, where the
gravitational Lagrangian f(Q) is a given function of the nonmetricity scalar. The
latter is defined as,

Q = Nhp
hNk

kp −Nkp
hNh

kp = −QhijP
hij =

=
1

4
QhijQ

hij − 1

2
QhijQ

ijh − 1

4
qhq

h +
1

2
qhQ

h,
(69)

where

Ph
ij = −1

4
Qh

ij +
1

2
Q(ij)

h +
1

4
qhgij −

1

4
Qhgij −

1

4
δh(iqj) (70)

is the conjugate tensor of Qhij , and

qh = Qhi
i Qh = Qih

i (71)

are its two independent traces. Writing the Ricci scalar in the form,

R = R̃+ ∇̃hNk
kh − ∇̃kNh

kh +Q, (72)

allows us to highlight how the Lagrangians of STG and GR differ by a total divergence
(and a sign).

In a metric-affine framework, the field equations of f(Q) gravity are derived from
the action

A =

∫
d4x

[
−1

2

√
−gf(Q) + λa

bijRa
bij + λa

ijTij
a +

√
−gLm

]
, (73)
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where Lm is the matter Lagrangian, λa
bij and λa

ij are Lagrange multipliers introduced
to impose the vanishing of curvature and torsion. Performing variations, we get

Rh
kij = 0, Tij

h = 0, (74)

2√
−g

∇h

(√
−gf ′Ph

ij

)
+

1

2
gijf(Q) + f ′ (PihkQj

hk − 2Qhk
iPhkj

)
= Ψij , (75)

and

∇i∇j

(√
−gf ′P ij

h

)
+∇i∇jΦ

ij
h = 0, (76)

with

Ψij = − 2√
−g

δ (
√
−gLm)

δgij
and Φij

h = −1

2

δ (
√
−gLm)

δΓij
h

. (77)

From Eq. (76) and the Levi-Civita divergence of Eq. (75), we derive the energy-
momentum conservation law,

∇̃iΨ
i
h +

2√
−g

∇i∇jΦ
ij

h = 0. (78)

Since we consider matter independent of nonmetricity, Φij
h is identically zero.

In view of condition Ra
bij = 0, Eq. (75) can be reformulated more suitably for

the 1 + 3 formalism as (see Appendix A):

R̃ij =
1

f ′

(
Ψij −

1

2
gijΨ

)
+

1

2
gij

(
f

f ′ −Q
)
− 2

f ′′

f ′

(
Ph

ij −
1

2
gijP

hk
k

)
∂hQ. (79)

By replacing f(Q) = Q into Eq. (79), we recover the field equations of General
Relativity,

R̃ij = Ψij −
1

2
gijΨ. (80)

4.1. Cosmological equations

At this point, making use of the following relations for R̃ij ,

R̃iju
iuj = uj∇̃h∇̃ju

h −
(
∇̃hu

h
)·

= −˚̃Θ− 1

3
Θ̃2 − 2

(
σ̃2 − ω̃2

)
+ D̃hů

h + ůhůh, (81)

and
3R̃ij = hj

qhi
pR̃pq − K̃p

pK̃ji − hj
qhi

pum∇̃mK̃qp + D̃j ůi + ůiůj , (82)

we can derive the 1 + 3 cosmological equations for a generic f(Q) theory, namely:

• Raychaudhuri equation, obtained from Eq. (81),

˚̃Θ +
1

3
Θ̃2+2

(
σ̃2 − ω̃2

)
− D̃iů

i − ůiůi +
1

2f ′ (ρ+ 3p)+

− 1

2

(
f

f ′ −Q
)
− 2

f ′′

f ′

(
Ph

iju
iuj +

1

2
Phk

k

)
∂hQ = 0;

(83)
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• Spatial equations, derived from Eqs. (82) and (83), given by the three-dimensional
Ricci scalar, i.e. the Friedmann equation,

3R̃ =
2

f ′ ρ+
f

f ′ −Q− 2

3
Θ̃2 + 2

(
σ̃2 − ω̃2

)
+

+ 2
f ′′

f ′ ∂hQ
(
Phi

i − hijPh
ij − Ph

iju
iuj
)
,

(84)

and the projected traceless three-dimensional Ricci tensor,(
hi

phj
q − 1

3
hijh

pq

)
3R̃pq =

1

f ′

[
πij − 2f ′′∂hQ

(
hi

phj
q − 1

3
hijh

pq

)
Ph

pq

]
+

− Θ̃σ̃ij + Θ̃ω̃ij + D̃⟨iůj⟩ − D̃[iůj] + ů⟨iůj⟩+

− ˚̃σij + ˚̃ωij .

(85)

As we will see in the following sections, Eqs. (83)-(85), together with the energy-
momentum conservation law (78) and Eq. (58), form a closed system able to describe
the evolution of Bianchi type-I universes.

