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Computational models of collective motion successfully
reproduce the most common behaviours of a school of fish,
using only a few elementary interactions between individuals.
However, their ability to also reproduce individual behaviours
that are discordant from those of the group has not yet been
adequately investigated. In this paper, a self-propelled particle
model using three interaction zones is considered in relation
to the counter-rotation of an individual: a phenomenon
observable in real schools of fish milling in a torus, when an
individual moves in the same torus but in the opposite
direction for a certain period of time. This study shows that
the interactions of repulsion, orientation and attraction
between individuals moving at constant speed in a three-
dimensional space, with asynchronous updating, can generate
temporary counter-rotations. The analysis of such events sheds
light on the mechanisms that start the counter-rotation and
those that end it. Although the contribution of the repulsion
interaction is often significant to start and terminate the
counter-rotation, it does not prove to be decisive. Indeed, it is
observed that even when interactions between individuals
are limited to attraction alone, temporary counter-rotations
of individuals occur, provided the fish density along the
circumference is not uniform. Some of these conclusions,
deduced from the simulations performed, are visually
consistent with what is observed in some underwater video
recordings of milling schools of fish.
1. Introduction
The collective motion of schools of fish, like more generally that of
animal groups [1,2], has attracted considerable attention in the
scientific community and is still being studied today [3–6]. Some

http://crossmark.crossref.org/dialog/?doi=10.1098/rsos.231618&domain=pdf&date_stamp=2023-12-06
mailto:andrea.trucco@unige.it
https://doi.org/10.6084/m9.figshare.c.6957208
https://doi.org/10.6084/m9.figshare.c.6957208
http://orcid.org/
http://orcid.org/0000-0003-1189-6191
http://creativecommons.org/licenses/by/4.0/


royalsocietypublishing.org/journal/rsos
R.Soc.Open

Sci.10:231618
2

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

06
 D

ec
em

be
r 

20
23

 

models have been proposed that, by defining a set of interactions between the individuals comprising a
school of fish, we are able to reproduce the collective behaviours of schools of fish that are most
frequently observed in nature. Such models are commonly referred to as individual-based or agent-
based models [5,7–9]: in them, the evolution of position and velocity of each individual is governed
by a set of differential equations [10–17] or a set of difference equations [4,18–30] at discrete instants
of time. Despite the simplicity of the interactions included in these models, they have been successful
in replicating collective behaviours with good accuracy.

Over the years, it has been observed that models including different sets of interactions or governing
the same interactions with different rules can reproduce the same collective behaviours [7,9]. While this
fact does not help to clarify which interactions are adopted by real fish, it shows that schools of fish can
achieve a given behaviour by deploying different rules of social interactions.

In 2002 Couzin et al. [18], elaborating on the approach previously introduced by Aoki [31] and
Reynolds [32], refined and proposed one of the most successful models in the scientific community:
by adjusting a few parameters, this self-propelled particle model [2] is able to reproduce the most
frequent collective motion patterns (namely, milling, swarm and parallel aligned motion). For this
reason and because of its simplicity, this model has been the subject of numerous analyses,
refinements and comparisons, and is still widely used [3,24,25,28,29,33–35]. In its original version, the
model allows each fish in the school, proceeding at a constant speed, to vary its direction on the basis
of three local interactions: repulsion, orientation and attraction, with respect to its neighbours
contained in three spheres centred on the fish itself and of increasing radius. The model also predicts
that the fish has a limited field of view, a maximum turn rate and is subject to random errors in
aligning itself to a new direction. For the sake of brevity, this model will hereafter simply be called
the three-zone model [7].

Many experimental investigations have been performed to confirm the interactions assumed in
aprioristic models or to decipher the interactions actually present in mobile animal groups [6,15,19,36–
43]. Some of these investigations have shown that in certain groups of birds or fish [38–40] the
orientation interaction does not seem to be present. Indeed, there are models in which the collective
behaviours already mentioned emerge even in the absence of orientation [11,12,14,16,44] or in
the presence of attraction alone [16,23,25,27]. Finally, it is worth noting that in many works, the
investigation was performed by restricting the school of fish to moving in one plane
[9–17,22,23,26,27,29,30,45] and setting precise initial conditions to start its movement [10,12,13,29,45].

The study of how to help collective behaviours and transitions from one behaviour to another emerge
has left little room for the analysis of individual behaviours, which can sometimes be discordant, i.e.
contrary to the dominant behaviour of the group. Although the impact of behavioural differences
between individuals on the collective behaviour has been investigated (e.g. [1,22,44,46]), the attention
given in the literature to discordant behaviours of a single individual or small groups, which emerge
from a model in which all individuals have identical characteristics, has been rather limited so far
[17,42,47,48]. This paper analyses the case of a fish that, while the school of fish mills within a torus in a
certain direction, begins a mill within the torus occupied by the other individuals, but in the opposite
direction to them. The behaviour referred to concerns only one or very few fish and lasts for a short
period of time compared to the duration of the school milling. It is therefore a fish that, milling together
with the others, at a given instant changes direction of milling, travels a fraction of the circumference (or
a few turns of it) in the opposite direction, and then returns to mill in the dominant direction. In the
following, this behaviour will be referred to as counter-rotating fish. The electronic supplementary
material contains a list with links and comments to some underwater video recordings in which this
individual counter-rotating behaviour can be observed in schools of sardinella, barracuda and jack fish.

A counter-rotating fish should not be confused with double milling, observed in nature and
reproduced by some individual-based computational models [7,11,13,19,23,27,45], in which some fish
travel around the circumference in one direction, while the rest travel in the opposite direction. The
difference with the case examined in this paper is twofold: in double milling both directions of
milling are travelled by many individuals and this behaviour remains stable for a long time, often for
the entire duration of the torus. The double milling emerges by choosing parameter values in a
certain region of the parameter space or by imposing particular initial conditions. This behaviour
disappears in favour of single milling, in which all fish mill in the same direction, when, depending
on the model: a strong orientation interaction or a spherical repulsion zone is introduced [7,10,11];
random initial conditions are imposed [13]; or a blind zone is introduced behind the individual [23].

The type of counter-rotation considered in this paper has rarely been shown or described in the
literature. To the best of the author’s knowledge, this has only occurred in papers addressing the
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mechanisms governing transitions of schools of fish from one collective motion pattern to another
[17,42,47,48]. In particular, analyses of experimental observations of groups of golden shiners in a
shallow tank [42] revealed that some individuals initiate a temporary counter-rotation when the
rotating school encounters a tank wall and, because of this, it undergoes a transition from the milling
state to the polar state. Moving from experimental observations to simulations, the electronic
supplementary material videos in [47] show some counter-rotations of very short duration in schools
of fish repeatedly transitioning from the milling state to the polar state and vice versa. However, the
attention of these papers does not focus on counter-rotations as such, but focuses more generally on
the mechanisms (including the discordant behaviours of a few individuals) involved in transitions
between different collective motion patterns.

