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Abstract
On differential manifolds with spinor structure, it is possible to express the
Euler and Pontryagin currents in terms of tensors that also appear as source in
the Dirac equation. It is hence possible to tie concepts rooted in geometry and
topology to dynamical characters of quantum matter.
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1. Introduction

In differential geometry, the curvature of a Riemannian manifold encodes the properties of
the space. Among all scalars that are formed from the curvature, some can be expressed as
the divergence of a suitable vector: they are called characteristic classes, and they describe
topological features of that space. For example, in two-dimensional spaces, the characteristic
class is the Euler class χ2 while, in four-dimensional cases, they are the Euler and Pontryagin
classes χ4 and p4 respectively. Similar considerations are true also for Riemann–Cartan man-
ifolds, where curvature is accompanied by torsion. In such a case, the Pontryagin class is
called Nieh–Yan class [1–3]. For electrodynamics, the Pontryagin class is the FµνFρσε

µνρσ

term. The vector whose divergence is the characteristic class is called topological current, and
it can be computed with straightforward manipulations. In electrodynamics, it is ερµνσFµνAσ.
On torsional manifolds, it is the Hodge dual of torsion [3]. For Riemannian manifolds, it is a
combination of spin connections.
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In this last case, for our purpose it is not important to give the topological current expli-
citly in terms of the spin connection. It is enough to state that, for the manner in which it
is constructed, it behaves like a true vector only when taken in divergences integrated over
the volume of the space. The same is true for topological currents in electrodynamics, where
ερµνσFµνAσ is not gauge invariant, and it is only when it is taken in a divergence that the
spurious term ∇ρ(ε

ρµνσFµν∇σφ) is identically equal to zero, ensuring the gauge invariance
of the topological current.

Yet, it may be important to have topological currents that are gauge invariant even if they
are not appearing in divergences: only in this way, in fact, they can be employed to construct
interaction-like terms. For example, take the term ερµνσFµνAσ=Kρ, as well as the torsion
axial-vectorWρ, and write an interaction likeKρWρ. It is our aim now to check its gauge invari-
ance: the gauge transformation would produce the shift KρWρ→KρWρ−ερµνσFµν∇σφWρ,
with KρWρ being gauge invariant only if ερµνσFµν∇σφWρ is a divergence, and this being the
case only if the torsion axial-vector is the gradient of a pseudo-scalar. Because in general this
does not happen, the term KρWρ is not gauge invariant. Nevertheless, such terms would still
be gauge invariant, and independently on torsion, if Kρ itself were to be gauge invariant. And
more in general, if the topological current were to be a true vector.

Because the characteristic classes are given in terms of curvatures, this problem can be
reduced to that of asking whether it is possible to write curvatures in terms of true tensors,
and not just connections. In this work we shall see that, when the manifold possesses a spin
structure, it has enough richness to acquire the possibility to convert spin connection and
gauge potential into a real tensor and a gauge invariant vector in terms of which the Riemann
curvature and the Maxwell strength can be expressed [4].

This will enables us to express also the topological currents in terms of real vectors. In
addition, we will see that the vectors in terms of which the topological currents are expressed
also enter as sources into the Dirac field equations, henceforth establishing a link between
topological objects and dynamical effects of the Dirac operator.

To help seeing these concepts, wewill furnish some examples for different spinorial systems
in low-dimensional cases, that is for dimensions n=2, 3, 4 [5, 6].

2. General preliminaries

2.1. Geometrical and topological notions

Let it be given a manifold M with metric gσν and with frame and co-frame eaσ and eαs such
that

eiσe
α
i =δ

α
σ eaνe

ν
s =δ

a
s (1)

verifying

eσi e
α
j gσα=ηij (2)

with ηij the Minkowskian matrix. This matrix is diagonal with elements that are all unitary up
to the sign, and with it we will specify dimension and signature. Greek indices are coordinate
indices on the manifold, transforming with diffeomorphisms, while Latin indices are world
indices on the tangent space, transforming with elements of the real Lorentz group. With the
metric gσν and its inverse gσν we lower/raise coordinate indices, with the Minkowskian met-
ric and its inverse we lower/raise world indices, while with frame and co-frame we convert
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coordinate to world indices. This is commonly known in differential geometry although inter-
ested readers may find more details in [7].

The spin connection can be introduced by the relation

Cikµ=e
i
σ∂µe

σ
k +e

i
αe

σ
k Λ

α
σµ (3)

where Λα
σµ is the Levi–Civita connection, entirely written in terms of the derivatives of the

metric. See again [7].
The Riemann curvature of the Levi–Civita connection can be converted into Rijµν=

eρi e
σ
j Rρσµν so that

Rijµν=∂µC
i
jν−∂νCijµ+CikµCkjν−CikνCkjµ (4)

as is straightforward to demonstrate [7].
From it we define Rijµνe

µ
i =Rjν called Ricci curvature and hence we can define Raνeνc η

ac=
R called Ricci scalar, which is a topological invariant in two dimensions. For more scalars we
have to consider products of two curvatures as RρσµνRρσµν or RµνRµν beside the obvious R2

amounting to all non-trivial independent contractions, and for which the Gauss–Bonnet term
RρσµνRρσµν−4RµνRµν+R2 is a topological invariant in four dimensions. In four dimensions
it is possible to write the Gauss–Bonnet term like