5. Bianchi type-I model

Bianchi type-I models describe anisotropic and homogeneous universes characterized
by zero vorticity, ωij = 0, and autoparallel world lines, ui∇iu

j = 0. In particular,
these conditions and the identity ωij = ω̃ij imply that the congruence is hypersurface
orthogonal. Moreover, in Bianchi type-I models the spatial hypersurfaces foliating the
universe are assumed flat, i.e. 3Rh

kij = 0.
The symmetries of the Bianchi I models have an impact also on the form of the

nonmetricity tensor. In fact, remembering that we have chosen Q0 = 0 we can assume
without loss of generality that the only non-zero projections of the nonmetricity tensor
are Q1 and Q(0)

ij , so that the nonmetricity tensor results to be of the particular form

Qkij = −1

3
Q1ukhij −Q(0)

ijuk. (86)

In local coordinates, expression (86), and in particular the condition Q0 = 0, can be
justified by adopting the so–called coincidence gauge Γij

h = 0, which is a common
assumption in f(Q) gravity. Since the projections of the nonmetricity tensor are
tensor quantities, once the identity (86) has been proved in the coincidence gauge, it
remains valid in any other gauge. For more detail on this point, the reader is referred
to Appendix B.

With these assumptions, and separating the Levi-Civita from the nonmetricity
contributions, we can write:

Θ = Θ̃− 1

2
Q1, (87)

σij = σ̃ij −
1

2
Q(0)

ij , (88)

and

ui∇iu
j = ui∇̃iu

j +Nik
jukui, (89)

However, as we have seen in Section 4, in the formulation of f(Q) gravity that we
are considering the Curvature tensor is identically zero, which corresponds to flat
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spacetime. How can we consider Bianchi I metrics in this setting? The answer is
that our assumptions imply that the spacetime manifold is of the type Bianchi I with
respect to the Levi-Civita connection. In other words we set Θ = 0, σij = 0, ui∇iu

j = 0
in such a way that

Θ̃ =
1

2
Q1, (90)

σ̃ij =
1

2
Q(0)

ij , (91)

Q = −1

4
Q(0)

ijQ
(0)ij +

1

6
Q1

2 = −2σ̃2 +
2

3
Θ̃2. (92)

and, inserting Eq. (86) into (89) we have

ůj = 0. (93)

In addition, Eq. (51) leads to
3R̃h

kij = 0. (94)

In the subsequent discussion, we consider a matter source described by the energy-
momentum tensor

Ψij = ρuiuj + phij + πij , (95)

where p and ρ satisfy the barotropic linear equation of state,

p = wρ, w = const. (96)

Inserting all the above results into Eqs. (83), (84) and (85), we can write the 1 + 3
cosmological equations for Bianchi type-I universes:

• Raychaudhuri equation,

˚̃Θ +
1

3
Θ̃2 + 2σ̃2 +

1

2f ′ (ρ+ 3p)− 1

2

(
f

f ′ −Q
)
+

f ′′

f ′ Θ̃Q̊ = 0; (97)

• Spatial equations,

2σ̃2 − 2

3
Θ̃2 +

2

f ′ ρ+
f

f ′ −Q = 0, (98)

˚̃σ + Θ̃σ̃ +
f ′′

f ′ σ̃Q̊ − 1

2f ′
πij σ̃

ij

σ̃
= 0; (99)

• Energy-momentum conservation,

ρ̊+ Θ̃ (ρ+ p) + πij σ̃ij = 0. (100)

Equation (99) is obtained multiplying Eq. (85) by σ̃ij/ (2σ̃), whereas Eq. (100) is
derived by the temporal projection of Eq. (78)¶.

6. Dynamical System

In this section, we will apply the DSA to analyze the dynamics of Bianchi type-I
universes in the framework of f(Q) gravity. We will deal with some specific models
associated with particular functions f(Q), all widely used in literature. In one of the
examples, we will also consider the presence of anisotropic pressure.

In our analysis we will always consider an expanding universe, hence Θ̃ > 0.

¶ We should remark here that the derivatives are with respect to the proper time, not the coordinate
one. The two time parameterizations coincide only when g00 = −1.
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6.1. f(Q) as a power law without anisotropic pressure

As a first example, we consider the function

f(Q) = αQn, (101)

with α a dimensional constant, and a null anisotropic pressure πij = 0. In this case,
Eqs. (97)-(100) assume the form,

˚̃Θ +
1

3
Θ̃2 + 2σ̃2 +

n− 1

2n
Q+ (n− 1) Θ̃

Q̊
Q

+
1

2αn
(1 + 3w)Q1−nρ = 0, (102)

2σ̃2 − 2

3
Θ̃2 +

1− n

n
Q+

2

αn
Q1−nρ = 0, (103)

˚̃σ + Θ̃σ̃ + (n− 1) σ̃
Q̊
Q

= 0, (104)

ρ̊+ Θ̃ (1 + w) ρ = 0. (105)

In order to recast these equations in a form more suitable for a dynamical system
analysis, we define the following dimensionless variables +,

Σ2 = 3
σ̃2

Θ̃2
, Ω2 = 3

1

α

1

Θ̃2n
ρ. (106)

Notice that the dynamical variables related to the shear and the matter sources have
been chosen non-negative, offering the advantage of a partial compactification of the
phase space. The choice of the matter variable should also be discussed. In general, one
chooses as the variable associated to ρ, simply 3ρ2/Θ̃2 or 3ρ2/(f ′Θ̃2), which directly
relates to the cosmic matter parameters, and therefore, it is easier to compare with
observational results. In fact these parameters appear via Eq. (98) in many observable
quantities, such as the luminosity distance relation of the lookback time etc. However,
here and in the following examples, except for Sec. 6.4, we choose a different form for
Ω. The reason is that such form allows us to introduce fewer dynamical variables. In
addition, our choice allows us to obtain a variable that involves only the expansion
rate and energy density, which can be measured independently, leading to an equally
good variable in terms of comparison with observations.

