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Abstract
On differential manifolds with spinor structure, it is possible to express the
Euler and Pontryagin currents in terms of tensors that also appear as source in
the Dirac equation. It is hence possible to tie concepts rooted in geometry and
topology to dynamical characters of quantum matter.
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1. Introduction

In differential geometry, the curvature of a Riemannian manifold encodes the properties of
the space. Among all scalars that are formed from the curvature, some can be expressed as
the divergence of a suitable vector: they are called characteristic classes, and they describe
topological features of that space. For example, in two-dimensional spaces, the characteristic
class is the Euler class x, while, in four-dimensional cases, they are the Euler and Pontryagin
classes x4 and p4 respectively. Similar considerations are true also for Riemann—Cartan man-
ifolds, where curvature is accompanied by torsion. In such a case, the Pontryagin class is
called Nieh—Yan class [1-3]. For electrodynamics, the Pontryagin class is the F,,,, F,,£/"*°
term. The vector whose divergence is the characteristic class is called topological current, and
it can be computed with straightforward manipulations. In electrodynamics, itis e”#*7 F,,,A,.
On torsional manifolds, it is the Hodge dual of torsion [3]. For Riemannian manifolds, it is a
combination of spin connections.
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In this last case, for our purpose it is not important to give the topological current expli-
citly in terms of the spin connection. It is enough to state that, for the manner in which it
is constructed, it behaves like a true vector only when taken in divergences integrated over
the volume of the space. The same is true for topological currents in electrodynamics, where
ePHYIF,,As 1s nOt gauge invariant, and it is only when it is taken in a divergence that the
spurious term V ,(e”**?F,,,,V ,¢) is identically equal to zero, ensuring the gauge invariance
of the topological current.

Yet, it may be important to have topological currents that are gauge invariant even if they
are not appearing in divergences: only in this way, in fact, they can be employed to construct
interaction-like terms. For example, take the term e”#°F,, A, =KP”, as well as the torsion
axial-vector W, and write an interaction like K” W,,. It is our aim now to check its gauge invari-
ance: the gauge transformation would produce the shift KPW, — KPW,—ePH* F,, V0o W,,,
with K”W,, being gauge invariant only if e”#7F,,,V ;o W, is a divergence, and this being the
case only if the torsion axial-vector is the gradient of a pseudo-scalar. Because in general this
does not happen, the term KW, is not gauge invariant. Nevertheless, such terms would still
be gauge invariant, and independently on torsion, if K” itself were to be gauge invariant. And
more in general, if the topological current were to be a true vector.

Because the characteristic classes are given in terms of curvatures, this problem can be
reduced to that of asking whether it is possible to write curvatures in terms of true tensors,
and not just connections. In this work we shall see that, when the manifold possesses a spin
structure, it has enough richness to acquire the possibility to convert spin connection and
gauge potential into a real tensor and a gauge invariant vector in terms of which the Riemann
curvature and the Maxwell strength can be expressed [4].

This will enables us to express also the topological currents in terms of real vectors. In
addition, we will see that the vectors in terms of which the topological currents are expressed
also enter as sources into the Dirac field equations, henceforth establishing a link between
topological objects and dynamical effects of the Dirac operator.

To help seeing these concepts, we will furnish some examples for different spinorial systems
in low-dimensional cases, that is for dimensions n=2, 3, 4 [5, 6].

2. General preliminaries

2.1. Geometrical and topological notions

Let it be given a manifold .# with metric g, and with frame and co-frame ¢% and e such
that

e =03 elel =47 (1)
verifying
€7 €' 8oa =" 2

with n; the Minkowskian matrix. This matrix is diagonal with elements that are all unitary up
to the sign, and with it we will specify dimension and signature. Greek indices are coordinate
indices on the manifold, transforming with diffeomorphisms, while Latin indices are world
indices on the tangent space, transforming with elements of the real Lorentz group. With the
metric g,,, and its inverse g% we lower/raise coordinate indices, with the Minkowskian met-
ric and its inverse we lower/raise world indices, while with frame and co-frame we convert
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coordinate to world indices. This is commonly known in differential geometry although inter-
ested readers may find more details in [7].