RανµρRρµνα−4RαµRµα+R
2=−1

4
εασπτερωµνRασµνRπτρω. (5)

It is also possible to have another topological invariant given by 1
4ε

µνπηRασ
µνRασπη , and

which is parity-odd.
The three above topological invariants characterize the Euler classes χ2 and χ4 and the

Pontryagin class p4 respectively. As such we must have that

χ2 : −→ −1
2
R=∇ρG

ρ
2 (6)

and

χ4 : −→ −1
8
εασπτερωµνRασµνRπτρω=∇ρG

ρ
4 (7)

p4 : −→ 1
4
εµνπηRασ

µνRασπη=∇ρK
ρ
4 (8)

for some bi-dimensional vector Gρ
2 and four-dimensional vector Gρ

4 and axial-vector Kρ
4 (the

fractions in front of the curvatures are for later convenience). Further details on characteristic
classes can be found in [9].

2.2. Quantum fields

Let it be given on M a spinorial structure determined by the Clifford algebra {γa,γb}=2Iηab
and by a spin-1/2 spinor field. We define [γa,γb]/4=σab as the elements of the complex
Lorentz algebra, and their exponentiation are the elements of the complex Lorentz group.
When complex Lorentz transformations are accompanied by phase transformations we talk
about spinor transformations S [7]. The spin-1/2 spinor fields ψ are columns of four complex
objects that are scalars under diffeomorphisms and that transform as ψ→Sψ under spinor
transformations [8].
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We introduce the spinorial connection according to

Cµ=
1
2
Cijµσ

ij+iqAµI (9)

in terms of the spin connection Cijµ and an abelian gauge potential Aµ having q as charge.
With it

∇µψ=∂µψ+Cµψ (10)

is the covariant derivative of the spinor field (the fact that the full spinor transformation S
accounts for complex unitary transformations beside the complex Lorentz transformations is
the reason why the connectionmust contain the generator I beside the Lorentz generatorsσij in
order to ensure that the spinorial derivative be covariant under the abelian gauge group beside
the Lorentz group).

As usual, we have that

[∇µ,∇ν ]ψ=
1
2
Rijµνσ

ijψ+iqFµνψ (11)

(again, the fact that the covariant derivative of the spinor contained both abelian gauge and
Lorentz group is reflected here in the fact that the commutator encodes both the action of
electrodynamics Fµν and that of the curvature of the space-time Rijµν).

The dynamics is assigned by the Dirac equation

iγµ∇µψ−mψ=0 (12)

(in which we have assumed no torsion for simplicity).
This construction is valid for any dimension. However, for our purposes, we need to intro-

duce the technique of polar decomposition, and this can be done only after that we specify
dimension and signature of the space. In what follows, we will consider spaces of dimension
4 and lower.

3. Polar degrees of freedom and tensorial connections

3.1. Four-dimensions

3.1.1. (1+3)-signature. We begin with the physical space. In it, the Minkowski matrix has
four elements, of which one is equal to unity and three are equal to minus unity, while the
Levi-Civita completely antisymmetric tensor εανστ has four indices.

The Clifford matrices, and in particular the sigma matrices, verify 2iσab=εabijσ
ijπ impli-

citly defining an additional matrix π which is parity-odd4. We have

γ iγ jγk=γ iηjk−γ jηik+γkηij−iεijkqγqπ (13)

4 This matrix is usually designated as a gamma with an index five, but we will not employ this notation here: the
index five simply has no sense, especially in the three- and two-dimensional cases we will consider in the following.
In addition, we will indicate it with the boldface Greek letter π, whose Latin correspondent is p, to mark the fact that
it is parity-odd (much in the same way in which the generators are denoted with the boldface Greek letter σ, whose
Latin is s, to indicate that they are spin-dependent).
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showing that products of more than three Clifford matrices can always be reduced to the
product of two. Defining ψ=ψ†γ0 we can build the bi-linear spinor quantities

Sa=ψγaπψ Ua=ψγaψ (14)

Θ= iψπψ Φ=ψψ (15)

which are all real tensors. With them, we have

2UµSνσ
µνπψ+U2ψ = 0 (16)

and

UaU
a=−SaSa=Θ2+Φ2 (17)

UaS
a=0 (18)

as three examples of Fierz identities (their derivation and general structure is found for instance
in [10–13], while in [14–16] they are presented with the structure with which we will employ
them in the following of this work). When Φ2+Θ2 ̸=0 it is always possible to write a spinor
in polar form, which is given, in chiral representation, as

ψ=ϕ e−
i
2βπ L−1


1
0
1
0

 (19)

for a pair of functions ϕ and β and for some Lwith the structure of spinor transformations [17,
18] (we recall here that the spinor transformations encode both abelian gauge and Lorentz
transformations). The bi-linear spinor scalars are then given by

Θ=2ϕ2 sinβ Φ=2ϕ2 cosβ (20)

so that ϕ and β are a scalar and a pseudo-scalar, called module and chiral angle. We can also
define

Sa=2ϕ2sa Ua=2ϕ2ua (21)

being the velocity vector and spin axial-vector. Identities (16)–(18) reduce to

2uµsνσ
µνπψ+ψ = 0 (22)

and

uau
a=−sasa=1 (23)

uas
a=0 (24)

showing that the velocity has only three independent components (the three components of
its spatial part) whereas the spin has two independent components (the two angles that, in the
rest-frame, its spatial part forms with one given axis, usually chosen as the third). Therefore L
is the Lorentz transformation that takes any general spinor into its rest frame with spin aligned
along the third axis. As for the sixth parameter of L it can be taken as the angle of the rotation
around the third axis (or more in general, around the direction of the spin) or as a global phase
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(that is, a gauge phase): these two are indistinguishable for spinors in rest-frame and spin-
eigenstate. The only two remaining components that cannot be transferred into the frame are
the ϕ and β scalars. They are the degrees of freedom.