We also define the “average length scale” l by using Θ̃,

l̊

l
=

1

3
Θ̃, (107)

that allows us to introduce the conformal time,

T = ln l. (108)

Making use of the above variables and recalling the identity (92), we can rewrite the
system of cosmological equation in the new form,

(1− 2n)
(
1− Σ2

)
+

(
3

2

)n−1

Ω2
(
1− Σ2

)1−n
= 0, (109)

dΣ
dT

=
1

3n
Σ
(
Σ2 − 1

) [
3(n+ 1)− 3n(3w + 1)

(
2− 2Σ2

)−n
Ω2
]
. (110)

+ In the natural units we are using, the quantities Θ2, σ2, ρ, and Q have the dimension of a length
to the power of −2.
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Table 1: The stability of the fixed points and evolution of l, σ̃, and ρ for f(Q) = αQn and
πij = 0. The parameters τ0, l0, σ0, σ1, ρ0, and ρ1 are constants of integration.

w = 0 0 < w ≤ 1

Point Attractor Repeller Saddle Attractor Repeller Saddle

P1 n ≥ 1
2

1
2 ≤ n < 1+w

2w n > 1+w
2w

Average length Shear Energy density

P1 l = l0 (τ − τ0)
2n

3(1+w) σ̃ = σ0 = 0 ρ = ρ0 +
ρ1

(τ−τ0)
2n

From Eq. (109) we derive Ω as a function of Σ,

Ω =
√
2n− 1

(
3

2

) 1−n
2 (

1− Σ2
)n

2 , (111)

which makes Eq. (110) a differential equation for Σ,
dΣ
dT

=
3

2n
Σ
(
1− Σ2

)
[(2n− 1)w − 1] . (112)

A first consideration about the above equations is that Σ = 1 is not an acceptable
value, since we derive Eq. (111) from Eq. (109), assuming that Σ ̸= 1. The same
problem will occur in Sec. 6.2, in which the function f(Q) is again (101).

Furthermore, being Ω and Σ non-negative, Eq. (111) is only meaningful if n ≥ 1/2
and 0 ≤ Σ < 1, and for some values of n in the intervals n ≥ 1/2 and Σ > 1, or n ≤ 1/2
and Σ > 1. However, we consider only the condition 0 ≤ Σ < 1. This choice has two
motivations. The first is that, from a physical point of view, we are interested in the
states of phase space describing an isotropic universe, i.e. Σ = 0. This state cannot
be reached by any orbit starting at Σ > 1. A second motivation is that in Eq. (111)
there is the term

(
1− Σ2

)n
2 , the value of which depends strictly on the choice of n (e.g.

even, odd, or a rational number) when Σ > 1. The case n ≥ 1/2 and 0 ≤ Σ ≤ 1, on
the other hand, being a continuous interval for n, offers a wider setting for a parameter
analysis aimed to comparison with observations. Similar constraints will be necessary
also in the models we will consider in the following sections.

The system (111) and (112) presents only one critical point,

P1 =

{
Σ = 0, Ω =

√
2n− 1

(
3

2

) 1−n
2

}
, (113)

which represents a universe where the shear is negligible with respect to the matter.
The derivative of Eq. (112) with respect to Σ allows us to discuss the stability

of the solutions near the critical point, which depends on the values of w and n. The
results are shown in Table 1.

We can obtain an “approximation” for the time dependence of l, σ̃, and ρ near
to a critical point by substituting Eq. (106) into Eqs. (102), (104), and (105). The
results are again reported in Table 1.
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Figure 1. Evolution of Σ(l) and Ω(l) with: (a) w = 0, n = 3, and Σ1 = −1/3; (b) w = 1/3,
n = 3, and Σ1 = 2/3; (c) w = 1/3, n = 3/2, and Σ1 = −1/4. The empty (half-)circles
represent the conditions Σ ̸= 1 and Ω ̸= 0.

Equation (112) can be solved analytically, so we can also obtain exact solutions
for Σ and Ω as a function of average length scale l,

Σ(l) =
1√

1 + e2Σ1 l
3(1+w−2nw)

n

,

Ω(l) =
√
2n− 1

(
3

2

) 1−n
2

(
e2Σ1 l

3(1+w−2nw)
n

1 + e2Σ1 l
3(1+w−2nw)

n

)n/2

,

(114)

where Σ1 is a constant of integration. Using Eq. (114), we can compare the evolution
of Σ and Ω with the results coming from the stability analysis in Table 1. As it can
be seen in Figure 1, once the appropriate parameters have been chosen, the results
are consistent with Table 1. In Figure 1a, where w = 0 and n ≥ 1/2, we have that P1

is an attractor, whereas in Figure 1b, and Figure 1c, with 0 < w ≤ 1, P1 is a repeller
or an attractor, respectively, depending on the value of n.