The first objective of this study was to investigate whether, by using the three-zone model (activating all
the interactions originally predicted or activating the attraction alone) and setting the parameters to
simulate a single milling school of fish, the discordant individual behaviour described above occurs.
Secondly, an attempt was made to find an explanation for this behaviour, depending on the interactions
activated. Finally, the possible relationships between the presence of counter-rotations and the transition
of the school of fish from the milling state to another state of collective motion are studied.
Quantification of the observed phenomena was provided by numerical investigation performed through
many independent simulations for each parameter setting tested. The investigations mentioned
introduce new scientific knowledge since the counter-rotating fish, in relation to computational models
of collective motion, is a phenomenon that has not yet received specific attention, especially in the case
of models working in three-dimensional space. More generally, this paper contributes to a field poorly
explored to date, that of individual behaviours emerging from computational models of interaction
between group individuals. An important aspect of this study is to contribute to formulating an answer
to the question: are models born for collective behaviour also able to reproduce discordant individual
behaviours and can they help to understand the underlying processes?

This paper is organized as follows. Section 2 describes the three-zone model (fitted with all
interactions or with attraction only), the metrics adopted to assess collective and individual
behaviours and the simulation set-up. Section 3 illustrates and quantifies the results obtained with the
different versions of the model and in relation to counter-rotation starting and ending processes.
Finally, §§4 and 5 present a discussion of the results obtained and the conclusions reached, respectively.
2. Methods
2.1. The three-zone model
According to experimental observations, Couzin et al. [18] proposed a self-propelled particle model in
which each individual in a school of fish moves in a three-dimensional space with a velocity whose
modulus remains constant and whose direction depends on interactions with its neighbours. Changes
in direction cannot exceed the maximum turn rate of which the individual is capable and include
random errors. While space is continuous, time is discretized at Δt step. The school of fish is
composed of N individuals, whose position at time t is indicated by the vector ri(t), i = 1, 2, …, N, and
whose velocity is equal to vi(t) ¼ v0v̂i(t), where v0 is the constant modulus (also called speed) and
v̂i(t) is a unit vector indicating the direction. The maximum turn in the unit time of which the
individual is capable is indicated by the angle ρmax.

The position of the i-th individual at instant t + Δt is calculated as follows:

ri(tþ Dt) ¼ ri(t)þ Dtvi(tþ Dt) ð2:1Þ
where vi(tþ Dt) ¼ v0v̂i(tþ Dt) and the unit vector v̂i(tþ Dt) is calculated based on the presence of other
individuals in three interaction regions. These are three concentric spheres, centred at ri(t), called zones of
repulsion, orientation and attraction, whose radii are Rr, Ro, Ra, Rr <Ro <Ra, respectively. A blind zone is
also defined, located behind the individual, within which the fish cannot detect the presence of other
individuals. The blind zone is a right circular cone whose apex is located at ri(t), whose axis extends
infinitely along the direction �v̂i(t), whose aperture angle is 360°-θ, where θ represents the field of
perception of the individual.

The set Sr contains the indices j, j≠ i, of all the individuals that, at time instant ~t, are contained in the
repulsion zone of the i-th individual, whose number is equal to nr. The set So contains the indices j, j≠ i,
of the individuals that, at time instant ~t, are: outside the repulsion zone, outside the blind zone and
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contained in the orientation zone, whose number is equal to no. Finally, the set Sa contains the indices j,
j≠ i, of individuals who, at time instant ~t, are: outside the orientation zone, outside the blind zone and
contained in the attraction zone, whose number is equal to na. In the original three-zone model, the time
instant ~t corresponds to t and the blind zone does not apply to repulsion, but only to orientation and
attraction [28].

In terms of priority, the dominant interaction is that of repulsion. If nr > 0, the i-th individual will
attempt to move away from all neighbours contained in the set Sr, choosing as desired direction that
of the vector ddes(tþ Dt) which, in this case, corresponds to the repulsion vector defined as follows:

dr(tþ Dt) ¼ �
X

j[Sr
N {rj(~t)� ri(t)} ð2:2Þ

and

ddes(tþ Dt) ¼ dr(tþ Dt), ð2:3Þ

where N {:} is the operator that normalizes the modulus of a vector, N {a} ¼ a=jaj, where jaj is the
modulus of the vector a. The result of N {:} is therefore a unit vector.

If the repulsion zone does not contain any individuals (i.e. nr = 0), the desired direction for the i-th
individual is set based on the individuals present in the orientation and attraction zones, if any. First,
the orientation vector:

do(tþ Dt) ¼
X

j[So
v̂j(~t), ð2:4Þ

and the attraction vector:

da(tþ Dt) ¼
X

j[Sa
N {rj(~t)� ri(t)}, ð2:5Þ

must be calculated (if no = 0 or na = 0, the corresponding vector is null). The desired direction is then
determined as follows:

ddes(tþ Dt) ¼ v̂i(t) if no ¼ na ¼ 0
do(tþ Dt) þ da(tþ Dt) otherwise

�
: ð2:6Þ

To account for errors in the individual’s perception and movement, the desired direction ddes(tþ Dt) is
rotated by a random angle taken from a spherical distribution characterized by zero mean and
standard deviation σ. The desired direction perturbed by the random error is denoted by d0

des(tþ Dt),
while the absolute value of the angle between d0

des(tþ Dt) and v̂i(t) is denoted by β. The new
direction of movement of the i-th individual is finally calculated as follows:

v̂i(tþ Dt) ¼ N {d0
des(tþ Dt) } if b � rmaxDt

R{v̂i(t), d0
des(tþ Dt) } otherwise

�
, ð2:7Þ

where R{a,b} is the operator that rotates the vector a towards the vector b, performing a rotation equal to
ρmaxΔt.

In the original three-zone model, the update of the school of fish status is done synchronously [8], by
calculating the new position ri(tþ Dt) of each individual based on the positions and velocities of the other
fish at the time instant t. This means that in the equations above ~t ¼ t. It was later observed that
asynchronous updating is a way to introduce a further stochasticity and to achieve a better fit to
experimental observations [8,22,23,26,27,49]. Asynchronism is implemented by applying the same
rules seen above, but choosing the individual to be updated in random order [8,26]. More in detail, to
calculate the position and the speed of the i-th individual at the time instant t + Δt, the positions and
the speeds at the instant t of those fish that have yet to be updated are used, while for the fish that
have already been updated, the positions and velocities at time t + Δt are used. Therefore, ~t ¼ t if the j-
th fish has not yet been updated, ~t ¼ tþ Dt if the j-th fish has already been updated. The update cycle
ends when all the individuals in the school of fish have been updated following a random order that
changes with each cycle.