It is a general result that the logarithmic derivative of an element of a Lie group belong to
its Lie algebra, or

L−1∂µL= iq∂µζI+
1
2
∂µζijσ

ij (25)

for some ζ ij and ζ [4] (we recall that L is a full spinor transformation, accounting for both
gauge and Lorentz groups, and this is the reason why its logarithmic derivative is a linear
combination involving both the generator I and the Lorentz generators σij). With these, we
can define

Rijµ=∂µζij−Cijµ (26)

Pµ=q(∂µζ−Aµ) (27)

which are proven to be a real tensor and a gauge invariant vector (for the proof see appendix A
or see section III.B of [19]). To identify them separately, we call them space-time and gauge
tensorial connections. We can have them both collected together into the single object

Rijµ−2Pµuasbε
abij=−1

2
εijabMabµ=Σij

µ (28)

with Mabµ and Σijµ being the Hodge dual of each other. For this single expression, we will
simply talk about tensorial connection. With it, (10) becomes

∇µψ=

(
∇µ lnϕI−

i
2
∇µβπ− 1

2
Σijµσ

ij

)
ψ (29)

in which identities 2iπσab=εabcdσ
cd and (22) have been used. Additionally, we notice that

∇µsb=s
aΣabµ ∇µub=u

aΣabµ (30)

are also valid as general identities (for a general proof, see [20]).
By employing these polar variables, we have

Rijµν=−
(
∇µR

i
jν−∇νR

i
jµ+R

i
kµR

k
jν−RikνRkjµ

)
(31)

qFµν=−(∇µPν−∇νPµ) (32)

showing that the space-time and gauge tensorial connections can be seen as the covariant
potentials of Riemann curvature and Maxwell strength (the above relationships are proven in
appendix B and a sketch of proof has also been given in section III.B of [19]). They are also
known as space-time and gauge curvatures. As before, then, we can have them collected into
the single object

Rijµν−2qFµνuasbε
abij=−1

2
εijabMabµν=Σij

µν (33)

with Mabµν and Σijµν being a particular Hodge dualization in the two algebra-valued indices.
Straightforwardly

Σi
jµν=−

(
∇µΣ

i
jν−∇νΣ

i
jµ+Σi

kµΣ
k
jν−Σi

kνΣ
k
jµ

)
(34)

6
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which we call simply curvature. With it, (11) becomes

[∇µ,∇ν ]ψ=
1
2
Σabµνσ

abψ. (35)

The cyclic permutation of commutators gives

εκµνρ∇µΣ
ij
νρ=0 : (36)

in absence of electrodynamics, this reduces to the Bianchi identity. On the other hand, with no
curvature, it reduces to the Cauchy identity εκµνρ∇µFνρ=0.

Finally, the Dirac equation is equivalent to the pair

∇µβ+Mµ+2msµ cosβ=0 (37)

∇µ lnϕ
2+Σµ+2msµ sinβ=0 (38)

with Σα=Σαν
ν and Mα=Mαν

ν as sources [21].
With the tensorial connection (28) one can prove (using the identities of appendix C) that

the curvature (33) verifies the following identities

− 1
4
ερωµνΣασµνM

ασ
ρω=∇µG

µ
4 (39)

1
4
εµνπηΣασ

µνΣασπη=∇µK
µ
4 (40)

for some vector and axial-vector

Gµ
4 =−1

4
εµνηπεασωρΣωρν

(
Σσαηπ −

2
3
ΣσκηΣ

κ
απ

)
(41)

Kµ
4 =

1
2
εµνηπΣα

σν

(
Σσ

αηπ−
2
3
Σσ

κηΣ
κ
απ

)
(42)

written in terms of the tensorial connection alone: when no electrodynamics is present they
reduce to

Gµ
4 =−1

4
εµνηπεασωρRωρν

(
Rσαηπ−

2
3
RσκηR

κ
απ

)
(43)

Kµ
4 =

1
2
εµνηπRα

σν

(
Rσ

αηπ−
2
3
Rσ

κηR
κ
απ

)
. (44)

When no curvature is present we have

Gµ
4 =0 (45)

Kµ
4 =4qFηπPνε

ηπνµ. (46)

These are the Euler and Pontryagin topological currents.
Notice that there is no equivalent of Euler topological current for electrodynamics in 4

dimensions. For the others, we have expressed the Euler and Pontryagin topological currents
as space-time and gauge tensorial connections. With the tensorial connection and its Hodge
dual one can form vectors that enter as sources in the Dirac field equations.