The spin connection can be introduced by the relation

Cru=es0uel +eqef Ay, &)

where Ag# is the Levi—Civita connection, entirely written in terms of the derivatives of the
metric. See again [7].

The Riemann curvature of the Levi-Civita connection can be converted into Ry, =
e/ e/ Ry 50 that

i i i i k i k
R, =0,C\,—0,C,+C',C5,—C, “

as is straightforward to demonstrate [7].

From it we define R'; e}’ =R;, called Ricci curvature and hence we can define R, e/ n* =
R called Ricci scalar, which is a topological invariant in two dimensions. For more scalars we
have to consider products of two curvatures as R, R°7#*” or R, R*” beside the obvious R?
amounting to all non-trivial independent contractions, and for which the Gauss—Bonnet term
R, RPOHY —4R,,, RMY +R? is a topological invariant in four dimensions. In four dimensions
it is possible to write the Gauss—Bonnet term like

1
RYHPRpa —4RR 10 +R =— Ze“"”a”‘“”“RMWRﬂpw. (5)

It is also possible to have another topological invariant given by %E“VW”R"“’WRMM, and
which is parity-odd.

The three above topological invariants characterize the Euler classes x, and x4 and the
Pontryagin class p,4 respectively. As such we must have that

1
X2: — —ER:VPGQ ©
and
1 QOTT _pwpy P
X4: — _§5 £ RaUuVR‘fTTﬂW = VPG4 7
1
p4 N Z&wu,y71"!7ROéCr,UIVRaa_‘n_n :VPKZ (8)

for some bi-dimensional vector G5 and four-dimensional vector G4 and axial-vector K7, (the
fractions in front of the curvatures are for later convenience). Further details on characteristic
classes can be found in [9].

2.2. Quantum fields

Let it be given on .# a spinorial structure determined by the Clifford algebra {~%,~v"} =2In®
and by a spin-1/2 spinor field. We define [vy,,v,] /4=0ca as the elements of the complex
Lorentz algebra, and their exponentiation are the elements of the complex Lorentz group.
When complex Lorentz transformations are accompanied by phase transformations we talk
about spinor transformations S [7]. The spin-1/2 spinor fields 1 are columns of four complex
objects that are scalars under diffeomorphisms and that transform as ¥ — S under spinor
transformations [8].
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We introduce the spinorial connection according to

1 .
CM:§C17H0U+lqAM]I ©)]
in terms of the spin connection Cjj,, and an abelian gauge potential A,, having g as charge.
With it

V;ﬂ/):a;ﬂ/”rc;ﬂll (10)

is the covariant derivative of the spinor field (the fact that the full spinor transformation S
accounts for complex unitary transformations beside the complex Lorentz transformations is
the reason why the connection must contain the generator I beside the Lorentz generators ¥ in
order to ensure that the spinorial derivative be covariant under the abelian gauge group beside
the Lorentz group).

As usual, we have that

1 _—
[V;Lavu]wZERijuua'l]w"_quuu'@/} (11

(again, the fact that the covariant derivative of the spinor contained both abelian gauge and
Lorentz group is reflected here in the fact that the commutator encodes both the action of
electrodynamics F,,, and that of the curvature of the space-time R;j,,,,).

The dynamics is assigned by the Dirac equation

PV i —mip =0 (12)

(in which we have assumed no torsion for simplicity).

This construction is valid for any dimension. However, for our purposes, we need to intro-
duce the technique of polar decomposition, and this can be done only after that we specify
dimension and signature of the space. In what follows, we will consider spaces of dimension
4 and lower.

3. Polar degrees of freedom and tensorial connections

3.1. Four-dimensions

3.1.1 (1+3)-signature. = We begin with the physical space. In it, the Minkowski matrix has
four elements, of which one is equal to unity and three are equal to minus unity, while the
Levi-Civita completely antisymmetric tensor €4, has four indices.