Another aspect of considerable importance is the initial conditions in which the school of fish is set at
the time instant the simulation starts [1]. To influence the emerging collective behaviour as little as
possible, the N individuals are arranged in random positions within a sphere of radius Y, with initial
directions also chosen randomly in the three-dimensional space [18,28].
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2.2. Attraction-based model
The simplicity of the three-zone model coupled with its ability to help emerge, depending on the
parameter setting, all the most common collective behaviours, have made it a very appreciated
working tool and the subject of numerous modifications and refinements for a variety of purposes
[3,24,25,28,29,33–35].

Some studies based on experimental observations of schools of fish [39,40] have questioned the
orientation interaction, of which they found no evidence in the species examined. This has contributed
to the development of models in which this interaction is not included. For this reason, in addition to
the original three-zone model, this paper also considers the extreme case in which only one interaction
is present, namely, the attraction interaction. Previously, Strömbom et al. [23,26,27] demonstrated the
possibility of obtaining milling, swarm and parallel aligned motion, with a model similar to the three-
zone model in which, however, repulsion and orientation are not present. Parameter adjustment and
asynchronous updating were required.

Testing the effects of the attraction interaction alone can be done with the three-zone model described
in the previous subsection, simply by setting the radius of the spherical zones of repulsion and
orientation to zero (i.e. Rr =Ro = 0). In this way, all fish inside the sphere of attraction and outside the
blind zone will contribute to the attraction vector da(tþ Dt) which, in turn, will coincide with the
vector expressing the desired direction, ddes(tþ Dt). The three-zone model modified in this way does
not correspond exactly to any of the variants proposed by Strömbom et al. [23,26,27], but the main
difference lies in the fact that in this study, the simulation takes place in three-dimensional space
instead of being confined to a plane.
2.3. Metrics for collective and individual behaviours
Emergent collective behaviour can be effectively characterized through the polarization and rotation
coefficients of the school of fish, both defined to be between 0 and 1 [18,28,42]. The polarization
coefficient:

Cp(t) ¼ 1
N

XN

i¼1
v̂i(t)

����
����, ð2:8Þ

increases with the degree of alignment between the individuals in the school of fish, while the rotation
coefficient requires defining the centroid of the school:

rc(t) ¼ 1
N

XN

i¼1
ri(t), ð2:9Þ

and the normalized sum, m(t), of the angular moments of the individuals, calculated using the unit
vectors of the position relative to the centroid and velocity:

m(t) ¼ 1
N

XN

i¼1
N {ri(t)� rc(t)} � v̂i(t): ð2:10Þ

The rotation coefficient is the modulus of this vector: Cr(t) ¼ jm(t)j. It increases with the degree of
milling of the school of fish around its centroid, until it reaches 1 for a school uniformly distributed
along a circumference, whose fish all move in the same direction.

The rotation period of the school of fish can be estimated bymeasuring the angle of rotation, with respect
to the centroid, that each individual travels in a time interval T and then averaging the results over all
the individuals. After defining r1i ¼ N {ri(t� T=2)� rc(t� T=2)} and r2i ¼ N {ri(tþ T=2)� rc(tþ T=2)}, the
angle of rotation for the i-th fish can be computed as: ci(t) ¼ arccos(r1i � r2i ). Consequently, the school
rotation period at time t, O(t), will be:

O(t) ¼ T
N

XN

i¼1

2p
ci(t)

: ð2:11Þ

Similarly, the average radius of the torus at time t, Rtor(t), can be calculated as follows:

Rtor(t) ¼ 1
N

XN

i¼1
jri(t)� rc(t)j : ð2:12Þ



Table 1. Values of the parameters initially used in the three-zone model, when the repulsion, orientation and attraction
interactions are all active. (The intervals used subsequently to investigate the impact of N and θ are in square brackets.)

parameter symbol unit of measurement value

number of individuals N — 100; [50, 200]

time step Δt s 0.1

speed v0 unit s−1 3

zone of repulsion Rr unit 1

zone of orientation Ro unit 3.5

zone of attraction Ra unit 16

field of perception θ degree 270; [225, 295]

max. turn rate ρmax degree s−1 40

error standard dev. σ degree 0

royalsocietypublishing.org/journal/rsos
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Assuming that a school of fish is milling around its centroid (i.e. Cp close to 0 and Cr close to 1), the
counter-rotation coefficient for the i-th individual can be defined:

ci(t) ¼ m(t) � [N {ri(t)� rc(t)}� v̂i(t)], ð2:13Þ
in order to identify any fish milling in the opposite direction to the school. By construction, the coefficient
ci is between –1 and 1: for N≫ 1, ci tends to 1 if the i-th fish mills in the direction of the school, while it
tends to −1 if the fish mills in the opposite direction. During the movement, the i-th fish will be subjected
to repulsions that may contribute to keeping the current rotation or to changing its direction. If nr > 0 at
time t, a modified version of the counter-rotation coefficient, called the repulsion coefficient, defined as
follows:

pi(t) ¼ m(t) � [N {ri(t)� rc(t)}�N {dr(tþ Dt)}], ð2:14Þ
can be adopted to measure such a contribution. By construction, the coefficient pi is between −1 and 1: pi
tends to 1 if the repulsion pushes the i-th fish to rotate in the same direction as the school, while it tends
to −1 if the repulsion pushes the i-th fish to rotate in the opposite direction.
2.4. Simulation set-up
The simulations were performed assuming a school of fish consisting of N = 100 individuals, identical to
each other, with a length equal to an arbitrary unit (called unit), free to move in an unbounded three-
dimensional space. At the initial time instant, they are at random positions within a sphere with
radius Y = 10 units and are oriented in random directions. In the simulations using the three-zone
model, the other parameters were set to obtain a milling group with high probability, as discussed in
[18]. Table 1 lists the values initially assigned to the model parameters and shows the variation
intervals subsequently considered to study the impact of N and θ on the phenomena observed. The
random perturbation of the desired direction was cancelled out, by setting σ = 0. The reason for this is
that, on the one hand, asynchronous updating already introduces a significant degree of stochasticity,
and on the other hand, the absence of random errors helps to identify the reasons why an individual
is rotating against the rest of the school of fish.