In [15], the reconstruction method was used to find exact Bianchi type-I
cosmologies in f(Q) gravity. It is interesting to compare these results with the more
general description we have obtained from the above phase space analysis.
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Figure 2. (a) Evolution of the scale factor a, b, and c in function of the proper time τ , with
w = 0 and n = 3. (b) Evolution of Σ, and Ω in function of the average length scale l, with
w = 0 and n = 3. The empty (half-)circles represent the conditions Σ ̸= 1 and Ω ̸= 0.

For example, in [15] it was found, for f(Q) = Qn, w = 0 and n an odd integer,
the following solution for the scale factors,

a(τ) =a1
[
(τ − τ0)

2 −K2
]n

3

[
(τ − τ0)−K

(τ − τ0) +K

]n
3

,

c(τ) =c1
[
(τ − τ0)

2 −K2
]n

3

[
(τ − τ0)−K

(τ − τ0) +K

]− 2n
3

,

(115)

represented by Figure 2a. K is a parameter of the theory, while a1, c1, and τ0
are constants of integration. It is clear that the scale factors tend to have the
same expansion rate as the time increases, thus describing a universe which tends
to isotropize. Such isotropization is evident in Figure 2b, which shows the behavior
of Σ and Ω calculated for the (115). As expected, this behavior matches exactly the
one of Figure 1a once the parameter are chosen in a consistent way.

6.2. f(Q) as a power law with anisotropic pressure

We consider again the function f(Q) = αQn, but now we add an anisotropic pressure
of the form (see e.g. [40] and [52]),

πij = −µσ̃ij , (116)

being µ a suitable dimensional constant.
Under these assumptions, the dynamical equations are:

˚̃Θ +
1

3
Θ̃2 + 2σ̃2 +

n− 1

2n
Q+ (n− 1) Θ̃

Q̊
Q

+
1

2αn
(1 + 3w)Q1−nρ = 0, (117)

2σ̃2 − 2

3
Θ̃2 +

1− n

n
Q+

2

αn
Q1−nρ = 0, (118)

˚̃σ + Θ̃σ̃ + (n− 1) σ̃
Q̊
Q

+
µ

αn
Q1−nσ̃ = 0, (119)

ρ̊+ Θ̃ (1 + w) ρ− 2µσ2 = 0. (120)
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Table 2: The stability of the fixed points and evolution of l, σ̃, and ρ for f(Q) = αQn and
πij = −µσij . The parameters τ0, l0, σ0, ρ0, and ρ1 are constants of integration.

w = 0 0 < w ≤ 1

Point Attractor Repeller Saddle Attractor Repeller Saddle

P1 n ≥ 1
2 n > w+1

2w
1
2 ≤ n < w+1

2w

Average length Shear Energy density

P1 l = l0 (τ − τ0)
2n

3(1+w) σ̃ = σ0 = 0 ρ = ρ0 +
ρ1

(τ−τ0)
2n

In this case, we have an additional variable related to the anisotropic pressure,

M =
µ

α
Θ̃1−2n, (121)

together with

Σ2 = 3
σ̃2

Θ̃2
, Ω2 = 3

1

α

1

Θ̃2n
ρ. (122)

By following a similar procedure as in the previous example, we obtain the final
system of dynamical equations:

Ω =
√
2n− 1

(
3

2

) 1−n
2 (

1− Σ2
)n

2 , (123)

dΣ
dT

= − 1

2n

(
3

2

)n

Σ
(
1− Σ2

)1−n
[
4M+ 31−n

(
2− 2Σ2

)n
(1 + w − 2nw)

]
, (124)

dM
dT

=
3n

2n
M
{
8 (n− 1)MΣ2

(
2− 2Σ2

)−n
+

− 31−n(2n− 1)
[
Σ2 (2nw − w − 1)− w − 1

] }
. (125)

As anticipated in Sec. 6.1, in the above system of equations, Σ = 1 is not an
acceptable value. In addition, the conditions to have Ω and Σ real and non-negative
are n ≥ 1/2 and 0 ≤ Σ < 1.

The invariant submanifolds of the system include Σ = 0 and M = 0. Notice
that the invariant submanifold Σ = 0 represents isotropic universes, whereas M = 0
implies that either we are in a situation in which the terms associated to the coupling µ
are negligible (and therefore the universe described in Sec. 6.1) or that the expansion
is going to infinity. It is not immediate in this framework to distinguish these two
cases, however. Only a more detailed analysis of the equations, or a different choice
of variables might shed clarity on this point. We will not attempt such analysis here.

In the parameter range we consider, there is one critical point,

P1 =

{
Σ = 0, M = 0, Ω =

√
2n− 1

(
3

2

) 1−n
2
}
, (126)

where matter dominates over the shear and the anisotropic pressure. The analysis of
the stability and the approximate evolution of l, σ̃ and ρ are summarized in Table 2.
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The phase space is described in Figures 3a, 3b and 3c, for different values of w
and n. To proceed in the analysis, we define

P2 :=

{
Σ = 1, M = 0, Ω = 0

}
, (127)

which is not a critical point, but it will be useful to describe the orbits of the phase
space.