The Clifford matrices, and in particular the sigma matrices, verify 2ig ,, =40/ impli-
citly defining an additional matrix 7r which is parity-odd*. We have

VY= il =Yk Yl — g YT (13)

4 This matrix is usually designated as a gamma with an index five, but we will not employ this notation here: the
index five simply has no sense, especially in the three- and two-dimensional cases we will consider in the following.
In addition, we will indicate it with the boldface Greek letter 7r, whose Latin correspondent is p, to mark the fact that
it is parity-odd (much in the same way in which the generators are denoted with the boldface Greek letter o, whose
Latin is s, to indicate that they are spin-dependent).
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showing that products of more than three Clifford matrices can always be reduced to the
product of two. Defining 1) =T~ we can build the bi-linear spinor quantities

S =yyime U=y (14)

O =i)m) O =) (15)
which are all real tensors. With them, we have

20,8, 0" mip+U*p =0 (16)
and

U, U4 =—8,5=0%+? (17)

U,S¢=0 (18)

as three examples of Fierz identities (their derivation and general structure is found for instance
in [10-13], while in [14-16] they are presented with the structure with which we will employ
them in the following of this work). When ®2+©?#0 it is always possible to write a spinor
in polar form, which is given, in chiral representation, as

Y=¢e 1FT ! (19)

S = O =

for a pair of functions ¢ and g and for some L with the structure of spinor transformations [17,
18] (we recall here that the spinor transformations encode both abelian gauge and Lorentz
transformations). The bi-linear spinor scalars are then given by

©=2¢*sinfj O =2¢>cos (20)

so that ¢ and (3 are a scalar and a pseudo-scalar, called module and chiral angle. We can also
define

§¢=2¢°s" U® =2¢u" (21)

being the velocity vector and spin axial-vector. Identities (16)—(18) reduce to

2u,s,0" wh+p =0 (22)
and

uau’ =—s,5=1 (23)

us'=0 24)

showing that the velocity has only three independent components (the three components of
its spatial part) whereas the spin has two independent components (the two angles that, in the
rest-frame, its spatial part forms with one given axis, usually chosen as the third). Therefore L
is the Lorentz transformation that takes any general spinor into its rest frame with spin aligned
along the third axis. As for the sixth parameter of L it can be taken as the angle of the rotation
around the third axis (or more in general, around the direction of the spin) or as a global phase

5
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(that is, a gauge phase): these two are indistinguishable for spinors in rest-frame and spin-
eigenstate. The only two remaining components that cannot be transferred into the frame are
the ¢ and [ scalars. They are the degrees of freedom.

It is a general result that the logarithmic derivative of an element of a Lie group belong to
its Lie algebra, or

1 "
L7'9,L=iq0, {1+ 79uGo”? (25)

for some (;; and ¢ [4] (we recall that L is a full spinor transformation, accounting for both
gauge and Lorentz groups, and this is the reason why its logarithmic derivative is a linear
combination involving both the generator I and the Lorentz generators o). With these, we
can define

Riju =0,Gi— Ciju (26)
P,=q(0,(—A,) 27)

which are proven to be a real tensor and a gauge invariant vector (for the proof see appendix A
or see section III.B of [19]). To identify them separately, we call them space-time and gauge
tensorial connections. We can have them both collected together into the single object

RUH —2Puuasb5“h’/ =— EEUabMabu = ZUH (28)

with M, and X, being the Hodge dual of each other. For this single expression, we will
simply talk about tensorial connection. With it, (10) becomes

: 1 N
Vb= <Vuln¢1[—évuﬂﬂ—22zmd”> P 29)

in which identities 2im o g = £apeqo™® and (22) have been used. Additionally, we notice that
V#szsazab# V“ub:u“Eab# (30)

are also valid as general identities (for a general proof, see [20]).
By employing these polar variables, we have

i ' i i pk i pk
RJW - (VMRIJ'V _VVRIJ'M""RIIWR v —R,R ju) €1V
qF ., =—(VuP,—V,P,) (32)

showing that the space-time and gauge tensorial connections can be seen as the covariant
potentials of Riemann curvature and Maxwell strength (the above relationships are proven in
appendix B and a sketch of proof has also been given in section III.B of [19]). They are also
known as space-time and gauge curvatures. As before, then, we can have them collected into
the single object

i . 1 . i
R 1= 2qF sy = =25 Mapy =57, (33)

with My, and X5, being a particular Hodge dualization in the two algebra-valued indices.
Straightforwardly

i i i ik i sk
X =— (V#ZJV—VVEJMLE Ky~ 2 j#) (34)