Each simulation has a duration of 2500 time steps. According to [9,42], the school of fish is considered
to be in: the milling state when the polarization coefficient, Cp(t), is less than 0.35 and the rotation
coefficient, Cr(t), is greater than 0.65; the polar state (i.e. the parallel aligned motion) when Cp(t) is
greater than 0.65 and Cr(t) is less than 0.35; the swarm state when both Cp(t) and Cr(t) are less than
0.35; or the transitional state outside these ranges. When the school of fish is considered to be in the
milling state, the counter-rotation coefficient of each individual is measured: the i-th individual is
considered to be in a counter-rotation state if it maintains ci(t) <−0.3 for a period of at least 30 time
steps. To avoid excessive fragmentation of counter-rotation occurrences, if two intervals in which ci(t)
is less than −0.3 are separated by a number of time steps less than or equal to 10, they are considered
as a single interval that satisfies the counter-rotation condition.



Table 2. Values of the parameters used in the three-zone model, when only the attraction interaction is active.

parameter symbol unit of measurement value

number of individuals N — 100

time step Δt s 0.1

speed v0 unit s−1 3

zone of repulsion Rr unit 0

zone of orientation Ro unit 0

zone of attraction Ra unit 16

field of perception θ degree 290

max. turn rate ρmax degree s−1 65

error standard dev. σ degree 0
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Moving from the three-zone model to the attraction-based model, the identification of the parameters
that most likely lead the school of fish into milling is more critical. Indeed, the absence of the orientation
interaction means that double-milling behaviour (as an alternative to swarm and polar motion) emerges
more easily [23]. However, a careful exploration of the parameter space has shown that the values
reported in table 2 are most likely to generate the milling of the school of fish in one direction, with
no individuals remaining stably in the counter-rotation state. Further details are provided later.
3. Results
3.1. Counter-rotation with significant contribution of repulsion
Using the set-up described above and the parameters in table 1, 100 simulations were performed, each
lasting a total of 2500 time steps, corresponding to 4 min and 10 s. In these simulations, the school of
fish maintains the milling state for a high fraction of time steps and, in each of them, a few
individuals were detected to have entered the counter-rotation state, subsequently returning to milling
in the direction of the school. However, before providing a detailed analysis regarding the simulations
as a whole, it is preferable to observe the ongoing phenomena by focusing on some specific
simulations. The significance of these phenomena and the underlying mechanisms will be verified
and quantified through the numerical investigation described in a subsequent subsection.

The electronic supplementary material, videos S1 and S2 show, in three-dimensional space, the clips
of two simulations, denoted Simα and Simβ, in which an individual, during the milling of the school of
fish, undertakes a counter-rotation, maintains it for a certain period and, finally, returns to mill in the
same direction as the other fish. In the Simα case, the individual undertakes a counter-rotation that
lasts less than a full turn, while in the Simβ case the individual undertakes a counter-rotation that
lasts a few turns, before realigning with the school of fish. The projection of the schools of fish shown
in S1 and S2 on the most indicated plane among those containing the Cartesian axes is visualized in
the electronic supplementary material, videos S3 and S4, respectively. From these videos, six frames
were isolated to illustrate the salient phases of the phenomenon, visible in figures 1 and 2, respectively.

In order to analyse the interactions that cause the individual to mill in the opposite direction, the Simα
and Simβ simulations were studied by highlighting which individuals within the repulsion, orientation
and attraction zones, at each time step, contribute to defining the desired direction ddes(tþ Dt) for the
individual under investigation. Electronic supplementary material, videos S5 and S6 show the results
of this analysis and contain a vector of constant modulus that, at each time step, shows the direction
of the vector ddes(tþ Dt). Figures 3 and 4 show the same results, limited to the six salient frames, the
same as those already used for figures 1 and 2.

First of all, it should be noted that the density of fish in the toroidal space they travel through is not
uniform: although there are no parts of the torus totally devoid of fish, in both simulations a large group
of fish is observed to mill closer together than in the rest of the torus. Immediately before initiating the
counter-rotation, the individual under investigation mills in the same direction as the school (phase a,
figures 1a and 2a), close to the group with the highest density, with the vector of the desired direction
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pointing towards the centroid of the school (figures 3a and 4a). This pointing is usual for all individuals
making a circular trajectory and is owing to the combined effect of neighbours exerting orientation and
those, more numerous, exerting attraction.

After a passage near the centroid (passage of individuals near the centroid is commonly observed,
both in simulations and in real schools of fish, without necessarily giving rise to counter-rotations),
the individual crosses the trajectories of the fish in front of it, moving to the outer part of the torus
( phase b, figures 1b and 2b). In performing this manoeuvre, in order to avoid collisions, the desired
direction is governed several times by repulsion and contrary to the direction of the school milling, as
can be seen in the electronic supplementary material, videos S5 and S6 and, partially, in figure 5. As a
consequence, when the individual reaches the outer part of the torus, it is oriented in such a way as
to be more attracted by the fish following it (in the direction of the school milling) than by those
ahead of it (many of which are in the blind zone), as can be seen in figures 3b and 4b.

Outside the torus there are few orientation interactions (figures 3c and 4c): the attraction of the fish
following the individual under investigation, not finding adequate opposition from the orientation,
dominates and causes the individual to orientate in the opposite direction to its neighbours (phase c,
figures 1c and 2c). As the desired direction returns to point towards the centroid of the school of fish
(figures 3c and 4c), the counter-rotation begins. Although the orientation interaction, in general,
causes the fish in the school to mill in the same direction, it is not strong enough to prevent the
counter-rotating individual from continuing its trajectory for some time ( phase d, figures 1d and 2d ),
keeping its desired direction pointing towards the centroid of the school (figures 3d and 4d ).

After a counter-rotation period of varying duration, the individual moves towards the centroid of the
school of fish ( phase e, figures 1e and 2e), aligning with its desired direction (figures 3e and 4e). In the
vicinity of the centroid, to avoid collisions, the desired direction is repeatedly found to be governed
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Figure 2. Six frames taken from the Simβ simulation, the meaning of which is described in figure 1 caption, as well as the graphic
conventions adopted.
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by repulsion and aligned with the direction of the school of fish milling, as can be seen in the electronic
supplementary material, videos S5 and S6 and, partially, in figure 6. These interactions orient the
individual so that it is more attracted to the fish ahead of it (in the direction of the school milling)
than to those following it. Added to this effect is the contribution of orientation, bringing the desired
direction into alignment with the milling direction of the school of fish (figures 3f and 4f ). The
counter-rotation ends and the individual is disposed to mill in the same direction as the other fish
( phase f, figures 1f and 2f ).
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3.2. Counter-rotation with reduced contribution of repulsion
The mechanism described in the previous subsection, using two examples, is the one that frequently
characterizes the counter-rotations observed in the simulations performed, as will be demonstrated by
the quantitative analysis in the next subsection. In such a mechanism, repulsion contributes
significantly each time the individual changes direction of milling: either at the start of the counter-
rotation, or at the resumption of milling in the school direction. In some cases, however, it has been
observed that the change of direction occurs without the contribution of repulsion or, even, with an
opposite contribution, which forces the individual to maintain the direction of milling already in place.