7



J. Phys. A: Math. Theor. 58 (2025) 025205 L Fabbri

3.2. Two-dimensions

3.2.1. (1+1)-signature. The (1+1)-dimensional case has the Minkowski matrix with two
elements of opposite sign, while the Levi–Civita completely antisymmetric tensor has only
two indices.

The Clifford matrices, and in particular the sigma matrices, verify 2σab=εabπ defining the
π matrix. We have

γ iγ jγk=γ iηjk−γ jηik+γkηij (47)

as a general identity. Defining ψ=ψ†γ0 we can build the bi-linear spinor quantities as

Ua=ψγaψ (48)

Θ= iψπψ Φ=ψψ (49)

which are all real tensors. They verify

UaU
a=Φ2+Θ2 (50)

as Fierz identities. When Φ2+Θ2 ̸=0 we can always write the spinor in polar form, which is
given, in a representation for which γ0=σ1 and γ1=−iσ2 (where σ1 and σ2 are two Pauli
matrices), as

ψ=ϕ e−
i
2βπ L−1

(
1
1

)
(51)

for a pair of functions ϕ and β and for some L with the structure of a spinor transformation.
In this form

Θ=2ϕ2 sinβ Φ=2ϕ2 cosβ (52)

so that ϕ and β are a scalar and a pseudo-scalar. Then

Ua=2ϕ2ua (53)

is the velocity vector. It verifies

uau
a=1 (54)

as normalization condition. Therefore ϕ and β are the two variables that represent the two true
degrees of freedom.

The four-dimensional construction of both tensorial connections can be re-done exactly
also in the two-dimensional case. Yet, now the space-time tensorial connection is

Rαβµ=Rαgβµ−Rβgαµ (55)

where Rα is a real vector. With it and Pµ we have

∇µψ=

(
∇µ lnϕI−

i
2
∇µβπ− 1

2
Rαεαµπ−iPµI

)
ψ. (56)

Notice that in two dimensions we cannot collect both tensorial connections together.

8
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In fact, the Dirac field equation re-written as

∇µβ−2Pαεαµ+2muαεαµ cosβ=0 (57)

∇µ lnϕ
2+Rµ+2muαεαµ sinβ=0 (58)

shows that the gauge tensorial connection appears only in the field equation for the chiral angle
while the space-time tensorial connection appears only in the field equation for the module. In
this sense, they remain decoupled.

In two dimensions, the Ricci curvatures are

Rab=−∇iR
igab (59)

R=−2∇iR
i (60)

meaning that the Einstein tensor is zero, as expected. In the last relation we see that

− 1
2
R=∇ρG

ρ
2 (61)

for some vector

Gρ
2 =R

ρ (62)

which is the Euler topological current.
Additionally, one can see that

1
2
qFανε

αν=∇µK
µ
2 (63)

for some axial-vector

Kµ
2 =Pνε

νµ (64)

which is the Pontryagin topological current.
As before, there is no Euler current for electrodynamics. And as known from differential

geometry, there is no Pontryagin current for curvature, in 2 dimensions.

3.2.2. (0+2)-signature. The (0+2)-dimensional case has Minkowski matrix in which the
two elements have the same sign.

The Clifford and sigma matrices verify γaπ= iεabγb as well as 2iσab=εabπ defining the
π matrix. We have that equation (47) is still valid. However, the adjoint is now ψ=ψ† and
hence the bi-linear spinor quantities are

Sa=ψγaψ (65)

Θ=ψπψ Φ=ψψ (66)

all being real tensors. They verify

SaS
a=Φ2−Θ2 (67)

9
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where Φ2⩾Θ2 since in this signature the norm of vectors is always positive. It is always pos-
sible to write the spinor in polar form, which is given, in the representation where γ i=σi (with
σi two Pauli matrices), according to

ψ=ϕ e−
1
2ηπL−1

(
1
1

)
(68)

for some ϕ and η which can be proven to be real. Then

Θ=−2ϕ2 sinhη Φ=2ϕ2 coshη (69)

so that ϕ and η are a scalar and a pseudo-scalar. Also

Sa=2ϕ2sa (70)

is the spin axial-vector. It verifies

sas
a=1 (71)

as normalization. So ϕ and η are the degrees of freedom of the system. Notice, however, that
the change of signature entailed a corresponding change from circular to hyperbolic functions.

The space tensorial connection given in (55) is the same as it does not depend on the sig-
nature. However now

∇µψ=

(
∇µ lnϕI−

1
2
∇µηπ−Rασαµ−iPµI

)
ψ. (72)

Again, regardless of the signature, in two dimensions the space and gauge tensorial connections
cannot be collected within a single tensorial connection.

The Dirac field equations are

∇kη−2Pbεbk−2mcoshηεkbs
b=0 (73)

∇k lnϕ
2+Rk+2msinhηεkbs

b=0 (74)

still with the gauge and space tensorial connections that appear as two separate external
sources.

The structure of the Ricci scalar is also unchanged, so that Gρ
2 =R

ρ is still the Euler topo-
logical current.

3.3. Three-dimensions

3.3.1. Any-signature. The three-dimensional case that we are going to consider is peculiar
in many senses, one of which being that, regardless the signature, the polar decomposition
always yields the same outcome. Then, it is with no loss of generality that it is possible to take
into account only one signature, which will be chosen as that of the pure space. TheMinkowski
matrix is the identity in three dimensions, and the Levi-Civita fully antisymmetric tensor has
three indices.