The phase space we obtained shows several types of cosmic evolutions. For
example in Figure 3a, close to P2, with M positive, we are in a universe where matter
is negligible compared to shear. As the time progresses, the universe isotropizes with a
decreasing expansion rate. In contrast, in the negative half-plane for M , after a phase
of isotropization and approach to P1, the orbits return to their starting point, i.e. to
an anisotropic state. A similar behavior is found in Figure 3c. On the other hand, in
Figure 3b we have that orbits move away from an isotropic universe, represented by
the points of the phase space near P1. In the positive half-plane, the region near P2

is a transition phase for the system leading to a decelerated isotropization, whereas in
the negative half-plane, there are decelerated and accelerated expansion phases that
lead the universe to anisotropy.

As expected, the invariant submanifold M = 0 mirror exactly the phase space of
the case of Section 6.1.

6.3. The case f(Q) = α
(√

Q+ βQn
)

We now consider the following function,

f (Q) = α
(√

Q+ βQn
)
, (128)

where α and β are dimensional constants, and set the anisotropic pressure πij equal
to zero. The resulting cosmological equations are,

˚̃Θ +
1

3
Θ̃2 + 2σ̃2 +

Q
2

− Q+ βQn+ 1
2

1 + 2βnQn− 1
2

+

− 1

2

Q̊
Q

1− 4β(n− 1)nQn− 1
2

1 + 2βnQn− 1
2

Θ̃ +

√
Q

α
(
1 + 2βnQn− 1

2

) (1 + 3w) ρ = 0,
(129)

2σ̃2 − 2

3
Θ̃2 −Q+ 2

Q+ βQn+ 1
2

1 + 2βnQn− 1
2

+
4
√
Q

α
(
1 + 2βnQn− 1

2

)ρ = 0, (130)

˚̃σ + Θ̃σ̃ − 1

2

Q̊
Q

1− 4β(n− 1)nQn− 1
2

1 + 2βnQn− 1
2

σ̃ = 0, (131)

ρ̊+ Θ̃ (1 + w) ρ = 0. (132)

By defining the dynamical variables,

Σ2 = 3
σ̃2

Θ̃2
, B = βΘ̃2n−1, Ω2 = 3

1

α

1

Θ̃
ρ, (133)
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Figure 3. Phase space portrait of the system (124)-(125) with (a) w = 0 and n = 3, (b)
w = 1

3
and n = 3, (c) w = 1

3
and n = 3/2.

the reduced system of dynamical equations is

Ω =

(
3

2

) 1−n
2 √

(2n− 1)B
(
1− Σ2

)n
2 (134)

dΣ
dT

= −
3Σ
(
1− Σ2

)
3n

√
2 + 2n+1

√
3nB (1− Σ2)

n− 1
2

[
3n

√
2+

+2n
√
3B(1 + w − 2nw)

(
1− Σ2

)n− 1
2

]
, (135)
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Table 3: The stability of the fixed points and evolution of l, σ̃, and ρ for f(Q) =
α
(√

Q+ βQn
)

and πij = 0. The parameters τ0, l0, σ0, σ1, and ρ0 are constants of
integration.

0 ≤ w ≤ 1

Point Attractor Repeller Saddle

P1 n > 1
2

P2 n > 1
2

Average length Shear Energy density

P1 l = l0 (τ − τ0)
2n

3(1+w) σ̃ = σ0 = 0 ρ = ρ0 = 0

P2 l = l0 (τ − τ0)
2n

3(1+2n+w) σ = σ0 + σ1 (τ − τ0)
−1

ρ = ρ0 = 0

dB
dT

=
3 (1− 2n)B

n
[
3n

√
2 + 2n+1

√
3nB (1− Σ2)

n− 1
2

]{3n√2nΣ2 +

+
3n√
2
(1 + w) + 2n

√
3nB

[
1 + w + (1 + w − 2nw) Σ2

] (
1− Σ2

)n− 1
2

}
. (136)

We assume B ≥ 0, n ≥ 1/2, and 0 ≤ Σ ≤ 1, so that Ω is non-negative.
The invariant submanifold Σ = 0 represents isotropic universes, whereas Σ = 1

anisotropic ones, and B = 0, similarly to the previous section, a surface where the
Lagrangian function is f(Q) = α

√
Q, when β is negligible, or the expansion rate Θ̃ is

zero.
The critical points are

P1 = {Σ = 0, B = 0, Ω = 0}, (137)
P2 = {Σ = 1, B = 0, Ω = 0}. (138)

Both critical points have B and Ω equal to zero, and they are distinguished by the
presence or absence of the shear Σ. The stability of the system and the approximate
solutions are summarized in Table 3.

A representation of the stability is given in Figure 4. We notice that all the orbits
converge in P1, which is a global attractor. Hence, in this theory the universe always
becomes isotropic.