The electronic supplementary material, video S7 shows the projection on the plane of a simulation
clip, indicated with Simγ, in which a counter-rotation similar to those of the two examples described
in the previous subsection is present. The analysis of the interactions taking place, visible in
the electronic supplementary material, video S8, shows that in the phase that leads the individual to
initiate the counter-rotation, numerous repulsions occur: for time indexes between 1935 and 1943 and
between 1958 and 1964. Of these, only the one at time index 1958 pushes the individual towards
counter-rotation, all the remaining ones contribute to maintaining the milling in the direction of the
school of fish. Nevertheless, the individual undertakes the counter-rotation. The electronic
supplementary material, videos S9 and S10 show a clip of a simulation, indicated by Simδ, in which,
just before the end of the counter-rotation, a number of repulsions occur (at time indexes 1375, 1376
and 1380): all of them facilitate the maintenance of the milling in the opposite direction to the school
of fish. Nevertheless, the individual changes direction of milling and aligns with the milling of the
school. Subsequently, the repulsions at time indexes 1384–1386 facilitate the individual’s milling in
the direction of the school of fish, but this occurs when the counter-rotation has already ended.

It can therefore be concluded that the repulsions, although present and significant in some cases (see
the quantitative investigation in the next subsection), are not decisive either for the starting of the
counter-rotation or for terminating it.

3.3. Quantitative analysis
The first investigation concerns the percentage of time steps the school of fish remains in the four
different states. After analysing each simulation, the sample mean and sample standard deviation of
these percentages are calculated using the 100 available simulations. The sample standard deviation is
used to estimate the standard error of the mean (s.e.m.), which indicates the degree of reliability of
the sample mean [50]. Specifically, the s.e.m. is equal to the sample standard deviation divided by the
square root of the number of available values [50]. Since 100 simulations are always used in this
work, the sample standard deviation is 10 times the s.e.m. In the remainder of the paper, these
variables will be written as: sample mean ± s.e.m. [50]. The result is that the school of fish spends:



Table 3. Characteristics of the counter-rotations observed in 100 simulations with the parameter setting of table 1 (N = 100,
θ=270°). (See text for more details on definitions of characteristics.)

counter-rotation characteristic symbol value

number of occurrences per minute ncnrt 1.19 ± 0.07

duration in rotation cycles ocnrt 0.40 ± 0.02

polarization coefficient Ccnrtp 0.26 ± 0.005

rotation coefficient Ccnrtr 0.73 ± 0.003

passage near the centroid (start) P1 91.7%

passage near the centroid (end) P2 92.9%

significant repulsions (start OR end) P3 63.7%
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66% ± 1.2% of the time in the milling state; 8% ± 0.3% of the time in the swarm state; 26% ± 0.1% of the
time in the transitional state. The polar state is never reached. These numbers capture the fact that
random initial conditions cause the school of fish to start from the swarm state. It quickly moves into
the transitional state and then reaches the milling state and remains there with good stability.

Focusing on the time steps in which the school of fish is in the milling state, the temporal average of
the rotation period, O(t), and torus radius, Rtor(t), can be computed for each simulation. The sample
mean and s.e.m. of them over the 100 simulations are 5.773 ± 0.005 units for the radius and 16.31 ±
0.06 s (i.e. 163.1 ± 0.6 time steps) for the rotation period, showing that fluctuations among tori
generated in successive simulations are small.

The main characteristics of the counter-rotations observed in the 100 simulations are summarized in
table 3, where the following information is included: ncnrt, number of counter-rotations detected in one
minute (i.e. 600 time steps) of milling state (sample mean ± s.e.m.); ocnrt, duration of a counter-rotation,
measured in rotation cycles (sample mean ± s.e.m.); Ccnrt

p , time average of the polarization coefficient of the
school of fish, Cp(t), during counter-rotation (sample mean ± s.e.m.); Ccnrt

r , time average of the rotation
coefficient of the school of fish, Cr(t), during counter-rotation (sample mean ± s.e.m.); P1, counter-rotations
for which, in the starting phase, the individual passes near the centroid (percentage); P2, counter-rotations
for which, in the ending phase, the individual passes near the centroid (percentage); P3, counter-rotations
for which, in the starting phase or in the ending phase or in both phases, the individual undergoes
repulsions that significantly push it to start or end the counter-rotation, respectively (percentage).

How the percentages P1, P2 and P3 are computed, exploiting Rtor(t) and pi(t), is described in detail in
appendix A.

Based on the values entered in table 3, it can be observed that:

(i) for every minute the school of fish maintains the milling state, approximately one counter-rotation
occurs;

(ii) counter-rotations have on average a short duration, it being slightly less than half a rotation cycle;
(iii) the values of the rotation and polarization coefficients indicate that, during counter-rotations, the

fish are non-uniformly distributed within the torus. These coefficients are considerably far from 1
and 0, respectively, i.e. the values that would be measured in case of uniform density;

(iv) more than 90% of counter-rotations start after the individual passes close to the centroid. A similar
percentage indicates the counter-rotations that end with the passage close to the centroid of the
individual; and

(v) in just over half of the counter-rotations the repulsions contribute significantly to the start or end
(or both) of the individual’s rotation in the direction opposite to that of the school of fish.

The last three points confirm and provide numerical consistency to the observationsmade in the previous
subsections, using a few simulations as examples, regarding the non-uniformity of themilling school and the
mechanisms for starting and ending the counter-rotation. Furthermore, the last point confirms that
repulsions, although an important mechanism, are not decisive for starting and ending the counter-rotation.

3.4. Sensitivity to number of individuals and field of perception
Previous studies [17,42,47,48] have highlighted the importance of the number of individuals and the field
of perception in relation to the states that the school of fish can reach and the spontaneous switches
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between different states that the school assumes during a given simulation. While the stability of the
milling state increases with group size [42], the milling state does not occur for arbitrarily large
groups [17]. More specifically, in [47] and [48] it is shown that, for certain ranges of the field of
perception, increasing the number of individuals moves from a prevalence of the polar state to a
prevalence of the milling state. Increasing the number further, the rotation coefficient decreases,
making the transitional state prevail. In [48], it is also shown that while a perception field with almost
no blind zone (i.e. θ close to 360°) favours the swarm state, reduction of the perception field favours
the appearance, first, of the milling state, and after further reduction, of the polar state. This
subsection analyses how the characteristics of counter-rotations change when N and θ change, i.e.
when the states that the school of fish reaches change, maintaining the milling state for longer or
shorter time intervals.