Clifford and sigma matrices verify 2σab= iεabcγc with no π matrix defined. We have now

γ iγ jγk=γ iηjk−γ jηik+γkηij+iεijkI. (75)

10
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With ψ=ψ† the bi-linear spinors are

Sa=ψγaψ (76)

Φ=ψψ (77)

all being real tensors. They verify

Saγ
aψ−Φψ=0 (78)

and

SaS
a=Φ2 (79)

as Fierz identities. It is always possible to write

ψ=ϕL−1

(
1
0

)
(80)

with ϕ a real function. In polar form

Φ=ϕ2 (81)

showing that ϕ is a scalar. As usual

Sa=ϕ2sa (82)

is the spin vector. It verifies

saγ
aψ−ψ=0 (83)

and

sas
a=1 (84)

as normalization. As usual, ϕ is the unique degree of freedom.
As in 4 and 2, also in three dimensions Rabν and Pν have the same definition. They can be

collected together into

Rαν
µ+2Pµsρε

ραν=εανρMρµ=Σαν
µ (85)

where Mρµ and Σαν
µ are the hodge dual of each other. Then we can write

∇µψ=

(
∇µ lnϕI−

1
2
Σανµσ

αν

)
ψ (86)

in which 2σab= iεabcγc and (83) have been used.
With polar variables we have

Rijµν+2qFµνskε
kij=Σij

µν (87)

as the compact form of the curvature.

11
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The Dirac equation is equivalent to

Mρ
ρ−2m=0 (88)

Σ ν
µν +∇µ lnϕ

2=0 (89)

in which we see a peculiar occurrence. Because the spinor has a single degree of freedom, in
three dimensions there are three differential equations determining the three derivatives of that
degree of freedom. The Dirac equations are two complex, or four real, conditions. Of these
four conditions, three preserve the status of differential equations. However, one must become
a constraint. This is what happened to equation (88).

There is, in three dimensions, no characteristic class, which means that now there is a priori
no way to have currents whose divergence is zero in flat spaces. Nevertheless, one can still
define currents that are divergenceless, whether in flat spaces or not, according to

Gµ
3 =ε

µνσεωαηsω
(
Σαηνσ+2sis jΣiανΣjησ

)
(90)

which is a type of Euler-like topological current: without any curvature of the manifold, the
above (90) reduces to

Gµ
3 =4qFνσε

νσµ (91)

as expected for the magnetic components. On the other hand, without electrodynamics (90)
becomes

Gµ
3 =ε

µνσεωαηsω
(
Rαηνσ+2sis jRiανRjησ

)
(92)

recovering the results of [6]. Notice however that by taking the trace Rανσgνσ=Rα one can
prove that

Gµ
3 =ε

µνα∇νRα (93)

is divergenceless in curved spaces and as such it is another well-defined type of Euler-like
topological current.

4. Higher-order equations

4.1. Two-dimensions

If we take the Dirac equation and square it by applying onto the spinor the differential operator
twice we obtain what in literature is known as Lichnerowicz equation [22].

Consider now two dimensions, for which in any signature

γaγbγcγd=2(gabσcd−gacσbd+gadσbc+ gcdσab−gbdσac+gbcσad)

+ (gabgcd−gacgbd+gadgbc)I. (94)

With it, the Dirac equation squares to give

∇α∇αψ+iqFabσ
abψ− 1

4
Rψ+m2ψ=0 (95)

which is the Lichnerowicz equation.
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If we specialize, for instance, to the case of alternating signature, we would have 2σab=
εabπ and therefore

∇α∇αψ+i∇αK
α
2 πψ+

1
2
∇αG

α
2 ψ+m

2ψ=0 (96)

(the case of homogeneous signature would have been identical up to the presence of the ima-
ginary unit). This is the Klein–Gordon equation modulo two contributions that are simply the
characteristic classes.

That the Lichnerowicz equation contains all and only the characteristic classes is a feature
of two dimensions. In four-dimensional spaces the characteristic classes would still appear,
but only when going to fourth-order differential.

4.2. four-dimensions

As a dimensional analysis would show, in second-order differential equations there can be no
4-dimensional characteristic class. To make them appear, one must consider the square of the
Lichnerowicz equation itself.

So let us be on a four-dimensional manifold. Here, let us consider the four-fold applica-
tion of the differential operator iγk∇kψ=∇ψ given by ∇4ψ≡γaγbγcγd∇a∇b∇c∇dψ and
which ends up being determined by the product of 4 gamma matrices. This product is com-
puted to be

γaγbγcγd=2(gabσcd−gacσbd+gadσbc+ gcdσab−gbdσac+gbcσad)

+ (gabgcd−gacgbd+gadgbc)I+iεabcdπ (97)

in which each term is proportional to either the identity or the generators or the iεijabπ matrix.
Of all these terms, those that might contain a characteristic class could only be those that have
no differential operator acting on the spinor field and therefore, because of (35), those that are
proportional to the iεijabπ matrix. In fact, we have that

iεabcdπ∇a∇b∇c∇dψ =
i
16
εabcdΣijcdΣpqabσ

ijσpqπψ

=− 1
32
εijpqΣabij

(
iΣab

pqπ+Mab
pq

)
ψ =− i

8
∇αK

α
4 πψ+

1
8
∇αG

α
4 ψ (98)

in which (36), (39)and (40) were used. As easy to see, this contribution provides all and only
characteristic classes.