6.4. f(Q) as Lambert function

For this last example we consider the function,

f(Q) = Q eαQ, (139)

where α is a dimensional constant, and the anisotropic pressure πij is zero.
The cosmological equations are,

˚̃Θ +
1

3
Θ̃2 + 2σ̃2 +

αQ2

2 (1 + αQ)
+

α(2 + αQ)

1 + αQ
Q̊Θ̃ +

e−αQ

2 (1 + αQ)
(1 + 3w) ρ = 0, (140)
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Figure 4. Phase space portrait of the system (135)-(136) for w = 0 and n = 3.

2σ̃2 − 2

3
Θ̃2 −Q+

Q
1 + αQ

+
2 e−αQ

1 + αQ
ρ = 0, (141)

˚̃σ + Θ̃σ̃ +
α (2 + αQ)

1 + αQ
Q̊σ = 0, (142)

ρ̊+ Θ̃ (1 + w) ρ = 0. (143)

The introduction of the following dynamical variables,

Σ2 = 3
σ̃2

Θ̃2
, A = αΘ̃2, Ω2 = 3

1

Θ̃2
ρ, (144)

leads to the equation for Ω,

Ω =

√
(1− Σ2)

[
1 +

4

3
A (1− Σ2)

]
e

1
3A(1−Σ2) (145)

and the system of two differential equations,

dΣ
dT

= −
3Σ
(
1− Σ2

) {
3− w

[
3 + 4A

(
1− Σ2

)] }
2 [3 + 2A (1− Σ2)]

, (146)

dA
dT

= 6wA Σ2 − 9

2
(1 + w)A

{
2Σ2

3 + 2A (1− Σ2)
+

+
2
[
3 + 4A

(
1− Σ2

)]
9 + 2A (1− Σ2) [15 + 4A (1− Σ2)]

}
. (147)

To guarantee that ρ > 0, we need to impose Ω ≥ 0, which in turn implies the
conditions,

A ≤ −3

4
and

1

2

√
3 + 4A

A
≤ Σ ≤ 1 (148)

or

A > −3

4
and 0 ≤ Σ ≤ 1. (149)
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Table 4: The stability of the fixed points and evolution of l, σ̃, and ρ for f(Q) = QeαQ and
πij = 0. The parameters τ0, l0, σ0, ρ0 and ρ1 are constants of integration.

Point Attractor Repeller Saddle

P1 0 ≤ w < 1

P2 0 ≤ w ≤ 1

P3 0 ≤ w < 1

P4 w = 1

Average length Shear Energy density

P1 l(τ) = l0 (τ − τ0)
2

3(1+w) σ̃ = σ0 = 0 ρ(τ) = ρ0 +
ρ1

(τ−τ0)
2

P2 l(τ) = l0e
τ
τ0 σ̃ = σ0 = 0 ρ(τ) = ρ0 = 0

P3 l(τ) = l0
3
√

3 (τ − τ0) σ̃(τ) = σ0 +
1√

3(τ−τ0)
ρ(τ) = ρ0 = 0

P4 l(τ) = l0
3
√

3 (τ − τ0) σ̃(τ) = σ0 +
Σ∗

√
3(τ−τ0)

ρ(τ) = ρ0 +
1−Σ∗2

3(τ−τ0)
2

We identify the invariant submanifolds Σ = 0, Σ = 1, and A = 0. The first two
outline isotropic and anisotropic universes, respectively; A = 0 is the surface where
the theory reduces to f(Q) = Q, or to a cosmology where Θ̃ = 0.

In the range given by Eqs. (148) and (149), the critical points are,

P1 = {Σ = 0, A = 0, Ω = 1}, (150)
P2 = {Σ = 1, A = 0, Ω = 0}, (151)

P3 =

{
Σ = 0, A = −3

4
, Ω = 0

}
. (152)

Moreover, for w = 1 and A = 0, the system of Eqs. (146) and (147) admits the
solution,

P4 =

{
Σ = Σ∗, A = 0, Ω =

√
1− (Σ∗)

2

}
, (153)

where Σ∗ is an arbitrary constant.
The results of the stability analysis near the critical points and the approximate

solutions are outlined in Table 4.
The phase space of the Eqs. (146), and (147) is represented in Figure 5. In Figure

5a, P1 and P3 are attractors, and P2 is a saddle point. In Figure 5b, in addition to
the point P3, all the space identified by A = 0, i.e. the central heavy line in the figure,
is an attractor. In both figures, the phase space is divided into three regions by two
curves. The dash-dotted line indicates the curve

3 + 4A
(
1− Σ2

)
= 0, (154)

determining the lower boundary for which, by Eq. (148), Ω is positive. Therefore, the
phase space is not physical below this line and in the figures correspond to the shaded
area. Instead, the dashed curve represents one of the denominators of Eq. (147),

9 + 2A
(
1− Σ2

) [
15 + 4A

(
1− Σ2

)]
= 0, (155)
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Figure 5. Phase space portrait of the system (146)-(147) for (a) w = 0, and (b) w = 1.
Shaded areas are non-physical regions for the phase space.

the other denominator of Eq. (147) is irrelevant as it lays below the dash-dotted curve.
The presence of the sectors delimited by the dashed and dash-dotted curves is

an essential difference from the other examples discussed above. In Sec. 6.2 we have
analyzed different behaviors of the orbits according to the positivity or negativity of
the constants related to the dynamical parameter. Here, however, for α < 0 there are
different attractors, depending on whether an orbit is above or below the divergence
line. Therefore, the final state of cosmology depends crucially on the initial conditions.
For example, in the case w = 1, the orbits below the divergence line describe universes
which tends toward isotropy, whereas orbits above it tend to a finite value of Σ, i.e.
the universe approaches an anisotropic state.