6
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which we call simply curvature. With it, (11) becomes

1
V..V, )= fmyo“”w. (35)

The cyclic permutation of commutators gives
6""”’)V“E"Vp =0: (36)

in absence of electrodynamics, this reduces to the Bianchi identity. On the other hand, with no
curvature, it reduces to the Cauchy identity e*#**V F,,=0.
Finally, the Dirac equation is equivalent to the pair

VuB+M,+2ms, cos 3=0 37
V, In¢*+3%,,42ms, sin =0 (38)
with ¢ =%, and M*=M*",, as sources [21].

With the tensorial connection (28) one can prove (using the identities of appendix C) that
the curvature (33) verifies the following identities

1
— 25 Caguw M 0, =V .G} (39)

1
76" "% ooy =V K} (40)

for some vector and axial-vector

1 2
G/ = —Zs”l’mso‘mpEwp,, <Emm — 3Eg,€n2”aﬂ) 41
a 1 MZisgte o 2 o K
K, :25 XY X anﬂ_gz K o 42)

written in terms of the tensorial connection alone: when no electrodynamics is present they
reduce to

1 2
Gf: - Zgﬂumrgaawapr <Raa7]ﬂ' — 3RU,WRV"OM> 43)
w_ 1 wnrpa o 2re R
Ky =358R o) B ar = 3R wcnR%ar ) - (44)

When no curvature is present we have

Gh=0 (45)
KV =4qF, P, "™, (46)

These are the Euler and Pontryagin topological currents.

Notice that there is no equivalent of Euler topological current for electrodynamics in 4
dimensions. For the others, we have expressed the Euler and Pontryagin topological currents
as space-time and gauge tensorial connections. With the tensorial connection and its Hodge
dual one can form vectors that enter as sources in the Dirac field equations.

7
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3.2. Two-dimensions

3.2.1 (1+1)-signature. ~ The (1+41)-dimensional case has the Minkowski matrix with two
elements of opposite sign, while the Levi—Civita completely antisymmetric tensor has only
two indices.

The Clifford matrices, and in particular the sigma matrices, verify 2o ,, =<4, 7 defining the
7 matrix. We have

VY= Y e Y ikt Vil 47
as a general identity. Defining 1 =17+ we can build the bi-linear spinor quantities as

U=y (48)
O =ihm O =) (49)

which are all real tensors. They verify
U, U =3*+6? (50)

as Fierz identities. When ®?+©? 0 we can always write the spinor in polar form, which is
given, in a representation for which v*=¢! and v' = —ig? (where o' and o? are two Pauli
matrices), as

p=geihm ! ( : ) (51)

for a pair of functions ¢ and 3 and for some L with the structure of a spinor transformation.
In this form

O=2¢*sinf  d=2¢>cosf (52)
so that ¢ and /3 are a scalar and a pseudo-scalar. Then

U =2¢u’ (53)
is the velocity vector. It verifies

uu =1 (54)

as normalization condition. Therefore ¢ and /3 are the two variables that represent the two true
degrees of freedom.

The four-dimensional construction of both tensorial connections can be re-done exactly
also in the two-dimensional case. Yet, now the space-time tensorial connection is

Raﬁ,u:RagB;L_Rﬁgau (55)
where R,, is a real vector. With it and P,, we have
j 1
V= (v# In $I— %vpﬁw— Zk%ww—m#ﬂ) . (56)
Notice that in two dimensions we cannot collect both tensorial connections together.

8
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In fact, the Dirac field equation re-written as

V,uB—2P% oy +2mueq,, cos =0 (57)
V. In@*+R,,+2mu®e,,, sin f=0 (58)

shows that the gauge tensorial connection appears only in the field equation for the chiral angle
while the space-time tensorial connection appears only in the field equation for the module. In
this sense, they remain decoupled.