First, keeping the parameter values given in table 1 but making N take the values 25, 50, 100, 150, 200
and running 100 simulations for each value, the changes in collective behaviour and counter-rotation
characteristics included in table 3 were observed. The profiles of greatest interest are shown in figure 7.

Figure 7a shows that although for N = 25 the polar state prevails, it rapidly disappears as the number
of individuals increases, leaving room for the milling state. Then, increasing from 150 to 200 individuals,
the milling state decreases considerably in favour of the transitional state. Recalling that θ = 270°, this
behaviour is in line with observations in [17,42,47,48]. The swarm state is owing to the initial
conditions imposed on the school of fish, and the time required to leave it increases moderately with N.

The number of counter-rotations occurring within 1 min increases significantly with N, as shown in
figure 7b: moving from 25 to 200 individuals, the mean number of counter-rotations increases by about 45
times. The variability of the number of counter-rotations detected across simulations also grows
considerably. Figure 7c and d show that, while the number of counter-rotations increases with N, their
duration decreases moderately, from a mean of 0.42 rotation cycles to a mean of 0.32 rotation cycles
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(always maintaining high variability), and the rotation coefficient, measured during counter-rotations,
also decreases slightly, indicating a decreasing uniformity of the milling school as N increases.

Second, keeping the parameter values given in table 1 (in particular, N = 100), the field of perception
was varied. Preliminarily, it was verified that, for θ = 180°, a considerable fraction of time is spent in the
polar state (about 35%), while the milling state never appears. At the opposite extreme, in the absence of
the blind zone (i.e. θ = 360°), the polar and milling states occur for negligible fractions of time, while the
school of fish spends its time in the swarm and transitional states. These outcomes are in accordance with
the results in [48]. However, having to focus on counter-rotations, the field of perception values
(discretized at 5° steps) used for further investigation are limited to those for which the milling state
occurs for a fraction of time greater than 5%, i.e. the interval between θ = 225° and θ = 295°.

Figure 8 shows the results obtained performing 100 simulations for each value of θ. Figure 8a shows
that the school of fish spends its time mainly in the milling and transitional states, with the proportion
depending strongly on θ. The polar state is negligible and the swarm state, between 7% and 10%,
represents the time the school needs to leave the state it is in at the beginning of each simulation,
owing to random positions and orientations of fish. The number of counter-rotations per minute of
milling state (figure 8b) is around unity for field of perception between 265° and 290°. When θ
decreases (moving in the direction where the milling state disappears and is replaced by the polar
state), the number rises significantly to about 3.5 counter-rotations min−1. The estimated s.e.m. also
increases considerably. This increase in the mean and variability of counter-rotation number will be
discussed in the next paragraph. Regarding the duration of counter-rotations (figure 8c) and the
rotation coefficient at which they occur (figure 8d ), these two quantities show the same profile, as
already observed in figure 7. Such a profile is similar to the profile of the time the school of fish
spends in the milling state. It can be argued that a longer stay of the school in the milling state is
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related to a higher value of the rotation coefficient (the sample mean of which, however, does not exceed
0.74, indicating poor uniformity within the torus), which in turn gives rise to counter-rotations of slightly
longer duration (ranging from quarter to half a rotation cycle, with high variability).

The growth of sample mean and s.e.m. of the number of counter-rotations per minute, as the field of
perception decreases, was investigated further. As the field of perception decreases, an individual in the
rotating school is attracted less and less to fish located behind or to the side of it. As a result, the torus has
more and more difficulty in staying closed. The fact that the percentage of time spent in this state
decreases rapidly (figure 8a) as θ decreases confirms this fact. Further confirmation can be found by
examining the radius of the torus as a function of the field of perception, shown in figure 9. By
reducing the field of perception, the tori that are formed not only have shorter temporal durations but
also exhibit an increasingly larger radius, on average, with greater variability. The increase in counter-
rotations per minute as θ decreases thus seems related to the increased torus radius and the increasing
difficulty in keeping the torus closed.

In simulations with 225° ≤ θ ≤ 245°, there are numerous instances where the school of fish reaches the
milling state but, at a given instant, the torus is disrupted and the school moves to the transitional state. It
can be speculated that this state transition is caused, to some extent, by counter-rotations, which, for such
θ values, occur in large numbers. However, this assumption is not confirmed by the simulations, as the
counter-rotations are distributed quite uniformly along the time interval when the school of fish is in the
milling state, and not concentrated in the latter part of it, when the school approaches the transition.
Therefore, the only conclusion supported by numerical evidence is that, for the set-up tested in this
study, counter-rotations occur more frequently in tori whose large radius and short temporal duration
are owing to the limited field of perception.
3.5. Counter-rotation in the presence of attraction only
On the one hand, it was verified in the previous subsections that repulsion is not decisive for starting and
terminating the counter-rotation of an individual. On the other hand, the orientation interaction has been
questioned several times because no evidence of it has been found for certain species of animals. For
these reasons, it is of interest to perform tests in which the only interaction present between the
individuals in the school of fish is what remains, i.e. attraction. As already documented in [23,26],
attraction alone, together with asynchronous updating, is able to emerge milling, swarm and polar
motion, depending on the values assigned to the parameters. Having fixed the number of individuals,
N, and their speed, v0, the parameters that have the greatest impact on emergent behaviour turn out
to be the field of perception, θ, and the maximum turning rate, ρmax. Furthermore, where the school
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of fish milling is the behaviour that emerges with high probability, depending on the values of the
parameters, either double milling or single milling may prevail.