7. Discussion and conclusions

We investigated the dynamics of Bianchi type-I cosmologies within the framework of
f(Q) gravity using a combination of the 1+ 3 covariant formalism and the dynamical
systems approach.

The 1+ 3 formalism allowed us to obtain a very clear and detailed description of
the geometric and dynamic properties of f(Q) cosmologies. In particular, we were able
to characterize the effect of nonmetricity on the autoparallel motion of the observers
and to obtain cosmological equations which are independent of any specific coordinate
system. In addition, the 1+3 decomposition made it possible to single out the different
contributions of the of the nonmetricity tensor Qkij , making more explicit the effect
of nonmetricity on the kinematic quantities. We proved that in Bianchi type-I metric
the decomposition of the tensor Qkij involves only the scalar and traceless symmetric
tensors which affect the expansion rate Θ and shear σ.

One of the main difficulties of applying the 1+3 formalism to nonmetric theories
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of gravity is that in general one cannot assume proper time to be an affine parameter
along the timelike congruence. However, in the case of Bianchi type-I cosmologies
this problem can be overcome, thus obtaining complete equivalence between the affine
parameter of the world lines and the proper time of the observers associated with
the congruence. This aspect is crucial, allowing the introduction of an unambiguous
cosmic time and then the definition of a cosmic history.

After writing the cosmological equations in the 1 + 3 framework, we separated
the contributions due to Levi-Civita from the nonmetricity terms, in order to better
understand the differences between GR and f(Q) gravity. As it happens in many
other extensions of GR, we were able to describe in a complete way the additional
terms that nonmetricity induces in the gravitational field equations as contributions
due to an effective energy-momentum tensor. This formulation allowed an immediate
application of the DSA. Although semi-quantitative, a phase space analysis of
the f(Q) cosmological models allows us to derive several interesting and general
features. We considered here four applications, involving different functions f(Q)
and thermodynamical properties of the sources.

In the first application, the function f(Q) was a power law (Sec. 6.1) , which
was chosen because of its simplicity and because it is commonly used in literature.
We obtained a one-dimensional dynamical system which was solvable analytically. We
compared the results with those of the paper [15], exhibiting a perfect match when
the universe, filled with dust, is initially anisotropic and then isotropizes. This is not
surprising as the phase space contains all cosmological solutions, and thus it must
include the one reconstructed in [15].

We also analyzed a cosmology with the same power law action, but in the presence
of an anisotropic pressure which we assumed proportional to the shear (Sec. 6.2). In
this scenario, an isotropic universe is seen to have a transition phase associated with a
saddle point, from which the orbits either diverge completely from it or return to the
anisotropic state from which they started. This behavior suggests a universe with a
“cyclic” evolution, in which after a phase of isotropy, anisotropies start to grow again.

In [15] it was found that the reconstructed forms of f(Q) always have a
√
Q term

which plays a role similar to an integration constant. As another application (Sec.
6.3), we investigated the effect of this term when it is added in the functions f(Q)
used in the previous two examples. Our analysis showed that the main effect of this
additional term is, as expected, constraining the sign of the nonmetricity scalar Q,
which in turn excludes some possible cosmic histories (the ones for Σ > 1). In the
cases we considered, the additional term forces all cosmologies to become isotropic in
the future.

As a final example, we attempted the evaluation of the effects due to a
gravitational action consisting of an infinite series of power law terms. Such effects
can be evaluated considering a function f(Q) as the Lambert function (Sec. 6.4). In
this case, the phase space differs considerably from the ones of the previous examples.
The most important difference turned out to be the appearance of separate regions
of the phase space. The presence of these regions shows that the cosmology will have
different behaviors and different final attractors depending on the initial conditions.

In all the examples we considered, some areas of the phase space needed to be
excluded. We saw that these forbidden regions can appear for different reasons. For
instance, in Secs 6.1 and 6.2, the chosen dynamical variables and the request to have
a matter with physical thermodynamical quantities implied the exclusion of the line
Σ = 1. In other cases, like the ones given in Sec. 6.3 and 6.4, the limitations were
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related to the nature of the function f(Q). For example, the condition Σ ̸= 1 is
connected to the fact that the function f(Q) might take, along an orbit, values that
change dramatically the structure of the gravitational field equations, giving rise to
singularities or degeneracies.

We conclude by remarking that the DSA, especially combined with the 1 + 3
covariant approach, showed yet again a great potential in clarifying the physics
of cosmological models. In particular, f(Q) cosmology exhibits a behavior of the
anisotropy which is much richer than the one of GR, and this constitutes an important
element in the search for experimental constraints of these models. Moreover, a
deeper understanding of the differences between f(Q) gravity and other extensions
or modifications of GR will be certainly a challenge for future investigations.