5. Conclusion

In this work, we have shown, through various examples in different dimensions, how the Euler
and the Pontryagin topological currents can be re-expressed in terms of real tensors, which
were also shown to be found as sources in the Dirac differential field equations. We have
deepened the tie between spinor dynamics and topological currents by showing that in any
equation resulting from applying the Dirac operator as many times as the space dimension we
find exactly the characteristic classes of that space.

The possibility to link topological features of manifolds to dynamical characters of spinors
defined on those manifolds is the idea at the center of fundamental results like the Atiyah-
Singer index theorem [23]. We regard results like the one presented here as another step, albeit
small, toward clarifying the connections between spinors and topology.
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Appendix A. Tensorial connections

In this paper, section 3 contains some results that are central points, which therefore should
be proved in detail. In the following appendices, we will give the proofs for the results of
sub-section 3.1 only, as the others would be demonstrated in analogous ways.

In this first appendix, we prove that the tensorial connections are in fact tensors. To this
purpose, we start from recalling that a spinor is defined to transform, under diffeomorphisms,
in such a way that each of its components is a scalar. Its covariant derivative is then a cov-
ariant vector. Because there is nothing new in this, we will not consider diffeomorphisms for
now. Instead, under Lorentz transformations, and more precisely the complex representation
of Lorentz transformations, or spinorial transformation, S, the spinor transforms as ψ→Sψ. In
order for the spinorial covariant derivative (10) to transform in the same way ∇µψ→S∇µψ
we must require the spinorial connection to transform as

Cµ→S
(
Cµ −S−1∂µS

)
S−1. (A1)

Now, in the decomposition (19), the action of the spinorial transformation ψ→Sψ gives

ϕ e−
i
2βπ L−1


1
0
1
0

→Sϕ e−
i
2βπ L−1


1
0
1
0

 (A2)

and because ϕ and β are scalars, we have ϕ→ϕ and β→β and so

L−1


1
0
1
0

→SL−1


1
0
1
0

 (A3)
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where [S,π]=0 was also taken into account. Therefore

L−1→SL−1 (A4)

which is just the composition of spinorial transformations. By using (A1) and (A4) we can see
that

∂µL
−1L+Cµ→∂µ

(
SL−1)(LS−1)+S

(
Cµ−S−1∂µS

)
S−1

=∂µSL
−1LS−1 +S∂µL

−1LS−1+SCµS
−1−SS−1∂µSS

−1

= S∂µL
−1LS−1+SCµS

−1=S
(
∂µL

−1L+Cµ

)
S−1 (A5)

showing that ∂µL
−1L+Cµ transforms as a spinorial matrix.

It is a general result of the Lie theory that the logarithmic derivative of an element of a Lie
group belong to its Lie algebra, so that

L−1∂µL= iq∂µζI+
1
2
∂µζijσ

ij (A6)

for some ζ ij and ζ. Combining this with (9) allows us to see that the object ∂µL
−1L+Cµ can

be written as

∂µL
−1L+Cµ=−iq∂µζI−

1
2
∂µζijσ

ij+
1
2
Cijµσ

ij+iqAµI

=−iq(∂µζ−Aµ)I−
1
2
(∂µζij−Cijµ)σij =−iPµI−

1
2
Rijµσ

ij (A7)

where (26) and (27) were used.
When this decomposition is subject to the transformation law (A5) we see that

− iPµI−
1
2
Rijµσ

ij→S
(
−iPµI−

1
2
Rijµσ

ij

)
S−1 (A8)

and as I and σij are linearly independent the above splits into

Rijµσ
ij→RijµSσijS−1 (A9)

Pµ→Pµ. (A10)

Recalling that the complex and real Lorentz transformations are linked by SσabS−1(Λ)ia(Λ)
j
b=

σij we have

Rijµ→Rabµ
(
Λ−1

)a
i

(
Λ−1

)b
j
. (A11)

Thus, Rijµ and Pµ are gauge invariant and transform as a scalar and an antisymmetric tensor
under real Lorentz transformations.

If we were now to use the tetrads to convert tangent space indices into manifold indices as
discussed in section 2, and re-introduce the diffeomorphisms left out at the beginning of this
appendix, we would have

Rα ′ν ′µ ′ →Rανµ
∂xα

∂xα ′

∂xν

∂xν ′

∂xµ

∂xµ ′ (A12)

Pµ ′ →Pµ
∂xµ

∂xµ ′ (A13)

as the complete transformation law of real tensors.
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Appendix B. Curvature tensors

In the first appendixwe have demonstrated that the tensorial connections are real tensors (either
under diffeomorphisms or under real Lorentz transformations, according to whether they are in
the Greek or Latin index configuration). In this second appendix we prove that they are also the
covariant potentials of their respective curvatures. To this purpose, consider the tensor-valued
spinorial matrix ∂µL

−1L+Cµ and set

∂µL
−1L+Cµ=−Bµ (B1)

for compactness. Due to its transformation properties, its covariant derivative is given by