In two dimensions, the Ricci curvatures are

Ruip=—ViR'gu (59)
R=—-2V,R (60)

meaning that the Einstein tensor is zero, as expected. In the last relation we see that

1
_ ER:vpcg (61)

for some vector
G5 =R’ (62)

which is the Euler topological current.
Additionally, one can see that

1
EqFavgaV = V;LKQL (63)
for some axial-vector
KQ‘ =P, " (64)

which is the Pontryagin topological current.
As before, there is no Euler current for electrodynamics. And as known from differential
geometry, there is no Pontryagin current for curvature, in 2 dimensions.

3.2.2. (042)-signature.  The (0+2)-dimensional case has Minkowski matrix in which the
two elements have the same sign.

The Clifford and sigma matrices verify v‘mw = je® v, as well as 2io ,, =457 defining the
7 matrix. We have that equation (47) is still valid. However, the adjoint is now ¢)=1' and
hence the bi-linear spinor quantities are

St ="y (63)
O=ymy =0y (66)

all being real tensors. They verify

§4=p*— 02 (67)
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where ®? > ©? since in this signature the norm of vectors is always positive. It is always pos-
sible to write the spinor in polar form, which is given, in the representation where v' =o' (with
o' two Pauli matrices), according to

e ( }) (68)
for some ¢ and 1) which can be proven to be real. Then

©=—2¢sinhy ® =2¢* coshn (69)
so that ¢ and 7 are a scalar and a pseudo-scalar. Also

89 =2¢s" (70)
is the spin axial-vector. It verifies

sas=1 (71)

as normalization. So ¢ and 7 are the degrees of freedom of the system. Notice, however, that
the change of signature entailed a corresponding change from circular to hyperbolic functions.

The space tensorial connection given in (55) is the same as it does not depend on the sig-
nature. However now

1
V= <V,L1n¢]l—ZV,mﬂ'—Raaau—iPu]I) . (72)

Again, regardless of the signature, in two dimensions the space and gauge tensorial connections
cannot be collected within a single tensorial connection.
The Dirac field equations are

anf2Pbsbk72mcoshnskbsb:0 (73)
Viln ¢* 4Ry +2msinh nsk;,sb =0 (74)

still with the gauge and space tensorial connections that appear as two separate external
sources.

The structure of the Ricci scalar is also unchanged, so that G5 =R? is still the Euler topo-
logical current.

3.3. Three-dimensions

3.3.1. Any-signature.  The three-dimensional case that we are going to consider is peculiar
in many senses, one of which being that, regardless the signature, the polar decomposition
always yields the same outcome. Then, it is with no loss of generality that it is possible to take
into account only one signature, which will be chosen as that of the pure space. The Minkowski
matrix is the identity in three dimensions, and the Levi-Civita fully antisymmetric tensor has
three indices.

Clifford and sigma matrices verify 20% = j@*

7. with no 7 matrix defined. We have now
VY Y=Yk~ Y Yy gl (75)

10
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With ) =1 the bi-linear spinors are

S'=9y"y (76)
=1 (77)

all being real tensors. They verify

SaY P —2Pp=0 (78)
and

58" =2 (79)
as Fierz identities. It is always possible to write

v=or™( g ) (80)
with ¢ a real function. In polar form

d=¢’ (81)
showing that ¢ is a scalar. As usual

§= s (82)
is the spin vector. It verifies

saY'Y—1p=0 (83)
and

sa8t=1 (84)

as normalization. As usual, ¢ is the unique degree of freedom.
As in 4 and 2, also in three dimensions R, and P, have the same definition. They can be
collected together into

R +2P5,eP ™ ="M, =5, (85)

where M, and X, are the hodge dual of each other. Then we can write

V= (Vulnqﬂ—;Em,Maa”) P (86)

in which 26> =i=%~,_ and (83) have been used.

With polar variables we have

R, +2qF,, 5 =%" (87)

ng
as the compact form of the curvature.

1
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The Dirac equation is equivalent to
M?,—2m=0 (88)
2, +V,Ing* =0 (89)

in which we see a peculiar occurrence. Because the spinor has a single degree of freedom, in
three dimensions there are three differential equations determining the three derivatives of that
degree of freedom. The Dirac equations are two complex, or four real, conditions. Of these
four conditions, three preserve the status of differential equations. However, one must become
a constraint. This is what happened to equation (88).