The values in table 2 were selected as capable of producing school of fish milling in which almost all
individuals mill in the same direction. The absence of the orientation interaction, however, means that
some individuals may mill in the opposite direction of the school in a stable manner, throughout the
entire period in which the milling of the school is maintained. Neglecting individuals milling in the
opposite direction of the school in a stable manner, it was possible to observe temporary counter-
rotations, similar to those described in the previous subsections. The electronic supplementary
material, videos S11 and S12 show, in three-dimensional space and in the z = 0 plane, respectively, a
clip of a simulation, indicated with Simε, in which several individuals (not only the one highlighted
in red) can be seen starting and ending the counter-rotation. With attraction alone, the phenomenon
of temporary counter-rotation occurs more frequently than previously observed (as the quantitative
analysis at the end of this subsection demonstrates), when repulsion and orientation interactions were
also present. An analysis of the current interactions and the resulting desired direction can be seen in
the electronic supplementary material, video S13. From the S12 and S13 videos, frames of the six
salient phases, the same as those already identified for Simα and Simβ, were extracted and shown in
figures 10 and 11: milling in the same direction as the school of fish ( phase a, figures 10a and 11a);
passing close to the centroid and crossing the trajectories of other fish, moving outside the torus
( phase b, figures 10b and 11b); beginning of milling in the opposite direction to the other fish ( phase c,
figures 10c and 11c); counter-rotation within the torus ( phase d, figures 10d and 11d ); the individual
heads towards the centroid of the school ( phase e, figures 10e and 11e); and passing close to the
centroid and resuming milling in the same direction as the school of fish ( phase f, figures 10f and 11f ).

It can be seen that at the beginning of the counter-rotation, when the individual passes close to the
centroid and moves outside the torus (phase b), it finds greater density in the fish that follow it (in the
direction of the school of fish milling) than in those that precede it. The consequence, visible in
figure 11b, is that the desired direction is turned backwards (i.e. in the opposite direction to that of the
school of fish milling) gradually causing the individual to turn backwards and initiating its counter-
rotation. In the Simα and Simβ simulations, this result was produced by a combination of repulsions
and different density between following and preceding fish (e.g. see what happens in phase b of Simβ,
illustrated in figures 2b and 4b). In the present case, on the other hand, the reversal of the direction of
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milling is produced only by the difference in spatial density between the fish following the individual
under consideration and those preceding it.

A similar phenomenon occurs to allow the individual to resume milling in the direction of the school
of fish: the individual must move towards the centroid (phase e) and, as it moves towards the outside of
the torus, it must find more density in the fish that precede it (in the direction of the school of fish
milling) than in those that follow it (phase f ). In this way will it be able to turn in the direction of the
school milling (figure 11f ), causing the individual to move forward and resume synchronous milling
with the school of fish.

In analogy to previous subsections, the simulations described above are a few examples from 100
simulations performed with the parameter values listed in table 2. The analysis of all simulations
reveals that the school of fish spends: 35% ± 3.4% of the time in the milling state; 13% ± 2.6% of the
time in the swarm state; and 52% ± 3.2% of the time in the transitional state. The polar state is
assumed only in negligible intervals. These numbers show the great variability in how long the polar,
milling and transitional states are maintained in the different simulations and indicate a lower
presence of the milling state than in the case of table 1.

Focusing on the time steps in which the school of fish is in the milling state, the sample mean and
s.e.m. of the radius are 2.67 ± 0.02 units and those of the rotation period are 6.28 ± 0.02 s, showing that
tori generated in these simulations, with only attraction, are significatively smaller than those obtained
with the values in table 1.

The main characteristics of the counter-rotations observed in the 100 simulations are summarized in
table 4. To avoid counting individuals that rotate in the opposite direction to the school of fish stably,
counter-rotations are only considered if their duration is less than 80% of the time interval that the school
spends in the milling state. Comparing the values in table 4 with those in table 3, one finds confirmation
of what was anticipated above, describing the examples: the number of counter-rotations per minute
increases greatly and is highly variable across simulations; the duration increases significantly and is, on



Table 4. Characteristics of the counter-rotations observed in 100 simulations with the parameter settings of table 2.

counter-rotation characteristic symbol value

number of occurrences per minute ncnrt 6.77 ± 1.01

duration in rotation cycles ocnrt 1.95 ± 0.35

polarization coefficient Ccnrtp 0.25 ± 0.008

rotation coefficient Ccnrtr 0.74 ± 0.005

passage near the centroid (start) P1 62.2%

passage near the centroid (end) P2 60.9%

significant repulsions (start OR end) P3 not applicable
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average, about two cycles of rotation, with great variability; the passage of the individual near the centroid,
in the starting and ending phases, characterizes the majority of counter-rotations.

3.6. Importance of uniformity of fish distribution within the torus
The importance of the non-uniform distribution of fish within the torus for the starting of counter-
rotations was emphasized in relation to both the cases of three active interactions and the case of
attraction only. In this subsection, conditions that produce high uniformity of fish within the torus are
set and the impact on counter-rotations is analysed. Instead of random initial positions and
orientations, the fish are randomly arranged on the lateral surface of a right circular cylinder, with
vertical axis, radius of 10 units and height of 4 units. Fish are oriented on horizontal lines, tangent to
the cylinder, all pointing in the same direction of rotation. To maintain the high uniformity with
which the fish are initially distributed, the three interactions are activated using the values listed in
table 1, with two exceptions: a smaller repulsion sphere, Rr = 0.2 unit; and a lower maximum turn
rate, ρmax = 20 degree s−1.

With the above set-up, the school of fish is already in the milling state at the start. Furthermore, in all
the 100 simulations performed, the milling state is maintained for the entire duration (i.e. 2500 time
steps). The uniformity in the fish distribution within the torus is proved by the rotation coefficient
which, in all simulations, is always greater than 0.92 and by the polarization coefficient, always less
than 0.18. Under these conditions, no counter-rotation was detected in any of the simulations performed.

If Rr = 0.2 unit and ρmax = 20 degree s−1 are kept, but random initial positions inside a sphere with
radius Y = 10 and random initial orientations are reintroduced, 100 simulations show that the school
of fish spends 60.4% of the time steps in the milling state and 2.98 ± 0.30 counter-rotations min−1 are
observed. The sample mean and s.e.m. of the rotation coefficient during these counter-rotations are
0.75 ± 0.006, indicating poor uniformity. This confirms that uniformity in the distribution of
individuals within the torus is the key factor in the presence (or absence) of counter-rotations.
4. Discussion
First of all, it should be recalled that the simulations described in this paper have distinctive elements,
which are uncommon in other studies on collective motion models: the individuals in the school of
fish can move in a three-dimensional space; the initial conditions of each of them (i.e. position and
orientation at the first time instant) are set randomly; and the update between one time step and the
next occurs asynchronously.

With regard to the starting of counter-rotation, the results described in the previous section allow one
to deduce two key aspects illustrated below, both of which appear to be confirmed by the visual analysis
of the underwater video recordings described in the link list contained in the electronic supplementary
material:

(i) the individual entering counter-rotation comes from inside the torus and moves to the outside of
the torus, following a path that crosses the trajectories of other milling individuals; and

(ii) the fact that the individual exiting the torus orients itself in the opposite direction to the school of
fish may be owing to: the strong attraction of the fish following it (in the direction of the school
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milling), since they belong to a region with a greater density than the density of the fish preceding
it; repulsions occurring during the passage from the inside of the torus to the outside; or a
combination of these two mechanisms.