∇µBν=∂µBν+[Cµ,Bν ]−BρΛ
ρ
νµ (B2)

where we recall that Λσ
νµ the Levi–Civita connection. To see that this is the case, just impose

the transformation law

Bµ ′ →SBµS
−1 ∂x

µ

∂xµ ′ (B3)

and check that, with (A1) and the transformation law of the Levi–Civita connection, one has
indeed

∇α ′Bµ ′ →S∇αBµS
−1 ∂x

µ

∂xµ ′

∂xα

∂xα ′ . (B4)

Then

∇µBν−∇νBµ+[Bµ,Bν ]=∂µBν−∂νBµ + [Cµ,Bν ]−[Cν ,Bµ]+[Bµ,Bν ] (B5)

=−(∂µCν−∂νCµ+[Cµ,Cν ])− ∂µ
(
∂νL

−1L
)
+∂ν

(
∂µL

−1L
)
+
[
∂µL

−1L,∂νL
−1L

]
in which the last line can be worked out as

∂µ
(
L−1∂νL

)
−∂ν

(
L−1∂µL

)
+
(
L−1∂µL

)(
L−1∂νL

)
−
(
L−1∂νL

)(
L−1∂µL

)
(B6)

= ∂µL
−1∂νL+L

−1∂µ∂νL− ∂νL
−1∂µL−L−1∂ν∂µL

−L−1L∂µL
−1∂νL+L

−1L∂νL
−1∂µL= L−1∂µ∂νL−L−1∂ν∂µL=0 :

therefore

∇µBν−∇νBµ+[Bµ,Bν ]=−(∂µCν−∂νCµ+[Cµ,Cν ]) . (B7)

Expression (11) can be taken as an implicit definition of Riemann curvature and Maxwell
strength, in terms of which

∂µCν−∂νCµ+[Cµ,Cν ]=
1
2
Rijµνσ

ij+iqFµνI. (B8)

On the other hand, because of (A7) we know that

Bµ = iPµI+
1
2
Rijµσ

ij. (B9)
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Substituting these last two decompositions into (B7) we get

1
2

(
Rijµν+∇µRijν−∇νRijµ+RikµR

k
jν−RikνRkjµ

)
σij+ i

(
qFµν+∇[µPν]

)
I=0 (B10)

in which ∇µσij=0 and [σab,σcd] = ηadσbc−ηacσbd+ηbcσad−ηbdσac have also been used.
Linear independence gives now

Rijµν+∇µRijν−∇νRijµ+RikµR
k
jν−RikνRkjµ=0 (B11)

qFµν+∇[µPν]=0 (B12)

as the Riemann curvature and Maxwell strength in (31) and (32).
With (31) and (32), using (28) and (33) allows one to check that (34) holds. The proof

requires straightforward algebra.

Appendix C. Characteristic classes

In the second appendix we have proved (31) and (32), from which (34) is derived after some
algebraic manipulation. In this last appendix we want to finally show that with (34), one can
obtain (39) and (40) for some (41) and (42). In this perspective, we start by considering that
for any rank-3 tensor antisymmetric in two indices, and in particular the tensorial connection,
we have the following identities

1
2
εijabεµνρσΣijνΣakρΣ

k
bσ≡εµνρσMb

aνM
a
kρM

k
bσ (C1)

εηπτωεµνρσΣk
ηµΣkπνΣ

j
τρΣjωσ ≡−εµνρσεηπτωMηπµMτανM

α
κσM

κ
ωρ≡0 (C2)

which can be proven very easily by considering the fact thatMταν andΣταν are theHodge dual
of one another, and the general identities involving products of the completely antisymmetric
Levi-Civita pseudo-tensor. Similarly, one can demonstrate that

εµνρσ∇µΣijνΣ
i
kρΣ

jk
σ≡

1
3
∇µ

(
εµνηπΣα

σνΣ
σ
κηΣ

κ
απ

)
(C3)

εijabεµνρσ∇µΣijνΣakρΣ
k
bσ≡

2
3
∇µ

(
εµνρσMb

aνM
a
kρM

k
bσ

)
(C4)

are analogous identities at the differential level.
With the above identities, and definition (34), it is now straightforward to see that

εµνπηΣασ
µνΣασπη is given by

1
2
εµνπηΣασ

µνΣασπη=ε
µνπηΣασπη

(
∇νΣ

ασ
µ+Σα

ρνΣ
ρσ

µ

)
(C5)

= εµνπηΣασπη∇νΣ
ασ

µ+ε
µνπηΣασπηΣ

α
ρνΣ

ρσ
µ

= εµνπηΣασπη∇νΣ
ασ

µ + 2εµνπη (∇ηΣασπ+ΣακηΣ
κ
σπ)Σ

α
ρνΣ

ρσ
µ

= εµνπηΣασπη∇νΣ
ασ

µ + 2εµνπη∇ηΣασπΣ
α
ρνΣ

ρσ
µ

=∇ν

(
εµνπηΣασπηΣ

ασ
µ

)
− 2

3
∇µ

(
εµνηπΣα

σνΣ
σ
κηΣ

κ
απ

)
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where (36) was also used. The last line can be collected as