There is, in three dimensions, no characteristic class, which means that now there is a priori
no way to have currents whose divergence is zero in flat spaces. Nevertheless, one can still
define currents that are divergenceless, whether in flat spaces or not, according to

Gél :6‘”1}06“)&77&0 (Zomua +25i5j2iavzjna) (90

which is a type of Euler-like topological current: without any curvature of the manifold, the
above (90) reduces to

G =4qF, ,c"" oD

as expected for the magnetic components. On the other hand, without electrodynamics (90)
becomes

Gél =eh?7eWg (Romua +25iSjRiOtVR.i77<7) ©2)

recovering the results of [6]. Notice however that by taking the trace R, ,g2"’ =R, one can
prove that

Gy =e""*V R, (93)

is divergenceless in curved spaces and as such it is another well-defined type of Euler-like
topological current.

4. Higher-order equations

4.1. Two-dimensions

If we take the Dirac equation and square it by applying onto the spinor the differential operator
twice we obtain what in literature is known as Lichnerowicz equation [22].
Consider now two dimensions, for which in any signature

YoV YVa= 2 (gabo'cd - gac'abd+gadUbL' + 8¢dO ab —8bd T ac +gbL'Uad)
+ (gabgcd_gacgbd+gadgbc)]l~ (94)

With it, the Dirac equation squares to give
1
VOV p+igF 0%1h— Z1'e7,z1+mz¢ =0 (95)

which is the Lichnerowicz equation.
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If we specialize, for instance, to the case of alternating signature, we would have 20, =
€qp7 and therefore

1
V“Vawivangmiv(,Ggwmw:0 (96)

(the case of homogeneous signature would have been identical up to the presence of the ima-
ginary unit). This is the Klein—-Gordon equation modulo two contributions that are simply the
characteristic classes.

That the Lichnerowicz equation contains all and only the characteristic classes is a feature
of two dimensions. In four-dimensional spaces the characteristic classes would still appear,
but only when going to fourth-order differential.

4.2. four-dimensions

As a dimensional analysis would show, in second-order differential equations there can be no
4-dimensional characteristic class. To make them appear, one must consider the square of the
Lichnerowicz equation itself.

So let us be on a four-dimensional manifold. Here, let us consider the four-fold applica-
tion of the differential operator iv*V 1) = V1) given by V*) =~~~V ,V,V .V s and
which ends up being determined by the product of 4 gamma matrices. This product is com-
puted to be

YoV YYa =2 (8abO cd—8acO ba~+ 8adT be + 8cdT ab— 8bdT ac+8bcT ad)
+ (gabgcd —8ac8bd +gadghc) I+igapeam o7

in which each term is proportional to either the identity or the generators or the ie;j,, 7 matrix.
Of all these terms, those that might contain a characteristic class could only be those that have
no differential operator acting on the spinor field and therefore, because of (35), those that are
proportional to the ig;,p matrix. In fact, we have that

) i .
St VA VA v VTS Es“deE,dequaba”apqﬂ'w

1 ij] -\a a i (e 1 o
= =355 Yani (i, M, ) = —g VaKim+ 2 VaGiy (98)

in which (36), (39)and (40) were used. As easy to see, this contribution provides all and only
characteristic classes.

5. Conclusion

In this work, we have shown, through various examples in different dimensions, how the Euler
and the Pontryagin topological currents can be re-expressed in terms of real tensors, which
were also shown to be found as sources in the Dirac differential field equations. We have
deepened the tie between spinor dynamics and topological currents by showing that in any
equation resulting from applying the Dirac operator as many times as the space dimension we
find exactly the characteristic classes of that space.

The possibility to link topological features of manifolds to dynamical characters of spinors
defined on those manifolds is the idea at the center of fundamental results like the Atiyah-
Singer index theorem [23]. We regard results like the one presented here as another step, albeit
small, toward clarifying the connections between spinors and topology.