Subsequently, the orientation interaction does not prevent the individual from milling in the opposite
direction. This is possible because, with the values set for the parameters, the attraction interaction is
dominant. On ending the counter-rotation, something similar to the starting phase must occur, i.e.
(i) the individual moves to the inner part of the torus, (ii) from the inner part the individual moves
outwards, (iii) the individual changes direction of milling thanks to: the attraction of those in front of
it (since they belong to a region with greater density); the action of repulsions; or the combination
of the two previous mechanisms.

Finally, it should be noted that the counter-rotation can be of very variable duration, ranging from a
short arc of circumference to several turns. The counter-rotation will last until the individual falls in the
conditions described above, those that allow it to resume milling in the direction of the school of fish.
This fact also corresponds to what can be seen in the underwater video recordings described in the
link list contained in the electronic supplementary material.
 Open

Sci.10:231618
5. Conclusion
Studies based on the well-known three-zone model have shown that, in addition to the emergence of a
clear collective behaviour, when the school of fish undertakes a milling motion, this model does not
prevent the occurrence of individual behaviour that disagrees with the collective one. The individual
undertaking to mill in the opposite direction of the school and subsequently returning to mill in the
same direction as the school (i.e. temporary counter-rotation) is an event observed quite commonly in
three-dimensional simulations in which the school of fish goes into milling. These simulations start
with random initial conditions and proceed with asynchronous updated, including repulsion,
orientation and attraction interactions. The temporal density of counter-rotations increases with the
number of individuals in the school and as their field of perception decreases (i.e. going in the
direction in which the milling state gives way to the polar state). By reducing the field of perception,
the school of fish remains in the milling state for less time. Although the increase in counter-rotations
accompanies the decreased stability of the torus (owing to the reduced perceptual field), there is no
evidence that counter-rotations are the cause of torus disruption.

A detailed analysis of some examples of temporary counter-rotation has shown that it originates
from inhomogeneities in the density of the fish present along the circumference and from the
repulsions experienced by individuals who, being inside the torus, follow a trajectory that leads them
outside the torus. For the same reasons, to which the contribution of the orientation interaction can be
added, the counter-rotation is subsequently terminated. It has also been observed that the
contribution of repulsion is not decisive: counter-rotation can begin and end without the help of
repulsion. Indeed, even if only the attraction interaction is activated, for specific parameter values, the
model allows the milling of the school of fish to emerge and individual temporary counter-rotations
to be observed. The validity of these observations is confirmed by numerical investigations performed
through objective analysis of many independent simulations. The numerical assessment has also
shown that counter-rotations do not occur when fish are distributed within the torus with
high uniformity.

Some underwater video recordings of milling schools of fish show that counter-rotation of an
individual is a real phenomenon and that it apparently originates for similar reasons to those
observed in simulations. This does not mean that the versions of the three-zone model used in this
paper can explain the real reasons why some fish mill, over a period of time, in the opposite direction
to the school to which they belong. More simply, this paper has helped to draw attention to a little-
investigated phenomenon, showing how certain models that are already widely used generate, under
appropriate conditions, not only dominant collective behaviour but also individual behaviour that is
discordant with that of the group. The interactions and mechanisms that make this possible in the
simulation can guide the ethological study of individual fish behaviour without any claim to
anticipate its conclusions.

This paper addresses the case of constant speed motion and choice of interacting neighbours based on
the geometric distance from the individual under consideration. Future research activities could
investigate the presence and the characteristics of counter-rotations when different motion models (in
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particular, the burst-and-coast type of swimming) and topological schemes for the selection of interacting
neighbours are adopted, possibly combining these two aspects [51].
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Appendix A
In this section, the algorithm for calculating the percentages P1, P2 and P3, introduced in §3.3 and
used in tables 3 and 4, is described with reference to the example shown in figure 12. The green
line shows the counter-rotation coefficient, ci(t), of an individual i that performs a counter-rotation.
The coefficient ci(t) is less than −0.3 in the time steps between 1793 and 1837: these two bounds
are denoted by t1 and t2, respectively, and indicate the start and end of the counter-rotation. (Here,
the variable t is assumed to represent the time step index.) The purple line shows the value of:
jri(t)� rc(t)j=Rtor(t), i.e. the distance of the i-th individual from the centroid with respect to the
torus radius. One can see that, before the counter-rotation start and after its end, this variable
shows two local minima, located in tα and tβ (in the example: tα = 1735 and tβ = 1874), with
amplitudes mα and mβ, respectively. These minima indicate the passage of the i-th individual close
to the centroid. The light blue line shows the repulsion coefficient, pi(t), for the i-th individual. The
negative values assumed by pi(t) between tα and t1 indicate the repulsions that contributed to start
the rotation in the direction opposite to that of the school. On the contrary, the positive values
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assumed by pi(t) after tβ indicate the repulsions that contributed to resume the rotation in the same
direction as the school.

The percentage P1 measures the counter-rotations for which, in the starting phase, the individual
passes near the centroid. Referring to the notation introduced above, a given counter-rotation
contributes to the percentage P1 if the following condition is met: the minimum value of
jri(t)� rc(t)j=Rtor(t) in [t1− 50, t1], called mα and located in tα, is less than or equal to 0.5. This means
that the distance of the i-th individual from the centroid is considered over an interval of 50 time
steps before the counter-rotation starts.

The percentage P2 measures the counter-rotations for which, in the ending phase, the individual
passes near the centroid. Similarly to above, a given counter-rotation contributes to the percentage P2

if the following condition is met: the minimum value of jri(t)� rc(t)j=Rtor(t) in [t2, t2 + 50], called mβ

and located in tβ, is less than or equal to 0.5.
Focusing on the counter-rotation of the i-th individual, the repulsions it undergoes are considered

significant for starting the counter-rotation if the following condition is met:
Xt1

ta
pi(t) , �1: ðA:1Þ

Recalling that pi(t) is for constructions between −1 and 1, to satisfy this condition, it is necessary that,
between the passage near the centroid and the start of counter-rotation, there are multiple repulsions that
push the fish to rotate in the direction opposite to that of the school. Analogously, the repulsions the i-th
individual undergoes are considered significant for ending the counter-rotation if the following condition
is met:

Xtbþ20

tb
pi(t) . 1: ðA:2Þ

To satisfy this condition, it is necessary that, in the 20 time steps after the passage near the centroid,
there are multiple repulsions that push the fish to rotate in the same direction as that of the school. If at
least one of the two conditions above is met, then the counter-rotation under examination contributes to
the percentage P3.
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