1
2
εµνπηΣασ

µνΣασπη =∇µ

[
εµνηπΣασ

ν

(
Σσαηπ−

2
3
ΣσκηΣ

κ
απ

)]
(C6)

which, up to a normalizing factor, is the Pontryagin class (40)–(42).
The Euler class (39)–(41) would be found with an analogous, albeit slightly longer,

manipulation.
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[8] Dąbrowski L and Percacci R 1986 Spinors and diffeomorphisms Commun. Math. Phys. 106 691
[9] Dubrovin B A, Fomenko A T, Novikov S P 1984 Modern Geometry (Springer)

[10] Peskin M E and Schröder D V 1995 An Introduction to Quantum Field Theory (Perseus)
[11] Okun L B 1980 Leptons and Quarks (North-Holland)
[12] Nishi C C 2005 Simple derivation of general Fierz-like identities Am. J. Phys. 73 1160
[13] Nieves J F and Pal P B 2004 Generalized Fierz identities Am. J. Phys. 72 1100
[14] Dale R, Herrero A and Morales-Lladosa J A 2023 Essential Fierz identities for a fermionic field

Phys. Scr. 98 085302
[15] Hoff da Silva J M, Cavalcanti R T, Beghetto D and da Rocha R 2020 Spinor symmetries and under-

lying properties Eur. Phys. J. C 80 117
[16] CoronadoVillalobos CH, Bueno Rogerio R J, Aguirre AR and Beghetto D 2020On the generalized

spinor classification: beyond the Lounesto’s classification Eur. Phys. J. C 80 228
[17] Jakobi G and Lochak G 1956 Introduction des paramètres relativistes de Cayley-Klein dans la

représentation hydrodynamique de l’équation de Dirac Comp. Rend. Acad. Sci. 243 234
[18] Jakobi G and Lochak G 1956 Decomposition en paramètres de Clebsch de l’impulsion de Dirac

et interprétation physique de l’invariance de jauge des équations de la Mécanique ondulatoire
Comp. Rend. Acad. Sci. 243 357

[19] Fabbri L 2022 de Broglie-Bohm formulation of dirac fields Found. Phys. 52 116
[20] Fabbri L, Vignolo S and Cianci R 2024 Polar form of Dirac fields: implementing symmetries via

Lie derivative Lett. Math. Phys. 114 21
[21] Fabbri L 2023 Dirac theory in hydrodynamic form Found. Phys. 53 54
[22] Lichnerowicz A 1963 Spineurs harmoniques C. R. Acad. Sci. 257 7
[23] Atiyah M F and Singer I M 1963 The index of elliptic operators on compact manifolds Bull. Am.

Math. Soc. 69 422

18

https://orcid.org/0000-0002-9186-2807
https://orcid.org/0000-0002-9186-2807
https://doi.org/10.1103/PhysRevD.55.7580
https://doi.org/10.1103/PhysRevD.55.7580
https://doi.org/10.1103/PhysRevD.106.045004
https://doi.org/10.1103/PhysRevD.106.045004
https://doi.org/10.1103/PhysRevD.105.044053
https://doi.org/10.1103/PhysRevD.105.044053
https://doi.org/10.1007/s00006-021-01188-7
https://doi.org/10.1007/s00006-021-01188-7
https://doi.org/10.1016/S0550-3213(99)00820-2
https://doi.org/10.1016/S0550-3213(99)00820-2
https://doi.org/10.1007/JHEP04(2015)110
https://doi.org/10.1007/BF01463403
https://doi.org/10.1007/BF01463403
https://doi.org/10.1119/1.2074087
https://doi.org/10.1119/1.2074087
https://doi.org/10.1119/1.1757445
https://doi.org/10.1119/1.1757445
https://doi.org/10.1088/1402-4896/ace1b3
https://doi.org/10.1088/1402-4896/ace1b3
https://doi.org/10.1140/epjc/s10052-020-7693-4
https://doi.org/10.1140/epjc/s10052-020-7693-4
https://doi.org/10.1140/epjc/s10052-020-7801-5
https://doi.org/10.1140/epjc/s10052-020-7801-5
https://doi.org/10.1007/s10701-022-00641-2
https://doi.org/10.1007/s10701-022-00641-2
https://doi.org/10.1007/s11005-024-01770-7
https://doi.org/10.1007/s11005-024-01770-7
https://doi.org/10.1007/s10701-023-00695-w
https://doi.org/10.1007/s10701-023-00695-w
https://doi.org/10.1090/S0002-9904-1963-10957-X
https://doi.org/10.1090/S0002-9904-1963-10957-X

	Euler and Pontryagin currents of the Dirac operator
	1. Introduction
	2. General preliminaries
	2.1. Geometrical and topological notions
	2.2. Quantum fields

	3. Polar degrees of freedom and tensorial connections
	3.1. Four-dimensions
	3.1.1. (1+3)-signature.

	3.2. Two-dimensions
	3.2.1. (1+1)-signature.
	3.2.2. (0+2)-signature.

	3.3. Three-dimensions
	3.3.1. Any-signature.


	4. Higher-order equations
	4.1. Two-dimensions
	4.2. four-dimensions

	5. Conclusion
	Appendix A. Tensorial connections
	Appendix B. Curvature tensors
	Appendix C. Characteristic classes
	References