13
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Appendix A. Tensorial connections

In this paper, section 3 contains some results that are central points, which therefore should
be proved in detail. In the following appendices, we will give the proofs for the results of
sub-section 3.1 only, as the others would be demonstrated in analogous ways.

In this first appendix, we prove that the tensorial connections are in fact tensors. To this
purpose, we start from recalling that a spinor is defined to transform, under diffeomorphisms,
in such a way that each of its components is a scalar. Its covariant derivative is then a cov-
ariant vector. Because there is nothing new in this, we will not consider diffeomorphisms for
now. Instead, under Lorentz transformations, and more precisely the complex representation
of Lorentz transformations, or spinorial transformation, S, the spinor transforms as 1) — Sv. In
order for the spinorial covariant derivative (10) to transform in the same way V 1) — SV 9
we must require the spinorial connection to transform as

C.—S(C,—S'9,8)s7". (A1)

Now, in the decomposition (19), the action of the spinorial transformation ) — S gives

1 1
_ ilgﬂ- —1 0 i Br y—1 0
¢pe 2PT L 1 —Spe 2PT L | (A2)
0 0
and because ¢ and 3 are scalars, we have ¢ — ¢ and 5 — (3 and so
1 1
L' (1) —SL™! (1) (A3)
0 0


https://inspirehep.net/literature/2759232
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where [S, 7] =0 was also taken into account. Therefore
L '—>sL™! (A4)

which is just the composition of spinorial transformations. By using (A1) and (A4) we can see
that

OuL™'L+C,—0, (SL™") (LS™") +S(C.—87'0,5)s ™"

=0,SL™'LS™ "' +89,L~'LS"'+8C,S"'-S85'9,85""

=89,L~'LS'+SC,S"'=S (0, L"'L+C,)S™" (A5)
showing that GML*IL—FC,L transforms as a spinorial matrix.

It is a general result of the Lie theory that the logarithmic derivative of an element of a Lie
group belong to its Lie algebra, so that

L™'0,L=iq0, T+ %8M§,70'U (A6)

for some (;; and (. Combining this with (9) allows us to see that the object 9,L~'L+C,, can
be written as

1 L1 .
9, L™ 'L+C,,=—iqd, (T~ Eaug,-jau EC,~,»,Lav+iun11

. 1 i 1 ;
= —lq (@LCfA”)]IfE (8#§U7CW) 0'j = 71P#H7 ERijﬂUJ (A7)

where (26) and (27) were used.
When this decomposition is subject to the transformation law (AS5) we see that

1 , 1 )
—iPyI= SRy 0" =8 (iP,LH ZR,,»,,,UU) s! (A8)

and as I and o/ are linearly independent the above splits into
R,:mO'ij—>R,:/'HSO'ijsil (A9)
P, —P,. (A10)

Recalling that the complex and real Lorentz transformations are linked by So®?S ™" (A), (A}, =
o we have
—1 a —1 b
Rij— Rapp (A1), (A7) (A11)

Thus, R, and P,, are gauge invariant and transform as a scalar and an antisymmetric tensor
under real Lorentz transformations.

If we were now to use the tetrads to convert tangent space indices into manifold indices as
discussed in section 2, and re-introduce the diffeomorphisms left out at the beginning of this
appendix, we would have

Ox™ Ox¥ Oxt
Ra/u/u’%Rauu X’ Ox’’ Oxh’ (AIZ)
OxH
P;L/*}Puax“/ (A13)

as the complete transformation law of real tensors.
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Appendix B. Curvature tensors

In the first appendix we have demonstrated that the tensorial connections are real tensors (either
under diffeomorphisms or under real Lorentz transformations, according to whether they are in
the Greek or Latin index configuration). In this second appendix we prove that they are also the
covariant potentials of their respective curvatures. To this purpose, consider the tensor-valued
spinorial matrix 9,L~'L+C,, and set

o,L”'L+C,=-B, (B1)
for compactness. Due to its transformation properties, its covariant derivative is given by
V.B,=0,B,+[C,,B,|-B,A, (B2)

where we recall that AZ‘ZM the Levi—Civita connection. To see that this is the case, just impose
the transformation law