Appendix A. f(Q) field equations

Due to the condition Rh
kij = 0 and after contracting the first and third index, we can

rewrite Eq. (5) in the form,

R̃ij = −∇̃hNij
h + ∇̃jNhi

h −Nhk
hNij

k +Njk
hNhi

k. (A.1)

Moreover, inserting the identities,
2√
−g

∇h

(√
−gf ′Ph

ij

)
=2f ′∇̃hP

h
ij − 2f ′Nhi

kPh
kj+

− 2f ′Nhj
kPh

ki + 2f ′′∂hQPh
ij ,

(A.2)

and

Njk
hNhi

k −Nhk
hNij

k = −2Nhi
kPh

kj − 2Nhj
kPh

ki + PiabQj
ab − 2Qab

iPabj , (A.3)

into Eq. (75), we get

2f ′∇̃hP
h
ij +

1

2
gijf + f ′R̃ij + 2f ′′∂hQPh

ij + f ′
(
∇̃hNij

h − ∇̃jNhi
h
)
= Ψij . (A.4)

From the trace of (A.4) we have,

R̃ =
1

f ′Ψ− 2
f

f ′ − 2∇̃hP
hi

i − 2∇̃[hNi]
ih − 2

f ′′

f ′ P
hij∂hQ. (A.5)

Subtracting 1
2gijR̃ from (A.4), we have also,

R̃ij −
1

2
gijR̃ =

1

f ′

(
Ψij −

1

2
gijΨ

)
+

1

2
gij

f

f ′ − gij∇̃hP
hk

k+

− ∇̃hNij
h + ∇̃jNhi

h − 2
f ′′

f ′

(
Ph

ij −
1

2
gijP

hk
k

)
+

− 2∇̃hP
h
ij +

1

2
gij

(
∇̃hNk

kh − ∇̃kNh
kh
)
.

(A.6)

Moreover, from Eq. (12), the further identity

0 =
1

2
R̂ij = −1

2
∇̃[iQj]h

h =

= 2∇̃hP
h
ij + ∇̃hNij

h − ∇̃jNhi
h − 1

2
gij

(
∇̃hNk

kh − ∇̃hNk
hk
)
,

(A.7)
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implies

R̃ij −
1

2
gijR̃ =

1

f ′

(
Ψij −

1

2
gijΨ

)
+

1

2
gij

f

f ′+

+ gij∇̃hP
hk

k − 2
f ′′

f ′

(
Ph

ij −
1

2
gijP

hk
k

)
∂hQ.

(A.8)

Inserting Eq. (72) into Eq. (A.8), we obtain the final equation,

R̃ij =
1

f ′

(
Ψij −

1

2
gijΨ

)
+

1

2
gij

(
f

f ′ −Q
)
− 2

f ′′

f ′

(
Ph

ij −
1

2
gijP

hk
k

)
∂hQ. (A.9)

Appendix B. Bianchi type-I model in coordinates

Bianchi type-I universes admit local coordinates in which the line element is expressed
as,

ds2 = −dt2 + a2(t)dx2 + b2(t)dy2 + c2(t)dz2, (B.1)
where a(t), b(t), and c(t) are the scale factors of each spatial direction. On the other
hand, in f(Q) gravity flatness and torsionless conditions ensure the existence of local
coordinates in which Γij

h = 0. This is the so-called coincident gauge.
Then, we assume that the coordinates (B.1) are precisely those which realize the

coincidence gauge. Under this assumption, defining the 4-velocity as
ui = (ϕ(t), 0, 0, 0) , (B.2)

and the spatial volume
τ(t) = a(t)b(t)c(t), (B.3)

a straightforward calculation shows that the only non-zero projections of the
nonmetricity tensor Qhij are,

Q1 = 2ϕ
τ̇

τ
, (B.4)

Q(0)
11 = ϕ

(
2aȧ− 2

3
a2

τ̇

τ

)
, (B.5)

Q(0)
22 = ϕ

(
2bḃ− 2

3
b2

τ̇

τ

)
, (B.6)

Q(0)
33 = ϕ

(
2cċ− 2

3
c2

τ̇

τ

)
. (B.7)

Notice that the conditions (15) are automatically satisfied. ui∇iu
k = 0 is

commonly imposed, whereas Qkiju
kuiuj = Q0 is identically zero, as proved above.

Therefore, we can use the proper time to define the 4-velocity, which can be normalized
as

ui = (1, 0, 0, 0). (B.8)
Equation (B.8) can also be derived using both the condition ui∇iu

k = 0 and the
coincident gauge,

ui∇iu
k = ui∂iu

k → ϕ ∂0 ϕ = 0, (B.9)
which implies ϕ = const.

In such a circumstance, the nonmetricity scalar is given by,

Q = −1

4
Q(0)

ijQ
(0)ij +

1

6
Q1

2 = 2

(
ȧḃ

ab
+

ȧċ

ac
+

ḃċ

bc

)
. (B.10)
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