1 BXM

B, —SB,S EPTL

(B3)

and check that, with (A1) and the transformation law of the Levi—Civita connection, one has
indeed

oxt Ox“

—1

Va/B#/ —>SV04BHS WW (B4)

Then

V.B,-V.,B,+[B,,B,)=0,B,—0,B,+C,.B,)—[C,,B,)+[B,,B,] (BS)
=—(9,C,—9,C,+[C,,C,]) — 9, (0,L"'L)+9, (0,L™'L)+[9,L~'L,0,L""L]

in which the last line can be worked out as

o, (L7'9,L) -0, (L7'0,L) + (L7 '9,L) (L7'0,L)— (L™ '0,L) (L™'9,L) (B6)
=0,L7'0,L+L"'9,0,L—9,L™'0,L—-L"'9,0,L

-L'Lo,L7'0,L+L"'LY,L7'9,L=L""0,0,L—L""'9,0,L=0:
therefore
V.B,-V.,B,+[B,,B,)=—(0,C,—08,C,+[C,,C.)). (B7)

Expression (11) can be taken as an implicit definition of Riemann curvature and Maxwell
strength, in terms of which

1 "
0,C,—0,C,+[C,,C]= ERijWa”—i—inWH. (BY)

On the other hand, because of (A7) we know that

1 .
By, = iP I+ 5 Rjuo”. (B9)
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Substituting these last two decompositions into (B7) we get

1 iy s
2 (Rijw +VuRijy — VR +RikuRkju _RikVRkju) o’ +i (qFW + V[uPV] ) =0 (B10)
in which V ,0;=0 and [0 w, O ca] = 1adO be —NacT ba+1be O ad— a0 ac have also been used.
Linear independence gives now
Riju+V uRijy — Vo Rijy+Rigu R, — Ri RS, =0 (B11)
qF,,+V, P, =0 (B12)

as the Riemann curvature and Maxwell strength in (31) and (32).
With (31) and (32), using (28) and (33) allows one to check that (34) holds. The proof
requires straightforward algebra.

Appendix C. Characteristic classes

In the second appendix we have proved (31) and (32), from which (34) is derived after some
algebraic manipulation. In this last appendix we want to finally show that with (34), one can
obtain (39) and (40) for some (41) and (42). In this perspective, we start by considering that
for any rank-3 tensor antisymmetric in two indices, and in particular the tensorial connection,
we have the following identities

1 .
SISy, Bty Ty =M M MY, €

TTW pvpo vk i _ VPO _NTTW « K
TSk S S Sy = T, M 0, MO M, =0 (C2)

which can be proven very easily by considering the fact that M, and -, are the Hodge dual
of one another, and the general identities involving products of the completely antisymmetric
Levi-Civita pseudo-tensor. Similarly, one can demonstrate that

S 1
Slwpavuzijuzlkpgjka = §VM (Euynﬂzafwzaﬁnzﬁaﬂ) ©3)
. 2
Eyabguupo vﬂzijl’ Eakpzkba = g VH (EuupaMbaVMakpMkbg) (C4)

are analogous identities at the differential level.
With the above identities, and definition (34), it is now straightforward to see that
eMvmIy®? L Yaory 1s given by

1 v oo v oo [e3 o
56# B2 ;wzamrnzfﬂ nZaUWU(V’/E M+E /wzp N) €5

v a v a
= TS VN0 4TS, S ST

_ _pvmn ao Iz K a po
=€ Yaorn V2 w +2¢ (VWZ(XUW+EGKWZ 0’71')2 pyz I

v oo v [e% g
= S o Vi B0, + 26H7 ™Y, 800, B2, 507,

— vy (E;Ammzaaﬂnzaa”) _ %VH (Euunﬂzaayzonnzmaﬂ_)
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where (36) was also used. The last line can be collected as

1 2
Eguwrnzocauvzagﬂn — V[L |:5MV77”EO‘UV (200”771. — 3Zgﬁngnaﬂ>:| (C6)

which, up to a normalizing factor, is the Pontryagin class (40)—(42).
The Euler class (39)—(41) would be found with an analogous, albeit slightly longer,
manipulation.
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